RECURSIVE FUNCTIONS AND INTUITIONISTIC
NUMBER THEORY

BY
DAVID NELSON

The purpose of this paper is to examine, for propositions of elementary
number theory, the relation between an intuitionistic truth definition and the
provability of formulas which represent these propositions in formal systems
of intuitionistic logic. The intuitionistic truth definition is that of Kleene(?).
He has arithmetized this truth notion in the definition of a syntactical predi-
cate “the natural number a realizes the number-theoretic formula A” [15, §5].
A familiarity wi: a this definition as well as other portions of Kleene’s paper
will be presupposed for the following.

The present results relate the constructibility demands of the intuitionists
as embodied in a formal system of number theory by Heyting to Church’s
thesis identifying constructible and general recursive functions [8; 9; 3].

In Part I, it is shown that certain systems of intuitionistic number theory
satisfy the definition for realizability. We demonstrate that any formula de-
ducible from a realizable formula in one of these formal systems is realizable.
This result enables us, by the reasoning of Kleene [15, §10], to show that
certain classically true formulas are not provable in intuitionistic number
theory. Likewise, it affords a demonstration that certain classically true for-
mulas of the predicate calculus are unprovable in the intuitionistic predicate
calculus.

Then, following Kleene's notation [15, §§11-12], we demonstrate that
the formulas AD®A and ®A DA are realizable. This result concerns an inter-
pretative consistency proof for a system of intuitionistic number theory which
is an extension of the usual formalization [15, §13].

Parts II and III take up the problem of formalizing a portion of the theory
of recursive functions and predicates in intuitionistic number theories. Part I1
is concerned principally with the formalization of material which is familiar
on the intuitive plane and much of which has already been formalized in the
framework of a classical logic. We utilize the work of Hilbert and Bernays
[10, vol. 1] and Gédel [6] to avoid additional laborious detail. Part III in-
troduces formulas Ry(e, a;, - - -, ax, b) representing primitive recursive predi-
cates having properties similar to Kleene's predicates Ti(e, a1, - - -, ax, b)
[13, §§4, 7], but defined in a way which facilitates formalization of the theory
of general and partial recursive functions and predicates. These formulas en-

Presented to the Society, September 17, 1945; received by the editors May 13, 1946.
(%) [15]. Numbers in brackets refer to the bibliography at the end of the paper.
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able us to develop an abbreviation for the representation of partial and gen-
eral recursive functions in a particular system S;.

Part IV contains a formalization of the conclusions of Part I, which, as
Kleene has observed [15, §14], furnishes a metamathematical consistency
proof for a broader intuitionistic logic containing formulas, which, upon their
usual interpretation, contradict certain classically true number-theoretic
propositions. Formal results are also obtained which afford a metamathe-
matical refinement of the proofs, both of the incompleteness of the unex-
tended formalization of intuitionistic number theory, and of the unprovability
of certain formulas in the intuitionistic predicate calculus [15, §§15, 16].

Part I

1. Formal systems of intuitionistic number theory. We shall employ the
formal symbolism as it is described in the introductory article by Kleene [15,
§4], except that letters from the early part of the alphabet will be reserved
for free variables and letters from the latter part for bound variables. For
the present theory, this amounts to an inessential difference. Unless an identi-
fication is explicitly stated, it is assumed, when reference is made to the varia-
bles of a formula, that distinct letters stand for distinct variables.

In the first system S; the only function and predicate symbols which ap-
pear are ’ (successor), + (sum), - (product), and = (equality). Other function
and predicate symbols as described in the reference may appear in the addi-
tional systems which we wish to consider.

The deductive postulates for S; will be the following axiom schemata and
rules of inference, from which the notions of formal proof and deducibility
from assumption formulas are defined in the familiar way.

We note that the system S; differs from a classical system of number the-
ory C; only in Axiom Schema 8, which in the classical system has the form
77ADA [1, pp. 44, 48].

In the postulate list, A, B, C represent formulas, a, b, ¢ represent free
variables, t represents a term, A(b) represents a formula containing the free
variable b, and x represents a bound variable not occurring in A(b), and A(x),
A(t), and so on, represent the results of substituting x, t, and so on, for b
throughout the formula A(b). Further restriction is stated accompanying the
two rules of inference inm which it is required.

Throughout the remainder of the work, if, for a given formula A(a) and
for any bound variable x, we write VxA(x) or dxA(x), it will be understood
that x is distinct from all the bound variables of A(a).

Axiom schemata and rules of inference for the predicate calculus(?)

la. AD (B DA).

() The postulates 1-12 give a system for the predicate calculus equivalent to Gentzen’s
I-J calculus [4]. Cf. also [8].
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1. ADBDC)D(ADB)D(ADC).
A,ADB
—
3. AD(BDA&B).
4a. A&XBDA.
4b. A& B D B.
52. ADAVB.
5b. BD AV B.
6. ADCD((BDCD(AVEBIOO).
7. (ADB)D((AD7B)D 7A).
8. 7ZAD(ADB).
C D A(b)
" COVxAR)
In Rule 9, the variable b must not occur in C.
10. VzA(x) D A(t).
11, A(t) D TxA(x).
Ab)DC
" "FxA(x) D C
In Rule 12, the variable b must not occur in C.

Axioms for = and Peano axioms

13. A(0) & Vx(A(x) D A(x")) D A(b).
14. a’=b"Da=h.
15. 7a' =0.
16. a = a.
17. a=bD(@=cDb=c¢).
18. a=bDa’' =D

Axioms for the function symbols + and -

19. a4+ 0 =a.
20. a4+ b’ = (a+)b".
21. a-0=0.

22. a-b’ = (a-b) + a.

The schema for =,
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23. b =cD (AD) D A(c)),

may appear in other systems of intuitionistic number theory.

The formal systems of the types listed by Kleene [15, §4, A-E], and also
of types intermediate in this classification, may, in addition to Postulates 1—-
18, contain Axiom Schema 23 and axioms for further function and predicate
symbols which represent general recursive functions and predicates. We sum-
marize the relation between terms and elementary formulas of the formal sys-
tems and intuitive functions and predicates in a lemma.

LEMMA 1. Under the assigned inter pretation of the formal function and predi-
cate symbols and the usual interpretation of composition, each term t(ay, - - -, ax)
and each elementary formula A(ay, - - -, ax), both containing exactly the free
variables displayed, will represent, respectively, a gemeral recursive function
t(xy, - - -, x1) and a general recursive predicate A (xy, + - -, Xx).

We shall require a familiarity with the following recursive functions for the
discussion of Part I. All the functions except (k), (1), and (m) are primitive
recursive [5;11;13], and these three are partial recursive functions [12; 13].

LIST OF RECURSIVE FUNCTIONS

(a) Ua(xy, + - -, %a). The identity functions, the mth variable in the list
of n variables which are arguments of the function [7].

(b) x’. The successor function, x+41.

(c) 0(x), 1(x), - - - . The constant functions, 0, 1, - - - .

(d) x+y. The sum of x and y.

(e) x-y. The product of x and y.

(f) xv. The y power of x.

(g) (x)n. If x=0, the value of the function is the exponent of the (n+1)st
prime in a factorization of x into a product of powers of distinct primes (in-
cluding primes to the power 0)(?), for example, if x =2!-3°-5°- 74, then (x):=9.
The value of (0), is 0.

(h) B(x). The function which takes the value 0 when x40 and takes the
value 1 when x=0 [10, vol. 1, p. 311].

(i) e(x, ). The function(*) which takes the value 0 when x=y and takes
the value 1 when x5 y.

G) S™Mz, 91+ s Ym). Hp(y, -+ +, Ym, %1, - =+, X,) is a function of the
m+n variables y1, - + *, Ym, X1, * * +, %» in that order and is defined recur-
sively by e, and ki, - - -, kn are natural numbers, then S7(e, ki, - - -, Rm)
defines recursively ¢(k1, * - + , Bm, %1, - * * , X,) as a function of the remaining
variables xi, - - -, x. [12, §2].

(®) The notation was first used in [13, §5], but note the difference in the definition of the
function from [14, §5]; our (x)ais (x)n41 as defined there.

® [10, vol. 1, pp. 302 ff.]. The present e(x, y) corresponds to the function a(s(x, y)
+8(y, x)), defined there.
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(Since the application of the function Sp(z, ¥, - - -, ¥=) requires that
¢(1, * * *y Ym X1, * * -, Xn) be considered as a function of the variables in that
specific order, to avoid ambiguity, we introduce the notation “Ax; - « « x,2”
for an expression “¢” taken as a function of the variables x; - - -, %, in that
order; this notation also serves to distinguish the variables from parameters
which may appear(5).)

(k) wyR(x1, - - -, X, ¥). For every partial recursive relation R(xy, - - -, g,
¥), uyR(x1, - + -, %a, ¥) defines a partial recursive function which specifies
the least ¥ such that R(xy, + + + , xa, ¥); the range of definition of the function
isall ¢y, - - -, %, such that (Ey)R(xy, - - -, xa, ) [13, §3].

(1) ®.(z, %1, * + +, xn). If the recursive function ¢(x;, - - +, x,) is defined
by the Godel number e, then ¢(xy, « + -, x.) =P,(e, %1, - - -, x4). The function
®,(z, x1, - + +, X,) is a partially defined function, the range of definition is all
2,%1, + + -, X, such that (Ey)Tu(z, %1, - - -, xa, ¥) [12, §2].

(m) ®%(z,%1, + + -, %s). Weintroduce this function generated by iterations
of ®,(z, x) for notational brevity, since it is frequently used below. It is de-
fined by the equation

Bi(z, 21, -y %) = B - Bz @), -y )

(n) Si(e). This function has the value u;, where %, is the Gédel number
which defines the function A\x;S}(us, x1), where us, in turn, defines the function
Nx1%252 (us, %1, %2), * - + , where #;; defines the function Ax; - - - x4 _1.S¥ " (uy, %1,

.« ,Xk-1), where u,=e.

(It should be noted that Ax; - - - x;®{(Sx(e), x1, - - -, %), for <k, is the
same function as Ax; - + - %;8{(%j41, %1, - + -, %;). Also, Axy - - - x:PE(Si(e), x1,

-+, %) is the same function as Ax; « - - %, ®Ps(e, 1, - - -, xx).)

(o) Ex(x1, - + -, xi). This function for =2 is introduced merely for
notational brevity. Es(xi, x2)=2%-3%2; and Exu(xi, %3 : -+, Xpp)=2%
<3Ek(z2,c -+, zk+1) |

Henceforth we shall assume a familiarity with the concept of realizability
as defined by Kleene [15, §5]. We proceed to the statement of several lemmas
which are fundamental to Theorem 1.

For the statement and proof of Lemma 2, we establish the following nota-
tional conventions. Let A(a) be a formula containing no free variables ex-
cept a. Let t(ay, - - -, aix) be a term containing exactly the free variables
a, - * +,arwhich represents a generalrecursivefunctionAx; - - -xut(x1, - - -, %),
cf. Lemma 1, and let n=#¢(n,, - - -, #;). Under these conventions, we have the
following.

LeMMA 2. The formula A(t(ny, -« - -, ni)) is realized by m if and only if the
Jormula A(n) is realized by m.

(®) The notation is taken from [2], but with a slight change in use. (Church’s X was defined
for functions of one variable, and functions of # variables were obtained by iteration.)
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The lemma is proved by induction. The basis follows immediately from
Lemma 1. Since n=1¢(n1, - - -, ni), a necessary and sufficient condition for
A(n)is A(t(ny, - + -, n)). And if one of the formulas is realized, then the other
is also, and if either is realized, it is realized by 0.

For the induction step, there are six cases, one for each of the logical sym-
bols. We shall note the one for the conjunction symbol and the universal
operator; the others proceed in a similar fashion. (1) For the conjunction
symbol there are three subcases: (i) Both A and B contain a. If A(n) & B(n)
is realized by m, then A(n) is realized by (m),, and B(n) by (m):; then
A(t(ny, + - -,ni)) and B(t(ny, - - -, ni)), by the induction hypothesis, are real-
ized by (m)o and (m), respectively, and A(t(ny, * « -, nx)) & B(t(ny, -« - -, ng))
is realized by 2(™se.3»)1 or m. Reversing these steps, we obtain the converse.
(ii) and (iii) Suppose that either the first or the second of the two formulas
of the conjunction does not contain n, the treatment proceeds again as in (i).

(2) If VxA(x, n) is realized by k, then % defines a recursive function
Ax¢(x), which, for any numeral n,, gives a realization for A(n,, n). By the
induction hypothesis, A(ng, t(ny, - * +, ni)) is also realized by ¢(n,), which
allows us to take the Godel number of Ax¢(x) as a realization for
VXA(X) t(nly ce nk))'

For the statement of Lemmas 3 and 4 we shall first explain some abbrevia-
tions in notation. If a,, - - +, a,, comprise all the free variables occurring in
a formula B and they occur in the formula in thé order in which they are

listed, and if %4, - - + , #,,; are any natural numbers, then B* is the expression
obtained by replacing a.,, * * +, a«, respectively, by n, - - -, n, through-
out B.

Let the natural numbers 1, - - -, # be partitioned into two increasing
sequences, M which is p1, < -+ -, wjand N which is v, - - -, vx. Suppose that
A,, - - -, A,,, A are formulas which contain collectively the free variables
auy, * * +, a,; and contain no other free variables and contain none of the
bound variables x,,, « + -, X,;, and suppose in addition that, for any ¢ which
is in N, the formula A; contains only those of the free variables a; for which
h<i.

Then we define a set of operations Q; for 1 <i<n:

(1) Ifiisin N and B is a formula, then Q; B is the formula A;DB.

(2) If i is in M and B(a;) s a formula containing the free variable a; and
not containing the bound variable x;, then QB (a;) is the formula Vx;B(x;).

For example, suppose B(a) and C(a, b) contain exactly the free variables
indicated. If we make the following identifications: x; with y, As(a;) with
‘B(a), xs with z, and A(a;, as) with C(a, b), then ©,2Q:A (a1, a;) will be the
same formula as Vy(B(y) DVzC(y, z)).

Let us assume in addition that, according as ¢ is in M or in N, “{;” ab-
breviates “n;” or “a;,” where n; is any natural number and a; is any number
which realizes A}*.
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When we say “for every {1, - - +, {»” we mean for every choice of #; and
every choice of ax which realizes Aj¥*, made in the specific order {3, - « +, {a.
Note that the choice of as will, in general, depend on the choice of the numer-
als appearing for the free variables of A;, that is, on the choice of the #;,
where 2 <h.

LEMMA 3. If ¢ realizes @, - - - Q.A, then, for every choice of {1, + « +, {n, the
formula A* is realized by ®}(c, &1, - - -, {a)-

We make two preliminary observations required for the proof. If B(a) is
a formula containing no free variables except a and not containing the bound
variable x, and if e realizes VxB(x), then B(n) is realized by ®:(e, 7).

If C and D are formulas containing no free variables, and if e realizes
CDD, and ¢ realizes C, then D is realized by ®,(e,.c).

The proof then follows by induction. If the formula (2, - - - 2,A)* is
realized by ®~'(c, {1, - - -, ¢p-1), then in either case for p the formula
(Rp1 + + + LA)* is realized by the number &,(®" (¢, &1, + -+, 1), $p), but
this is the same number as ®(c, {1, - - -, {p) (cf. Definition m).

LeMMA 4. If, for every choice of {1, + + + , tn, the number P,(e, &1, « + +, &n)
realizes A*, then @, - - - Q,A 45 realized by S.(e).

Again an induction proof gives the desired result. The number S,(e) will
realize @ --- QA if, for every {i, the number ®,(S.(e), {1) realizes
(2 - - - Q,A)* This condition will be satisfied if, for every {1, {2, (S (e), {1, {2)
realizes (@5 - - - ©,A)*. We continue this reduction, until finally the realiza-
tion of @, - - - 2,A by Sa.(e) is brought to depend only upon the realization
of A* by the number ®}(S.(e), {1, + - -, ¢n) for every {1, + + +, {a. The hy-
pothesis of the lemma asserts that ®,(e, {1, - - -, {») realizes A¥, but we have al-
ready observed, following the definition of S,(e), that in the event that
q)"(er g-lv ] g‘n) isa number, CI:"I'(S”(B), i‘l, R} g‘n)=q>n(e’ g‘lr DR ) {n) (Cf~
Definition n).

COROLLARY. If, for every choice of {1, + + -, {n, the formula A* is realized by
¢(ty, - - -, t.), where each t; is either some one of {1, « - -, {a Or some prescribed
constant or an arbitrary parameter, and if N\wy - - - w.p(wy, - - -, W,) 15 a partial
recursive function, then @, - - - Q,A s realizable.

We choose for the number e of the lemma the Gédel number of the func-
tionA¢1 -+ - - LU Nty - - -, 8), 81, - - ¢, En). We abbreviate this expression
by writing “Af1 - - - $ap(ly, ¢ ¢ ¢, 80).”

THEOREM 1. Every formula deducible by Postulates 1-18 and Postulate 23
(the intuitionistic predicate calculus with equality, and the Peano axioms) from
arbitrary realizable formulas is realizable.

To prove the theorem it will be sufficient to show that each of the axioms
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is realizable; and, for the rules of inference, that the conclusion is realizable
if the premise or premises are realizable.

In the discussion of the theorem we assume that the symbolism is subject
to the restrictions that were stated in the explanation of the list of postulates.
In addition, unless other free variables appear, it is assumed that each formula
of the form of one of the axiom schemata contains, in order of appearance in
the formula, exactly the free variables a, - - -, a;. A formula followed by an
asterisk abbreviates the result of replacing those of the free variables
ai, * -+, ar which appear in the formula by the respective numerals
ny, - - -, n .

In all of the cases we must consider formulas of the form @ - - - Q.A.
For consideration of these cases we apply the corollary to Lemma 4. Fol-
lowing the comments on each case we shall write in parentheses the choice
of N{1 -+ + &ap(ty, + - -, ¢-). This indication will determine unambiguously the
choice of variables a,,, - - -, a,; and formulas A,,, - - -, A,, as well (cf. re-
marks preceding Lemma 3, and Lemma 4 and corollary). We proceed to the
consideration of the separate cases.

(1a) AD(BDA). Suppose that a realizes A* and that b realizes B*, then
Ui (a) realizes A*. If we choose Uj(a) to be ¢(4, - - -, ¢,) in the corollary to
Lemma 4, and choose 7y, - « -, %, @, b, to be {1, - - -, {», We obtain the de-
sired result for a formula of the form (1a).

(A\my - - - nkabU:(a)).

(1b) (AD(BDC)D((ADB)D(ADCQ)). If p realizes (AD(BDC))*and a
realizes A*, then by Lemma 3, (BDC)* is realized by ®,(p, a). If furthermore
q realizes (ADB)*, again by Lemma 3, ®i(q, a) realizes B*. Thus C* is
realized by &,(®1(p, a), $1(g, a)). Again the case is completed by applica-
tion of the corollary to Lemma 4 taking {1, - - -, {nasn, - - -, nx, §, ¢, @.

(Any - - - mpga®1(®i(p, a), i(g, 0)))-
A(al’ ] ak)v A(aly CT ak) D B(a'vn MR an)

2 Blan, &) .

Assume that the only free variables which appear in the formulas are the ones
displayed and that they appear in the order listed. Then assume that

A(ay, - + -, ax) is realized by a and that A(ay, - - -, ax) DB(ay, * + +, ay)
is realized by ¢. Then by Lemma 3, A(my, - -, n) is realized by
®(a, my, - -+, m), and A(ny, - - -, nk) DB(nyy, - - -, n,,) is realized by
&, my, - - -, Mk, My, - -+, M) Where @y, - - -, a,; are the variables of
B(a,, - -+, ay,) in order of first appearance which are not among ay, - - -, 2.
Then, again by Lemma 3, the formula B(n,, - - -, n,,) is realized by the

number
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k47 k
B( Dy (¢, myy - v ey Mgy, o, ), Bu(a, M, -, M),

This last expression is taken as ¢(#, - - -, ¢,) in the corollary to Lemma 4.
Note that in this case arbitrary parameters and constants appear among the
ti;$1, - -+, {narechosen asn,, + - -, n,,

k+7 k
(xnvl cce nr;q)l(q’l (Cv Ny = 0y By Wyyy ”ﬂj)! @1(0, Ny * 0, nk)))'

(3) AD(BDA & B). Suppose that a realizes A* and that b realizes B*,
then (A & B)* is realized by 22- 32

(Any - - - nxab2e-3b),

(4a) A & BDA. If ¢ realizes (A & B)*, then c is of the form 2¢-3% and a
realizes A*. Thus (¢), realizes A*.

(Any - - mc(c)o).

(4b) A & BDB. If crealizes (A & B)*, then (c)  realizes B*. (Any - - - n4¢(c)1).
(5a) ADAVB. If a realizes A*, then 2°-3¢ realizes (A\/ B)*.

