EQUILONG MAPS OF THE «* CIRCLES

BY
JOHN DECICCO

1. Conformal maps of the geodesic circles of a developable surface upon
a plane. If a surface is conformally mapped upon a plane with cartesian co-
ordinates (X, Y), the linear element of the surface is given by dS?
=eMXN(dX2+4dY?). The »3 Minding geodesic circles, that is, the curves
of constant geodesic curvature on the surface, are represented in the plane by
a system of «3 curves defined by the ordinary differential equation of third

order
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In minimal coordinates U=X+1Y, V=X —1Y, this family of «?3 curves is
defined by the differential equation of third order
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For any surface, N is a perfectly general function of (X, ¥), or (U, V).
The surface is developable if and only if N is a harmonic function, that is,
Axx+Aryr =0, or A\yy =0. In this developable case, the «3 curves in the plane
defined by the differential equation of third order, (1) or (22), are equiva-
lent under the conformal group to the totality of all «2 circles and is called
an Q family(*).

Kasner and the writer have discussed various geometric properties of any
Q family of curves, not all circles. An @ family may be characterized among
all three-parameter families of curves in the plane by the following set of
three properties:

Property 1. The locus of the foci of the osculating parabolas of the «!
curves of the family which pass through a lineal-element E is a lemniscate L
with E as one of the two orthogonal tangent elements at the node of L.

Property 11. As the direction of E is rotated about its point P, the locus
of the centers of the orthogonal pairs of circles defining the 1! focal lemnis-
cates is an equilateral hyperbola H with the center of H at P.

Property 111. The foci of the equilateral hyperbolas H are connected to
the point P by a direct conformal transformation. That is, the correspondence
between P and the foci is direct conformal.

Presented to the Society, September 17, 1945; received by the editors June 30, 1945.

(%) Kasner and DeCicco, Families of curves conformally equivalent to circles, Trans. Amer.
Math. Soc. vol. 49 (1941) pp. 378-391. The geometry of velocity systems, Bull. Amer. Math. Soc.
vol. 49 (1943) pp. 236-245.
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Another complete geometric characterization of an Q family is the set:

Property 1’. The envelope of the directrices of the osculating parabolas
of the «! curves of the family which pass through a lineal-element E is an
equilateral hyperbola H with the center of H at the point P of E and the line
of E as one of the asymptotes of H.

Property 11'. The locus of the foci of the directorial hyperbolas H is an
equilateral hyperbola H’ with its center at P.

Property 11I'. The foci of the equilateral hyperbolas H’ of Property II’
are related to the point P by a direct conformal transformation(?).

2. Equilong maps of the « 2 circles of a plane. Conformal transformations
are point-to-point correspondences of the plane such that the angle between
the directions of any two curves passing through a given point is preserved;
whereas equilong transformations, as defined by Scheffers, are line-to-line cor-
respondences of the plane such that the distance between the two points of.
contact of any two curves along a common tangent line is preserved. Con-
formal transformations are defined by functions of (X +4Y), where 2= —1
and (X, Y) are cartesian coordinates of a point; and equilong transformations
are given by functions of (x +jy), where j2=0 and (x, y) are equilong or hes-
sian coordinates of a line. Thus conformal and equilong transformations are
roughly dual.

Upon applying any equilong transformation to the totality of «? circles
of the plane, there results a set of «? curves which is termed an w famsily.
Thus the Q families and the w families are dual geometric objects in a rough
sense, the former being conformally, and the latter equilongly, equivalent to
the 3 circles of the plane. In equilong or hessian coordinates (x, ¥) of a line,
any w family is given by an ordinary differential equation of third order

(w3) ¥y =24(2)y + Ax)-y + B(x).

We shall prove that the magnilong group is the totality of all line transforma-
tions of the plane carrying every w family of curves into an w family. Any trans-
formation of the magnilong group is the product of an equilong transformation
followed by an ordinary magnification.

