ORTHOGONALITY AND LINEAR FUNCTIONALS IN
NORMED LINEAR SPACES

BY
ROBERT C. JAMES(Y)

The natural definition of orthogonality of elements of an abstract Euclid-
ean space is that x Ly if and only if the inner product (x, ¥) is zero. Two
definitions have been given [11](?) which are equivalent to this and can be
generalized to normed linear spaces, preserving the property that every two-
dimensional linear subset contain nonzero orthogonal elements. The definition
which will be used here (Definition 1.2) has the added advantage of being
closely related to the theories of linear functionals and hyperplanes. The the-
ory and applications of this orthogonality have been organized in the follow-
ing sections, which are briefly outlined:

1. Fundamental definitions. An element x is orthogonal to an element y if
and only if ||x+ky|| Z||%|| for all k. This orthogonality is homogeneous, but is
neither symmetric nor additive.

2. Existence of orthogonal elements. An element x of a normed linear space
is orthogonal to at least one hyperplane through the origin, while for elements
x and y there is at least one number a for which ax+y Lx or ||ax+|| is mini-
mum (Theorems 2.2-2.3).

3. Orthogonality in gemeral normed linear spaces. The limits Ni(x; )
=+ 1im sl 2+ —||nx]| =lima.so[|| 2 +Ay|| —||x]| ] /2 exist and satisfy weak-
ened linearity conditions. Also, x Lax+v if and only if N_(x; y) < —al|«|
< N.(x;y), while N, (y; x) =0 for all nonzero x and y satisfying N, (x;y) =0
if and only if orthogonality is symmetric and N_(x; y) =N (x; y) (Theorems
3.2 and 3.5).

4. Types of uniqueness of orthogonality. An element x of a normed linear
space is orthogonal to only one hyperplane through the origin if and only if
orthogonality is additive, or if and only if the norm is Gateaux differentiable
(Theorems 4.1-4.2). The space is strictly convex if and only if there isa unique
number ¢ for which ex+vy 1x (Theorem 4.3).

5. Hyperplanes and linear functionals. Conditions for orthogonality can be
given in terms of hyperplanes, while there is a unique number a with
xo Laxo+y if and only if there is a unique linear functional f with ||f||=1
and f(x0) =||x|, or if and only if the sphere ||«|| <||x¢|| has a tangent hyper-
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plane at xo (Theorem 5.3)—there being analogous conditions for the unique-
ness of the number a for which ax+y Lx. These types of uniqueness can be
related by using conjugate spaces (Theorems 5.3-5.6).

6. Existence of inner products. An inner product can be defined in a normed
linear space if Ny (x; ”x“y) =N, (y; ”y[]x) (Theorem 6.4), while this is true for
a space of three or more dimensions if orthogonality is symmetric and addi-
tive, or if N (y;x) =0 for all nonzero elements x and ¥ satisfying N, (x; y) =0
(Theorems 6.1-6.2).

7. Existence of elements orthogonal to linear subsets. There is an element
orthogonal to each closed linear subset of a normed linear space if and only
if each linear functional takes on its maximum in the unit sphere, while vari-
ous sufficient conditions for this can be given (Theorems 7.1-7.3). One of
these is uniform convexity, which also implies the uniqueness of the element
on a given side of a hyperplane H through the origin and orthogonal to H
(Theorem 7.4).

8. General forms for linear functionals. If no element of a normed linear
space is orthogonal to more than one hyperplane through the origin, and if
there is at least one element orthogonal to each closed linear subset, then for
any linear functional f defined in the space and having ||f|| =1 there is an ele-
ment xo for which f(y) =N(xe;y) = —a”xo“, where N(xo; v) is the Gateaux dif-
ferential of the norm and x¢ Lax,+7y. Other conditions for this can be given,
while the element x, (with ||xo|| =1) is unique for a given f if the space is
strictly convex.

1. Fundamental definitions. A normed linear space is a linear (vector)
space [2, p. 26] whose multiplier domain is the field of real numbers and which
has associated with each element x a real number ||x|| satisfying the postu-
lates:

1. ||=]| >0 if x5=0.

2. |lax|| =|a| -||«| for all numbers a.

3. leoll [l 1]

It follows from (3) that the functional ||x|| is continuous. A normed linear
space which is complete is a Banach space [2, p. 53].

DEFINITION 1.1. An abstract Euclidean space is a normed linear space such
that to each ordered pair of elements x and y there can be associated a number
(x, y) with the following properties:

(1) (¢x, y) =t(x, v) for all numbers ¢.

(2) (x, 9)=(y, %)-

(3) (xr y+z) = (xr y)+(x, Z).

@) |l«|2=(x, x).
The number (%, y) is the (bilinear and symmetric) inner product of x and y
[9, p. 707].

A function f with real number values and argument in a normed linear
space is a linear functional if it is continuous and f(x+7y) =f(x)+f(y) for all
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elements x and y. It then follows that there is a number M such that
| f(x)l <M ||x|| for all elements x, the lower bound of such numbers M being
the modulus of f [2, p. 54]. If ||f|| is the modulus of f, then the set of all linear
functionals defined on a normed linear space T is also a normed linear space—
the conjugate space T".

The definition of orthogonality “x Ly if and only if ||x+ky| =||x—kyl|
identically in k” was suggested by Roberts [18, p. 56], but has the weakness
that for some normed linear spaces at least one of every pair of orthogonal
elements would have to be zero [11, Example 2.1]. This difficulty is not en-
countered in either of the definitions “x Ly if and only if ||[x+y|| =|lx—9||” or
“x Ly if and only if ||=||2+||||2=||x —5||?” used in a previous paper [11], nor
in the following definition.

DEFINITION 1.2, An element x of a normed linear space is orthogonal to
an element y (x Ly) if and only if ||x+ky|| 2||«]| for all (). An element « is
orthogonal to a subset H if and only if x LA for all hEH.

This is the analogy of: If two lines Ly and L, intersect at p, then Ly 1L,
if and only if the distance from a point of L, to a given point q of Ly is never less
than the distance from p to g. It is clear that if x is orthogonal to «x, then x is
zero. This definition has the advantage that it can be related to other con-
cepts, such as strict convexity, weak compactness, linear functionals, and
hyperplanes. This will largely be done by means of the following properties
of orthogonality in ordinary Euclidean spaces.

I. SyYMMETRY. If x Ly, then y lx.
I1. HoMoGENEITY. If x Ly, then ax Lby for all numbers a and b.

III. Apprtivity. If x Ly and x Lz, then x 1(y+32).

IV. For any elements x and vy there exists a number a such that x L(ax+7y).

The last property is important as an assurance that a concept of orthogo-
nality is not trivial. An even stronger condition is satisfied by the orthogonal-
ity of Definition 1.2 (Theorem 2.2). Thisorthogonality is clearly homogeneous,
but is not necessarily symmetrical nor additive (Theorems 4.2 and 6.1).

For abstract Euclidean spaces, ||x+ky||2=]|%||2+2%(x, ¥)+#2||y||2. Hence
x 1y if and only if (%, ¥) =0. The orthogonality of Definition 1.2 is therefore
symmetric and additive in abstract Euclidean spaces. Also, (x, ax-+¥)
=al|«||24+(x, ), and x Lax+y if and only if a = — (x, y)/||=||.

2. Existence of orthogonal elements.

DEFINITION 2.1. A hyperplane of a normed linear space T is any proper
closed linear subset M which is not properly contained in a proper linear sub-
set of T, or any translation x+ M of such a linear subset M.

Clearly if {y.} is a sequence converging to y, and x is orthogonal to each
¥a then x 1y. Hence for any x the set of all y with x Ly is closed. For any
element x of a normed linear space there is at least one hyperplane H through
the origin with x LH, the uniqueness of H being equivalent to Gateaux differ-

(%) This definition was used by Birkhoff [3] and by Fortet [6 and 7].
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entiability of the norm and to additivity of orthogonality (§4). The following
theorems are basic to much that follows.

TuEOREM 2.1. If f (#0) is a linear functional on a normed linear space T,
then |f(x)| =|Ifll-||x|| 4f and only if x LH, where H is the hyperplane of all h
for which f(h) =0. If x is orthogonal to a linear subset LCT, then there exists a
Linear functional f for which f(x) =||f|| - ||| and f(y) =0 if yEL, and there isa
hyperplane H through the origin with x LH and LCH.

Proof. Let H be the hyperplane consisting of all elements % for which
f(h)=0. Suppose |f@)| =[] -ﬁ)xl!. Then f(h) =0 implies |f(x+1)| = |f(x)|
<|Ill - ||« +#||, and hence that |lx+|| =||x|| for all elements AEH. That is,
x LH. Conversely, suppose x LH and | f(x)| =p||«||. But||«|| <||x+4|| if k€ H,
and hence |f(x+h)|=|f(x)| =p||*|| <p||x+h||. Since H is a hyperplane
through the origin, it follows that |f(y)| <p||y|| for all y of T. That is, p =||f||
and |f(x)| =||f||-||%]|. The remainder of the theorem follows from a known
property of linear functionals [2, p. 57, lemma].

The following theorem is a direct consequence of Theorem 2.1 and the
fact that for any element x of a normed linear space there is a linear functional
f such that f(x) =||f|]| -||#|| [2, p. 55, Theorem 3].

THEOREM 2.2. Any element of a normed linear space is orthogonal to some
hyperplane through the origin.

However, for a given hyperplane H through the origin there does not nec-
essarily exist an element x with x 1 H. This problem is equivalent to finding
an element x with f(x) =||f||-||«|| for a given linear functional f, and will be
studied in §7.