(Amy - - - ma20-30).
(5b) BDAVB. If b realizes B*, then 2!-3? realizes (A\/B)*.
(Amy - - - mid21-39),

(6) (ADC)D((BDC)D(AVBDC(C)). Suppose that k realizes (ADC)*
and that m realizes (BDC)*. In addition, let us suppose that % realizes
(AVB)*. Then there are two possibilities as (k)o=0 or (k)o=1. We shall
show that in either case C* is realized by B((k)o) - ®1(k, (k)1) + (k)o- Prlm, (E)1).
If (£)o=0, then (k); must realize A*, and ®,(%, (k):) realizes C*; recalling that
B(0)=1, we have the desired result. If (k)o=1, then (k); must realize B*,
and ®,(m, (k)1) realizes C*; in this case we have §(1) =0.

(Any - - - mehmk B((R)o) - B1(h, (B)1) + ()0 ®1(m, (K)1)).

(1 (ADB)D((AD7B)D7A). In consideration of this schema, we ob-
serve first that a formula 7 A* is realized by the Gédel number of any partial
recursive function, thus by any natural number, if and only if A* is not real-
izable. Now let us suppose that (ADB)* is realized by p and that (AD 7B)*
is realized by ¢; then if, in addition, A* were realized by a, the formula B*
would be realized by ®1(p, ¢) and 7 B* would be realized by ®:(g, a). But this
is impossible [15, §7, (c)]. Thus if (ADB)* and (AD 7B)* are both realiza-
ble, A* is not realizable, and 7A¥* is realized by any number, say 0(g).

(1 - - - mapg0(g)).-
(8) 7AD(ADB). The reasoning in this case is somewhat like that in the



316 . DAVID NELSON [March

preceding one. Not both 7A* and A* can be realizable. Thus if ¢ real-
izes 7A*, the formula (ADB)* is realized by any number, say 0(c).

Any « - - nic 0(c)).
CDA(®D)
C D VxA(x)

Suppose a formula above the line contains, in order of appearance, ex-
actly the free variables a;, - - -, aj, b, aj, -+ *, ax then the formula be-
low the line will contain, in order of appearance, exactly the free variables
aj, * -+, ajaj, -, ar cf. restriction on Rule 9.

Let us assume that p realizes the formula above the line. Let any choice be
made of the numeralsny, - - -+, nj n,n;., - - -, ng;after this has been done, let
any ¢ be chosen which realizes C*; then ®*2(p, 71, - - -, %1, Bj41, = * *, By €)
realizes (A(n))*. Now observe that, since b did not occur in C, the
choice of ¢ did not depend on the choice of #. Thus for any choice of
fy, + -+ -, Mj Ny, © -+, Nx, followed by any choice of ¢, and then any choice of
n, the formula (A(n))* is realized by ®}*%(p, n1, « - -, nj n, By, - -+, N, C).
Thus if we interpret this expression as ¢(4, - - -, f) and interpret
My, =, Mj Mjg1, * * *, Bk, €, 1w aS {1, * » -, {n in the corollary to Lemma 4,
we may demonstrate that the formula below the line is realizable.

)

b2
Wy eeomjy mjgr s men® (pymy, - - -, mgy By My, - e, M, C)

(10) VxA(x)DA(t(ay, * - +,ay,;)). Suppose that those of the free variables
ay, + -+, ax which occur in t(a,, - - -, a,;) are exactly the ones which are
exhibited, and suppose that t(a,,, - -, a,;) represents the general recursive
function Ax,, « « %, 2(%y, * * *, %;), cf. Lemma 1, and that (n,, - - -, ;)
=n. Now, if ¢ realizes (VxA(x))*, then ®,(c, n) realizes (A(n))*.

By Lemma 2, ®i(c, n) also realizes (A(t(n,, - -+, n,;)))* Finally,
(A(t(ny, - - -, n,)))* is realized by ®1(c, t(nyy, - - -, my)).

(W1 - - - e (e, t(ay, - - - 7).

(11) A(t(as, - * +, a,;)) DAxA(x). Assume that the conditions stated in
the first sentence of (10) are satisfied. Then, if c realizes (A(t(n,y, * + -, n,)))*,
again by Lemma 2, ¢ will also realize (A(n))*. Thus the formula (dxA(x))*
will be realized by E;(¢t(n,,, - - -, n,)), ©).

(Any - - - mcEy(t(n,y, + - ¢, 1), €)).
A(b C
2 m>C
IxA(x) D C

Suppose a formula above the line contains, in order of appearance, ex-
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actly the free variables aj, - - -, aj, b, aj1, - -+, ax; then the formula be-
low the line will contain, in order of appearance, exactly the free variables
ai, - -+, aj a1, * * *, a, cf. restriction on Rule 12. For any choice of numer-
als ny, -+ +, nj, n, nju, - -+, n, if p realizes (A(n)DC)* and m realizes
(A(n))*, then C* will be realized by ®*2(p, m1, « + -, nj, 1, M1, - * * , 1, M).
Now let us suppose that the formula (dxA(x))* is realized by % and that
(k)o=1, then the formula (A(l))* will be realized by (k);. Since C
does not contain the free variable b, the formula C* will be realized by
S*2(p, m, - - -, nj, (B)o, iy, * + -, Nk, (h)1), for the choice of » might have
been /, and the consequent choice of m might have been (k).

k
()\nl R nkhq>1+2(p: niy, c o, Ny (h)Oy Njt1y © ° ° y Bk (h')l))'

(13) A(0) & Vx(A(x) DA(x’))DA(b). As a preliminary step for this case
we define recursively a function Axzp(x, 2) by the following equations:
0(0, 2) = (2)0, p(x’, 28) = B2((2)1, %, p(x, 2)). Now let us assume that the formula
(A(0) & Vx(A(x) DA(x')))* is realized by a, then we shall prove by induction
that A(n)*, for any choice of #, is realized by p(#, a). For the basis, we observe
that (a), realizes (A(0))*, but p(0, @) =(a),. For the induction step, let us as-
sume that p(n, a) realizes (A(n))*; then, by Lemma 3 and the first hypothesis
of this case, ®((a);, n, p(n, a)) realizes (A(n’))*. Thus p(n’, a) realizes
(A(n"))*. Finally, we note that b is the last free variable in order of appear-
ance in a formula of the form of Schema 13. (A\n; - - - nnap(n, a)).

(14) a’=b’'Da=b. If p realizes n’=m’, then 0(p) realizes n=m.
(Anmp0(p)).

(15) a’=0. Since for every n, n'#0, 7n’=0 is realized by any number,
say 0(n). An0(n)).

(16) a=a. The formula n=n is realized by 0(%). A\n0(%)).

(17) a=bD(a=cDb=c). If p realizes n=m, and q realizes n=k, then
0(q) realizes m=k. A\nmkpq0(q)).

(18) a=bDa’=Db’. If p realizes n=m, then 0(p) realizes n’'=m’.
(Anmp0(p)).

(23) b=cD(A(b)DA(c)). If p realizes n=m, and q realizes (A(n))*, then
Ui(g) realizes (A(m))*. \nmn, - - - mipqUi(q)).

COROLLARY 1.1. Every formula deducible from arbitrary realizable formulas
in a formal system containing Postulates 1-18, 23 and any axioms having the
form of equations defining general recursive functions is redlizable. In particular,
every formula provable in S, is realizable.

Any formula A(ay, - - -, ax) containing the free variables in indicated
order of appearance which has the form of a recursion equation is an elemen-
tary formula and is realized by Si(e), where e defines Ax; - - - x:Ut*1(0, %1,
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-+, %), cf. Lemma 4. This observation along with Theorem 1 completes
the proof of the corollary.

Corollary 1.1 can be extended to systems containing predicate symbols
which represent general recursive predicates(®), with axioms which either de-
fine the predicates explicitly from the functions or are constructed from the
recursion equations of the latter by the usual device for eliminating function
symbols in terms of predicate symbols [10, vol. 1, pp. 460-461].

Suppose, for example, that a function f is defined by recursion equations

£(0, 8) = g(b),
f(a’, b) = h(f(a, b), a, b).

And suppose that axioms have already been introduced for elementary for-
mulas G(b, ¢) and H(d, a, b, ¢) representing the respective predicates g(b) =c¢
and %(d, a, b)=c. Then the following axioms serve to introduce F(a, b, c)
representing the predicate f(a, b) =c:

@) dx(F(0, b, x) & G(b, x)),
(i) AxAy(F(a’, b, x) & H(y, a, b, x) & F(a, b, y))-

For every n the formula dx(F(0, n, x) & G(n, x)) is realized by
Es(g(n),0,0). Forevery nand m the formula dxHy(F(n’, m, x) & H(y, n, m, x)

& F(n, m, y)) is realized by Es(f(n', m), f(n, m), 0, 0, 0). If g and & are general
recursive, formulas (i) and (ii) are realizable.

COROLLARY 1.2. For every provable formula of Si containing no free variables
and of the form Vx, - - - VxpdyA(xy, - - -, Xk, y), there exists a general recursive
Sunction ¢(x1, - - -, xi) such that for every ny, + + + , ng, if ¢(ny, + + -, nx)=mn,
then A(ny, - -, ng, n) is a realizable formula.

By Corollary 1.1, a provable formula is realizable. Let the number # be a

realization for the formula of the form Vx; - - - Vx;dyA(x1, + * + , Xk, ¥). Then,
by Lemma 3, the number ®*(u, n,, - - -, n;) realizes AyA(ny, - - - , n, y)
for any set of natural numbers 7, - - -, nx. By the definition of realizability
for a formula of this form, the number (®(u, 71, - - -, n1))1 realizes the for-
mula A(ny, - - -, ng, n) where (®¥(u, ny, - -+, nx))o=n. The function
Aoy - - - 2k (DF(u, %1, - -+ -, x1))o is general recursive since ®¥(u, my, - - -, ni)
is defined for each set 7y, - - -, 1 of natural numbers.

2. Realizability of AD®A and ®ADA. In this section the formal sym-
bolism may be that of S, or of a related system with some other selection of
predicate and function symbols representing recursive predicates and func-
tions.

Kleene has observed that if, under the usual interpretations, the recursive
predicates Ti(c, a, b) and a=», and either the two recursive functions 2¢- 3%

(®) Including systems of type B, D, and E in the classification of [15, §4].
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and U(a) or corresponding predicates 2¢-3>=c¢ and U(a) =c, are expressible
in the formalism, then for each formula A there exist formulas a®A and ®A
which express the intuitive predicates “a realizes A” and “A is realizable,”
respectively [15, §12]. Kleene gives a definition of a®A, supposing the func-
tion U(a) is expressible, which we modify by the following changes for the
situation in which only the predicate U(a) =c is expressible. For the formulas
which represent the three intuitive predicates Ti(c, a, b), 2¢-3*=¢, and
U(a) =c we write T(c, a, b), E(a, b, ¢), and U(a, c), respectively. Then for a
formula of the form U(a)®A, we have Hy(U(a, y) & y®A).

Two cases may now be distinguished. Either the symbolism affords
T(c, a, b), E(a, b, ¢), and U(a, c) as elementary formulas, or does not. In the
first case(”), the two following propositions will hold as direct consequences
of the clause of the definition of realizability for an elementary formula with-
out free variables (the partial recursive functions being simply the constant
function 0 of the proper number of arguments) :

(1) For natural numbers n, m, k, T(k, n, m), E(n, m, k), or U(n, k) is
realizable if, and only if, T1(k, n, m), 27-3m=k, or U(n) =k, respectively.

(2) There exist partial recursive functions Nzxyr(z, x, ¥), Axyze(x, ¥, 2), and
Nxzv(x, 2) such that for natural numbers n, m, k, if T(k, n, m), E(n, m, k), or
U(n, k) is realizable, then 7(k, n, m), e(n, m, k), or v(n, k), respectively, realizes
it.

For the second case(8), we can make use of the following two lemmas to
prove the existence of T(c, a, b), E(a, b, ¢), and U(a, c) representing the three
intuitive predicates, and having the two stated properties, when the formalism
contains at least the functions and predicate /, -, 4+, = of S, or instead
the four predicates ¢’ =¢, =, a+b=c, a-b=c. Although the result is one which
concerns only the formation rules, and does not relate to any set of deductive
postulates, it will be convenient to prove it by making use of known proper-
ties of the deductive system Si, including, for the proof that T(c, a, b),
E(a, b, c), and U(a, c) represent the intuitive predicates, the fact that under
the usual interpretations only true formulas can be provable in Si.

LEMMA 5. For every primitive recursive predicate R(ay, - - -, ax) of exactly
the variables exhibited, there exists a formula R(ay, - -+, ax) containing exactly
the free variables exhibited, and such that, for natural numbers ny, - - -, ng,

if R(my, - - -, ny), then R(ny, - - -, ny) is provable in Sy, and if R(my, - - -, n1),
then 7R(ny, « - -, ny) s provable in Si. Furthermore, there exists a partial re-
cursive function Nxy - - - xwp(x1, - - -, %x) such that p(ny, -« -, ni) realizes

R(ny, - - -, ny) if that formula is realizable.

The proof of this lemma is given in §4 (Part II), where it is stated as
Corollary 9.1.

(") For example [15, §4, Plans C-E].
(8) For example [15, §4, Plans A and B].
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LeMMA 6. If R(ay, -+ +, ax) is the formula which corresponds to the recur-
sive predicate R(a,, - - -, ax) by Lemma 5, then R(ny, - - -, ny) is realizable if
and only if R(ny, + « «, ).

Since R(a,, - - -, ax) is general recursive, there exists an effective decision
procedure for any set of arguments ny, - « -, nx; thus we have R(ny, - - -, nx)
or R(ny, + -+, ng). If R(ny, - - -, n;) is realizable, then 7R(ny, - - -, ny) is
not realizable, therefore, by Corollary 1.1, not provable, and we have from
Lemma5not R(m, - - +,ni),thusR(m, - - -, n). Conversely,if R(ny, - - -, %),
then by Lemma 5 and Corollary 1.1 the formula R(ny, - - -, n) is realizable.

For any formal symbolism containing the formulas T(c, a, b), E(a, b, c)
and U(a, c) which represent the intuitive predicates, and have the two prop-
erties (1) and (2), we have the following theorem. The theorem will also hold
for definitions of a®A using an expression for the function U(a) instead of
for the predicate U(a)=c, the only difference in the proof for this situation
being that, where applications of the properties (1) and (2) to U(a, c) are
made, Lemma 2 should instead be applied to interchange U(n) ®A with m®A
where m=U(n).

THEOREM 2. If the formula A does not contain the free variable a, the formu-
las a®ADA and ADAx(x®A) are realizable.

Assume that A contains exactly the free variables a;, - - -, a, and that
A(b) contains the additional free variable b, and, in addition, that the free
variables occur in the order ay, - - -, a; in the formulas A and VxA(x).

To prove the theorem, we first demonstrate by induction on the number of
logical symbols in A the following : For every a, if m realizes a®A¥*, then a real-
izes A*. For each formula A, there exists a partial recursive function Nxp(x),
such that if a realizes A* then Ex(a, p(a)) realizes Ax(x®A¥*).

After this fact has been established, the proof of the theorem will be com-
pleted by application of the corollary to Lemma 4.

(1) For the two cases of the basis, let A* be an elementary formula. Then
a®A* has the form a=0 & A*. If the number m realizesa=0 & A*, then =0
and A* is realized by a.

For the second part of the basis, suppose that a realizes A*. Then a=0 and
Ax(x=0 & A*) is realized by E;(e, 0, 0) = E:(a, 1(a)).

(ii) Let A be of the form B & C. Suppose for the first part of the case that
m realizes d®(B* & C*); this formula has the form Axdy(E(x, y, d) & x®B*
& y®C*), and the number m must be of the form E;(b, c, e, g, k), where e
realizes E(b, c, d), g realizes b®B* and % realizes c®C*. Since the-number e
realizes E(b, ¢, d), which represents the recursive relation 2%-3¢=d, we have
by (1), 2%-3¢=d. Applying the induction hypothesis, b realizes B* and ¢ real-
izes C*. Thus d realizes B* & C*.

For the second part of this case, suppose that d realizes B¥ & C*, then
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d=2% 3¢, where b realizes B* and ¢ realizes C*. By the induction hypothesis,
the formula x(x®B*) is realized by E»(b, ¢(b)), where ¢(b) realizes b®B¥*,
and dy(y®C*) is realized by Es(c, o(c)), where o(c) realizes c®C*. Thus the
formula dAz(z®(B* & C*)), which has the form dzdxdy(E(x, y, z) & x®B*
& y®C*), is realized by the number Eg(2%- 3¢, b, ¢, €(b, ¢, 2°-3¢), ¢(b), a(c)),
where, by (2), €(k, 1, m) is a realization of E(k, 1, m) in case the latter is realiz-
able, and where 2°-3°=d, b=(d),, and ¢= (d),. Finally we note that, for every
3>2, Ej(x1, x2, « - -, xj) =Ea(x1, Eja(xe, - + +, x;)). This fact will be utilized
at several points below in this demonstration.

(iii) Let A be of the form B\/C. For the first part of this case, suppose that
m realizes d®(B*\/C*). This formula has the form dx(E(0, x, d) & x®B*)
VAy(E(, y, d) & y®C*), so that m must be of the form E4(j, g, e, k), where
either j=0, e realizes E(0, &, d), and k realizes g®B*, or else j=1, e realizes
E(1, g, d), and & realizes g®C*. In the former case, by the induction hypothe-
sis, g realizes B¥*, and by (1), d=2°-3%. In the latter case, similarly, g realizes
C*and d=2'-3%. Thus d=27- 37 realizes B*\/C*.

Let us assume, for the second part of the case, that d realizes B*\/C¥*;
then d=27-39, where j=0 and g realizes B¥, or j=1 and g realizes C*. Thus
either j=0 and some ¢(g) =¢((d):) realizes g®B*, or j=1 and some
o(g) = o((d),) realizes g®C*. In either case, using (2), the number
Ej, g ¢, g ad),8() ¢(g)+j o(g)) realizes the formula Hx(E(0, x, d) & x®B*)
VAy(E(l, y, d) & y®C*). Thus the formula Hz(dx(E(0, x, z) & x®B*)
VAy(E(1, y, z) & y®C*)) is realized by the number

Es(d, (@)o, (D)1, e((d)o, ()1, ), B((@)0) - ¢((d)1)+(d)o- o ((d)1)).

(iv) Let Abeof the form BDC. For the first part of this case, assume thatm
realizes a formula of the form Vx(x®B*Ddy(T(d, x, y) & dv(U(y, v)
& v®@C*))). We wish, then, to show that d realizes B*2C*. The number m
must be such that if ! realizes b®B*, then, by Lemma 3, ®2(m, b, I) realizes
Ay (T(d, b, y) & dv(U(y, v) & v®C*)). Now, suppose that b realizes B*.
The induction hypothesis states that there exists a partial recursive function
Ax¢(x) such that ¢(b) realizes b®B*; thus ®¥(m, b, (b)) realizes the formula
which was realized by ®%(m, b, I). Furthermore, ®}(m, b, ¢(b)) must be of the
form Es(p, ¢, ¢, u, g), where ¢ realizes T(d, b, p), where u realizes U(p, c),
and where g realizes c®C*. By the induction hypothesis ¢ realizes C* since g
realizes c®C*. But if ¢ realizes T(d, b, p) and u realizes U(p, c), then by (1)
both Ti(d, b, ) and U(p) =c must be true; thus T1(d, b, p) and U(p) realizes
C*. Since, for every b which realizes B*, there exists a p such that this last
relation holds, we have demonstrated that d realizes B* D C*.

For the second part of the case, let us suppose, recalling the induction
hypothesis, that if C* is realized by ¢, then c®C* is realized by ¢(c). Now,
suppose that d realizes B* D C* and that g realizes b®B*. Then by the induc-
tion hypothesis, b realizes B*. Furthermore, if uwT:1(d, b, w)=p and U(p) =c,
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then Ti(d, b, p) holds and ¢ realizes C*. Thus 7(d, b, p) realizes T(d, b, p),
v(p, ¢) realizes U(p, ¢), and, by the induction hypothesis, ¢(U(p)) realizes
c®C*. Hence dz(T(d, b, z) &dv(U(z, v) & v@®C*)) is realized by
Es(p, 7(d, b, p), U(P), v(p, UD)), ¢(U(p))). Let f be the number which de-
fines the function AdbgUZ(g, Es(p, 7(d, b, $), U(B), u(p, U()), $(U®))),
where p abbrevates uwTi(d, b, w); then ®:(S3(f, d), b, g) realizes Hz(T(d, b, z)
& dv(U(z, v) & v®C*)). We now apply Lemma 4 to show that if d realizes
B*DC*, then Ei(d, S:(Si(f, d))) realizes AxVy(y®B*DHz(T(x, y, z)
& Av(U(z, v) & v®C¥))).

(v). Since the formula b® 7 B* is the same as the formula b®&(B*D1=0)
and b realizes 7 B* if and only if b realizes B* 21 =0, this case is a particular
example of the preceding one.

