CONTRIBUTIONS TO THE THEORY OF SURFACES IN A
4-SPACE OF CONSTANT CURVATURE

BY
YUNG-CHOW WONG(®

1.1. Introduction. A Riemannian 4-space is a space of constant curvature
and is denoted by S,, if its Riemann tensor is of the form

R:)\ﬂ = - C(d,)ﬁ: - a,,,&{) (P, KANp=1--, 4)v

where a,» is the fundamental tensor, 85 the Kronecker delta and C a scalar,
which is automatically a constant. A Euclidean 4-space, which we denote
by R, is a special case of Ss. In this paper we study a few special surfaces
V2 in an S, including those in an R, The method used is invariant and is
similar to those of Ricci(?) [14] and Graustein [9] for their studies of surfaces
in a Euclidean 3-space. In essence, we first set up a suitable system of in-
variant fundamental equations for a V; in S, and then express the imbedding
requirements of V, in Sy in terms of the intrinsic properties of V,. §1.2 con-
tains some formulas in the intrinsic theory of V; which are useful for our
later work. In §2, the curvature tensor H;* and the curvature conic (G)
for a V; in S, are introduced and discussed. Regarding H;* as a pencil of
tensors, we find a certain relationship between the nature of the pencil and
that of the conic (G). Some formulas concerning (G) are then given, including
one which leads to an interesting interpretation of the Gaussian curvature
of V,in terms of (G). §3 contains the fundamental equations for Vzin S, in
invariant form and an outline of the method used for the study of some sur-
faces with preassigned curvature properties. §4 is devoted to the study of
minimal Ve, and, in particular, the R-surface of Kommerell. In §5, ruled sur-
faces in Sy are considered. §6 gives a special imbedding of R; in R4. The
paper ends in §7 with the determination of those V; in Sy whose first funda-
mental form and one of whose second fundamental forms are respectively
identical with the first and second fundamental forms of a V in S;.

1.2. Some useful formulas. Here are some intrinsic formulas for a Ve,
which will be used in our later work and can be verified readily. Let g
(a, b, c=1, 2) be the fundamental tensor of a V; which is supposed to be posi-
tive definite, and let 4(}), i3 be two mutually orthogonal congruences (that
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is, unit vector fields) in V2. Then

L) (1) .(2) .(2) 8 () ¢ .(a) ¢ o
(1.1) b =%c tb + dc b, iyla =O0b b ia) = Ob

where i =g.s) and d; is the Kronecker delta.
The geodesic curvatures (to within sign) of the two congruences 4, 1§
are, respectively,

RN b oo (2
(1.2) B = — teimis.e = — tmimisa

where the comma denotes covariant differentiation with respect to ges.
Let us write

1.3) of = i:l)f.ﬂ daof = izz)f.c

as the directional derivatives along the congruences i(}), 3. Then the in-
tegrability condition for 8,f, 8f is

(1.4) (6251 - 5153 + ﬂ81 - aBz)f = 0,

that is, (1.4) is the necessary and sufficient condition that two scalars, which
we denote by 8,f, 8:f, be the directional derivatives along (), %)
The first and second differential parameters for g.; are, respectively,

(1.5) Arf = (31f)2 + (82f)%  Aof = (8101 + 8202 + by + B32)f.

The Gaussian curvature K (that is, the scalar curvature) of Vs is given by the
Liouville formula:

(1.6) K = — (b1 + 828 + o + B2).

(1.5) and (1.6) are of course independent of the choice of i), i().
The condition for 4§, 4§ to be an isometric net is

(1.7 e — 5,8 = 0.

If 30y, 7% are two other mutually orthogonal congruences defined by

(1.8) igy = i:l) cos 8 + i:z) sinf, efg = — iq,sinf + irz, cos @ (e = + 1),
then
(1.9) 81 = cos 05, + sin 0,, by = — sin 05, + cos 05,

&= — (8,0 — B) sin 6 + (89 + ) cos 6,
— f = (89 — B) cos 6 + (3:0 + a) sin 6.
From (1.9) and (1.10) we have
(1.11) €(B:a — 5.) = dsc — 818 + Adf.

Therefore, if 1), 13 are an isometric net, then i(}), i are also one if and only
if A,60=0.

(1.10)
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For the linear element (that is, fundamental form)

(1.12) ds? = Edu® 4+ Gdv?,
we have
O 0 ] 9

b = El? ! 8y = Gl/2 (6.. = ;9;’ 9, = 5 !

(1.13) a= ﬁa“ log G1/2, g= cin 3, log E'/2,
1 3,2 3,E1/2
K== (EG)*/*[G“( B ) + a'( G )]
For the linear element
(1.14) ds? = 2Fdudy,
we have
(1.15) a= 3,0 -~ Lo log F.
F F

Closely connected with (1.14) is the Liouville equation (cf. Knoblauch [10,
p. 543)])

(1.16) 3,94 log A= ANB (4, B constants),
the solution of which is
1.17) AB = — —ZIZZ,——;

AB(1 + UV)?

where U, V are respectively arbitrary non-constant functions of #, v alone,
and the prime denotes differentiation.

2.1. The curvature tensor H;*. We shall use the general notation of
Schouten-Struik [15, chaps. 2, 3]. Let 3* (x, \, - - - =1, - - -, 4) be the co-
ordinates in S,(?), with positive definite fundamental tensor aa,, and let T'%,,
V. be the Christoffel symbol of the second kind and the symbol of covariant
differentiation with respect to a,,, respectively.

In S we introduce a surface V; by the equations

2.1) ¥ = y*(u) (e, =1,2).
Then the first fundamental tensor induced in V; by S, is
(2.2) 8ecb = GMB:B;,

(3) Although the definitions and results in §§2.1-2.3 are stated for a Vs in an S, most of
them also hold for a V; in any Riemannian 4-space.
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where
(2.3 By = 3.

At each point P of V,, the connecting tensor Bj spans the tangent plane
to V;at P. Let i, (p, ¢=3, 4) be two mutually orthogonal unit vectors nor-
mal to V3, defined at each point of V,. Then

« )
(2.4) by = — BiBwail”,
where z(’)=a,>‘1(,), is the second fundamental tensor of V; in S; for the nor-
mal ;). The curvature tensor

) (O]
(2.5) Hoy = hoyiey + hep i
is independent of the choice of i(,.
Two directions ¢, j* in V; are called conjugate if

-k, b

(2.6) H.,ij = 0.
In particular, if a direction j* satisfies
2.7 H.'i5 =0,

it is called an asymptotic direction. In general, there are two and only. two
conjugate directions but no asymptotic direction.

-Let (C) be a curve on V; passing through P and with unit tangent vector
i at P. Then the component ‘

0 = ur
in the normal plane of V; of the curvature vector of (C) with respect to Sy is
2.9 W =H :zczb,

which-depends only on ¢ and is called the normal curvature vector.,of V in

S, for the direction 4° at P. The locus (G) of the end point Q as i* takes all

the possible positions in the tangent plane is an ellipse, proper or degenerate,

in the normal plane. We shall call (G) the curvature conic of Vzin S, at P.
From (2.5) it follows that the equations of (G) in the rectangular Car-

tesian coordinates 2, ¢ with axes 43, 1) are

(2.9) 2= hiyi'i, t=hyii

2.2. The tensor H;* and the conic (G). Owing to the arbitrary choice of
i in (2.5), Hz* may be considered as a pencil of tensors Mt +puhy). We
shall now proceed to prove the following relationship between the character-
istics of this pencil (in the sense of the theory of elementary divisors(4)) and

(*) See, for example, Bécher [1, chaps. 20-21].
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the geometric properties of (G) and P.

THEOREM 2.1. If the pencil Hy;* is not singular, we denote as usual the
characteristics of the pencil by squared brackets. Then for:

[11], (G) is an ellipse not passing through P, which degenerates into a line
segment if and only if the conjugate directions of V. are orthogonal to each other.

[(11)], (G) is a line segment passing through P but not ending at P.

[2], (G) is a non-degenerate ellipse passing through P.

If the pencil of tensors is singular, (G) is a line segment ending at P.

Proof. We first suppose that there is a nonsingular tensor in the pencil.
Let it be A$). Then we have the following cases.

Case 1. [11]. A coordinate system () u®in V, exists so that at the point P
under consideration the equations (2.9) of (G) take the form

(2.10) 2 = €1(1)? + e(1?)?, t = 01(")? + 02(¢%)?,

where €, = +1; 01, 05 are scalars, and % is a variable unit vector, that is,
its components 3!, 42 are subject only to the condition

(2.11) gepio® = 1.
The conjugate directions of V; at P are evidently
(2.12) jo=010), jo=01.

From (2.10) and (2.11) it follows that (G) is an ellipse. If (G) passes
through P, the equations z=¢=0 are satisfied by some 4% This requires that
01/ &=03/€e,=0. Then the subcase [(11)] arises, and (2.10) become

(2.13) 2= a()? + e(d)?. ¢ = oz

showing that (G) is a line segment not ending at P.

Let us now return to the general case (2.10). The condition for (G) to
be a line segment not passing through P is that\, p exist such that Az+4ut=1,
that is, by (2.10). that

(Nex + po) ()2 + (Aez + po2) (%2 = 1

should be true for some 4, 42 satisfying (2.11). Subtraction of the above equa-
tion and (2.11) gives

(Aer + por — gu) (1) — 2£12842 + (Ae2 + poz — g22) (492 = 0.

Since this should be true for all values of #, 42, we have

(2.14) g1z =0,
(2.15) Aer + por = gu,  Nez + poz = gaa.

(®) We note that u* are either real or complex conjugate. If they are complex conjugate,
&= e; and o3, 03; 7%, 4% are complex conjugate, 2, ¢ being always real.
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Equation (2.14) shows that the conjugate directions (2.12) are orthogonal to
each other. If o1/ €102/ €, the two equations (2.15) have a unique solution
for \, u; for, this is not true only when gy =gs; =0, but then we have, because
of (2.14), g»=0. If 01/e1=02/e2=0, then z=0t, and we have a line segment
passing through P.

We have now proved our assertions in Theorem 2.1 for the subcases [11]
and [(11)]. Incidentally we remark that for the subcase [11] the two tangents
from P to (G) are the mormal curvature vectors for the conjugate directions
(2.12). In fact, the line Az+ut =0 cuts (G) in two points for which

(Nex + uor)()? + (Aez + uo)(49)* = 0,

and therefore if the two points coincide, they do so either at 1 =0, or at :2=0.
Case 2. [2]. A (real) coordinate system %° in V, exists such that at P the
equations (2.9) of (G) take the form

(2.16) z = 24142, t = 2031142 + 05(1%)? (o2 # 0).