The line transformations of the plane may be divided into.three distinct
classes: (1) The group of magnilong transformations. Any correspondence of
this group magnifies, by a constant v#0, the distance between the points of
contact on the common tangent line of any two curves. If v = %1, the result-
ing correspondence is an equilong transformation as defined by Scheffers. (2)
The set of affinilong transformations. Any transformation of this set preserves
every parallel pencil of straight lines, but it is #ot a magnilong transforma-
tion. A nonmagnilong correspondence is an affinilong transformation if and
only if the ratio into which one of the three points of contact on the common

() Kasner and DeCicco, The conformal near- Moebius transformations, Bull. Amer. Math.
Soc. vol. 46 (1940) pp. 784-793.
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tangent line of any three curves divides the segment determined by the other
two points is preserved. (3) The set of general transformations. Any corre-
spondence of this set is not of the types (1) or (2). Thus T is a general trans-
formation if and only if it does not preserve every parallel pencil of straight
lines(®).

It can be shown that a gemeral line transformation carries at most 2?
curves of a given w family into curves of the same family, an affinilong transforma-
tion converts at most © 2 curves of a given w family into curves of the same family,
and a magnilong correspondence sends at most »?' curves of a given w family
into curves of the same family.

An wfamily may be characterized by the following set of three geometrical
properties.

Property 1. The locus of the foci of the osculating parabolas of the !
curves of the family which pass through a lineal-element E is a cissoid with
the cusp at the lineal-element E.

Property 11. For any parallel pencil of straight lines, there is induced by
Property I a point transformation from the point P of the lineal-element E
to the center of the base circle of the cissoid of Property I. The Property 11
states that this induced point transformation is an affine transformation. This
affinity is not of the general type; it is such that any point (X,Y) is carried
into a point (@, B) on the particular straight line of the fixed parallel pencil
of straight lines determined by the point (X,Y). It also holds fixed every
point of a certain straight line.

Property 111. The resulting one-parameter family of affine transformations
satisfies a single differential condition of first order.

Another complete geometric characterization of an w family is:

Property I'. The envelope of the directrices of the osculating parabolas of
the «! curves of the family which pass through a lineal-element E is a parab-
ola with vertex at the point P of E and directrix perpendicular to the line L
of E.

Property I11'. For any parallel pencil of straight lines, there is induced by
Property 1’ a point transformation from the point P of the lineal-element E
to the focus of the directorial parabola of Property I’. The Property I1’ states
that the induced transformation is an affine transformation similar to the one
described in Property 1I.

Property 111'. The resulting one-parameter family of affine transforma-
tions satisfies a single differential condition of first order.

Other properties may be described as follows. If the focal cissoids of Prop-
erty I are constructed along a given line L, the envelope of the circles defining
these o !cissoids is a pair of straight lines L; and L,, symmetrical with respect
to L. The induced line transformation from L into L; and L, is an affinilong

(3 DeCicco, The magnilong near-Laguerre transformations, National Mathematics Maga-
zine vol. 19 (1945) pp. 1-7.
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transformation satisfying a single differential condition of first order. In gen-
eral, this is not a magnilong or equilong transformation.

Also the envelope of the «! directorial parabolas of the Property 1’ con-
sists of a pair of straight lines L{ and LJ, symmetrical with respect to L.
The induced line transformation from L to L; and L, is an affinilong trans-
formation satisfying a single differential condition of first order(%).

3. The transformation between the cartesian coordinates (X, ¥, Y’) and
the equilong coordinates (x, y, ¥’) of a lineal element. Consider the equation

(1) (1 — 2)X + 227 = 2y,

where (X, Y) denote the cartesian coordinates of a point in the plane. Since
fixed values of x and y define a straight line, the ordered number pair (x, y)
may be called the eguilong coordinates of a line. If % and v denote the normal
angle and the normal distance of the line (1), it is seen that # =2 arc tan x and
v=2y/(x?+1). This gives the relationship between the hessian coordinates
(u, v) and the equilong coordinates (x, y) of a straight line.

Since (1) is the directrix equation of a contact group of Lie, it is seen that
the contact transformation is given by

@ _y—wy) o 2y -y ) #-1

: y ¥ =
2241 x*+1 - 2x
This gives the relationship between the cartesian coordinates (X, ¥, ¥’) and
the equilong coordinates (x, ¥, ¥) of any lineal-element.

We shall need to know the second and third derivaives of this trans-
formation (2). It is seen that

x? 4 1)2 x2 + 1)3y"" 3(x? — 1)(x% 4+ 1)2
@ e EEV L @Dy s e )
423(y" + X) 8x4(y" + X)3 845(y" + X)?

From (2) and (3), we find

(22 — 1)(a? + 1)3y" 3(x% 4 1)2
16x%(y"" + X)3 4x4(y" + X)?
This will be found useful for our later work. ’

This transformation (2) is important because the «?2 circles of the plane
are represented in equilong coordinates by the «3? vertical parabolas

(%) y = ax?+ bx + c.

