ARITHMETIC OF ORDERED SYSTEMS

BY
MAHLON M. DAY

This paper was first conceived as a short note in which two operations—
called ordered addition and ordered multiplication—were to be defined for
ordered systems and shown to include all but the sixth of the assorted opera-
tions of ordinal and cardinal addition, multiplication, and exponentiation
discussed by G. Birkhoff in [1](*). These facts are still in the paper but are
completely overshadowed by far more important considerations, mostly aris-
ing from the rather unexpected properties of the operation of ordered multi-
plication. The general purpose of this paper is easily explained. We define
these operations of ordered addition and multiplication of families of systems
and define certain unary operations called transitization and contraction,
which are applied to single systems. We wish to discuss, first, the properties
of these operations singly and in combination, and, second, the nature of the
ordered systems which arise when these are applied to systems with assigned
properties. Examples of the first type of theorem are the general associative
laws satisfied by ordered addition and multiplication; a sample of the second
type is Theorem 5.14 which shows that while the product of transitive sys-
tems need not be transitive it has a property (defined below) which is closely
allied to transitivity. '

The systems (called numbers) studied by Birkhoff have the two properties
of transitivity (if a=b=¢, then a=c¢) and antisymmetry (if a=b=a, then
a=b>). It is noted in [1] that the ordinal power of such systems need not be
antisymmetric; that transitivity also fails is easily seen by an example (see
§3 below) in which the base is a two-element well-ordered system and the ex-
ponent is the system of integers ordered by magnitude. It can be seen from
the systems used in this example that any restriction on base and exponent
so great that the ordinal power is transitive must be very strong indeed.
(For example, we show in §4 that when base and exponent are both numbers,
the ordinal power is a number if and only if the base is a cardinal number or
the exponent satisfies the ascending chain condition.)

In this paper an ordered system R = (R, =) will be a set R in which a
reflexive binary relation = holds between some pairs of elements of R. The
preceding paragraph shows why no further restriction is placed on the sys-
tems involved; apparently no reasonable subclass is closed under ordinal
exponentiation. Even the ordinal power of countable ordinals leads to non-
transitive systems! Since we often prefer transitive systems or numbers, this
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makes useful the simple methods (see §1) by which we can associate to each
ordered system & a unique transitive system tr(&) with a minimal set of
extra related pairs and to each transitive system & a unique number ¢(&)
defined by identifying all elements in each subset of & in which each element
follows every other. We shall be interested in the relationship of these opera-
tions with those of ordered multiplication and addition.

In this connection it soon appears that there are degrees of intransitivity.
To make this more precise, note that the condition of transitivity says that
if i=r= .- =7, then r127r,; that is, if », and 7, can be connected by a
finite chain of 7; such that 7; =71, then the chain can be shortened until no
middle links are left. Even if this is not possible in a system R it may
still be possible to shorten any such chain to some definite length; this sug-
gests the following definition: R is called k-transitive if the conditions
n=rZ - - - 2r, imply the existence of & elements »{, - - -, r{ such that
nri 2 - - - 2r{ 2r,. That such a definition is not without fruitful content
follows from the fact proved in §5 that the example mentioned in the second
paragraph of this introduction is 1-transitive.

Briefly the contents of the various sections are as follows: In §1 properties
and processes for single systems are discussed; it is here that transitization,
contraction, and k-transitivity are carefully defined and relations given be-
tween these properties and various order and equivalence relations among
ordered systems. In §2 an ordered sum, Z(R,;)@,, is defined for ordered sys-
tems § and &,, r ER, and conditions are given under which the sum is transi-
tive; transitized and contracted sums are also studied. A relation is given
between iterated sums and sums over sums which is shown to be the general-
ization to ordered addition of the ordinary associative law.

The remaining sections are devoted to the ordered product [](z.2)S,. The
definition is given in §3 along with some preliminary but important proper-
ties; the ones used most in succeeding sections are 3.7—if all &, are k-transi-
tiveand [z 2 tr(&,) is m-transitive, then [ r.>, &, is (2m +k)-transitive—
and 3.8—if all &, are k-transitive, then tr([[(z.2) tr(&,)) is isomorphic to
tr(II(R,g) ©&,); these facts enable us to avoid many computations with intran-
sitive factors. §4 deals with transitivity of the product; it leads up to Theo-
rem 4.12 which gives a set of conditions on i and &, necessary and sutficient
that the ordered product ][]z, &, be transitive.

§5 studies k-transitivity of products over numbers and over transitive
systems, completing a sequence of theorems of which the important ones are
4.2, 5.5, 5.7 and 5.14; for example, the last of these says that if i and all &,
are transitive, then ][] (z.2) ©, is 2-transitive. Rather simple examples show
that the values of the transitivity numbers given in these theorems are best
possible. §6 deals with certain homomorphisms and isomorphisms between
iterated products and products over sums; these are in the nature of associa-
tive laws for the ordered product.
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§7 is concerned with the problems on ordinal exponentiation of num-
bers which were studied by Birkhoff in [1]. We study in this section not
only the ordered power (2@, defined as [ (z.z) S where &,=®, but also
tr(®®&) and ctr(®-2&); for example, Theorems 7.3 and 7.10 give condi-
tions under which these assorted systems are lattices; we also discuss when
these are simply ordered or well-ordered or complete lattices or other types of
numbers. §8 is a brief appendix discussing the relationship of the product and
sum defined here to those defined by Whitehead and Russell in Principia
Mathematica.

Notation for point set operations will be as usual; that is, €, C, U, N
will have the usual meanings of element of, is contained in, union, and inter-
section, respectively; {pl Q} means the set of all p having the property Q.
Due to difficulties in printing the following convention has been adopted to
avoid subscripts attached to subscripts and superscripts: If IV is a symbol to
which it is desired to attach as a subscript a compound symbol %;, the com-
pound symbol shall be rewritten as 2(j) when it is actually used as a subscript
so the symbol with subscript appears as N;;. For another example the sum
over (R, ;) will appear as ) (z.> i

1. The elementary operations and relations. If R is a non-empty set and
2 a reflexive binary relation that holds between some pairs of its elements,
we shall call the combination of R and = an ordered system and use the sym-
bols ® and (R, =) for this system; >7’ will mean that » =7’ but » 7’. The
fundamental equivalence relation to be used is isomorphism; R and & are
called isomorphic (symbol: R~&) if there is a one-to-one function % from
R onto S such that » =7’ if and only if 2(r) = h(r’). We shall consider two order
relations between ordered systems. & is a homomorphic image of R (symbol:
R > ) if there is a function % from R onto & such that k(r) Zk(r’) if r=7';
that is, if and only if there is a monotonic function % defined on R whose
values fill up &. A subsystem R'=(R’, =) of R=(R, =) is a subset R’ of R
with the order relation in R’ imposed by that in ®; that is, for » and #’ in R’,
r2r’ in R’ if and only if r=7’ in R. Say that & follows R (symbol: S>R)
if R is isomorphic to a subsystem of &.

There are certain common ordered systems that will be used frequently.
If Ris any non-empty set, the system (R, =) will be called a cardinal number.
If ;! and R, are both cardinal numbers, obviously R,~®R; if and only if
there is a one-to-one mapping of R; onto Re; also, for any relation = in R,
(R, =)>(R, 2). Systems which are well-ordered (that is, in which every
subset has a first element) will be called ordinal numbers; in particular, the
system (N, w) of all positive integers ordered by magnitude is an ordinal and
N> (N, w) if R is an infinite ordinal. If # is any positive integer, let (Va., w)
be the subsystem containing the first # elements of (V, w); then the systems
(N ., w) are finite ordinals; the systems (N, =) are, of course, finite cardinals.
If R is a non-empty set, the universal relation u in R is that in which every
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element follows every other; that is, r  »’ for every 7, ' in R. Note that
(Nl’ w)=(Nl) =)=(Nlr u)'

If = and 2’ are two order relations in one set R, say that = includes
='if r ='r’ implies thatr 27’; clearly if = includes 2’, then (R, =’') > (R, Z).
If R=(R, =) is an ordered system, define tr(R), the transitization of R, to be
the ordered system (R, =) where =, is the least transitive relation includ-
ing =; that is, ro= . » means that there exist 7y, - - -, 7,, 220, such that
ro=n - - - 2ra=r. Clearly R>tr(R) for every R; R is called transitive if
R=tr(R). Since transitivity is clearly preserved under isomorphism, and
since -tr(tr(R)) =tr(R), RN is transitive if and only if R~tr(R) and if and
only if there exists & such that R~tr(&). Also R is transitive if and only if
the conditions ro=7= - - - 27, imply ro=7,.

A second operation can be applied most profitably to transitive systems.
If R is transitive and »ER, let ¢(r) = {r’lrgr’gr}; that is, (¢c(r), =) as a
subsystem of (R, =) has the universal order relation % and ¢(r) is the largest
such set containing r. Let ¢(R), the contraction of R, be the system whose ele-
ments are these sets c¢(r), where c(r) =c(r’) if and only if r=7'. It is easily
verified that there is no contradiction in defining the order relation in this
way; it is also clear that if R’ is a subset of R such that R’Mc(r) contains just
one point for each r, then (R’, Z)~c(R) so R>c(R); since the contraction
mapping is a homomorphism, 9% >c(R) also holds. As in [1] R will be called
a number if and only if the natural homomorphism r—c(r) of R onto c(tr(R))
is an isomorphism; that is, if and only if R is transitive and has no pairs of dis-
tinct points r and #’ for which r >7’>r. From one point of view a number may
be regarded as an extremely transitive system; precisely, (R, =) is a number
if and only if the relation > is transitive.

1.1 LEMMA. tr and ¢ are invariant under isomorphism and monotone under
homomorphism; that is, if R~S, then tr(R)~tr(&) and c(tr(R))~c(tr(S))
while if ©>R, then tr(S) >tr(R) and c(tr(S)) >c(tr(R)). If & is transitive
and >R, then R is transitive and c(S) >c(R).

These properties can be verified directly from the appropriate definitions.
Note that &> R need not imply that tr(&)>tr(R); for example, let & con-
tain elements s1, s, s3 where, besides equality, all the relations that hold are
51> 53, 522> 51, 51> 53, 53> 51; let N be the subsystem of & containing only sz
and s3; then tr(&)=(S, %) while tr(R)=RN=(R, =), so tr(R) is not isomor-
phic to any subsystem of tr(&).

We give next a theorem on factorization of homomorphisms.

1.2 THEOREM. If & is a number and R= (R, =), then R > S if and only if
there exists a transitive relation =’ including = in R such that c(R, =')~@S. If
k and H are, respectively, the homomorphism and isomorphism involved, one can
be calculated from the other by the relation H(c(r))=h(r).
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If % is given so that h(r)=h(r’) if r=r', define r='r’" to mean that
k(r)Zh(r'); since © is transitive, =’ is transitive; since & is monotone, 2’ in-
cludes =. Then in (R, =’) we have ¢(r) =h~'k(r), so the mapping H defined
by the equation above is one-to-one between ¢(R, ') and &. c(r)=c(r’)
means 7 = 'r’;that is, h(r) 2 h(r’) or H(c(r)) = H(c(r')), so H is an isomorphism.
If =’ and H are given, define % by the above equation; since the identity is
a homomorphism of (R, =) onto (R, ), since contraction is a homomor-
phism of (R, ') onto ¢(R, Z'), and since H is an isomorphism of ¢(R, Z')
onto &, k is a homomorphism of (R, =) onto &.

1.3 COROLLARY. If k is a homomorphism of an ordered system R onto the
number &, then h can be factored into three pieces, h=Hcl, where I is the identity
mapping of (R, =) onto (R, Z') and =’ is a transitive relation including =,
¢ is the contraction of (R, ') onto ¢(R, '), and H is an isomorphism of
c(R, =') onto S.

Note that if & is only transitive but not a number, a similar factoring,
h=HCc'I, is possible with first and third factors of the same nature as before,
but the middle factor ¢’ is only a partial contraction of (R, =’). If & is not
even transitive, then factoring is still possible but =’ need not be transitive.

We have already defined transitivity of ordered systems, but the lumping
together of all intransitive systems into one class is too crude a procedure for
some parts of this paper. We shall define a property of k-transitivity of or-
dered systems, k a non-negative integer, in such a way that ordinary transi-
tivity is the special case for which k=0. The system (S, =) or the relation =
is called k-transitive if and only if the existence of a chain s;=s,= - - - =5,
connecting s; with s, implies the existence of s{, -+, s{ in S such that
si=sf{ =s{ = - - - =s{ =s.. Note that no assertion is made about the dis-
tinctness of the s/ nor do the s/ have to be among the original s;; hence if &
is k-transitive it is also n-transitive for every integer n=k; this property has
the disadvantage that 31 >& and RN k-transitive do not imply & =n-transitive
for any # (except where k=0). This is unfortunate but not fatal; after all,
even transitivity is not preserved under the relation >.

Another formulation of this property may add some clarity. If E is any
subset of the ordered system &= (S, =), define EV= {s| there exists s in
E for which s=s'}; similarly, let EP={s| there exists s’ in E for which
s’Zs}. Then the operation ESEV (or E-EP) is a closure function in S in
the sense of my earlier paper [3]; it has several elementary properties: EV DE;
if E; CE,, then EV CEY; much more than this is true; this operation is addi-
tive for an arbitrary number of terms; that is, if R is a set and if for each 7
in R, E,CS, then (U,er E,)V =U,er (EV); EU =E for every finite set E if and
only if EV=E for every E CS; that is, if and only if & is (S, =). The various
transitivity properties of & can be simply expressed in terms of this operation;
& is transitive if and only if EVY =EV for every E CS; that is, if and only if
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U(or, dually, ?) is idempotent. Similarly, & is k-transitive if and only if
E(*+9U = E(+1U where E* means to apply U k times in succession.

For future reference we give here two definitions. A star in & is a subset
E of & such that EV=E; that is, E is a star if it contains every successor of
each of its elements. Clearly the stars in & and in tr(&) are the same subsets
of S. A set E is cofinal [coinitial] in & if and only if EP=S [EV=S].

A terminal element of an ordered system R is an element 7o with no suc-
cessors (different from itself); that is, 7o is a terminal element of & if the con-
dition 7 >7, is not satisfied by any 7 in R. (This is not quite the usage of [2]
but agrees with it for numbers.) 7, is a terminal element of R if and only if
it is a terminal element of tr(R); if 7o is a terminal element of a transitive
R, then c(ro) is a terminal element of ¢(R), but not necessarily conversely. If
E CR, let E® be the set of terminal elements of the subsystem (E, =) of
(R, 2).For any ordinal number &> 1 define E(®? to be the set (E —Uj<,E™) D,
Then there must be a smallest ordinal Ag=1 such that E®® is empty; if
A>No, E™ s also empty; define E' =UscaE™.

1.4 LEMMA. For any R and any o, (Ur<caR®)V =UrcRD; that is, Ur<aR™
is a star in R ; hence R’ is a star in NR.

If 7&R®M for some Ny, then 7 is a terminal element of R—Ux<axqyR™;
hence every successor of 7 is in Ux<a@yR™; that is, (UrcoR™)V=Ur<coRM.

1.5 COROLLARY. If R is transitive and R’ =R, then R is a number.

Let A\ (r) be the ordinal less than A\¢ such that #&ER®; then \(r) is defined
for every 7 in R and is strictly decreasing; that is, >r’ implies A(r) <A(r).
Hence r>7’'>7 would imply N (r) <\ (") <\(r) and this is impossible under the
relation among ordinals.

1.6 THEOREM. If (R, ) is transitive, R=R’ if and only if ECE®™P
for every ECR.

If R#R’, let E=R—R’; then E® is empty so E®?DE. If R’"=R and
E CR, let rEE; then there is a smallest ordinal g in the set of ordinals
{N(#")|#' =7 and ' EE}. If o is a successor of  in E such that A(ro) =\o, then
no successor of 7o can liein E, so 7 EE™ and 7o =7; that is, ECE™D,

1.7 THEOREM. R=R’ if and only if ascending chains in R are finite; that
15, if and only if the conditions r1Srs< « - - SraS - - - imply that ro="r,, for
all n=some n,.