COROLLARY 2.2. If x and y are any two elements of a normed linear space,
then there exists a number a such that x lax-+y. Also, x Lax+y if and only if
there is a linear functional f with |f(x)| =||f||-||*l| and a=—f(3)/f(x). If
x Lax+y, then |a| <||5]|/||=l|-

Proof. The first parts of the corollary follow from Theorems 2.1 and 2.2.
By definition, & Lax+y if and only if ||x+k(ax+y)|| 2||«|| for all k. Letting
k=—1/a gives |a| =[ly]|/ll«]].

For vectors x and y in ordinary Euclidean space, x lax+y if
a= —cos 8||y||/||#||, where 6 is the angle between x and 3. In that case,
|l +E(ax+9)|| >||«|| if £>£0. However, for elements x and y of a normed
linear space it is possible to satisfy this stronger inequality if and only if
the space is strictly convex (Theorems 2.3 and 4.3).

Unlike other types of orthogonality which have been used [11 and 18],
x Ly does not imply y Lx. Thus Corollary 2.2 does not give the existence of a
number b such that bx+y Lx. Likewise, the uniqueness of the number a with
x Lax+7y is independent of that of the number b with bx+y Lx. The differ-
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ence in these two conditions is partially evident from the following theorem,
and will be shown clearly later (§4).

THEOREM 2.3. For any elements x and y of a normed linear space, there exists
a number a such that ax—+y Lx. This number a is a value of k for which ” kx +y||
takes on its absolute minimum. If Ax+y lx and Bx+y 1lx, then ax+y Lx if
a is a number between A and B.

Proof. By definition, ax+y Lx if and only if || (ax+v) +kx|| =||ax +|| for
all k, or if and only if ||ax+]| is the smallest value of ||kx+]|. Since ||kx+ )|
is continuous in k, it must take on its minimum. Suppose Ax+y lx and
Bx+y Lx. Since the function f(n) =||x+ny|| is convex (except for possible
straight line segments), it follows that ||ax+v|| =||4x+9|| =||Bx+y| if a is
between 4 and B, and that x Lax+y.

Let ¢ and b be numbers such that x Lax+y and y Lby+x. If x and ¥
are elements of an abstract Euclidean space, then b||y||?=al|x||2. Also,
ab||x||2||]|2 = (x, ¥)2, or cos? 6 =ab, where 0 is the angle between x and 5. In a
normed linear space it is possible to have ab=1 without x and y being parallel,
but the following generalization is possible.

THEOREM 2.4. If x and y are any two nonzero elements of a normed linear
space, then |ab| =14 x Lax+y and y Lby+x. If orthogonality is symmetric,
then 0=<ab=1.

Proof. By Corollary 2.2, |a| <||5||/||«]| and | 8] =||%||/||5]|. Hence ab| 1.
If orthogonality is symmetric and x lax+y, then ax+y lx and ||(ax+7y)
+kux|| 2] ax 49| for all &y If y Lby+x, then ||y+Ea(by—+x)|| 2] for all .
Letting ki=—a gives ||y]|Z|lax+|, and k:=a/(1—ab) gives |lax+9|
=|1—abd|||y||. Hence ||y||=|1—ab|||y| and ad=0.

3. Orthogonality in general normed linear spaces. For abstract Euclidean
spaces, lim .||z +y|| —||7]|, or Ni(x;v) =limaol||x+hy]| —||«]| 1/, is zero
if and only if x Ly. While this is not true in normed linear spaces, this limit
is closely related to orthogonality and its being zero implies x_Ly. These limits
are known to exist(4), but the proof of their existence and an evaluation of the
limits in terms of orthogonality can be given simultaneously.

THEOREM 3.1. For any elements x (%0) and y of a normed linear space,
limy, .| 5+ — || nx]| = — 4]|]| and lim,, .|| x| —||nx —9|| = — Bl|x||, where A
and B are the algebraically smallest and largest of the numbers a such that
x lax+y.

Proof. Since |||nx+9|| —||nx||| <||y|| for all , ||nx+5|| —||n«|| has a limit
point as # becomes infinite. Let —r||x|| be such a limit point and { ni{ be a se-
quence of numbers such that lim;.,m;= o and 1im.~-,°||n.-x+y | —”n.x“
= —7||%||. It is known [11, Lemma 4.4] that for any number a this limit

(%) See Mazur [14, p. 75], or Taylor [22, Theorem 5.21].
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is equal to limi..||na+(ax+9)|| —||nx| —allx||. If x Lax+y, then |ns
+(ax+9)|| 2||n||, and hence lim;..||nx+y|| —||nx]| = —al|x]||. Thus if 4 is
the greatest lower bound of all numbers ¢ for which x Lax-+y, then

tim s + 3] — [l 2 — 4]l

Let € be any positive number, and choose N such that |||nax+9|| —||nx]|
+|x||| <é||«|| if ns>N. Ifni> ||, thiscan be written | ||nax+y|| —|| (n:—17)x||
<¢|x||. There is then a number e; such that |e:;|<e and ||nax+y|| =|| (ni—7
+e:)x||. But this can be written

|| [(m — 27y 4 271¢)x + 2‘1y] + [~ — 27te)x + 2‘1y]||
= ||[(m: — 27 + 27%e)x + 271y] — [(27Y — 27%)x + 2719]||.
It then follows that for || =1 [11, Theorem 4.1]
II [(ns — 27 + 2-%e)x + 271y] + R[22 — 2-%e)x + 271 ]|
2 |[(m — 27 + 27%)x + 27|
If k is replaced by 2m and this inequality divided by |m|, it becomes
[(2m—r+e,~)x+ ¥ (2m—r+e;)x+y|

Im om |

=

]+<r—e.~)x+y

Since Ie.-| <, it follows that lim;..e;=0. Hence if $ is any number and #; be-
comes infinite, but with m =n./p, it follows that ||px+ (rx+y)|| =|/px| for
all p. Thus'if —7||x|| is a limit point of ||nx+y|| —||nx|| as » becomes infinite,
then x Lrx+y. But it was also shown that —r||x|| = —A4||||, or 4 Z7. It there-
fore follows that # =4, lima..||nx+9| —||n«|| exists and equals —A4||«]|, and
that x L Ax+y. If B is the largest number such that x LBx+7y, then —B
is the Islnllr\llest number for which x L —Bx—y. Hence lim,..||nx|| —||nx—9||
= — B||x||-

LeMMA 3.1. If x and y are elements of a normed linear space and x L Ax+y
and x L Bx+y, then x Lax-+y if a is a number between A and B.

Proof. For definiteness, assume 4 <B. If x 1Ax+y and x L Bx+y, then
|lx+E(Ax+9)|| 2||%|| and ||x+E(Bx+9)|| Z||*]| for all . Let a be any num-
ber for which 4 £a <B. If k=0, then

|z + oz + || =|| [1 + ke — )]z + k(Az + )|
2 ||[1 + ke — 4)]=]| = ||4].
If k<0, then
|2 + kex + 9)|| = ||[1 + k(e — B)]x + k(Bx + y)|
2 ||[1+ ke — B)]d| 2 |4
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Hence ||x+k(ax+y)|| 2||«|| for all 2, and x Lax+y.

THEOREM 3.2. If x and y are any two elements of a normed linear space,
then x Lax+y if and only if

— Iim ||nz + 5l = [|na]| < ol+]] = — lim [[ns] — [}z = o],

The usefulness of this theorem in determining the numbers a for which
x Lax+y can be shown by using the Banach space of number pairs (a, b),
with || (a, b)“ = (a2+b2+ I abl Y2, If x=(1,0) and y = (0, 1), then nx+y=(n, 1)
and nx—y=(n, —1). From Theorem 3.2, x Lax+y if and only if —1/2=<a
<1/2. Thatis, (1, 0) L(a, 1) if and only if —1/2<a <1/2. This is equivalent
to saying that [(1+4ka)2+k?+|k(1+ka)|]V221 for all k if and only if

la] s1/2.
If the two limits of Theorem 3.1 are added, it is seen that the number «
defined by lim..||nx+y|| —||#nx —y|| = —24||%|| is the mean of the largest and

smallest of all numbers @ for which x Lax+y. The following theorem follows
from this and the fact that limg..||nx+(ax+9)||—|nx+yl =all«|| [11,
Lemma 4.4].

TueoreM 3.3. If lim,.mllnx+(ax+y)” —an—- (ax+y)|l =0 for elements x
and vy of a normed linear space, then x Lax+y and a=2"(A+B), where A and
B are the smallest and largest of the numbers a for which x Lax+-y.

It is known that for any elements x and y of a normed linear space there
is a number a for which ||x+ (ax+9)|| =||x — (ex+9)|, and that, for such num-
bers a, ||x+k(ax+y)||>2-Y|«|| for all & [11, Theorems 4.4 and 4.2]. This
could be used as a definition of orthogonality, but it is clear that x and ax+y
satisfying this equality are not necessarily orthogonal in the present sense
(Definition 1.2). However, it is possible to relate these types of orthogonality:

THEOREM 3.4. If x and y are any two elements of a normed linear space,
and the numbers o, are such that

|2+ 53 aaz + )| = |2 = w7z + )]l

then lim,..a, =« exists and x Lox~+y. Furthermore, a is the mean of the largest
and smallest of the numbers a for which x Lax+y.

Proof. The numbers «, are bounded as # becomes infinite [11, Theorem
4.5), and hence have a limit point a. It then follows from ||nx+ (asx+9)||
—||lnx— (anx+9)|| =0 that lim, .|| nx+ (ax+)|| — ”nx— (ax+9)|| =0. Thus &«
is the mean of the largest and smallest of the numbers a for which x Lax+y
(Theorem 3.3), and lim,..0,=a.