If (a, B) are the cartesian coordinates of the center of this circle and r its
radius, then

(6) a=—a-tec, B =00, r=a-+c.

(4) Yy — 3712 = —

() DeCicco, General comparison of conformal and equilong geometries, National Mathe-
matics Magazine vol. 16 (1942) pp. 1-5.
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Thus by this transformation (2), the differential eondition for all =32
circles, (1+Y’?)Y""'—3Y’Y’''2=0, is transformed into the condition for all
3 vertical parabolas, ¥'// =0. This is impossible under the group of all point
transformations, but it is possible under the group of all contact transforma-
tions as indicated above.

4. The enlarged seven-parameter Laguerre group G;. This is the com-
plete group of all line transformations carrying the entire family of 2 circles
into itself. In equilong coordinates, this enlarged group of Laguerre trans-
formations is the seven-parameter group Gy defined by the equations

ax+ b Y_ey+fx2-l—gx+h
cx+d’ B (cx + d)? ’

where (¢, b, ¢, d, e, f, g, k) are constants such that ad —bc#0 and e¢>0. This
is a subgroup of the magnilong group.

If in the preceding equations, we take e to be the quantity ad —bc#0, the
resulting six-parameter Laguerre group G¢ may be written in the compact form

(8) Z = (az + B)/(vz + 9),

where each of the quantities 2, Z, @, 8, 7, 0 represents a dual complex number
of the form a+3jb, where j2=0 and (a, b) are real or complex numbers. This is
an equilong subgroup and is the one studied extensively by Laguerre. Our
enlarged Laguerre group G7 is the product of the Laguerre equilong group Ge,
defined by (8), by the group of magnifications X =x, ¥ =ey.

5. The differential equation of third order defining any w family. In this
section, all coordinates mentioned are equilong line coordinates. In equilong
coordinates, any (direct) equilong transformation is given by

©) X =

9) X=9¢), Y =2¢i(0)-y+ ¢,
where ¢.(x) #0. Extending this equilong transformation three times, we find
¢32 ‘,’z
Vi=y + -yt
Y7 T,
prm 2 e By (e — Vb
= - — Pz Pzzz — Pzz)) - W¥Wzz = Yz2Pzz)y
20 e’ e &

2
z z

1 1
(1) ¥ =y (s 2z — 3b22)y

1
+ ’¢_5 (¢2z¢zz=z - 4¢z¢xz¢zzz + 3¢>i,)y

z

1
+ ;5— [¢z(¢z¢zzz - 'Pz(\bzzz) - 3¢zz(¢z‘l’zz - !Pzd)zz)].

z
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From (9) and (10), it is seen that the «3 circles defined by the differential
equation in equilong coordinates Y’/’=0 correspond under any equilong
transformation to the 3 curves given by a differential equation of third
order of the form

1 . 1
y"/ = - '_2 (2¢z¢zzz - 3¢:2=z)y, - ; (¢:¢zzzz - 4¢z¢zz¢zzz + 3¢:z)y
(11) T z

1
- 'ga' [¢z(¢z\bzzz - \l’:¢zzz) - 3¢zz(¢z¢zz - ¢z¢zz)]o

Now let
A =— '—1— (2¢z¢zzz - 3¢:z),
2¢?
(12) L
B=- 5 [¢z(¢z¢=zz - ‘pz‘ﬁzu) - 3¢=t(¢=¢" - ‘b"d’”)]'

z

From this it follows that 4 may be any function of x only and B may be any
function of x only.

THEOREM 1. A differential equation of third order represents an w family
of curves, defined as any family of curves equilongly equivalent to the totality of
3 circles in the plane, if and only if it is of the form in equilong coordinates

(13) ¥y = 24(x)-y' + A(x) -y + B(x).

. Itis observed that any w family is carried into an w family, not only under
the equilong group, but also under the magnilong group.

By the preceding differential equation (13), we observe that any w family
is uniquely determined by the functions (4, B). Therefore w is a function of
A and B only and we write w=w(4, B).

If ¢(x) and Y (x) are any two functions which satisfy (12), then the in-
tegral curves of (13) are the transforms under the equilong transformation (9)
of the «3 circles of the (X, Y)-plane, where (X, Y) are the equilong coordi-
nates of any straight line. Therefore the curves of our family are

(14) ¢:(2)y + ¥(2) = a[¢(2)]* + bg(x) + c.