If R=R’ and n=r=< - Zr,< - -+, then M) ZN(r2) = -« - + Z\(r,)
= -+ - ; the set {)\(r,.)InEN} contains a smallest element, say N(7n(), SO
N(7a) =N(7nc0)) if n2no. Hence r,=r, if n=n,. If R’ #R, every element of
R—R’ has a successor different from itself, so there exists an infinite chain

rn<re< - <r,< .-
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Note that if the transitive system R is finite, R’=R if and only if R is a
number.
For §4 we shall need the next two lemmas.

1.8 LEMMA. If A and B are subsets of (R, ), then (A\UB)W CAM\UB®;
wn fact, (A\JB)V = (4D —BD2)YJ(BM—-AD)U(4VNBW),

If r€(AUB)D, if =7 and 7" EA4, then ' €(A\UB) and ' =r so r' =r;
hence if rE(AUBYDNAL2, rEA D, Similarly if r&(4\UB)MNB?, r&BW;
since every 7 in (A\UB)® is in A?\U B?, we have the three distinct possi-
bilities €AV —B? or BW— A2 or AONBW,

1.9 LEMMA. If R is a number with no terminal elements, there exists three
disjoint cofinal subsets of R.

Well-order the elements of R and let 7; be the first element in- this order-
ing, let 7, be the first that follows 71, and so on as long as possible; that is,
let 7, be the first element of R that follows all 7), A <a, as long as such an r,
exists. Then there must be a first a such that the set {r.|@<ao} has no com-
mon successors; since & has no terminal elements such an ao must be a limit
ordinal. At such a point define 7, to be the first element of R which does not
precede any 7., a<aqg, and proceed from 74, as from r; until stuck again
at 1. Repetition of this process defines limit ordinals a, X <\o, and points 74,
a<an, such that 7, <r. if aen Sa<a’ <anyr while 7, does not precede or
equal 7, if a’>a; moreover, for each 7 in R there is an a<an(y such that
re2r. Let Ei={r.|a a limit ordinal plus i—1 plus a multiple of three,
a<ang | ; then the sets E; have the desired properties, since E,\JE,\UE; is co-
final in R, and if 7,EE;, then 741 1€ Ei11¢mod 3)

2. Ordered addition. For disjoint systems a notion of ordered addition
should, to fit our intuitive notions, have something to do with an ordering
of the point-set union of the systems. It should include the notions of cardinal
and ordinal addition used in [4] and [1], and, if all the terms in the sum are
alike, should specialize to some kind of multiplication, in this case the ordinal
multiplication of [4] and [1]. It is easy to give a rough description of the sum
over R of the systems &,; the sum is obtained by putting each &, in place
of r in the system . This will be made more precise in the next paragraph,
but it should be mentioned that this definition of sum need not give transitive
sums even when all systems concerned are transitive. Since it is often useful
to construct transitive systems or numbers from systems of the same sort,
we shall also define modified sums obtained by following the operation of
addition by tr or ctr. (It will be seen by those who have read [2] that the
operation of ordered addition used there is the one called D¢ here.) In [4] a
definition of ordered sum of relations is given which translates into the defini-
tion of sum used here; see §8 for further remarks on this subject.

We give now the precise definition of sum. If R is an ordered system and




8 M. M. DAY July

if, for each 7 in R, &, is an ordered system, define Y z.», &,, the ordered sum
over N of the systems &,, to be the system P= (P, =) where the elements of
P are the ordered pairs (7, s) with 7 in R and s in S,, and (7, s) = (7’, s") means
that r>7’ or else r=7’" and s=s’; R will be called the index system and the
&, the terms of the sum. (Note that if the &, are disjoint, there is a natural
one-to-one correspondence between P and U,er S,.) Define I (z.2) S, to be
trQ_r.2) &) and an,g) &,=ctr(Q_(r.2y, ©,); these are, respectively, the
transitive and contracted sums over R of the &,; we shall use =* and =¢ for
the order relations in these systems.

2.1 THEOREM. If R and all S, are transitive, (r, s)=*(r', s') if and only
if (@) (r, s)=(r', s") or (b) r=r" but there exists r'’ such that r>r''>r; hence
.2y &, 1s 1-transitive if R and &, are transitive.

Obviously (r, s)=(r', s’) if (a) or (b) holds. (r, s)=*(r’, s’) means that
there exist points (r;, s;) such that (r, s)=(r1, s1)=(re, s2)= + + + = (rn, Sn)
=(r', s’). Hence r=n=r= -+ 2r,2r'. If equality holds all down this
chain, then s=512s5:2 + + + 25,25, sor=r’ and s=s’ by transitivity in &,;
thatis, (r, s) = (v’, s’). If at least one of these is not an equality, by transitivity
in R either »>7’ (implying (a)) or (b) holds.

2.2 LeEMMA. The index system and the terms of a sum are isomorphic to
subsystems of the sum; that is, R<D_(r.2) S, and S, <D (r.2) S, for every
choice of R, &,, and r,.

If s, is any point of S,, the function k(r) = (r, s,) is an isomorphism of R
into Y (z.2y ©,; the function g from &, into Y &z &, defined by g(s)
=(ry, 5) is also an isomorphism. Note that if r¢>r1>7, &, need not be
isomorphic to a subsystem of ) (z.z) S

2.3 COROLLARY. Y &.2) &, s transitive if and only if (a) R and every S,
are transitive, and (b) if r>r'>r, then &, has the universal order relation.

(a) is necessary by 2.2 since every subsystem of a transitive system is tran-
sitive. If r>7">7, let s, s"' €S, and s'ES,/; then (r, s)>(7’, s')>(r, s') so,
by transitivity, (7, s) = (r, s’’); hence s = s’ for every pair of points in &,; that
is, ©, is (S,, w). If (a) and (b) hold, by 2.1 > (2.2, S,=2 ‘=2 S, so the
first system is transitive.

2.4 COROLLARY. If R is @ number, Y (r.2, S, is transitive if and only if
all &, are transitive and ) _(z,z), S, is a number if and only if all S, are numbers.

The first of these statements follows immediately from 2.1 and 2.3 since
neither case (b) can occur if i is a number. For the second result we can use
the first; if all &, are numbers and (7, s)=(*’, s")=(r, s), then r=7r'Z7r so
r=r"and s=s'=s; hence s=s". If _(z,2) S, is a number, 2.2 implies that R
and &, are numbers.
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2.5 LeMMA. If =, includes =, in R and if =i is the order relation in
>Rz Sy, then = includes =2 and a similar relation holds for the transitive
sums; hence 2 mzay &r< Dmzen Sn Laswy Sr< Drzan S and
> S, <% S..

®Rzu) © ®ze@) ©r

If (r, s)=2%(r', s’), then »=4' or r=7" and s=s’; hence r=y' or r=r’
and s=s’,s0 (r, s)=1(r’, s'); that is, 2! includes =2. If =t is the order rela-
tion in tr(Q_ (z.2 s, Sy), it follows immediately that = includes =2!. The first
two homomorphisms are immediate consequences of these two inclusions; the
third follows from the second and 1.1.

2.6 LEMMA. If in Z(R.k) &, a chain (r1, s1)=(rs, S2)= « + + =(rn, Sa) s
given, either (1) ri=riy1 and s;=siyy for all © or (2) there exists a shortest sub-
chain (riqy, Siy)> + + + > (Tiry, Sicry) Such that ri) > rieyy for all <k, while
=1 and r;u="rn.

If all r; are equal, then we have s;=s;;1. If some 7; differ, we can find in-
tegersijsuch thatry=rs= + + « =r;0 1>7ig= * * * =ryna1>Tis * * * Titkh=t
>riam= - - - =ra; these r; satisfy the given conditions.

This result has two useful consequences, 2.7 and 2.8.

2.7 THEOREM. If R is m-transitive and all &S, are k-transitive, then
Z(n,;) &, 1s n-transitive, where n=sup (m-+1, k).

If (ry, s1)= - -+ 2(rp, sp) and all 7; are equal, s;=5:= - - - =5, in S,
since &, is k-transitive, this chain can be replaced by s;=s{ = -« - =s{ =5,
so (r1, s))=(ry, s{)= + « 2(r, sd)=(rp sp) and a chain with not more than
k middle links connects the ends. If some ;5 7;,, we can use the second chain
of 2.6, { (rici, Sich) }. If 71 5%7,, shorten the chain down by m-transitivity in R
till there is a chain with not more than m middle links »/ such that
n>rl > - >rl>r,; then for any s/ in Sy, (1, s>, s{)> - - -
>(rd, sd)>(rp sp) so there is a chain with not more than m middle links
connecting (71, s1) with (r,, s,). If r1=r,, take the last r;; before the chain
first closes up to r; again; then there exist r/ such that r,>7{/ > -+« >r{
>ri; >11; using the argument just above we see that there is a chain with
not more than m+1 middle links connecting (71, s1) and (r,, s,). This shows
that any chain can be shortened until it contains not more than # middle
links; that is, ) (r.2) &, is n-transitive.

The next theorem shows that we can alter the order relations in % and
the &, to some extent without altering the order relation in the transitive sum.

2.8 THEOREM. For every choice of the systems R and &, we have

e, = X tr (&)
)

(R,2) tr (R, 2

Let =*and =7 be the order relations in the left and right-hand systems
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respectively, and use =, for the relations in tr(R) and tr(&,); clearly =7
includes 2% (r, s)=T(r’, s’) means, by 2.1, that either (1) > ¢’ or (2) r=r'
but s>.s" or (3) r>'">w=r". In case (1) either r>7' or there exist r;
such thatr>7> - - - >r,>7';in either case (7, s) = (7, s’). In case (2) there
exist s; such that s=s= + - Zs.2s" s0 (7, )=(r, s)= - -+ 2(r, sa)
=(7', s’) so again (r, s)Z*(r’, s’). In case (3) take any s’/ in S,~; then as in
case (1), (r, s)=(r"’, s')=4r', s") so (r, s)=(’, s’). Hence =*and =T are
equal.

2.9 CoROLLARY. If tr(R, 21)=tr(R, =2) and tr(S,, =1,)=tr(S,, =2,) for
each r, then X tmzqy (Sr Z1,)=D ‘.2 (S, 22.); in particular, both the
transitive sums of 2.8 are equal to ',z tr(S,) =2t r.2) Sr.

The relations between >, > and > are not surprising.

2.10 THEOREM. If &,>P,, then 3 (z.2) ©:>D r.2) Bri if S,<P., then
Z(R-=> &, <Zm,;) B,. The first relation holds for Z‘ and Z‘; the second holds
for 3ot and 3 ¢ if tr(&,) <tr(B,).

If &, is a homomorphism of &, onto B,, define k(r, s)=(r, k.(s)); it is
easily verified that % is a homomorphism of > =2 S, onto X .z B If
instead %, is an isomorphism of &, into B,, clearly k(r, s)=h(r’, s') if
(r, 5)=(', s"). If h(r, s)=h(r’, s'), either r>7" or r=7" and h.(s) Zh.(s");
in the first case (r, s)> (7', s’); in the second s=s’ as k, is an isomorphism,
so, again, (7, s) = (r’, s"); that is, k is an isomorphism of > r.2) S, and a sub-
system of 2.z P

1.1 now implies the relation > for > ¢ and ) _¢. To prove that S trzy S,
<> .2 Bs, we see by 2.8 that this holds if and only if it holds when all
systems are transitive; that is, we need only prove the special case:

2.11. If R and B, are transitive and S, <P, then Xt z.2) S, <D t=&.2) Pr-

Let & be the function previously defined; then (r, s)=*(’, s’) means by
2.1 that r>7" or r=r', s=s' or r>r'">r"=r. One of these cases occurs if and
only if the same relation holds for (r, k,(s)) and (', k,'(s")), so k is again an
isomorphism. 1.1 gives the same relation for D _¢.

Another special case is:

2.12 COROLLARY. If the systems PB. are transitive and P,>S,, then
Stz B>tz ©rand 2 crzy B> ri2) G

The relation 2.8 between D, and tr is simpler than the corresponding rela-
tion between 2, and c.

2.13 COROLLARY. D %r.2) &~ ‘trcr.2) Ctr(S,).

Since Z‘(n,g) S, =2 @ tr(S,), by 1.1 PR ES @r"’Z"tr(R.z) tr(S,)
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so we need only prove Q¢ r.2) tr(S;)~D %u(r.z) ctr(S,); that is, we need
only prove the following special case of 2.13.

2.14. If % and all &, are transitive, D=2, @,NE%R,g) c(S&,).

Since the contraction ¢ of &, onto ¢(&,) is a homomorphism, by the
proof of 2.10 the function & defined by k(r, s)=(r, ¢(s)) is a homomorphism of
> tr.z) S, 0nto) 4.z ¢(S,); hence the function H defined from ¢34 z.z) .}
onto c(Q_t w2y ¢(S,)) by H(c(r, 5))=c(h(r, 5)) is also a homomorphism. Sup-
pose H(c(r', s")) S H(c(r, s)); that is, c(h(r, s)) Zc(h(r’, s’)); this is equivalent
to h(r, s)=h(r’, s") or (r, c(s)) =(r", c(s’)). Then by 2.1, r>r" orr>r"'>r' =7
or r=r', c(s)=c(s’); that is, r>r' or r>r'">r'=r or r=r’, s=s’; hence
(r, SYZHr’, s") if H(c(r, s))=H(c(r’, s")). From this it follows that c(r, s)
=c(r’, s") if H(c(r, s))=H(c(r’, s")), so H is one-one and an isomorphism of
ZC(R,g) @' ontoZ"(R,g) C(@r).

We have an elementary relation between addition and contraction which
will be most useful in §5.

2.15 THEOREM. If & is transitive, there is a number R (c(S) will do) and
subsystems &,=(S,, u) of © such that S~ (z.z) Sr.

We need only let R=c¢(&) and let S,=c"!(r), where ¢ is the contraction
mapping of © onto R.
We give next a theorem on subsystems.

2.16 THEOREM. If R1=(Ry, =) is a subsystem of R=(R, =) and if B, is
a subsystem of &, for each r in Ry, then (a) D (rw.z) Br is @ subsystem of
Z(R.z) &,; (b) Etr(k(l).z) P, is a subsystem of 2 .2y S, if and only if
tr(Ry, =) isa subsystem of tr(R, =); (C)Z'w(n 2) Brisa subsystem on‘(R,g) S,
if and only if (1) tr(Ry, ) is a subsystem of tr(R, Z), (2) if r in Ry is such that
an ' in R exists for which r> o' > o in tr(R, ), either there is an r1in Ry such
that r> 111> ur in tr(Ry, =) or tr(B,) =(P,, u), and (3) tr(B,) is a subsystem
of tr(S,) if r is not such a point of Ry.

(a) follows immediately from the definitions. If tr(R;, =) is a sub-
system of tr(R, =) it follows from (a) that D« ra).z) B- is a subsystem of
> ez S If Dotwray.2) Bris a subsystem of Dz Sy, if r and ¢’ are
in R, and if >4’ in tr(R, ), then for any p in P, and any p’ in P,
(1’, P)g (f’, P’) in Ztr(R.z) @r; hence (1‘, P)% (7", P') in Ztr(R(l).é) SB’_. There-
fore >’ in tr(R;, =) and this latter system is a subsystem of tr(R, =).
This proves (b).

For (c) we apply 2.8 and see that >_*&qy.z) B+ is a subsystem of 3¢z 2) S,
if and only if X twra.z) tr(B,) is a subsystem of >tz tr(S,). Let =?
and =2, respectively, be the order relations in these latter systems. By 2.1,
(r, p)=(r’, p') if and only if >’ or r> 141 >12"=r for some r; in Ry
or r=r" and p=1p’ in tr(B.); (r, p)=2(’, p’') if and only if r>#' or
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r>¢’'>¢'=r for some "’ in R or r=¢', p=p’ in tr(S,). If (1), (2) and
(3) hold, (1) implies that = in tr(R;, =) is the same as =, so the first con-
dition is the same for =?! as for =2. The middle terms are the same by (2)
and the last from (3). If = and =2 agree and 7> 1, (7, p) >2(r1, p1) for any
o and py, so (r, p)>*(r, p1) and r>qr; that is, (1) holds. If 7> ' > 7, if p
and p’’ are in B, and if s’ is in &S,., then (r, p)>2(r', s’)>2(r, p'’); hence
(r, p)=*(r, p'’) so either there is an 7, in R; such that > >1 or else
p=up’’ in tr(P,) for every p, »"" in P,. If r is not such a point and p=;p’
in tr(&,), then (r, p) 2%(r, p') so (r, p) 2 (r, p’) or p=1,p’ in tr(P,).

