THE THEOREM OF BERTINI ON THE VARIABLE SINGULAR
POINTS OF A LINEAR SYSTEM OF VARIETIES

BY
OSCAR ZARISKI

1. Pure transcendental extensions of the ground field. Let V/k be an irre-
ducible r-dimensional algebraic variety over a given ground field k. We
assume that V/k is immersed in an z-dimensional projective space and we
denote by xi, x3, - - -+, x, the nonhomogeneous codrdinates of the general
point of V/k. Let u1, us, - - -, un be indeterminates with respect to the
field k(x) [=k(x1, %2, - - -, xa)] of rational functions on V/k. We adjoin
these indeterminates to the field k(x) and we denote by K the field k(u)
[=%(u1, us, - - -, um)]. This subfield K of the field k(x, #) we take as new
ground field, and over this new ground field we consider the variety V/K
defined by the same general point (xi, xs, + + -, x,) as V/k. The varieties V/k
and V/K are of the same dimension r over their respective ground fields k
and K. We shall say that the variety V/K is the extension of the variety
V/k under the ground field extension k—K.

By precisely the same argument, every irreducible subvariety W/k of V/k
has as extension an irreducible subvariety W/K of V/K, of the same dimen-
sion as W/k. If &, %, - - -, &, are the nonhomogeneous coérdinates of the
general point of W/k, then #, %, - - -, %, are also the nonhomogeneous
coérdinates of the general point of W/K. Moreover, i, ug, * * * , Un are in-
determinates with respect to the field k(%), that is, they are algebraically
independent over this field.

Not every irreducible subvariety of V/K is the extension of a subvariety
of V/k, but every such subvariety W*/K defines an irreducible subvariety
W/k of V/k, which we shall refer to as the contraction of W*/K and which is ob-
tained as follows. Let x*, x5%, - - -, x.* be the nonhomogeneous coérdinates
of the general point of W*/K. Since W*/K C V/K, thering K [, x5, - - +, %]
is a homomorphic image of the ring K[x1, x5, * - +, %.]. Therefore, also the
ring & [x¥*, x5, - - -, x,*]is a homomorphic image of the ring k[x1, %3, + * -, % ].
Therefore there is a unique irreducible subvariety W/k of V/k, whose gen-
eral point (%, %, -, %, is defined by the condition that the rings
k&1, &, + - -, &) and k[x*, x5, - - -, x*] be simply isomorphic and that
%, ¥ (¢=1, 2, - - -, n) be corresponding elements in the isomorphism. This
variety W/k shall be termed the contraction of W*/K.

LEmMMA 1. Let W/k and W* /K be irreducible subvariables of V/k and of V/K
respectively, and let (%), (x*) [(Z) = (&1, &, + * -, &), (&%) = (x, x5, - - -, 25 ]
be their general points.
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(@) W/k is the contraction of W/K.

(b) If W/k is the contraction of W*/K, then W*/KCW/K.

(c) A necessary and sufficient condition that W*/K be the extension of a
subvariety of V/k is that uy, us, - - -, um be algebraically independent over the
feeld k(xi*, x&*, - -+, x5).

Proof. (a) Trivial.

(b) By hypothesis, the rings k[%] and % [x*] are simply isomorphic. Since
Uy, s, * * +, Un are algebraically independent over the field k(%), it follows
that K [x*] is a homomorphic image of K [%], that is, W*/KCW/K.

(c) The condition is necessary in virtue of the very definition of W/K.
Let us suppose that the condition is satisfied. Then every algebraic relation
between the elements x¥, x5, - - -, x,* over K is a consequence of algebraic
relations between x*, x5, - - -, x.* over k. If then W/k is the contraction
of W*/K, then it follows in view of isomorphism k[x*]~k[z] that the two
rings K [x*] and K [z] are simply isomorphic. This shows that W*/K = W/K.