The 41, 42 satisfy (2.11), where gn#0 since g is positive definite and the co-
ordinates %° are real. The (G) as given by (2.16) is an ellipse passing through
P; for, 12=0 is part of a solution of the equations z2=¢=0 and (2.11). The
point P on (G) corresponds to the asymptotic direction jiy = (1, 0). If (G) were
a line segment, we should have ¢/z =03+4044%/5* =const. But this is impossible
since o25%0. Hence (G) is a proper ellipse.

If all the tensors in the pencil Hz* are singular, there exists a (real) co-
ordinate system %® in V; such that the equations (2.9) of (G) take the form

(2.17) =0, t= o)

The conic (G) is therefore a line segment ending at P.

2.3. Some formulas concerning (G). Let all the tensors in V, be expressed
in terms of two mutually orthogonal unit vectors 1f;, 7z and some scalars.
Thus,

3) A (D) .(2) .(2) (1) (2) .(2) (D)
hey = pric v + p2ic 4 + pa(ic tv + ic i ),

(2.18) @ W . @ . W .@ @ .1
hoo = o1t 16 + o2ic 1y + o3(ic 1 A+ ic tb ),

(2.19) i

iy €os ¢ + i) sin ¢.

The equations of the curvature conic (G) are therefore, by (2.19),

z = 27Yp1 + p2) + 27 (p1 — p2) cos 2¢ + ps sin 24,

t = 27Y o1 + 02) + 2701 — 02) cos 2¢ + o3 sin 2¢.
Elementary calculations show that

(2.21) d?=4"1(p1+p2) 2+ (01+02)?],

where d is the distance from P to the center of (G).

(2.20)
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(2.22) Areaof (G) = + 27t [(p1 — p2)as — (01 — 02)ps).
(2.23) r?=4"1[(py— p2)*+ (01— 02)*] +pj+03,

where 7 is the radius of the director circle of (G).
From these, it follows that the power of P with respect to the director
circle of (G) is

2 2 2 2
d —r = pips + 0102 — p3 — o3.

When V, is in an S; with constant scalar curvature C, we see from the
Gauss equation (3.6);, which is the first equation in equations (3.6) of §3,
that the right-hand member of the above equation is the Gaussian curvature
K of V, minus C. Hence we have the following theorem.

THEOREM 2.2. At any point P of a Vs in an Ss (or Ry), the power of P with
respect to the director circle of (G) is equal to the Gaussian curvature of Ve, minus
the scalar curvature of Sy (or to the Gaussian curvature of Vi). In particular, at
any P of a Vyin an Ry, the Gaussian curvature of Ve is greater than 0, equal to
0, or less than O according as P lies outside, on, or inside the director circle of

G).

From the equations (2.20) of (G) and the Gauss equation (3.6); of V;
in Sy, it can be shown by elementary calculation that the angle Q subtended
by (G) at P is given by

(2.29) (tan Q)2 = A/(K — C)3,
where
(2.25) A = (o1p2 — 02p1)* + 4(o3p1’ — 01p3)(03p2 — o2p3).

Putting K=C in (2.24) we get a partial verification of Theorem 2.2. A
further consequence of (2.24) is that (G) passes through P if and only if A=0.

Another interesting formula concerning (G) is the one that gives the angle
w between the two conjugate directions of V3 in Sy:

(2.26) (tan w)? = An?/4(Area of (G))2.

This can be proved as follows. By definition (2.6), the conjugate directions
1%, j* are given by

(2.27) KPit =0, w8 =0,
and hence by

hiyi
(2.28) @ .| =

hcb 1

But from (2.18) and (2.19), we have



474 Y. C. WONG [May

3).c . (1) . .(2)
heyi = (p1 cos ¢ + ps sin ¢)iy " + (pz sin ¢ + ps cos ¢)is

hg,)ic = (o1 €08 ¢ + 3 sin ¢)i§1) + (o2 sin ¢ + o3 cos ¢)i§2).
Therefore (2.28) is equivalent to
p1COS ¢ + pssing, ppcos + pssing |
01 €0s ¢ + o3 sin ¢, o3 cos ¢ + o3 sin ¢

that is

P1 pPs3

0103

P1 P2

0102

P3 P2

03 02

(2.29) cos? ¢ + cos ¢ sin ¢ 4 sin? ¢ = 0.

The roots of this equation for ¢ give the conjugate directions, and formula
(2.26) can be proved easily from (2.29) and (2.22).

A consequence of (2.26) is that the two conjugate directions are orthogonal to
each other if and only if (G) degenerates into a line segment; in particular, the
conjugate directions are indeterminate if and only if this line segment passes
through P. This is in accordance with Theorem 2.1.

The Kommerell conic (K) is the locus of the point, apart from P, at which
the normal plane of V, at P is intersected by the neighboring normal planes.
It can be shown that the polar line (with respect to the unit circle in the
normal plane) of the point ¢ on (G) touches (X) at the point that is the inter-
section of the normal plane at P by the normal plane at a point near P in the
direction ¢: ¢ =1y cos ¢+1(,) sin ¢. (K) is therefore the polar reciprocal of (G)
with respect to the unit circle at P, and its equation is

(12 + o1t — 1)(paz + 0ot — 1) = (paz + ost)2.

We point out, for future reference, that when (G) has a focus at P, (K) isa
circle, and conversely.

Although in many literatures the Kommerell conic has been the central
figure in the curvature theory of V3 in Rj, it will not appear again in this pa-
per, the curvature conic (G) having taken its place.

3. Fundamental equations for V, in S;. We now continue the theory of
V2 in S¢ which was commenced in §2.1. The fundamental equations for a V;
in S, consist of the following two groups of equations (Schouten-Struik [15,
chaps. 2-3]; Eisenhart [8, chaps. 4-5]):

3:}" = -B:y
x [3 A K
o) 3.B% = TeyBs 4+ TiBiBy + hiy it + hiv i,
. & x Ry & 3)b
Ocl(zy = — prB':’l(s) — Vclyy — he B;,

N & _p\ N “4)b_«x
dciwy = — I'wBeiwy + veisy — ke By
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4
2C - K) = 2 [0 = (07,

(3-2) p=3

hn(;?b,c] = — ht(:[;vc], h:‘[)b.cl = hﬁlvq. Vvl = hi‘[)»hg)“(‘);
where
(3.3) b = — BB, v, = Bti'fs)wf",

C=—R/12 is the (constant) scalar curvature of S; (in the sense of
Schouten(”)), and the comma denotes covariant differentiation with respect
to the fundamental tensor (2.2) of V,. We observe that these fundamental
equations, taken as a whole, are independent of the choice of the mutually
orthogonal unit normal vectors (), 7y to Va.

Eisenhart [8, p. 212] proved that given tensors gs, S, ks and a vector v,
satisfying (3.2), a Vy in Sy is determined (by (3.1)) to within a “motion” in S,
such that its first and second fundamental tensors are the given tensors.

By a motion in S, we mean a transformation of the points in S, which
preserves the linear element of S,. In particular, a motion in a Euclidean space
R, reduces to rotations and reflections. Hereafter, we shall call two V3 in S,
congruent if one is obtainable from the other by a motion in S..

As in §2.3, we express &Y, h%, v,, 7% in terms of two mutually orthogonal
unit vectors 1), 1) in Va:

hey = pric v + pric iy + palic iy +ic i),

0 (1), () (@) .(2) LWL L@,
3.4 hey = o13: 15 + o2ic 4y + o3(ic 15 + 1o ib ),

.(1) .(2) .G K K .
Ve =vit, +vabe , & = i) COS P + i sin ¢.

I

Then the equations of (G), referred to the rectangular coordinate axes 1), %),
are

2 = 27Yp1 + p2) + 27 (p1 — p2) cos 2¢ + ps sin 2¢,
t = 2"Yo1 + 02) + 2701 — 02) coOs 2¢ + o3 sin 2¢,

and the fundamental equations (3.2) take the invariant form

3.5)

C—K=p:—pmz+a§-—6m,
d2p1 — 81ps + B(p1 — p2) — 2aps — v103 + 201 = 0,
S1p2 — 8aps — ap1 — p2) — 2Bps — vegs + v102 = 0,
(3.6) S201 — 8103 + B(o1 — 02) — 2a0s + vips — vop1 = 0,
8102 — 8203 — aloy — 02) — 2803 + veps — vip2 = 0,
b1 — Swa + By1 — ave + (p1 — p2)os — (01 — 02)ps = 0,

(*) Here we write, for example, v5,0—c,6 =0(s.q.
(") Eisenhart [8] called R the scalar curvature.
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where

= —imimise  B= —imimine  0f =imfe  0f = iwf.
are as defined in §1.2. Formulas (3.6) are obtained after a straightforward but
rather lengthy calculation.

If the conic (G) and its relation to the point P are of certain nature all
over V,, we can make use of this particular nature to simplify the equations
of (G), and consequently the fundamental equations (3.6), by suitable choice
of i3 and 4. This choice is evidently equivalent to the choice of the z-axis
in the plane of (G) and the position of the point (¢ =0) on (G). Consider, for
example, the special V, for which (1) P is the center of (G), (2) (G) is a circle,
(3) Pisa focus of (G), (4) P lieson (G), and (5) (G) is a line segment subtend-
ing a right angle at P, respectively. By choosing the z-axis and the point
(¢=0) on (G) as in the following figures,

1 ) 2 5
0, o) ¢=0 (p1, 01)

] S (
N1 \

t
(2, 0) / /A(m, 0)
N2

0, 1)

(p% 0)
P 3

the simplified equations of (G) and the equations satisfied by the p’s and o’s
for the respective cases are:
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(3.71 z=p1c0o82¢, t=o038in2¢; p2= —p1, ps= o013 =gz = 0.

(3.72 2z = p1+ o15in2¢, t = 0108 2¢; 62 = — 71, p3 = 01, p2 = p1, 03 = O.

3.7)s z = 2"Yp1 + p2) + 22“(;)1 — p2) €os 2¢, ¢ = (— pip2)!!? sin 2¢;
pa=01=¢72=0, g3 = — pi1p2.

(3.7, 2 = 271p5(1 — cos 2¢) + p3 sin 2¢, ¢ = 271g5(1 — cos 2¢);

p1 = 01 = 03 = 0.
(3.7s 2z = 2"1ps(1 — cos 2¢), ¢t = 27161(1 + cos 2¢); p1 = p3 = 02 = a3 = 0.

It is seen that for any special V; there is a system of equations (3.7) in
the p's and o’s analogous to the second set of equations in (3.7); for case 1.
Then from the above-mentioned Eisenhart’s theorem it follows that the exist-
ence of this particular V. depends on the consistency of equations (3.6) and
(3.7) in 4y and the p’s, o's, »'s. If these equations are consistent, the V, in
question exists, and all its intrinsic properties can be derived from (3.6) and
(3.7). In particular, when the solution of the latter equations can be found
explicitly, the tensors g, 4%, k¥, v, are determined. And then equations
(3.1) give the manner of imbedding of this ¥, in Ss. In the case where (3.1)
can actually be solved, we obtain the finite equations of V.