An arithmetical property of these sums is contained in the next theorem.
As we shall show, this has a number of special cases such as the associative
laws of cardinal and ordinal addition and of ordinal multiplication.

2.17 THEOREM. If R, &, and B,, are ordered systems, let (T, =)= (z.2) Sr;
then the following associative laws hold for the various types of sums:

Z Z Pre ~ Z PBres

(R,2) (8;.2) (T,2)

Z' Z‘ PBrs ~ Z‘ Bras

(’,2) (8,2) te(T,2)

E" Z" anN Zc ?Bn.

(R,Z2) (8,,2) tr(T,2)

and

In the first isomorphism the elements of the left-hand system are the
points (7, (s, p)) with r in R, s in S,, and p in P,,; (r, (s, p)) 2 (', (s', "))
means that r>7’ or r=¢', s>s' or r=r', s=s', p=p’. The elements of the
right-hand system are the points ((, s), ) with  in R, sin S, and p in P,,;
((r, s), p)=((r', s"), p') means that r>¢' or r=71', s>s orr=7r', s=s', p2p’.
Hence the natural correspondence (7, (s, p))e((r, s), p) is an isomorphism
of the two sums. The second isomorphism follows from the first, 2.8, and 2.9
for

> 2 ga=u Tu( T )

(R,Z) (8(n).,2) (R,2) (8try,2)

=tr( PINED ‘Br.)~tr( 2 $,.)=u( > *B,.).

(R,2) (S(n),2) (T,2) tr(T,2)

For the last isomorphism we note from these results and 2.15 that

= = T T~ T T

R,Z) (8(r),2) (R,2) (S(r),2) (R,Z) (S(r),2)
t t t t
=c( )P as,.)w( Y )= X P
(R,2) (S(r).2) tr(T,2) te(T,2)
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Note that by 2.8 in the last two isomorphisms of the theorem the operator
tr can be applied or left off at will anywhere after the first D¢ or »_¢ on each
side.

For the last general results of ordered addition we give two decomposi-
tion theorems.

2.18 THEOREM. &> (r.2) B, if and only if there exist disjoint subsystems
S, of & such that S,>P, for each r and S> D r.2y S,; if R is a cardinal,
@"’Z(R.a) &

If >3 .2 S, and &,>P,; by 2.10 and the transitivity of > we can
conclude that @>Z(n,g) .. If & is a homomorphism of & onto Y z.>) B let
S, = {sl there exists p for which k(s) = (r, p)} ; on S, define k, by k. (s)=p if
h(s)=(r, p). If s=s' in &,, s=s' in & so h(s)Zh(s’) in D (r.2) Bs; that is,
(r, k. (s)) = (7, h.(s")) so h.(s) 2 h.(s") and k, is a homomorphism of &, onto P,.
If g(s)=(r, s) whenever s&S,, g is clearly a homomorphism of & onto
> r.z S, If R is a cardinal number, (R, =), and if (r, s)=g(s)=g(s")
=(r', s’), then 27" so r=r'; hence s=s’ and g is an isomorphism.

Note that if ® is a number, the relations given above for ), will also hold
for >t although >_ and D_¢ need not be the same unless in addition all the &,
are transitive.

2.19 THEOREM. &< (r.2) B, if and only if there exists a subsystem R,
of R and disjoint subsystems S, of & for r in Ry such that &S,<P, and

@NE(R,E) @r-

Sufficiency of the condition is clear. For necessity let & be an isomorphism
of & into ) (z.,z, B+ and let Ry, the projection of #(S) into R, be {r| there
exist s and p such that k(s)=(r, p)}. Let S,={s| there exist p such that
h(s)=(r, p)} and let %, be defined from &, into B, by k.(s)=p if k(s)=(r, p).
Then s=s’ means h(s) 2k(s’); that is, (r, h.(s)) = (7', b (s")); hence if s and
s’ are in one S,, r=r' and s=s’ if and only if k.(s) 2 Ak.(s"); that is, k, is an
isomorphism of &, into PB,. Let g be the mapping of & onto ) (z.>, S, defined
by g(s)=(r, s) if sE€S,; then s=s’ means (7, k.(s)) = (r’, k. (s’)) which means
that either r>7’ or r=7¢' and h,(s) 2 k.(s’); since k., is an isomorphism, this
condition means that either »>7' or r=7’ and s=s’; that is, s=s’ is equiva-
lent to g(s) =g(s’), so g is an isomorphism of & and E(R,g) S,.

Finally we give an elementary result on terminal elements in sums; we
do not give a condition for initial elements since it is dual to this.

2.20. (7, s) is a terminal element of Z(R,g) S, (or of D _tr.>) &,) if and
only if 7 is a terminal element of R and s is a terminal element of &,. ¢(r, s)
is a terminal element of ) ¢ 3, &, if and only if (1) 7 is a terminal element
of & and ¢(s) is a terminal element of ctr(&,) or (2) ¢(r) is a terminal element
of ctr(R) which contains at least one element in addition to 7.

If (r, s) EZ(R,E) &, and ' >r, then (r/, s")>(r, s) so (r, s) can not be a
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terminal element of ) (z.>, ©, unless 7 is a terminal element of %. Similarly
s’>s is impossible if (r, s) is a terminal element, so s must be a terminal ele-
ment. On the other hand if r and s are terminal elements and (7, s’) = (r, s),
r'=rsor’=r;hence s'=ss0 s'"=sso (r, s) is a terminal element. The same is
true for D_¢ since a system and its transitization have the same terminal ele-
ments. The proof of the last statement is of the same nature and can be left
to the reader with the remark that for any ordered &, c(so) is a terminal ele-
ment of ctr(&) if and only if s is an element of & such that s= s, implies
that so=s in tr(S&).

Certain special cases of this addition operation have been given before,
for instance in [1]; most of these writers have considered more restricted sys-
tems. O weky.wy ©n will be called the ordinal sum S,©S,® - - - ®S; of the
S.. Z(R.-) &, will be called the cardinal sum of the &,; if R=N;, we write
€1+ + - - - +&; for this. Since (N3, =)~ (N;, =)+ (N, =)~(MN, =)
+ (N2, =) and (N3, w)~ (N1, w) ® (N2, w)~(N3, w) ® (N1, w), after a renum-
bering of the systems the relation 2.17 specializes to ©,® (S0 S;3)~&, S,
DS~ (6, 0C,)DCs and C1+ (B2 +8B5)~B,+ G2+ &3~ (S,+S,) +Ss;
these rules are slightly stronger than the associative law for cardinal and
ordinal addition. A check of the properties (10)-(18) given in [1, §3] for
ordinal and cardinal addition shows that they are special cases of various
formulas in this section.

Ordinal multiplication is another special case of ordered addition. If all
S,=6, we write R 0 & for 3.2y &,; explicitly, ® o & is the set of ordered
pairs (r, s) with 7 in R, sin S, where (r, s) 2 (', s’) means r>r’ or r=7", s =s'.
Taking all &,=& and all B,,=P, we derive from 2.17 the associative law of
ordinal multiplication R o (& o P)~(R o &) o PB. Similarly, if R=(N,, w)
and all B,,=P, we have from 2.17 that (S, 0 B) D (S, 0 BP)~(S:9S,) 0 P, a
one-sided distributive law for ordinal multiplication; similarly, the other rules
(30)-(35) given in [1, §6] for ordinal multiplication can be found among the
preceding theorems.

3. Ordered multiplication. The ordered product that is to be defined in-
cludes not only the ordinal and cardinal products of [4] and [1] but also the
ordinal exponentiation of [1]. As with addition we shall give three multiplica-
tion operations, an ordered product ][ (z.z) ©,, and the related transitive
and contracted products. The definition is essentially that of ordinal ex-
ponentiation but it does not have the virtues claimed for it in [1, §§8, 9];
even when all the systems involved are ordinal numbers, the ordered product
need not be transitive. We shall show, however, that the ordered product is
often almost transitive; for example, if R is a number and all &, are transi-
tive, 5.7 shows that [ (z.2, ©, is 1-transitive.

If ®=(R, =) and &, are ordered systems, define H(R,g) S,, the ordered
product over R of the &,, to be the system (P, =) where the elements of P
are the functions f defined on R such that f(r) €S,, while f=f’ means that if
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f(r) #f'(r) there exists r’ 27 such that f(r') 2f'(r'); that is, {r| f(r) >f'(n)} is
cofinal in {rl f(r) #f'(r)}. In the case where R is a finite ordinal it is easily
seen that this becomes the lexicographic ordering of the “words” in P except
that spelling is backwards. Let [[*z.2) S,=tr({Iz.2) ©,) and [[*x.2) S-
= C(II'(R.=) &,); these are, respectively, the transitive and contracted products.

The special cases mentioned above are easily defined. [] (.-, &, is the
ordinary direct or cardinal product of the systems &, in which f=f’ if and
only if f(r)=f'(r) for every 7 in R. If R=(N:, w), I1¥@ .0y Sa reduces to
&, 0 &, the ordinal product of the systems in reverse order. If all &,=8,
I1iz.2) ©. reduces to the ordinal power ®-3S.

Let us give first the example mentioned in the introduction. Recall that
(N, w) is the system of integers ordered by magnitude and that (N, w) is
the subsystem containing the first two elements of N; if R®=(N, w) and
S, = (IVy, w) for every r, then [[(z.2) ©,= ¥ (N,, w) is not transitive. To
prove this we construct three functions such that fi>f;>fs but f; does not
follow or equal f3; for every # let

f1(2n) = 2, f:(2n) =1, fs(2n) = f;(4n + 1) = 2,
fln+1) =1, fi2n+1) =2 fi(4n+3) = 1.
Then f,(2n) > f:(2n) for every n so fi>fy; fo(4n+3)>fs(4n+3) for every n
so fo > fs; however fi(n) = fi(n) for every n and equality does not always hold

so f1 does not follow or equal fs.
We proceed with a discussion of properties of this product.

3.1 LEMMA. If (Ro, =) is a subsystem of (R, =) and if, for each r in R,,
B, is a subsystem of S,, then [ [r.z) B <[L(2.2) S+

Let s, be a fixed point in S, for each 7 not in R, and define & from

I1z@.2 B-into]] 2.2y S- by hfo=f if and only if f(r) =fu(r) if rER, f(r) =S5,
if #&Ry. h is clearly an isomorphism of the left-hand system into the right.

3.2 LemMA. If =, includes =; in R and =% is the order relation in
ILiz.20) ©-, then =1 includes =2.

f=f means that if f(r) f'(r) there exists ' =27 such that f(z') >f'(r');
such anr’'2,rsof=1f".

3.3 LemMA. If =1, includes =3, in S, for each r and if =* is the order rela-
tion in [ .2y (Sr, 2ir), then 21 includes 2.

f=2f' means that if f(r) #f’(r) there exists #’ =27 such that f(r') >, f'(r');
hence f(»')>1,.f'(r') sof=1f".

It might be hoped that some relation such as &,>%, for all » would
imply that []z.2) ©:>]1(z.2) B~ That this is false is easily seen by letting
S=(Nz, w) 0 (N2, #) and P= (N, w); then @S> ¥ would imply that
tr(W2 &) > tr(W=)P); this is false since in tr(¥)S) every element follows
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every other while this is not the case in tr(¥)$). Note that &>P so, by
3.1, Wog>W.oB, Note that the factorization theorem 1.2 for homomor-
phisms suggests that some such trouble might occur. If 4, is a homomorphism
of &, onto PB,, then &, factors into H,c.I,, where H, is an isomorphism of P,
and ¢,.(S,, /), 2/ includes =, in S,, and ¢, is a partial or total contraction
of (S,, =/).I1z.2) (Sr, 2> (22 (Sh, =/) by 3.3, but &/ >¢(S!) is the
only fact we are able to use about contractions, so we get the relations
Iz2 &>z & >]1xe $-

From 3.2 and 3.3 we derive relations between ]| and tr; these are not as
simple as the corresponding relations for ) and tr.

3.4 THEOREM. [[4z.2) &, >t 2) tr(&,) > [tz tr(S,) and[[4z.2) S
>H‘mzz,g) S, >H‘m1e.a) tr(&,).

We give two examples to show that these homomorphisms need not be
isomorphisms. Note that the fourth homomorphism is a special case of the
first and the second is a special case of the third.

3.5a. Let &= (&, =) where j >k means that j=k+1; then tr(¥.2&) is
not isomorphic to tr(¥ = tr(S)).

Clearly tr(&)=(N, w) so f=f’ in @=tr(&) means that f(n)wf (n) for
every n; it is easily seen that this system is already transitive and is even a
lattice; in particular, every pair of elements has an upper bound. tr(¥.=&)
does not have this property. f>2f’ means that there exist fi, - - - , fa such that
f=fiZfeZ -+ - Zfa=f"in W-HS; that is, such that f;(n) =fi,.(n) or fi(n)
=fi(n)+1 for every n; that is, f=2f' means that f(n)wf’(n) for all » and
that the difference of f and f’ is a bounded function. Hence two functions
whose difference is unbounded have no common successor in tr(‘*¥.=&) so
this system is not isomorphic to the other.

3.5b. Let = (N, =) (the & of the example above) and let &= (N, w);
‘then tr(¥»)®&) is not isomorphic to tr(¥.2&).

=1in this first system is easily described; clearly each f for which f(n) =2
for an infinite number of values of #=! each f’ for which f/(n)=1 for an
infinite number of values of #. Hence the system falls into three parts: (1) If
f>Y" and f is ultimately equal to 1, then there exists #o such that f(n)
=2>f"(n,) while f(n) =f'(n) =1 for all n beyond n,. This relation well-orders
those functions which are ultimately equal to 1; there are only a countable
number of them. (2) Above all these lie those functions which are not ulti-
mately constant; each of these follows every other and also follows every
element of the first set. (3) Above these lie the functions which are ultimately
equal to 2; these are well-ordered in reverse and all follow all the elements
of the first two classes. From this we see that tr(?¥2®&) is isomorphic to
(N, w)® (D, u)® (N, w*), where D is of the power of the continuum and w*
is the relation w turned end for end; that is, w* is the usual ordering of the
negative integers by magnitude. :
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The relation =2 of tr(W-*)&) is harder to describe; however, to show that
this system is not isomorphic to the other it suffices to show that there exist
two points neither of which follows the other. For this let =; be the relation in
W3S and note that f=,f’ means that if f(n) <f’(n), then f(n+1) >f'(n+1).
Then fZ?%f’ in tr(¥.®&) means that there exist fi, - - -, fr such that
fZ2fi=zar -+ 2afx=af. Definefand f/' by f(47) =2, f(j)=1if j #4" for some
n,f'(2-4") =2, f'(j)=1if j #£2-4" for some n. Then f=,fi means that fi(j)=1
if j %47 or 4»—1 for some n while for each » either fi(4*—1)=1or fi(4") =1.
That is, if f=.f1, the set of points where f; is equal to 2 can not be shifted back
more than one unit from the set of points where f is equal to 2; clearly the
same is true for fi =2 f2 and so on, so no finite chain can connect these two func-
tions f and f’. Such incomparability does not occur in tr(¥ &) so these sys-
tems are not isomorphic.

3.8 shows that on certain occasions the first homomorphism of 3.4 is an
isomorphism; the proof uses the following lemma which has also the impor-
tant consequence 3.7.

3.6 LEMMA. Let 2! be the relation in [z ©, and 2? be that in
H(R,g, tr(S,). If f>2f" and if all S, are k-transitive, there exist fi, + - -, f
such that f>1 and fi(r)=fo(r)= - - - 2fi(r) 2f'(r) in &, for every r in R
(sofizfozt- - Z1fi2f).

Let E= { r| f(r)>.f'(r) in tr(@,)}; by k-transitivity of &, there exist
points S,, - * +, Sy in &, such that f(r)>sa=se= ¢ ¢ - 252f'(r) in S,.
Define fi(r) =s.i if rEE, fi(r)=f'(r) if not; then fi(r)= - - - Zf'(r) for all r
and {rl f(r)>fi(r) in @,} =E so f>i.

