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INTRODUCTION

1. History of the method and contents of the present paper. Tables of
results. At the close of the last century J. Hadamard(!) conceived the in-
genious idea of applying contour-integration to the theory of tops. This ap-
proach enabled him to give an elegant proof of a result which had previously
been established by Halphen(2), namely that the total advance in azimuth of
a heavy symmetrical top describing loops has the same sense as its precession
on the lowest level. Hadamard did not pursue the possibilities of his method
any further but soon St. Germain(®) took up his idea and adapted it to the
motion of a spherical pendulum. He was immediately led to Halphen's(%)
well known result, ® <, in the form

Presented to the Society, November 25, 1944; received by the editors January 26, 1945.
(*) J. Hadamard, Bull. Sci. Math. (2) vol. 19 (1895) p. 228.

(?) Halphen, Traits des fonctions elliptiques, vol. 2, 1888, p. 113.

(3 A. de St. Germain, Bull. Sci. Math. (2) vol. 20 (1896) p. 114 and vol. 22 (1898) p. 95.
(*) Halphen, Traité des fonctions elliptigques, vol. 2, 1888, p. 128.
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b=x—-1,

where ® is the advance in azimuth corresponding to the passage of the pendu-
lum from the lowest to the highest level of its motion, and I is a positive
integral. Later he showed by a somewhat laborious computation that I was
smaller than 7/2 and thus arrived at the inequality ®>w/2, originally due
to Puiseux(?). In recent years interest in this method has been revived by a
publication of A. Weinstein(®) in which he gave a simpler proof of Puiseux’
inequality by introducing, as part of the contour, a vertical straight line in-
stead of the infinite horizontal cut used by Hadamard and St. Germain.

TABLE |
THE SPHERICAL PENDULUM

L U 21432, L 2
x/2(5) x(%) <0(7) 71/2< P SP< 7
TasLE 11

THE HEAVY SYMMETRICAL TOP

1 2 3 4 5 6
Range of «/8 L(e/B) U(a/B) D([a/B])| =1tz &
Class —w<a/f<—1| =7 —n/2 x/2
I a/B=0 a/f=—1 —r/2 0 7/2 |z:142.<0] L(a/B)<®
S® < U(a/B)
—1<a/B<0 0(% /2 /2
U(40) =7/2
0<a/B<1 0(®)| Ule/B) 27/2 +®
U1l—0)=4
Class
II |«/8>0 a/f=1 /2 + 4+ (24250
21+2:>0
U(1+0)=+=
1<a/B< = /2 | Ule/B) 2™ +
U(+w)=nr

In the present communication the method of complex integration as ap-
plied to tops and the spherical pendulum is further developed. Part I deals
with Puiseux’ inequality for the spherical pendulum. First an alternative
proof, based on a simple decomposition and less elaborate than any of those
mentioned above, is given. In the second section a slight modification of

(5) Puiseux, Journal de Liouville vol. 7 (1842) p. 517.
(¢) A. Weinstein, Amer. Math. Monthly vol. 49 (1942) p. 521.
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Weinstein’s contour is introduced and with its aid a new result, which is
stronger than Puiseux’ inequality, is established.

Part 11 contains a systemmatic examination of the bounds of the angle ®
in the case of the heavy symmetrical top. By the use of Hadamard’s horizon-
tal cuts, Weinstein's vertical line as well as our method of decomposition,
limits of ® are obtained, which are shown to be actually the greatest lower
and least upper bounds respectively.

A short appendix deals with the similarities of the motions of a retro-
gradely precessing top and the spherical pendulum.

The results obtained in the present paper as well as the known results
(marked by references) pertaining to the subject, are listed in Tables I and II.
Diag. 1 shows values of ® in the different types of motion of a heavy symmet-
rical top.

a/B

7.

DiaGraMm 1

Definition of symbols: L and U are the greatest lower and least upper
bound of the advance in azimuth of a spherical pendulum; 2; and z; are the
lowest and highest levels of motion respectively; ®, and ® are the advances
in azimuth from 2, to 0, and from 2, to z; respectively; @ and § are the constant
components of the angular velocity about the vertical axis and axis of sym-
metry respectively (8 is always assumed not less than 0) L(a/8) and U(a/B)
are the greatest lower and least upper bounds of ® for all motions of a heavy
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symmetrical top with a given «/8; D([a/B]) is the maximum difference,
U(a/B) — L(/B), for a/B on the interval indicated (Column 1, Table II).

Table II shows that the motions of the heavy symmetrical top fall into
two classes according as a/B=<0 or a/3>0. In the first class 2142, <0 and
D([a/B]) =m/2, while in the second class the sign of z1+2: may be positive or
negative and D([a/B]) =+ =.

In diag. 1 the upper boundary, U(e/B), of the shaded area, corresponding
to positive values of /B, is a single-valued function of a/B8 with the proper-
ties given in column 3, Table I1. Its exact nature is not known. For o/8 = —1,
® assumes all values between —7/2 and 0; for /8 =1, all values greater than
w/2 (cf. columns 2 and 3, Table II).

The author wishes to express his sincerest thanks to Professor A. Wein-
stein, for his interest and encouragement.

2. Basic theory. The following is a summary of the theory of tops and
the spherical pendulum as far as we shall require it as a basis for our further
work.