We denote the quotient ring of an irreducible subvariety W/k of V/k by
Qv(W/k). Similarly, the quotient ring of W/K, regarded as a subvariety of
V/K, shall be denoted by Qv(W/K). By definition, W/k is a simple sub-
variety of V/k if the ideal m of non-units of Qv(W/k) has a base consisting
of r—s elements, where s is the dimension of W/k(Y). The elements of such a
base are referred to as uniformizing parameters of W(V/k). If t, 2, - - -, &,,
p=r—s, are uniformizing parameters of W(V/k), and if w is any element
of m which is exactly divisible by m* [that is, w=0(m*), w3#0(m*+!)], then
w=¢,(t, by, + -+, t,), where ¢, is a form of degree » with coefficients in
Qv(W/k) but not all in m. If these coefficients are replaced by their residues
mod m, we obtain a form of degree v in p indeterminates, with coefficients
in the residue field of W/k, not all zero. This is called the leading form of w.
It is easy to show that p elements of Qy(W/k) are uniformizing parameters of
W(V/k) if and only if their leading forms are linear and linearly independ-
ent(?).

We use the notation of the preceding lemma and we assume that W/k

(*) See O. Zariski, Algebraic varieties over ground fields of characteristic zero, Amer. J. Math.
vol. 62 (1940) p. 199.

(®) Proof. If wy, ws, + + +, w, are non-units in Qy(W/k), then w;=p_%-14it;, where the 4
are elements of Qy(W/k). Let A be the matrix ||4:;]| and 4 be the matrix || 4:il|, where 4;;is
the m-residue of 4;;. Suppose that the leading forms of wy, ws, -+ - -, wp are linear and linearly
independent. Then IAI #0, that is, [A| #0(m), and therefore 4, t;, - - - , ¢, can be expressed
as linear forms in wy, wy, * - -+, w,, with coefficients which are elements of the matrix 47 These
elements are in Qv(W/k), and hence w,, wg, * * + , w, form a basis for m.

Conversely, assume that wi, w, - + -, w, are uniformizing parameters of W(V/k). We can
then write: l;=Z§_1B,~;wi, and hence #; =Z‘;_1Cﬁt,’ where C=B4, C=”C.','”, B =“B.'j”. Since
every element of Qy(W/k) has a unique leading form, it follows from the relations t; =) _7.,Ci;t;
that modulo m the matrix C is the unit matrix. Hence lBl . |A| #0(m), whence the leading
forms of wy, wy, - - -, w, are linear and linearly independent.



132 OSCAR ZARISKI July

is the contraction of W*/K. If W/k'is of dimension s, then W*/K is of di-
mension s—o, ¢ =0, by part (b) of Lemma 1, that is, the field K(x*) is of
degree of transcendency s—a over K[=Fk(u)]. Since k(x*)~k(&) and since
k(%) is of degree of transcendency s over &, it follows that the field k(u, x*)
is of degree of transcendency m —o over k(x*). If then Uy, Uy, - - -, Un are
indeterminates over k(x*), the polynomials in the polynomial ring k(x*)
[U;, Us, - - -, Un] which vanish after the specialization U;—u; form a prime
ideal P of dimension m —o. The ideal of non-units in the quotient ring of this
polynomial ideal has a base of o elements(®). Let Gi(U), Go(U), - - -, G,(U)
be such a base, where we may assume, without loss of generality, that the
Gi(U) are polynomialsin the U’s (with coefficients in k(x*)) : G:(U) =G:( U, x*).
We put

(1) Ti = G;(u, x), 1= 1, 2, c e, 0.
LemMA 2. (a) If W/K, of dimension s, is simple for V/K, then W/k is
simple for V/k, and if &, by, - - - , t, (p=r—5) are uniformizing parameters for

W(V/k), they are also uniformizing parameters for W(V/K).

(b) If W/k, of dimension s, is the contraction of W*/K which is of dimen-
stons—a, 6 20, and if W/kis simple for V/k, with t, by, « - - , t, as uniformizing
parameters, then also W*/K is simple for V/K, and the elements t, ts, + - + , b,
T, T2, * ¢+, Tq Qre uniformizing parameters of W*(V/K).