Any w family is thus a special type of linear families of curves. Of course,
the differential equation (13) could have been obtained as a result of eliminat-
ing the arbitrary constants (a, b, ¢) from (14) by differentiation.

By (14), it is seen that under an equilong transformation or magnilong
transformation, any w family is converted into some other « family.The group
of line transformations which preserve a given w(4, B) family of curves is
a seven-parameter group Gy [w(4, B)], isomorphic with the extended La-



48 JOHN DEeCICCO [January

guerre group of circular transformations. Any transformation of this group
is of the form T'LT—! where T is a definite magnilong transformation which
converts the o2 circles into our w(4, B) family and L is any extended La-
guerre transformation.

Because of this isomorphism with the extended Laguerre group Gi, we
may make the following observations(®).

THEOREM 2. A general line transformation carries at most 2 =2 curves of a
given w(A, B) family into curves of the same family. An affinilong transformation
sends at most 2 curves of a given w(A, B) family into curves of the same family.
Finally a magnilong transformation converts at most ' curves of a given
w(4, B) family into curves of the same family.

From this theorem, we obtain the following results. If a line transforma-
tion T carries 3 © 2 curves of a given w(4, B) family into curves of the same
family, then T belongs to the group G7 [w(4, B)]. If a nongeneral line trans-
formation T carries 2 2 curves of a given w(4, B) family into curves of the
same family, then T belongs to the group Gy [w(4, B)]. Finally if a magnilong
transformation T carries 2« ! curves of a given w(4, B) family of curves into
curves of the same family, then T belongs to the group Gy [w(4, B)].

Let T be a definite magnilong transformation and let R be any other
transformation which carries the «3 circles into a given w(4, B) family of
curves. Then obviously R=TL, where L is any Laguerre transformation.

6. The osculating parabolas of a curve. Just as a set of values for
(x, v, ¥’, "), that is, a differential element of second order, is pictured most
simply by means of the corresponding circle of curvature, so a differential
element of third order, defined by (x, ¥, ¥’, ¥’/, ’’’), may be pictured by the
unique osculating parabola. We shall collect here the general formulas to be
used in the subsequent discussion (%).

Let (o, B) denote the cartesian coordinates of the center of the circle of
curvature and let R be the radius of curvature. Then

a=y—xy' +y"'(x*—-1)/2, B=y —=xy",
R=y—xy 4+ y'(x2 4+ 1)/2.
If (e, B) denote the running cartesian coordinates of a point on a parabola,

it is found that the unique osculating parabola of a third order differential
element given in cartesian coordinates (X, ¥V, Y/, Y/, Y'"') is

[(YII/III — 3Y"2)(a — X) — Y'"(ﬁ — I/)]2
+ 18Y"2[V(a — X) — (8 — V)] = 0.

(%) DeCicco, The analogue of the Moebius group of circular transformations in the Kasner
plane, Bull. Amer. Math. Soc. vol. 45 (1939) pp. 936-943.

(%) Kasner and DeCicco, 4 generalized theory of dynamical trajectories, Trans. Amer. Math.
Soc. vol. 54 (1943) pp. 23-38.

(15)

(16)



1946] EQUILONG MAPS OF THE «*® CIRCLES 49

The focus is given by
3Y"(1 + i¥’)?

17 i =X 14 ’
17 a+ B + ¥V + 201+ 37 — 377

and the equation of the directrix is
(18) 27" (a — X) + 200" — 3Y")(B — ¥) = 3V"(1 + ¥").

By use of the formulas (2), (3), and (4), it is found that, if a third order
differential element is given in equilong coordinates by (x, ¥, ¥’, '/, 9’''), the
equation of the osculating parabola is

[{(a? = 1)(a? + 1)y + 122" + X) }(a — X)
(19) = 2{a(a? + 1)y — 3(=* — DG’ + XN} (6 — D]
+ 1442%(y" + X)*[(2* — 1)(a — X) — 22(8 — V)] = 0.
The focus is given by
3[2x + i(2® — D]y’ + X)?
2[(&* + Dy" + 6i(y" + X)]
and the equation of the directrix is
4[= x(2? + 1)y + 3(2* — DO’ + X)](« — X)
(21) = 2[(a? — 1)(a? + 1)y + 1220y + X)]|(B — V)
= — 3(«* + 1)*(y" + X)*
7. The focal cissoid. Observe that (20) may be written in the form
1+ 7’ (22 + 1)y + 6i(y" + X)
(@—X)+iB-¥) B+ X0

from which we find

(20) atif=X+1i¥V +

(22)