The norm of a general normed linear space is not differentiable at all
nonzero points, although lims..o(]|x+hy|| —||x||) /% exists. If this limit is de-
noted by N.(x; y), and limh,—o(”x+hy” —“xl])/h by N_(x; ¥), then, if x>0,
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¢) Ni(x;9) = — Al|«l| and N_(x;9) = — B|4,

where A and B are the smallest and largest of the numbers ¢ for which
x Lax+y (Theorem 3.1). If the Gateaux differential of the norm (Définition
4.3) exists at x, then N, (x; y) is a linear functional in y. It is not linear in
general (Example 8.1), but does satisfy the following weakened linearity con-
ditions:

(2) Ni(x; y + 2) < Ni(x; 9) + Ni(x; 2).
(3) Ni(x;ty) = t-Ni(x;9)  fort 2 0.
@ No(mi o) = [loll; | Nl 90 | < (sl

These three relations follow from results given by Ascoli [1, pp. 53-55], but
follow easily from the theory of orthogonality. The first is a direct applica-
tion of the triangular inequality of the norm, while (3) follows from
— N (x; ty)/“x” and — N, (x; y)/“x” being the smallest of the numbers a
and b, respectively, for which x Lax+ty and x Lbx+y. The inequality (4)
follows from x L — [N (x; y)/“xl] Jx+y and Corollary 2.2.

If A is the smallest of the numbers @ for which ¥ Lax+sy, then 4 —r is
the smallest of the numbers & for which x Lbx 4 (rx+sy). Using this, it follows
that:

(5) Ni(x;rx + sy) = r“x” + s-Ni(x; 9), fors = Oand all r.

If x is an element of a normed linear space and f is any linear functional
with f(x)=||*|| and ||f]|=1, then N_(x; y) <f(y) SN4(x; y) for all y; if
N_(x;y)<a=<N,.(x;v), then there is a linear functional F for which F(y) =a,
F(x) =||||, and || F]| =1 [14, p. 75]. The following is an equivalent statement
of this in terms of orthogonality (%), the validity of which follows from the eval-
uation of N, (x; y) and N_(x; y) given by (1) above:

(6) xlex+ 1y ifand onlyif N_(x;y) = — a||x|| < N, (x;y).

If Ny(x; y)=N,(y; x) =0, then it follows from (6) that x Ly and ylx.
For general normed linear spaces neither N, (x; ¥) =0 nor N (y; x)=01is a
necessary condition for the orthogonality of x and y, while the assumption
that one follows from the other is very severe (Theorems 3.5 and 6.2).

THEOREM 3.5. 4 necessary and sufficient condition that N, (y; x) =0 for any
nonzero elements x and y of a normed linear space T satisfying N (x; y)=0
1s that orthogonality be symmetric in T and for any elements x (#0) and y there
be a unigue number a for which x Lax-+y.

Proof. If for all x (30) and y there is a unique number a for which
x Lax+y, then it follows from (6) that x Ly if and only if N, (x;y)=0. Hence
if orthogonality is symmetric and x and y are not zero, then N, (y; x) =0 if

(%) The equivalence follows from Theorem 2.1, if we use the equations (1).
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and only if N, (x; y) =0. Now take 0 and x Ly. Let 4 and B be such that
x Lax+y if and only if 4 <a =B, where 4 0= B (see (6) above). Then a=0
is the smallest value of @ for which x L (4 +a)x+7y, or x Lax+(4x+7y). Thus
from (6), Ny(x; Ax+7y)=0. If Ax+y=0, then Ax+ylx. If Ax+y50, then
the assumption that Ni(4Ax+y; x) =0 implies Ax+ylx. Likewise, a=0 is
the largest value of a for which x L(B+a)x+y, or x Lax+ (Bx+7y). Therefore
N_(x; Bx+y)=—N,(x; —Bx—vy)=0 and N,(—Bx—y; x) =0 if Bx+y>0.
Hence Bx+vy_lx. Since A £0<B and Ax+y.lx and Bx+y_lx, it follows that
y1lx (Theorem 2.3). Thus orthogonality is symmetric if N (y; x) =0 for all
nonzero elements x and y satisfying N, (x; ¥) =0. Now suppose there are two
elements x (#0) and y for which x Laex+7v if A’ <a <B’, where A’'#B’. Then
because of symmetry, ax+ylx and |lax+v|| is minimum and constant for
A’<a<B’ (Theorem 2.3). If A’ <a<B’, then |lax+y+ha| —|lax+y|| =0 if
A'<at | h! < B’. Therefore N (ax+7y; x) = N_(ax+7v; x) =0. Hence if we use
the assumption of the theorem (or trivially if ax+y=0) it follows that
N, (x; ax+y)=N_(x; ax+y)=0. But with (6) above this is impossible if
A’5#B’. Hence for any elements x (5£0) and y there is a unique number a
for which x Lax+y.

4. Types of uniqueness of orthogonality. For any elements x and y of a
normed linear space, there is a number a for which x Lax+y and a number b
for which dx+vylx. These numbers are not unique in general, their unique-
ness being related to the concepts of differentiability of the norm and strict
convexity (Theorems 4.1 and 4.3). Since orthogonality is not symmetric, this
uniqueness can take the following forms:

DEFINITION 4.1. Orthogonality is right-unique if and only if for no ele-
ments x (0) and y there is more than one number @ for which x Lax+1y.

DEFINITION 4.2. Orthogonality is left-unique if and only if for no elements
x (#0) and y there is more than one number ¢ for which ax+y Lx.

If orthogonality is symmetric, then it is right-unique if and only if it is
left-unique. This was the case for the orthogonality conditions ||x+y|| =|x—y/|
and ||x||2+]|y]|2=||x—9||? studied in a previous paper [11], but not for the
orthogonality of Definition 1.2. Moreover, it is clear from (6) of §3 that
N, (x;9)=N_(x;y) for all x (#0) and ¥ if and only if there is a unique num-
ber a for which x _Lax+7y.

DEFINITION 4.3. A functional f defined on a normed linear space T is
Gateaux differentiable at a point x if and only if lims.o[f(x+hy) —f(x)]/R
exists for all elements y of T. If this limit exists, it is the Gateaux differential
at x, written f(x; ¥).

The Gateaux differential N(x; y) of the norm of an abstract Euclidean
space exists at all nonzero points and is equal to (x, y)/ ||x“ But x Ly if and
only if (x, ) =0. Hence x Lax+y if and only if N(x; ex+y) =0, or N(x; y)
= —al|«]|. This can be extended to normed linear spaces whose norm is Ga-
teaux differentiable, since in such spaces N (x; ¥v) =N_(x; y) = —a”x”.
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THEOREM 4.1. Orthogonality is right-unique in a normed linear space T if
and only if the norm of T possesses a Gateaux differential at each nonzero point.
If this differential of the norm, N(x;y), exists at a point x, then N(x;y) = —a”x” )
where a is the number for which x Lax—+y.

It is known that N(x; v) is a linear functional of y if it exists, from which
it follows that x Ly and x 1z imply x Ly+2(%). The converse of this is also true.

THEOREM 4.2. Orthogonality is additive in a normed linear space if and only
if it is right-unique, or if and only if the norm is Gateaux differentiable at each
nonzero point.

Proof. If orthogonality is right-unique and x Ly and x 1z, then y and 2
both belong to the hyperplane H through the origin for which x LH (Theorem
2.2), H being unique if for all y there is a unique number a for which
xlax+y. Then y+2EH and x Ly+2. Conversely, suppose orthogonality is
additive and x Lax+y and x Lbx+y. Then x L — (bx+7y) and additivity gives
xL(a—b)x. But this means that ||x+k(a—b)x|| =||«||, which is true for all %
only if @ =b. Therefore orthogonality is right-unique if it is additive. That
orthogonality is additive if and only if the norm is Gateaux differentiable at
all nonzero points now follows from Theorem 4.1.

If the norm of a normed linear space has a Gateaux differential N(x; y)
at each nonzero point x, then x Ly if and only if N(x; y) =0, and the points y
satisfying N(x; ¥) =0 form the unique hyperplane H for which x1H. If
N(x; y) exists, then N(x; ¥)+N(x; 2) =N(x; y+2) and x Ly and x Lz imply
xly+az.

For any elements x and y of a normed linear space and any number %
there is a number o such that ||x+h(ax+v)|| =||x—k(arx+y)|| (see [11,
Theorem 4.4]). Then limy .o [||x+A(ax+9)|| — || — k(ex +v)|| ] /- =0if and only
if limp.oan =0, and a is the mean of the largest and smallest of the numbers
a for which x Lax+y (Theorems 3.3-3.4). Also, x Lax+y and Iim;.,o[“x-l-hyll
—|lx— Ryl 1/h = —20]|].

If orthogonality is right-unique or additive, or if the norm is differentiable
at nonzero points, then « is the unigue number for which x Lax+y, and
N(x; ax+y) =0. While orthogonality is right-unique if and only if the norm
is Gateaux difterentiable at nonzero points, this does not follow for left-
uniqueness unless orthogonality is symmetric. In fact, it will be shown that
orthogonality is left-unique if and only if the space is strictly convex.

DEFINITION 4.4. A normed linear space is strictly convex(”) if and only if

(%) See [15, pp. 129-130]; the Gateaux differential of the norm is always a weak differential
[15] of the norm. Conditions for additivity of orthogonality have been given by Fortet [7,
Lemma 3], but he unnecessarily assumes uniform convexity (Definition 5.4) as well as differ-
entiability (regularity) of the norm.