3.7 THEOREM. If all &, are k-transitive and if [ r.2) tr(S,) is m-transitive,
then [[(r.2) ©, is (k+2m)-transitive; if, in addition, tr(S,) is a number for
every r, [ [ (2.2) S is (k+m)-transitive.

If foz'fizt!-.-2Y, in [[&2 ©, then fo=222--- 2%, in
I1iz.2) tr(&,); hence there exist f{, - - -, f./ such that foz“’f' =2.. . 2
=, If fl =fq, let fu=f{; if not, fo>2f{ so by 3.6 there is a chain whose
top element fi has the properties fo>fu and fu(r) Z.f{ () for all 7. Let
E1= {fl fl’ (f) > gfz’ (f) =f11(f) } H if E1 is empty, then f11>2f2, and we letfm =f11;
if E, is not empty, define fi; so that fi;(r) > fua(r) = of! (r) if r EEy, fr1o(r) =fu(r)
if r&E,. Then fu(r)=fua(r) = fu(r) for every r and {rl Jr2(r) > ofd (r)}

Dir| fi(r)>fi(r)} so fu=?f{. Repeating this process we see that there
exist fi and fip such that fo2 Y=Y fnZ a2t - - - Zm 2 fme2s. In-
sert k elements in this last gap by 3.6; then the resulting chain connecting fo
with f, has 2m 4% middle links, so H(R,g) &, is (2m+k)-transitive. If tr(S,)
is a number for every r, then fu =f for every i so ] [ (z.2) ©- is (k+m)-transi-
tive.

3.8 THEOREM. If all &, are k-transitive, then




18 M. M. DAY [July

II'e = ITI' tr &).

(B,2) (R,2)

We have already shown in 3.3 that the relation on the left-hand side is
included in that on the right. f=7f’ in the right-hand system means that
there exist fi, - -+, fa such that f=2/,=22% ... 2%,2%"in H(R,;) tr(&,); by
3.6 there exist f{, - « -, f{.such that f2/ 2! .. 2/ 2Y in [[z.2) Sr;
that is, f>4 in [[%.2) S, and the relations in the two systems are the same.

Related to this is

3.8’. If Ris a finite set, [ [ 4z.2) S, =I[*z.2) tr(S.).

Asin the proof of 3.6 when f> %" in [ (z.2) tr(S,), let E= {rI f)>f'(n};
then for each r in E there are points s,, * * +, Spxn such that f(r) >sn= - - -
2 srxn 2f'(r) in &,; since sup,cg k, must be finite, we can continue the ar-
gument of 3.6 and then of 3.8.

The ordered product contains subsystems isomorphic to the factors and
to part of the index system; this need not be true of transitive and contracted
products.

3.9 LemMA. [ (2.2) ©»> S0 for every choice of R, S,, and r,.

This follows immediately from 3.1 since S~ @ 1.2,

Note that tr(W= [(N, w*)@® (N, w)]) has the universal order relation so
it contains no subsystems not of the same sort; hence no such conclusion as
3.9 holds for [J¢ or ] ]e.

3.10 LEmMA. If Ry={r| ctr(&,) is not a cardinal number} is not empty,
then (R, 2) <[ r.2) ©rand (Ry, S)<[Iz.2) S~

If r ER,, there exist points s,; in S, such that s,2> 5,1 but 5,1 does not follow
or equal s,; for  not in R; let s, be any point of S,. Define # from R; into
I1z.2) ©- by keqy=f if f(r)=s, for r not in Ry, f(r) =5, if rER; but r>r,,
f(ro) =s.. Then ry>r; implies that k,@ > heq) for ke (r) =h.q)(r) if r52r2 0r 1y,
and ke (r2) > keay(re). If Bry > hBrqy, Beqy(r1) > ke (r1) and 7z is the only point
at which &,q)(72) > krqy(r2) s0 r2>r1; that is, k is an isomorphism. Interchang-
ing the roles of s,; and s, gives the last relation.

To see that no bigger subsystem of R need be isomorphic to a subsystem
of the product, let R =R,+Rz, where Re <[ (zay.2) S, and R; is a lattice;
let ©, be a cardinal number if #ER,. Then (see 6.5) [z .2)+ e 2y S- is
isomorphic to ([[zw .2y &) Al ze.2) S.). This latter factor is a cardinal
number also, so, if R1+R2 <[ rwy.2r+r®.2) S, the lattice character of Ra
would force a system isomorphic to R. to be a subsystem of a part of the prod-
uct isomorphic to H(mn.g) &, ; we chose R; so this could not happen. A simple
special case of this is given by R1=8,= (N, w) if 7ER,, Re= (N, w) and
S,=(N, =) if rER,.

The example before 3.10 shows also that nothing like 3.10 can be expected




1945] ARITHMETIC OF ORDERED SYSTEMS 19

from the transitive product; however, the reader who considers the proofs of
7.12 and 7.12’ will see that certain subsystems of (R, =) and (R, <) can often
be embedded in the transitive or contracted product.

4. Transitivity of the ordered product. This section gives conditions under
which the ordered product, [ (z.2) &, is already transitive. We begin with
a simple special case which in some ways suggests the principal part of what
may happen in general. Recall the definition of R’ from §1.

4.1 THEOREM. If R and all &S, are numbers and R’ =R, then [ z.2) S, is
transitive.

If fizfo2fs, let Ei={r] fi(r)#=fen(r)}, i=1, 2, and let E={r| fu(r)
#f3(r)} ; then ECE\JE;, and fi(r) >fin(r) if rEE{®. We shall show that if
r&(E\\JE,) D, then fi(r) > fi(r); since EC E\\VE,C(E|\VE,;)®? (by 1.5) this
will prove fi=fs. By 1.7, (E1\UE,)® = (E{" — ED)U(EY — ED)U(EPNED).
If r is in the first of these sets, fi(r) >fa(r) =f3(r); if r is in the second, fi(r)
=fa(r)>fa(r); if in the third, fi(r) >fu(r) >fs(r); since > is transitive in a
number, fi(r) >fs(r) in all these cases, so {r| Silr) >f3(f)} is cofinal in E and
fHizfs
" This can easily be extended slightly.

4.2 THEOREM. If R and all &, are numbers and. E= {r| &, is not a cardinal
number }, then I1z.2) ©- is transitive if and only if E=E'.

If E#E’, E—E’ is not empty and has no terminal elements; by 1.9 there
exist three disjoint cofinal subsets E;, Es: and E; of E—~E’. If r EE, there exist
points s,;, 2=1, 2, in &, such that s,2>s.1 but 5,1 does not follow or equal 5.
The example at the beginning of §3 now suggests the proper procedure; define

fi(r) = fa(r) = f3(r) to be any point of &,ifr ER — E; — E: — E;,
Si(r) = 55, fa(r) = s, fs(r) = s if r € E,,
f1(0) = s, fo(r) = se2,  fa3(r) =50 if 1 € E,,
fi) = sr,  fo(r) =80, f3(r) =52 if r € Es.

Then fi>f2>fs, but fi does not follow or equal f;.
If E=E’, the argument of the previous theorem is easily applied to show
that ][] (z.z) ©- is transitive.

4.3 COROLLARY. If R and all &, are numbers, [| .z S- is a number if
and only if E=E’'.

If the product is a number, it is transitive, so, by the theorem, E=E’. If
E=E’, the product is transitive; to prove it antisymmetric let f; 2 f, 2fs and
suppose that there exists » such that fi(r)#fa(r). Then (E,\JE,;)® is not
empty and for 7 in (El\JEz)(l), fl(r) >f3(f) SO f1 >f3 if f1 >f2; that iS, f1 %fz gfl
implies fi=fe.




20 M. M. DAY [July

4.4 CorOLLARY. If R is a finite number and all S, are numbers, s S,
s a number.

From 1.7, R=R’ if R is finite.

The next sequence of lemmas gives a number of necessary conditions for
transitivity of the product; all together they will turn out to be sufficient
(Theorem 4.12).

4.5 LemMA. If [] (.2, ©- is transitive, then every &, is transitive.

This follows from 3.9 and the obvious fact that transitivity is preserved
by >.

4.6 LEmMA. If [z 2) S, is transitive and R, = {r| ctr(&,) is not a cardinal
number} , then the subsystem R: of N is transitive.

This follows from 3.10 as 4.5 did from 3.9.

4.7 LEMMA. Under the hypothesis of 4.6,if ri=ry=rs, if r1 and rs are elements
of Ry and if &, s # (Sr@y, #), then ri=rs.

If ri=r; or r,=r;, there is no more to prove; if r;>7,>7r; define sij,
i1=1, 2,j=1, 2, 3, in &,(; so that s;;> s1; and s;; does not follow or equal s;;
for j=1, 2 while s13 does not follow or equal ss3; define f; to be equal except
on the 7; and define

fl(fl) = S21, fz(fl) = Sa fs(fl) = Siy
Si(rs) = 592, fa(rs) = 512, fa(rs) = s20,
filrs) = s13, So(rs) = s, f3(rs) = ses.
Then fi>f:>fs, so fi>fs; since fi(rz) =f3(r:) and fi(rs) B fs(rs), ri>7s.

4.8 LemMA. If [Lr.2) S, is transitive and S, is not a number, then
S,=(S,, u) if r<r,.

If &, is not a number, since it is transitive by 4.5, there exist two points
s;in &, such that s;>s,>5;. Let 71 be a point such that 7, <7,; define f; so
that fi(r) =fa(r) =f3(r) if 757 or 71, fi(re) =f3(re) =51, fa(ro) =s2, and let fi(r))
be any point of &,a). Then fi>f,>fs so fi2fs; since fi(ro) =fs(ro), it follows
that fi(r1) 2fs(r1); since these were any two points of &,q,, it follows that
&, has the universal relation.

Though we have shown that R, is transitive, it need not be a number.
An example is the system W@ .9 (N,, w); this has four elements which may be
represented by (4, j), 4, JEN,. (1, 1) <any other element and (2, 2) >any other
element, (2, 1)>(1, 2)>(2, 1); these are all the relations that hold in the
system so transitivity can easily be verified. Here Ri=R and R’ is empty.
We are going to show in 4.9 and 4.11 that this example is really typical instead
of very special, for Ri/N\c(r) can contain not more than two points if the prod-
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uct is transitive and the corresponding factors must be of this form (N, w).

4.9 LeMMA. Under the hypotheses of 4.6, (Ry, =) has no subsystem (Rq, u)
such that Ry contains more than two elements.

Any one-point set in (R, #) is a cofinal subset of (R,, #); if R, contains
more than two points, (R,, %) contains three disjoint cofinal subsets and the
construction of 4.2 shows that []z.z, &, can not be transitive.

4.10 LeMMA. Under the hypotheses of 4.6, if ra>ri>rein Ry, if r<r; and
if r <r, then ©,=(S,, u).

Take points s;; %, j=1, 2, in &,; so that s:;>s1; but s;; does not follow
or equal sz;. Define

fi(?) = fo(r') = fa(r') i 2 #F ry, 1y, Or 7,
Si(ry) = fa(r) = sa, fo(ry) = su,

Sirs) = fa(rs) = s, Sors) = s22,

fi(r) any point of &,.

Then fi(r1) >fa(r1) so fi>fe; fo(re) > fa(re) so f>fs; hence fi2fs; that is, every
point of &, follows every other.

4.11 LEMMA. Under the hypotheses of 4.6, if ro>ri>ry in Ry, then
@r(O)N(Nz, 'w)

Since ¢(S,) is not a cardinal number, &,, contains a subsystem iso-
morphic to (N, w); that is, there exist s;, =1, 2, such that s;>s; but s; does
not follow or equal s;. Hence by 4.8, &, is a number (since 7,<r; and
S&,q) has this same property). If &, contains one more point, then &,
contains a subsystem isomorphic to one of the systems (N;, w), (N}, =)
+(Ne, w), (N1, =)D (Ns, =) or (N, =)D (N1, =). If P, is one of these
four systems and Py= (N, w), we know that S,u >Bs; if S, >P1 then
Iz.2 ©:>I1ve.u Ba; we show that for no one of these choices of P, is
this latter system transitive, so transitivity of ][ (z.z) &, implies that
&,0) > Bs for any of these choices of P,.

If P.= (N, w), the elements of the product are pairs (¢, j), 1=1, 2, 3,
j=1,2; @, 7>, ) if i>4 or j>j'; hence (2, 1)>(1, 2)>(3, 1) but (2, 1)
does not follow or equal (3, 1).

If P1= (N1, =)+ (N2, w), this system may be represented by a system of
three points a, b and ¢ where b>c¢ is the only relation besides equality.
Il wve.w Ba is the system of pairs (p, 4), p=a, b or ¢, i=1, 2, where
(g, 2)>(p, 1) for every p and q in Py, and (b, 2) > (¢, ) for =1 or 2; then
®, 1)>(c, 2)>(a, 1) but (b, 1) does not follow or equal (a, 1).

If Pi= (N, =)D (N;, =), the only difference between this case and the
preceding is that an extra relation a>c¢ has been added; the same example
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holds here. If Py=(N;, =)D (N;, =) the extra relation b>a is added in the
system of the preceding paragraph; then (¢, 2) > (b, 1) > (a, 2), but (c, 2) does
not follow or equal (a, 2).

Hence [] v@.w B is not transitive in any one of these cases; it follows
that Py <S, (g is false; hence &S, oy~ (e, w).

These conditions can now be collected into one big set of necessary and
sufficient conditions for transitivity of the product.

4.12 THEOREM. [[(z.2) ©, is transitive if and only if all of the following
conditions hold :

(1) Every &, is transitive.

(2) If Ry= { | S, is not a number} and rGRD RY, then &,=(S,, u).

3) If R,= {rl c(&,) is not a cardinal number} (R, =) is a transitive sub-
system of (R, ).

4) If n=r=rs, if r1 and rERy, and S,@) = (Sr@, %), then r127s.

(5) (R, ) contains no subsystem (A, u) where A contains more than two
points.

(6) If Ry={r| &Ry and there exists r in Ry such that r>n>r}andrisa
point which is less than both elements in such a pair r’, 11 of Ry, then &, = (S,, u).

(7) If rERy, then ©,~(Nz, w) (so R is disjoint from Ro).

(8) If E=Ry—RY—R;, then E=E'.

Suppose that [ (z.2) ©:. is transitive; 4.5 gives (1); 4.8 gives (2); 4.6 gives
(3). 4.7 gives (4); 4.9 gives (5); 4.10 gives (6); 4.11 gives (7). Iz S-
<H(R,g) S, by 3.1; since E is a number and &, is a number if rEE, 4.2
gives (8).

If the conditions (1)-(8) hold, suppose that fi>f:>f; and that  is a point
for which fi(r)#fs(r); we produce a point #’ =7 such that fi(r’) >fs(r’) by
considering various cases. (a) If rER?—RY or if rERY—R;, by (2) or (6)
filr) >f3(r) (b) If r ER,, either (by) fi(r") —fz(f’) =fs(r’) for every r'>r but
not in R or (bs) not. In case (by) if 7, is the element of R such that r>r>r,
(7) and the example before 4.9 assure that fl(r) >fs(r) or fi(r1)>fa(ry). In
case (b) if f1(r) > fa(r), there exists ' >7 and not in R, such that fi(r’) Zfa(r’)
or far’) #fs(r'), 7' must lie in R,— Rz so is in E. Since fi>f:>fs; in E, and the
product is transitive there (by (8) and 4. 2), there exist 7’/>7’ such that
file")y>fs(r'"); by 3), #/'>r. (c) If rER—R,— —R? and fi(r) Zfs(r), either
fu(r) #=fa(r) or fo(r) #f3(r) (or both) so there exists 7’ >7 such that fi(r) > fiy1(r')
for i=1 or 2; this #’ must be in E; as before it follows that there exists 7’/ in E
with #’/>7" and fi(r'") >fs(r'"). By (4) this '’ >r. (d) If 7EE, (8) and 4.2 are
all that are needed. If ERSY — R?, the usual argument provides 7’ in E such
that 7’ >r and fi(z") >fin(r") for i=1 or 2; as before, 7'’ can be found in E
and '’ >r by (3) or (4).