(vi) Let A be of the form dx C(x). For the first part of the case, let us as-
sume that m realizes ¢ ®(dxC(x))*, which has the form Hydz(E(y, z, ¢) &
z®(C(y))*). The number m is of the form E4(n, p, €(n, p,¢), ). Since €(n, p, c)
realizes E(n, p, ¢), we have ¢=2"-3?; and by the induction hypothesis, since ¢
realizes p®(C(n))*, p realizes (C(n))*; and ¢ realizes Hx(C(x))*.

For the second part of this case, suppose that ¢ realizes Hx(C(x))*; then
¢ is of the form 27-3? and p realizes (C(n))*. The induction hypothesis as-
sures that there is a partial recursive function Ax¢(x) such that if p realizes
(C(n))*, then ¢(p) realizes p®(C(n))*. Thus if ¢ realizes Ax(C(x))*, the for-
mula Awdydz(E(y, z, w) & z®(C(y))*) is realized by Es(c, (c)o, ()1,
€((0)o, ()1, €), d((c)1))-

(vii) Let A be of the form VxC(x). For the first part of the case, assume
that m realizes c®Vx(C(x))*, then m realizes Vxdy(T(c, x, y) & Hv(U(y, v)
& v®(C(x))*)). Then for every =, the number ®,(m, n) has the form
Es(m1, n2, ns, n4, n5) where n, realizes T(c, n, n,), where n, realizes U(m, ns),
and #; realizes n;®(C(n))*. Thus by (1) we have Ti(c, n, n1) and U(n,) =ns,
and by the induction hypothesis U(#n,) realizes (C(n))*. Since this is the case
for every n, the number ¢ defines a general recursive function and realizes
Vx(C(x))*.

For the second part of the case, let us assume from the induction hypothe-
sis that if & realizes (C(n))*, then ¢ (k) realizes h®(C(n))*. Now suppose that
¢ realizes Vx(C(x))*. If p=pwTi(c, n, w) and U(p)=h, then Ti(c, n, p) and
h realizes (C(n))*. Furthermore, 7(¢, n, p) realizes T(c, n, p), v(p, U(p))
realizes U(p, h), and ¢(U(p)) realizes h®(C(n))*. Hence, the formula
Ay(T(c, n, y) & Av(U(y, v) & v®(C(n))*)) is realized by Es(p, 7(c, n, p),
U(p), v(p, U®)), 6(U(p))). Let f define the function AenEs(p, 7(c, n, p), U(p),
v(p, Up)), ¢(U(p))), where p abbreviates uwTi(c, 1, w). Then ®:(Si(f, ¢), n)

= ®,(f, ¢, n). Now we apply Lemma 4 and obtain finally the result that
Es(c, Si(Si(f, ¢))) realizes the formula

AzVxAy(T(z, x, y) & Av(U(y, v) & v@(C(x))*)).



1947] RECURSIVE FUNCTIONS 323

Now we have shown that if m realizes a®A*, then A* is realized by a. To
obtain the first part of the theorem, let us assume that the order of occurrence
of free variables in the formula a®Aisa, - - +,aj,a,a4, * * *, ax Then ap-
plying the corollary to Lemma 4 to the functionAn; - - -nan41 - - - mmUj(a),
we obtain the result that a®@ADA is realizable.

Also we have shown that for each A there exists some partial recursive
function Axp(x), such that if @ realizes A*, the number E,(a, p(a)) realizes
Ax(x®A*). Again we apply the corollary to Lemma 4, this time to the func-
tion A, - - - naEz(a, p(a)), and obtain the second part of the theorem.

COROLLARY. Any formula of the form ADHAx(x®A) or of the form Ax(x®A)
DA is realizable.

From the theorem we have the realizability of a®@ADA. Since the free
variable a does not occur in A, the formula dx(x®A) DA is deducible by an
application of Rule 12 from a®ADA; and the desired result is obtained from
Theorem 1.

Part 11

To consider additional problems concerning the formulas a®A, which rep-
resent the realizability predicate, we must formalize a portion of the theory
of recursive functions.

Péter has observed that every primitive recursive function may be de-
fined by recursion equations containing at most two variables and substitu-
tion schemata [16, pp. 619—620]. In the present part of the work we shall
take this observation as a point of departure to establish a normal form for
equations defining primitive recursive functions of two variables. We shall
show, then, that in a class of formal systems of recursive number theory
primitive recursive functions including course-of-value recursions may be ex-
pressed in terms of these normal recursive functions.

In the following work, the formal expression A =B will be understood as
an abbreviation for the formula ADB & BDA.

3. Intuitionistic systems of recursive number theory. For the remaining
work, intuitionistic systems of recursive number theory, &, are characterized
as follows: a system & contains in addition to the terms of S;, terms of the
form f(ty, + - -, ti), where t, - - -, ty are terms and f is a function symbol or
functor; and in addition to the axioms of S;, the schema for equality 23; and
for each functor f of &, a set of axioms of the form specified by (a), (b), or (c)
below, which are said to define f. The symbol f does not occur in any defining
equation preceding its own in the list of axioms. We say that a functor f
depends on a functor g, in case g appears in the defining equations of f, or in
case there exists an h which depends on g and f depends on h.

We shall agree in the following work to use the same functor in different
systems only if the defining equations are the same; thus a system & con-



324 DAVID NELSON [March

taining all the theorems of a number of systems will be obtained by choosing
as axioms for & the set-theoretic sum of the axioms of all the systems.:

Of the various forms of equations which describe primitive recursive func-
tions, we shall consider three types.

(a) A functor f is said to be normal recursive in case it is one of »y, vs, s,
or v4 which have defining equations

) vi(a, b) = 0 (the constant function),
(ii) v2(a, b) = a’ (the successor function),
(iiia) vs(a, b) = a and
(iiib) ve(a, b) = b (the identity functions),

or if its defining equations are of the form (1) or (2) where fy, f;, f3 are normal
functors defined by axioms preceding the ones for f:

(1) f(a') b) = fa(fl(a'r b)r f2(a" b)):
(2) f(ov b) = fl(or b)!
f(alr b) = fs(f(a, b), f2(a-, b))-

(b) A function f is said to be primitive recursive, or primitive recursive
in sense (b), if it is one of those appearing in (i)—(iii) :

@) S(a) = a’,
(i) 0(a) = 0,
(iii) U; (a1, - -+, @an) = a4 (for positive natural numbers i and #n, i <n),

or if its defining equations are of the form of (1) or (2) where the f; are primi-
tive recursive functors defined by preceding axioms, where a abbreviates
ai, * * -, ag:

(1) f(a) = fi(fe(a), - - -, £a(@)),
) £(0, a) = f(a),
f(a’, a) = £,({(a, a), a, a),
or, for a numeral n,
f(0) = n,
{(a’) = f2(f(a), a).

(c) A functor f is said to be a course-of-values functor [16, p. 620] if its
defining equations are of the form

(0, a) = fi(a),
‘ f(a'» a) = fz(f(tl, a): R} f(tm a)) a, a)’

or of the form (b) (1), where the f; are functors of type (b) or (c), and the
system & in which f appears contains a formula a <b such that 8.2 through
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8.5 of Lemma 10 below are provable, and t; is a term of & containing only the
variables a, a such that the formulas

t; < a’, i=1.::,mn,

are provable in &.

For the statement of several lemmas concerning the relations among the
three types of functors, we introduce the notion of representation of a term
or functor by another functor in a system &.

(1) A functor f of n variables and of type (a), (b), or (c) is represented
by a functor g of type (b) in a system & in case the formula

f(a»h tt oty an) = g(a'ly tt an)

is provable in &.

(2) For representation of a functor f of # variables and of type (a), (b),
or (c) by a functor g of type (a), we must distinguish cases (i), (ii), and (iii)
for n=1, n=2, and n>2 respectively. The normal functor g represents the
functor f in & in case

@ f(a1) = g(as, 22),

(i) f(a1, a2) = g(ay, 22),

or

(iii) f(ar, a2, + + -, aa) = glay, {22, - -, 2n})

is provable in &, where {az, ce e, a,.} is a term which represents a product of

powers of successive primes with respective exponents represented by
ag, * -+, an, cf. §5 below. '

It will also be convenient to refer to the representation of a general term
by a functor. Let the free variables in order of appearance in a term t be ex-
actly ay, - - -, a,, then, if in (1) and (2) above, we replace f(a;, - - -, an),
f(a1), f(a1, az) by t, we obtain a definition for the representation of a term t
by a functor g of type (b) or (a) in a formal system &.

If tis represented by a functor g of type (a) or (b), then there also exists a
functor g’ of the same type as g which represents the term Uifi(ay, - * *,am t),
where k27 and a,,, - - -, a,, is any permutation of aj, * - -, a, and possibly
additional variables. Then g’(a,, - - -, a,,) =t is provable in the system &
of the latter representation.

LEMMA 7. Every term formed by composition from terms containing no func-
tors except type (b) functors is represented by a type (b) functor in some ©.

The demonstration is a trivial one, effected by the addition of axioms of
Schema (b) (1) which are constructed by successive application of the func-
tors U},



326 DAVID NELSON [March

By this lemma and the remark immediately preceding, if in (b) (1) the
right member is replaced by any term containing no other than type (b)
functors and no other than the variables shown, or if in (b) (2), fi(a) and
fa(c, a, a) (or for the second case, fy(c, a)) are so replaced, the resulting formula
or pair of formulas is provable for some type (b) functor f in an appropriate
system &.

LeEMMA 8. If every functor appearing in a term t is a functor of one or of two
variables which is represented by a normal functor, and if ¢t contains only one or
two variables, then t is represented by a normal functor in some system &.

The demonstration is again a trivial one, effected this time by addition
of axioms of Schema (a) (1) which are constructed by successive applications
of the normal identity functors »; and »4 and the representing functors whose
existence is guaranteed by the hypothesis of the lemma.

4. An equivalence between any system & and S;. Gédel has shown that
for every formula A of a system of classical number theory, there exists a
corresponding formula A’ of a system of intuitionistic number theory, such
that if A is provable in the former, then A’ is provable in the latter [6]. This
result, however, is for the intuitionistic formalization of arithmetic of Hey-
ting [9], from which ours differs principally in the introduction of numerals
and the absence of a formalization of the substitution operation. Neverthe-
less, it is easily seen that Gédel's treatment affords a demonstration of an
equivalence between any & and a classical system € which differs from &
only in having Schema 8 replaced by the schema 77ADA. Under this corre-
spondence of € to &, we shall let C; correspond to .Sy, and so on.

We define the formula A’ in the following manner: (1) If A is an elemen-
tary formula, A’ is A. (2) For every A of one of the forms: 7B, B & C,
BDOC,BVC,VxB(x),dx B(x); A’ isdefined as: 7B/, B’ & C/, 7(B' & 7C’),
7(7B' & 7C’), Vx B'(x), 7Vx 7B’(x), where (B(a))’ is written B’(a) and
B/(x) is the result of substituting a variable x not occurring in B(a) for a
in B’(a).

LemMA 9. If A is provable in any classical system €, then A’ is provable in
the corresponding intuitionistic system &.

We observe first that the formula

a=b\V/7a=b

is provable in S; and thus is provable in every &. Then the demonstration
may be completed by the method of Gédel.

COROLLARY 9.1. For every primitive recursive predicate R(ay, - - -, ar) of
exactly the variables exhibited, there exists a formula R(a, - - + , ax) containing
exactly the free variables exhibited, and such that, for natural numbersny, - - +, ny,

if R(m, - - -, ni), then R(ny, « - - , ) is provable in Sy, and if R(my, - - + , ns),
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then 7R(my, - - -, ni) is provable in S,. Furthermore, there exists a partial
recursive function Nxy - - + xp(%x1, * + +, Xx) Such that p(my, - -+, ny) realizes
R(ny, - * -, nyi) if that formula is realizable.

For every primitive recursive predicate R(xy, - - -, ) there exists a sys-
tem of classical number theory € containing a functor f such that according
as R(my, -+ +, nx) or R(my, - - -, ni), the formula f(ny, + - -, nx) =0 or the
formula 7f(m, - - -, nx) =0 is provable in €. Furthermore, by the Hilbert-
Bernays result on the elimination of the t-symbol [10, vol. 1, pp. 457 ff.],
there exists a formula R(a;, - - -, ax) of C; containing just the free variables
indicated, and such that according as R(my, - - -, nx) or R(my, - - -, ni),

either R(my, + -+ -, nx) or 7R(my, - - -+, nyi) is provable in C;; thus either
R'(ny, - -+, ni) or (7R(ny, - -+, ni))’ is provable in S;. Noting that
7R'(ny, - - -, ny) is the same formula as (7R(ny, - - -, ni))’, we have the

first part of the corollary with R’(a;, - - -, ai) chosen for the formula
R(ay, - + -, ax) mentioned in the statement of the corollary. ,

In addition we note that the formula f(a, - - -, ax)=0=R(ay, - - -, ax)
is provable in €, and thus (f(a;, - - -, ax) =0=R(ay, + + -, ax))’ is provable
in &. Applying Hilfssatz 2 of Gédel’s work, we obtain the provability in &
of f(ay, - - - ,ar)=0=R’(ay, : - -, ax). From Corollary 1.1, f(ay, - - -, ax) =0
=R'(ay, - - -,as) isrealizable, suppose by the number r. Then R'(ny, - - -, ny)

is realizable if and only if f(ny, « + +, ni) =0 is realizable. By Lemma 3, if
R'(ny, - - -, ny) is realizable, it is realized by ®¥**((#)o, 71, - + *, 7z, 0). Thus
the partial recursive function Ax; - - « xx ®}((r)o, %1, + - -, %, 0) may be

chosen for A\x; - + - xxp(%1, * + +, Xk).

COROLLARY 9.2. If D 1s a formula which contains no quantifiers and D is
provable in any classical system G, then D is also provable in the corresponding
intuitionistic system &.

First, for a formula D containing no quantifiers, it may be shown by in-
duction on the number of logical symbols in D that D\/ 7D is provable in &.
Using this result, again by induction, we may show that for every D contain-
ing no quantifiers the formula D’=D is provable in &. These two demonstra-
tions are straightforward and follow easily from familiar rules for the intui-
tionistic predicate calculus(?). Application of the lemma completes the
demonstration. '

5. The system S,. Now, we shall consider a fundamental system of intui-
tionistic number theory S, which will contain additional functors to those
of S1. To avoid tedious detail in construction of formal proofs for fundamental
formulas of number theory, we utilize the work of Hilbert-Bernays [10, vol. 1,

(°) [8, 4]. The reader is referred to these papers for a discussion of the intuitionistic predi-
cate calculus. Details concerning the provability of certain formulas will be required for the
following work.
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pp. 286-382] in a formal system of classical number theory and apply Corol-
lary 9.2 to obtain the provability of the formulas in an intuitionistic system.

The system S; has the following groups of axioms:

(1) The axioms of S;.

(2) Axioms of the form of Schema 23.

(3) Axioms which define the functors of type (b) which appear in the
formulas 1.0 through 10.11 in Lemma 10 and axioms for the additional func-
tors upon which these functors depend.

(4) Axioms for normal functors which represent the functors of type (b)
appearing in formulas 1.0 through 10.11 and axioms for functors upon which
these normal functors depend (axioms for »,, - - -, 4 included).

In Lemma 10 we shall collect for convenient reference the fundamental
number-theoretic formulas required for later work.

In the system S, the term abbreviated aP corresponds to the intuitive
function a®. The formula 7 8(b, a) =0, abbreviated a <b, corresponds to the
intuitive relation ¢ <b. The term m(a) corresponds to the prime number func-
tion; the formula 7(n) =k is provable when k is the (z4-1)th prime number.
The term abbreviated (a), corresponds to the function (a)s, cf. §1, list of
recursive functions (g); the formula (m), =k is provable when & is the expo-
nent of the (z-+1)th prime number in a factorization of m into a product of
powers of distinct primes. The expression {ao, - - -, a.} is used to abbreviate
the term 7(0)%- - - . -w(n)%s,

LeEMMA 10. There exists a formal system S: having the properties just de-
scribed and in which formulas 1.0 through 10.11 (below) are provable and in
which each of the functors appearing in these formulas is represented by a normal
recursive functor.

For each of the formulas 1.0 through 10.11, either there appears a proof
in the classical system of number theory of Hilbert-Bernays or else a proof
may easily be constructed for the formula from the results found there. (The
reader should note differences in notation for certain of the functions men-
tioned in the paragraph preceding Lemma 10.) Corollary 9.2 assures the exist-
ence of a formal system of intuitionistic number theory in which the formulas
1.0 through 10.10 are provable. Also Lemma 7 and the accompanying remarks
are involved. The provability of 10.11 in a suitable intuitionistic system fol-
lows from Corollary 11.1 below.

The fact that each of the functors that appears in these formulas is repre-
sented by a normal functor is easily verified by direct construction for the
functors in 1.1-9.9. The remaining functors may be defined by additional
recursion equations including ones of the following forms:

@ Y =10 2w = (S iw)+ie).

x=0 x=0 x=0
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@ i@ =0, 1l = (II f(x))-f(a').

x=0 Xe=( x=0

That such functors may be represented by normal functors in a suitable sys-
tem may easily be shown by an induction proof.

1.0. a=b\/7a=b.

1.1. a+4(b+4c)=(a+b)+tc.

1.2. a+4b=b+a.

1.3. a-(b-c)=(a-b)-c.

1.4. a-b=b-a.

1.5. a-(b+c)=(a-b)+(a-c).

1.6. 1.a=a.

1.7. a-b=0=a=0Vb=0.

1.8. a+b=0=a=0&b=0.

2.1. «(0)=0.

2.2. a(a’)=1.

2.3. a(a)=0=a=0.

3.1. B(0)=1.

3.2. B(a’)=0.

3.3. B(a)=0=7a=0.

34. B(a)-b=0=(@=0Db=0).

41. §(0)=0.
4.2. b4(a’)=a.
5.1. &(b, 0)=b.

5.2. &(b, a’)=248(8(b, a)).

6.1. e(a, b)=4(a, b)+8(b, a).
6.2. e(a, b)=0=a=bh.

7.1. b°=1.

7.2. b*=be-b.

8.1. a<b=74(b, a)=0.

8.2, 7a<a.

8.3. a<a'.

8.4. a<bDa’'=bVa’'<b.

8.5. a<b&b<cDa<e.

8.6. a<bVb<aVa=b.

8.7. 7a<o.

8.8. a<bD7a=b.

8.9. a’<bDax<b.

8.10. a<b=a+tc<b+c.

8.11. 7c¢=0D(a<b=c-a<c-b).
9.1. agSb=a<bVa=bh.

9.2. as0Da=0.

9.3. asbDaxsb’.
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9.4. agfb’'=axzbVa=b'.
9.5. a<cD7c'=a.

9.6. a<b=a<b’.

9.7. a<b=7b=a.

9.8. a’<bDacxbh.

9.9. 0<a'.
10.1. (0).=0.
10.2. (1).=0.

10.3. ((w(a))?)a=Dh.

10.4. 7a=bD((m(a))®)=0.

10.5. 7a-b=0D(a-b)e=(a)et(b)e..

10.6. 7a=0D(a)n<a.

10.7. k=nDfa¢, ***, @a}x=2as

10.8. n<kDl{ag * -+, anfe=0.

10.9. 7(w(a))>=0.

10.10. a<cD(a)e=0.

10.11. a=b & Vx(x=bD(a)x=(b)x) Da=b.

6. Formulas of Class I'. The formulas of the predicate calculus which con-
tain only bounded quantifiers are known to represent recursive relations ([5;
10, vol. 1, pp. 310 ff.]); to aid our formalization of intuitionistic number
theory we introduce the following definition.

A formula A of a system & is said to be a formula of Class I in case:

(1) A is an elementary formula.

(2) Band Careof ClassI',and Ais 7B, B\VC,B& C,or BDOC.

(3) B(a)isof ClassT'and Ais Vx(x=bDB(x)), or dx(x =b & B(x)). (The
symbol < may be replaced by <.)

LemMma 11. If A(ay, - - -, ax) @5 a formula of Class T' containing exactly
the free variables exhibited, there exists a system T containing a functor f such
that in < the formula f(ay, « - -, ar) =0=A(ay, : + -, ax) s provable.

The proof of this lemma is essentially that outlined in Hilbert-Bernays,
vol. 1, pp. 310-315, for the system of classical number theory.

Itis proved by induction on the number of logical symbols in A(ay, - - +,ax).
If this is an elementary formula, then it is of the form p =g, where p and ¢
are terms. Formula 6.2 of Lemma 10 gives us the provability of

e(p,q) =0=p=aq.

This affords a basis for an induction proof of the lemma.
Assume that the formulas:

t=0=B, s=0

ll

C,

are provable in some ©&. Then using 3.3, 1.7, 1.8 and 3.4 of Lemma 10, we
have the following:
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B(t) =0 =7 B,
t.s=0=BVC_,
t+s=0=B&C,
B(t).s=0=BDC.
For the forms containing bounded quantifiers, assume that the formula
t(a) = 0 = A(a)

is provable in some &. Using 9.4 and rules of the predicate calculus the fol-
lowing are provable:

Vx(x £a’DA®R) =Vx(x2aDA®R) & A'),
IAxx S a’' & ARx) =dxx 2 a & ARX) V AR').