Proof. (a) We put S =Qy(W/k), §=Qr(W/K) and we denote by mand m
respectively the ideals of non-units in & and in §. The elements of & are all
of the form ¢(u) /¥ (), where ¢(u), (1) ES[ur, ug, - -+, unm] and where not
all the coefficients of Y (x) are in m. The following relations are therefore
obvious:

(2 m=mN .

Let W/K be simple for V/K. It follows then directly from (2) that already
the ideal m must contain p elements which—regarded as elements of Qy(W/K)
—have leading forms which are linear and linearly independent. There exists
therefore a set of uniformizing parameters of W(V/K) which consists of ele-

ments of m. Let &, &, - - -, £, be such a set. If w is any element of m, we
have by (27):

(3) w Y(u) = ¢1(u)-t1 + da(u) 12 + - -+ + S(u) -4,

where (1), ¢:(u) €[] and where at least one coefficient of ¥(«) does not be-
long to m. The presence of such a coefficient and the fact that »;, #g, * * * , %m
are algebraically independent over & have, by (3), the consequence that w

(%) See O. Zariski, Foundations of a general theory of birational correspondences, Trans.
Amer. Math. Soc. vol. 53 (1943) p. 541.
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belongs to ideal &- (4, 2, - -+, ¢). Hence m=3(ty, &, - - -, 4,), and W/k is
simple for V/k, with #, f,, - - + , ¢, as uniformizing parameters. This and rela-
tion (2) complete the proof of part (a) of the lemma.

(b) Let &* denote the quotient ring Qy(W*/K) and let m* be the ideal
of non-units in 3*. We assume that W/k, the contraction of W*/K, is simple
for V/k, with 4, ¢, - - -, ¢, as uniformizing parameters. The elements of 3*
are all of the form ¢(x, «)/Y(x, «), where ¢ and ¢ are polynomials with co-
efficients in 2 and where ¥(x*, U)#0 (mod PB). Since W*/KCW/K, the
variety W/K is defined locally at W*/K by a prime ideal p* in the quotient
ring §*. This ideal consists of those quotients ¢(x, «)/Y(x, u) for which
¢(x*, U)=0 (or in equivalent form: ¢(%, «) =0). It is therefore clear that the
residue class ring &*/p* coincides with the quotient ring of the prime ideal P.
Hence we have by (1):

(4) S*'m* = 3(*'()3*1 T1y, T2y * * ° Tv)-

Now if ¢(x*, U)=0, that is, if ¢(&, «)=0, then ¢(x, #) =0(m), whence
¢(x, u) =0(3-m). Consequently p*=3*-(#1, &z, - - - , 8,), and therefore, by (4),

(5) 3*'m* = 3(*'(t1) t2v t tﬂ’ T1y T2y LTU)'

This completes the proof of part (b) of the lemma.

The above lemma implies that the singular locus of V/K is the extension
of the singular locus of V/k, in the sense that the irreducible components of
the singular locus of V/K are extensions of the irreducible components of the
singular locus of V/k. )

2. The general member of a linear system of V,,’s on V/k. Let
fo(x), fi(x), - + +, fm(x) be m+1 elements in k[x] which are linearly inde-
pendent over the field of constants, that is, over the algebraic closure of the
ground field % in the field k(x) of rational functions on V/k. The m+1 poly-
nomials fi(x) determine uniquely a set of m 41 integral divisors ¥; of the field
k(x) with the following properties: (1) each ¥; is a divisor of the first kind
with respect to a derived normal model V' of V/E(%); (2) fi/fi=W:/U;;
(3) Ay, Ay, - -+, A are relatively prime. Each divisor UA; determines on
V/k (and—if V/k is locally normal(®)—is determined by) a pure (r—1)-
dimensional subvariety F;/k, whose irreducible components are counted to
well-defined multiplicities. The irreducible components of F; correspond to
the prime factors of ¥;, but if V/k is not locally normal, two distinct prime
factors of %A; may very well correspond to one and the same irreducible com-
ponent of F;/k. However, we agree to keep separate the identity of the irre-

(4) For the definition of a derived normal model, see O. Zariski, Some results in the arith-
metic theory of algebraic varieties, Amer. J. Math. vol. 61 (1939) p. 292. For a discussion of di-
visors of the first kind, see O. Zariski, Pencils on an algebraic variety and a new proof of a theorem
of Bertini, Trans. Amer. Math. Soc. vol. 50 (1941) p. 49.