A corollary of this which extends 4.3 is:

4.13 THEOREM. [ (r.2) S, is a number if and only if (1) if Ri= {rl S, is
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not a cardinal number}, RY=Ry, (2) (R, 2) and all ©, are numbers, and
B) if n=raZrs, if riand 2 ERy, and S,5) 7= (N1, =), then ri2rs.

If these conditions hold, the sets Ry and R, of 4.12 are empty, so R,=E.
It is easily verified that the conditions (1)-(8) of that theorem hold so
I1z.2) ©. is transitive. The relations f>f'>f in [ z.) S, would imply the
same relation for the functions equal to these but defined only over R;; 4.1
and the condition (2) prevent this so the product is a number.

Suppose that [ (z.z) S, is a number; then conditions (1)—(8) of 4.12 hold
for ® and the &,. Since S, <[] (z.2) S, every Sy, is a number. Hence R,
is empty; if R, were not empty, H(R,g) &, would contain a subsystem iso-
morphic to ¥ @9 (N,, w); the discussion of this system before 4.9 shows that
it is not a number, so R; must be empty. Hence R; is a number and R;=E so
R’'=R. (3) follows immediately from (4) of 4.12.

- Also from 4.12 and 3.7 (with m =0) we have the following corollary.

4.14 CoROLLARY. If R and tr(S,) satisfy the conditions (1)—(8) and all &,
are k-transitive, then [ | .2y S 1s k-transitive.

In the special cases of cardinal and ordinal multiplication most of the con-
ditions of 4.12 are satisfied automatically. We state this as another corollary:

4.15 COROLLARY. [ [ (r.~) S, is transitive (a number) if and only if all S,
are transitive (numbers). S; 0 S1=]] w@y.wy Sn is transitive if and only if (a)
both &, are transitive and (b) S; is a number or S,=(S1, u); S0 S, is a
number if and only if both the factors are numbers.

(2) through (8) of 4.12 hold if R = (R, =) so (1) is necessary and sufficient
for transitivity of the cardinal product. (3) through (8) hold for R = (N, w);
(1) and (2) are then equivalent to (a) and (b). The last condition follows
from 4.13.

The condition for transitivity of the ordinal power is not quite as compli-
cated as that for the product in general.

4.16 COROLLARY. ®®)& is transitive if and only if one of the following con-
ditions holds: (1) & is a cardinal number. (2) S=(S, u). (3) & is transitive
and R is a cardinal number. (4) R is transitive and & is a number; each c(r)
contains not more than two points; if Ry= {rl c(r) comtains two points}, then
R2=Ry; if Ry is not empty, & is isomorphic to (N3, w); R'=R—R,.

When all &,=@&, the sets R, and R; of 4.12 can only be empty or equal
to R; the various combinations of these possibilities give the four cases of this
corollary.

4.17 COROLLARY. ®-3& is a number if and only if & is a cardinal num-
ber or R and & are numbers and R=R’'.

It is to be noted that this condition says that the ordinal power of num-
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bers is a number if and only if it is transitive; 4.13 said the same for ordered
products in which factors and index system were both numbers.

S. k-transitivity of the ordered product. We have in this section a chain
of principal theorems with successively weaker hypotheses and conclusions.
The first of these (5.5)'shows that if % and all &, are numbers, then[] .z, -
is 1-transitive; 5.7 improves on this by showing that if all &, are transitive
and R is a number, then the product is still 1-transitive. 5.9 asserts that if
{r| &, is not a cardinal number} contains more than one point, then
I (2. ©- is 2-transitive. At this level a simple computation with the pre-
ceding results shows that if % and &, are transitive, then [](z.2) ©. is 4-
transitive; however, a refinement of the proofs of 5.5 and 5.7 allows us to
prove the stronger result 5.14 that if i and all &, are transitive, then
I1z.2) ©. is 2-transitive; this result is best possible as is shown by an ex-
ample before 5.9.

For convenience in the calculations to follow, if ECR, define f,=f; over E
to mean that the functions are related as in H(E_g) &,; that is, fi=f. over
E means that if 7 is a point of E such that fi(r) #£f,(r), there is a point »’ in E
such that 7’ =7 and fi(r’) >f.(r'). Recall that E is a star in R if EV=E.

5.1 LeMMA. If E is a star in R and fi=fo over R, then fi 2 f, over E.

Since a star contains all successors of each of its elements, if r exists in E
such that fi(r) #fa(r), the r’ in R which exists since f; 2 f; over R must lie in E.

5.2 LEMMA. If fi(r) > fa(r) for every r in a set ECR, then fi>f; over EP no
maltter how the f; are defined on EP —E.

Every point 7’ of E? has a successor 7 in E; for such an 7, fi(r) > fa(r).

5.3 LEmMmA. If E,, pEP, are subsets of R and fr=f; over each E,, then
fizfrover Upep Ep.

This is clear from the definitions.

5.4 THEOREM. If R and ali &, are numbers and if fi=fo2fs=f, over R,
then there exists f such that fi=f=f, over R.

The proof gives a stepwise construction of f and is rather dull reading;
however, it is the fundamental construction of this section; modifications of
it are used to prove 5.7 and 5.14. Let E;= {r| fi(r) ;éfm(r)}, 1=1, 2, 3, and
let Fi= {rl fi(n) >f.~+1(r)}; then the given condition that f;=f;;1 over R
means that F; is a cofinal subset of E;; that is, that FPDE..

Consider now the first three functions, fi, fs, fs; we can not generally con-
clude that fi=fs over all of R, but there is usually a large subset of R over
which f1 =fs; we begin by constructing such a subset whose complement has
certain properties. If Ro=E\\JEy, then fi(r) =fo(r) =f3(r) if 7 is not in R,.
If r&RY, then by 1.8 and the fact that F; is cofinal in E; either fi(r) > fa(r)




1945] ARITHMETIC OF ORDERED SYSTEMS 25

=f3(r) or fi(r) =fa(r) >fs(r) or fi(r) >fo(r) >f3(r). By transitivity of > (not
only of 2) in the number &, we see that fi(r) >f3(r). We now know by 5.2
and 5.3 that -

(A) If Ry=Ro—R{"P, then fy=f; over R—R;.

If yEE,—E2, then fi(r) #fa(r) so there exists #' = in Fy; this 7’ can not
be in E? so fi(r')>fu(r") =f3(r'); by 5.2, fi>fs over (E,—EP)P. Similarly
fi>fs over (E:—EP?)®; by 5.3 we have

(B) If Ry=R,— (E,—E2)?— (E,—EP)®, then fi=f; over R—R,.

Since no element of R, has a successor in Ro— Ry, it is clear that

(C) If f(r)=f(r) and f'(r) =f5(r) for every r in R—Rs, then f=f over R
if and only if f=f" over R,.

We next prove

(D) RY is empty, RyCE;\JE; and RN F; is cofinal in R, for i=1, 2.

Since R; is a star in (R, =) and R® is empty, R is empty. R,CR,CR,
=E,\JE,. If rERy=R,— (E,—E?)°?— (E;:—E?)?, if n>r and if nEE;, there
exists 7s in Es_; such that 7o >7,>7; therefore E;/N\Ry is cofinal in R; for each 7;
since Ry is a star in (Ro, =), FiN\Ry is cofinal in E;N\R; and hence in R,.

We now include the extra function f; and, as seems reasonable from (B)
and (C), define f on R— R, by f(r) =fa(r) if rER—R,. Let Ry= Ry — (F3— R:)?.
Then the values of f in R;— R; will have no effect on whether f=f,, so we can
define f(r) =fi(r) if &R, — R;; then by 5.2 and 5:3 we have

(E) fl gfgf; over R'—Rs.

Since R; is a star in R, we have

(F) FiNRyis cofinal in Ry if i=1, 2; R{" is empty.

We prove next that

(G) If E= {rl fa(r) is not a terminal element of @,}, then ENR; is co-
final in R;.

If » ER;, either f3(r’) =f4(r’) for each ' =7 in R;or not; if the former, there
exists 7' =7 in FoMNRs, so f,(r') >fi(r')=fu(r'); if the latter, there exists r' =7
in R; such that f3(»') >fu(r’); in either case ' € ENR;.

Since Fi\R; and ENR; are both cofinal subsets of (Rs, =) and since R§"
is empty, there exist disjoint cofinal subsets G and H of (Rs, =) such that
GC FiN\R; and HCENR;. Define f(r) >fi(r) if rEH, f(r)=fs(r) if rER;—H.
Then it is clear that fi=f=f, over R if and only if fi 2f=f, over R;; however,

{r| fu(r)>f()} DG while {r| f(r)>fu(r)} DH so fi2f=f: does hold over Rs
and therefore over R.

5.5 THEOREM. If R and all &, are numbers, then ]| (r.z) S, is 1-transitive;
that is, if fi2fa - - - 2fa, there exists f such that fy=fZfa.

This follows from 5.4 and an obvious induction on .
We wish now to improve 5.4 by weakening the hypothesis on the &,.

5.6 LEMMA. If R is @ number and all &, are transitive and if fLiZfo=fs2f4
over R, there exists f such that f =f=f, over R.
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Since we used transitivity of > in &, in the proof that f;=f; over R{’?
we must modify that construction somewhat. (See step (3) below.) As before
let Ry=E;\JE,; then

(1) Define f(r) =fi(r) =f3(r) on R—Ry; clearly fi=f2fs over R—R,.

(2) Let f(r)=fi(r) if rE(Fs—RP)?. If Ag=Ro— (Fs—R2)?, fi=f=f. over
R—A4,.

(3) Let A=4PN {rl Hi(7) > falr) > f3(r) =f1(r) } ; well-order 4 in a
transfinite sequence {r.} and let B.=4o"N\{r| 7.7 but 7, does not follow
or equal 7 if N<a}. If 7EB,, let f(r) =fi(r) if fu(ra) #Zfi(ra); let f(r) =fu(r) if
Sfo(ra) =fi(ro). In the first case fi=f over B, while f(r,) =fs(r.) =fi(r.); since
no r’>r, exists for which fi(r') >fi(r'), it follows that f(r.) >fi(re). In the
second case f1(ra) >f(ra) >fi(ra); in both cases fi=f=f, over B,. Hence by 5.3
we have, setting A;=A4,—A?, that fi=f=f, over R—A4,.

(4) For 7 in AP =AQ — 4, either fi(r)>fi(r)=fs(r) or fu(r) =fa(r) >fs(r)
or fi(r) > fo(r) > fs(r) = f1(r); in all these cases fi(r) > f;(r) so we define f=f; in
ANAPP If A;=A4,—APP, then fi=f=f, over R—A,.

(5) Let A3=As— (Ey—EP)? — (E,— EP)P; then precisely as in (B) of 5.4,
f can be taken equal to fs in 42— A3 and fi=f=f, over R—A4;.

(6) As before with Rj; it is easily seen that 4s has no terminal elements,
‘that FiM\4; is cofinal in (4;, =) and that if E= {rl fa(r) is not a terminal
element of @,} , EMA;is also cofinal in (43, 2 ); these properties were used in
defining f in R;; the same technique gives f in 4; in such a way that fi=f=f;
over R.

From 5.6 we derive the following theorem by induction.

5.7 THEOREM. If R is a number and all &, are transitive, then [ z.2, S
is 1-transitive.

From this and 3.7 we derive the following corollary.
5.8 COROLLARY. If R is a number and all &, are k-transitive, then [ z.2) S-
is (k+2)-transitive.

We wish next to relax the conditions on % ; that this can not be done with-
out penalty can be seen by a simple example, ¥ ® .9 [(N,, w) 4+ (Ne, w) |, where
the exponent is the simplest possible transitive system that is not a number.
The base is isomorphic to the subsystem of four points 1, 2, , 21 of the com-
plex plane where a+bi=a’+b’ if a=a’ and b=b'. Define fi, - - -, fs on
(N2» u) by

fi(1) =1, f(1) = 2, f(1) =1, fi(1) = 24,
f1(2) = 2, f(2) =1, fs(2) = 2i,  fu(2) = i.

Then f1>f2>fi>f, but fi>f implies f(2) =1 and f>f, implies f(2) =21; since
these conditions can not be satisfied simultaneously, fi>f>f, is impossible.
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Clearly fi does not follow or equal f; so this system is at best 2-transitive:
5.9 shows that it is actually 2-transitive.

5.9 THEOREM. If E= {rl &, is not a cardinal number} is empty, [ &.u) S, s
a cardinal number; if E contains only one point ro, [ | (z.v @,NH(R_E(D),,,) S,
(&) 0 [Ly—£,u) S+), where the first and third factors are cardinal numbers;
if E contains more than one point, || (z.v S is 2-transitive.

I1z.2) ©. is always a cardinal number if all &, are cardinal numbers.
If 7o is the only point of E, f(re) >f’(r¢) if and only if f>f’; hence the mapping
fea(h, s, g) if h(r)=f(r) if rER—EP, f(ro)=s,and g(r) =f(r) f rEEP—E isan
isomorphism of the given systems. In the last case suppose fi=fo=f:=fi=fs;
if one equality holds the chain can be shortened to four members. If no equal-
ity holds, then for each 7=<4 there exists 7; such that f;(r:) >fin(r:). If for
1=1 or 2, 7;5%7ys, define f(r;) <fi(r1), f(riz2) >firs(ris2), f(r) arbitrary if r=£r;
or 7i4q; then f;>f>f:13 so the chain can be shortened one link. If r, 77, the
same device shows that the chain can be shortened. If none of these things
happens, n=r;=ry=r; and for every other 7 in R, fi(r) Sfiu1(r) for every 1.
By hypothesis E must contain at least one point ro77;; choose f(r1) <fi(r1),
f(ro) not an initial element of &,«), f arbitrary elsewhere, and define
I (r)) >fs(r1), f(ro) <f(ro), f' arbitrary elsewhere; then fi>f>f'>fs. Hence
®,uy S, is 2-transitive since every chain with more than four elements can
be shortened repeatedly until there are only two middle links.
The next lemma is closely related to 6.1-6.5 but we use it here to prove a
relation between products over a general transitive system and over numbers.

5.10 LEMMA. If R is a number, if &,=(S,, u) for each r, and if (T, =)

=2 .2 &, then
H H Prs ~ H Bra

(R,2) (8(r),u) (T.2)

The elements of the left-hand system are functions F defined on R with
F,in [](scm.u Bre for each 7; F= F’ means that if F,> F/ there exists #' =7
and s’ in &, such that F,.(s’)> F;.(s’). The elements of the right-hand sys-
tem are functions f defined on D (&.2) (S, %) with f(r, s) in B,,; f=f means
that if f(r, s) #f’(r, s) there exists (r’, s') = (r, s) such that f(r’, s")>f'(', s’).
Since (r’, s") = (r, s) means here that r=7/, f=f’ means that if f(r, s) #f'(, s),
there exists (#/, s’) with ' = such that f(’, s’)>f’(r’, s"). Under the one-to-
one mapping Fef if F.(s)=f(r, s) for all 7, s, these conditions are equivalent
so the systems are isomorphic.

From the three preceding results we derive a fact which we improve in
5.14.

5.11 COROLLARY. If R and all &, are transitive, [ | (z.2) S, is 4-transitive.
If B=c(R) and B, = (c"1(p), u), then (V, =)= (p.2) Bp~R;if k is this
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isomorphism, let &,,=S),,1; then by 5.10

Oe~I&,.~I1 II &,

(R,2) v.2) (P,Z) (V(p),u)

By 5.9, [T v(s.uy Spo is 2-transitive for every p, for if &,, is a cardinal for
every v in V, then the product is a cardinal and is transitive; if V, contains
just one element for which &,, is not a cardinal it is easily seen that
1w .y ©»o is at worst 1-transitive when all &,, are transitive; if V, con-
tains two elements such that &,, is not a cardinal, 5.9 asserts directly that
the product is 2-transitive. By 5.8 the right-hand system is 4-transitive so
the same is true of [[ z.2) S»-

One last squeeze on the proof of 5.4-5.6 gives us an even better estimate
of the transitivity number of the product over a transitive system of transi-
tive systems. We need some additional lemmas.