Since for any V3 in Sy, the second fundamental tensors h%’ admit an orthog-
onal transformation, which arises from the permissible change of the mutually
orthogonal unit normals 73, to Ve, the arbitrariness of the imbedding of a V,
in Sy, to within motion in Sy, is equal to the arbitrariness of the solution of
(3.6) and (3.7) for the 3¢, p’s, ¢’s and »’s minus the arbitrariness of 22 (that
is, of the 4(,) in compliance with (3.7). It is obvious from the very origin of
(3.7) that the latter equations usually limit the arbitrariness of if, to mere
changes of signs. In fact, the only case to the contrary is when (G) is a circle
with center at P, that is, when o3 =p; in (3.7);; this is the case of an R-surface
(cf. §4).

The rest of this paper will be devoted to the study of some special types of
surfaces, particularly the above-mentioned ones.

4.1. Minimal surfaces in S;. A minimal Ve in S, is a V. whose mean
normal curvature vector is everywhere zero, that is, whose curvature conic
(G) at each point P always has its center at P. A minimal V; is called an
R-surface (a plane surface(®)) if its curvature conic is always a circle of nonzero
(zero) radius. A minimal V;, that is not an R-surface nor a plane surface is
called a general minimal surface.

The R-surface in an R, was first studied by Kwietniewski [12] and Kom-
merell [11], and the minimal surface in R4 by Eisenhart [6]. The R-surface
in an Sy was later studied by Bordivka [2]. The first three authors based

(® In general, a subspace in a Riemannian n-space V, is said to be plane if its normal
curvature vector in V, is zero for every direction at every point.
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their studies on the finite equations of the surface, which are available for a
minimal V;in R, The finite equations of a minimal V; in an Sy, however, are
still to be found, and Borivka used a method which agrees in spirit with the
one we outlined in the preceding section. In what follows we shall obtain a
necessary and sufficient condition in invariant form for a linear element ds?
to be one of a minimal V, (or R-surface) in .S4. We shall give also generaliza-
tions to some of Kommerell and Eisenhart’s results.

4.2. Fundamental equations. R-surface. For a minimal V,, P is the center
of (G) and, therefore, with suitable choice of 7§y, 7{;), the equations of the conic
(G) are (cf. (3.7)1)

Z = p1 COS 2¢, t = g3 sin 2¢,
so that
4.1) p2 = — py, ps = 01 = o2 = 0;
4.2) by =i — iR, ke = e e i i ).

Then the fundamental equations (3.6) become

(4.3) C—K=p+a,

4.4) d2p1 + 2Bp1 — v103 = 0, — 81p1 — 2apy — v203 =0,
— 8103 — 2a03 — vep1 = 0, — 8203 — 2Bos + vip1 = 0,

(4.5) Sov1 — 8o + Byv1 — ave + 2p103 = 0.

Eliminations of ve from (4.4)2,3 (that is, the second and third equations
in (4.4)) and of »; from (4.4),,s give, respectively,

(4.6)  81(p1 — o3) + dalps — 03) = 0,  ba(ps — 03) + 4B(ps — 5) = 0.

Consider first the R-surface, for which (G) is a circle of nonzero radius. In
this case o3 = + p1#0. But we may suppose that

'(4.1)0 gs=p1=p#0,

after reversing the sense of 7, if necessary. Then (4.6) are identically satisfied,
and (4.3) and (4.4) become

(4.7) C— K =2p%,
(4.8) vi=0bslogp+28  — v =25 logp+ 2a
If we substitute these values for »;, »; in (4.5), we have
(8181 + 8292 + ady + B32) log p + 2p% + 2(81a + 828 + o + B%) = 0.
Using (1.5), (1.6) and the value of p from (4.7), this becomes
4.9 Az log (C— K) + 2C — 6K =0,
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where A; indicates the second differential parameter with respect to the linear
element ds? of V,. For the R-surface in an Ry, C=0 and (4.9) reduces to

(4.10) Aslog (— K) — 6K = 0.

Equation (4.9), which is in an invariant form, is a necessary condition
for a ds? to be the linear element of an R-surface in an Sy. To prove the suffi-
ciency of this condition, let there be given a ds? satisfying it with some con-
stant C. We may choose any mutually orthogonal unit vectors 4y, 4z in Va,
and, after having obtained a value for p from (4.7), we find from (4.8) the
values for vy, v.. Then we have a solution of the fundamental equations (4.3)—
(4.5), and therefore an R-surface in Sy with this ds? as linear element. Hence
we have the following theorem.

THEOREM 4.1. A ds?is the linear element of an R-surface in an Sy if and only
if (4.9) s satisfied for some constant C. Then C is the (constant) scalar curva-
ture of the Sy. A ds? is the linear element of an R-surface in an R, if and only if
(4.10) s satisfied.

If K =const., (4.9) and (4.7) reduce to K=C/3=p2?>0. Hence, we have
proved in a different way the following result due to Boriivka [2]:

THEOREM 4.2. In an Sy of scalar curvature C> 0, there exists only one type of
R-surface of constant Gaussian curvature K. For this, K =C/3, and the curvature
circle (G) is of constant radius (K)Y* all over the surface. In an R4 an R-surface
has negative Gaussian curvature, which cannot be constant.

The last part of the theorem follows at once from (4.7) and (4.10).

Kommerell [11, §11] proved the rigidity of an R-surface in an R,. We shall
now prove this result for the more general case of an R-surface in an Sy, using
a different method.

THEOREM 4.3. If two R-surfaces Vs, Vi in an Sy are applicable, then they are
congruent.

Proof. We use a dash to indicate quantities and equations belonging to V,
and suppose that the unit vectors if), 1(,), i(;), 7y have been so chosen that
equations (4.1), (4.1)4, (4.17), (4.17), are satisfied. Then since d5?=ds? we
have from earlier results in this section:

(4.11) C— K = 2p7, (4.119) C — K = 257,
hey = p(ic in = e b ), b =88 — 55,
(4.12) (4.127) -
4 2) (1 - 1) (2
hey = (i in + s b ), R =BG 0 +ie 1),
v, = (5 log p + 28)is 5. = (2 log 5 + 2B)is
(4.13) (4.137)

— (51 1og p + 22", — (51 logp + 28)s.
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Let us express 70, 72 in terms of 1, i?; thus

(4.14) i’ =i cos 0+ i’ sin 6, ety = — i sin 6 + i cosf (e = + 1).
From (4.11) and (4.11-) we have
(4.15) p=¢p (¢ =+ 1).

If we use (4.14) and (4.15) in (4.127) and (4.137), and then take account
of (4.12) and (4.13), we have by straightforward calculation:

iy = €(hy cos 20 + hey sin 26),

4.16 iy
(4.16) b = ed'(— iy sin 26 + hly cos 26),
(4.17) 3o = e[v, — 2(i78:8 + 7840) | = €[v. — Ba(26)].

Let us now replace the normal vectors (), 4y, to Vz by the following mu-
tually orthogonal unit vectors

& & K . K N3 . .
"ty = €' (43 cos 20 + iy sin 26), ‘iyq) = ee’(— i) sin 20 + iy, cos 26),

which are normal to V,. Then the corresponding tensors ‘A%, A, 'v. for Vs
are

8 = — BB = €(hiy cos 20 + by sin 20),
A_x
& = — BB = ee'(— by sin 20 + hly cos 26),

"9, = €[, — Bth(ZO)].

Since these tensors are identical with £, &9, 4., respectively, we may con-
clude by Eisenhart’s theorem that V; differs from V; only by a motion in Si.

4.3. General minimal surface. For a general minimal V, (cf. §4.1), we
have (4.1)-(4.5) and p?#0%. In conformity with (4.3) we write

(4.18) p1 = (C — K)Y2 cos w, g3 = (C — K)'?sin w,

where w is a scalar, so that

(4.19) pi — a3 = (C — K) cos 2w 5 0.

We observe that since p, 03 are numerically equal to the semi-axes of the
conic (G), and ¢3/p1 =tan w, w determines the shape of (G).
On account of (4.18), equations (4.6) become

(4.20) 6, log [(C — K) cos 2w] + 4a = 0, 6, log [(C — K) cos 2w] + 48 = 0.
Or, if we write for convenience

(4.21) £ = 4"1log [(C — K) cos 2w],

(4.20") 4+ a=0 St+pB=0.
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The integrability condition of (4.20°) is
(4.22) S — 8,8 = 0.

This shows that the congruences 28, %) form an isometric net in V,. The
curves of the congruences 1), 1% are called the lines of curvature of the gen-
eral minimal V: in Sy for the reason that the normal curvature of V; in S,
has stationary values in the directions 2§, %), being equal to the semi-axes
of (G). Hence we have the following theorem.

THEOREM 4.4. The lines of curvature of a general minimal V, in Ss form an
isometric net.

To eliminate 1{y), 13 from (4.20"), we need only calculate A.£, thus
Ask = (8181 + 0282 + by + BO2)E = — (81 + 828 + a® + g% = K.

Therefore,

(4.23) At = K
or, substituting back the value (4.21) for £,
(4.23) As log [(C — K) cos 2w] = 4K.

Let us now solve (4.4);,2 for v, v, then use the values of p; and o3 from
(4.18), and finally eliminate (C—K) by means of (4.20). Then the result is,
after simplification,

Sow 1+ sin 2w
vy = = 2715 log ———»
cos 2w cos 2w
(4.29)
— Hw 1+ sin 2w
Ve = = — 2_151 IOg
cos 2w cos 2w

Using these in (4.5), we get
1 4 sin 2w .
(4.25) Aglog ———— 4+ 2(C — K) sin 2w = 0.
cos 2w
Equations (4.23) and (4.25) can be rewritten as
Az log cos 2w = A, log (1 + sin 2w) + 2(C — K) sin 2w
= — [Arlog (€ — K) — 4K].

We now prove the following theorem.

(4.26)

THEOREM 4.5. A necessary and sufficient condition for a ds? to be the linear
element of a general minimal V, in an Ss of scalar curvature C is that there
exist a solution w of the equations (4.23) and (4.25). If the condition is satisfied,
then w determines the shape of the curvature conic of Vs in S
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Before we proceed to prove this theorem, we remark that it is highly de-
sirable to be able to eliminate w from (4.26), thus replacing the condition
(4.26) by one that involves only invariant quantities for ds%. But so far the
author has not succeeded in doing this.