(5) For a definition of locally normal varieties, see (3), p. 512.
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ducible components of F;/k relative to distinct prime factors of ;. This
means that we actually regard F; as a subvariety of the normal derived
variety V' rather than of V/k. In this connection we may add the remark that
an (r—1)-dimensional irreducible subvariety of V/k may arise from more
than one prime divisor only if it is singular for V/k.

If o, Ay, ¢+ +, A are arbitrary elements of %, then there exists a unique
divisor A(N), of the first kind with respect to the normal variety V’, such that

(6) Pofo(x) + Mfi(x) + -+ + Mfm(2) ]/fo(2) = AN/ Uo.

Let FQ\) be the (r—1)-dimensional subvariety of V/k (or—better—of V')
defined by A(N\). As the X's vary in &k, F(\) varies in a linear system I F(\) [ .
The varieties Fy, Fi, - ¢ -, F, are particular members of the system.

We proceed to associate with the linear system IF()\)| an irreducible
(r —1)-dimensional subvariety F*/K of the variety V/K considered in the
preceding section. We define F* by the following conditions:

(a) The nonhomogeneous coérdinates 71, 72, - - - , 7, of the general point
of F* shall satisfy the relation:
(M Jot) + wafi(n) + « -+ + smfm(n) = 0.

(b) The rings k[x] and k[5] shall be isomorphic, and in the isomorphism
the elements x; and %; shall correspond to each other.

We have to show that: (1) there exists an F*/K, of dimension » —1, satis-
fying conditions (a) and (b); (2) F*/K is uniquely determined by these two
conditions and by the condition that it be of dimension r—1; (3) F*/K is a
subvariety of V/K.

We start by introducing another copy k(n) of the field k(x), that is, we
assume that k(n)~k(x), 7;—x;. We then adjoin to k(n) a set of m —1 inde-
terminates vy, %3, * * * , ¥m—1 and we put(®)

Vn = — [fo(ﬂ) + ‘vlfl(n) + A + vm—-lfm—l(ﬂ) ]/fm(ﬂ)-
LEMMA 3. The elements vy, vs, - - - , vm are algebraically independent over k.

Proof. The elements vy, v, + + +, v are elements of the polynomial ring
k(1) [v1, v2, - * -, ¥m_1]. If these elements were algebraically dependent over %,
the specialization »;—1, v;—0, j=2, 3, - - - , m—1, would lead to a true rela-
tion(”) of algebraic dependence of [fo(n)+£i(n)]/f=(n) over k. This contra-
dicts our hypothesis that fo(n), fi(n), « - -, fu(n) are linearly independent over
the algebraic closure of & in k(7).

In view of Lemma 3 we can identify v, vq, - + +, v, With %y, %2, * + * , Un
respectively. We have then an algebraic variety F*/K, with general point
(n1, M2, + - -, Ma), and conditions (a) and (b) are satisfied.

(°) Note that fu(n) #0 since the elements fo(7), fi(n), * - - , fu(n) were assumed to be lin-
early independent.
(") See B. L. van der Waerden, Moderne Algebra, vol. 2, Hilfsatz on p. 17.
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The field of rational functions on F*/K is the field k(y, u1, #2, + * -, Um-1),
of degree of transcendency m —1 over k(7), and the field £(n) is of degree of
transcendency 7 over k. Hence the field k(y, %1, %2, * -, #n-1) is of degree of
transcendency r—+m —1 over k. The subfield K is of degree of transcendency
m over k, and hence k(7, u1, %2, - + -, #m—1) is of degree of transcendency r —1
over K. This shows that F*/K is of dimension r—1.

The above construction of F*/K shows that if F’*/K is another irreduc-
ible (r —1)-dimensional variety, with general point (n{, 57, - - - , 7. ) satisfy-
ing conditions (a) and (b), then the rings K[] and K[7’] are necessarily
simply isomorphic. Hence F*/K is uniquely determined.