(7) See Clarkson [4]. Strictly normalized is sometimes used [19].



1947] ORTHOGONALITY AND LINEAR FUNCTIONALS 275

|l<|| +]|9]l =||«+»|| and y>%0 imply the existence of a number ¢ for which
x=ty.

The triangular inequality of the norm implies that the function f(n)
=||x4-ny|| of the real variable % is concave up except for possible straight line
segments. Hence if the norm is Gateaux differentiable, then N(x+ny; v)
=f£'(n) is monotonic increasing and therefore continuous [22, Theorem 4.32].
It is equal to —a,.”x-l—ny”, where x+ny La,(x+ny)+y. If the normed linear
space is also strictly convex, then f(n) = ||x +ny” is convex and f’(n) is a con-
tinuous, increasing function. If x+4ayly and x+byly, then |x+ay|
=||x+by||, since each is minimum. Also, ||x+ny|| is constant for a <n<b
(Theorem 2.3). Therefore orthogonality is left-unique in strictly convex
spaces. The converse of this is also true.

THEOREM 4 ». A necessary and sufficient condition that a normed linear space
T be strictly convex is that orthogonality be left-unique.

Proof. As shown above, orthogonality is left-unique in a strictly convex
space. Conversely, if T is not strictly convex then there are elements x
and y (y#0) such that ||x||+]|y]| =ﬁ'x+y|| and xty for any ¢. From
x+y=[(1—k)x+ky]+kx+ (1 —k)y, it follows that ||x+v|| <|[(1 —k)x+Ey|
+k||x|| + 1 —R)||y]| if 0SE=<1. Since ||=||+||5|| =|lx+y|(, this gives || (1 —k)x
;_ll-kyll 2 (1=B)||sll +&lsll. But then [|(1—r)x+kyll =1 —F)lal[+Elly-

ence

(1 = Bz + kyl| = (1 — B)||4]| + 4|

for 0k =1. If =||all /]| +]l5]), this becomes |ll5]lx+|ll)] =2]l<llll5]
Setting x’=||y||lx+||x|y and y'=||y||lx—||«]|y, it follows that [x’+y’
=||lx’ —y'|| =|[x’||. Therefore ||x"+ay’|| =||x"|| if |a| =1 and ||x’+ay’|| Z||x’
if |a| 21. Hence x’+ay’ Ly’ if |a| <1. Since y’=0 implies x = (||=[|/||¥]))¥,
it follows that orthogonality is not left-unique in a space not strictly convex.
Hence a normed linear space is strictly convex if orthogonality is left-unique.

It is interesting to analyze the meaning of right- and left-uniqueness of
orthogonality in the Banach space C of continuous functions defined in (0, 1),
where || f|| =max(o,1)| f(x)l [2, p. 11]. This will give an easy means for con-
structing normed linear spaces in which orthogonality is right-unique, or
left-unique, or both.

THEOREM 4.4. Orthogonality is left-unique in a linear subset T of C (or T
is strictly convex) if and only if all nonzero functions belonging to T whose abso-
lute values take on their maximum at a common point are multiples of each other.

Proof. If there are nonzero functions f and g for which | f | and I gl are both
maximum at some point a, then either ||f+g|| =|f(a)+g(a)| or |f-—g||
=|f(a)—g(a)|. Hence ||f||+||gl| is either equal to lf+gll or to ||f—gl|. If T
is strictly convex (or orthogonality is left-unique), then there is a number ¢




276 R. C. JAMES [March

such that f=tg. Conversely, if T is not strictly convex, then there exist non-
zero functions f and g such that ||f|| +||g|| =||f+¢|| and f#¢ for any number 2.
Suppose ||f|| = [£(a) |l¢ll = | g(®)|, and||f+g|| = | f(c) +£(c)| . Then|f(c)+g(c)
=[f@)| +]2®. But [f()+2(0)] < |£0)] +]2()], |#)| <|£@)],and | g(c)
<|g(b)|. Hence |f(c)| =|f(a)| and |g(c)| =]|g(b)|. That s, both |f| and |g
take on their maximum at ¢, even though f and g are not multiples of each
other.

This theorem enables one to determine easily whether orthogonality is
left-unique in a linear subset T of the space C (or whether T is strictly con-
vex). It is seen from (6) of §3 that a condition for orthogonality being right-
unique in T (or the norm of T being differentiable) would result from an evalu-
ation of the limits N.(x; ¥) and N_(x; y). These limits are known to exist in
general normed linear spaces. For the space C,

. max | f-+ hg| — max
Wilfi) = lim! |/ ghl /1

It follows from results of Fréchet [8] that the norm of C is Gateaux differ-
entiable at a point f if and only if I f l takes on its maximum at only one point,
as also follows from the following evaluation of Ny (x; ¥) and N_(x; ¥).

THEOREM 4.5. If f (#0) and g are elements of the space C, then N (f; g)
=max4 g(sign f) and N_(f; g) =min, g (sign f), where A is the set of numbers o
for which |f(a)| =|Ifl-

Proof. Since N.(f; g)=lima.iol||f+heg||—||f]|]/#, which is equal to
lim,..||nf+g|| —||nf], it follows from Theorem 3.1 that N.(f; g) exists. If
|f(@)| =lfll, then N.(f; ) Zlima-.sol|fe)+hg(e)| = |f(e)| 1/h=g(e) [sign f(e)].
Hence N.(f; g) 2 max, g(sign f). Let a be a limit value, as 2— 40, of the num-
bers as for which |f(as)+hg(as)| =||f+hg||. Then the continuity of ||f+kg||
in k& implies that limp.4o [f(ah)+hg(a;,)l =”f||, and hence that |f(a)| =”f| .
But then

7 + hgll = llAll _ 1 fCan) + hglan) | — 1Al _ [ fCan) + hg(an) | — [ f(an) |
b h = 7 ’

and if A—+0 through values &’ which are such that a,-—a, then it is seen that
N.(f; g) Slimp . yog(an) [sign f(an) | =g(a) [sign f(a) | Smax, g(sign f). There-
fore N.(f; g) =max, g(sign f). From this and N_(f;g) = — N, (f; —g) it follows
that N_(f; g) = —max, —g(sign f) =mina g(sign f).

If we use this theorem, it follows from (6) of §3 and sign f= | f[ /f that if
f and g are elements of the space C, then

) flef + g if and only if mAin g/f£ —a= mfx g/f,

where A is the set of numbers o for which [f(a)l =||f|| Thus if aEA4, then
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fL—[g(e)/f(@)lf+g. Clearly orthogonality is right-unique, and the Gateaux
differential N(f; g) of the norm exists, if and only if I g(a)| has the same value
for all @€ A4 and g(a)-f(a) has the same sign for all a€A4. If g(a) =0 for a
number « for which |f(a)| =||f||, then fLg. This is not a necessary condition
for f Lg unless orthogonality is right-unique.

THEOREM 4.6. If orthogonality is right-unique in the linear subset T of the
space C and f (#0) and g are elements of T, then f1g if and only if g(a) =0 for
all a for which |f(a)| =||f||-

This theorem follows easily from (7). If orthogonality is also symmetric,
it can be strengthened to state that flg if and only if each of | f I and |g| is
zero at all points for which the other is maximum. However, for spaces of
three or more dimensions this implies the space is abstract Euclidean (Corol-
lary 6.1).

The above results furnish means of constructing examples in which or-
thogonality is right-unique, left-unique, or both. Thus if T is the space of all
functions of the form f=a sin x+b(x—2~'r) in the interval (0, ), then
|70)] =|f)| =|Ifll if |a| =|b| and T is therefore not strictly convex and
orthogonality is not left-unique. The condition min g/f =max, g/f for right-
uniqueness of orthogonality (7) is satisfied. For if |a|>|b|, then |f| takes
on its maximum only at one point. While if |a| <|5|, then |f| is maxi-
mum at both 0 and 7. But if g is any other function of the form g=a’ sin x
+b’(x—2"'7), then g/f has the same value at 0 and 7. Therefore orthogonality
is right-unique (and additive) in T and the norm of T is Gateaux differentia-
ble, although orthogonality is not left-unique and T is not strictly convex.

Similarly, if T is the space of all functions of the form f =a sin x+b sin 2x,
then orthogonality is left-unique but not right-unique. Thus T is strictly
convex, but the norm of T is not Gateaux differentiable at all nonzero points.

Let T’ be the space of all functions of the form F=af+bg in the interval
(0, 2), where

1 — x? for0 s x=<1,

f=#2-2 and g {(x—2)2—1 for1 <z < 2.
Then two functions belonging to 77/ can take on their maximum at the same
point only if they are multiples of each other, while no function F can take
on its maximum at more than one point. Thus orthogonality is both left- and
right-unique, and T’ is strictly convex and its norm is Gateaux differentiable
at all nonzero points. Then (from Theorem 4.6) it follows that FLG if and
only if G(a) =0 for the number « for which | F(e)| =|| F||. However, it does
not follow from G being zero at the point for which | F| is maximum that F
is zero at the point for which | G| is maximum. Thus orthogonality is not sym-
metric in 7'/, and T"’ is not an abstract Euclidean space.
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5. Hyperplanes and linear functionals. It has been shown that for any
elements x and y of a normed linear space there can be found at least one
number ¢ for which x Lax+v, and a number b for which bx+y_Lx. The num-
ber a is unique (or orthogonality is additive) if and only if the norm is Ga-
teaux differentiable at nonzero points, while & is unique if and only if the space
is strictly convex (Theorems 4.1 and 4.3). Results of this type will be inter-
preted and extended by use of linear functionals and the concepts of con-
jugate spaces and supporting and tangential hyperplanes. The following
definition could be given for more general surfaces than spheres [14], but is
sufficient for this paper.