5.12 LEMMA. If B, are transitive and if fi>* f2>* fi in tr([ [ w.us B), then
there exist f and f' such that fi>f2f >f1in[Lw.u B

By 5.9 there exist f{, f{’ such that fi>f{ =f{’ =f; in [[ .« B.. Since
fi >*fi, again by 2-transitivity there exist fy , f{ such that fi>f/ >f7 =f{ =f.
If equality holds once here, f{ and f; can be used for f and f’; if equality holds
twice, f=f"=f{ will do; if neither of these equalities holds, then there exist
points 9; such that fi(v1) >f{ (v1), f{ (v2) >f7 (v2), f£ (vs) >f{ (va), and fi (vy)
>fi(vs). If v; and s can be chosen unequal, define f so that f(v1) <fi(v1),
f(v) >fi(vs) and f is defined arbitrarily elsewhere; then fi>f>fi and the con-
ditions are satisfied with f’=f. If v; must be chosen equal to v, there are
several cases: (1) ff (v1) >fi(v1); then f=f"=f{ will satisfy the given condi-
tions. (2) f{ (v1) does not follow or equal fi(1), v25;; take f=f{/ and define f’
so that f/(ve) <f(v2), f'(v1) >f1(v1) ; then fi>f>f" > fi. (3) f{ (v1) does not follow
or equal fi(v1), va=wv1; then fi(v:) >f{ (v1) >f{ (v1) so fi(v1) =f7 (v1); equality is
impossible here since f{ (v;) does not follow or equal fi(v1) so fi(v1) >f7 (v1);
hence we may take f=f7 and f'=f{.

5.13 LEMMA. If R is a number, if S, =] v .uy Bro and if Lo =5 in
H(R,g) tr(S,), there exist f and f' such that fi='f='f'=f;in H(R,;, S,.

Let E;= {7l i) =Zfin()}, Fi={r| fi(r)>*fo(r) in tr(S,)} and let
R0=E1UE2.

In R—R, define f=f"=f,=f;. As in the proof of 5.6 let 4= {rl r&ERY
and fi(r) >t fo(r) > ¢ f3(r) =fi(r) in tr(@,)} ; by 5.12 define f(r) and f'(r) for 7 in
A so that fi(r) >f(r)=f'(r)>fi(r) in S,. For r in A2 —A define f(r)=f'(r)
in any way; then if B=Ry—A4P, fi='f=2'f'2'f; over R—B. If r&BW
=R{"—A4, then fi(r)> f3(r) so, by 2-transitivity, f(r) and f’(r) can be chosen
so that fi(r) >f(r) 2f (r) 2fs(r) in &, ; if rEBMP—BW et f(r) =f'(r) =fa(r).
If By=B—B®MD then fiz!f=1f'=!f;over R—B,. As before we see that for r
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in (Fi—E2)N\By, fi(r)> *f2(r) =fs(r) and in (Fy— ED)N\By, fi(r) =fa(r) > *£3(r);
again by 2-transitivity we can define fi(r) >f(r) =f'(r) Zf3(r) in either of these
two sets and define f=f"=f; for all other 7 in [(Fy—E)’U(F,—EP?)?]N\B..
If By=B; minus this last set, then fi=1f>1f">!f; over R— B;; B, is precisely
the subsystem R; of 5.4 (B) and (D). From this we define f=f" in B, just as
we defined f in R; in that proof to be below f; on one set cofinal in B; and above
fs on another set cofinal in By ; then fi='f=!f'=>'f; everywhere over R.

From this lemma and 5.7 we can improve 5.11; the example before 5.9
shows that this result is the best possible.

5.14 THEOREM. If R and all &, are transitive, then [[ r.2) S, is 2-transi-
tive.

Use the notation of 5.11; then R~(V, =)=2_ .2y (Vp, %) and [[(z.2) S,
~Iw.z Soo~Ilirz) Il Spo. If fiZ1fo2! - - - 21 fuin this last sys-
tem, then fy=? - - - 22f, in [[r.2) tr({ L v(py.uy Spe), 50, by 5.6, there exists
f'"such that fiz2f""22f,in [[z.2) tr({]v(py.uy Spv). By 5.13 there exist f
and f’ such that fi=1f=1f' 21f, in [[(r.2) [1wem .0y Spo; hence this latter
system is 2-transitive so the original product is also 2-transitive.

5.15. CorOLLARY. If R is transitive and all &, are k-transitive, then
I1z.2) ©- is (k+4)-transitive.

This follows from 5.14 and 3.7.

A problem which is still unsettled is to determine whether k-transitivity
of % and all &, implies that [[ (2.2, ©, is m-transitive for some m.

6. Some properties of ordered products. In a special case 5.10 asserts that
if (T, 2)=2(z.2) &, then [T z.2) [T(scry.2) Bre~ILcr.2) Brs; this is not true
in general but a homomorphism one way always holds and a similar relation
is true if ] ] * is used in place of [ ] in the first place on each side. We also give
some conditions under which the isomorphism above does hold. The elements
of the left-hand side we represent by functions F for which F,E] ] (siry.2y Bre
and F= F’ means that if F.F/, there exists ' 27 such that F,.>F} in
I1sey.2) Brre. The elements of the right-hand system are functions f for
which f(r, s)EP,, and f=f means that if f(r, s)=f'(r, s) there exists
(r’, s")=(r, s) such that f(»’, s")>f'(r', s’). There is an _dbvious one-to-one
correspondence k& between these systems, defined by AF=f if F.(s)=f(r, s)
for all r and s.

6.1 THEOREM. The function h just defined is a homomorphism so

II II B.>1I1 B where (T,2)= > &.

(R,2) (S(r),2) (T,2) (R,2)

If F>F',if hkF=fand hF'=f', let (r, s) be a point such that f(r, s) #=f'(r, s);
then F,(s)# F/(s) so F.>=F/. Hence there exists ' =7 such that F, > F}.;
if r' >r, take s’ to be any point of &, such that F,.(s’)> F;.(s"); if ' =r, take
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s’'=s such that F,(s’)>F/ (s’). Then (', s")=(r, s) and f(r’, s")>f'(r', s');
hence f=f’ if F= F’ and & is a homomorphism.

It is easy to give an example of systems where this homomorphism is
not an isomorphism. Let ® = (N, w), &,=PB,,= (IV,, w); then define f and f’
by f(r, 1)=f'(r, 2)=2, f(r, 2)=f'(r, 1)=1 for all . Then (r+1, 1)>(, s)
for all 7, and 2=f(r+1, 1)>f'(r+1, 1)=1, so f>f’; since F,(2) <F/(2) for
every 7, F.> F! no matter how 7 is chosen, so F does not follow or equal F’
and the homomorphism is not an isomorphism.

The next result has two useful consequences.

6.2 LEmMMA. If f=f', there exists F'' such that FZF'' = F’.

If f>f', let Ry= {rl there is an s in &, such that f(r, s)>f'(r, s)}. If
rERY and F,(s)=F/ (s), there exists (', s’)=(r, s) in >_z.2, &, such that
f', s")>f'(r', s'); hence #'=7 and r"ER so r=r’ and s'Zs; that is, if
rERM and F,(s)#F/ (s) there exists s’=s such that F,(s')> F/(s’); hence
F,>F! if rER{ and F>F’ over R{"’. Let Ry=R,—R"” and let Ry={r|
¢(r) is a terminal element of c¢(Ry, g)}. Then if »ERs, ¢(r) contains at
least one ¢’ different from 7, while in R;— R; every element 7 has a successor
not in ¢(7) ; hence there are two disjoint cofinal subsets 4; and 4, of (Rs, =).
If »&EA; there exists so in S, such that f(r, so)>f'(r, so); define F/ by
F!' (s)=F,(s) if s#%so, F!'(s0)=PF/ (s0). Then F,>F/’ if r&EA,. Similarly,
if 7E4,, choose s, so that f(r, s0)>f'(r, s0); then let F'’ be defined by
F!' (s)=F] (s) if s %50, F!' (s0) = F.(so); then F}' > F/ forrin A,. Let F/' =F,
for every r where F/’ has not been defined; then it can easily be verified
that FF''=F'.

This lemma is used in the proof of two important results.

6.3 THEOREM. Let (T, =) =2 .2 Sr. If [ (.2 Brs is k-transitive, then
H(R,g)H(s(,),g) Bro is (2k+1)-transitive. If [ z.2) [ srr.2) Bre 45 k-transi-
tive, so is || (r,2) Bre; that is, the homomorphism h of 6.1 does not increase the
transitivity number.

IfFRZF= - 2F,fizfe= - -+ 2f.by 5.1; hence thereexist f{, - - -, fi
such that fi=f{ = - - - 2f{ 2f». By 5.2 there exist F{’, - - -, F{{, such that
F>F!'>F > -+ >F{>F/,>F,; that is, the left-hand system is
(2k+1)-transitive. The proof in the other direction is of the same sort but
easier.

6.4 TuEOREM. If (T, 2) =E<R,a) ©:, then H‘(R.B)H(sm 2Bre~I1¥r.2)Bs
under the natural mapping h.

% is a homomorphism of the left-hand system on the right by 6.1 and 1.1.
By 6.2, k! is a homomorphism of I1iz.2) Bre onto [[¢z.2 [Liscn.s) Bres
hence by 1.1, £~ is a homomorphism of [ [ r.z) Bre onto ][ 4z.2) [ s(n.5) Bra-

6.5 THEOREM. Let (T, Z) =2 (z.2) S,. If (a) R and all &, are transitive
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and all B,, are k-transitive, or (b) if R is a finite set, then the mapping h is an
isomorphism of [1*r.z) Bre and [1*w.2) I1s(rr.2) Bre-

Under the first set of hypotheses by 5.15, H(s(f)_g, B, is (R+4)-transitive
for every r; by 3.8 the right-hand system here is equal to the left-hand sys-
tem in the isomorphism of 6.4; this implies the desired isomorphism. If R is
finite, 3.8’ can be used in place of 3.8 to give the same conclusion.

Under sufficient restriction % is an isomorphism of [] IT and [T .

6.6 THEOREM. If R is a number such that R=R’ and if (T, =) =2 &.2) S
then

II II Bu~1II %

(R,Z) (8(r),>) T,2)

The proof that =1 is a homomorphism makes use of 1.6 and follows about
half way down the proof of 6.2. Using the notation of that proof we showed
that if 7ER{" then F,>F/; by 1.6, R"> DR, so F>F'.

To deal with contracted products we need the following lemma.

6.7 LEmMMA. If all &, are transitive, [ [ r.2) ¢(S,) > [[*.2y S+

Let P.=¢(S,) and define ¢ from [[(r.2) &, onto [[(r.2)c(S,) by ¢f=¢g
if g(r) =c(f(r)), where c is the contraction mapping of &, onto B,. If ¢fi =¢fz,
Fi(r) Zfa(r) Zfi(r) for every 7 so that fi2fo=f1 in [ (z.2) ©,; that is, ¢fi=¢f2
implies that ¢(fi)=c(f2) in []°&.2) &,. Define & from []zz) B, by letting
®g be the element of []°r.>y &, which contains ¢—lg; clearly & maps
H(R,g) P, onto [ .2y S, so we need only prove ® monotone. If gi>g; in
I1z.2) B+, take f; in ¢~1(g:) and let » be a point such that fi(r) #fa(7) ; then
either gi1(r) =g2(r) so fi(r) >fo(r) > fi(r) or gi(r) #=g.(r) so there exists r'=r
such that gi(r")>g(r') ; this implies that fi(r') >f2(r') so fi>fz in [[z.2) S-;
hence by the definition of order in a contraction, ®g1=®g. in [[°z.2) S, if
g>gin .z ¢(S,).

6.8 COROLLARY. [[%&.2) ¢(&,) >]1¢w®.2) ¢(&) > 2) S--

Since []° is already transitive and contracted, 1.1 and 6.7 imply that
Itz c(©)>]1k.2) ©, and this in turn implies that [[°&.2) ¢(S,)
>[ew.z &, soll4rz (&) >z (&) >Iwa .

None of these homomorphisms need be isomorphisms; note that if all &,
are numbers these conclusions are tautologies.

6.9 THEOREM. Let (T, 2=)=2.(r.z S, Then l°r.2 L.z Bre
NH"(T,g) Bre. If R is finite or if R and all S, are transitive and B, are k-transi-
tive,

H" H‘ Prs ~ :[Ie Bre

(B,2) (8(r).2) (T,2)
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N/

II' II° 8. > II" %

(B,2) (8(r),2) (T,2)

The first isomorphism follows from 6.1 and 1.1; the second follows in the
same way from 6.5, and the homomorphism from this and 6.8.

The relations between products over & and over subsystems of R are not.
very satisfactory.

6.10. If R, is a subset of R, (L (zw.2) ©.) AL r-rw2» S:) >[I,z ©

This follows from 5.3.

6.11. If R, is a star in R, [z &>l zw.2) S- and [[(z.2) S,
> (H(R(I).é) &, o (Hm—nm.z) &,).

The function ® such that ®f(r)=f() in R; is a homomorphism of
I1z2) &, onto [Iizay.2) ©: by 5.1. If ¢ is defined by ¢f(r) =f(r) in R—Ry,
then the map f=(®f, ¢f) is a one-to-one correspondence between H(n,g) S,
and ([Jzw.2) ©,) 0 {lz—ray .2y ©.). By the first homomorphism stated,
Bf > ®f' if f=f; clearly if f=f’ and ®f=Pf’, then ¢f=¢f’, so this mapping
is a homomorphism.

Note that, by 6.6, if (R, =)=(R;, =2)®(R—R;, =) this last homomor-
phism is an isomorphism.

A number of special cases of these isomorphisms and homomorphisms are
very familiar. If we take R = (V,, w), S = (Nl, w), S, = (Ny, w), & = (N, w),
and & = (N, w), then D z.2) S NE(R 2y &/ ~(N;, w). This fact, 6.6 and
a renumbering of the systems P,, give the associative law of ordinal multipli-
cation.

6.12. Py 0 (P20 Ps)~ (P10 P2) 0 Bs.

In a similar way the associative law of cardinal multiplication is a special
case of 6.6.

Recall that .2 is the product [[(z.2) &, in which all &,=&; we shall
define S® 3 to be tr(®®&). Taking R = (N, w) and all P,,=P, we have
from 6.6,

6.13. (sm,%)sB o (sa).%)sB,\,(s(l).%)éB(S(Z),E)sB and (s<2>.z>sB. <s<1>,=>q3~
(81, 2)+(S(2),2)P,

These are given for numbers in [1] but the factors on the left-hand side
of the first isomorphism are reversed.

From 6.5 we derive in the same way

6.14. PE@.B) o PEDMDOPEMDHOE®.2) gpd PE@.2).PEM.B)~
PS@.21+HESD.2),

If all ,=& and all B,,=P, 6.1 and 6.4 give

6.15. (B2 ((S.B)P) > (B.2)°(S.2)P and (S BP) ®.2)~PR.2)°(5.2),

If R is a number for which R=R’, 6.6 gives

6.16. (R,é)((s,é)sB)N(R.z>°(s,3>s13_

From 6.5 we also see
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6.17. If RN is finite or if N and & are transitive and P is k-transitive,
then (sB(s.é>)(R,z>~$<n.2)°(s.é) and c([c(sB(s,%))](R.é))> (513(3,;)0(3,2))_

7. Ordinal exponentiation with numbers. Since many of the results of
[1] are proved under the inaccurate assumption that ordinal powers of num-
bers are transitive, this section discusses the various statements made there.
These include a list of properties of ordinal exponentiation [1, §7], a set of
conditions necessary and sufficient that (®-®)& be a lattice [1, Theorem 12]
and a list of closure properties [1, §13]. We shall test most of these statements
giving correct hypotheses and conclusions for three kinds of ordinal exponen-
tiation: ®.3)& which we have defined to mean the ordered product [ z.2, S-
when all ©,=8; G®3 =tr(®.3&) and Sl®.3] which will mean ¢(S®®)
=ctr(®3@).

§7 of [1] gives a list of properties of ordinal exponentiation with num-
bers ; we shall give properties of ®®& in the notation of this paper but with
the numbering scheme used in [1].

(45) @1~ implies SM DR~ ES@D. DR and RS~ RDES,,

(46) ©,<S;, implies &3S, < RS,

47 (n(x).§)+(R(2),z>@~(<n(1>.2)@).((R(z).z)@).