Proof. We have seen that the condition stated in the theorem is necessary.
To prove that it is also sufficient, we need only show that given a ds? satisfying
the condition and given a solution w of (4.23) and (4.25), there exist two mu-
tually orthogonal unit vectors iy, 1% satisfying (4.20). For, if this is true,
we may obtain pi, ;3 from (4.18), and »;, v, from (4.24). Then, on account of
(4.25), these scalars, together with 4§, 1%, satisfy the equations (4.3)-(4.5).

Let 45}, 4(3 be an isometric net of ds? and indicate quantities belonging to
them by a star. Then

(4.22%) 8fa* — 6fp* = 0,
and consequently, there exists a scalar £* satisfying
(4.20%) SFEF +o* =0, oFt*+B*=0.

This £* is a solution of (4.23) for é, as is evident from the way this equation
was derived. Now by hypothesis (4.23), the £ defined by (4.21) is also a solu-
tion of (4.23’). Therefore

4.27) E=t+y,
where ¢ is a scalar such that
(4.28) Ay = (5161 + 85465 + o*o1* + B*6 )Y = 0.

We wish to find the most general pair of mutually orthogonal unit vectors

K *xa *a
i) = %) Cos 0 + i sin b,

(4.29) i‘(;, = ¢(— 1,:1“) sin 8 + 1’:;) cos 6) (e==+1)
satisfying (4.20’). Written in terms of i(§}, 45}, equations (4.20") are (cf. (1.8)—
(1.10))

e(— sin 0 5 + cos 8 65)E — e[(— B* + 60) cos § + (a* + 876) sin 6] = 0,

(cos 0 3* + sin 08¢ + [— (— B + ) sin 6 + (a* + §*) cos §] = 0,
which are equivalent to
0t + o* 4 856 = 0, Xt + B* — 860 = 0.

These become, on account of (4.27) and (4.20%),
(4.30) SFY 820 =0, oy — 870 = 0.

The integrability condition of (4.30) for 6 is (4.28), and is therefore satisfied.
Hence (4.30) admits a unique solution, to within an additive constant, for 6.
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In other words, for the solution (4.21) of (4.23’), equations (4.20’) have solu-
tions for 3, 4%, and, if 4, 7% is a solution, the most general solution is
(4.29) with 8 =const. Theorem 4.5 is thus completely proved.

Incidentally we observe that all the results so far obtained for the general
minimal V, remain true when o3=0, that is, when w=0. But w=0 implies
that 2% =0 and v, =0, as follows from (4.1) and (4.24). Therefore, this is the
case of a minimal surface in an S; of scalar curvature C (cf. (7.2) and
Schouten-Struik [15, p. 150]). Since p;%0 by (4.19), this minimal surface in
Ss is not a plane surface. Hence we have from (4.26) the following corollary
to Theorem 4.5:

COROLLARY 4.5. 4 necessary and sufficient condition for a ds? to be the linear
element of a non-plane minimal surface in an S; of scalar curvature C is that
Aglog (C—K) =4K be satisfied.

This result can of course be proved much more easily by using the funda-
mental equations (7.2) for a V; in S; and should be compared with one of
Ricci’s [14, p. 340] which states that a necessary and sufficient condition for
a ds? to be the linear element of a V, with constant mean curvature ¢ in an Ry
is that A; log (¢2— K) =4K be satisfied.

By using the last part of the proof of Theorem 4.5 we can prove the follow-
ing theorem.

THEOREM 4.6. In an S, a general minimal Vi* whick is not a minimal sur-
face in an S; can be deformed continuously into ! non-congruent minimal Vy's
with equal curvature conics at corresponding points. Any minimal surface Vs
in Sy applicable but not congruent to Vy* and with curvature conics equal to those
of Vi* at corresponding points is congruent to one of these o' minimal Vi's. The
image on V3* of the lines of curvature of any one of these Vy's makes a constant
angle with the lines of curvature of V.

Proof. In an S, let V,* be a general minimal surface which is not a minimal
surface in an S;, and let ¥, be another which is applicable but not congruent
to Vz*such that the curvature conics of V3*and V, are equal at corresponding
points. We use a star and a dash to indicate the quantities and equations be-
longing to V3*, V,, respectively, and suppose that equations (4.1*), (4.1-) are
satisfied. Then since p;*, o5* (51, ds) are numerically equal to the semi-axes of
(G* ((G)), the vectors 3(,, which have been essentially determined by (4.17),
can be readjusted so that we have

(4.31) w = 'w*, p1 = pl* # 0, o3 = 0'3* # 0.
From this and (4.21) we have
(4.32) £ =t~

Since i, & satisfy (4.20’) with £=£* the most general solution for
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4y, 9z of (4.207) with £=£* is, as we have seen,

. *a Ka . .a ko, *a
(4.33)  tq) = 2@y cosy + iz siny, €lgy) = — i1y sin vy + 22 cos ¥,

where ¥ =const. and e= +1. The ds?=ds*?, w =w*, and the above 7}y, 7, give
a solution of the fundamental equations for the imbedding of a V, with linear
element ds? in S; as a minimal V, whose curvature conics are, by (4.18),
equal to those of V' at corresponding points. The second fundamental tensors
for V, are, by (4.31) and (4.33),

E 3
) (1) (1) .(2) (2) *(3) *@) P11,
heo = p1(3; T — e b ) = hep €OS 2y + hep — sin 27,
o3
(4.34) -
) (1) (@) L(2) (D) *@3) 03 *(4)
heo = o3(ic 4" + ic ip ) = — hey —sin2y + ke cos 2y.
pP1

To find 9., we have from (4.24) and (4.33)

Sow % s % bl 5120
vy = = e(v¥siny + vi¥ cosy), v2=
cos 2w cos 2w

= 4 v¥cosy — »i*siny,

and therefore
L) (@) * % (1) * % (2) *
(4.35) V.= vit, + vai, = e(viic + v2i. )= ev..

Since (o3*/pi*)2#1, it is seen from (4.34) that unless sin 2y =0, 2% and
1Y cannot be obtained from Z45® and k%* by a change of 33§ and 4%. There-
fore for any value of vy such that sin 270, the corresponding V, is not con-
gruent to V3%

As a consequence of (4.32), the minimal V, will become the given ¥V, for
some (constant) value ¥ of 4. And the last part of Theorem 4.6 follows at
once from (4.33) withy=+.

Although direct verification may not be easy, it is conceivable that
for the case of an Ry, the «! minimal V,'s in Theorem 4.6 are the associate
minimal surfaces to V3* defined by Eisenhart [6, §8].

It follows from the preceding results that the problem of the deformation
of a general minimal V; in Ss now reduces to the following problem: Given
a ds? for which equations (4.26) have a known particular solution for w, to
find the most general solution. The author has not yet been able to solve the
latter problem.

4.4. Further consequences of (4.23) and (4.25). Equation (4.25) shows
that w cannot be constant. Hence we have the following theorem.

THEOREM 4.7. The curvature conics of an R-surface in Sy are all circles,
and those of a minimal Vyin an Ss, considered as a Vain Sy, are all line segments.
No other minimal V,in an S, has all its curvature conics at different points simi-
lar to one another.
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We now prove the following theorem.

THEOREM 4.8. In an Si a plane surface and an R-surface with constant
Gaussian curvature are the only minimal Vs for which the sum of the axes of the
curvature conic is constant all over the surface.

Proof. That a plane surface in S, has the property mentioned in the theo-
rem is obvious, and that an R-surface with constant Gaussian curvature has
the same property follows at once from Theorem 4.3. Excluding these two
cases we now suppose that the p;, o3 for a general minimal V, are both positive
(with suitable choice of the senses of i(;). Then we have from (4.18) that the
sum of the semi-axes of G) is

p1+ o3 = (C — K)V*cos w + sin w).
If this is constant, we have, by squaring, that
(4.36) (C — K)(1 4 sin 2w) = const. = 4.
Now equation (4.25) can be written as

(C — K)(1 + sin 2w) .
A; log (€= K) cos 2w + 2(C — K)(1 + sin 2w) — 2(C — K) = 0,

which, in consequence of the preceding equation and (4.23), reduces to
—4K+24 — 2(C— K) =0, thatis, K =4 — C = const.

This together with (4.36) would require w to be a constant, and that contra-
dicts (4.25). Therefore Theorem 4.8 is proved.
Finally we shall prove the following theorem.

THEOREM 4.9. There exists no minimal Vi in Ss, other than an R-surface
with constant Gaussian curvature or a minimal V, in an S; considered as a V,
in Ss, for which the curvature conics all have equal area.

Proof. For the first exceptional case stated in the theorem, the area of all
the curvature conics is equal to 2cw (cf. Theorem 4.3); for the second excep-
tional case, the curvature conic is always a line segment, and therefore its
area is zero. Excluding these two cases, if the curvature conic (G) of a general
minimal V; in S; has constant area, we have, from (4.18),

pos = (C — K) sin w cos w = const. = 2714,
that is,
(4.37) (C — K) sin 2w = A,

We first note from this that K cannot be constant, otherwise w =const. Equa-
tions (4.23), (4.25) can be written, respectively, as
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Az log [(C — K) cos 2w]? = 8K,

1 + sin 2w\?
A, log (———-—-——————) + 4(C — K) sin 2w = 0.

0s 2w.
In virtue of (4.37), these become
(4.38) A; log [A2 — (C — K)?] = 8K,

4+ (C-K)

4.39 A log —————— = — 44,
(4.39) 2 log —— -5

which are equivalent to
Aslog (4 +C—K)=202K — 4), Alog(4 —C+ K) =2Q2K + 4).
Since Ayf(K) =f'A.K+f""A1K, the preceding equations can be written
(K — C — A)AK — ALK = 22K — A)(K — C — 4)?,
(K —CH+ A)AK — A K = 202K 4+ A)(K — C + A)2
Solving these for A, K, A K, we have after simplification
AK = ¢(K) = 2(5K* — 6CK + C* 4 4% = 10K* 4 - - -,
MK = f(K) =2Q8K - O)[(K—C)?— 4*] = 6K*+ - - -,

where the dots indicate terms of lower degrees in K.
It is known (cf. Eisenhart [7, p. 97]) that a ds? for which some function K
satisfies equations of the form (4.40) can be reduced to

(4.40)

1
ds* = EdK? 4 Gdi* = 7((11@ + exp (2 f ¢f"1dK)dt2).

For this, the Gaussian curvature K is given by

where the prime denotes differentiation with respect to K. Substituting here
the values of E, G, we have after straightforward calculation

(4.41) Kf+ (&= )¢ —27) + (¢ — 27f")f = 0.

In consequence of (4.40), this is a polynomial equation in K, whose term of
the highest degree is 10K* Therefore K must be constant. But this has been
seen to be impossible. Hence Theorem 4.9 is proved.