Finally, every algebraic relation between x;, x2, - - - , xn, with coefficients
in K, is a consequence of algebraic relations between xi, %3, + * * , 5, With co-
efficients in £ (since u;, %a, + + + , um are algebraically independent over k(x)).
Hence every such relation remains a true relation after the specialization
x;—1;, since k(n)~k(x). Hence the ring K [] is a homomorphic image of the
ring K[x], that is, F*/K lies on V/K. Thus our three assertions are estab-
lished.

We shall call the (r —1)-dimensional variety F*/K—the general member of
the linear system l FQ\) I .

We note that the contraction of F*/K is the entire variety V/k: this follows
from the isomorphism k[n}=k[x]. Also, as a consequence of part (b) of
Lemma 2, F*/K is simple for V/K.

3. The base locus of the linear system [ F()\)I . An irreducible subvariety
W/k of V/k is a base variety of the linear system | F(\)| if it lies on every
F(Q\). It is known(®) that W/k is a base variety if it lies on each Fj,
1=0,1,2, .. ,m.

THEOREM 1. If W/k is a base variety of the linear system I F ()\)I , then W/K
lies on the general member F*/K of the system; and conversely.

Proof. Without loss of generality we may assume that W/k is at finite dis-
tance with respect to the nonhomogeneous coérdinates xi, %3, + + * , ¥, of the
general point of V/k. We denote by %, %, - - -, %, the nonhomogeneous
coordinates of the general point of W/k. Let

(8) ft(x) = m??li, i= 0, 1,---,m,

be the divisor decomposition of fi(x) on the derived normal model V'’ of V/k.
Here Ao, Uy, - - -, A are the integral divisors considered in the preceding
section, while I is a fractional divisor whose denominator consists entirely
of divisors at infinity. If o denotes the ring of nonhomogeneous coérdinates
of the normal variety V', then the divisors %; may be identified with certain
pure (r —1)-dimensional ideals in o, ideals which we shall continue to denote

by 2[0, gIl) Sty gIm-
(®) See (3), p. 528.
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Let W/E be a base variety of the linear system ] FQ\) ] . That means that
W/k lies on the subvariety of V’ defined by the ideal (%o, Ay, - - -, An). To
prove that W/K lies on F*/K we have to show the following: if H(u, n) =0,
where H is a polynomial with coefficients in k, then H(u, %) =0. Actually we
shall prove the following stronger result: ¢f H(u, ) =0, then all the coefficients

of H(u, x), regarded as a polynomial in uy, s, - - +, Un, belong to the ideal
(2[01 2111 R} ﬂm)-
Let X, X3, - - -, X, denote indeterminates and let

flu, X) = fo(X) + mfi(X) + - -+ + tmfu(X).

The elimination of u. between H(u, X) and f(u, X) leads to an identity of
the form:

(9) [fm(X)]q'H(u) X) = Q(u! X)'f(u) X) + R(ul, U2y * ¢y Um—1, X)y
where all polynomials have coefficients in k. By hypothesis, we have
H(u, 5)=0, hence R(u1, us, * + +, Um-, 1) =0, since f(u, n)=0. But since

%y, Uz, * * +, Um-1 are algebraically independent over k(5) (by definition of-
F*/K) and since k(n)=<k(x), we conclude that R(u, x)=0. The specializa-
tion X—x in the above identity yields therefore the following relation:

(10) H(u, x) = f(u, 2)-Qu, 2)/ [fn(2)].

On the left we have a polynomial in the indeterminates u;, %, - - + , %m, With
coefficients in.k[x], hence in 0. On the right we have a product of two poly-
nomials in the same indeterminates, with coefficients respectively in o and in
the quotient field of 0. Since o is integrally closed, the generalized Kronecker

lemma(?) is applicable. Since the coefficients of f(u, x) are fo(x), f1(x), - - -,fm(x),
it follows from this lemma of Kronecker and from (8) that the coefficients of
H(u, x) must indeed all belong to the ideal (%o, U1, - - -, ).