Then, by the defining equations for )_2_t(x) and [ J2.ot(x) as given following
Lemma. 10, and by application of the induction schema 13, using 9.2 to ob-
tain the basis, we have:

i t(x) = 0 = Vx(x £ a D A(x)),

X==0

I1tx) = 0 =dx(x < a & A(x)).
Xm0
For the case concerning the similar formulas which contain <, we ob-
serve that using formulas from Lemma 10 and the predicate calculus, the
following formulas are provable:

Vi(x<aDA®) =a=0V Vx(x = i) D A®x),
Vi(x<a & AR) = 7a =0& Tx(x £ 6(a) & A(x)).

CoROLLARY 11.1. If a formula A of Class T' is provabdle in a classical sys-
tem §, then there exists an intuitionistic system T in which A is also provable.

By the work of Hilbert-Bernays [10, vol. 1, pp. 310 ff.], for suitable choice
of t, the formula t=0=A is provable in some classical system D, which may
be taken to include €. Let T be the intuitionistic system corresponding to D.
By a comparison of the work of Hilbert-Bernays and the proof of Lemma 11,
it follows that t=0=A is also provable in €. By Corollary 9.2, if t=0 is
provable in €, it is also provable in . If A is provable in €, hence in D,
then t=0 is provable in D, and hence in <, and finally A is provable in Z.

COROLLARY 11.2. For every formula A of Class T\, there exists a system T
such that in T the formula AN/ 7 A is provable.

LEMMA 12. For every formula A(a) of Class T in &, there exists a T in which
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the formula
A(a) D Ix(A(x) & Vy(A(y) Dx =y))
s provable.

This is the least number principle, and the proof given by Hilbert and
Bernays may be used in a system containing S; [10, vol. 1, pp. 283 ff.], the
only addition required, excepting changes in notation, being the observa-
tion that in some system ¥ the formula Hx(A(x) & x<a) V7dx(A(x)
& x<a) is provable. This follows immediately from Corollary 11.2.

7. Reduction to normal recursion. We now consider the problem of repre-
senting any recursive functor by a normal recursive one.

LEMMA 13. For every type (c) functor f of a system &, there exists a system T
containing a type (b) functor {' such that the formula f(a, a) =f'(a, a) is prov-
able in .

The proof is a formalization of that given by Péter [16, p. 620], and pro-
ceeds by induction on the number of applications of Schema (c) which are
not applications of Schema (b) (2) in the definition of f. The basis is trivial,
for if f is defined without any such application of Schema (c), then f is a type
(b) functor as well as a type (c) functor.

For the induction step, assume that the axioms defining f are

£(0, a) = g(a),
f(a’, a) = h(f(t:(a, a), q), - - - , £(ta(a, q), 0), 3, 0);

that for 2=1, - - -, n, ti(a, a)<a’ is provable in T; and that there exist
type (b) recursive functors g’, h’, and t! such that the formulas g(a) =g’(a),
h(cy, - -+, cn a, 6)=h'(cy, - + -, Ca, 2, 0), and t;(a, a) =t/ (a, a) are provable
in &.

Then by Lemma 7 there exist type (b) functors p, q, and f’ such thatin a
system obtained from & by adjunction of the requisite axioms the following
formulas are provable:

® p(a, a,d) = h' (D@ o, - » (Denew
(ii) q(0, ) = 7(0)¥ @,
(iii) q(a’, a) = q(a, a)-w(a’)P e a @),
@iv) f(a, 0) = (q(a, ))a

We shall now show that the formula
) c<aD(qlca)a=0

is provable in the enlarged system T’. This is established by application of
Schema 13, induction on c, as follows. From (ii), and 8.8 and 10.4 from Lemma
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10, we have 0<aD(q(0, a)).=0, which is the basis formula for the induction
proof. By 8.9, if A abbreviates the formula (v), we have

A D (¢! <aD(qlc a))a = 0).

Thence, using (iii), and applying 10.5 (using 10.9, (ii), (iii) and Schema 13 to
obtain the premise), 8.8, 10.4, Schema 23, and the propositional calculus, we

have
AD (¢! <aD(q(c',a))a = 0),

which is the formula for the induction step. The application of Schema 13 is
now made, completing the demonstration that (v) is provable.

We shall next show, again by application of Schema 13, induction on c,
that the formula

(vi) Vx(x £ ¢ D f'(x, a) = (q(c, a)): & £(x, a) = {'(x, a))

is provable in the enlarged system T’.

From (ii), (iv), and the induction hypothesis of the lemma, and 10.3, it
'is easily shown by Schema 23 that £/(0, a) =(q(0, a))o & £(0, a)=f'(0, a) is
provable. Then from 9.2, by means of Schema 23 and the predicate calculus,
we have the basis formula

Vx(x = 0D f'(x, a) = (q(0, 0))x & {(x, a) = £'(x, )

for the induction proof of (vi).
To obtain the formula for the induction step, we start by noting from (ii),
(iii), (v), 8.3, 10.3, and 10.5 that

(a(c’, 0))e = p(c, @, q(c, a))

is provable. Thence, using (i), 9.6, and Schema 23, noting that ti(c, a) <c’
and t;(a, a) =t;(a, a) are provable, and using B to abbreviate (vi), we have
BD(Q(c,v a))e’=h’(f,(tl(c’ a)r a)v AR f,(tn(cv a)y a); c, a) &f(tl(c! a)’ a)
=f'(ti(c, 0), a) & -+ - & f(ta(c, a), a)=f'(t.(c, a), a). From this, (iv), and
the formula for h’ in the induction hypothesis for the lemma and Schema 23,
we have

B D f'(c, a) = (q(c’, a))e & f(c’, @) = £'(c/, a).
If we apply Schema 23, this gives
BD@=cDf(a,a) =(q(c a))a & i(a, a) = {'(a, a)).

If we use 9.5, (ii), (iii), 10.4 and 10.5, the formulaa <c¢D(q(c’, a))a=(q(c, a))a
is provable, and the following is also provable:

BD (a' £c¢D f'(a'r (l) = (Q(C'» a)),& & f(a,, a) = f’(av a))'

Using 9.4 to combine the last two displayed formulas, and applying Schema 9,
we have finally
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BDVx(x=cd Df(x,a) = (q(c, a))x & {(z, a) = {'(z, a)),

which is the formula for the induction step for the proof of (vi) by Schema
13. This completes our demonstration that (vi) is provable in T’.

Now a=<a is provable, and using this in (vi) we have the provability of
f(a, a)=f'(a, a) in T".

LemMA 14. For every type (b) functor f of any & there exists a T containing
a normal functor ' such that in I, either f(a) =f'(a, b), f(a, b) =f'(a, b), or
f(a, a)=f'(a, {a}) is provable, according as the functor f takes 1, 2, or more
than 2 arguments.

The lemma is proved by induction on the number of functors upon which
depends.

For the basis, we have a representation for 0(a) by »i(a, b) and for S(a),
by »s(a, b). The terms U}(a) and Ui(a, b) are both represented by »s(a, b),
U2(a, b) is represented by »4(a, b). For a natural number k>2, Uj(ay, - - -, ax)
is represented by ws(ay, {az, N ak}). Lemmas 8 and 10 together assure
that there exists a system ¥, containing a normal f/, such thatin , f/(a, b)
= (v4(a, b)) sq) is provable. In this system for ¢ >2, f! (a;, {as, - - -, ax}) rep-
resents Uf(ay, - * -, ar). ’

If the functor { is defined by a formula

f(a) = g(hl(a)v STt hn(a))n

where ais aj, - - +, ax, we must consider subcases according as k and » take
values 1, 2, and values greater than 2. For the case of both greater than 2,
the induction hypothesis assures that there exist normal functors g’ and h/
in some T, such that in that system we have the provability of

g(bl) R bn) = g’(blv {b21 Ct 0y bn})v
hi(ay, - - -, as) = h! (a5, {as, - - - , ax}).

Then by Lemma 8 and Lemma 10, there exists a ¥ containing a functor f’
which represents the term g’(h{(c, d), {hz’ (c, d), - - -, hi (c, d)}), and in
that system f(ay, - * -, ax) =f’(ay, {as, + - -, ax}) is provable.

The other cases for the substitution schema which are not already cov-
vered by Lemma 8 follow in a similar manner.

If f is defined by formulas

£(0, a) = g(a),
f(a’, a) = h(f(a, a), 3, q),

again we must consider subcases according as a abbreviates a sequence of
1, 2, or more than 2 variables. For. the case for more than 2 variables, the in-
duction hypothesis gives the provability in some & of
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g(ah MY ak) = gl(aly {a"h Tty a-k}).r
h(c, a, ai, - - -, ax) = h'(c, {a, ay, - - -, a}).

Then by Lemma 8 and Lemma 10, the term »4(d, g’((b)o, { (b)1, - * , (b)sxy }))
is represented by a normal g’/ in some ¥, such that in T,

g(@) = g"(0, {a})

is provable.

Then, by the same lemmas, there exists a T containing a normal functor
p such that p(a, b)={a, (b)o, * * -, (b)su} is provable in that system.

If we then add the axioms

£/(0, b) = g’’(0, b),
f(a’, b) = h’(f’(a, b), p(a, b))

to the set-theoretic sum of the axioms of ¥; and T, we may show by the
equality schema 23 and Schema 13 that the formula f(a, a)=f'(a, {a}) is
provable in the system < so formed.

The cases for 1 and 2 variables in the sequence a are similar, as is the case
of the recursion schema in which the variables a do not appear.

Part III

In Part III we continue with the problem of formalizing the theory of re-
cursive functions.

Instead of arithmetizing the formalization of recursion equations by
Godel’s method of numbering, as Kleene did in the construction of his predi-
cates Ti(e, a1, - - -, ax, b) [11;13], we use a:method based on the normal form
for equations defining primitive recursive functions of two variables which
was given in Part II. These functions can be enumerated in a straightforward
manner. The enumeration can then be extended, in effect, to the (non-primi-
tive) general and partial recursive functions with the aid of the existential
quantifier.

This treatment does not supplant the use of Kleene's predicates
Ti(e, @y, -+ -, ax, b) for the purpose of showing the possibility of repre-
sentation of arbitrary general and partial recursive functions [11; 13]. It
does afford, for each k, a predicate Ri(e, ai, - - -, ax, b) having properties
similar to Tx(e, @1, - - -, ax, b), and in terms of which it is much easier to
formalize the theory for any particular general and partial recursive functions.

The following sections contain a formal development of the theory of the
predicates Ri(e, a4, - - -, ax, b). To this end, we first introduce a formal sys-
tem of intuitionistic number theory Sscontaining formulas Ri(e,ay, - - +,ax,b).
Next we demonstrate an equivalence of formal systems of intuitionistic num-
ber theory containing S; to .S;. Finally we develop an abbreviation for the
representation of functions in S;.
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8. The representing predicate. We shall construct a system S; containing
a functor ¢, such that for every normal recursive functor f of a system &
containing Ss there exists a numeral n, such that the formula dyy(n, a, b, c, y)
=0=f(a, b) =c is provable in S. )

Let us consider the definition of normal recursive functor. We might de-
scribe every normal functor as one of the fundamental symbols'»;, where
i=1, - - -, 4, or as the value of one of two syntactical functions Sb(fy, fs, f3)
or Rec(fy, f2, f3) which takes functors as arguments and has functors as val-
ues. The value of Sb(fy, {2, f3) is the functor which has as its defining equation
an axiom of the form specified by the substitution schema, (a) (1), where fi, fs,
and f; are previously defined functors. The value of Rec(fy, fs, fs) is the functor
defined by equations of the form of the recursion schema (a) (2).

If we utilize a method of Gédel numbering to assign certain numbers to
the functors »w (¢=1, - - -, 4) and choose suitable number-theoretic listing
functions to represent Sb and Rec, we can represent every normal recursive
functor by a natural number. Thus we shall establish a one-to-one correspond-
ence between certain natural numbers and recursive functions. This approach
obviates the necessity for arithmetizing the syntactical concepts of variable,
numeral, and formula to arithmetize the notion of deduction of a value for a
recursive function.

We continue the intuitive discussion using our formal notation for the
corresponding number-theoretic functions. Let correspond to the functors »;,
where i=1, - - -, 4, the natural numbers 1, - - -, 4. If the natural num-
bers my, ns, ms correspond to the functors f;, fs, fs, then let correspond to
the value of Sb(fy, fs, f3) the natural number {5, 71, Nz, ns}, and to the value
of Rec(fy, fz, f5) let correspond {6, n1, 12, n3}.

If the number 7 represents the functor f in the way which we have indi-
cated above, then to a formula

f(m,1) =k

let correspond a number {n, m, 1, k, h} where % is a deduction number which
we consider next(!?).

The deduction number, %, for a formula is defined inductively with re-
spect to the number # of the functor, with a subsidiary inductive clause in
case the number of the functor corresponds to a value of Rec.

If n represents one of the functors »;, then £ is chosen as 0.

If n represents a value of Sb(fy, fs, fs), then for an equation f(m, 1) =k,
there is an equivalent set of equations

fl(m, I) = kl, fz(m, I) = kz, fa(kl, I(z) = k.
Suppose these have the respective deduction numbers ki, k2, hs, then k is

(19) So called by analogy with the Gédel number of a formal deduction in Kleene's treat-
ment of the predicate S, [13, §4].
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chosen as the number
{ {nlr m, ll klv hl}p {”21 m, tr k2v h2}, {ns, kl) k21 k, hs} }-

If n represents a value of Rec(fy, {2, f3) for an equation f(m, I) =k, we con-
sider two cases as m =0 or as m 0. If m =0 and &, is the deduction number of
£,(0, I) =k, then k is defined as {nl, 0,1k, hl}. If m0, and the deduction
numbers of the formulas

f(a(m)) I) = kly f2(8(m)v I) = k2, fs(kl, kz) =k
are hy, hs, hs, then £ is chosen as
{ {n, 8(m), 1, k1, M}, {ma, 8(m), 1, ks, b}, {ms, By, Bo, B, Ba} ).

The formula ¥(p) =0, where ¢ is the functor to be defined in Lemma 15,
will be the formal counterpart of the following intuitive statement when (p),
is the number of a function: The function numbered (), for the arguments
(p)1 and ()2 has the value (p); and the deduction number (p)4. (In the case
in which (p)e0=6 and (p)1=0, the interpretation does not require that.(p),
be the number of a primitive recursive function, only that (p)a be such a
number.)

We now turn to the problem of representing general and partial recursive
functions. Let A(c, a, d, b) be a formula of Class I' containing exactly the
free variables ¢, a, d, b, where ais ay, - - -, a; (k=1). If the formula

3yA(CY a, dl’ Y) & E[YA(C, a, dz,}’) D dl = d2

is provable in some system &, then the formula dyA(c, a, d, y) specifies a
function Aca; - - - ax f(¢, a1, - - -, ax), which is defined for natural numbers
m,m, - -+ -, nx, and has the value #, if the formula 3yA(m, n,, « « -, ni, n,y)
is provable in &. Such functions will include general and partial .recursive
functions [11; 13].

Let g be the functor corresponding to A(c, @, d, b) under the correspond-
ence mentioned in Lemma 11; then, by Lemmas 13 and 14, under the in-
terpretation, there exists a natural number p such that the relation
glm, ny, - - -, nx, n, I)=0 will hold if and only if there exists a number ¢
such that lﬁ({p, m, {nl, ey Wi, oM, l}, 0, q})=0. We shall introduce
pk({p, m}, ny, - - -, N, {n, 1, q}) as an abbreviation for a formula equiva-
lent to nP({p, m, {nl, <., Ny, n,I}, 0, q})=0.

Then the number {p, m} will be taken as the number of the function
Ny - - - arf(m,ay, - - -, ar),and {n, I, q} as a deduction number of this func-
tion for the arguments #y, - - + , nxin case g(m, ny, « - + , nx, 1, 1) =0.

Using this method of numbering functions, we shall have a convenient meth-
od of characterizing the class of functions formed by \a; - « -arf(m,ay, « - -, ax)
as the parameter m varies. This characterization will afford an easy means
of formalizing functions serving the same purpose as the functions S}, which
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were of importance in the theory of Part I.

We shall introduce Ri(e, @, d) as an abbreviation for a formula equivalent
to Pi(e, a, d) & Vx(Pi(e, a, x) Dd =x), so that Ri(e, a, d)DPi(e, a, d) and
dxPi(e, a, x) DHxR(e, a, x) will be provable; but for each choice of
r, ng .-, ny, if R,i(r, ny, - -+, nyg s) is provable, then it will be provable
for a unique s. The formula Ri(r, ny, - - -, ni, s) & (s)o=n will be the formal
counterpart of the intuitive statement “The function numbered 7 (under our
second method of numbering) for the arguments #,, - - +, #; has a least de-
duction number s and the value n.”

Because of its frequent occurrence in the following work, we shall ab-
breviate a term of the form (a), with the expression [a].

We shall abbreviate a term of the form ( - « - (s)t, + + + )¢, with the expres-
sion (s)¢,. . .t,. The decimal abbreviation for numerals will be used in the sub-
script position only for numerals n such that #<9. Thus (s)xs abbreviates

(((s)2)1)s.

LEMMA 15. There exists a system of recursive number theory Ss, such that
the formulas 1-10 are provable in S, where in 8 and 9, for each integer k>0,
Pi(c, a,d) and Ri(c, a, d) are abbreviations for pi(c, a,d) =0 and ri(c, a,d) =0,
respectively, where p, and ri are funciors of Ss.

The existence of defining axioms for the functors appearing in 1-6.2 fol-
lows immediately from Lemma 11.

1. Yu(@)=0=a= {1, (a)y, (a),, O, 0}.

2. 1p2(2'~)=()'_'=a= 2: (a)lv (a)2v ((a)l)'r O}

3. Y3(a)=0=a={3, (a)1, (a)s (@)1, O

4. 'P4(a)=05a= 4, (a)lv (3)2: (3)2’ 0y.

5. o(@a)=0=a= { {5, @on, (@)e, ()03}, (@)1, (a)2, ()3, {s, t, u} }, where
the following abbreviations are made:

s = {(@a, @)1, ()2 (@), (@)aos}-
= {(@o ()1, (2)2 @)as, (@)ae}.
u = {(a)e, @)ws (@)us, ()3, (@)eu}.

( )61. pl(a) =0=a= { {6, (a)(n, (3-)02, (a)os}, 0, (a)2, (3)8) {(a)oh 0) (a)zv (a)3t
)44 . .
6.2. pa(a)=0=a={{6, (@)a, (A)ez, (A)z}, @)1, @)z, (@)s, {8, t, u}}, where
the following abbreviations are made:

s = {20, 5((2)1), @)z (B)aos, (@)aau}.
t = {(2)o 5((a)1), @) (a)as, (@)ard}.
= {(2)es, (a)ues, (a)us, (2)s, (@)aas}-
7.1. ¢o(a) =¥1(a) -¥2(a) -¥s(a) -Ya(a).
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Introducing auxiliary functors ¢y, ¢z, and ¢; for typographical conven-
ience, we have the following course-of-values recursion axioms for y. Observe
that the formulas (a’)s<a’and (a’)4 <a’, where £=0, 1, 2, are provable in S..
This follows from Lemma 10, 10.6, 10.1, 8.5 with the aid of 9.9, 1.0, and
Axiom 15.

7.2. $1(a) =0(a) +¥((a)s0) +¥((a) a) +¥((a) s2).

7.3. ¢a(a) =p1(a)+¥((a)).

7.4. ¢3(a) =pz(a)+B(e((a)1, 0)) +¥((2)s) +¥((a)a) +¥((a) 22).

7.5. ¥(0)=1.

7.6. Y(a’) =¢o(a’) ¢1(a’) -$2(a’) -¢s(a’).

In Formula 8, below, the right member is a formula of Class I'; hence, by
Lemma 11, there exists a functor p: of some formal system &,, such that, if
P:i(c, a, d) abbreviates px(c, a, d) =0, then Formula 8 will be provable in &,.
It will be understood that P(c, a, d) is such an abbreviation, and that S; is
chosen to contain &;.

8. Pk(cr a, d) E'l’({ (C)Or (C)1, {0, (d)ov (d)l} » 0, (d)z}) =0&c= {(0)0’ (c)l}
&d={(d)o (@) d)e}.

Since Pi(c, a,d) is a formula of Class I, the formula Pi(c, a, d) & Vx(x<d
D 7Pui(c, a,x)) is also of Class . By Lemma 10, 8.6, 9.1, 9.7, 1.0 and the predi-
cate calculus, we have the provability in some system containing &, of

Vx(Pi(c,a,x) Dd =x) =Vx(x <dD 7 Pilc, a, x)).

Again by Lemma 11, there exists a functor r; of some formal system &,,
such that, if Rx(c, a, d) abbreviates ri(c, a, d) =0, Formula 9 will be prov-
able in &,. It will be understood that Ri(c, a, d) is such an abbreviation and
that S; is chosen to contain &,.

9. Ri(c, a,d)=Py(c, a, d) & Vx(Pi(c, a, x) Dd <x).

By the abbreviation previously stated (and S; Axiom 16):

10. [d]=(d)o.

