ON SPECIAL JORDAN ALGEBRAS

BY
G. K. KALISCH

1. Introduction. Let & be an associative algebra of finite order over any
field § of characteristic not two and ab represent the product of any two quan-
tities @ and b of &. Then the operation

a-b = (ab+ ba)/2

for @ and b in & is called quasimultiplication, and any linear subspace A over
& of & which is closed with respect to this operation forms a corresponding
algebra Y. We call an algebra isomorphic to such an algebra a special Jordan
algebra and see that special Jordan algebras are commutative but not, in
general, associative. In the first three of four papers [6-9](?) Jordan consid-
ered the class of all algebras satisfying the property x(yx?) = (xy)x? for all x
and y. In the last paper the assumptions of reality and commutativity are
made.

It is the purpose of this paper to begin a study of simple special Jordan
algebras. Any associative algebra & forms a special Jordan algebra &° with
respect to quasimultiplication and we shall show that if & is simple so is &°.
If © has an involution J and & is the set of all J-symmetric quantities of &,
the set &; is a special Jordan algebra under quasimultiplication. Then we
shall show again that &; is simple if & is.

Our study is analogous to that which has already been made for Lie alge-
bras by Jacobson and Landherr [3, 4, 5, 10, 11], and we shall show, as in
that theory, that if & is a scalar extension of § such that ¥g is a special Jordan
algebra of one of the types above, then U is a special Jordan algebra of a cor-
responding type. The analogous analysis for Lie algebras formed a major part
of the determination of all simple Lie algebras over any field of characteristic
not two and it is expected that our study will occupy a corresponding place in
the theory of Jordan algebras.

Many thanks are due to Professor A. A. Albert for suggesting the topic,
and guiding the writing, of the present paper which was accepted as a doc-
toral thesis at the University of Chicago.

2. Involutions. An involution of an associative algebra & over § is a linear
transformation J over § of & such that J2=1, the identity transformation,
(ab)? =b’a’ for every a and b of &. The quantities a=a’ of & are called
J-symmetric and span a linear subspace &; of &. The quantities a = —a’ of
& are called J-skew and span a linear subspace &} of © such that & is the
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(*) Numbers in brackets refer to the bibliography at the end of the paper.
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supplementary sum & = &; 4+ &}. We now state the following lemma.

LEMMA 1. Let © be an associative algebra over §, J be an involution over §
of &, R be a scalar extension field of §. Then J can be extended uniquely to an in-
volution over R (which we shall also designate by J) of ©g and

(So)s = (&)

The proof is analogous to that of the corresponding statement of Jacobson
[3, p. 509].

We further observe that if J and J, are involutions over § such that
k7 =F’0 for every k in the centrum of & then, by Albert [2, p. 155], J=JoT
where T is an inner automorphism of & generated by a regular Jy-symmetric
quantity or a regular Jo-skew quantity ¢ of ©. We then see that a=a’ is in
@&, if and only if a =a’/°T =ta’ot!, at =ta’*, (at)’*=at’*= +at. Thus atis in &y,
or &j,, respectively. We therefore have the following lemma.

LEMMA 2. The set ©;=S; 7! or @y =&t~ according as t is Jo-symmetric
or Jo-skew.

3. Enveloping algebras of subspaces. If 8 is any subset of an algebra &
over § we define its closure 8* to be the intersection of all subalgebras of &
containing B. Thus B* is the enveloping subalgebra of & consisting of all
finite polynomials over § in the quantities of 8.

If A is any linear subspace of an associative algebra & and T is an auto-
morphism a—aT of & the linear space A7 of all a” for a in ¥ has the same order
as %, and if A is a special Jordan algebra A7 is clearly a special Jordan algebra
isomorphic to A. The enveloping algebras A* and (AT)* are isomorphic asso-
ciative algebras and if Y* =& then (AT)*=@. If A =S, and K is an involution
cogredient to J then K=T-'JT for an automorphism T of & and if a =a’
the quantity (a7)X=a?7 YT =q7. Hence Sk = (&,)7. Thus we have:

LemMA 3. If J and K are cogredient the corresponding special Jordan alge-
bras ©; and ©x are isomorphic and their enveloping associative algebras (Sy)*
and (©x)* are isomorphic.