(a=X)+Y'(B—-Y) (22 + 1)y
@= X'+ E-1F 3a" + 00
Y—X)— (-1 2
(@—X)P+@B-1* =/ +X)
Divide the first equation by the square of the second equation. We obtain
[(@ = X) + Y- V)][(«a — X)2+ (8 — 1)?]
= (2/12)(2* + 1)y [V (@ — X) — 8 — V)]

THEOREM 3. Property 1. For the locus of the foci (the focal locus) of the
osculating parabolas of the »* curves of a given family of »3 curves which pass

(23)

(24)
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through a given lineal-element E, constructed at E, to be a cissoid with the cusp
at E, it is necessary and sufficient that the differential equation of third order of
the family be given in equilong coordinates by y''' =f(x, v, ¥').

The center of the circle defining the focal cissoid of Property I is given
in cartesian coordinates by

(25) a=X+ x2(2*+ 1)y'""/24, B =V + (2 — 1)(a®+ 1)y'"/48,
and the equation of the asymptote is
(26) 2t(a — X) + (2 — 1)(B — ¥) = (a2 + 1)%""/24.

It is seen that x=const. defines a system of parallel lines. The « 2 points on
these parallel lines may be defined by the equilong coordinates (y, ¥") which
constitute a particular set of affine coordinates, defined by (1 —x2)X+2xY
=2y, —x X+ Y=y,

THEOREM 4. Property 11. For the differential equation y''' =f(x, v, y') to
have the particular form y''' =24 (x)-y'+C(x)-y+B(x), it is necessary and
sufficient that the induced point transformation defined by (25) be affine.

This affine transformation is not of the general type. It is such that any
point (X, Y) is carried into a point (o, 8), on the particular straight line of the
given family of parallel lines determined by the point (X, ¥). It also holds
fixed every point of the straight line, defined by 24 (x) -y’ + C(x) - y+B(x) =0.
This is a necessary and sufficient characterization of the affine transformation
of Property II.

THEOREM 5. Property 1. The resulting one-parameter family of affine trans-
formations, defined by Property 11, satisfies the single differential condition of
firstorder C=A,.

The Properties I, II, and III are a characteristic set of geometric condi-
tions for a three-parameter family of curves to be an w family.

8. The directorial parabola. From the equation (21), the following propo-
sition may be obtained.

THEOREM 6. Property 1’. For the envelope of the directrices (the directorial
locus) of the osculating parabolas of the ! curves of a given family of 3 curves
which pass through a given lineal element E, constructed at E, to be a parabola
with vertex at the point of E and axis as the line of E, it is necessary and sufficient
that the differential equation of third order of the family be given in equilong co-
ordinates by y''' =f(x, v, y').

The equation of the directorial parabola is
6[(2? — 1)(a — X) — 2x(8 — V)]

(27)
+ (22 + )3y [22(a — X) + (2* — 1)(8 — V)] = 0.



1946] EQUILONG MAPS OF THE «?* CIRCLES 51

The focus is
(28) a=X—x(x*+1)y"/6, B=Y— (2*— D(=*+ 1)y"/12,
and the equation of the directrix is
(29) 2a(a — X) + (2 = 1)(8 — ¥) = («* + 1)3y"/12.

From (25) and (28), it is seen that the point (X, Y) divides the segment
from the center of the circle defining the focal cissoid to the focus of the direc-
torial parabola in the ratio 1:4. The distance of the directrix of this directorial
parabola is twice that of the asymptote of the cissoid from the point of the
lineal element E.

From the preceding remarks, it follows that the Properties II’ and III’
are very similar to the Properties II and III described in §7.

9. Some additional properties of an w family. Let us consider a three-
parameter family of curves with the Property I. The focal curve associated
with any lineal element E is a cissoid with cusp at E. If we keep the line of E
fixed and vary the point of E, there will result «?! focal cissoids. The «!
circles defining these cissoids will all have their centers on the fixed line.
Therefore in order that these circles be tangent to two straight lines (which
may be coincident), whose angle bisector is the line of E, it is only necessary
that there exist a linear relationship between the abscissa of the center and
the radius of the defining circle.