4.5. Linear element of a minimal V in an R,. Let us now find the linear

element
(4.42) ds? = 2Fdudy




1946] SURFACES IN A 4-SPACE OF CONSTANT CURVATURE 487

of a minimal V3 in an R, We have for (4.42)
(4.43) A= 28,0 K ! 4.9, log F
. 2 = F vWuy = F w0y 108 L7,

Consider first the case of an R-surface. On account of (4.43), equation (4.10)

can be written
2F19,0, log (— K)-= — 6F19,9, log F,

that is,
3,0, log (— KF%) = 0.

Therefore
- KF = U 1V1,

where(?) Ui, Vi are nonzero functions of %, v alone. Substitution for K from

(4.43) gives
0,,6., IOgF = U1V1F—2.

Reducing this to Liouville’s form by putting A =F(U,V1)~V%, we see that the
solution for Fis (cf. (1.16), (1.17))

. W
UwVi(1 + UsVs)

where U, V; are non-constant functions of %, v alone. Therefore

’

[]1’[/’1 1/2
ds? = 2(1 + Usz)( ) dudv,

Uivd
or, after an obvious transformation on %, v:
(4.44) ds? = 2(1 + UV)dudy,

U, V being arbitrary non-constant functions of %, v alone. Hence we have the
following theorem.

THEOREM 4.10. 4 necessary and sufficient condition for a ds? to be the linear
element of an R-surface in R, is that it be reducible to the form (4.44).

It can readily be shown that by a suitable change of parameters (4.44)
can be reduced to the form

' a
(4.45) ds’ = (1 + 52 + £)(d= + dy) (z, =% = a_'),
dx 9y,

where 2, ¢ are the real and imaginary parts of an arbitrary analytic function

(*) The V3 here which denotes a function of v should not be confused with the usual V;
which denotes a surface.
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F(x+(—1)"%y). In an R, with rectangular Cartesian coordinates (X, ¥, Z, T),
(4.45) is the linear element of the surface

X = x, Y =y, Z = z(x, v), T = t(x, ).

It was in this way that the R-surface in R, was first studied by Kwietniewski
[12] and Kommerell [11].

It is not difficult to prove from (4.44) or directly from (4.10) the following
theorem.

THEOREM 4.11. If ds? is the linear element of an R-surface in Ry, then e*?ds?
will also be one if Ao =0.

We now consider the ds? for a general minimal V, in Ry. We rewrite equa-
tions (4.23) and (4.25) with C=0 as

(4.46) Az log cos 2w + A, log (— K) — 4K =0,
(4.47) Azlog (1 + sin 2w) + Az log (— K) — 2K — 2K(1 + sin 2w) = 0.
On account of (4.43), equation (4.46) can be reduced to

3494 log (— KF? cos 2w) = 0.
Therefore

(4.48) — KF? cos 2w = U(u)V(v).
Similarly, equation (4.47) can be written
2F-19,9, log [— FK(1 + sin 2w)] + 2F—[— FK(1 + sin 2w)] = 0.

Omitting the factor F-1, this equation takes Liouville’s form and therefore
has the solution

20V
P p— #
1+ Tv)
where U, V are arbitrary non-constant functions of %, v alone. Eliminating w
from (4.48) and (4.49) we get

vy’
4TV

(4.49) — FK(1 + sin 2w) =

T7!

ov’

'—FK= —_—
1+ Uv)?

(1 + TVP- +

which can be written, by using (4.43),

vy

6,,6.‘1 1 WF_12=——,—_T 1 WF_12.
og [(1 + TV)F] g [+ TNF

This again has the form of a Liouville’s equation, and therefore its solution is

(uv)? AU ¥
S A+ THFr = —————— 0
oy AT OV = e ™
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Solving this for F, we see that a suitable transformation on %, v will reduce
ds? to

(4.50) ds* = 2(1 + U.V1)(1 4 U.V3)dudo,

where Uy, U,; Vi, Ve are some functions of #, v respectively, none of them be-
ing a constant.
When U,=U,, V,="T1}, formula (4.50) becomes

(4.51) dst = 2(1 + U,V1)*dudo,

which happens to be the well known linear element of a non-plane minimal
Va2 in an R; (cf. Eisenhart [7, formula (100), p. 257]). We observe further
that when w=0, elimination of K from (4.48) and (4.49) also leads to (4.51).
Hence we have proved the following theorem.

THEOREM 4.12. A necessary and sufficient condition for a ds? to be the linear
element of a general minimal surface in an Ry (or a non-plane minimal surface
in an R;) is that it be reducible to the form (4.50)(or (4.51)).

4.6. More properties of the R-surface. From the preceding results we
have noticed the special position which the R-surface occupies among the
minimal ¥ in S4. We shall see further that the R-surface also occupies a very
special position among some other types of surfaces in .S;. We first prove the
following theorem.

THEOREM 4.13. Among the surfaces in Ss whose curvature conic at each point
P is a circle (G), the one for which the center of (G) is at a constant distance d
from P is either an R-surface (for which d =0) or a sphere(*®) in a plane S; in S,
(for whick the circle degenerates into a point).

Proof. Let (G) be a circle, then by choosing i), i(;) suitably (cf. (4.7);) we
have

(4.52) g2 = — oy, ps = o1, pz = p1, o3 =0,
and the equations of (G) are
2 = p1 + o1 sin 2¢, t = o1 Cc0S 2¢.

The fundamental equations (3.6) become

(4.53) C—K=201—p,

(4.54) dsp1 — 0101 — 2001 + w201 = 0, 81p1 — 0201 — 2P0y — vi01 = 0,
001 + 2801 + v101 — vap1 = 0,  — 101 — 2a01 + ve01 — vipy = 0,

(4.55) 8oy — 0o + Br1 — avy — 202 = 0.

(1) A surface in a Riemannian 3-space V; is called a sphere if its normal curvature in V3
is constant for every direction at every point.
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If p1=0, we have the case of an R-surface. If p;0, we have on adding
(4.54)2,3 and substracting (4.54)1,4,

(4.56) vy = — & log py, vy = §; log p1,

respectively. Substitution of these values for »y, »; in (4.55) gives

— (8101 + 8285 + Bds + aby) log p1 — 201 = 0,
that is
(4.57) Ag log p1 + 201 = 0.

From this it follows that if p;=const.#0, oy must be zero. This, together
with (4.52), shows that the V; is a sphere in a plane .S; in Sy (cf. Schouten-
Struik [15, pp. 99-101, 148-150]). Our theorem is thus proved.

Next we prove the following theorem.

THEOREM 4.14. Among the surfaces Vi in S whose curvature conic (G) at
each point P has a focus at P, the one for whick (G) is of constant shape is an
R-surface. A V, can be imbedded in an Ss such that the curvature conic at each
point P has a focus at P without making Vi an R-surface, if and only if the lin-
ear element of Vs is reducible to the form

(4.58) ds? = du?/ch? ¢ + dv?/sh?y,

where Y satisfies a certain partial differential equation of the fourth order in the
independent variables u, v.

Proof. From (3.7)s we can always choose 1, i(;) so that

(4.59) ps = 01 = og = 0, 0': = — pps # 0.

We have an R-surface if and only if p:= —p;. The fundamental equations
(3.6) become

(4.60) C— K = 203,
3201 + B(p1r — p2) — v103 = 0, d1p2 — alp1 — p2) — vaos = 0,
8105 + 2a0s + vop1 = 0, 8205 + 2Bos + vip2 = 0,
(4.62) S — b2 + Bv1 — awa + (01 — p2)as = O.
Multiply (4.61)1,4 by pe, o5 respectively, and add. The result is

(4.61)

psda01 ++ Bpa(p1 — ps) + 2 0205 + 2603 = 0.

Using here the value for g5 from (4.59), we have after simplification

(4.63); 215, l0g 22— g (2 4+ 1) =o0.
P2 1
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Similarly from (4.61). 3 we can prove that
(4.63), 2715, log 22 — & (5‘- + 1) = 0.
P1 P2
If (G) is of constant shape,
(4.64) p2/p1 = const. = — 4 # 0.
Then (4.63) become
B(p2/pr + 1) = 0, a(pi/p: + 1) = 0.

Therefore either p;+p.=0 so that V; is an R-surface, or a=8=0. For the
latter case, Liouville’s formula (1.6) tells us that K =0. Therefore it follows
from (4.59)-(4.61) that

2 2
Ap1 = 20’3 =C = const., V1 = v = 0.

These, however, contradict (4.62). Hence the R-surface is the only V, of this
type for which (G) is of constant shape.
Now excluding the case of an R-surface, we can put

(4.65) p1/p2 = — th?y (¥ #~ const.).
Then equations (4.63) can be reduced to
(4.66) S =—athy, Oy = — Bcothy.

Taking 1(, 4% as parametric curves, we have
ds? = Edu? 4 Gdv?,
and equations (4.66) are equivalent to (cf. (1.13))
d. log (GY2sh y¢) = 0, 9, log (EV2 chy) = 0,

which give
Gsh*y =1, Ech?y =1,

after an obvious change of %, v. Hence (4.58) is proved.
From (4.59) and (4.65) it follows that

(467) p1 = o3 thy, p2 = — 03 coth Y.
Putting these in (4.61);,4 and solving for »;, v, we have
(4.68) V= (52 IOg o3 + Zﬁ) th ¢, Vg = — (51 log o3 + 2(1) coth l//.

Now substitute in (4.62) these values for »; and »;, the values for «, 8 from
(4.66), and finally the value for ¢; from (4.59), where K is to be calculated
from (4.58) and is therefore a differential expression of the second order in .
Then the result is a differential equation of the fourth order in ¢ with inde-
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pendent variables %, . That this differential equation be satisfied is evidently
a necessary and sufficient condition for the V, with linear element (4.58) to
be imbeddable in S; in the manner required in Theorem 4.14. Hence the
theorem is proved.

Let us remark that the Kommerell conic of this type of V, is always a
circle (see end of §2.3), and that a detailed discussion of this type of V; in
an R, can be found in Calapso’s papers [3, 4].

5.1. Ruled surface in S; (cf. Coburn [5]). By definition a ruled surface in
Ssis a Ve which contains a congruence of geodesics of S4. In particular, it is
a developable if the geodesics of this congruence envelope a curve in V.. A
ruled V; which is not a developable will be called a skew ruled V.. It is well
known that a geodesic of a Riemannian V, is also a geodesic of any subspace
in which it lies, and that the normal curvature vector of the subspace in V,
for the direction of the geodesic is zero. Therefore the curvature conic (G)
at each point P of a ruled V, in S, passes through P, the point P on (G) being
the end point of the zero normal curvature vector of V, for the geodesic of
the congruence at P.

As we saw in (3.7)4, we can choose 3f;,, 7(,) for a ruled V;in Sj so that

(5.1) pp=o01=03=0,
(5.2) g =0.