CoROLLARY. The following formulas are provable in Ss:

1. ¥i({4, a, b, ¢, 0})=0=Axy({4, a, b, ¢, x}) =0, where i=1, - - - , 4.

2. C*[xdn({ {S,nl, ns, ng},a, b, c,x})=OEE{x¢({ {5, ni, Ng, ns},a, b, c, x})
=0.

3. E{xn[/({nl, 0,b,c, x})=05(§[x¢({ {6, ny, Ng, nx}, 0, b,c, x}) =0.

4. Ax ¢s({ {6, n1, 03, n3},2’, b, ¢, x}) =0=AxY({ {6, ny, nz, 03}, 2’, b, ¢, x})
=0.

5. Rk(C, a, dl) & Rk(c, a, dz) Ddl =d,.

We consider in detail only part of the proof of Formula 3, namely, the
proof of the formula

S[xnl/({ {6, ny, Ny, ns}, 0,b,c, x}) =0D E{xxlx({nl, 0, b, c, x}) =0.

The remainder of the proof of 3 and the proofs of the other formulas are con-
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structed similarly (and for the most part more simply).

Let t abbreviate { {6, ny, Ny, na}, 0, b, c, d} ; then the following formulas
are provable in S;.

(1) 7t=0.Lemma 10, 10.1, 10.7; S; Axiom 15.

(2) 7a=0Da=(8(a))’. Schema 13, Axiom 16; Lemma 10, 4.2.

(3) Y(t) =¢o(t) -r(t) - da(t) -¢a(t). (1), (2); Schema 23; Lemma 15, 7.6.

(4) Y (t) =0=0o(t) =0Ve1(t) =0V ¢s(t) =0Ves(t) =0. (3); Lemma 10, 1.7.

(5) 7(t)o=0. Lemma 10, 10.1, 10.7; S; Axiom 15.

(6) 6<(t)o. (5); Lemma 10, 10.6, 10.7.
In Formulas (7)-(10), i=1, - - -, 4.

(7) i<6. Lemma 10, 8.3, 8.5.

8) 7(t)o=1i. (6), (7); Lemma 10, 8.5, 8.8.

(9) ¢i(t)=0D(t)o=4i. Lemma 15, 1-4; Lemma 10, 10.7.

(10) 7¢:i(t) =0. (8), (9).

(11) 7¢o(t) =0. (10); Lemma 15, 7.1; Lemma 10, 1.7.

(12) 7(t)oo=S5. Lemma 10, 10.7, 8.3, 8.5, 8.8.

(13) ¢(t)=0D(t)oo=5. Lemma 15, 5; Lemma 10, 10.7.

(14) 7¢1(t)=0. (12), (13); Lemma 15, 7.2; Lemma 10, 1.8.

(15) e((t)1, 0)=0. Lemma 10, 10.7, 6.2.

(16) -7B(e((t)1, 0))=0. (15); Lemma 10, 3.3.

(17) 7¢s(t)=0. (16); Lemma 15, 7.4; Lemma 10, 1.8.

(18) ¥(t) =0D¢s(t) =0. (4), (11), (14), (17).

(19) ¢(t) =0Dy¢(d)=0. (18); Lemma 15, 7.3; Lemma 10, 10.7.

(20) ¢(t)=0Dd={n,, 0, b, c, (d)4}. (18); Lemma 15, 7.3, 6.1; Lemma 10,
10.7.

(21) ¥(t) =0D¢({ny, 0, b, ¢, (d)4})=0. (19), (20).
The desired formula is obtained from (21) by introduction of existential
quantifiers.

LEMMA 16. For every normal recursive functor { of a system & there exists a
numeral n such that the formula

f(a, b) = c = Axy({n, a, b, ¢, x}) = 0
is provable in S.

The lemma is proved-by induction on the number of functors upon which f
depends.

For the basis of the induction, suppose f depends on no other functors;
then there are four cases, one for each of the functors v;, as ¢=1, - - -, 4.
The proofs for the separate cases are similar, so we outline only the one of
them for v,.

The following formulas are provable in & provided »4 is a functor of &.
After each formula there is an indication of the more important formulas used
in its deduction.



1947] RECURSIVE FUNCTIONS 341

vi(a, b) =c=b=c. Defining axiom for v4, Schema 23.
. b=c=yy( {4, a,b,c0 } )=0.Lemma 15, 4; Lemma 10, 10.7; Schema 23.
VA {4, a,b,c,0 }) =0=dx yY( {4, a,b,c,x } ) =0. Corollary, Lemma 15, 1.
va(a, b) =c=Axy¥({4, 2, b,c,x})=0.1, 2, 3.

The induction step is divided into two cases. For the first case, assume that
f has as its defining axiom in & a formula of the form (a) (1).

Then the induction hypothesis assures the existence of numerals n,, n,, ng
such that the following formulas are provable in &:

L R e

) fi(a, b) = c1 = Tx({ny, a, b, &1, :}) = 0.
(i) fa(a, b) = c2 = Txap({ny, 2, b, cz, :}) = 0
(i) fy(c1, 02) = ¢ = Txa({ns, c1, €, €, X3}) = 0.

Let n abbreviate {5, m, n, na} ; then the following formulas are provable
in &: :

1. f(a, b) =c=4dy; Hy:(f1(a, b) =y1 & f2(a, b) =y2 & f(y1, y2) =c). Defining
axiom for f, Schema 23.

2. f(a, b) =c =y, Ay Ax; Axe Axs(Y({ 1y, a, b, y1, %1 }) =0&yY/( {ng, a, b,y x, })
=0&¥({ns, y1, yar , xs}) =0). (1), (), (i), (Gid).

3. U({n) a, b’ c, { {nl’ a, br Cy, dl}; {nZ; a, b) Cz, d2}’ {ﬂa, Cy, Cg C, dS} } })
=0. Lemma 15, 5; Lemma 10, 10.7; Schema 23.

4. f(a,b) =c=Uy, y, Ax; Axz Ax3 ¢1(t) =0, where t is the result of replac-
ing the free variables ci, ¢, di, da, d3 by y1, ye, X1, X, X3, respectively, in the
expression enclosed in parentheses in 3. 2; 3; Lemma 15, 7.2; Lemma 10, 1.8,
10.7; Schema 23.

5. f(a, b)=c5:§[x¢1({n, a, b, c, x})=0. 4; Lemma 15,5, 7.2.

6. f(a, b)=c=Hx \b({n, a, b,c, x}) =0. §; Corollary to Lemma 15, 2.

For the second case of the induction step, suppose f is defined by axioms
of the form (a) (2). For this case we show that a formula Vy(f(a, b)=y
ECE[x¢({n, a, b, y, x})=0) abbreviated VyA(a, y) is provable in &. The
proof is by an application of the induction Schema 13 of .S}, induction on a.

The induction hypothesis of the lemma assures the provability in & of
the following formulas.

(i) f1(0'7 b) =C = HX‘I/({IM, 0’ bv c, X}) = 0.
(i) fa(a, b) = ¢ = Txop({ny, 2, b, €3, x}) = 0.
(iii) fa(Cl, C2) =C = HXs\P({na, Cy Cgy C, Xa}) = 0.

If n abbreviates {6, ny, n,, nx}, then the following formulas are provable
in &.

1. £(0, b) =c=f£,(0, b) =c. Defining axioms for f, Schema 23.

2. £(0, b) =c=Hxy({m, 0, b, ¢, x})=0. 1, (i).

3. dx t//({nl, 0, b, ¢, x}) =0=Hx g[/({n, 0, b, c, x}) =0. Corollary to
Lemma 15, 3.
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4. Vy A(0, y). 2, 3.

5. f(2’, b)=c=Hy: Hys(f(a, b)=y1 & fa(a, b) =y & fs(y1, y2) =c). De-
fining axioms for f, Schema 23.

6. A(a, c)D(f(@’, b)=c=Hdy, y. dx, Ax, Hx,(:p({n, a, b, yi, xl})
=0 &tp({nz, a, b, ys, Xz})=0 &¢({n3, Y1, Y2 C, xs})=0)). 4, 5, (i), (iii).

7. pz({n, a’, b, c, { {n, a, b, c1. dl}, {nz, a, b, ¢, dz}, {na, C1, Cz, C, da} } })
=0. Lemma 15, 6.2; Lemma 10, 4.2.

8. B(e(a’, 0)) =0. Lemma 10, 6.2. 3.3.

9. A(a, c))D(f(a’, b)=c=dx <I>a({n, a’, b, c, x})=0). 6,7, 8; Lemma 15,
7.4, 6.2; Schema 23.

10. A(a, c))D(f(a’, by=c=Axy({n, a’, b, c, x}) =0). 9; Corollary
to Lemma 15, 4.

11. Vy A(a, y) DVy A(@’, y). 10.

12. Vy A(a, y). 4, 11; Schema 13.

13. f(a, b) =c=dxy({n, a, b, ¢, x})=0. 12.

For the statement of Lemmas 17 and 18 and their corollaries, we intro-
duce two abbreviations.

We agree in these lemmas and their applications to allow small German
letters to abbreviate empty sequences of variables as well as sequences of
variables, with the exception of the letter a as used in formulas Pi(e, a, d),
Ri(e, a, d), and so on. (To allow a to represent the empty sequence, with
k=0, would amount to considering functions of 0 arguments. This would be
entirely possible, but for our present purposes there is no advantage, and it
would require the consideration of an additional case in the following lem-
mas.)

Then, if Qiseither H or Vand yis y; - - - yi;, Qpabbreviates Qy; - - - Qy:.
In case Y is empty, Qy abbreviates an empty sequence of symbols.

We define the abbreviation n(m, ¢) as follows: If e is the empty sequence,
n(m, ¢) is m. If eis e, n(m, ¢) is {m, ei}. Ifeisey, - - -, ej, where j>1, n(m, ¢)
is {m, {e

LeEMMA 17. For every formula A(e, a, c, b) of Class T' containing exactly the
free variables exhibited, there exists a numeral m and a system T such that the
formula

G‘IX)A(C, q, C, l)) = HY(Pk(ﬂ(m, e)v a, Y) & [Y] = C)
s provable in T.

For the proof we must consider cases according as e and b are respectively
empty, contain 1 or more than 1 element.

We consider first the case in which both ¢ and b contain 1 element.

There exists a normal recursive functor f, a numeral m, and a system &
such that the following formulas are provable in &.

1. A(e, a, ¢, d)=f(e, {a, ¢, d})=0. Lemmas 11, 13, and 14.
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2. f(e, {a, ¢, d}))=0=AyY({m, e, {a,c,d}, 0, y})=0). Lemma 16.

3. ¢({m,e, {a,c,d},0,b})=0=Pi({m, e}, q, {c,d,b}) & ({c,d, b})e
=c. Lemma 15, 8; Lemma 10, 10.7.

4. Ax Ay ¢({m, e, {a,c,x},0, y}) =0="y(Pi({m, e}, a, y) & [y]=0).
3; Lemma 10, 10.7; Lemma 15, 8 and 10.

5. dy A(e, a, ¢, y)=qy(Pi({m, e}, a,y) & [y]=0). 1, 2, 4.

The remaining cases follow easily from this; of the cases for ¢ and b not
empty, we consider only the additional one in which both ¢ and b have more
than 1 element.

By the case just discussed, there exists a numeral m and a system < such
that:

1. dy(A((e)o, - - -, (e)ao'), a,¢, (¥)o -+ +y (V)sn) &e= {(e)o, ity (e)ad)}
&y={(o -+ M })=Ty(P:({m, e}, a,y) & [y]=c) is provable in L:
Utilizing Lemma 10, 10.7 we have the provability in T of the formula.

2. 31) A(ev a, ¢, l’) EHY(A(ey a, ¢, (Y)O, ) (Y)ﬁ(l)) & y= {(Y)oy ]
®sw })-

Then substitution of {e} for e in 1 gives the desired result.

For the cases in which e or b are empty sequences, we replace, in the left
member of 1, e={(e)o, - - -, (€)si} or y={(¥)e + * *, (V)sr} by e=e or
y =y, finally substituting 0 for e.

COROLLARY. For every formula A(e, a, b) of Class T' containing exactly the
Jree variables exkibited, there exist numerals m and p and a system T such that
the formulas

(i) HDA(C, a, 1)) = HyPk(ﬂ(m, e)y a, Y)'
and
(ii) EDA(C, a, t,) = VY 7 Pk(ﬂ(p: e), a, Y)

are provable in T.
From the lemma we have the provability in some system T, of
ED(A(C, a, t)) &c= C) = C*[Y(Pk(ﬂ(m, e)r a, Y) & [},] = C)’

from which Formula (i) is easily obtained.
If the formula A(e, a, b) is of Class T" then 7A(e, a, b) is also of Class I'.
There is, then, a numeral p and a system ¥, in which the formula

ﬂl) 7 A(e, a, )2)) = HyPk("(P’ e)’ a, Y)

is provable. For any formula C(b) of T,, 7dyC(y)=Vy7C(y) is provable
in T,, which gives for any C(b),

1. 7ayC(y) = vy 7C(y).

Thus the formula
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Vy 77 Ae,a, 1) = Vy 7 Pu(a(p, ), @, y)

is provable in some ¥, and applying Corollary 11.2, we obtain the provability
of 77A(e, a, b)=A(e, q, b) in some T3, which gives also Formula (ii) in any
T containing T;, T, and Ts.

LeEmMMA 18. For every formula A(e, a, c, b) of Class T' containing exactly
the free variables exhibited and such that the formula HdAyA(e, a, c1, Y)
& dAyAle, a, o, W) Dc1=cq 35 provable in some system &, there exists a numeral
m and a system T such that the formula

AYA(e g, ¢, 1) = Ay(Ri(a(m, €), a,y) & [y] = ¢)
is provable in T.

There exists a numeral m and a system £ in which the following formulas
are provable:
. AyA(e, a, c, ) =Hy(Pi(n(m, ¢), a, y) & [y]=c). Lemma 17.
. AyPi(n(m, ¢), a, y) DHyRi(n(m, ¢), a, y). Lemma 15, 9; Lemma 12.
. AyAce, a, ¢, ) DAyRi(n(m, ¢), a, y). 1, 2.
. Ri(n(m, e¢), a, d) DPi(n(m, ¢), a, d). Lemma 15, 9.
. Ri(n(m,¢), a, d) DAYA(e, a, [d]v ). 4, 1.
. Ri(n(m, ¢), a, d) & AyA(e, a, ¢, ) D[d]=c. 5 and hypothesis of the
lemma.
7. AvA(e, a, ¢, 1) DHy(Ri(n(m, ¢), 8, y) & [y]=c). 3, 6.
8. Ri(n(m,e), a,d) & [d]=cDAyA(e, a,c, v). 5.
9. Ay(Ri(n(m, ¢), a, y) & [y]=c)DAvA(e, g, c, 1). 8.
Formulas 7 and 9 give us the desired result.

QN N W N

COROLLARY. For every formula A(e, a, b) of Class T' containing exactly the
free variables exhibited, there exist numerals m and p and a system T such that
the formulas

@ dyAle, a, y) = HyRi(n(m, ¢), a, y)
and
(ii) VDA(C, a, 1)) = V}’ 7 Rk("l(P, e)y a, Y)

are provable in T.

From Lemma 15, 9, and Lemma 12, we have the provability of
AyPi(n(m, ¢), a, y)=HyRi(9(m, ¢), a, y). This result and Formula (i)
of the corollary to Lemma 17 give us Formula (i). Applying Formula 1 of
the proof of that corollary to the same result, and using Formula (ii) of the
corollary to Lemma 17, we obtain Formula (ii). )

9. A reduction of any system & to S;. In the preceding section, to derive
the properties of the formula Ri(e, a, c) of S;, we are obliged to consider the
provability of formulas in systems which are extensions of S;. We should
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like to be able, now, to show that formulas exhibiting the essential properties
of Ri(e, a, ¢) are provable in S;. For example, we wish to show that, for any
formula A(a) of Class T' of S;, there exists a numeral m such that A(a)
=HxR(m, q, x) is provable in S;.

We shall consider a transformation of the formulas of a system & into
formulas of Sz which leaves the formulas of S; invariant. Let those type (c)
functors which are neither type (b) nor type (a) functors be called proper
type (c) functors; and let all those type (b) functors which are not type (a)
functors be called proper type (b) functors. Then we define the transforma-
tion in three steps, successively eliminating those type (a) functors and proper
type (b) and (c) functors which are not functors of S;.

Finally we obtain the result that a formula ((A’)’’)* is provable in Ss,
if A is provable in any &. It follows immediately from the invariance under
this transformation of the formulas of S;, that if any formula of S; is provable
in any &, then it is also provable in .S;. We shall thus have shown an equiva-
lence of any system & containing .S; to the system S;.

LEMMA 19. For every system ©, there exists a system I containing no proper
type (c) functors except those of Ss and such that, for every formula A provable
in &, the formula A’ defined below is provable in .

The formula A’ is the result of replacing every proper type (c) functor f
except those of S; by the corresponding type (b) functor f’ which is defined
in Lemma 13.

For each functor thus replaced, Lemma 13 determines a system &’ corre-
sponding to the system &. As axioms of the system & for Lemma 19, we
choose the set-theoretic sum of the axioms of all those systems T’ correspond-
ing to the type (c) functors which are to be eliminated (compare the intro-
ductory portion of §3), with the defining axioms of the same type (c) functors
deleted. Likewise terms containing those type (c) functors are excluded from
the terms of the new system (again under the conventions of §3).

For every axiom A of & except the recursion equations deleted in forming
the new system T, A’ will be an axiom of ¥. For each of the functors of &
which has been eliminated, we must show that the equations

(0, a) = g'(a),
f’(a’, a) = h,(f/(tl' (a, a). a), Tty f’(tk, (a: a): C(), a, a)

are provable in . This follows easily from the defining equations of f’ in
the proof of Lemma 13.

LEMMA 20. For every system T containing no proper type (c) functors ex-
cept those of Ss, there exists a system N containing only type (a) functors and func-
tors of Sy such that, if A is provable in T, then A'’ defined below is provable in N.

We define A’’ inductively:
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If A is an elementary formula, A’’ is the result of replacing each term not
of Ss and of the form f(ty, ts, - - -, ta) by f'(ts, {ts -+ -, ta}), f(ts, tz) by
f'(t1, t2), f(t1) by f’(t1, 0), where {’ is the functor defined in the proof of
Lemma 14. The formula (A & B)’’ is A’ & B/, (AVVB)" is A’’\/B"/,
(ADB)" is A”DB'", (7A)" is 7(A'"), (AxA(x))" is Hx(A''(x)), and
(VxA(x))" is Vx(A'/(x)), where (A(a))’’ is written A’/(a) and A’/(x) is the
result of substituting a variable x not occurring in A(a) for ain A’’/(a).

The proof is like that of Lemma 19. We have merely to show that for-
mulas corresponding to type (b) defining axioms are provable in R, where N
is chosen, by applications of Lemma 14 which eliminate those proper type (b)
functors not in S;, in the same manner as that in which T was chosen by ap-
plications of Lemma 13 which eliminate proper type (c) functors not in S;.

To demonstrate an equivalence of any system, containing only normal
recursive functors and the functors of .S3, with S;, we define for each formula A
of & a formula At of S;.

In this definition and in the following discussion, we shall use {(e, a, b, c)
as an abbreviation for dw l//({e, a, b, c, w}) =0. For this definition, let us
also distinguish a functor position of A from a functor of A. For each occur-
rence of a functor not of S; there is a distinct functor position, and to each
of these functor positions, proceeding from left to right, we assign a number,
1, - - -, k. We shall designate the functor which appears in the 4th functor
position of A by f;. Thus for a given formula A, f; and f; may be the same
functor although 754j. In addition let n; be the numeral specified by Lemma
16 for the functor f.

For the first part of the definition of A+, let A be the elementary formula
tor =toz, and let the term which begins with the functor f; be f;(ti, ti).

Let B; be the expression which results on replacing the term f;(ty, ti2)
by z; in A. Note that, by the convention explained above, the choice of the term
fi(tu, ti2) is unique. Then let A, abbreviate the formula Hz;(Y(ny, tu, ti, z1)
& By1).

The first functor position of A; containing a functor not of S; will con-
tain the functor f,. Now let B, abbreviate the result of replacing fa(ta, ta)
by Z2 in Al. Then A;is the formula 322(\#(112, ta1, too, Zz) & Bz).

These operations are continued, generating a sequence of formulas
A, - - -, A each containing one less occurrence of the functors of A which
are not functors of S; than its predecessor. We terminate the process with the
first formula which contains only functors of S;; this formula A; is A*.

For any elementary formula A, the formula At is of the form

Aze(Y(nrx, i1y Erey z2) & » - - & Tz (y, £y b19y 21) & E1 = §2) -+ ¢ ),

where each &;; is the result of replacements on t;j, and contains only functors
of S;, free variables, numerals and bound variables z;, where 2>1.
For example, suppose that A is the formula f,(f2(0, a), b) =fs(c, d), then A+
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is the formula Azs(Y(ns, c, d, z5) & Az (Y(ns, 0, a, z5) & z:(Y(n, 23, b, z1)
& z1=123))).