The vertex of a heavy symmetrical top moves according to the equa-
tions(?):

dz2\? 1 B? . 1 2 _
1) (:i?)r—;l—(ZE — —E—ngaz)(l-z)“;l*z(a—ﬂz) = f(2)
and
) Pk

;=A(1—z2)’

where 3 is the cosine of the angle of nutation; ¢ is the time; 4 and C are the
moments of inertia about a transverse axis and the axis of symmetry respec-
tively; E is the total energy of the top; a and 8 are the constant components
of the angular momentum about the vertical and the axis of symmetry re-
spectively; m is the mass of the top; g the acceleration due to gravity; a the
distance of the mass centre from the point of suspension; and ¢ the angle of
azimuth.

The three roots of f(z) =0 are real and satisfy the inequalities —1 <21 <2,
=< 41=2;. The roots z; and z; represent the lowest and highest levels of the
motion.

Equations (1) and (2) may be combined to give

d¢ do dt a — Bz

®) %o dd Al - B 5@

(") For a simple and complete development of these equations see J. L. Synge and B.
A. Griffith, Principles of mechanics, 1942, pp. 418421, also pp. 369-372.
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where we choose the positive sign for the root of f(2) and thus limit ourselves
to the motion from 2 to 2, during which ds/dt = [f(z)]!/? is positive. The total
advance in azimuth during the passage from z; to 2: is

I O R R rerr- el BT

The corresponding equations for the spherical pendulum may be immedi-
ately obtained by setting 8=0. Thus (1), (3) and (4) become

dn? 1 a?
6 d¢ = * = ( )
(6) Z;_ A — ) [f@) ]2 = 8\2)

and

O @ =ete —ste) = [ * i S i [ e

PART I. THE SPHERICAL PENDULUM

I.1. Puiseux’ inequality by a new method. As mentioned in the introduc-
tion, Puiseux(®), in 1842, published the theorem that a spherical pendulum,
in passing from the lower to the upper level of its motion, advances in azimuth
by an angle greater than 7/2. From a mathematical point of view Puiseux’
inequality means that if we take a>0,

® = fﬂ g(z)dz =f" NP dz > w/2,

where f(3) is defined by equation (5). This result allows of a simple proof by
contour-integration after the factor 1/(1 —22) in g(z) has been decomposed
into partial fractions and thus g(3) itself split into two parts, namely

® 8(2) = é1(2) + g2(2)
where

) 61(2) = — a/24(z — 1) [f(z) ]2
and

(10) 82(2) = a/24(z + 1) [f(z) ]\
Setting

23
(11) f eu(9)ds = @, k=12,
z1
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we have
(12) P = @1 + @2.

We shall now estimate ®, and ®; separately. g1(3) is positive during the
whole motion (see (9)) and consequently, by (11),

(13) @, > 0.

To estimate ®, we shall employ the method of complex integration. In
(5) and (10) let us regard z as a complex variable. This makes [f(z)]"/? and

%

! -1 oz + 4+ +

Di1AGRAM 2

g2(2) double-valued functions of 2z which, however, are uniquely defined on the
Riemann-sheet (diag. 2) bounded by the cuts C: and C; and the large circle
Co with its centre at the origin(8). If we take on our sheet

(14) 0= arg (5 — z1) < 2m, k=123,

the sign of [f(z) ]¥2 on the cuts is as shown in the diagram.
We shall integrate g2(2) around the contours Cy—C:— Cy. First we find
that the complex integral

fm g2(z)dz = fm T eI dz,

in which the sign of [f(z)]¥2 is taken according to our convention (14), is
equal to

- 2f" g2(2)dz = — 2fn N IEIGE NOE dz = — 2%,

(®) These contours are due to Hadamard; see footnote 1.
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where z is regarded as a real variable and the sign of [f(z)]V/2 is taken as posi-
tive.

The residue of ga(2) at —1 is —1/24 so that by Cauchy’s Theorem we ob-
tain

15) =28+ [ g@d+ f ga(e)dz = 2wi(— 1/2) = —

Now since g(z) is real and positive on the upper side of C: and real and
negative on the lower side (see diag. 2), [¢,>0; and [¢,—0 as the circle C,
is made infinitely large. Therefore (15) yields —2®,< —= or

(16) &y > 7/2.

Adding (13) and (16) we arrive at Puiseux’ inequality, namely
(17) @ = & + & > 7/2.

1.2. An extension of Puiseux’ inequality.

THEOREM. When a spherical pendulum passes from its lower level, z,, to the
upper level, 2., the advance in azimuth, ®o, during that part of the motion which
takes place in the lower hemisphere exceeds m/2.

If 2, happens to be in the lower hemisphere this theorem, of course, re-
duces to Puiseux’ inequality. It covers every possible motion of the spherical
pendulum since the well known inequality, 2:4-2; <0(?), implies that a part
of the motion always takes place in the lower hemisphere. Let us also note an
immediate'consequence of our theorem and Halphen’s inequality (® <w)(*%),
namely that the advance in azimuth is greater in the lower hemisphere than
in the upper one. When 2, >0 this means

6(0) — ¢(z1) > ¢(22) — ¢(0),

in curious analogy to the inequality satisfied by the levels, which may be
written in the form
0—21>2—0.