To prove the second part of our theorem, we show that if W/k is not a
base variety of the linear system | FA\)| then W/K does not lie on F*/K.
Without loss of generality we may assume then that W/k does not lie on
the variety defined by the ideal %,. Under this assumption, the quotients
fi(x)/fo(x), =1, 2, - - -, m, belong to the quotient ring Qv(W/k). Hence we
may write: fi(x)/fo(x) =¢i(x) /Po(x), where ¢o(%) #0. By (7) we have the fol-
lowing true relation between 71, 52, * * * , fn:

¢0(77) + u1¢1(77) 'l" cte + umd’m(n) = 0.

This relation, however, is destroyed by the specialization n—3%, since ¢o(%) #0
and since u,, %s, + + -, #n are indeterminates over k(%). Hence W/K does not
lie on F*/K. This completes the proof of the theorem.

() W. Krull, Idealtheorie, Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 4,
no. 3, p. 125.
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We consider an irreducible simple subvariety W/k of V/k. If ® is a pure
(not necessarily irreducible) (r—1)-dimensional subvariety of V/k contain-
ing W/k, ® is given in the quotient ring Qv(W/k) by a principal ideal (w).
We say that W/k is simple for ® if the leading form of w in Qv(W/k) is of
degree 1. It is well known(9) that if ® is irreducible, this definition is equiva-
lent to our usual definition of simple subvarieties of ®.

Suppose now that the simple variety W/k is a base variety of the linear
system IF()\) I We then say that W/k is a singular base variety of f F()\)I if
it is singular for each F()A).

LeMMA 4. In order that W/k be a singular base variety of the linear system
[ F()\)I it 1s sufficient that it be singular for Fo, Fy, + + -, Fn.

Proof. Let A denote the partial power product of those prime factors of
M which represent (r —1)-dimensional varieties containing W/k, and let us
write N =AMN. Since A is defined in Qy(W/k) by a principal ideal, we can find
a polynomial g(x) with coefficients in % such that g(x) =A-N’, where each
prime divisor which occurs in i’ represents an (» —1)-dimensional subvariety
of V/k which does not pass through W/k. We have f;(x)/g(x) =NU;/N’, and
hence fi(x)/g(x) belongs to the quotient ring Qv(W/k). Moreover, F(\) will be
defined in this quotient ring by the principal ideal

(fo(x) + Nfa(x) + -0+ mem(x)>
g(x) '

Now if W/k is singular for F;, =0, 1, - - -, m, then the leading form of
fi(x)/g(x) is of degree greater than 1. Therefore also the leading form of
[folx) +Nifa(x) + + - - +Amfm(x)]/g(x) will be greater than 1 for all X, q.e.d.

4. The theorem of Bertini. From the preceding considerations we can
now derive a well known theorem of Bertini. For reasons explained in the next
section, our formulation of this theorem is different from the classical formu-
lation. We first prove the following theorem:

THEOREM 2. A base variety W/k of IF()\)I which is simple for V/k is a
singular base variety if and only if W/K is singular for the general member
F*/K of the linear system | FQ\) | .

Proof. The proof of Lemma 4 shows that we can write fi(x)/g(x)
= f‘(x) /&(x), where g(x) #0 on W, fi(x) =%, and where no prime factor of
9N represents a variety passing through W/k. Since the polynomials fi(x) are
proportional to the polynomials f;(x), the linear system | F ()\)' and the gen-
eral member F*/K are equally well defined by the fi(x) as by the fi(x).
Hence we may assume that no prime factor of I represents a variety passing