THEOREM 7. A three-parameter family of curves with the Property 1 will
possess the property that the ' circles defining the focal cissoids of the lineal
elements of any fixed straight line be tangent to two other straight lines, if and
only if its differential equation is of the form y''' =24 (x, y)y'+C(x, y).

The induced line correspondence between any line (x, y) and the lines
(X, 7) of this theorem is given by the equations

(X 4+ 2)(2X — 1) + (a2 + 1)24[(x — 1)X + (2 + 1)]2/48 = 0,
(30) ¥ = [(1 - X2+ 22X)/(a+ 1)]y
+ (2 + 1)C[(x — DX + (x + 1)]2/96.

For this induced transformation to be related to an w family, it is seen
that this must be an affinilong transformation (4,=0) which satisfies a cer-
tain differential condition of first order (C,=A4). In general, it is not an equi-
long or magnilong transformation.

A consideration of the directorial parabola (27) will establish the follow-
ing result.

THEOREM 8. A three-parameter family of curves with the Property 1’ will
possess the property that the «?! directorial parabolas of the lineal elements of
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any fixed straight line will be tangent to two straight lines, symmetrical to the fixed
line, if and only if its differential equation is of the form y'''=24(x, v)y’
+C(x, 3).
These two straight lines are given by
31) (22 + 1)2[24{22a + (22 — 1)B — 22y} — C(2> + 1)]?
— 484 (2% — 1)a — 228 + 2y]2 = 0.

10. The transformation theory of w families. Let us consider a general
line transformation of the plane defined in equilong coordinates by

where the jacobian J=¢.,—¢,¥.0, in a certain region of the (x, y)-plane.
The first two extensions are

Vot ¥y pr o & + oy + ey + oy + T
= — = )

(33) v ' - 4
¢z + by y (¢ + ¢y ')
where
(34) o= ¢ Voz — Vs, a=—J:+ 3(¢z\l’zy - ¢z¢zv)y

ca=+Jy,+ 3(¢u¢zu - 'hd’zy)r €3 = ¢v'/’w — ¥yduy.
The third extension is
(do + dy’ + d2y'? + dsy' + day'* + dsy”)

Y =
(35) (6= + ¢y-y')®
" (ko + hy' + hay'®)y" — 376,y + (6= + ¢y ¥)TY"
(¢z + &4 y')®
where

do = 0z — 300, dy = ¢a(Coy + C12) + 40z — 3Pz261 — 6P zyCoy
dy = ¢z(0}v + ¢22) + du(coy + €12) — 3bziCa — 692461 — 3dyyCo,
ds = ¢o(Cay + €32) + Dy(C1y + C22) — 3Pza6s — Odaycs — 3¢y01,

(36) ds = ¢ac3y + y(C2y + €32) — 62yC3 — 3Pyyca, ds = PyC3y — 3PyyCs,
ho = ¢(c1+ Jz) — 3Jpzz — 3cody,
hy = ¢(Jy + 202) + ¢y(Jz — 2¢1) — 66247,
he = 3¢205 + 6Ty — 63) — 3l

THEOREM 9. The magnilong group consists of all line transformations in the
plane converting every w family into an w family.

In order to prove this result, it is necessary merely to prove that if a line
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transformation T carries the family of «3 circles into an w family, then T is
a magnilong transformation(?).

From (35), it is seen that if ¥’//=0 corresponds to an w family, then
¢y=ho=h1=hs=0. Since ¢,=0, it follows automatically that #,=0. From
h1=0, we get ¥, =0. From k=0, we find ¢,y —¥$..=0. These prove im-
mediately that our transformation must be magnilong. Thus the proof of our
Theorem 9 is complete.

In conclusion, it may be observed that if we regard (32) as a point trans-
formation of the plane, it follows by (35) that ¥’//=0 can not possibly cor-
respond to (1+4y'?)y’"’—3y’y’’2=0, and hence the =3 vertical parabolas
cannot correspond to the «3 circles of the plane under a point-to-point (or
line-to-line) transformation.

(") DeCicco, Geometry of dual-velocity systems, Revista, Universidad Nacional de Tucuman
(Argentina) vol. 3 (1942) pp. 261-270. Also in this journal, a forthcoming paper, The affinilong
near-Laguerre transformations.
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