DEFINITION 5.1. A hyperplane H of a normed linear space T is a supporting
hyperplane of a sphere S if the distance between H and S is zero and H con-
tains no interior points of S. If H is the only supporting hyperplane which
contains the boundary point x of S, then H is tangent to S at x.

Any element x of a normed linear space is orthogonal to some hyperplane
through the origin, and for any hyperplane H through the origin for which
there exists an element xo L H there is a linear functional f with f(x,) =||f|| - ||
and f(k) =0 for all h€H (Theorems 2.1 and 2.2). But then f(x) =||f|| - |{x0
defines a hyperplane through x, which contains no interior points of the sphere
||x|| _S_onl[ and is therefore a supporting hyperplane of that sphere. Hence
there is a supporting hyperplane through every boundary point of a sphere(®).
Also, if S is the sphere containing all x which satisfy ||x|| <||xd||, then xoLy if
and only if S has a supporting hyperplane containing xo and xo+7y.

The hyperplane defined by f(x) =||xo” is the only supporting hyperplane
of S at x,, or also a tangent hyperplane, if and only if f is the only linear
functional with ||f|| =1 and f(x,) =||%¢||, and then consists of all elements x
satisfying f(x) = xo“ (%). But f is unique if and only if there is a unique hyper-
plane H through the origin with xy L H, and hence if and only if orthogonality
is right-unique or the norm is Gateaux differentiable at x,. This tangent hy-
pelrlplzlxlr]le is then defined by N(x,; ¥) =||xo“, where N(x¢; ¥) =limj.o [”xo+hy||
—[|Xo /h.

THEOREM 5.1. Orthogonality is right-unique (or additive) in a normed linear
space T if and only if for any element x, with ||xo|| =1 one of the following holds:

(1) There is a unigue linear functional f with ||fl| =1 and f(xo) =1. This
Sfunctional f is then f(y)= —a=N(x,; v), where xoLaxo+y.

(2) There is a hyperplane tangent to the unit sphere at the point xo. Such a
tangent hyperplane consists of all elements y for which xoLlxo—7y.

Results analogous to the above can be obtained by knowing that a normed
linear space is strictly convex if and only if orthogonality is left-unique (Theo-
rem 4.3). Thus it is known that a normed linear space is strictly convex if
and only if for no linear functional f is there more than one point x (with

(%) This also follows from Mazur [14, p. 74].
(%) Also see Mazur [15, p. 130].
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|l€]| =1) for which f(x) =]|f||—that is, no linear functional takes ou its maxi-
mum in the unit sphere ||x|| <1 at more than one point. This was shown by
Smulian [19, Theorem 6], but also follows easily from the theory of orthogo-
nality:

For suppose f (with || f” =1) takes on its maximum in the unit sphere at
the two points x; and xz. Then f(x:) =||xi|| =1 and f(xs) =||xs|| =1. Thus
f(x1—22) =0 and f(x1+k[xa—x:]) =1. Hence ||14k(xe—x1)|| = ||2i]| =1 for all
k, and x; L (x2—x;). Likewise x5 L (X3 —x1). Therefore x;+k(xs —x1) L(x2 —x,) if
0=k =1 (Theorem 2.3). Thus orthogonality is not left-unique and the space
is not strictly convex.

Conversely, if a normed linear space is not strictly convex, then orthogo-
nality is not left-unique. Then for some elements x and y and number a,
y1lx and ax+ylx. The existence of a linear functional f with f(y) =[| f|| Ay
and f(x) =0 follows from Theorem 2.1. But it then follows from ||ax +v | =||y
(Theorem 2.3) that f(ax+y)=||f|| ~|lax+y||. Thus f takes on its maximum
in the unit sphere at the two points y/Hy“ and (ax+7y)/|lax+9|.

The following theorem is a consequence of the above and the fact that for
every hyperplane H there is a linear functional f and a number ¢ such that H
consists of all x satisfying f(x) =¢, while the set of all x satisfying an equation
of the form f(x) =c is a hyperplane [14, p. 71].

THEOREM 5.2. Orthogonality is left-unique in a normed linear space if
and only if one of the following holds:

(1) No linear functional takes on its maximum in the unit sphere ||x|| <1
at more than one point.

(2) No supporting hyperplane of any sphere S contains more than one bound-
ary point of S.

A comparison of right- and left-uniqueness of orthogonality can be made
by use of conjugate spaces. Thus it has been shown by Taylor [21, Theorems
5 and 6] that a normed linear space T is strictly convex if for each element f
of the conjugate space T” there is a unique element F of 7"’ such that || F|| =1
and F(f) =||f|, and that for each element x of T there is a unique linear func-
tional f with ||f|| =1 and f(x) =||x|| if 7" is strictly convex. While it follows
from results of Smulian [19, Theorem 8] that if every linear functional defined
on T attains its maximum in the unit sphere, then 7" is strictly convex if the
norm of T is Gateaux differentiable. If these results are stated in terms of
orthogonality by means of Theorems 4.1, 4.3, 5.1, and 5.2, they become the
following theorem (which is not difficult to prove by the theory of orthogonal-

ity):

THEOREM 5.3. Orthogonality is left-unique in a normed linear space T if it is
right-unique in T', and it is right-unique in T if it is left-unique in T". If every
linear functional attains its maximum in the unit sphere ||x|| <1, then orthogo-
nality is left-unique in T’ if it is right-unique in T.
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The following theorems serve to complete Theorem 5.3. They make use of
the concepts of weak compactness, regularity, and uniform convexity, which
will be used in §§7 and 8 to get conditions for the existence of an element
orthogonal to a given closed linear subset of a normed linear space.

DEFINITION 5.2. A sequence {x.} of elements of a normed linear space T
converges weakly to an element x if lim, .., f(x.) =f(x) for all linear functionals f
defined in T. A subset S of T is weakly compact if every sequence of elements
of S contains a sequence which converges weakly to an element of S.

THEOREM 5.4. If the unit sphere of a normed linear space T is weakly com-
pact, then orthogonality is right-unique in T’ if it is left-unique in T.

Proof. Suppose orthogonality is not right-unique in 7, and hence not ad-
ditive in T’ (Theorem 4.2). There then exist linear functionals f, g, and % (de-
fined in T) for which flg and fLlhk, but f is not orthogonal to g+#%. Thus
|lf+Eg|| 2|fl| and ||f+EA|| 2|7 for all k, but there is a value &, of  for which

If + g + )]l < |If]l-

Without loss of generality, ||f|| can be taken as unity and &, to be positive.
Then it follows from the discussion following Definition 4.4 that ||f+k(g+h)||
<|If| for 0 <k =ki. For each number k, choose x such that ||x|| =1, f(xx) 20,
and

| f(xe) + kg(x) | 2 ||f]] = 1.

Likewise, for each % let y, be such that Ilyk” =1, f(yx) =0, and |f(yk)+kh(y;,)|
=||fll =1. Since lg@xr)| <|lgll and |2(yi)| <]|A]], it follows from 0 =f(x:) =1
that g(xx) 20 and A(yx) 20 if 0<k<1/||g]| and 0<k<1/||4]|. If % satisfies
these inequalities, and k <k, then g(xx) and k(x:) must be of opposite sign,
since otherwise |f(xx) +#[g(x) +/(xx) ]| would not be less than ||f|| =1. Like-
wise, g(yx) and k(y:) would also be of opposite sign. Since the unit sphere of T
is weakly compact, it is possible to choose sequences from the elements x;
and yi which converge weakly to elements x and y, respectively, as k ap-
proaches zero. For elements xx and y: of these sequences, f(xx)—1 and
f(yx)—1 as k—0. Thus f(x) =f(y) =1. Since ”f] =1, it follows that 1 é”x”
and 1 =||y||. If Fis a linear functional for which || F|| =1 and F(x) =||x|, then
F(x2)| <||%#|| =1. Hence F(x) <1 and ||x|| =1. Likewise ||y|| =1. Therefore
|lx|l =||3|l =1, and f takes on its maximum in the unit sphere at both x and y.
But g(x) =0 and A(x) £0, while g(y) =0 and %(y) Z0. Thus x =y is possible
only if g(x) =g(y) =h(x) =h(y) =0, and hence only if |f(x)+k:[g(x)+h(x)]|
=|If|l. But this would contradict ||f+&i(g+h)|| <||f||. Since x>y, f takes on
its maximum in the unit sphere at two distinct points and orthogonality is
not left-unique in T (see Theorem 5.2). Therefore orthogonality is right-
unique in 7" if it is left-unique in T.
DEFINITION 5.3. A normed linear space T is regular (or reflexive) if and
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only if for every linear functional F defined over the conjugate space T there
is an element xo of T such that F(f) =f(x,) for all elements f of T".

If the unit sphere of a normed linear space is weakly compact, then each
linear functional defined in the space attains its maximum in the unit sphere.
It is then possible to combine Theorems 5.3 and 5.4. However, it is known
that the unit sphere of a regular Banach space is weakly compact [10, Theo-
rem 1]. This is a stronger assumption than weak compactness, but is not
greatly different since a separable Banach space is regular if its unit sphere is
weakly compact [2, p. 189, Theorem 13].

THEOREM 5.5. If a Banach space T is regular, or if the unit sphere of T is
weakly compact, then orthogonality is left-unique in T' if and only if it is right-
unique in T, and it is right-unique in T' if and only if it is left-unique in T.

DEFINITION 5.4. A normed linear space is uniformly convex if and only if
for each €>0 there is a number §>0 for which ||«|| =||3|| =1 and lx—9|| >e
imply [lx+v]| <2—38.