Now for the proof. The case 2. <0 need not be discussed since it is covered
by the proof of §I.1(°). When 2> 0 we use the contours shown in diag. 3.
Applying contour-integration to g(z), equation (6), we obtain

(18) — 2%, + g(2)dz + g(z)dz = -
Ly

It is plain from this equation that [1,+ [z, is a real number. We wish to show
that this number is positive. Let us call

(®) We could also use the vertical line of diag, 2; see footnote 6.
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19 arg (s — zx) = O, k=123,
arg g(z) = o, arg (z— 1) = e, arg (z + 1) = eo.

Equation (6) now permits us to express w in terms of the other angles, namely

(20) w=1— (a4 e+ 01+ 02 + 65)/2).

DiIAGRAM 3

If we remember that 2,42, <0 it is clear from diag. 3 that on L,
(21) ate=r 7/2<6+6<m x/2<6<m
Substituting (21) into (20) we arrive at

—r<w< —7/2

so that on L,
: — 7/2 < arg [g(2)dz] < 0.

It follows that the real part of [1,>0; similarly we find that the real part of
J1,>0 so that the sum of these integrals is a real positive number as was to



1946] THE SPHERICAL PENDULUM AND THE SYMMETRICAL TOP 115

be shown. (18) now yields the desired result,
(22) & > 7/2.

Such a result could not have been proven for the advance in azimuth up
to a level below that of the equator. For if z is such a level, there will be mo-
tions whose z;=3, so that their advance in azimuth below Z is 0.

Another conceivable extension of our result would be that &, always ex-
ceeded an angle which is greater than #/2. But the fact that /2 has long
been known to be the greatest lower bound even of ® (cf. footnote 6), which
is greater than &®,, precludes this possibility.

Thus our result allows of no further generalization.

The increment of the angle of azimuth during the passage from any pos-
sible lower level 2, to the fixed upper level z; has therefore a greatest lower
bound u(zz) given by

w(z2) = 0, - 152 <0,
u(z2) = 7/2, 0=z =1

The findings of §§I.1 and 1.2 and Halphen's well known result may be
combined into the inequalities.

(23) 1/2< Pp= @<

ParT II. THE HEAVY SYMMETRICAL TOP

II.1. General. As in the case of the spherical pendulum we can decom-
pose g(2), (3), into two parts,

(24) 8(2) = gi(2) + g2(2)
where now
B—« 1
(25) gl(z) - 2A (Z . 1) U(Z)]1/2
and
a 1
(26) o =5

24 G+ )@re

As before we call

z2

@) [ e = e k=12,
z1

so that

(28) P = &, + &,

We are now in a position to apply contour-integration to g(z), gi(2) and g2(3)
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in order to derive bounds of ® for the various types of motions of a heavy
symmetrical top. For reasons which will presently become apparent these
motions are best classified according to the value of the ratio o/B. The sense
of B will be taken as positive throughout, so that, for example, ®>0 means
that ® has the same sense as S.

I1.2. a/B< —1. We integrate g(3), (3), around the contour of diag. 2 and,
making C, infinitely large, we obtain by Cauchy’s theorem

(29) — 284 | g(2)dz = 2ri Y, residues.
Ca

As in §1.1 it is easily seen that the [¢, is real and positive.
The residue of g(z) at +1

__*-8
24 [f(+ 1)]r2

Now by (1), [f(+1)]¥2= + (a—B)i/A and since arg [f(+1)]V2=7/2 (see (1)
and (14)) we must choose the — sign(!?). Therefore

R(+1) = ’lir_;ll (z — 1g(2) =

(30) R(+ 1) = 1/2i.

Similarly

(31) R(— 1) = 1/2i.

Substituting (30) and (31) into (29) we obtain

(32) =—x+ i g(z)dz > — m,
2Je,

so that —= is a lower bound of &.
To determine an upper bound note that since during the entire motion
from z; to 2., g1(2) (considered as function of a real z) is negative, its integral

2
(33) ®, = f g1(2)dz < 0.
21
On the other hand, integrating g,(z) over the contours of diag. 2 we obtain
(34) & =—-x/2+4+ g2(2)dz < — 7/2,
Cs
which when combined with the inequality (33) gives the required upper bound
¢I>= q)l+ ‘I’z< —1/2.
As in the case of the spherical pendulum we can extend this inequality by

(*9) The reason for classifying the motion according to the value of a/8 is now plain.
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showing that even in the lower hemisphere the increment in azimuth
'I)o < - ‘A'/ 2.

The proof is not given here but it will be found identical with that of §II.4,
except for the sign of the residue at —1.
We therefore arrive at the following final result:

(35) —7 < ® = P < — w/2(").

11.3. a/B= —1. In motions of this type the top passes through the lower
position of rest, = —1, as may be seen on setting a= —f in (1). This intro-
duces a difficulty because the angle of azimuth, ¢, is not defined when 2= +1.
We therefore can not longer maintain our original definition of ®,

® = ¢(22) — ¢(21).

Fortunately, however, our definition by means of an integral,

¢ = f ” g(2)ds,

is still good since in the present case g(z) =gi(2) and the latter is of the order
of (142)"V2 near z=—1 (see (26)).

We may now apply contour-integration exactly as in §1.2 and thus arrive
at the inequalities

(36) —x/2< S 8 <0.