(19) If the leading form of w is linear, then w is a member of a set of uniformizing parameters
w(=w), wy, - - -, w, of W(V/k) (see footnote 2). If &, @+, @ are the ®-residues of
ws, w3, * * *, wp, then these p—1 elements are uniformizing parameters of W(®).
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through W/k. Under this assumption the elements fo(x), fi(x), + + -, fm(x) are
relatively prime locally at W/k. By Theorem 1, and by our assumption that
W /k is a base variety of | F()\)I , it follows at any rate that W/K lies on F*/K.
We come back to equation (10); it is an identity in the polynomial ring
k(x) [u1, ug, - + -, un]. The coefficients of the polynomial f(u, x)-Q(u, x) are
divisible by [f.(x)]2in [x], hence a fortiori in Qy(W/k). But the coefficients
of f(u, x) are fo(x), fi(x), - - -+, fu(x), and these are relatively prime in
Qv(W/E). Hence the coefficients of Q(«, x) must be divisible by [fo(x)]? in
Qv(W/k). Therefore H(u, x) is divisible by f(u, x) in Qv(W/k). But H(u, x)
is an arbitrary polynomial which vanishes on F*/K, that is, such that F(«, )
=0. We conclude therefore that F*/K is defined in Qv(W/K) by the principal
ideal (f(u, x)).

If 4, &, -+ +, ¢, are uniformizing parameters of W(V/k), they are also
uniformizing parameters of W(V/K). By the results just obtained, W/K is
simple for F*/K if and only if the leading form of f(u, x) is of degree 1.
Since this degree is equal to the minimum of the degrees of the leading forms
of fo(x), fi(x), + + +, fm(x), our theorem follows from Lemma 4.

THEOREM OF BERTINI. Let W*/K be an irreducible subvariety of F*/K and
let W/k be its contraction. If W*/K is singular for F*/K, then W/k is either
singular for V/k or is a base variety of the linear system I F(N) | .

Proof. We shall show that if W/k is simple for V/k and is not a base vari-
ety of [ F(\) I , then W*/K is simple for F*/K. We denote by x*, x5, - - -, x.*
the nonhomogeneous coérdinates of the general point of W*/K. Since W/k
is not a base variety of IF()\)I, we may assume that the elements fi(x),
1=0, 1, - - -, m, are not all zero on W (see proof of Theorem 2), that is,
that fi(%)#0 for some ¢, where (%) is the general point of W/k. Since
k[%]~F[x*], also the fi(x*) are not all zero. The polynomial f(U, x*) is zero
for U=u, hence it belongs to the polynomial ideal B considered in §1. It is
linear in the U’s and is not identically zero. Hence f(U, x*) can be taken as
one of the o polynomials G;(U, x*), and f(«, x) can be taken as one of the ele-
ments 7; defined by (1). In other words, f(u, x) can be taken as one of a set
of uniformizing parameters of W*(V/K). Since F*/K is defined in the quotient
ring Qv(W*/K) by the principal ideal (f(«, x)), it follows that W*/K is simple
for F*/K, q.e.d.

5. The geometric content of the theorem of Bertini. In the classical formu-
lation of Bertini’s theorem there intervenes the notion of variable singular
points of the varieties belonging to a linear system. The theorem is then
stated in the following terms: a variety V,_, whick varies in a linear system
on a V, cannot have variable singular points outside the singular locus of V,
and outside the base locus of the linear system. We proceed to show that if the
characteristic of the ground field k is equal to zero, then this classical formula-
tion of Bertini’s theorem is an easy consequence of our formulation of this
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theorem as given in the preceding section; while if the characteristic of k is
different from zero, then the classical formulation of Bertini’s theorem cannot
be maintained, for in that form the theorem is false.

With reference to the linear system IF()\)I introduced in §2, we must
understand by a variable point P of F(\) the composite concept consisting
of: (1) a point whose coérdinates x*, x*, - - -, x,* are algebraic functions of
Uy, Uz, + *+ *+ , Um (Over k) satisfying the relation:

(11) S, 2%) = fo(&*) + wifi(a*) + - -+ + Unfu(z*) =0

and which are such that & [x ]~k [x*].

(2) An arbitrary specialization u;—\;, x*—x;(\) =x}, where \;€k and
where the x;(\) are algebraic quantities over k. Since k[x]~#k[x*], the point
(x) lies on V, and it is clear by (11) and (9) that (x*) belongs to F(\). If we
wish to insist that P be actually a variable point in the set-theoretic sense,
we must add the condition that the field k(x*, x5, - + -, x.*) be of degree of
transcendency not less than 1 over k.