For convenience, we write At as ¥, - - - V¥; fu=£p, where Y¥,C is
Hz:(Y(n;, £a, Ei2, z:i) & C). The operators ¥; are, of course, always defined
with respect to some specific formula A. We call ¥; the companion operator
of f;in A.

If either of the expressions &;; or £ of A+ contains z;, then the operator ¥;
is said to dominate the operator W;. This occurs exactly when f; is nested
within f; in the formula A.

If neither of ¥; and ¥;dominates the other, then ¥; and ¥; are said to be
independent.

If in a single context we wish to refer to the companion operators for more
than one formula, we shall use the notations ¥/, ¥/’, and so on.

For a nonelementary formula A, we define A* by replacing “’’” by “+”
in the second sentence of the definition of A’’.

It is assumed, for any formula A, that the bound variables z; introduced
in A+ are chosen to be distinct from all the bound variables of A.

LEMMA 21. For every axiom A which is a defining equation of a normal re-
cursive functor f, the formula A* is provadle in S;.

The proof by induction on the number of functors upon which f depends
follows from Lemmas 10 and 15 with some rather tedious detail.

LEMMA 22. For every numeral n which corresponds to a normal recursive
Sfunctor (Lemma 16), the following formulas are provable in Ss:

) qy¥(n, a, b, y),
(ii) ¥(n,a, b, c) &yY(n,a,b,d) Dc=d.

The proof for (i) follows immediately from Lemma 21. The proof of (ii)
follows again by induction on the number of functors upon which the functor
for n depends from Lemmas 10 and 15.

LEMMA 23. For any formula R(a, b) of S; containing exactly the free vari-
ables exhibited, and such that both y R(a, y) and R(a, bi) & R(a, by) Dby=bs
are provable in S;, and for any formula A(b), A(a, b), or any pair of formulas
A(b) and B(b) of S, the following formulas are provable in Ss: (In (5) and (6)
it is understood that x does not appear in R(4, y). It is not excluded that some
of the variables of a may occur in A(a), A(a, b), or B(b); however, a and b are
distinct from the variables a, cf. §1, first paragraph.)

N B((l)))ﬁy(R(a, y) & A(y) & B(y))=3y(R(a, y) & A(y)) &dy(R(a, y)
y)).

(2) Ay(R(a, y)&(A(Y) VB () =dy(R(a, y)&A(y)) VEy(R(a, y)&B(y)).

(3) dy(R(a, y)&(A(y) DB(y))) =dy(R(a, y)&A(y)) Dy (R(a, y)&B(y)).
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(4) Gy(R(a, y) & 7A(y))=7dy(R(a, y) & A(y))-

(5) y(R(a, y) & VxA(x, y)) =Vxdy(R(a, y) & A(x, y)).

(6) dy(R(a, y) & HxA(x, y)) =qxdy(R(q, y) & A(x, ¥)).

If in (1), (2) and (3), A(y) is replaced by A in the left member and
dy(R(a, y) & A(y)) is replaced by A, where A does not contain y, every
formula of the resulting form is provable in S;, and likewise for replacement

of B(y) by B not containing y.
The proofs are by familiar properties of the predicate calculus.

LeMMA 24. If A is an elementar& formula containing no functors except

normal recursive ones and those of S; and At is ¥y - - - Wy En=£0, and if
V,, - ¥, is a permutation of Yy, - - - W, in which no operator appears to the
left of an operator which dominates it, the formula ¥,, - - - ¥, En=£p=Atis

provable in S;.

The lemma may be proved by induction on the number of interchanges of
adjacent occurrences of independent companion operators which is required
to effect the permutation ¥,, - - - ¥,. We have only to note the prova-
bility in S; of any formula of the form dx(A(x) & Hy(B(y) & C))=Hdy(B(y)
& Ax(A(x) & C)), where A(x) does not contain y and B(y) does not contain x.

Observe that the restriction on permutation of companion operators
amounts to a limitation to those permutations which do not change the
relative order of a pair of operators corresponding to initial functors of two
terms, one contained in the other.

COROLLARY. If A(a) is an elementary formula containing no functors except
normal recursive ones and those of Si, and A*+(a) does not contain y, then for
every normal recursive functor f mot a functor of Ss, there exists a numeral
n such that if t1 and t. are terms of S;, the formula (A(f(t;, t2)))*
=dyW(n, ty, t, y) & A*(y)) is provable in S;.

The occurrences of f(t;, tz) in A(f(t;, tz)) do not contain any functors
except those of S;. Thus the companion operators of these occurrences of f are
dominated by none of the other operators and, by the lemma, may be moved
to the front of (A(f(ti, tz)))*. Hence we have the provability of a formula
of the form dz,(Y(n, t1, ts, 1) & « - - & Hza(Y(n, ty, ts, zm) & G(z41, * « +, Zm))

<o« =(Af(ty, t2)))t, where G(a, - - -, a) is At(a). From Lemma 22, the for-
mula ¥(n, c, d, a) & ¥(n, c,d, b)Da=b is provable in S;, and this result en-
ables us to obtain the provability of the desired formula.

LeMMA 25. If A(a) is a formula containing no functors except normal re-
cursive ones and those of Ss, and A+(a) does not contain y, then for every normal
recursive functor £ not a functor of Ss there exists a numeral n such that, if t,
and t are terms of Ss, the formula (A(f(ty, t2)))*DHAyW(n, ti, ts, y) & A*(y))
s provable in Ss.
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The proof is by induction on the number of logical symbols contained in
A(a) and follows from Lemmas 22 and 23 and the corollary to Lemma 24.

COROLLARY 25.1. If neither the formula A(a) mor the term t contains
any functors except mormal recursive ones and those of Ss, and if (t=c)* is
V! .. - & =c, then the formula (A(t))t=V¥] - - - ¥/ A+(&,) ts provable
mn Sa.

The proof follows from the lemma by induction on the number of functors
in t which are not functors of Ss.

For the proof of the following corollary, we note that the formula
W .. -W{ At(E})is of the form Hz;(Fi(z)) & - - -&Hz1(Fi(z1) &A*(&y7)) - - +),
where z;, - -+, z; are bound variables which do not appear in A*(a).

CoroLLARY 25.2. If A(a) is a formula not containing x and t is a term, and
if nesther A(a) not t contains any functors except normal recursive ones and those
of Ss, then the following formulas are provable in Ss:

@ (A(t) D IxA(x)*,
(i) (VxA(x) D A()*.

The provability of a formula of the form (i) follows immediately from the
preceding corollary by familiar rules of the predicate calculus upon recalling
that (i) is of the form (A(t))*DHxA+(x).

For (ii) we apply the preceding corollary and Lemma 22, (i)

- LemMMA 26. If the formula A is provable in a system © which contains, in
addition to functors of Ss, only normal recursive functors, then A+ is provable
in Sa.

For every axiom A of & of the form of Schemata 1a-13, A+ is an axiom
of S, except for 10 and 11; and the provability in .S; of formulas of the forms
of Schemata 10 and 11 follows from Corollary 25.2. For a defining equation A
for a functor which is not in .S;, the provability of A+ in S;is given by Lemma
21.

If
A
B
is one of the rules of inference for &, then
A+
B+

is a rule of inference for S, and we establish the lemma by induction.

COROLLARY. Every formula of Ss which is provable in any of the formal sys-
tems & s also provable in S;.
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10. An abbreviation for the representation of functions in S;. Let A(b)
be a formula, let b be a free variable, let y be a bound variable not appear-
ing in A(b), let e be any term, and let a abbreviate a sequence of terms
ay, - - +,ax (k21).Then we abbreviate(!) the formula Ay (Rx(e, a, y) &A([y])
by the expression ¢(A(e(a))).

To avoid ambiguity in successive applications of the abbreviation, we
must take care to note one restriction on writing ((A(e(a))). If A(b) contains
expressions written in abbreviated form, then we write ((A(e(a))) only in
case A(b) contains no part written in the form ((C) for the same e.

We may extend the application of this abbreviation in the following man-
ner. Let E(by, - - -, b;) be an abbreviation of the formula A(by, - - -, b}),
and suppose that the unabbreviated formula B contains the expression
A(yy, + -+, ¥;j), where the variables yy, + - -, y; are bound by quantifiers in
B which are not in A(by, : + -, b;). Then the formula B may be abbreviated
by replacing A(yy, * * -, ¥5) by E(y1, - - -, ).

It is always understood that the bound variable which is suppressed in
the abbreviation is one distinct from all the variables of the formula A(b). If
(A&, -+ ¢, ¢r)) is part of a formula B, where £ and {3, - - -, {x may con-
tain variables bound by quantifiers in B but not in A(b), then the bound
variable which is suppressed is, in addition, distinct from all the other bound
variables of B.

The abbreviation, which we shall call the functional abbreviation, will en-
able us to condense the statement of many results, particularly for formulas
which express relations of composition among functions. For example con-
sider the statement of the following result, which we shall later generalize
as the corollary to Lemma 27.

Let A(b) be any formula of Ss not containing the bound variables z and w,
let t(a) be any term of S; containing exactly the free variables ¢, a, let a be
ay, - --,ar(k=1),letbbeby - --,b;(j=1),and lete beey, - - -, e; ¢20).
For any choice of the numeral m there exists a numeral n such that the fol-
lowing formula is provable in S;:

"z(Ru(m, 0, 2) & w(R;(t([z]), b, w) & A([Ww])))
= Aw(Rii(n(n, ¢), 0, b, w) & A([W]))
(the explanation of the abbreviation 5(n, ¢) precedes Lemma 17). In the new
notation this formula may be written:
(s am@n (AL E@@) (B))) = yine(Aln(a, O, B)).
For the statement of the corollary below, we define inductively “quasi-
term.” A term is a quasi-term, and if s is a quasi-term and t is a sequence of

(1) Since adopting this treatment, it has come to the author’s attention that it develops,
for one case, a suggestion given in [12, §2, footnote 7]. The case is that in which the value of the
function is defined for the arguments in question.
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quasi-terms, then (s)(t) is a quasi-term.

A sequence of quasi-terms {1, + - -, ¢ is said to be a proper sequence of
quasi-terms in case: for every {; which contains a quasi-term of the form e(t),
there exists in the sequence a {;, where ¢ <j, such that {;ise.

LEMMA 27. For every formula A(e, a, b, c) of Class T' containing exactly the
free variables exhibited and such that dyAle, a, v, c1) & HyA(le, a, 1, c2) Dy
=y 15 provable in S;, there exists a numeral n such that, for any formula C(c)
of Ss and for bound variables z, Y not appearing in A(e, a, b, c) or C(c), the for-
mula AzAY(A(e, 0, 9, z) & C(2)) =,(n,0(C(n(n, ¢)(a))) s provable in Ss. (Note
that C(c) may contain any of the variables e, a).

By Lemma 18, there exists a numeral n such that the formula
AyAle, a, 9, c) =Ty (Ri(n(n, ¢), a,y) & [y]=c) is provable in some system &,
and by the corollary to Lemma 26, this formula is provable in .S;. Then by use
of rules for the predicate calculus, the formula Hz(dYy A(e, a, v, z) & C(z))
=qzdy(Ri(n(n, ¢), a, y) & [y]=2z & C(2)) is also provable in S;. Finally
by Schema 23 and rules of the predicate calculus, we have the provability of
dz dy(Ale, 6, 1, z) & C(2)) =Ay(Ri(n(n, ¢), 6, y) & C([y])). Application of
the abbreviation completes the demonstration.

Among the applications of Lemma 27, there are some in which the reader
may be expected to supply the required formula A(e, a, b, ¢). An important
class of these cases is covered by the following proposition. If t is a term con-
taining no functors except those of Ss, and containing exactly the variables e, a,
then there exists a numeral n such that C(t)=,m,o(C(n(n, ¢)(a))) is prov-
able in Ss. For proof, the A(e, a, b, c) of the lemma is simply t=c, with b
the empty sequence of variables. This proposition is generalized in the fol-
lowing corollary, of which it is the case for p =0.

COROLLARY. If {1, + + +, {p ¢ is a proper sequence of quasi-terms contain-
ing no functors except those of S; and containing exactly the free variables b,
then for every arrangement of b into a sequence ¢, o, where a is not vacuous,
there exists a numeral n such that, for any formula C(c) of Ss, the formula
f( s 5, (CE)) -+ ¢ ) =y 0(Cn(n, e)(a))) is provable in S;. (Note that C(c)
may contain any of the variables b.)

If &, - - -, & § is a proper sequence of quasi-terms, then ¢,( - - - ,(C(¢))

-+ +) is of the form Hy1 (R, (s1, t1, y1) & * - - & yp(Re, (55, trr ¥») & C([y»))

-+ +), where each t;is a sequence ti, + - -, ti;,, and each of ti, + - -, tix,, siis

either a term or the result of replacement on certain free variables of a term

by expressions [y;], where j <i. Thus the following formula is provable in S3:
{'1( e !'p(c(g-)) ) = Ayy - - - Hyp(Rkl(slv t1, }'1) &---

& Rk,(spr tp ¥ & C( b’p]))

The right member of this formula is of the form AyHdy,(F(e, a, Y, y,)
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& C([y,])), where yis yi, - - -, yp_a. The formula F(e, a, by, « « -, b,) is of
Class I', and by the corollary to Lemma 15, S the formula dyF(e, a, ¥, ¢1)
& dy F(e, a, v, c2) Dci=cq is provable in S;. Application of the lemma com-
pletes the demonstration.

LemMma 28. If B, A(a), B(a), A(a, b), and B(a, b) are formulas of Ss, then
the following formulas are provable in Ss: (It is assumed that the subscript
abbreviations appear only where exhibited and, for 1b, 6, 8-9b, that A(a),
B(a), A(a, b) and B(a, b) do not contain the variable x.)

la. o(a=e(a)) D(A(a) De(Ale(a)))).

1b. o(A(e(a))) & Vx B(x)De(B(e(n))).

2. ((e(@) =c) D1(f(b) =c)) D (s(Ale(a))) D1(A(f(D)))).

3a. o(A(e(n))) & e(B(e(a))) =e(Ale(a)) & B(e(a))).

3b. o(A(e(a))) & B=,(A(e(a)) & B).

4a. (A(e(a)))Ve(B(e(a))) =(A(e(a)) VB(e(a)))-

4b. (A(e(a))VB)De(A(e(a))) VB.

5a. (A(e(a)) DB(e(a))) D((Ale(a))) De(B(e(a)))).

5b. (BDA(e(a))) D(BDe(A(e(a))))-

Sc. o(A(e(a)) DB) D ((A(e(a))) DB).

6. o(dx Ale(a), x))=Hx (A(e(a), x)).

7. «(Vx A(e(a),x))=Vx (A(e(n), x)).

8. o(Ale(a))) =dx(c(e(a) =x) & A(x)).
9a. Vx(A(x) DB(x)) D((A(e(a))) De(B(e(a))))-
9b. Vx(A(x) DB)D((A(e(a))) DB).

The existence of proofs for the formulas 1a—2, 3b—4b, 5b—6, and 8-9b fol-
low immediately from rules for the predicate calculus, Schema 23, and Axiom
16.

For 3a we apply the corollary to Lemma 15, 5, and the predicate calculus.

For 5a, from the corollary to Lemma 15, 5, we have the provability of
Ri(e, a, d) & (A([d])DB([d])) & Rile, a, ¢) & A([c]) DTx(Rile, @, x)
& B([x])). From this result the desired formula is easily obtained.

For 7, from the corollary to Lemma 15, 5, we have the provability of
Ri(e, g, a) & A([a], ©) D Ri(e, a, b) & A([b], d)DRuile, a, a) & A([a], d));
and thence, upon the introduction of quantifiers,

Ty(Rile, 6, y) & A([y], ©)) D (Vxay(Rule, 0, y) & A([y], %))
D Ay(Ri(e, 6, y) & VxA([y], x))).

The remainder of the proof for 7 is easily constructed.

CoroLLARY. If A(a) is a formula of Ss, and if &1, -+, $p 01 and
£, - -+, &g 0z are proper sequences of quasi-terms not containing the variable c,
and p, =0, then the following formula is provable in Ss:
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Gl eB=0) - )Dul( -+ gl=10)--+))

D (0l 5, (AG)) - - ) D al( -+ - 5(A(6)) - - - ).
(Note that A(a) may contain any of the variables of ¢y, - - -, {p 01,
Elr c ‘Eq’ 02)

This result follows freom 2 by rules of the predicate calculus if we note
that there exist numerals m and n such that the following are provable, cf.
Lemma 27, corollary:

n( g0 =0c) - -) = naln) = ¢,
a1, (AB)) - - - ) = n(A(n(a))),
a( - gl2=1c) )= m@m() = c),
u( - W(AG) - -+ ) = m(A@(D))),

where a is the list of free variables appearing in {3, - - -+, {5, 01, and b is the
list of free variablesin &, - - -, &, 0..

LEMMA 29. For every natural number k, there exists a numeral s; such that,
for any formulas A and B(a) of Ss, the formula

(A D o(B(e(a, b)))) = (spe)(A D (erei@(B({ss e} (@)(b)))),

where a is a sequence of terms aj, - - -, ag, 15 provable in S;. (Note that A and
B(a) may contain any of the variables a, b.)

By the corollary to Lemma 27, there exists a numeral nj such that for any
B(a) of S; the formula

® o(B(e(a, b))) = (nz.(e,a))(B({nky {e, a} }(b)))

is provable in S;. Also by corollary to Lemma 27 there exists a numeral s;
such that {nk, {e, a} } =CE|.,,Q)({sk, e}(a)=c) is provable in S;. From this,
by substitution of {nk, {e, a} } for ¢, we obtain the provability of

i) (ak.el({sk, e}(a) = {m, {e,a}}).
From (i), we have the provability of
(iif) (A D o(B(e(a, b)) = (A D (nutean(B({ns, {e, a}}(®d)))).

Applying Lemma 28, 1a to (ii) and (iii), we obtain the desired result.

For the statement of the following lemma we introduce a set of meta-
mathematical operations somewhat like the operations £; of §1. Let a be a
sequence of free variables a,, - - -, a;, let £ be a sequence of bound variables
X1, ,Xp,and let Cyy(ay, - -+ ,an), - - -, Gy (ay - - -, a,,), where 1 Zv; 2k,
be a list of formulas of .S; containing only those of the variables a which are
exhibited and none of the bound variables r. Let A;(a;) contain the free vari-
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able indicated and not contain the bound variable x;. Then if there exists a v;
such that »;=1, then E;A;(x;) is Vxi(Ci(ay, + - -, aii1, X5) DA(X,)). If there
is no »; such that »;=1, then E;A;(x;) is Vx; A;(x;).

For natural numbers 1, - - -, k—1, let the numerals s;, + - -, sz_; be the
ones specified in Lemma 29, and let e be any term of S5. Then we let f; ab-
breviate e, and for 1 Sj<k—1, we let f; abbreviate {s,-, fi11}. In addition let
f abbreviate f;. (Note that when e is a numeral, then by Lemma 10 there is a
numeral f such that f=f is provable in S3. In cases in which Lemma 30 is em-
ployed to show the existence of a numeral, this fact will be used without fur-
ther mention.)

Before stating the lemma we consider an example. Let a be the sequence
of free variables a;, a,, a;3. Let Cy(a1), Cs(ay, as, a3), and C(a, ai, ag, a3) be for-
mulas containing exactly those variables of a which are indicated, and not
containing any of the bound variables x;, X3, xs. Then the formula ¥x;(C;(x;)
D (Vx2(Vxs(Cs(x1, X2, X3) De(C(e(x1, X2, X3), X1, X2, X3)))))) may be abbreviated
by the expression (i) Ei1Z2Es o(C(e(x1, Xz, X3), X1, Xz, X3)). The formula
Vx1(C1(x1) D 1(Vx2 £xy) (VXa(Ca(x1, X2, X8) D £xy) x gy (C((x1) (X2) (X3), X1, X2, X3))))))
may be abbreviated by (ii) Z1 (s £0q)(Es 1o gy (CE(x1) (%2) (x3), X1, X3, X3)))).
The equivalence of Formulas (i) and (ii) will be seen to be an example for the
following lemma.

In successive applications of the functional abbreviation, we further ab-
breviate by writing for an expression of the form (- - - ((e(a;)))(az)) + + «
(aj_1))(a;) wheree is a term and a;, 1=¢=<j, is a sequence of terms
ay, * * +, Ak, the expression e(a)(az) - - - (a;a)(ay).

LemMA 30. For every formula C(a, a) of Ss, not containing bound variables
X1, * * * , Xk, the following formula is provable in S;:

E1Ep - - Exo(Cle(®), 1)
= E (B2 1 (* * * (Bk e - e (CEED + -+ (x2), 1)) - - ).

If b is a sequence of free variables by, « -+, b; and A(b) and B(a, b) are
formulas not containing the bound variable x but possibly some of the varia-
bles b, then the following formulas are provable in S;:

(1) a(B(d(D, b)) =4;.a)(1s;.01%(B({8:, d} (B)(b), b))). Lemma 29, taking
as A any provable formula.