(48) (n(l).é)ea(mz).z)@N(m(z),z)@) o ((Ra),%)@).

(49) ®2)((S.2)P) > (R.2)°(8.2)9B and isomorphism holds if R=R’.

(50) WD =S~ and SNy, =)~(Ny, =).

To these we add

(46') ©,<S; implies that SM.AIR < .2,

(48) is misstated in [1]; the interchange of order in the exponents is an
accidental result of the particular phrasing (used both here and in [1]) of
the definitions of ordinal multiplication and exponentiation. [1] claims iso-
morphism in (49) only in case both R and & satisfy the ascending chain con-
dition. There is a typographical error in the last half of (50) in [1].

7.1 THEOREM. These properties hold for B-2)&. The analogues of (46) and
(46’) fail for S®.2) (49) becomes an isomorphism for all R, S and B ; the others
hold. The analogues of (46), (46') and (48) fail for SUR.2)); the homomorphism
holds in (49); (45), (47) and (50) hold.

For (2.2)&, (45) and (50) are obvious and (46) and (46’) are special cases
of 3.1; (47) and (48) come from 6.13; (49) comes from the first half of 6.15
and from 6.16.

For &®.2), (45) and (50) are obvious again (since & is transitive). That
(46) fails is clear; let &= (N, w*)® (N, w); then &S@W - has the universal
ordering while (N, w) ¥ does not. That (46’) fails follows from the systems
SW.» and GV M.~ with the same & as before. (47) and (48) follow from
6.14; (49) follows from 6.17.

For &U&E.2)1  (45) and (50) are still obvious (since & is a number) and
the same examples show that (46) and (46*) fail to hold. To prove that (48)
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fails to hold it suffices to show that (N, w)[¥@)] o (N, w)¥@W.=] js not
isomorphic to (Na, w) {&¥ .= W), To show this note that the left-hand side
is an ordinal product of numbers; the system (N, w) ¥ was discussed in
3.5b from which we can see that (N, w) WV I~ (N, w)® (N, =) ® (N, w*).
From the one-sided distributive law at the end of §2 we see that
(N2, w) V2] o (N, w)IND=I~{(N, w) 0 G} ©S+ { (N, w*) o &} where
S = (N, w) I NFD=I~(N,, w); since (N, w) o (N, w)~(N, w) and (N, w*)
o (Nz, w)~(N, w*), we see that the first system is isomorphic to (N, w)+&
+ (N, w*). Since (N1, =)® (N, w)~(N, w), the second system is isomorphic
to (N, w) ® (N1, =)@ (I, w*); this system is not isomorphic to the first.
Some remarks may be made; many other systems could have been used
in place of (IV;, =) in this example and the proof that the two sides are not iso-
morphic could then be carried through in much the same way. Also it is
rather simple to show that if Ry=R,’, then SIEMD.2)D (R().2)]~ (SR @ .2)])
o (SIEW.AN); that is, (48) holds with this extra hypothesis. (47) for
SUE 3] follows from the same result for &) and from the following lemma.

7.2 LEMMA. If R and & are transitive, c(R - S)~c(R) - c(S).

The mapping c¢(r, s)2(c(r), c(s)) is an isomorphism.

Let us turn next to conditions under which the ordinal power is a lattice;
recall that a lattice is a number in which every pair of elements s; and s,
have a least upper bound s;Vs. and a greatest lower bound s;/\s;. The con-
ditions of [1, Theorem 12] are not sufficient without the extra hypothesis
R =R’ but they are necessary.

In the terminology of [1] a chain is a simply ordered number; that is, a
number in which every two elements are comparable. A semi-root is a number
in which the set of successors of every element is a chain. The conditions
(1)-(3) below are those of [1, Theorem 12]; that they are not sufficient is
shown by the example &%) (N,, w) which satisfies both (1) and (3) but not
N=N'. The sufficiency proofs of [1] can be carried through with the extra
hypothesis R=R’ but are meaningless without it since “critical values” need
not exist.

7.3 THEOREM. (®-3)S is a lattice if and only if (a) S= (N, =) or (b) R=R’
and one of the following conditions holds: (1) & is a bounded lattice; (2) S is a
lattice and R is a cardinal; (3) & is a chain and R a semi-root.

If ®3 is a lattice, it is a number; by 4.17, & is a cardinal number
or R=R'. If & is a cardinal, it can not have two distinct elements or there
would be two elements of ®-®)& with no upper bound so &~(N,;, =) if Sisa
cardinal. If R=R’, suppose that R is a cardinal and that f=f,\/fz; for each
r in R it is clear that f(r) is an upper bound of fi(r) and fa(r) ; it is a least upper
bound because any other upper bound can be used to define a funetion f’
which is also an upper bound of the f;. Therefore least upper bounds exist
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in & and by a dual argument we see that & is a lattice. If R=R’ and & is not
a chain, there exist two incomparable elements s; and s; in &. Let 7e&ER®
and define fi(r) =fo(r) if r£ro, fi(ro) =s:; if f=fi\fa, f(ro) is clearly an upper
bound of the s;. As before we see that it must be a least upper bound so sV sz
exists if the s; are incomparable; however if one follows the other, then the
larger one is a least upper bound of the two so s1\V/s: always exists. A dual
argument shows that & must be a lattice. Moreover if 7 is a terminal element
of the set of predecessors of 7, and if fi;(r1) are incomparable, f(r) must be
smaller than any other element of & if f=f1\/f; hence if & is not a chain
and R is not a cardinal, & has a smallest element 0; dually there is a largest
element 1 so & is a bounded lattice if it is not a chain and R is not a cardinal
number. If & is a chain but not a bounded lattice, # must be a semi-root,
for let 7, and 7, be incomparable elements of i and let s;>s2; define fi(r1)
=fao(rs) =se2 and fi(r2) =fo(r1) =s1, fi(r)=fo(r) for all other r in R. If 7y is a
terminal element in {r| r<ryand <7} and f=£1\/fs, then f() would have
to be the smallest element of &. Dually & would have a largest element con-
trary to the assumption that & is not a bounded lattice. Hence the set of
common predecessors of 7; and 7, has no terminal elements; since R=R’, the
set is empty, so any two successors of a given element must be comparable.
If (a) holds, ®BAS~(N;, =). if (a) is false and (b) holds, take f; in
(®2&; then © is a lattice in all cases in (b) so g(r) =fi(r)Vfa(r) is defined
foreach7in R. Let E;= {r| there exists ' 27 for which g(»’) >f:(r’) } . Then in
R—E\—E, let f(r)=fi(r)=falr); if rE(EP —E)U(EP —E)J(EPNEY),
let f(r)=g(r). If r is a cardinal, this defines f everywhere and it is clear that
fis a least upper bound of the f;. If & is a bounded lattice, define f(r) =0 for
every r where it is not yet given; then f>f; for f=fi=f: in R—E1—E,, f>fi
in E{) —E, f>f: in EP —E, and f>both f; in EPNEY. Since (E;\JE;)®
= (EP — E)U(EP — E)U(EPNEY), every point where f(r) was defined
to be 0 is below a point 7’ where f(r') >fi(r’), i=1, 2; hence f=f;. If f'=f; it
can now be shown that f’ = fso f=f1\/f; dually we can provide fiAf; so &S
is a lattice if & is a bounded lattice. If & is a chain and R a semi-root each r
in E,\UE, has a unique successor r’ in (E,\UE;)®. EYNE is empty, for
fir")>fo(r") >fi(r’) is impossible in a chain. If ' EE" —E, and r=r’, let
f@)=far); if ¥ EEP —E, and r=¢’, let f(r)=fi(r). This defines f every-
where and it is easily seen to be a least upper bound for the f;. A dual argu-
ment gives fi/\fe.

7.4 COROLLARY. &3 is g lattice if and only if ®3S is a lattice.

By 4.17, @®:2) is a number if and only if & is a cardinal or R=R’; in
either of these cases &®.2) = (®.%)&, Hence &® 3 is a lattice if and only if
(R.2)& is a lattice.

Conditions under which &U(&.2)] is a lattice are more difficult to prove;
we give a sequence of lemmas containing various necessary or sufficient con-
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ditions and then combine them in 7.10 into one set of conditions both neces-
sary and sufficient that S[®.3)] be a lattice.

7.5 LEMMA. If & has no terminal or initial elements and if R has no termi-
nal elements, then SUR.B) is g lattice isomorphic to (Ny, =).

If f; and f; are any two elements of 23 it is easy to construct f so that
fi>f>fs, for there must exist two disjoint cofinal subsets E, and E; in &
and we need only take f(r) <fi(r) if rEE; and f(r) >fu(r) if r&E,. Hence
fi> Y and by a dual argument f,> 1 so c(f1) = ¢(fz) in SIE.2)]; that is, S(&.)]
contains only one element.

7.6 LEMMA. If © has neither terminal nor initial elements and R has a termi-
nal element (that is, if R’ is not empty), then SIE D~ R DS~SIR )],

As in 6.11 define ® from ®-®& onto ®"-3S by &f =f"if f'(r) =f(r) for r
in R’, f’ not defined elsewhere; 6.11 asserts that ® is a homomorphism. 4.17
shows that 3@ is a number so ® HS~SIE" D] If &f;=Pfy, as in 7.5
there exists f such that fi>f>f, over R—R’; defining f=f, in R’ we have
f1 g_f_%fz; that iS, flg tfz if <I>flg sz. Hence C(fl) =C(f2) if (bf1= sz and
c(fi) 2c(fe) if ®fi=®f;. Let ¥(c(f))==Pf; by 1.1, ¥ is a homomorphism of
SR onto ®"BS; we have just shown that ¥—! exists and is a homomor-
phism so the lemma is proved.

7.7 CorOLLARY. If (a) & s a lattice with neither initial nor terminal ele-
ments and (R’, =) is a cardinal or (b) if © is a chain with neither initial nor
terminal elements and (R', =) is a semi-root, then SURD] is g lattice.

This follows from 7.6 and 7.3.

7.8 LEMMA. If &UR.2)] 45 g lattice and if R has a terminal element or S
has a terminal or initial element, then & is a lattice; moreover, if © has either a
terminal or initial element, then (a) & is a bounded lattice or (b) & is a chain
and {r| r<riand r<r} has no terminal elements when r, and r; are incompara-
ble, or (c) {rl r<riand r<r2} has no terminal elements for any choice of ry, 2
in R.

If 7ERM and c¢(f) =¢(fi) Ve(fa), it is clear that f(r) must be a least upper
bound of fi(r) and f2(r) ; that is, s1\V/s; must exist for every pair of points in &.
Dually s1/\ sz exists so & is a lattice.

By duality we may assume without loss of generality that & contains an
initial element so. If s; and s; are comparable in &, then s;V/s; and s;/\s2 ob-
viously exist; if the s; are not comparable, take 7o in & and for =1, 2 define
Ffilro)=si, fi(r) =soif r£r,. Then if c(f) =c(fi) Ac(fe), fSf: so f(r) =50 if 7 does
not precede or equal 7o. Hence f(ry) <f:i(ro) and the points s; have a common
lower bound. If f,(ro) = s and f,(r) = s, if 7 #7,, then f, <f; whenever s is a lower
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bound of the s;; hence f(ro) >s if s is a lower bound of the s; so f(r,) is a great-
est lower bound of the s; and s; As; exists in &.

We show next that if there exist s; and s; with no common upper bound
and if r(ER, there exists an element 7,>7y such that r=r, if r>7r,. Define
fi as before and let ¢(g) =c(f1)Vc(f2) ; then g=f: and g(ro) can not follow both
fi(re) and fa(rq) so there exists 7, >7, such that g(r,) >so. If 7>, let f.(r) > 50
and f,(r') =so if 7’ #7; then f, is an upper bound for the f; so f,>*g; hence if
r’ does not precede or equal 7>7,, then g(r’) =so. Since g(r1) > sq, it follows
that 7, Srif »>r,; that is, there is a first proper successor 7, of 7.

Now for i=1, 2 define f! (r1)=s; and f!(r)=so if r#r; let c(f)=c(f{)
Ac(f?); then by the second paragraph of this proof f'(r)=s, if r does not
precede or equal 7;, while f/(r1) =s1/\s2 so f'(r1) <si, 1=1, 2. ro is a terminal
element in the set of predecessors of 7;; hence it is easily seen that f(ro) must
follow every other element of &, for if f/(rs)=s and f, (n)=s1/\s. and
fi(r)=s, for all other 7, f/ is a lower bound of the f{ so f’=!f/ for every s
in &. Since f! (r)=f'(r) if »>7, and since f’(r) is an initial element of & if
r>r, we see that f'(ro) 2/ (o) =s if s&€&. This proves that the assumption
that s; and s; have no upper bound eventually enables us to construct an up-
per bound; this contradiction proves that every pair of elements of © has
an upper bound.

Knowing this we return to the functions f; defined in the second para-
graph of this proof and let c(g) =c(f1) V¢(f2) ; then define f,(ro) =s and f.(r) = so
if r57r9; fo2f: if s>5, so, as before, g(s) <s if s is an upper bound of the s;;
hence g(r0) =s51Vsz and we have proved that & is a lattice. Incidentally we
have also shown that if & is not a chain {r| #<r,} can not have a terminal
element unless © has a largest element. Since s, is an initial element of the
lattice ©, so is a smallest element in &, so in this case & is a bounded lattice.

Similarly, if 7, and 7, are incomparable and & is not isomorphic to (N, =)
but {#| r<r1and 7 <7z} has a terminal element, then there exist s;>s1 in &;
define fi(r) =fa(rs) =s2, fi(r:) =fo(r1)) =s1 and fi(r)=so elsewhere. Then c(f)

=c(fi) Ve(f2) implies that f(r:) >fs—i(r:) so f(ro) must be a smallest element
of &; the dual proof with fiAf; shows that there must also be a largest ele-
ment in &; that is, that & is a bounded lattice.

Note that in a semi-root two incomparable elements 7; and 7; have no-com-
mon predecessors so {7| r <7, and r <r;} inevitably has no terminal elements;
if R = (N, w)®(N,, =), R is the simplest system with this last property which
is not a semi-root.

7.9 LEMMA. If © is a bounded lattice, then SUR-2)1 is a bounded lattice.

To prove this we shall work in &(®2) instead and shall there construct
for a given pair of functions f; and f; an f such that f=f; while if f'=!f;,
i=1and 2, then f’ = *f also; then ¢(f) will be a least upper bound of ¢(f:). Let
g(r)=fi(r)\V/fe(r) and let E;= {r| g(r")=fi(r') for every r’gr} ; then E;=E!.
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Let E=R—(E,—E;)?— (E;—E,)? — (E/NE;) and suppose r&EEW; then if r
has any successor 7’ in R, r' EEiNEs so g(r’) =fi(r') =fa(r’) ; define f(r) =g(r)
in EMandletf(r)=0in EOP—EM Letf(r)=fi(r)if rEE;orifr& (E;— E;_;)?
—(Es—i—E;)? and let f(r) =0if rE(E1— E;)PN\(Es—E )?. Let A=E—EWMD;
then 4 has no terminal elements and there exist cofinal subsets 4 ; of 4 such
that g(r) >f:(r) for each r in 4;. Hence f;_;(r) >0 and fi(r) <1 for every r
in A;; since each 4; has two disjoint cofinal subsets it follows that f can be
defined in 4 so that fi>f>f:>f>f1 over A. Hence f>f; over R.

If f'=*f: for =1 and 2, since f=f; over E;, f'>!f over E,\UE;; a similar
argument shows that f'=tf over (E;—E;_;)?. Clearly f'=f over E® and
hence over E®MP; in 4, f'2tfi=*f so f' = tf everywhere. Passing to the con-
traction this shows that ¢(f) =c(f1) V¢(f2) ; a dual construction would produce

c(f) Ne(fa).

7.10 THEOREM. SR 55 g lattice if and only if one of the following cases
holds: (1) & is a bounded lattice. (2) © has neither terminal nor initial elements
and either (a) R has no terminal elements or (b) R’ is not empty and ®' S isa
lattice (see 7.3 for these conditions). (3) S is a lattice with a terminal or initial
element but not both and either (c) © is a chain and the set {r| r<r, and r<r;}
has no terminal elements if r, and ry are incomparable, or (d) the set defined in
(c) has no terminal elements no matter how r, and ry are related in R.