The coérdinates x*, x5%, - - -, x,* define a general point of an irreducible
zero-dimensional variety W*/K which lies on F*/K; and conversely, any ir-
reducible zero-dimensional subvariety W*/K of F*/K defines a variable point
of the variable member F(\) of the linear system |F()\)|. The contraction
W/k of W*/K is the geometric locus of the variable point (x*).

We shall now assume that k is of characteristic zero. We suppose that the
variety W/k is simple for V/k and that it is not a base variety of |F()\)| .
Then by the theorem of Bertini, as formulated in §4, W*/K is simple for
F*/K. Let Hy(u, X), Hy(u, X), - - -, Hy(u, X) be a base of the prime ideal
in the polynomial ring K[Xy, X2, - - -, X which defines the variety F*/K.
Then it is well known(!!) that the Jacobian matrix

(12) lloH.:/0x |, i=1,2,--- ,N;j=1,2---,m,

must be of rank n—r+1 on W* We now use the identity (9). Since
R(uy, us, + - -, m_1, x) =0, it follows from (9) that if 2 (X), h(X), - - -, By(X)
is a base of the prime ideal of V/k in k[X], then [f.(X)]*H(u, X) belongs to
the ideal generated by f(x, X), hi(X), - - -, h,(X) in K[X]. Here the integer ¢
depends on H(u, X), and H(u, X) is any polynomial which vanishes on F*/K.
For a suitable integer ¢ it will then be true that the products

[fn(X) 1o H(u, X), i=1,2,---, N,

() W. Schmeidler, Uber die Singularititen algebraischer Gebilde, Math. Ann. vol. 81 (1920)
p. 227. That the definition of simple points by means of nonvanishing Jacobians is equiva-
lent—in the case of characteristic zero—to our intrinsic definition by means of uniformizing
parameters will be proved by us in a forthcoming paper in these Transactions. In the same
paper we shall extend this equivalence to ground fields of characteristic p 0 by using certain
mixed Jacobians, which, in addition to partial derivatives with respect to the coérdinates of
the point, involve also partial derivatives with respect to certain parameters which appear in
the coefficients of the equations of the variety.
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belong to the ideal generated by f(x, X), k(X), k(X), -« -, hy(X) in the
polynomial ring K[X].

Since W/k is not a base variety and is simple for V/k, we may suppose
without loss of generality that fn(x) 0 on W/k (see proof of Theorem 2).
We therefore conclude, since the matrix (12) is of rank #—7r+1 on W*/K,
that the matrix

J(u, X) = ||of(u, X)/X;, dhi(X)/0X |,

13
( ) i=1,2,"',g;]'=1,21"',”.

is of rank not less than n—r+1 on W*/K. But the matrix consisting of the
last g columns of the matrix (13) is of rank not greater than n—7 on W/k, for
V/k is of dimension r. Hence the matrix (13) is exactly of rank n—r+1 on
W*/K, that is, the matrix J(u, x*) is of rank n—7r+1. From this it follows
that in the m-dimensional linear space of uy, %, - -« , #» (over k) the points
(A1, N2, + + +, A\m), such that J\, x(\)) is of rank less than n—r-+1, lie on an
algebraic variety L of dimension less than m. If then F(\) is any member of
the linear system | F(\)| such that the point (A\) does not lie on the above
algebraic variety L, the point x* is a simple point of F(X\). We have therefore
shown that if the locus W/k of a variable point x* of | FQ\)| is a simple sub-
variety of V/k and is not a base variety of the linear system |F()\)|, then
x* cannot be a variable singular point of F(A). This is precisely the theorem
of Bertini in its classical formulation.

If £ is of characteristic p it is not difficult to construct any number of
counterexamples. For instance, if & is an algebraically perfect field, then every
member of the pencil of curves x» —Ay?=0 in the (x, y)-plane consists entirely
of p-fold points. In the following counterexample the curves of the pencil are
absolutely irreducible: x?4y2—2Ay=0. These curves have a variable double
point x= (A%)!/?, y =N\, for we have x?+y?—2\y = (x — (A3)V/7)P4(y —\)2

THE JouNs HOPKINS UNIVERSITY,
BALTIMORE, MDp.