@) Vx a(BEA®, %), X)=(.aVx waoB({s, dJ®©, ). @),
Lemma 28, 7.

(3) Vx(A(x)Da(B(d(b, x), X)) =1s;,a)(VX(A(X) Do,y (B({ss, d} (b) (%),
x)))). Lemma 29, Lemma 28, 7.

For each natural number j, 1<j=<k, let a; abbreviate the sequence
aj, - - -, ajand let I; abbreviate the sequence x;41, + - +, x3. Then we shall
use induction on j decreasing from k to 1 to show that the following formula
is provable in S; for each of these values of j:
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@ EinEipe - - - Ero(Cle(ay, 1), aj, 1))
= li(EHl f:‘(“i)(Ei+2 f;'(ai)(xm)( T (Ek f:‘(“i)(xi+1)'"(lk—l)(Di)) e ))),
where D; is the expression C(f;(a;)(x;41) * - -, (Xa—1) (X&), Qjr £j).

For the basis, the case in which j=E&, by the definition of f, (C(e(a), a))
=¢,(C(fx(a), a)) is provable in S;.

Then assuming the provability in S; of Formula (4) for a given value of
j>1, and applying the appropriate one of (2) and (3), taking 2 as j—1, d as
f;, b, b as aj, x as xj, a(B(d(b, b), b)) as the right member of (4), and in the
case that (3) is applied, A(b) as Cj(a;), we obtain a formula of the form of (4)
with j replaced by j—1. This completes the induction proof of (4).

For j=1 the formula of the form of (4) is

E2 A Ek e(C(e(aly fl)p ai, fl))
= (Er (- (B o (CEI D) - -+ (x0), a1, 1) - - - ).

From this we easily obtain the desired result.

ParT IV

In Part IV we consider the problem of formalizing the results of Part I
and some additional results as well. The application of these formal results
has already been discussed in Kleene’s work. Assuming the simple consistency
of the intuitionistic system Ss, Corollary 4.1 and the corollary to Theorem §
will serve to establish the simple consistency of a system which is an exten-
sion of the intuitionistic systems & and which diverges from the classical sys-
tems € [15, §14]. Theorem 6 and either Theorem 7.1 or Theorem 7.2 are the
basis of a demonstration of the unprovability of certain formulas of the in-
tuitionistic predicate calculus, as well as of the incompleteness of the systems
& with respect to realizability [15, §§15-16].

11. Formal representation of the realizability predicate. Since the predi-
cate Ti(e, a3, - -+, ax, b) and the function U(b) are primitive recursive,
there exists a system & containing formulas which have the form of recur-
sion equations for the functions 7i(e, @1, - - -, ax, b) and U(b), where
Tie, a1, - - -, Gx, b)=0 if and only if Ti(e, a4, - -+, @z, b), and such that,
by Lemma 18 and its corollary, there exist numerals ¢, u, and v; for which
the following formulas, where a is a;, - - -, as, are provable in &:

1. 1x(e, a, b)=0=4dx R;,+1({tk, e}, a, b, x).

2. U(b) =c=3x(Ryi(y, b, x) & [x]=c).

3. Ax(txle, a,x)=0 & U(x) =c) EEIx(Rk({ Vi, e}, 0, x) & [x]=c).

Then, by Lemmas 19 and 20 and Lemma 26, there exist formulas of Ss,
Tx(e, a, b) and U(b, c), containing exactly the free variables exhibited, and
such that the following formulas are provable in S;:

4. T;,(e, a, b) =dx Rk+1({ tr, € } , @, b, X).

5. U(b, ¢) =Tx(R1(u, b, x) & [x]=%).
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6. Ax(Ti(e, a,x) & U(x,c)) EEIx(R;,({vk, e}, a6, x) & [x]=c).
We are now in a position, using Formula 6 and results of Kleene [13, §§4,

7], to assert the following: For every partial recursive function ¢(x1, + - -, %),
there exists a mnumeral m such that if ¢(my, - - -, ny)=mn, the formula
Ax(Ri(m, ny, - - -, ny, x) & [x]=n) is provable in Ss.

Let us return to the definition of a formula a®A for every formula A,
this time with respect to the system .S;. We may employ the definition given
by Kleene [15, §12], using the present formulas Ti(e, a, b) and U(b, c),
and, as in §2, replacing each part of the form U(b)®A by Hy(U(b, y) & y®A).
For each formula A, let the formula a®A thus obtained be designated by
a®A.

However, utilizing the abbreviation of §10, we may establish an equiva-
lent definition which is more convenient for the considerations which we are
about to undertake.

Hence, we define inductively for each formula A of S; a formula a®,A
by the following clauses, in which F is any elementary formula of S;, and A,
B and A(b) are any formulas of S;. In work following this definition we shall
refer to the separate clauses as D1, and so on.

.e®Fise=0&F.

. e®:(A &B) is (e)o®:A & (e)1®:B.

. e®2(AVB) is ((€)o=0& ()1 ®:A)V ((e)o=1 & (e):®:B).
. e®2(ADB) is Vx(x®:AD.(e(x)®:B)).

. e®7 A is VX(x®:A De(e(x)®:1=0)).

. e®Ax A(x) is (e)1®:A((e)o).-

. e®:Vx A(x) is Vx o(e(X)®:A(X)).

We have the following relation between the formulas representing the
realizability predicate.

NN WN -

THEOREM 3. For every formula A of S; the formula Ax(x®:A) =Hx(x®:A)
is provable in Ss.

The proof is a straightforward one by induction on the number of logical
symbols in A.

In the remainder of the present work, we shall let a®A designate the for-
mula a®.A.

12. Formal properties of realizability in Ss. In Part III, when we defined
Ss, we might have included additional axioms in the form of recursion equa-
tions for functors of any of the types (a), (b), or (c). All of the results of Part
III and §11 would have held for the system thus formed. It may be observed
that the following results of Part IV will also hold for any such system.

LeMMA 31. If A is an axiom of Ss, then there exists a term t of Ss, such that
the formula t®A is provable in Ss. (Note that a term t satisfying the conditions
of the lemma may be chosen to contain no free variables besides those of A)
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The defining axioms for recursive functions and Axiom 16 may be dis-
missed immediately, since, for each of these axioms A, the formula 0®A is
provable in S;, cf. D1. There remain axioms of Schemata 1a, 1b, 3-8, 10, 11,13,
and 23, and Axioms 14, 15, 17, and 18, cf. §1. We consider the cases for these
by the numbers listed. To complete certain of the cases we apply Lemma 30
to the starred formulas.

1a.

1. a®AD({a, b})e®A. Schema 23; Lemma 10, 10.7.

2. a®ADAx(({a, b})o=x & x®A). 1.

3. a®AD,(n(a, b)®A). 2; Lemma 27.

4.* Vx(x®ADVy(y®BDa(n(x, y)®A))). 3.
The application of Lemma 30 assures the existence of a numeral m such that
the formula Vx(x®ADm(Vy(y®BDme (m(x)(y)®A)))) is provable in S;.
Upon two applications of D4, we check that this is the desired formula for an
axiom of the form of 1a.

1b.

Let F(e) abbreviate the formula Vx(x®AD(Vy(y®BDewx (e(x)(y)
®C)))), let G(d) abbreviate Vx(x®ADa(d(x)®B)), and let H abbreviate
F(e) & G(d) & a®A.

1. HDua(d@)®B) & (Vy(y®BDew(e(@)(y)®C))). Definition of H,
G(d), and F(e).

2. HD4a(d(@)®B) & Vy o(y®BDew(e(a) (y)®C)). 1; Lemma 28, 7.

3. HDu(d@)®B) & a(o(d(@)®BDew(e(a)(d(a))®C))). 2; Lemma 28,
1b.

4. HDa(d(a)®B) & (a(d(2)®B)Dale(em(e(a)(d(a))®C)))). 3; Lemma
28, 5a, 5b.

5. HDa(e(ew(e(a)(d(a))®C))). 4.

6. HD,(n(e, d, 2a)®C). 5; corollary to Lemma 27.

7% Vw(F(w) DVz(G(z) DVx(x®A D, (n(w, z,x)®C)))). 6; and definition
of H. ‘

3.

1. a®A&b®BD{a, b}®(A &B). D2; Lemma 10, 10.7.
2. a®A &b®BD(n(a, b)®(A & B)). 1; Lemma 27 applied as in case 1a.
3.* Vx(x®ADVy(y®BDa(n(x, y)®(A & B)))). 2.

4a.

1. o®(A&B)D(c)o®A. D2; Lemma 10, 10.7.
2. c®A&B)Dn(n(c)®A). 1; Lemma 27.
3. Vx(x®(A & B)D.(n(x)®A)). 2.

4b.

Similar to 4a.
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Sa.

c®AD({O, cho=0& ({0, c})1®A. Lemma 10. 10.7.
c®AD {0, c}®(AVB). 1; D3.
c®ADL(n(c)®(AVB)). 2; Lemma 27.
Vx(x®ADn(n(x)®(AVB))). 3.

5b.

Lol ol 2

Similar to 5a.

6.

Let the following abbreviations be made: P(c) for Vx(x®A D.(c(x)®C)),
Q(d) for Vy(y®BDu(d(y)®C)), R(e) for ((e)o=0 & (e)i®A)V ((e)o=1
& (e)1®B), and H for P(c) & Q(d) & R(e).

1. HD((e)o=0 & o(c(e))®C))V ((e)o=1 & a(d(e)1)®C)). Definition of
H, P(c), Q(d), and R(e).

2. dx((e)o=0 & Ri(c, (&)1, x) & [x]®C)VAx((e)o=1 & Ri(d, (&), x)
& [x]®C) Dy @x(((((e)o=0 & Ru(c, (€)1, x)IV((e)o=1 & Ri(d, (€)1, X)))
& [x]=y) & y®C). Predicate calculus.

3. HDHy@x(((e)o=0 & Ri(c, (&), x))V((e)o=1 & Ri(d, (e)1, x)))
& [x]=y) & y®C). 1, unabbreviating the parts o(—), a(—=); 2.

4. HD,(n(c, d, e)®C). 3; Lemma 27; Lemma 15, corollary, 5.

5. Vv(P(v) DVW(QW)DVz(R(z) Daln(v, w, z)®C)))). 4, definition
of H.

7.

Let the following abbreviation be made: P(b) for Vx(x®ADu(b(x)®B)),
Q(c) for Vy(y®ADo(Vz(z®B Do) (c(y) (z2)®1 =0)))), and H for P(b) & Q(c)
& a®A.

1. HDup(b(a)®B) & o(Vz(z®B Do (c(a)(z)®1=0))). Definition of H,
Q(c), and P(b).

2. HDVz ((z®BDew(c(a)(z)®1 =0)). 1; Lemma 28, 7.

3. HDu(e(c(@)(b(a))®1=0)). 1, 2; Lemma 28, 1b, 5a.

4. HD,(n(b, c, a)®1=0). 3; corollary to Lemma 27.

5.* Vt(P(t) DVv(Q(v) DVW(W®AD,(n(t, v, w)®1=0)))). 4, and defini-
tion of H.

8.

Let P(c) abbreviate Vx(x®A D.(c(x)®1 =0)).

1. P(c) & a®AD.(c(a)®1=0). Definition of P(c).

2. P(c) &a®AD1=0.1, D1; Lemma 28, 8, 3b.

3. P(c) &a®AD,(n(c, a)®B). 2, Axiom 15, Predicate calculus.

4.* Vy(P(y)DVz(z®ADa(n(y, 2)®B))). 3.

10.
Let the free variables of t be e, possibly an empty sequence.
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1. Vx(c(x)®A(x)) Do(c(t)®A(t)). Axiom 10.
2. Vx o(c(x)®AX))}D gm.e(n(n, e)(c)®A(t)). 1; Corollary Lemma 27.
3. Vy(Vxy (yE)®A(X)) Dyn.o(n(n, ) (Y)®A(L))). 2.

11.

Let the free variables of t be e, again possibly an empty sequence.
1. a®At)D({t, a})®A(({t, a})o). Lemma 10, 10.7.

2. a®A(t)D{t, a}®dx A(x). 1, D6.

3. a®A(t) Dyn.(n(n, ¢)(a)®@dx A(x)). 2; Lemma 27.

4. Vy(y®A(t) Dawma(n(n, &) (y)®dx A(x)). 3.

13.

Let the following abbreviations be made: F(a, b, ¢) for (c)o= {0, {(b)o}}
& Vz(zsc & a<zD(c),=0) & Vz(z=a & 0<zDRi((b)1, 8(z), (c)s) &
Rl([(c),o], [(C)a(m], (©) s1)), Qlc, p, d) for F(a, b, c) & [(C)m]=d. H for Vu,
Vu: Vvi Vva(p=a & Q(uy, p, v1) & Q(uz, p, v2) Dvi =v3), t for c-w(a’){d.1, L
for F(a, b, c) & Ri((b)1, a, d) & Ri([d], [(c):], f), and P(b) for (b),®A(0)
& Vx @y (Vy(y®A(X) D my e ((D)1(x) (y) ®A(X')))).

1. Q(c, 0,d)Dd=(b),. Definition of Q(c, 0, d) and F(a, b, ¢); Lemma 10,
10.7; Lemma 15, 10.

2. Q(Cl, 0, dl) & Q(Cz, 0, dz) Dd1=d2. l, Schema 23.

3. Q(c, p’, d)DF(a, b, c). Definition of Q(c, p’, d).

4. F(a, b,c)DQ(c, p, [(c)p]). Axiom 16, Definition Q(c, p, d).

5. H& p’éa & Q(Cl’ P', dl) & Q(Cﬁ’ p/’ dz)D [(CI)PI] = [(C2)Dl]' 3, 4, defi-
nition of H; Lemma 10, 9.8.

6. p'=a&Q(c, p’, d)DRi((D)1, P,(S)pr0) & Ri([(©)pro], [(©)p1], (€)prn).
Definition Q(c, p’, d) and F(a, b, c); Lemma 10, 4.2, 9.9.

7. H&p' £a&Q(cy, p’s di) &Q(es, p’, dz) D [(c)pro] = [(c2)pr0]
& [(c1)p1]=[(c2)pn]. 5, 6; Corollary to Lemma 15, 5; Schema 23.

8 H&p' = a&Qc, p/, di) & Q(cs, p’y, d2). D di = da. 7, definition
Q(c, p’, d), Schema 23. '

9. pfa & Q(cy, p, di) & Q(cz, p, d2) Dd1=d,. 2, 8, Schema 13.

10. dy Q(y, a, dy) & dy Q(y, a, d;) Dd1=d.. 9, Axiom 16, Lemma 10, 9.1.
There exists a numeral n such that for any formula G(d):

11. Ax(@y(F(a, b, y) & [()a]=%) & G(x))=(as(G({n, a}(b))). 10,
definition Q(c, a, d); Lemma 27.

12. tn.01 (on(ne (Dn@)({n,  a}(6)) =) DAy (em(enm(Fla, b, y)
& (b)1(2)([(y)a]) =€))). 11; Schema 23, Lemma 28, 3b.

13. (na(onlen@((b)i@)({n, a}(b)) =e))) D AydvAw(F(a, b, y)
& Ri((b)1, 2, v) & Ry([v], [()a1), w) & [w]=e). 12, unabbreviating the parts
®ne(—) and @y, (—) in the right member.

14. ¢<gD(c)g=0. Lemma 10, 10.10.

15. F(a, b, ¢c) & g=<c & a<gD(c)¢=0. Definition F(a, b, ¢).

16. F(a, b, c) & a<gD(c)=0. 14, 15; Lemma 10, 8.6, 9.1.
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17. F(a, b, ¢)D(c)ar=0. 16; Lemma 10, 8.3.

18. F(a, b, ¢) D 7c=0. Definition F(a, b, c¢); Lemma 10, 10.9, 10.1 (con-
traposition).

19. F(a, b, ¢) D 7t=0. 18; definition t; Lemma 10, 10.9, 1.7.

20. F(a, b, ¢) D(t)s = {d, f}. 19, 17; Lemma 10, 10.5, 10.3.

21. F(a, b, ¢)DVz(z=aD(t),=(c)s). 19; Lemma 10, 10.5, 9.5, 10.4.

22. a’<gDa<g. Lemma 10, 8.3, 8.5.

23. F(a, b, ¢)DVz(a’<zD(t),=0). 22, 19, 16, definition t; Lemma 10,
10.5, 8.8, 10.4.

24. LOVz(z=t & a'<zD(t),=0) & Ri((b)1, 8(a’), (t)are) & Ri([(t)aro],
[(®)s@n]s (£)a). 23, 21, 20, definition L, t, F(a, b, c), Schema 23; Lemma 10,
4.2.

25. LDVz(z=a & 0<zDRy((b)s, 8(2), (t)20) & Ri([(D)e0], [(D 1], (£)a1))-
21, definition L, F(a, b, ¢), Schema 23.

26. LDF(a’, b, t). 24, 25, definition L, F(a, b, ¢); Schema 23; Lemma 10,
9.4.

27. L & [f]=eDF(@’, b, t) & [(t)ar]=e. 26, 20; Lemma 10, 10.7;
Schema 23.

28. ny (on(onw((D)1@) ({7, 2} () =€) Din wy({n, 2’} (B) =e). 13, 27,
11.

29. P(b) D(b)®A(0). Definition P(b).

30. (n,o,({n, 0} (b) =(b)e). 11, definition F(0, b, c¢), substituting
{{0, {(b)e}}} for c; Lemma 10, 10.3, 10.4.

31. P(b) Din.oy({n, 0} (b)®A(0)). 29, 30; Lemma 28, 1a.

32. P(b) & (n.a({n, 2}(b) ® A@)) D (n.a(nlmnm((P)@)({n, a}(b))
®A(a")))). Definition P(b); Lemma 28, 7, 5b, 9a.

33. P(b) & (n,q)({n, a} (b)®A(a))D(n,,:,({n, a’} (b)®A(a’)). 28, 32, Cor-
ollary Lemma 28.

34. P(b) Dn.ey({n, a} (b)®A(a)). 31, 33, Schema 13.

35. Vz(z®(A(0) & Vx(A(x) DA(x')))D(n,a,({n, a} (z)®A(a))). 34, defini-
tion P(b), D2, D7, D4.

14.

1. ¢=0&a’=b'Ddx(c=c&x=0) &a=b. Axiom 14.
c=0&a’'=b’'D,(n(c)=0&a=Db). 1, Lemma 27.
3. Vy(y=0&a'=b'D,(a(y)=0&a=Db)). 2.

15.

1. c=0&a’'=0D,(n(c)=0&1=0). Axiom 15, Schema 8.
2. Vy(y=0&a'=0Dn(n(y)=0&1=0). 1.

Hd

17.

1. d=0&a=bD(e=0&a=cDVx(d=d &e=e &x=0) &b=c). Axiom
17.
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2. d=0&a=bD(e=0&a=cD,(n(d,e)=0& b=c)).1, Lemma 27.
3* Vy(y=0& a=bDVz(z=0 & a=cD,(n(y, z) =0 & b=c))). 2.

18.
Similar to 14.
23.

1. a=0&b=cD(d®A(b) Ddx(a=a &d=x & x®A(c))). Schema 23.
2. a=0 & b=cD(d®A(b) Dna(n(a, d)®A(c))). 1, Lemma 27.
3.* Vy(y=0 & b=cDVz(z®A(b) Da(n(y, z)®A(c)))). 2.

THEOREM 4. For every formula A(a) containing exactly the free variables
exhibited and provable in S, there exists a numeral n such that ,(n(a)®A(a))
is provable in S;.

The result for the axioms of S; follows immediately from the preceding
lemma, where n is chosen according to Lemma 27 so that ,(n(a) = ({t, a})o)
is provable in S;.

To complete the demonstration by induction we must consider the rules
of inference of S;: 2,9, and 12. )

For Rule 2, suppose that b is a list of the free variables of ADB, a of A,
and b of B; and that ,(n(a)®A) and L (VX(x®AD np(m(d)(x)®B))) are
provable in S;. Then Vx(X®AD p(mey(m(d)(x)®B))) is provable in S;
(Lemma 28, 7, 5b). Hence the formula ,(,(me (m(d)(n(a))®B))) is provable
in S3 (Lemma 28, 1b, 5a). Replacing the free variables in b and a which do
not appear in b by numerals and applying the corollary to Lemma 27, there
exists a numeral p such that ,(p(b)®B) is provable in Ss.

For Rule 9, suppose the free variables of the formula CDOA(b) are a, b,
that C does not contain b, and that the formula a(Vy(y®C Da,.n(n(a, b)(y)
®A(b)))) is provable in S;. Then c®CDalawe.p(n(a, b)(c)®A(b))) is also
provable in S; (Lemma 28, 7, 5b). Applying the corollary to Lemma 27, there
exists a numeral p such that c®C D p, o({ P, a} (c, b)®A(b)) is provable in S,
and since C does not contain b, Vy(y®CDVx ,p,u,({p, a}(y, x)®A(x))),
and finally by application of Lemma 30, {sl, {p, a} }®(CDOVx A(x)). The
case may be completed by application of Lemma 27.