We know (Schouten-Struik [15, pp. 99-101, 148-150]) that a surface in
an Syis a developable if and only if the curvature H;" is of rank 1. Therefore

it follows from (5.1) that a ruled V7 in S4is a developable if and only if ps=0.
Let us first study the skew ruled V, in S4. Equations (3.6); is

(5.3) C— K=o,
Equation (3.6)4is 1,03 =0, which gives, since p;#0,
(5.4) v; = 0.

Then equation (3.6), becomes

(5.5) 6103 + 2ap3 = 0.
Substitution of the value for p; from (5.3) gives
(5.5) é1log (C — K) + 4a = 0.
Equation (3.6); is

(5.6) 8102 + aps — 82p3 = 0.

Solving equation (3.6); for »;, we have

Vo = — — (510’2 + aa'z),
P3
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which, because of (5.5), can be written
(5.7) Vg = — 51)\ + Ol)\, where A = 0’2/p3.

Substituting this in the last equation of (3.6), we have

810A — ABia + & — p3) = 0.

But since =0, equation (1.6) reduces to K = — (6,a+a?). On account of this
and (5.3), the preceding equation simplifies into

(5.8) 615;@ = CA.

Equations (5.1)—(5.8) are the fundamental equations for a skew ruled V.
in Sy. Equation (5.5’) involves only K and the congruences 1), %). Let this
be satisfied by a V; and a geodesic congruence () of it. Then when V5 is re-
ferred to 1y, 4% as parametric curves v=const. and # =const., equations
(5.7) and (5.8) determine p: and A to within one and two arbitrary functions
of v, respectively. And for any N thus determined, equation (5.7) gives a
unique value for v,. Therefore (5.5’) is a necessary and sufficient condition
for a given V, with a given geodesic congruence 4y to be imbeddable in S,
as a skew ruled V; with () as rulings. Moreover, with p;>0 and given 4f),
equations (5.1) will determine %{; to within signs. Hence the arbitrariness of
the imbedding is equal to the arbitrariness of the solution for the scalars p’s,
d’s and »’s. It is seen further that if we put A =0, the equations (5.1)—(5.8)
reduce to a consistent system of equations; in fact, they reduce to the funda-
mental equations for a ruled V,in an S; of constant scalar curvature C/3 with
second fundamental tensors ke = p1i i + poi @4 + ps (152 +5P5M) (cf. (7.2)
below). Hence we have the following thegrem.

THEOREM 5.1. Given on a V: a geodesic congruence i(yy, V; can be imbedded
in an Sy of scalar curvature C as a skew ruled surface with i,y as rulings if and
only if (5.5%) is satisfied. If this condition is satisfied, the imbedding, to within a
motion in S,, depends on three arbitrary functions of a single variable. A skew
ruled Vayin Sy can be deformed into a ruled Vin an Ss of scalar curvature equal to
that of Ss such that rulings become rulings and that one of the second fundamental
tensors of Vi in Sy is identical with the second fundamental tensor of V, in S;
(¢f. Theorem 17.1).

5.2. Certain pair of applicable skew ruled V, in S;. Let V,, V. be two
applicable skew ruled surfaces in Sy such that rulings correspond to rulings
and the curvature conics of Vs, V. at corresponding points are equal. We
suppose that 4y, i(;), 7, i(;y have been so chosen that equations (5.1)—(5.8),
(5.17)—~(5.87) hold. Here and in what follows we use a dash to indicate quanti-
ties and equations belonging to V.. Since d52=ds? and rulings correspond, the
vectors (), i differ at most by signs, and therefore we may readjust the
senses of 7%, so that ig) =1(,. Then
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(5.9) K=K; 5c=acy a = a, B=B=O°
Now the curvature conics (G), (G) of Va, V; at corresponding points are
equal if and only if

(5.10) s = + s, Po+ 61+ 455 = ps + 02 + 4ps

are satisfied. These two equations express the fact that (G), (G) have equal
areas and director circles (cf. (2.22), (2.23)).

Equations (5.1~) determine i, to within signs. Equations (5.3), (5.37)
and (5.9) give ps= =+ ps, from which and (5.10) we see that the senses of g,
can be so adjusted that

(5.11) Pz = ps, o2=o02 p2= T p

If p.=ps, it follows from (5.11), (5.1)—(5.8) that the scalars p’s, ¢'s, ¥'s
are equal for Vz and V5, and consequently V, and V; are congruent.

If po= —pq, (5.11) and (3.7), show that the normal curvature of V, at P
for the direction ¢ is equal to that of V; at P for the direction = —¢. In this
case it follows from (5.9), (5.11), (5.6) and (5.6™) that equation (5.6) breaks
up into the two equations

(5.12) 62p3 = 0, 51pz + ap; =- 0.

On account of (5.3), equation (5.12); is the condition that the congruence
of curves K =const. is identical with ¢, that is, it is the orthogonal congru-
ence to the rulings. Moreover, the integrability condition of (5.12) and (5.5)
is 8,0 =0, showing that each curve K =const. has constant geodesic curvature.

It is readily seen from (5.6) that equations (5.12) hold for a skew ruled 7,
in S, if and only if p=0 is permissible as part of a solution for (5.1)—(5.8).
Now if we put po=A=0 in (5.1)—(5.8), the latter equations reduce to the
fundamental equations of a minimal ruled V, in an S; (in .S;) whose scalar
curvature is equal to twice that of .S,; this can be seen from (7.2). Hence for a
skew ruled V;in Sy, equations (5.12) hold if and only if V; is deformable into
a minimal ruled V; in an S; such that rulings correspond to rulings.

Summing up the preceding results we have the following theorems.

THEOREM 5.2. On a skew ruled V,in Sy, the curves along which the Gaussian
curvature K is constant are orthogonal to the rulings if and only if Vs is deform-
able into a minimal ruled Vi in an Ss such that rulings become rulings. In such
a ruled V, each of the curves K =const. has constant geodesic curvature.

THEOREM 5.3. Let Vs, V; be two applicable skew ruled surfaces in an Sy
with rulings corresponding to rulings and equal curvature conics at corresponding
points. If Vo is not deformable into a minimal ruled surface in an Ss such that
rulings become rulings, then Vy and V, are congruent. If Vy is deformable in the
manner just described, Vs and Vs may or may not be congruent. If they are not
then the normal curvature of Vs at any point P for any direction i° is equal to that
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of V2 at the corresponéing point P for the direction whose reflection with respect
to the ruling of Vs at P corresponds to i°.

When P is a vertex of (G), p2=0 and N determines the shape of (G), as
is seen from figure 4. It follows from (5.8) that A =const.0 is permissible as
part of a solution to (5.1)—(5.8) when and only when C=0. Hence we have the
following theorem.

THEOREM 5.4. In an S, there exists a skew ruled surface whose curvature
conic at each point P is a nondegenerate ellipse of constant shape having a vertex
at P if and only if Syis an R,

5.3. The linear element of a skew ruled V,in Si. This linear element can
be found from (5.5’). Referring to 4, as parametric curves, we have

(5.13) dst = du? 4 Gdv?,

v=const. being the geodesic congruence 7f;,. For (5.11),

(5.14) 61 = 0y, 82 = a=209,logG'? B=0. K= — 940.G*/2,

G’ G2
Equation (5.5') is
dulog (C — K) + 23, log G = 0,
that is,
(5.15) (C— K)G*= — V4,

where and throughout this section Vj, V»(11), and so on, denote arbitrary
functions of v alone. Using the value for X from (5.12), this becomes

CG: + (GIIZ)Saua“GUz = - V!.)
integration of which gives
CG + (3.G'?)? = Vs + V4/G,

that s,

(5.16) (0.6)* = 4(— CG* + V.G + V).
In particular, when C=0, we have from this

(5.17) G=Vul+2Vau+ V.

From (5.3) and (5.12),, if the congruence K =const. is orthogonal to the
rulings, K is a function of # alone. This s the case if and only if G=U(%) V(v),
as is seen from (5.15) and (5.14). Hence we have the following theorem.

(1) See footnote 9.
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THEOREM 5.5. A V; can be imbedded in an S, as a skew ruled surface with
v=const. as rulings if and only if its linear element is reducible to the form
(5.13) in whick G satisfies (5.16). The congruence K =const. is orthogounal to
the rulings if and only if G, as given by (5.16), is a product of a function of u
alone by a function of v alone.

5.4. Developable in S;. The curvature conic at each point P of a develop-
able V,in Syis a line segment (G) ending at P, and the congruence along which
V. has zero normal curvature in Sy is geodesic in V. Therefore by choosing
1%y along (G) and 1y as the geodesic congruence, we have

(5.18) p=ps=01=03=03=0, B =0.

Here p. is or is not equal to zero according as V is or is not plane in S..
If p27#0 and 4f}, is given, (5.16) will determine (, to within signs. For this
case the fundamental equations (3.6) become

(5.19) C—K=0,
(5.20) 51p2 + aps = 0, V1 = 0, 611’2 + avy = 0.

Equation (5.19) shows that V; has constant Gaussian curvature. Referring Vs
to 40y, 1z as parametric curves v =const., % =const., we see that p,, v, are de-
termined by (5.20);,3, each to within an arbitrary function of ». Furthermore,
we note that p,=»;=»,=0 is a particular solution of (5.20).

For a plane V, in Sy, all the p’s and ¢’s are zero, and the fundamental
equations (3.6) reduce to (5.19) and

(5.21) vy = arbitrary, 81v2 + avs = 0.

Hence summing up the preceding results we have the following theorem.

THEOREM 5.6. A V, can be imbedded as a developable in an Sy of scalar
curvature C if and only if it has constant Gaussian curvature C. Given arbitrarily
a curve (C) in such Vo, 1t is possible to imbed V, in Sy as a developable with the
geodesics tangent to (C) as rulings. The imbedding depends, to within a motion
in Sy, on two arbitrary functions, one of one variable and the other of two variables,
or both of two variables, according as the developable is or is not plane. A develop-
able in Sy can be deformed into a plane V, in an S; whose scalar curvature is
equal to twice that of S..

It is well known that an R, (that is, a V; with K =0) in an R;is a develop-
able. This is no longer the case for an R; in Ry; for, the curvature tensor Hy"
of an R, in R, is not necessarily of rank 1 (cf. Theorem 2.2). But for a ruled
R, in an R, we have K=C&=0, so that p;=0 is a consequence of (5.1) and
(3.6)1. Hence we have the fgllowing theorem.