I1.4. —1<a/B=0. The lower bound of ®, in the present case, is easily
seen to be 0 by integrating g(z) over the contours of diag. 2(!?). But the
method' of decomposition which we might hope to give us the upper bound
of ® now merely yields the lower bound again and is therefore of no value.
However, the method of §1.2 will enable us to prove that ®, is less than w/2;
and noting that in the upper hemisphere d¢/dt is negative, we may then
conclude that 7/2 is also an upper bound of &.

Before proceeding to the proof proper we first establish two lemmas.

LeMMA 1. The lower and upper levels, 2, and 2., of a heavy symmetrical lop
describing a motion in whick a/B =0, satisfy the inequality

(37) 21+ 22 < 0.
The proof is simple : we pick out the coefficient of z in f(g), (1), and obtain
2283 + 2321 + 2122 = — 1 + of/Amga
or

(1) @ < P follows from the constant negative sign of d¢/d?, equation (2), when a<—g8.
() This was done by Hadamard; see footnote 1.
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z+z—(—l— PR
1 2 = 2122 Amga ﬁ)/za.

Observing now that 23>0, 212> —1(®) and a/B3 <0, we at once deduce our
inequality (37).

LeEMMA 2. Unless zi=a/B= 11, the ratio o/B lies outside the interval
) ('—1' 21).

DiaGraM 4

Let us suppose that our lemma was false and that a motion in which
—1<a/B =2 could take place. Then integrating g(z) around the contours of
diag. 1 and observing that R(+1)=1/2¢ while R(—1) = —1/2¢ we obtain

* a/f — 3z
— 2%+ Zﬂf" I z’)[j(z)]lﬂ'

But this is absurd because when «/8 <32, d¢/dt <0 during the entire motion
(see (2)) so that ®<0. This demonstrates the truth of our lemma.
We are now prepared to return to our original question of finding an upper

dz=0, or &> 0.

(1%) z,22= —1 only when 2;=—1 and z:=+1. In this case it follows from (1) that a=8=0
so that a/B is indeterminate and not less than or equal to 0 as postulated.
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bound of ®,. We first divide the motions under investigation into two cate-
gories according as 2,20 and 2,<0. In motions of the first type we employ
the contour shown in diag. 4. Integration of g(3) over this contour gives

(cf. (18))

(38) — 2&, + g(z)dz + g(2)dz = — .

Ly Ly

It remains to be shown that [1,+ [z, <0(). With the notation of (19) and
setting
arg (z — a/f) = A,

the expression for w derived from (4) is
(39) w=X\— (&4 €2+ (61 + 62 + 65)/2).

Since on L, the sum e+ e = (see diag. 4), the argument, w, of g(z) along
that line may be written in either of the two following forms:

(40) w=\— [(61462) +6:]/2— =
or
(41) w=—20y/2—[(Bs—N — (\—6)]/2—m.

Now an inspection of diag. 4 shows that since by Lemma 1 (inequality (37))
21+2: <0, the sum 60;,+0: <. Also, it is clear that 0; < while \ is, of course,
positive. It therefore follows from the first expression for w (40) that

(42) w> — 2 .

On the other hand both 6./2 and the expression in brackets, (41), are positive
(cf. diagram 4) so that from the second form of w we have

(43) w< —m
(42) and (43) are combined in the inequality
(44) — 2 <w< —m

Noting now that, on the line L,, arg dz=w/2 we obtain from (44) that
— 3x/2 < arg [g(z)dz] < — =/2.

Thus we see that on L, the real part of g(z)dz is negative. Also, since w(x —zy)
=5r—w(x+1y) (cf. (39)), the same is true on L so that what we set out to
show is now plain, namely

f;l g(2)dz + sz g(2)dz < 0.

() From (37) it follows, of course, that f1;+ [, must be real.
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By substituting this inequality into (38) we obtain an upper bound of ®,,
Py < 1I'/2;

and remembering that & < ®, (cf. the first paragraph of §11.4) we also, auto-
matically, have an upper bound for ®:
(45) ® < @ < 7/2.

We must still deal with motions in which 2, <0. The treatment is almost
identical with the above, the only differences being that C (diag. 4) is re-

a/f=~1-0, —x<P< ~x/2 a/ff=—-1, —x/2<d<0 a/f=—140, 0< d<7/2
DiAGrAM 5

placed by the complete Riemann-cut enclosing 2; and z; and L;, L, merge
into a single line through the origin. The results are again the inequalities (45).

Thus we have in all motions of the type considered in this section
(-1<a/B=0)

(46) 0<®= & < /2.

If we look back at the results of the last three sections (inequalities (35),
(36) and (46)) we notice that as the ratio a/B passes through the value —1,
the range of variation of ® jumps twice by /2. The reason for this discon-
tinuity is to be found in the fact that when a/8= —1, the lower level, z1= —1.
Diag. 5, showing the projections of three neighbouring paths on the plane of
the equator, explains the results.