For Rule 12, suppose the free variables of A(b) DC are a, b, where again C
does not contain b, and that the formula »(Vy(y®A(b) Daw.n(n(a, b) (y)®C)))
is provable in S3; then d®dx A(x) Dalae.)p(®(a, (d)o)((d),)®C)) is also
provable in S;, Lemma 28, 7, 5b; and applying the corollary to Lemma 27,
since C does not contain b, we have d®dx A(x)),p,a,({p, a} (d)®C). The
case is completed in the same manner as the preceding one.

COROLLARY 4.1. If Ais a formula deducible in S; from formulas Ay, -« « -, A,
k=0, and if B, By, - - -, By are the respective closures of A, Ay, « + -, Ay with
respect to the free variables of Ay, -+ -, Ay not held constant in the deduction,

then Ay (y®B) is deducible in S; from Ay 1(y1®By1), « + +, Ayu(y:®Bu).
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By the deduction theorem, the formula B; & - - - & B; DB is provable in
Ss. If b is the list of free variables in this formula, then there exists a numeral
n such that n(b®&®B: & (- - -& By - - - ))Dapy(n(db)(b)®B)) is provable
in S;. Hence, by Lemma 28, 5b, the formula b®B, & (- - - & Bix - - - ))
Onlapy(n(d)(b)®B)) is also provable in S;, and finally, b&(B; & ( - - -
& B - - -))DAy(y®B) (Lemma 28, 8). Then applying D2, we have the for-
mulab;®B:& - - -&bi®BiD{by, { - - -,br -+ -} }®B:1&( - -&Bi - - - ));

and hence
Ty (y:®By) & - - - & yu(y:®Bs) D Ty(y®B).

Since A does not (except in the elementary case) constitute a consecutive
part of a®A, the replacement rule requires special justification as applied to
a®A. This we are now able to give.

COROLLARY 4.2. For any formulas A and B of S;, Hy(y®A)=dy(y®B) s
deducible from A=B in Ss.

Proof is immediate from Corollary 4.1 and the deduction theorem for Ss.

THEOREM 5. For every formula A of Ss, there exists a numeral n such that
the following formulas are provable in S;:

@ a®A D n(n(a) ®@@®A)),
(ii) c®(@®A) D a®A.

The proof is by induction on the number of logical symbols in A. For
proper choice of the numerals in each of the cases, the following formulas are
provable.

Basis. Assume that A is an elementary formula.

1.1. a=0&AD{0,a}®@=0&A). D1, D2; Lemma 10, 10.7.

1.2. a=0&AD, (n(a)®(@=0&A)). 1.1; Lemma 27.

21. c®@=0&A)D(c)y=0&a=0&(c);=0&A. D2, D1.

22. c®@=0&A)Da=0&A. 2.1.

For the induction step, suppose there exist a numeral n and a numeral m
such that, in addition to (i) and (ii), the following formulas are provable in S;:

(iii) b®B D m(m(b) ®(b®B)),

(@iv) d®(b®B) D b®B.

Then we consider cases for each of the logical symbols.
Conjunction.

5 1.1." c®(A & B) Da(n((0)e) ®((c)s®A)) & m(m((c)) ®((c):®B)). (i), (ii),
2.

1.2. c®(A & B)Dalm({n((c)o),m((c)) }®(c®(A & B)))). D2, 1.1;
Lemma 28, 3b; Lemma 10, 10.7; Schema 23.

1.3. c®(A & B) D (p(c)®(c®(A & B))). 1.2; corollary to Lemma 27.
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2.1. d®(c®(A & B))D(d)o®((c)e®A) & (d)1®((c)1®B). D2.

2.2. d®(c®(A & B))Dc®(A & B). 2.1, (ii), (iv), D2.

Disjunction. Let the following abbreviations be made:
F(c, d) for o((c)o=0 & n((c)1=d) V m(7(c)e=0 & m((c)1) =d), H for (c)o=0
& (c)®A, and t for {(c)e, {0, k(c)}}, where k is introduced below.

1.1. F(c, di) & F(c, d3) Ddi=d;. Lemma 10, 1.0; corollary to Lemma 15,
5, functional abbreviation.

There exists a numeral k such that for any formula G(d) the following is
provable in Ss:

1.2, dx(F(c, x) & G(x) =x(G(k(c))). 1.1; Lemma 27.

1.3. HD(c)o=0 & »(n((c)1)®((c):®A)). Formula (i), definition of H.

1.4. HDAx(o((c)o=0 & n((c)1) =x) & x®((c):®A)). 1.3; Lemma 28, 3b,

1.5. HDIAx(F(c, x) & x®((c)1®A)). 1.4, definition F(c, d).

1.6. HDx((c)o=0 & k(c)®((c);®A)). 1.5, 1.2, definition of H; Lemma
28, 3b.

1.7. (c)o=1& (¢):®BDx((c)o=1 & k(c)®((c):®B)). Similar to the proof
of 1.6.

1.8. c®AVB)D(((c)o=0& 0=0 & (c)o =0 & k(c)®((c)1®A))V ((c)o
=1&1=1& (c)o=1 & k(c)®((c):®B))). 1.6, 1.7, D3, Axiom 16; Lemma
28, 3b, 4a.

1.9. ¢® (AVB) D «((t)o=0 & (£)10=0 & (c)o=0 & (t)u ® ((c)1 ® A))
V((t)e=1& (t)10=0 & (c)o=1 & (t)u®((c):®B))). 1.8, definition of t; Lem-
ma 10, 10.7; corollary to Lemma 28.

1.10. c®(AVB)D«(t®(c®(AVB))). D2, D3.

1.11. c®(AVB)D,(p(c)®(c®(AVB))). Corollary to Lemma 27:

2.1. d®(c®AVB)) D (((d)o = 0 & (@):1®((c)o = 0 & (c):1®A))V ((d)o
=1& (d):®((c)o=1& (c):®B))). D3.

2.2. d®(c®(AVB))D((c)e=0 & (c)1®A)V((c)o=1 & (c):®B). 2.1, D3,
D1, (ii) and (iv).

2.3. d®(c®(AVB))Dc®(AVB). 2.2, D3.

Implication. Let F abbreviate dy(Ry(c, a, y) & [y]®B) and let t abbre-
viate {r(c, a), {0, m([r(c,a)])}}, where r is defined below.

1.1. c®ADB)DVxx®ADAy(Ri(c, x, y) & [y]®B)). D4.

1.2. d®(@®A)Da®A. (ii).

1.3. c®ADB) &d®(@®A)DF. 1.1, 1.2,

There exists a numeral r such that, for every formula G(d), the following is
provable:

1.4. dy(Ry(c, a, y) & G(y))=.(G(z(c, a))). Corollary to Lemma 18§, §;
Lemma 27.

1.5. FD,([r(c, 2)|®B). 1.4, definition of F.

1.6. FD.(m(m([r(c, a) N®([r(c, a) |®B))). 1.5, (iii); Lemma 28, 1b, Sa.

1.7. FD,(Ri(c, a, r(c, a))). Definition of F, 1.4.
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1.8. FD(m(Ri(c, a, r(c, a)) & m([r(c, a)])®([z(c, a) ]®B))). 1.6, 1.7;
Lemma 28, 3a, 3b.

1.9. FD,(m(0=0&Ri(c, a, r(c,a)) & m([r(c,a)])®([z(c, a) ]®B))). 1.8,
Axiom 16; Lemma 28, 3b.

1.10. FD,(m((t)10=0 & Ry(c, a, (t)0) & (t)u®([(t)o]®B))). 1.9, definition
t; Lemma 10, 10.7; corollary to Lemma 28.

1.11. FO,(n(t®dy(Ri(c, 2, y) & [y]®B))). D6, D1, D2.

1.12. FD,(p(c, a, d)®Ty(Ri(c, a, y) & [yl®B)). 1.11; corollary to
Lemma 27.

1.13. c®(ADB)DVx Vz(z®(x®A) D,(p(c, x, 2)®@Fy(Rulc, x, y) & [y]
®B))). 1.3, 1.12.

The desired formula of the form of Formula (i) is obtained from 1.13 by
application of Lemma 30, D4, D7, and the functional abbreviation.

2.1. d®C®A D B)) D Vx a(VzE®E®A) D 4x((dx)(2))10 = 0 & R,
(¢, %, (d(®)(2))o) & (d(x)(2))u®([(d(x)(2))o]®B)))). D4, D7, D6, D2, D1,
functional abbreviation.

2.2. d®(c®(A D B)) & a®A D ,(a(am((d(@)(n(@))10 = 0 & Ru(c, a,
(d(as)t()n(a)))o) & (d(a)(n(a)))u®([(d(a)(n(a)))e]®B)))). 2.1, (i); Lemma 28,
9a, 5b, Sa.

2.3. d®(C®(ADB)) & a®AD((k(d, a))10=0 & Ri(c, a, (k(d, a))o)
& (k(d, a))u®([(k(d, a))e]®B)). 2.2; corollary to Lemma 27.

2.4. d®(c®ADB)) & a®ADAw Ay(Ri(c, 2, y) & wd([y]®B)). 2.3;
Lemma 28, 9b.

2.5. d®(c®ADB)) & a®ADAy(Ri(c, a, y) & [y]®B). 2.4, (iv).

2.6. d®(c®(ADB))DVxx®AD.(c(x)®B)). 2.5.

Negation. The case for negation is an instance of that for implication.

Universal quantifier. Let t abbreviate {z(c, a), {0, n([r(c, 2)])}}.

1.1. c®VxA(x)DVx dy(Ri(c, x, y) & [y]®A(x)). D7.

1.2. c®VxAx)D,(a(0=0 & Ry(c, a, r(c, a)) & n([r(c, a)])®([z(c, a)]
®A(a)))). By steps similar to 1.4-1.9 of the implication case, using here
1.1 and (i).

1.3. c®VXAX) D(a(()0=0 & Ru(c, a, (t)o) & (Du®([(t)e]®A(2)))).
1.2; Lemma 10, 10.7; corollary to Lemma 28.

1.4. c®OVxAX)D,((t®IAy(Ri(c, a, y) & [y]®A(a)))). D6, D2, D1.

1.5. c®VxA(x)Dp(p(c, )@y (Ri(c, a, y) & [y]®A(a))). 1.4; corollary
to Lemma 27.

This portion of the case may be completed by application of Lemma 30.

2.1. d®(c®VxA®K))DVx a((d(x))10=0 & Ri(c, x, (d(x))o) & (d(x))n
®( [(d(X))o]@A(X))). D7) D6: D2: D1.

2.2. d®(c®VxA(x))DVx Ay dz(Rilc, %, y) & z®([yl®A(x))). 2.1;
Lemma 28, 9b.

2.3. d®(c®VxA(x)) DVx Ay(Ri(c, x, y) & [y]®A(X)). 2.2, (ii).

Existential quantifier.
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L1, (@1®A((2)0) Daln((@)) ®((a)1®A((a)d)). (i)-

1.2. a®dxA(x) Da(n((@)) ®(a®dxA(x)). D6.

1.3. a®dxA(x) Dp(p(a)®(@a®TxA(x)). 1.2; corollary to Lemma 27.
2.1. k®((@)1®A((a)o) D (a):1®A((a)o). (ii).

2.2, k®@®IxA(x)) Da®dxA(x). 2.1, D6.

COROLLARY. For every formula A of Ss the following formulas are provable
in Ss:

@ Ty(y®(A D Tx(z®A))),
(i) Ty (y®(H@x(x®A) D A)).

Furthermore, if Y are the free variables of A, the following formulas are also prov-
able in S;:

(iii) Ty(y®Vy(A D Tx(x®A))),
(iv) Ty (y®Vy(dx(z®A) D A)).

For every A there exist an n, a k, and a p such that the following formulas
are provable in S;:

1.1. a®AD.(n(a)®(@®A)). Theorem 5.

1.2. a®AD.(({a, n(@))i®(({a, n(2)})e®A)). 1.1; Lemma 10, 10.7;
corollary to Lemma 28.

1.3. a®ADn({a, n(a) } ®@x(x®A))). 1.2, D6.

14. a®AD,(p(a)®(Hx(x®A))). 1.3; corollary to Lemma 27.

1.5. p®(ADHIx(x®A)). 1.4, D4.

2.1. b®Hx(x®A)) D (b):®((b)e®A). D6.

2.2. b®HExx®A))D(b)e®A. 2.1; Theorem 5.

2.3. b®Axx®A)) Di(k(b)®A). 2.2; Lemma 27.

24. k®HIx(x®A)DA). 2.3, D4.

3.1. Vygq(q(y)®(ADAx(x®A))). 1.5; Lemma 27.

Formula (iii) follows from 3.1 by application of Lemma 30. The proof of
(iv) from 2.4 is similar.

THEOREM 6. If A is a formula of Ss, then the following formulas are provable
n Sst

) 7qx(x®A) D Ax(x®7A),
(ii) 7dxx®A) D 7dxx®7 7A).

7 (a®A) D (@a®AD,(n(a)®1=0)). Schema 8.

Vx 7 @E®A) DVx(x®AD,p(n(x)®1=0)). 1.

Vx 7x®A)Dn®7A. 2, DS.

7Ax(x®A)=Vx 7 (x®A). Predicate calculus.
7Ax(x®A) DIx(x®7A). 3, 4.

b®7 7ADVx(x®7ADu(b(x) =0 & 1=0)). D5, D1.

SN



366 DAVID NELSON [March

7. a®7A&b®77ADu(b(a)=0&1=0). 6.

8. a®7A&dAxx®77A)D1=0.7;Lemma 28, 3b.

9. AxEx®7A)D7Ax(x®7 7A). 8, Axiom 15, Schema 8.
10. 7dxx®A)D7dAxx®7 7A). 5, 8.

LeEMMA 32. The following formulas are provable in S;:
(i) c®Vz7R(a, b, z) D Vz7R(a, b, z).
(ii) Iy(Ri(a, b, y) & (V27 Ru(a, b, 2) V(([y)o=1&Ru(a, b, ([y 10)))) D1
=0,
1. c®Vz 7Ry(a, b, 2) DVz (Vx(x=0 & Ri(a, b, z) Den(cz)x)=0& 1
=0))). D7, D5, D1.
2. c®Vz 7Ry(a, b, z)Dc(0=0 & Ry(a, b, d) Deay(c(d)(0) =0 & 1=0)). 1.
3. c®Vz 7Ri(a, b, z) D(Ry(a, b, d)D1=0). 2; Lemma 28, 5b, 3b.
From 3 we easily obtain (i).
Ri(a, b,d) & Vz 7Ry(a, b, 2) D1=0.
Ri(a, b, d) & Ry(a, b, ([d])10) Dd=([d])10. Corollary to Lemma 15, 5.
d=([d])10Dd=0. Lemma 10, 10.6, 10.1, 8.5, 8.8,1.0; Lemma 15, 10.
([d1)e=1D7d=0. Lemma 10, 10.1; Lemma 15, 10.
Ri(a, b,d) & ([d])e=1& Ri(a, b, ([d])10) D1=0.5,6, 7.
Rl(a) bv d) & (VZ 7R1(a: by Z)V(( [d ])0=1 & Rl(a, br( [d ])10)))31 =0.

O oo

4,8.
From 9 we obtain (ii).

THEOREM 7.1. If A abbreviates the formula Vx(Vz 7 Ry(x, x, z) VHz Ri(x,
X, 2)), then 7Hy(y®A) s provable in Ss.

1. a®ADVx .(ax)®(Vz 7Ri(x, x, z) VHz Ri(x, x, z))). D7.

2. a®ADVx y(Ri(a, x,y) & [y]®(Vz 7Ru(x, x, 2) VAz Ru(x, x, 2))).
Unabbreviating 1. '

3. a®ADVx Ay(Ri(a, x, y) & (([yDe=0 & ([y])1®Vz 7Ri(x, x, 2))
V(([yDo=1& ([yDu=0 & Ri(x, x, ([y])10))))- 2, D3, D1, D6.

4. a®A D Vxdy(Ri(a, x,¥) & (Vz 7Ri(x,%x,2) V (([y])o = 1 & Ru(x,
x, ([yD10)))). 3; Lemma 32, (i).

5. a®ADdy(Ri(a, a, y) & (Vz 7Ri(a, a, z2)V(([yDe=1 & Ru(a, a,
([}'])10)))~ 4.

6. a®AD1=0. 5; Lemma 32, (ii).

7. 7dy(y®A). 6.

THEOREM 7.2. If B abbreviates the formula Vx(Vz7 Ti1(x, x, z) VHz Ti(x,
X, z)), then 7Hy(y®B) is provable in S;.

/

First, we shall show that the formula HwU(d, w) is provable in S;, where
U(d, c) is the formula which was defined in §11 to represent U(d)=c in Ss.
To begin, we have the provability in some system & of the formula U(d)
=c=dx(Ry(u, d, x) & [x]=c) (Formula 2, §11). The formula U(d) =U(d)
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is also provable in &; thus dx dy(Ri(u, d, x) & [x]=y) is provable in &.
By the corollary to Lemma 26, the latter formula will also be provable in Ss.
Hence, by Formula 5 of §11, the following formula is provable in .S;:
dw U, w).
dz Ti(a, a, z) =dHw dz(Ti(a, a, z) & U(z, w)). 1.
Vz 7Ti(a, a,z)=7dw Hz(Ti(a, a, z) & U(z, w)). 2.
dAw dz(Ri({vy,a},a,2) & [z]—-w) dz Ri({vy, a}, 3, 2).
qz Ti(a, a, z)=Hz Ry({vy, a}, a, 2). 2, 4, Formula 6, §11.
Vz 7Ti(a, a, z)=Vz 7Ri({vy, a}, a, 2). 3, 4, Formula 6, §11.
Let C abbreviate Vx(Vz 7R1({v1, } x,2z)\Vdz Rl({ vi, x}, X, z)). Then:
7. B=C. 5, 6, definition of C.
Also, by a derivation similar step for step to the proof of Theorem 7.1, replac-
ing ® by ®; and applying Lemma 10, 10.7 and Theorem 4:
8. 7dy(y®C).
9. 7dy(y®B). 7, 8; Corollary 4.2.

CoROLLARY. If D abbreviates the formula Vx Ay ((dz T1(x, x, z) & y=0)
V(Vz 7Ti(x, x, z) & y=1)), then 7dy(y®D) is provable in S;.

The corollary follows from the theorem by application of Corollary 4.2,
since the formula D=B is provable in S;.

SRR

BIBLIOGRAPHY

1. Paul Bernays, Logical calculus, Mimeographed lecture notes, Institute for Advanced
Study, Princeton, 1936,

2. Alonzo Church, 4 set of postulates for the foundation of logic, Ann. of Math. (2) vol. 33
(1932) pp. 346-366

3 , An unsolvable problem of elementary number theory, Amer. J. Math. vol. 58 (1936)

pp. 345-363.

4. Gerhart Gentzen, Untersuchungen tiber das logische Schliessen, Math. Zeit. vol. 39 (1934)
pp. 176-210

5. Kurt Godel, Uber formal unentscheidbare Sitze der Principia Mathematica und ver-
wandter Systeme I, Monatshefte fiir Mathematik und Physik vol. 38 (1931) pp. 173-198.

6. , Zur intuilionistischen Arithmetik und Zahlentheorie, Erbegnisse eines mathe-
matischen Kolloquiums, vol. 4 (for 1931-1932, published 1933) pp. 34-38.

7. , On undecidable propositions of formal mathematical systems, Mxmeographed lec-
ture notes, Instltute for Advanced Study, Princeton, 1934.

8. Arend Heyting, Die formalen Regeln der intuitionistischen Logik, Preuss. Akad. Wiss,
Sitzungsber. 1930, pp. 42-56.

9. , Die formalen Regeln der intuitionistischen Mathematik, Ibid. pp. 57-71, 158-169.

10. David Hilbert and Paul Bernays, Grundlagen der Mathematik, Springer, Berlin, vol. 1,
1934, vol. 2, 1939.

11. S. C. Kleene, General recursive functions of natural numbers, Math. Ann. vol. 112 (1936)

pp. 727-742,

12, , On notation for ordinal numbers, Journal of Symbolic Logic vol. 3 (1938) pp.
150-155.

13. , Recursive predicates and quantifiers, Trans. Amer. Math. Soc. vol. 53 (1943)

pp. 41-73.



368 DAVID NELSON

14. , On the forms of the predicates in the theory of comstructive ordinals, Amer. J.
Math. vol. 66 (1944) pp. 41-58. Errata: p. 43, line 12 read “(4)” instead of “(4*)”; p. 54, line 4,
read “a” instead of “e.”

15. , On the interpretation of intuitionistic number theory, Journal of Symbolic Logic
vol. 10 (1945) pp. 109-124,

16. Roézsa Péter, Uber den Zusammenhang der verschiedenen Begriffe der rekursiven Funk-
tion, Math, Ann. vol. 110 (1934) pp. 612-632.

AwmHERST COLLEGE,
AMHERST, Mass.