It is known that a uniformly convex Banach space is regular ([16, Theo-
rem 2] or [17]). However, a uniformly convex space is clearly strictly convex,
which implies that orthogonality is left-unique.

THEOREM 5.6. If a Banach space T is uniformly convex, then orthogonality
is left-unique in T and right-unique in T, and it is left-unique in T’ if and only
if it is right-unique in T.

It is known that if a linear functional f is defined over a linear subset S
of a normed linear space T, then f can be extended to all of T without increas-
ing its norm [2, p. 55, Theorem 2]. Thus for any element x, of T there is at
least one linear functional g defined over T and with ||gl| =1 and g(xo) =1.
Clearly this functional g is unique if for any linear functional f defined on a
linear subset of T there is only one such extension of f to all of T. This con-
dition therefore also implies that for each element x, there is a hyperplane
tangent to the sphere ||x|| <||xq|| at %o, that the norm of T is Gateaux differ-
entiable, and that orthogonality is right-unique in T (see Theorems 4.2, 5.1).

Taylor has shown [21, Theorem 6] that if T’ is strictly convex, then there
s 0 unique norm-preserving extension for any linear functional defined on a
linear subset of T(1). If every linear functional defined on T attains its maxi-
mum in the unit sphere and orthogonality is right-unique in T, then T’ is
strictly convex (Theorem 5.3), and hence there is only one extension for any
linear functional f defined on a linear subset of T which doesn’t increase the
norm of f. This argument is equivalent to the proof given below in terms of
orthogonality:

(%) An equivalent condition is that orthogonality be left-unique in 77, or that no support-
ing hyperplane of the unit sphere S’ of T’ contain more than one boundary point of S’ (Theo-
rems 4.3 and 5.2).
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THEOREM S5.7. If every linear functional defined over a normed linear space T
attains its maximum in the unit sphere, or if the unit sphere of T is weakly com-
pact, or if T is regular or uniformly convex, then each of the following equivalent
conditions is mecessary and sufficient for there to be a unique norm-preserving
extension over T of any linear functional defined on a linear subset of T(11):

(1) Orthogonality is right-unigue (or additive) in T.

(2) The norm of T is Gateaux differentiable.

(3) For any element xo of T there is a unigue linear functional f with ||f|| =1
and f(xo) =||xd|.

(4) There is a tangent hyperplane at each boundary point of any sphere.

Proof. As noted above, it is known that if a normed linear space T is uni-
formly convex or regular, or if its unit sphere is weakly compact, then every
linear functional defined over T attains its maximum in the unit sphere. Sup-
pose that for a linear subset S of T there is a linear functional f defined over .S
which has two nonequal extensions Fand G to all of T, both of which have the
same norm as f. Then | F+k(F—G)|| 2| F|| and ||G+k(F—G)|| 2||G]| for all ,
and FLF—G and GLF—G. Hence || F+G|| =2|| F|| =2||G]| (Theorem 2.3). If
| F(x)+G(x)| =||F+G|| and ||«|| =1, then | F(x)| =|| F|| and | G(x)| =||G|| and
condition (3) is not satisfied. But (1)—(4) are equivalent (Theorems 4.2 and
5.1), and (3) is clearly a necessary condition for the uniqueness of the norm-
preserving extension of any linear functional defined on a linear subset of T

6. Existence of inner products in normed linear spaces. Jordan and Neu-
mann [12] have shown that a normed linear space is abstract Euclidean if
and only if |lx+y||24||x—v||2=2||x/|2+]|[3]|2] for all x and y, while Ficken
[5] has shown that an equivalent condition is that ||ax+9|| =||x+ay|| for all a
and x and y with ||| =||y||. These conditions were used in showing that if
orthogonality as defined by either of the conditions ||x+y||=|x—v| or
|l||24|%]|2=]||x —||2 is either additive or homogeneous in a normed linear
space T, then T is an abstract Euclidean space(*?). These types of orthogonal-
ity are symmetric in any normed linear space, while that used in this paper
is not.

Birkhoff [3] has shown that a normed linear space of three or more dimen-
sions is abstract Euclidean if and only if orthogonality (Definition 1.2) is
symmetric and unique, and that this is not true for spaces of two dimensions.
It has been shown that orthogonality is right-unique if and only if it is addi-
tive (Theorem 4.2), and that it is left-unique if and only if the space is strictly
convex (Theorem 4.3). Thus Birkhoff’s theorem can be extended to give the
following:

THEOREM 6.1. Each of the following conditions is necessary and sufficient for

(1) This is similar to Taylor’s theorem [21, Theorem 4], but is stronger in not assuming
that the unit sphere of T is weakly compact.
(*2) See [11, Theorems 4.7-4.8, and 5.2-5.3].
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a normed linear space T of three or more dimensions to be an abstract Euclidean
Space:

(1) Tkhat orthogonality be symmetric and additive in T.

(2) That T be strictly convex and orthogonality be symmetric in T (13).

If T is a linear subset of the space C of continuous functions, then a neces-
sary and sufficient condition for orthogonality to be right-unique in T is
that, for any elements f and g, g/f have the same value at all points for which
I fI is maximum (). This is equivalent to the condition that g(a) =0 for all
numbers a for which |f| is maximum if it is zero for one such number, and is
also equivalent to the condition that f Lg if and only if g(a) =0 for all numbers
a for which [ f| is maximum (Theorem 4.6).

COROLLARY 6.1. If T is a linear subset of C and is of three or more dimen-
stons, then T is an abstract Euclidean space if and only if for any nonzero ele-
ments f and g of T it follows from g=0 at one point for which I fl ¢s maximum
that g =0 at all such points, and that f =0 at all points for which ] g| is maximum.

If S is any two-dimensional linear subset of a space T satisfying the
conditions of Corollary 6.1, then S is an abstract Euclidean space and is
hence equivalent to the space of functions of the form f=a sin x+b cos x in
(0, 7). However, a, two-dimensional linear subset T of C satisfying the condi-
tions of Corollary 6.1 is not necessarily abstract Euclidean.

If the Gateaux differential N(x; y) of the norm exist for nonzero elements
x of a normed linear space T, then x.Ly if and only if N(x; y) =0 (Theorem
4.1) and orthogonality is symmetric if and only if N(x; ¥) =0 implies N(y; x)
=0 for nonzero elements x and y. However, N (x; ¥)=lims.4o [||x+hy“
—||«]|1/7 exists for all elements x and y of a normed linear space, and it has
been shown that orthogonality is symmetric and right-unique in a normed
linear space if and only if N,(y, x) =0 for any nonzero elements x and ¥y
satisfying N.(x; ¥) =0 (Theorem 3.5).

THEOREM 6.2. A normed linear space of three or more dimensions is an ab-
stract Euclidean space if and only if N (y; x) =0 for any nonzero elements x
and vy satisfying N (x; y) =0.

Since symmetry of orthogonality implies the equivalence of right- and

(%) Fortet has shown that “normal projection” on a closed linear subset of B is a continuous
operation and that the set of all elements orthogonal to a given element of B is a closed linear
set if B is a uniformly convex Banach space in which orthogonality is symmetric [7, Theorem II
and p. 45]. Since uniform convexity implies strict convexity, his results follow easily from Theo-
rem 6.1. Added in proof: A theorem (as yet unpublished) has been established to the effect that
abstract Euclidean spaces of three or more dimensions can be characterized by symmetry of
orthogonality. The assumption of additivity or of strict convexity in Theorem 6.1 is therefore
unnecessary.

(14) See (7) of §4.
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left-uniqueness and hence of strict convexity and differentiability of the norm,
it is interesting to consider whether orthogonality is symmetric in a strictly
convex space whose norm is differentiable. Suppose T is a finite-dimensional
normed linear space, and that a representation of 7" in an ordinary Euclidean
space E of the same number of dimensions has been constructed by means of
a bilinear homeomorphism between T and E. Let S be the pseudo-sphere in E
which consists of all points corresponding to elements of T whose norm is
unity. Then T is strictly convex (or orthogonality is left-unique) if and only
if no supporting hyperplane of .S has more than one point of contact (Theorem
5.2). Also, the norm of T is differentiable (or orthogonality is right-unique)
if and only if S has a tangent hyperplane at each point (Theorem 5.1). Clearly
the convexity and symmetry of S can be preserved and these conditions for
uniqueness met without satisfying the condition for symmetry of orthogonal-
ity: that a line drawn through the origin parallel to a tangent hyperplane at
any point p of .S cut S in points at which the tangent hyperplane is parallel
to the diameter through p.

The conditions given above for the existence of an inner product are not
sufficient for two-dimensional spaces, but the following theorems give con-
ditions not dependent on the dimension of the space. The first of these makes
use of orthogonality concepts only in the method of proof, and is similar to
Ficken’s condition [5] that ||x+ay|| =||ax+y]| if ||«]| =]|~]|-

LEMMA 6.1. If for a normed linear space T lim,..[||nx+v|| —|x+ny||]=0
whenever ||x|| =||y||, then orthogonality is symmetric, additive, and unique in T
and x Lax+y and y Lby+x imply al|x||2=8||y||2.