I1.5. 0<a/B<1. Lower bound. In the motions with which we have dealt
up to now, contour-integration methods have always yielded both a lower and
an upper bound of ® (and ®,). However when a/B exceeds 0 we find that
contour-integration provides us only with a lower bound. This is by no means
Aan accident. It will presently be shown that when a/8>0 the angles ® have
no finite upper bound independent of «/B, and we cannot expect straight
contour-integration to lead us to that result. All we can derive from this
method are equations of the form
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+ ®(or + ®,) = nw/2 + some integral, n=0,1o0r2,

and without proving that the integrals have no upper bound it is impossible
to show that @ (or ®,) is unbounded. But, if we do have to make an estimate
of the upper bound of a set of integrals we might as well deal with the in-
tegrals (4) for ® itself, which we shall actually do in §I1.8. In the present sec-
tion and the two immediately following it only lower bounds will be derived.

For motions in which 0<a/B<1 we need merely quote Hadamard’s re-
sult(!), which he derived by the same method as that sketched at the be-
ginning of §I1.4. Itis

47) ® > 0.

II.6. a/B=1. Lower bound. This case deserves special interest because it
covers the motions of a sleeping top, stable or unstable, when disturbed by an
impulse.

When a/f=+1 it follows from (1) that z= 41 is a root (possibly double)
of f(2z) =0. We have then the following subcases: Either both 2, and z; are
+1, which gives the well known logarithmic (or aperiodic) motion of the
top(®¥) with &= « (see §I1.8); or 22=1 and 23>1 in which case the top passes
through the vertical position and as in §11.3 we must fall back on the integral
definition (4) of ¥, since ¢(22) =¢(+41) is meaningless; or, thirdly, we could
have z:<+1 and z3= 41 in which case ¢(2:) is perfectly well defined and no
further difficulty is introduced.

(25) shows that gi(2) =0 so that g(z) =ga(2). Unless z2=23= 41 we may
now integrate over Hadamard’s contours (diag. 2)(*) and thus obtain

— 29+ 22(2)dz = — m,
[of
whence ’

(48) ® > r/2.

When 22=g3=41, &= o () (cf. (52)) so that the inequality (48) holds gen-
erally for all motions with o/ = +1.

I1.7. a/8>1. Lower bound. Let us hrst try to integrate g(z) over
Hadamard’s contours (diag. 2). This gives

8 a/f — 2

- — = —2r
el A—arer®
or
8 a/B — 3
@) -r+3 ), T arer

(*%) Klein and Sommerfeld, Ueber die Theorie des Kreisels, 1898, Teubner, pp. 334-336.
(1) When 23 =23, two distinct cuts, C;and Cs, are not possible.
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Now when z;2a/B the integrand in (49) is everywhere non-negative so that
plainly

(50) d >

But when 2; <o/B, the integrand changes sign at z3=a/f8 and we cannot draw
any immediate conclusions as to the value of the integral.

We therefore take recourse to our method of decomposition. Regardless
of whether 3; is smaller or greater than «/f this method leads to the follow-

ing results:
-2, <0

and

a+B 1
e S

On addition we find
(51) &= P+ &> /2.

A check on this inequality can be obtained by setting 8= +0. This reduces
the top to a spherical pendulum for which the inequality (51) is known to
hold true.

I1.8. 0<a/B<1; a/B=1; a/3>1. Upper bounds. Our list of bounds of
® is now complete, except for the upper bounds in motions in which a/8>0.
These form the topic of the present section. In (a) we shall show that, when
a/B=1, there are certain types of motion in which &= « and that, when
a/B—1+0, ® can assume arbitrarily large values. In (b) the question of an
upper bound of ® for arbitrary, fixed values of /8 (0<a/B<1 and 1<a/B
< ») will be discussed.

(a) Beginning with the case /3= 41, we consider a particular motion
of this kind, namely the aperiodic motion of the “weak” top. It is charac-
terized by 22=23=+41 and 2:< 41, and setting (2mgad)¥?=K (cf. (1)) the
advance in azimuth, &, is given by

1 1 dz

’
= s = [ nwa =2 f T+oG—m1-2 &

Therefore no finite upper bound of ® can be assigned in motions in which
a/f=+1.

This naturally leads us to suspect that if, in the motion of a weak top,
we cause an infinitesimal change of the ratio o/B3, so that a/8=+1+40 or
+1—-0, ® will still be unbounded. In the case where a/f=+41+0 this fact
is easily verified. But when /8= +1-—0 we find ourselves confronted with
the necessity of making an estimate of the limit of an integral which we shall
carry out by reference to the following lemma.
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LEMMA 3. If the three parameters o, B and E represent a motion of a heavy
symmetrical top with cubic f(z) (see (1)), then the parameters
a? — B2 1
53 '=8, B =a E =E+——r0 (———)
(53) o =8, f=a 5 c 7
delermine a “conjugate” (*") motion with the same cubic.

Since E cannot be quite freely assigned, once « and $ are chosen, let us
rather consider motions given by completely arbitrary initial conditions. Thus
imagine that a motion is started at a level 2o, with angular momentum com-
ponents « and B and an initial vertical “velocity” (dz/dt),. The third parame-
ter, E, can be expressed in terms of these quantities, by using (1):

A dz2\* B* (a — Bz9)?
2Qﬂf_+Au—@

1 — Zo
Now take the same top and start it at the same initial level, z,, as before,
with the same (dz/dt), but with new values of « and 8, namely o’ =8 and
B’ =a. The total energy, E’, is now given by

(55) 2 - UT+&+W"“W+2
1o 2\a)t e T aa — gy T

and if we subtract (54) from (55) we obtain 2E’=2E+(a?2—32)(1/C—1/4)
in agreement with (53). What is the significance of this result? It is, that if a
motion with parameters «, 8 and E is physically possible so is its “conjugate”
motion with parameters o’, 8’ and E’ as given by (53).