Necessity of these conditions follows easily from the preceding lemmas;
assume &[(&.2)] 3 lattice. If R has a terminal element & is a lattice by 7.8;
this proves the necessity of (2) if & has neither terminal nor initial elements.
If & has one or the other, 7.8 again gives (1) or (3).

7.9 gives the sufficiency of (1) and 7.5 and 7.6 prove sufficiency of (2).
In case (3) by duality we may consider only the case in which & has an initial
element. If f;€&®.2), f can be constructed just as in 7.9 since & has a zero
element; the proof that ¢(f) =c(fi) Vc(f2) can be repeated in the same way.
The extra hypotheses (c) or (d) are needed to construct a greatest lower bound
for the f;. For this we set A(r) =fi(r) Afo(r) and let F;= {rl fi(#")=h(r") for
every v’ 2r} and in F; define f(r) =h(r)=f:(r). As in the previous construc-
tion let f=R— (Fi— F;)? — (F;— F1))?P— (F\N\F;) and define f(r) =hk(r) =fi(r)
Nfe(r) if rEF®; define f(r)=fi(r) if r&E(Fi—F_)?—(F3_;—F;)?. In
F—FMD we can intertwine f, fi and f; as we did in the set 4 of the preceding
proof. This defines f everywhere except in FM2—F® and (F,—F.)?
N(F:—F)?; if & is a chain, F® is empty; if & is not a chain F(V2— F®
has no terminal elements, for  a terminal element of this set would imply
that there exists #’ in F such that 7 is a terminal element of the set of prede-
cessors of 7’; this is prevented by (d) with 7;=7;=7’. In either case (c) or (d)
(F1— F;)PN\(F;— F,)? has no terminal elements for if 7, is in this set there
exists 71 in Fi—F; and r; in F;— F; such that 7,€ {r| r <7, and 7 <r;} ; since
this set has no terminal elements 7y can not be a terminal element of the origi-
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nal set. In (FO2 — FW)J [(F,— F;)?N\(F,— F;)?] define f(r) in any way so
long as it is not zero or one; then for every f’ such that f'S¢f; we have f'Stf
over this set; if f/ S*f; it is then clear that f' <tf over R, so ¢(f) =c(f1) Ac(f2).
This proves that &I(&.>)] js a lattice.

All that remains is to check the list of closure properties given in [1,
p. 294]. Recalling that ©® 2 is a number if and only if S&.2 = (B.2)S we
can deal with the first two cases together ; the result are collected in the follow-
ing table.

Property of &:3& Necessary and sufficient condition on & and &
(=& ®.2)
(1) Cardinal & a cardinal.
(2) Chain S~ (N, =) or R and & chains and R=R’.
(3) Ordinal &S~ (N, =) or © an ordinal and R a finite ordinal.
(4) Bounded number &~ (N, =) or & bounded and R=R’.
(5) Finite number &~(N1, =) or & and R finite.
(6) Lattice See 7.3.

(7) Complete lattice &~ (Ny, =) or & a complete lattice and R=R’.

The proofs can safely be left to the reader, but we wish to use the suffi-
ciency proof of (7) again so we give it in the next paragraph. The necessity
proofs follow almost immediately from 3.9 and 3.10. [1] also mentions “stri-
ated” numbers; the condition for them is probably all right since it includes
finiteness of % which implies R=R’. In [1] no condition is given for ordinals
and the condition given for lattices is a much worse approximation to the
truth on this subject than is [1, Theorem 12].

If R=R’ and & is a complete lattice, let f,, pEP, be any set of elements
of ®3&; then for r in R define f(r) =\ ,ep fo(r). Then for any r such that
f(r) is defined over the set E, of all proper successors of r and f=f, over E.
for all p, define P,= {p| f,(r')=f(r") for all 7’ >r} ;let f(r) =\ pepwn fo(r) if
P, is not empty, let f(r)=0 if P, is empty. Then f=f, over (r)V; since
R=R’=Uj<xo R™, this process defines f on all of R by transfinite induction
so that f=f, over R for every p. If f’2all f, and 7 is a point where f'(r) does
not follow or equal f(r), P, can not be empty since f(r)0; then f'=f,
=fover E,so that either there exists 7’ >r with f'(r') > f(r') or f/(r') =f,(r") for
all p in P, and 7’ in E,; in the second case f'(r) =V pern f»(r) =f(r). Hence
f'=f over R and f=V,gr f»; a dual argument would produce A ,ecp f» s0
(.3 is a complete lattice. The necessity proof uses the usual embedding
argument.

The corresponding conditions for SI(®.2)] are vaguely reminiscent of these
but more complicated ; for example, compare 7.3 and 7.10. In the proofs cer-
tain elementary facts related to 3.9 and 3.10 are quite useful. Recall that in
this section i and & are assumed to be numbers.

7.11. If R has a terminal element, & < SIR.2)],
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Choose 7 in R™ and sy in &€; as in 3.1 define f,(ro) =s, fi(r) =50 if 75=7,.
Then the map & such that ®(s)=c(f,) is an isomorphism of & into SI(&.2)],

7.11’. If © has a terminal or initial element, & <S(&.2)],

Choose 7o in R and s an initial or terminal element of & and define f,
and ® as in 7.11; then f,= * if and only if s=s’ so ® is an isomorphism.

7.12. If there exists an initial element s, in & and a point s;>s,, then
R<SLER.2)N,

Define f,(r) =s1, f-(r')=so if #'r; then f,q)= .o if and only if r,=7,;
defining ¢(7) =c(f,) we see that ¢ is an isomorphism of % into SI&.3)],

7.12’. If © has a terminal element s; and an element s¢<s; and if

*= (R, <), then R*<SIE.2)],

We define ¢ in the same way with this choice of the s;.

By means of these facts we are able to prove the conditions given in the
table below; we sketch the proofs since they are generally worse than the
corresponding proofs for ®-#@&. In the table below (E) stands for the condi-
tion that & has neither initial nor terminal elements and i has no terminal
elements; (I) stands for the condition that S~ (N,;, =).

Property of Sl(&.)] Necessary and sufficient conditions on & and R

(1) Cardinal (E) or & is a cardinal.

(2) Ordinal (E) or (I) or © and R ordinals such that either & is
unbounded or R is finite.

(3) Chain (E) or (I) or & a chain without terminal or initial
elements, N’ a chain or N and & chains.

(4) Bounded (E) or (I) or © bounded or R’ empty and any initial

element of & precedes all other elements of & and
any terminal element of & follows all other ele-

ments of &.
(5) Finite (E) or (I) or R and & finite.
(6) Lattice See 7.10.

(7) Complete lattice (E) or (I) or © a complete lattice or & or &* is an
ordinal while every element of ® has a unique
smallest proper successor.

(1) = If R or & has a terminal element, © <S!&.3)1 50 & is a cardinal.
« is obvious.

(2) — If R or Shas a terminal element, & <S!®.3)1; hence & is an ordi-
nal and has an initial element so i <& &2 if & is not isomorphic to (N, =).
If in addition & has a terminal element, R* <SI(®.2)] 50 R is a finite ordinal.
« is straightforward although the proof in the next to the last case is rather
long.

(3) — If R has a terminal element, & <S!® .31 50 & is a chain;if & has
neither terminal nor initial elements and (E) fails to hold, then SU®.3]
~® .2 s0 G and RN’ are chains by case (2) of the discussion of ® &, If
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& has either a terminal or initial element and & is not isomorphic to (N, =),
then R or R*<SIE3)] 50 S and R are chains. « is obvious for all but the
last condition and there it follows from the fact that any two elements of
&®.2) are comparable.

(4) — If R has a terminal element 7y, let ¢(f1) and c¢(fz) be the smallest and
largest elements of &1 ; using the notation of the proof of 7.11 we have
for every s that.c(fi)= ®(s)=c(fe) or fiz‘fi=*faso fi(ro) =s=falry) for
every s. Hence & is bounded. If & has an initial element s,, then the func-
tion fo for which fo(r) =s, for all 7 is an’initial element of &® % so¢(s,) must
be the smallest element of S!(®.3]; hence s, is the smallest element of &.
Dually any terminal element of @ must be the largest element of &.

«— If & is bounded, the obvious functions define upper and lower bounds
in SlR.31 If & and R have no terminal elements and if there is a smallest
element so such that s=s, for all s in &, let f(r) be chosen greater than s,
for every r; then c(f) is the largest element in SI®.3)1 and ¢(f,) is the smallest
element so G131 is bounded. Dually if & has a largest element but no
initial element, &!®.®)] is again bounded.

(5) — If R’ is not empty or if & has an initial or terminal element,
S <BURDI g0 & is finite. If & is a cardinal number, SI®. 31~ (8.2)& which
is finite if and only if R is also finite; if & is not a cardinal number, 7.12
shows that R <SIR.2)] g0 R is finite. « is obvious.

(6) has been given in 7.10.

(7) — If R’ is not empty, the embedding ® of 7.11 can be used to show
that & is a complete lattice. If R’ is empty, and (E) and (I) are false, sup-
pose that & has an initial element so; by the argument in (4), so must be the
smallest element of & and an extension of an argument used in 7.10 shows
that A,ep s, must exist for all choices of s, in ©. If & is not bounded the
same argument shows that every element 7o of R has a unique smallest proper
successor r;>79; as in 7.10 we see that € must be a chain in this case. If s
is any element of &, let f,(ro)=s, fi(r1) =51, and f,(r)=s, for all other r;
if & is unbounded and f=*¢ all fs, either f(r1) > s, or f(r) > s, for some r>7,.
If f! (r)) =s and f; (r) =s, for all other 7, f/ >f,+ for every s" and every s>s,.
If ¢(f) = V.es ¢(fs), then f(r) =50 if 7 does not precede or equal 1, and f(r) <s
if s> s;; that is, s; has a unique smallest proper successor if & is unbounded.
Since & is also a chain in which every set has a greatest lower bound, we see
that & is an (unbounded) ordinal. A dual argument starting from the as-
sumption that & has a terminal element but no initial element gives instead
the conclusion that &* is an ordinal.

«— (E) or (I) implies that SIE.®I~(N,, =), a complete lattice. If &
is a complete lattice let 0 and 1 be its smallest and largest elements and
take f,, pEP, in G*& 2. We shall construct in a stepwise fashion an f in
&®.2 gsuch that f=¢ all f, while f/=* all f, implies that f'=¢f. Let
Eip={r| fo(r')=1 for every r'2r}, let Ey={r| f,(r')=0 for every p in P
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and every 7’2} ; define f(r)=1 in U,er Eip, f(r)=0in E,. Let A;=R—E,
—U,er Eipand in 4/ define f as in the proof of (7) of the preceding table;
that is, if f(#’) is defined for all 7’ >7, let P,={p| fo(r'")=f(r’') for all ' >r}
and let f(r) =V ,erw f»(r) if P, is not empty, let f(r) =0 if P, is empty. Let
A;—A{ =R, and in R, repeat the same process; that is, if Ry and 4\, A<a,
have been defined, let R.=Nx<a(Ar—4Y); if f was defined in R—R,, let
E.= {r| rER,, and for every p either there exists »' >r, &R, for which
F@Y>fo(r’) or fp(r')=f(r") for every successor ' of R which lies in R—R,
and f,(r')=0 for every r’=r which lies in Ra}; let Eup= {rl r&ER, and
fo(r)=11if ' 27 and »' ER, and f,(r')=f(r') if #'>r and r’ER-—Ra}. De-
fine f(r)=1 in U,ep Eap, f(r)=0 in E,; let Ao=R.—E.—U,ep E., and
define f(r) in A,/ as in A{. This construction yields a decreasing sequence
(probably transfinite) of subsets R, of R such that f=f, over R— R, for each
p and a. There will exist a smallest g such that R =Ra(o)+1 S0 Reco) =Ra
if a=ap and f=f, for every p over R—Nasa) Ra=R—Ry0)-

Rqy may be empty; if it is not empty it has certain useful properties.
Ea(o is empty; hence (a) if 7 E R, (0, there exists p such that f(r’) =f,(r") for
each 7’ in (r)U— R, and there exists 7’ in ()P Rq0 such that f,(r’) >0.
Each E.p is empty; hence (b) for every p and every 7 in Ra(y such that
fo(r"y=f(r") for every 7’ in (r)U — Ra(o there exists 7’ in (r)VMRq(0) such that
fo(r’) <1; hence the set ()R {r'lf,,(r’) <1} is cofinal in (7)Y M\ R0
Al is empty; hence (c) R, has no terminal elements.

f was so defined that f= all f, over R— Rq(o. Let B and R, (o) — B be cofinal
subsets of (Ra(n,z) and define f(r) >0 on B, f(r) <1 on Rg—B. Then (b)
and (c) can be used to show that f=* all f, over all of R. This shows that c¢(f)
is an upper bound for the ¢(f,); to prove it a least upper bound we must show
that f/ = all f, implies that f' = Y.

To carry this through requires two induction arguments (which we shall
omit) to prove the following statements: (d) If f' = * all f, over R— Ra(o), then
f'2f over R—Rao). (e) If E is a star in R—Rao), if f'Zf"'2f over E, and if
f'"(r)>f(r) for some r in E, then there is an #’Zr such that f'(r')>f(r’).
Now if F= {rlf’(r) >f(r)} — Ray and if G=R,y— FP, we see that f'=f over
R—G. lf rEG, by (a) there is a p such that f=f, in ()U—G and f,(r") >0 for
some ' in (r)UNG. Now f'= ¢ f, so by 1-transitivity there exists f’/ for which
f'zf"2fp In (r)U—G we have f'=f,=f so f=f'2f""2f over (r)U—~G. By
(e), f'=f""=f over (r)U—G. Hence there must exist 7, in (#')Y\G such that
f"(r))>0, and therefore there exists 7, in (r1)V NG such that f’(r;) >0. This
proves that {r|f(r)>0} is cofinal in G so, by (c), f'=*f over G. Hence
f'=tfoverall R.

From this we see that ¢(f) =\ ,ep ¢(f,); the usual dual argument would
give A,ep c(f») so @UE3] is a complete lattice.

In case © is an unbounded ordinal with smallest element 0 and every
element 7o of § has a unique smallest proper successor, this construction for f
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can be used with minor modifications noting that every E,, must be empty;
a useful fact in the proof that \ ,epc(f) can be constructed is that in such
an R, E'=U.en E™ for every ECR.

8. Appendix on the calculus of relations. In their monumental work Prin-
cipia mathematica, Whitehead and Russell devote several sections to proper-
ties of certain addition and multiplication operations among relations. Since
they take the very natural attitude that a function is ::ot defined unless its
class of arguments is defined, and since a relation is a yes-or-no valued func-
tion of two variables, in their notation they speak not of the ordered system
(R, P), where R is a set and P a binary relation in R, but merely of the rela-
tion P itself. Since almost no one ever reads the Principia for its mathematics
and since the discussion on the arithmetic of relations begins about the mid-
dle of vol. 2, we include in this section a sketchy outline of the definitions
given there together with a comparison with the operations of this paper;
however this will be translated to the notation of this paper.

Their definition of sum given in §162 is isomorphic under this trans-
lation to that of §2; their Theorem 162.34 is their form of the general as-
sociative law 2.17. In §172 a product of relations is defined which is not
equivalent to that used here. For ordered systems their definition is equiv-
alent to a different ordering of those same functions which are the ele-
ments of [[z.2) &,; define =’ in [[’.2) &, by fi='f2 if and only if there
exists 7o such that fi(ro) > fe(ro) in S, while fi(r)=folr) if r>r,. If R is a
chain, then =’ is included in > ; if R is not a chain, =’ and = need not be
related ; in fact, note that [["z.-y ©,=][z.w S- so [[’ and J] may be ex-
ceedingly unlike when (R, 2) is not a chain.

It may be noted that the discussion in the Principia is pointed toward
relations which are there called “series”; the corresponding ordered systems
are chains. For such systems []’ is a number but need not be a chain; in
fact, it generally turns out to be a cardinal sum of chains. In contrast to this
property of [[/, []z.2) ©. need be neither transitive nor antisymmetric, but
if ® and &, are chains, then []*&.2) S, is always a chain. If R is not a chain,
IT’ is usually intransitive as is [].
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