THEOREM 5.7. A ruled R, in an Ry is a developable.
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Let V, and V. be two non-plane developables in S¢ which are applicable
to each other such that rulings correspond to rulings and the curvature conics
(which are line segments) at corresponding points are equal. Then as in §5.2,
we have (5.9) and p;=p,. Since v, has only to satisfy equation (5.20); and
therefore depends on an arbitrary function of one variable, we have proved
the following counterpart to Theorem 5.3:

THEOREM 5.8. 4 non-plane developable tn an Sy can be deformed into in-
Jfinitely many developables in S, such that rulings become rulings and the curva-
ture conics at corresponding points are equal. The deformation depends on one
arbitrary function of one variable.

6. Surface in R, with an orthogonal net of Voss. AV, in an R, is said to
have a net of Voss if its two conjugate congruences are uniquely determined
and the curves of the two congruences are geodesics of V.. A few properties
of a Vyin R with an orthogonal net of Voss were given by Zitto [17] (cf. also
Schouten-Struik [15, pp. 150-153]). Here we obtain the finite equations of
such a V, by actually integrating its fundamental equations.

Since the conjugate net is unique and orthogonal, the curvature conic (G)
at each point P is a line segment not passing through P (see paragraph below
(2.29)). And since V, has mutually orthogonal congruences of geodesics, it
follows from Liouville’s formula (1.6) that K =0, that is, the V; is an R,.
Consequently, the line segment (G) at each point P of V; subtends a right
angle at P (cf. Theorem 2.2).

Now if we choose i(; suitably and take 1%, as the unit tangent vectors to
the net, we have, as in (3.7)5,

(6.1) p1=p3s =03 =03 =0.
Since 1, are geodesic congruences,
(6.2) a=8=0.

Furthermore, since the line segment (G) does nbt pass through P, neither p,
nor g, can be zero. Then the fundamental equations (3.6) reduce to

(63) 51p2 = 520’1 = 0, Vi = Ve = 0.

For an R;, equations (6.1)—(6.3) have solutions for i, and the p's, ¢’s, ¥'s.
Therefore, there exist in an R, surfaces with an orthogonal net of Voss.

We now proceed to find the finite equations of such V’s. With 4, as
parametric curves, the linear element of R, is

(6.4) ds? = du? + dv?,
so that I'y, =0, and

6.5)  dmy =i =(1,0), dg =il =(0,1), bS=2as, b=
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Then it follows from (6.1)—(6.3) that

3) 0,(2).(2) “4) 0.,
(6.6) hcb = V'Lc 15 hcb = U 1c b Ve = 0,

where U° (=0ay), V°® (=p,) are respectively nonzero functions of %, v alone.
Therefore the fundamental equations (3.1) become

x L4 L3 0.(2) .(2) & 0.,.(1) (1)
(6 7) by = B., 0By =V i, 12)2(3) + Ui & 1(4)y
. " 0.(2).b _«x ,s 0., b _«
6c"'(3) =—-V 1 z(ﬁ)Bbv 6(:1(4) = —-U tc 1(1)Bb,

where y* are rectangular Cartesian coordinates in R,.
We shall now solve this system of equations. Equations (6.7)s,4 for c=1, 2,
respectively, are 9ui5 =0, 9.4() =0. Therefore

(6.8) i =V, iu=1U,

where V*, Ur are vectors in R, depending on v, % alone, respectively. Then
(6.7)s,4 for ¢=2, 1, respectively, are

(6.9) vy =-v'B, (U =-UB.
These together with (6.7); give

Uy (v
(6.10) -yt = o du-l—f e dv.

Substituting in (6.7): the values for ), 7§, and Bj from (6.8) and (6.9) we
have

(6.11) (u9'/U% = — U°U*, Vo'V = — Vove,

If we multiply the first equation by 2(U*)’/U° and integrate, the result is
(U9'/U%2 4 (U9*? = const. = (492

Therefore we may put

(6.12), U*x = A* cos 6%, (U9'/U® = A* sin 6~

To determine 6 we need only substitute the first equation in the second one

and find that (6<)’ = — U°. Hence

(6.12), 0% = —f U%u + C* (C* = const.)

Similarly, we derive from (6.11),

(6.13) V== Brfcos ¢*, (V5'/V® = Brsin ¢*, ¢*= — f Vodv + D=
(B*, D* const.).
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Using (6.12) and (6.13) in (6.10), we have

— = A‘fSin<—f U°du+C‘>du
+B'fsin(—fV°dv+D‘)dv.

Suppose that suitable constants of integration have been added to

(6.14)

(6.15) fU°du =-U, fV°dv =-V

so that U=0, V=0 at some point Py(u%, #). Then at Py we have
©)0 = C", (¢)0 =D,

(6.16) (im)o= (Vo= B cos D',  (iw)o=(UDe=4" cosC,
(B)o= — 4" sin C", (B3)o = — B sin D",

Now according to Eisenhart’s theorem quoted in §3, the vectors (B})o,
(B3)o, (4%)e (1{y)e can be chosen arbitrarily as long as they satisfy the follow-
ing relations

&, (p) & Q) q

(6.17) X" BiBy =8, Boix =0, igyic =285 (byc=1,2;p,q=234).

Therefore we may choose —A*sin C*=(B})o=(0, 1, 0, 0), — B* sin D*=(Bj5)o
=(1, 0,0, 0), B* cos D*=(if))e= (0,0, —1,0), A*cos C*=(38))0o=(0,0,0, —1);
that is,

Al = 4% = 0, B* = Bt =0,
A?sin C2 = — 1, A4 sin C4 = 0,
(6.18) A%cos C?2 =0, Atcos Ct = — 1,
Blsin D! = — 1, B3 sin D? = 0,
Blcos D! = 0, BicosD? = — 1.

A solution of these equations is
A= (0, —1,0, —1), Bt = (-1,0, —1, 0),
(6.19) ( ) ( )
C?=2"', (C'=0, D'=2"17, D*=0.

If we use these in (6.15) and simplify, the result is

(6.20) 94+ = (fcos Vdo, f cos Udu, f sin Vdv, f sin Udu),

where U, V are as defined by (6.15) and are therefore arbitrary nonconstant
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functions of u, v, respectively. Other solutions of (6.18) lead to the same result
(6.20). Hence we have the following theorem.

THEOREM 5.1. Any surface in R, with an orthogonal net of Voss is congruent
to one of the surfaces (6.20), where y* are rectangular Cartesian coordinates in R,
and U, V, are respectively nonconstant functions of u, v alone.

The simplest of such surfaces is
(6.21) y* = (sin v, sin %, —cos v, —cos u),

which is obtained by putting V' =v, U=w in (6.20). This surface is well known
for the fact that it is a closed R; in Ry (cf. Tompkins [16]).

7. A correspondence between a V; in an S; and an isometric V: in an S,.
We propose to solve the following problem: Given a V. in an Ss, to find the
imbedding of an isometric Vo in an Sy such that one of the second fundamental
tensors of Vs in Sy is identical with the second fundamental tensor of Vs in Ss.

N. Coburn [5] gave two examples of such a correspondence, one for an
arbitrary V, in S; and one for a ruled V;in S;. Here we give a complete solu-
tion of the problem by proving the following theorem.

THEOREM 7.1. Let the constant scalar curvatures of an Sz and an S, be C’
and C, respectively. Then our problem has the following, and only the following,
solutions (where the imbedding is described to within a motion in S,):

(1a) C<C'. For an arbitrarily given Vyin Ss, there is in general one and only
one solution. The curvature conic of the isometric Vs in S, at each point P of
this Vi is a line segment at the constant distance (C'— C)V? from P, and the im-
bedding of this V, in Sy is unique.

(1b) Cs=C’. If the linear element of Vs in S; s reducible to

2 20 142

ds? = M (0 # const.; ¢, €1, &2 = + 1)

1 — ee?®
when referred to its lines of curvature, there is another solution than (1a). The
imbedding of this isometric V, in Sy is unique or depends on one arbitrary con-
stant according as the lines of curvature of V, in Ss do not form or form an iso-
metric net, that is, according as 02U+ V or 0=U+V, where U, V are func-
tions of u, v alone. The curvature conic (G) of this V, in S, is always a line seg-
ment.

(2) C=C'. (2a) For any V, in Ss, there is a trivial solution; the V; in S
may be considered as a surface in S,.

(2b) For an arbitrarily given Vi in Ss, there is in general one and only one
solution other than the trivial one (1a). The imbedding of this isometric Vi in
Sy depends on an arbitrary function of one variable and on an arbitrary solution
of a linear partial differential equation of second order in two independent varia-
bles. The curvature conic of this Vy in Sy is in general not degenerate.
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(2c) If the V, in Ss has a geodesic congruence of lines of curvature, there is
another solution than (2a) and (2b). The imbedding of this isomeiric Vp in S
depends on an arbitrary function of a single variable, and the curvature conic of
this V, in S4is always a line segment.

(2d) If the Vi in Ssis a ruled surface, there is a solution other than (2a) and
(2b). The imbedding of this isometric Vo in Ss depends on two arbitrary functions
of one variable. This Vyin Sy s also a ruled surface, and its curvature conic is in
general not degenerate.

Proof. For a V;in an Ss, let K be its Gaussian curvature; i(y), £z two mu-
tually orthogonal congruences; 8, o their geodesic curvatures (cf. §1.2); and

AL D) ROWO D@ @)W
(7.1) heo = pric i + peic iy + ps(dc v + tc 15 )

the second fundamental tensor. Then the fundamental equations of V; in S
are

2
C' — K = p3 — pip,
(7.2) 82p1 — 81p3 + B(p1 — p2) — 2aps = 0,
81ps — d2p3 — a(Px - Pz) — 2Bp3 = 0,
where C’=—R'/6 is the constant scalar curvature of S3. We notice that these
equations are obtainable from (3.6) by putting oy =0¢2=03=0, y;=»,=0, and
c=C.
Let us suppose that a Vs, isometric to the V; in S;, is imbedded in an S,
of scalar curvature C/6 such that its second fundamental tensor &Y in Sy is

identical with the second fundamental tensor (7.1) of V: in S;. Using the
same 40y, 1 for both cases, we have, by comparing (7.2) with (3.6),

(7.3) C-C = a: — 0103,

(7.4) V103 = Va0, V10s = V303,

1.5 8201 — 8103 + B(o1 — 03) — 203 + v1p3 — vap1 = 0,
8102 — 8205 — a(o1 — 02) — 2Bos + vaps — vip2 = 0,

(7.6) Sov1 — Sw2 + Brv1 — ava + (p1 — p2)as — (01 — o2)ps = 0.

Our problem is to solve equations (7.3)—(7.6) for the ¢’s and »’s, the con-
gruences 1(y, (3 and the p’s being given and satisfying (7.2). Consider the
two cases C#C’ and C=C’ separately.