We must now merely convince ourselves that the new parameters, o/, 8’
and E’, lead to the same cubic as e, 8 and E, which is easily done by substitu-
tion into (1).

Let us now return to our original problem and first investigate the case
a/B=+4+1+40. Let o, 8 (=) and (dz/dt), be the constants corresponding to
the motion of a weak top. Of these three arbitrary parameters we leave 8 and
(dz/dt)s unchanged but increase a to a+¢, where € is a small positive quantity,
so that (a+€)/8>1. Since now +1 is no longer a root of the new cubic f(z)
we must have 23=1—v; and 23= 1413, where vy; and v; tend to 0 with e. The
increment in azimuth in this motion is, by (4),

q)__f (1+¢/8—2) iz
a (1-— z’)(z — 2)V%(z — 22)'/%(23 — 2)1/2

1
f, a+ z)(z — 2)V? (2 — 29)'/%(z3 — 2)/? &

(*7) The term “conjugate” was chosen because the relationship between the two motions
is symmetric.

(54) 2E = + 2mgaz,.

ﬁ
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If we let e—0, the last integral approaches that of (52) which is infinite
and thus we find that $— » as a/f—+1+0.
The other case, where the new value of « is «—¢, is somewhat tricky. For

now
‘I’=’ﬁ“f" (1—¢/B =2 .
KJ. (1 —2)0G— 2)"%(z — 22)1/%(35 — 2)!/?
B = 1 1
o =g/, T+ 9G— 2" G— 2=
1 1

_c f " d
KJu U+0G—2" (=20 — ) — i

As ¢—0 the first term on the right-hand side of (56) clearly tends to the
expression for ® in (52) which is infinite. The limiting value of the second
term however cannot be immediately determined since the integral tends to
infinity while ¢/K approaches 0. Thus an estimaté of the limit of ® from (56)
would involve a rather delicate investigation into the dependence of 2: and
23 on €. Instead we shall employ Lemma 3 in the following indirect approach.

Let @, 8 and E be the parameters of a motion in which a/8>1; and o/, §,
E’ be the corresponding parameters of the conjugate motion. The respective
increments in azimuth are given by

] a — Bz
o=, s avar

and

, 22 al — Blz _ P B - ag
v= f IR E) o f ad - Al@r

The difference between these angles is

("=t
G e

It can be estimated by integration over Hadamard's contours (diag. 1)

which results in
26 + 2 f ) *— 8 dz = — 2
W A0 —g@e T

Clearly [;; <0 and therefore it follows that

(57) =&— & <

But we have proved above that #—+ « as a/3—+140 and the inequality
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(57) now shows that the same must be true for the conjugate motions in
which '/8’'—+1—0.

(b) We shall now consider ® for arbitrary values of a/f on the interval
0<a/B<1. Denoting the least upper bound of ® corresponding to a given
a/B by U(a/B) we shall show that when 0<a/8<1, U(a/B8)=/2.

With the notation of §I1.1 we have

B = 1-a/ B r= 14+ a/B
e —_————dz; ®, = —_— s
24J. G- )]/ 24 J. G+ D"
By contour-integration over Hadamard’s contours (diag. 2) we find
14+ a/B

G+l
If we set ®—m/2 =1, we obtain on division by 8

q>1=

‘1’2—-1:'/2+———-f

1 2 11—«
n/8 = (d1+ <I>2—W/2)/13—2A f1 W&'

1 © 14 a/8
—————dz
24J,, (4 )[f@@)]"
We aim to establish the existence of a sequence of motions in which
a/B=const. and, as $—0, the right-hand side of (58) approaches a finite
limit. It would then follow that in this sequence limg.on=0 and lim ®=7/2,

which in turn would prove that U(a/8) =w/2.
Consider the sequence of motions defined as follows:

(58)
4+ —

a/B = an arbitrary const. in the interval 0 < o/B < 1,
zo = any const. in the interval — 1 < 20 < 1,
(dz/dt)o = 0,
Bn— 0.

As n— o, a and $ both tend to 0, so that the cubic f(z), equation (1), ap-
proaches the limiting cubic

(60) f@®) = (1/4)2E — 2mgaz)(1 — 39,

whose roots are —1, 41, and E/mga. To find the value of E/mga set z=3,
in (60), resulting in

(59)

0 = (1/4)(2E — 2mgazo)(1 — zzo)

whence
E/mga = z,.