Proof. Let x and y be elements of T', A and B be the algebraically smallest
and largest of the numbers a for which x Lax+7y, and 4" and B’ be the alge-
braically smallest and largest of the numbers b for which y lby+4x. If
lim, .|| nx 45| — || 47| =0 whenever ||x|| =||3||, then it follows from Theo-
rem 3.1 that

lim [[|ne + 3| — [|nal]] = lim =+ #sl] =[],

whenever ||%|| = ||y||, and that 4 = A’. Likewise, ||x|| =||y|| implies
lim .o [|| 5 —y|| —||nx]| ] =limg ..o [|| 2 —n3y|| = ||#y]| ], and that B=B". 1f x Ly
and ||x|| =||y||, then clearly A <0<B and 4’ <0<B’. That y_lx now follows
from Lemma 3.1. Since orthogonality is homogeneous, there was no loss of
generality in assuming ||x|| =||||. It has thus been shown that orthogonality
is symmetric in any normed linear space for which ||x||=||y|| implies
lim,..||nx+y|| —||x+ny|| =0. Now suppose orthogonality is not unique in
such a space. From symmetry, there are then elements x and y with ||x|| =||]|
and a positive number € for which x Lax+y and ax+ylx if |a| <e (Lemma
3.1). It now follows from Theorem 2.3 that |lax+9|| =||v|| =|#|| if |a] <e.
Hence
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lim [|lnx + (ax + 5| = [|= + nlox + »]|] = 0
if [a| <e But ||x+n(ax+y)|| =||(1 +na)x+ny|| =||ny|| if n is large enough
that |(14na)/n| <e. Also, lima..[||nx+(ax+y)||—||nx+y||]=a|l«]| [11,
Lemma 4.4]. Thus

lim [[lne + (ax + 9| = [l + nlox + [T = lim [[nx+ 5l| = [|nsll] + ol ],

and clearly can not be zero for all values of a with |a| <e. Hence orthogonal-
ity is unique in T'. Additivity of the orthogonality follows from Theorem 4.2.
It has thus been shown that if ||x|| =||y|| implies lima .. [||nx+y|| = ||+ ]
=0, then it also implies A =4’ and B=B’, and because of the uniqueness
just proved, A=B=A'=B’. Thus x Lax+y implies y Lay+x if Hx” =||yl|
If ||«|| #||v]|, take 7 such that ||r=|| =||y||. If x Lax+y and y Lby+x, it follows
from the homogeneity of orthogonality that rxL(a/r)(rx)+y and y L(br)y
+rx. Then a/r=br, or a||x||2="b]|y||.

THEOREM 6.3. A normed linear space T is an abstract Euclidean space if and
only if lim, .|| nx—+y|| —||x+ny|| =0 whenever ||x|| =||y||.

Proof. Define the inner product (¥, y) as —al|«||?, where x Lax+y. This
value of the inner product is unique because of Lemma 6.1, and it is only nec-
essary to show that it satisfies the conditions of Definition 1.1:

1) (tx, y)=t(x, y). If x Lax+7y, and 50, then tx_ L (a/t)(¢x) +y because of
the homogeneity of orthogonality. Thus (tx, y) = — (a/t)||tx||2= —at||«||?
=t(x, v). If t=0, the proof is trivial.

2) (%, y)=(y, x). If xLax+y, and y Lby+x, then (x, y)= —a“x”2 and
(9, x) = —b||y||2. These are equal by Lemma 6.1.

3) (x, y)+(x, 2)=(x, y+2). Suppose xLlax+y and xLlbx+z. Then
x1(a+b)x+(y+32) because of the additivity given by Lemma 6.1. Hence
(x, v) = —a||||?, (x, 2) = —b||x|?, and (%, y+2) = — (a+b)||«]|2

4) (x,x)= Hx“2 This is immediate from x L(—1)x+x.

Conversely, it follows from the definition of an inner product that for ab-
stract Euclidean spaces ||nx+y||’=n2(x, x)+2n(x, y)+(y, y) and \ x+nyl 2
=(x, x)+2n(x, y)+n%(y, y). If ||«]| =]l7]|, or (x, ) =(, ¥), then ||nx+y|
=||x+ny|| for all n.

It has been shown (Theorem 3.5) that orthogonality is symmetric and
unique in a normed linear space if N;(y;x) =0 for any nonzero elements x and
y satisfying N,(x; ¥) =0. This condition can be satisfied in a normed linear
space of three or more dimensions if and only if the space is abstract Euclid-
ean (Theorem 6.2). It is possible to strengthen this and get a condition analo-
gous to that of Theorem 6.3, valid for spaces of any number of dimensions.

THEOREM 6.4. A normed linear space T is an abstract Euclidean space if
and only if N,(x; Hxlly) =N.(y; IIny) for all elements x and vy.
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Proof. Since N.(x; y) =limu.ro[||x+hky| —||x|| ]/7, it follows that
Ni(; [lally) = Naly; lloll#)
- sl = ]l ol =

h—+0 h B
_ [Il(xllyll + myll«lDll = Gl + hxllyll)ll]
= lim

h—+0 h

lim [[[n(]}51)) + Gll=DIl = llGllol + 2l =Dl ]-

But by Theorem 6.3 this is zero if and only if the space is abstract Euclidean.
7. Existence of elements orthogonal to given linear subsets of normed
linear spaces. It was shown that for any x there is a hyperplane H with
x 1 H, the proof depending on the fact that for any x there is a linear functional
f with f(x) =||f|| -||«|| (Theorem 2.2). There is an analogous relation between
the existence of elements orthogonal to given closed linear subsets and the
existence of elements x with |f(x)| =||f||-||] for given linear functionals f.

THEOREM 7.1. A necessary and sufficient condition that there exist an element
orthogonal to each closed linear subset of a normed linear space T 1is that for each
linear functional f defined in T there is an element x with f(x) =||f|| -||«||-

Proof. If ||f|| #0, then the set H of elements for which f=0is a closed linear
subset. It follows from Theorem 2.1 that any element x orthogonal to this
set is such that |f(x)| =||f]| -||%||. Conversely, suppose H is any closed linear
subset of T'. Define the functional F as being zero for elements of H and unity
for some element xo not in H. This functional is clearly additive over the space
obtained by adjoining x, to H, and its continuity follows from H being closed.
There is then a linear functional f defined over T and such that f(x) = F(x)
for all x for which Fis defined [2, p. 55, Theorem 2]. If there is an element x
for which f(x) =||f|| -||%||, then x LH (Theorem 2.1).

For any linear functional f defined in an abstract Euclidean space E, there
is a unique element x with ||| =1 and f(x) =|f||, and for any closed linear
subset H in E there is an element x LH [13, pp. 11-12 and Theorem 16]. For
a linear functional f defined in a normed linear space with a weakly compact
unit sphere there is an element x for which f(x) =||f|| -||«|| [15, pp. 129-130].
This is equivalent to the following theorem.

THEOREM 7.2. If the unit sphere of a normed linear space T is weakly com-
pact, then for each closed linear subset H of T there is at least one element x for
which x LH.

DeEerFINITION 7.1. A functional f(x; y) is the Fréchet differential of a func-
tional f defined on a normed linear space T if and only if f(x; v) is linear in y
and for any €>0 there is a positive number §, independent of y, for which
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J(x + hy) = f(2)
h

if I k| <6;f(x;y) is a uniform Fréchet differential if the number & can be chosen
independently of # for ||« =1.

Itis known that a Banach space is regular if its norm is uniformly Fréchet
differentiable [20, p. 648], while the unit sphere of a regular Banach space is
weakly compact [10, Theorem 1]. Thus either of these conditions could be
used in placeof theweak compactnessof Theorem 7.2. Fréchet differentiability
of the norm has the added advantage of implying Gateaux differentiability,
which will be directly or implicitly needed in theevaluation of linear functionals.

— f(x; 9| < ¢yl

THEOREM 7.3. If the Banach space B is regular, or if the norm of B is uni-
formly Fréchet differentiable, then for each closed linear subset H of B there is at
least one element x for which x LH. If f is a linear functional defined in B, then
there is at least one element x for which f(x) = ||f]] -||]|.

It is known that a uniformly convex Banach space isregular [16, Theorem
2]. Furthermore, a uniformly convex space is clearly strictly convex, and
hence for a linear functional f defined in a uniformly convex Banach space B
there is not more than one element x with ||«|| =1 and f(x) =||f|| [19, Theo-
rem 6]. Therefore there is not more than one element on a given side of a
hyperplane H through the origin and orthogonal to H, and Theorem 7.3 be-
comes(1%):

THEOREM 7.4. If a Banach space B is uniformly convex, then on each side of
a hyperplane H through the origin there is a unique element x with ||x|| =1and
x1H. If f is a linear functional defined on B, then there is a unique element
x with ||x|| =1 and f(x) =||f].

8. General forms for linear functionals. If f is a linear functional defined
in a complete abstract Euclidean space, then there is one and only one ele-
ment xo such that f(y) = (xq, y), where (xo, ¥) is the inner product of x, and ¥
[13, Theorem 11]. Then f(xo) =||f|| -||%o||, and f takes on its maximum in the
unit sphere only at the point x/ xo” , while x, is orthogonal to the hyperplane
H of all & satisfying (x,, #) =0. Also, for abstract Euclidean spaces,

N(aw; 3) = ‘—”—ﬁ—’ = — o=,

where N(xo; ¥) is the Gateaux differential of the norm at x, and xoLax,+y
(Theorem 4.1). Thus for any linear functional f with ||f|| =1 there is a unique

(8) See the discussion preceding Theorem §5.2. Two points are on the same side of a hyper-
plane H if the line joining them does not intersect H. Theorem 7.4 would also follow from a theo-
rem of Fortet [7, Theorem 1].
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elenlienlt xo for which f(y) is identically equal to N(xo; %), (*e, %)/||%d||, or
—a||Xol|.