Case 1. C#C’. In this case, equations (7.3) and (7.4) are equivalent to
(7.7 C—C'=a:—6162?£0, v = vy =0,

Let us choose %), 1) to be the lines of curvature of V;in S, so that
(7.8) p3 = 0.
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Then equation (7.6) becomes (p1—ps)os=0. If py=p;, our choice of i(; is
still arbitrary. We may choose it so that o3=0. Hence from the preceding
equation we always have that

(7.9) g3 = 0.

Equations (7.8) and (7.9) show that the curvature conic (G) of the V3 in S
is a line segment.
On account of (7.7)—(7.9), equations (7.3) and (7.5) become

(7.10) gi03=C"—C=em*>#0 (e = + 1, m = const.),
(7.11) 8201 4 B(o1 — 02) =0, S0 — a(e1 — o) = 0.

In accordance with (7.10), let us put

(7.12) o1 = me’, o2 = eme™’.

Then equations (7.11) become

(7.13) 30 = a(l — ee?), 80 = Plec? — 1).

Thus we have a desirable imbedding of V; in S, if and only if the lines of
curvature 38), 1) of V; in Sp are such that equations (7.13) admit a solution
for 6.

The integrability condition of (7.13) is

(7.14) (1 — ) [(518 — af) — €(62a — af)] = 0.

This condition can be satisfied in three ways.
Firstly, we may have 1—ee% =0, that is,

(7.15) e=1, 0=0.

Then equations (7.13) are identically satisfied, and equations (7.12) and
(7.10) give

(7.16) oi=o2=m=const, C' —C=m2>0.

In (7.7), (7.9) and (7.16) we have a solution of equations (7.3)-(7.6), and
therefore a desirable imbedding of V; in S« The given V; in S; is entirely
unrestricted, but the scalar curvature of S, has to be smaller than twice that
of S, as is seen from (7.16). The curvature conic at each point P of such V;
in S, is a line segment at a constant distance g1 =m = (C’'—C)2 from P. This
proves (1a) of the theorem.

-To satisfy (7.14), we may also have

(7.17) Ga—aB =0, &8 —af=0.

Condition (7.14) being now identically satisfied, equations (7.13) are com-
pletely integrable. Consequently, o1 and o2 are uniquely determined when the
value of 0 at a certain point of V is given. This is a desirable imbedding of V3
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in S; depending on one arbitrary constant. We note from (7.17) that the lines
of curvature £y, %) of V2 in S; form an isometric net (cf. (1.7)). Conversely,
if there exists a non-constant scalar 6 satisfying (7.13) in which ), 23 form
an isometric net, then (7.17) are true. For, in this case, 8.a=4§8, so that
(7.17) is a consequence of (7.14). The curvature conic (G) of the V; in S; is
the line segment:

= p; cos? ¢ + ps sin? ¢,

(7.18) .
t = g1cos2¢p + gysin2¢ (0102 = C' — C = const.).

An example of such V; in S; is obtained by putting a=8=0. Then KX =0
and the fundamental equations (7.2) reduce to C’= —p1ps, 82p1=0, 8102=0,
which are equivalent to

C'#0, p1 = const. # 0, p2 = — C'/py = const.,
or to
C'=0, pr=0, 01p2 = 0.

The latter case gives a developable surface in an Rs.
Finally, if none of the equations in (7.17) is satisfied, the last possible
solution of (7.14) is
818 — of (818 — af)

7.19 e? = ———— 1, thatis, 20 = log——m8-
(7.19) ) b — aff g (820 — ap)

Using this in (7.13) we have

(818 — af) docx — 818
og = 2a #
(8200 — ap) b — af
og~e(5‘ﬁ = of) =2 e 6.15 #0
(8200 — ) 518 — of

If the lines of curvature of V, in S; satisfy these equations, the function 6
and consequently o3, 03, are uniquely determined. Therefore, we have here-a
uniquely determined desirable imbedding of the isometric V,in .S4. The curva-
ture conic for this V, in S4 is the line segment (7.18).

From (7.13) we can find the form of the ds?, referred to the lines of curva-
ture, for the V, of the cases (7.17) and (7.20). Take (), % as parametric
curves, then we have (1.12) and (1.13), and equations (7.13) become

011

0,
(7.20)
5 1

0.0 " 9.0 2
T A e
Integration of these gives
U* V*e20

E=

) )
1 — ee? 1 — ee?®



504 Y. C. WONG [May

where U*, V* are respectively some functions of %, v alone. Therefore after an
obvious transformation on # and v, we have

elduz + eze”dv"’
(7.21) ds? = ——-—, € €,€ =+ 1.
1 — ee?
We have seen that the case (7.17) arises when 6 const. and 1(}, %) form an
isometric net, that is, when
G/E = €1e2¢?® 5 const.

is the product of a function of » with a function of v. Hence the linear element
of this Vs is

du? + dv?
U4V

where U=U(u), V="V(v) are not both constant. We have thus completed
the proof of the first part of the theorem.
Case 2. C’'=C. Equations (7.3) and (7.4) are equivalent to

(7.22) ds?

(7.23) 0‘: — 0102 = 0, V103 = V201.
If al.l the ¢’s are zero, it follows from (7.6) that
(7.24) 521’1 bt 511’2 + ﬁl’l — Qavy = 0.

In consequence of this, we can choose the normals 3§, if to V2 in Sy so that
ri=v,=0. For, from (7.24) and (1.4) it follows that a scalar f exists so that

v1 = &1f, v = 8yf, thatis, v, = d.f.

Now if we use

kK XL & o KK K . &
13y = 13y oS f + i, sin f, i@y = — i) sin f + 24y cos f
as the normals to V;in S,, the corresponding vector v.* is (cf. (2.3))

A kx &)

v = BiigyWVaie = ve — Bthf = 8cf — 8. =0,

as was to be proved. This being the case, equations (7.3)-(7.6) are now all
satisfied. But we have here only a trivial imbedding of an isometric Vzin S,
because the V3 in S; may be considered as a V, in Sy This proves (2a) of the
theorem.

Let us suppose that not all the ¢'s are zero. Then we may choose (;) so that

(725) g3 = 0.
Equation (7.23) now gives
(7.26) g = 0, a1 # 0, ve = 0,
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and thence equations (7.5) and (7.6) become
(7.27) 6301+ Bor + vips = 0, 61 + Br1 — o1ps = 0, aoy + vips = 0.

To study the consistency of these equations in ¢; and »,, we have to distin-
guish whether »; =0 or »,#0.
If »1 =0, these equations reduce to

(7.28) v =0, a =0, p3 = 0, 8901 + Bor = 0.

Equations (7.28); s show that the lines of curvature 4% of V; in S; are geo-
desics in V.. And it follows from (7.25), (7.26) and (7.28);.4 that we have
a desirable imbedding of an isometric V, in Sy which depends on an arbitrary
solution o, of the linear partial differential equation (7.28),. This solution a;,
when the linear element of V: is referred to 3}, i as parametric curves
v=const., # =const., is seen to depend on one arbitrary function of %. Hence
the imbedding depends on an arbitrary function of a single variable. On ac-
count of (7.25) and (7.28)s, the curvature conic of V;in Sy is a line segment.
This proves (2c) of Theorem 7.1.
If »;#0, equations (7.27);2 can be written
o1

v
(7.29) 521080'1+!3+P3—‘1‘=0, dalogvi+ B8 —p3— =0.

g1 Vi

Subtraction gives 8, log (a1/v1) + (v1/014+01/v1)ps =0, that is,

3 52 log (a1/v1) _ 8201/
S V1/01 + 01/1’1 T 1+ (0'1/1/1)2 '
Therefore
(7.30) p3 = &z arctan (— o1/v1).

At this stage we have to consider the cases a0 or a =0 separately.
If a0, then it follows from (7.26), and (7.27); that p;0. We eliminate
a1/ from (7.30) and (7.27); and get

(7.31) ps = 8 arctan (ps/a).

This is a necessary condition for (7.27) to have a solution for a4, v;. Evidently
it is also sufficient. If (7.31) is satisfied, o, is given by

(7.32) 82 log o1 + B — p3a/p2 = 0,

which is obtained from (7.27); and (7.29), by elimination of v;/a1. Therefore
if o} is a solution of (7.32), the most general solution will be

0

(7.33) g1 = uoy,

where u is any solution of 8u=0. Hence referring V,to ;) 1z as parametric
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curves we see that for given 1y, 7 satisfying (7.31), the solution for a4, v,
depends on an arbitrary function of a single variable.

We now show that for any V; in S; there exist orthogonal congruences
101y, Tg) satisfying (7.31). Let 4(;, 1(;) be expressed in terms of two given orthog-
onal congruences ($}, (3 :

.a *a *a .a *a *a
ity = Ly €cos 0 + i sin b, 19y = — tq) Sin @ + 23 cos 6.

Then a= —(8F0—B*) sin 6+ (850+0a*) cos § and « is not identically zero.
Consequently equation (7.31) will become a linear differential equation of
the second order in 6.

Hence we have here a solution of the problem in which the imbedding of
the isometric V; in Sy depends on an arbitrary function of a single variable
and on an arbitrary solution of a linear partial differential equation of the
second order in two independent variables. The curvature conic (G) of such
Vein S,is

2 = p; cos? ¢ + ps sin? ¢ + 2p; cos ¢ sin @, t = o, cos? ¢,

which is in general nondegenerate. This proves (2b) of Theorem 7.1.

Let us now return to the stage where (7.30) appeared. If & =0, then since
»1#0 in the case under consideration, it follows from (7.27); that p,=0. Then
the second fundamental tensor of V,in S;is

L) () a1y, (2) (2) (1)
heo = piic 16+ pa(ic s ic 1b ),

showing that 4, is an asymptotic congruence of V; in Ss. Since a=0 is the
geodesic curvature of i), V: is generated by a one-parameter family of geo-
desics in Ss, that is, Vs is a ruled surface in Ss.

Consider equation (7.30). Let 6° be a solution of 8.0 =p;, then the most
general solution of (7.30) is

arctan (— o1/v)) = 0° + u,
where p is an arbitrary solution of 8;u =0. Thereforc
(7.34) o1/ur = — tan (8° + ).
Using this in (7.29), we get

d2log o1+ B — pscot (00 + p) =

If ¢? is a solution of this equation, the most general solution is
C
(7.35) o1 = Aoy,

where X is an arbitrary solution of ;A =0. Hence in this case we have a solu-
tion for gy, »; depending on two arbitrary solutions of the linear differential
equation A =0, that is, we have a desirable imbedding of an isometric V;
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in Sy which depends on two arbitrary functions of a single variable. The
curvature conic (G) of the isometric V;in Sy is

= p; cos? ¢ + 2p;3 sin ¢ cos ¢, t = o1 cos? ¢,

which is in general nondegenerate. Since o3 =p: =0, the isometric V3 in Sy is
also a ruled surface in S. This proves the last part of Theorem 7.1.
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