Thus the roots of the limiting cubic, f(z), are z1= —1, Z3=2,, Z3=+1. A late
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member f,(z) in the sequence (59) will be of the type shown in diag. 6(a).
Setting K =+ (2mgad)?, we have from (58):

) _ 1 e 1—a/B
,lsl—n»; /B = ZI{f_1 (z = D[+ Dz — 20(z — D] &
+_1- ® 1+ a/8

2kJy GG+ D[+ D6 - 26— D] %

The integrand in the 2 is finite at all points of the range of integration except

\ f(z) f(2)

-l — +1, _—_19/—\ +1 '

2

(a) (b)

Di1AGrAM 6

at —1 and z,, where it is of the order (z—a)~"2 Therefore J2 is finite. Simi-
larly [ is finite. Therefore

lim 9 = 0; lim & = #/2, .
80

so that U(e/B)=7/2. Also from its definition as least upper bound U(a/B)
must be single-valued. Combining our results with earlier findings (cf. §§11.4,
I1.8) we may write:

UH0) ==/2, U/B)zr/2, 0<a/f<1, Ul—-0)=+ .

This shows that in contrast to the motions with a/8< —1 or —1 <a/B8 =0,
in which a finite upper bound existed independent of the particular value of
a/B, U(a/B) for 0<a/B<1 is a nonconstant function of o/ (cf. diag. 1). An
expression for U(a/B) has not been found.

Turning now to the case of motions with 1 <a/8 we have (49), and setting

b —7=k,
1 ® a/f — 3
k/B = 'Zfza ———-———(1 — z’)[f(z)]ll?dz'

Consider the sequence of motions given by
a/B = an arbitrary const. > 1,
20=0,
(dz/dt)o = + (2mgac/A)1?, c>1,
Bn— 0.

(61)
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The limiting cubic is again given by (60) and has the roots —1, 41, and

E/mga. To find the value of the latter set 2=2,=0 in (60). This results in
2mgac/A = 2E/A,

whence E/mga=c>1. Therefore the roots of the limiting cubic, f(s), are now
Z1i=—1, 22=+41, Z3=c>1, and a late member f,(2) of the sequence (61) is
of the type shown in diag. 6(b). For limg.ok/B we find:

. _1r= a/f — 3
(62) Ll_l};x/ﬁ—Kﬁ (1_zz)[(H_1)(1_2)(2_6)]”2@.

Since the integrand in (62) is finite over the range of integration except at
z=c, where it is of the order (z—c)~V2?, and since it is of the order of 3752
for =, [ is finite. Therefore

lim k = 0; lim & = 7,

-0 -0

so that for a/8>1, U(a/B)=w. Again U(e/B) must needs be single-valued.
Furthermore, since a/B= » leads us to the motion of a spherical pendulum
we know by (23) that U(«)=. Finally, by §11.8, U(140)= «. Collecting
these results we have

U140 =+ o, U@/B)zr 1<a/f < x, U(o)=m

(see diag. 1). An expression for U(a/B) on the interval 1 <a/B<  is not
known.

I1.9. Exact bounds. It will be shown in this section that the bounds of
® established in §§11.2 to I1.8 are actually the greatest lower and least upper
bounds respectively.

Let us consider, as a typical example, any motion with a ratio e/ < —1.
By (32) we find for the excess of ® over —m, which we shall denote by v,

1 1 © a— Bz
v = 5 ng(z)dz = :4——];. -——(1 Sy TRV dz
and dividing through by 8 we obtain
v/B = ifm .“_(i@.:__z____dz
4., A =-2)[]"
We now consider the sequence of motions
a/B = const. < — 1,
20 =0,
(dz/dt)o = + (2mgac/A)'?, ¢ > 1,
Br— 0,

(63)
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and exactly as in §11.8(b) in the discussion of k we can show that limg., »=0;
limg~o ®= —r so that —m is actually the greatest lower bound of all ®’s corre-
sponding to-any given value /< —1.

A late member of the sequence of motions (63), whose $~ — 7, has a cubic
of the type sketched in diag. 6(b)('8).

Similarly, using (33) and (34), we find for the difference, p, between
—m/2and ®

1 = —a 1 ® B+ a
SRS L NN y e LI —
24J. - DIf]" 24 J., 4+ D[f@)]"
and we can easily verify that in the sequence of motions defined by

a/f = const. < — 1,

(64) 20 = 0,
(dz/dt) = 0,
Bn— 0,
lim p = 0; lim & = — 7/2
-0 50

(cf. §11.8(b), discussion of 5). Thus —=/2 is the least upper bound of all ®'s
corresponding to a given a/f < —1.

A late member of the sequence of motions (64), whose &~ — /2, has a
cubic of the type shown in diag 6(a)(1?).

In all other motions our contention, that the bounds of ® established
in §§I1.2 to I1.8 are exact, may be verified by analogous methods. Where
L(a/B) and U(a/B) are exactly known, motions, in which ® approaches these
bounds to an arbitrary degree of approximation, are listed in Table III.

TasLe 111
Motions in which ®~L(a/8), U(a/B).

o/B a/B<—1 a/f=—1 | —1<a/8=0|0<a/8<1|a/f=1|a/p>1
%o 0 0 0 of of o 0 0 0

(dz/di)o 14 0 v | olVv]| o 14 4 0
B8 +0 +0 +0  |+0|+0) +0 +0 +0 +0
® —740| —x/2—0| —7/240| —0| 40| x/2—0 +0 |x/240|x/240

V = (2mgac/A)?, c> 1.

(18) The angle ® is made up of increments ~ —=/2 near each pole, since d¢/dz, equation
(3), tends to 0 at all intermediate points.