If there is at least one element orthogonal to any given closed linear sub-
set of a normed linear space, then for any linear functional f with ||f]| =1
there is an element x with f(x) =1 and ||x|| =1 (Theorem 7.1). If there is no
hyperplane H through the origin with two linearly independent elements
orthogonal to H, then this element x is unique. But if no element is orthogonal
to more than one hyperplane through the origin, then orthogonality is addi-
tive and x Lax+y implies f(ax+7y)=0:

THEOREM 8.1. If there is at least one element orthogonal to any given closed
linear subset of a normed linear space T and no element of T is orthogonal to
more than one hyperplane through the origin, then for a linear functional f de-
fined in T and with ||f|| =1 there is at least one element xq such that

f(9) = — da||x||, where x0L axo+ v.

There is only one such element x, having onH =1 if no two linearly independent
elements are orthogonal to the same hyperplane through the origin.

Equivalent conditions for the uniqueness of the element x, with ||x|| =1
and f(y) = —al|x¢|| are: (1) that orthogonality be left-unique; (2) that no sup-
porting hyperplane of the unit sphere contain more than one boundary point;
and (3) that T be strictly convex (see Theorems 4.3 and 5.2).

If no element of T is orthogonal to more than one hyperplane through the
origin, then the norm of T is Gateaux differentiable (Theorems 4.1 and 5.1).
Thus any linear functional f with f(y) = —al|x|, as above, is also equal to
the differential N(xo;y). There is at least one element orthogonal to any closed
linear subset of a Banach space B if B is regular, or if the unit sphere of B
is weakly compact (Theorems 7.2-7.3). Thus either of these conditions could
have been used in Theorem 8.1 if T had been taken as a Banach space. How-
ever, it should be noted that they are equivalent, since a Banach space is regu-
lar if its unit sphere is weakly compact and its norm is differentiable [19,
Theorem 10], while the unit sphere of a regular Banach space is weakly com-
pact [10, Theorem 1].

Uniform Fréchet differentiability of the norm is a stronger condition,
which also implies that there is at least one element orthogonal to any given
closed linear subset (Theorem 7.3). Hence if the norm of a Banach space is
uniformly Fréchet differentiable, then for a linear functional f with || fl| =1 there
is at least one element xo such that f(y)=N(xo; y)= —a][xoll, where xoLaxo+y
and N(xo; y) s the differential of the norm at x,.

If it is assumed that the space is uniformly convex, then the uniqueness
of x, follows from the resulting strict convexity and Theorem 7.4.

THEOREM 8.2. If B is a uniformly convex Banach space whose morm is
Gateaux differentiable at all nonzero points, then for a linear functional f with
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”f” =1 there is one and only one element x, such that I]xo“ =1 and f(y)=N(xo; y)
= —a, where xo Laxo+y and N(xo; v) is the differential of the norm at x.

Itis known that the conclusion of Theorem 8.2 is valid in abstract Euclid-
ean spaces [13, Theorem 11], as would also follow from the fact that an ab-
stract Euclidean space is uniformly convex and its norm is differentiable.
However, it is possible for a normed linear space to satisfy the conditions of
Theorem 8.2 without being abstract Euclidean. This is shown by the following
examples, which also furnish illustrations of other principles of orthogonality.

ExampLE 8.1. Consider the Banach space IV (r=1) of all sequences
x=(x1, %2, - - - ) for which 32| x;| " is convergent, where ||x||7 =2, | %:|".

Any linear functional f with ||f|| =1 defined in I can be written in the
form f(y) =2 i,C:yi, where the least upper bound of C.-I is 1 [2, p. 67].
Since ||x]| =D_i,| x| if x€IW, it follows that f(x) =||«| implies Cixi= x|
for each 1. Hence any linear functional f defined in IV and having ||f|| =1 and
f(x)=||x|| is of the form

zi#0 . zi=0

1) = 2 ot X G

where | C| 1 for each 4. For any such linear functional f, the set of ele-
ments y satisfying f(y) =1 is a supporting hyperplane of the unit sphere at
the point x/||x|| (see Definition 5.1 and the following discussion). It follows
from Theorem 2.1 that x Lax+y if and only if for each ¢ for which x;=0
a number C; with |Ci| =1 can be chosen such that f(ax+y)=alx||
+2 570/ | ] )yi+2_50Ciy: =0, or if and only if

zi#0 %; zi=0 zi¥0 Xi zi=0
Zrri—2luls—dd s X v+ Xl
i ] xil i i I xe' i
Thus orthogonality is right-unique, or additive, at an element x = (x1, x2, - - - )

of the space IV if and only if x;70 for any 7. This condition is also necessary
and sufficient for the existence of a tangent hyperplane at the point x/||«||
of the unit sphere (Theorem 5.1), and for the existence of the Gateaux differ-
ential of the norm at «, it following from (6) of §3 that

. @s¥0 X zi=0 zi#0 x; zi=0
Ni(x;9) = 2 _'Iy‘—{_ 2 13| and N(z;9) = 2 L IAEAP

| =

If >1, then any linear functional f defined in I and having ||f|| =1 is
of the form [2, p. 68]

r

f(9) = 22 Ciy;, where >, |Ci|*=1 and s=

i=1 i=1 r—1

If Ci=x:|x:|™2/||%||™, then f(x) =|«]|. It will follow that these are the only
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possible values of C; for which f(x)=||«|| if it is shown that orthogonality
is right-unique, since there could then only be one linear functional f with
”f“ =1 and f(x) =||x|| (Theorem 5.1)(%6).

By definition, x Ly if and only if

A 1/r hd 1/r
ot ol =l = [ Zlssthl] = [ Zlwsl] 20 torans,
=1 =1
or 32 [|%s+hys|*—|x:| ] =0 for all &. Thus if x Ly, then
lim [Z Ix'dlﬁhy"lr—lx"lr]go.
motol im1 h

It can be shown by using the convergence of s, |x:|* and D 2| y:|” that
this is equal to

°I .. %+ hy:|T— | ®:|" s
Z[hm I yl l |]= Zrlxal"z(xsys)-

=1 La—+0 h i=1

Hence x Ly implies Zz.l|x;|'“2(x;y;) =0. Putting (ax+y) and — (ax+y) in
place of ¥ in this shows that x Lax+y implies al|x||"+D 52| %:| —2(x:y:) =0,
and hence that the number ¢ for which x Lax+y (Corollary 2.2) is unique.
Thus orthogonality is right-unique in /(” (» >1) and for any elements x and ¥

x_L—-[Zw: M]x+y

= [l

It now follows that the above values of the numbers C; are the only values
for which f(x) =||x||, and from this that there is a tangent hyperplane at each
boundary point of the unit sphere in /? (»>1) and that the norm of IV (r>1)
is Gateaux differentiable [Theorems 4.1 and 5.1]. If this differential of the
norm is N(x; ), then

o~ | @i | (xays
[ = Wy m 5 L)
i el
is the only linear functional with “ f“ =1 and f(x) =”x|| It is clear from this
that for any linear functional f defined in ) (» >1) there is one and only one
element x with ||x|| =1 and f(x) =|||. Thus no supporting hyperplane of any
sphere S of I (>1) contains more than one boundary point of S, orthogonal-
ity is left-unique, and I (r>1) is strictly convex (Theorems 4.3 and 5.2).
However, the space ¥ (»>1) is not only strictly convex, but is uniformly
convex [4]. By means of this fact, a proof of the general form of linear func-
tionals in I (r>1) can be given by means of the theory of orthogonality:

(1) That only one such linear functional f can exist for an element x of 1) (r >1) is shown by
Mazur [14, p. 79].
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Since it was shown above that the norm of IV is Gateaux differentiable, it
follows from Theorem 8.2 that for any linear functional f with ||f|| =1 there is
a unique element xo= (%1, %, - - - ) with ||xg|=1 and f(y)=—a, where
x9-Laxe+y. But because of the above evaluation of the number a, this is
f)= Z&llxglf‘z(x{y.-). Thus every linear functional defined in I (r>1)
can be written in this form, or in the equivalent form below, if ||f|| =1:

14

f(y) = X Ciy:, where Z|C;l‘ =1 and s= ]

=1 =1 r —
ExaMPLE 8.2. Consider the Banach space L™ (r=1) of all functions de-
fined in (0, 1) whose rth power is Lebesque integrable, where ||f||* =, ,‘,I f@® l *dt.
The theory of orthogonality can be applied to such spaces in a way com-
pletely analogous to that of Example 8.1. If =1, then f Laf+g if and only if

fe fe
Lmdt—ﬁ|g|dt§—a||fllgﬁ mdt+£lgldt,

where 4 and B are the sets of values of ¢ for which f(¢) 0, and for which
J(@) =0, respectively. Thus

wiio = [ fhat [lala wa wgio=f Do fgla

and the norm of LM is Gateaux differentiable at f if and only if B is of
measure zero.

By a method analogous to that of Example 8.1, it can be shown that
orthogonality is right-unique in L™ (»>1) and that(*?)

=l f 1 goa s+ oo w0 = Ml [ 110

Thus the norm of L is Gateaux differentiable. Since L™ is uniformly con-
vex [4], it follows from Theorem 8.2 that if F is any linear functional defined

‘(l)ler L® and having || F|| =1, then there is a unique element fo of L for which
fo =1 and

F(g) = j; | fo|™2(fog)dt.

Thus every linear functional F defined in L® (»>1) and having || F|| =1 is
of this form, or the equivalent form(8):

r

1 1
F(g) = f C(t)g(t)dt, where f |Cldt =1 and s=
0 0

r—1

(*7) This evaluation of N(f; g) is obtained by Mazur [15]in a different way.
(*8) This form for linear functionals in L( (r>1) is given by Banach [2, p. 64].
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