(1) The angle & is described almost exclusively in the neighbourhood of z= —1, contribu-
tions of other parts of the path tending to 0 with 8.
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I1.10. Continuity of & for a fixed a/5. For completeness sake we shall
now give a formal proof of the physically plausible fact that, for a given /8,
® takes all values between its greatest lower bound L(a/8) and least upper
bound U(a/B). Let us first again consider a motion with a/8< —1. We pick
a late member, corresponding to n=N, from each of the sequences (63) and
(64). Let us denote the motion taken from the sequence (64) by M(0), and
that taken from (63) by M(1). Then we know from §I1.9 that in M(0)
P=P(0)=—7/2—8, and in M(1), $=P(1) = — 7+ 6;,where &y, 6:>0 and
0o, 01—0 as N— o, But M(0) and M (1) may be regarded as extreme elements
of a set of motions defined by

a/f = const. < — 1, 20 =0,
(dz/dt)o = s(2mgac/A)** (¢>1, 0=<s=1), B = Bn.

Now since a/87 +1, z; and 227 +1 for all values of s. Therefore

M(s) E[

22
P(s) = f g(z; s)dz
z1
is a continuous function of s and assumes all values between ®(0) = — /2 — §,
and (1) = — 7w+ 6;. As N>, §p, §1—0 so that ®(s; N) assumes all values ®

satisfying the inequality —r<®< —7/2.

The same type of argument may be applied to any /8 giving rise to finite
values of ® only, that is, any a/B71. In all these cases it may be verified that
® assumes every value between its lower and upper bound.

It remains to investigate motions with a¢/3=1, in which, as we have seen
in §11.8, ® may be infinite. Table III shows that when

a/B =1, z0 = 0,
(dZ/dt)o = (zmgac/A)llzv ¢ > 1; ﬁ = BN’

$=m/2+46, where § is a positive number tending to zero as B4—0. This mo-
tion has a cubic of the type of diag. 6(b) with roots

(65)

z1=—1+40; 22 = 1; Z3~¢C
(cf. (60)).
On the other hand the motion given by
a/f =1, %0 =0,
(dz/dt)o =0, B =Px
has a cubic of the general shape shown in diag. 6(a) with roots

z1=—140; 22~ 0; z3=1
(cf. (60)).
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Tt is therefore clear that in the one-parameter set of motions given by

a/f =1, 20 = 0,
(dz/dt)e = + s(2mgac/A)'? (¢>1, 0<s=<1), B=28x

there must be one, corresponding to s=s,, say, which has a cubic with roots

M@E[

21=—1+0; 22=1; 23=1‘

But these roots give rise to an aperiodic motion (cf. (52))(%) with ®=w .
Let us for brevity set so(2mgac/A)M2=k. Then since a/B=1 implies gi(z) =0
(cf. (25)) we have in the range k <(dz/dt)o < (2mgac/A)'V?

1 By (! 1
= f 80 = ) T DG = = D =]

where 2; is a continuous function of (dz/dt),. Therefore lim (440,33 =1. Also
&® is a continuous function of z; on the range considered, since 231 as long
as (dz/dt)o> k.

In order to prove that as (dz/dt), varies from (2mgac/A)Y? to &k, ® as-
sumes all values between 7/2+68 and + «, we must show that lim (4s/a6,+®
= o, We have:

> BNf 1 dz
KJ ., 28%(1 — 2)Y?%(z5 — 2z)1/2

By f 1—e dz >0
vk, (1= (s — )2 e

Therefore:

. ﬁN . 1—e dz
lim & > - lim f
(dz/d 1) ok BI2. K @e/ane—t Jo (1 — 2)V2 (g5 — 3)1/2

By f 1~e i dz
= im
232. K J @z/anet (1 — 3)12%(z3 — 2)1/2

B~ - dg B~
— - — [— log €],
prg), (1-2 21K

for any small positive e. But the last expression is unbounded as e—0, so
that lim (4.a,.x® = ® as was to be proved. For sufficiently large values of N,
6 becomes arbitrarily small, whence we conclude that when o/=1, ® as-
sumes all values satisfying the inequality &> /2.

APPENDIX. THE RETROGRADELY PRECESSING HEAVY SYMMETRICAL TOP
AND THE SPHERICAL PENDULUM

In Parts I and II we have dealt independently first with the spherical
pendulum and subsequently with the heavy symmetrical top. This scheme
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was adopted so that the reader who is not prepared to delve into the some-
what involved theory of tops can gather the principles of our methods from
the simpler case of the spherical pendulum. But for this reason Part I would
be completely superfluous, since a spherical pendulum may be regarded as a
special case of a retrogradely precessing top (a/B< —1, ® negative; see §11.2).
We have shown for such a top that — 7 <® < $y< — /2, where the sense of
was regarded as negative. The same result must hold equally well for the
spherical pendulum and if we now take « as positive it becomes the familiar
w/2 <Py < P< 7, proved independently in Part I. Moreover w/2 and = must
be the exact bounds of & (cf. §11.9).

Indeed we may observe that all important characteristics of the motion
of the spherical pendulum, namely:

1. A unidirectional precession;

2. The level-inequality, 2,42:<0;

3. The extended Puiseux’ inequality, ®,>m/2 (or $y< — /2, according
to our choice of sign);

4. Halphen's inequality, ® < (or &> —)
are shared by the retrogradely precessing top.
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