We now consider a special case and prove the following lemma.

LEMMA 4. Let J be the transformation of transposition on a total matric alge-
bra © of degree n. Then (€;)*=6.

If n=1we have ©;=&=(&;)*. Let n>1and ey, - - -, €ij, - - -, enn be
an ordinary matric basis of & and thus eg’,=e,~;. Then every e;; and e;;+ej;
is in &y, eii(e:;+ey) =eijis in (Sy)*, for every ¢5j. Hence (&;)* contains our
basis of & and (&;)*=&.

Our next special case will be that of a total matric algebra & of degree
n=2m over §. Then © =N XN where M has degree m and an ordinary matric
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basis ey, * * +, €, * * -, émm, N has degree two and an ordinary matric basis
g1, g2, ga1, g22. Then every quantity of & is uniquely expressible in the form
(1) a = Agu + Bgiz + Cga1 + Dgas,

for A, B, C, D in M, and the transformation of transposition in & may be
so chosen that @’ = A’g11 + C'g12 + B’ga1 + D'gss. The unity quantity I of &
is the unity quantity gn-gs: of both It and N and every nonsingular skew
quantity ¢ of & is congruent to ¢=gjs— gs. Define

)] ¢l = ta't™!
and see that &; consists of all quantities (1) with
3) D=4, B’ = — B, C' = —_C.

Clearly the intersection of ©; and M is the set of A =4’ in M.

By Lemma 4, the algebra (&,)* contains 8. If m =1 the skew matrices
B and C are zero, every A’'=A4, &;=IM has order one, and (&;)*=S. If
m>1 we see that (&;)* contains e;j(e;; —eij)giz=¢jg12 for 155, as well as
eij(ejigis) =g for every i. Hence (&,)* contains giz= gy Similarly
(©,)* contains ga, gioga1 = gu, gngin=ge, (Ss)*=©.

If J is an involution over § of any simple algebra & of degree n over its
centrum { then there exists a splitting field & (of finite degree over §) of &
such that &g is a total matric algebra. By Lemma 1 we may regard J as
being defined in &g. Thus we have a7 =ta’t~! where t= +¢' is in Sg (cf. Al-
bert [2, p. 154]). If & is any other splitting field of & and @’ =ta'ti’!, the
quantities ¢ and # differ by a factor in the composite of  and &, and ¢4 is
symmetric or skew symmetric according as ¢ is symmetric or skew. Let us
then call J symmetric or skew in the respective cases.

If J is symmetric there exists a splitting field & of & such that ¢ is congru-
ent in  to the unity quantity of g, J is cogredient in & to transposition.
Then (S;)e = (Sg), is isomorphic to the set of all symmetric matrices over {,
an algebra of order n(n+1)/2; &, has order n(n+1)/2. Also by Lemma 4,
((SGg)s)* =g, and clearly ((&)2)*=((Sg)s)* =g, the order of (&,)* is
the order of &, (&,)*=@&. If J is skew then # is even, n=2m, (&;)g is iso-
morphic to the set of n-rowed matrices defined in (1), (3). The order of this
set is m2+4+2(m(m—1)/2) =2m?*—m=n(n—1)/2 and, by the argument above,
(&s)* =& unless m =1. We have proved the following theorem.

THEOREM 1. Let & be a simple associative algebra of degree n over its centrum
F and J be an involution over § of ©. Then the order of the special Jordan alge-
bra Sy is n(n+1)/2 or n(n—1)/2 according as J is symmetric or skew and n s
even in the latter case. Also (S;5)* =& except when J is skew and ©; has order

one.
4. The simplicity of the algebra &°. The principal result on the special
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Jordan algebra &9 obtained by quasimultiplication from an associative alge-

bra Sis:

THEOREM 2. The special Jordan algebra &° is simple if and only if & is
simple.

If B is an ideal of & the products ab and ba are in B for every b of B and
a of &, (ab-+ba)/2 is also in B, B is an ideal of &°. If &° is simple the linear
space B is zero or &9, B is zero or &, & is simple. Conversely let & be simple.
Then it is clear that not only & but also &° may be regarded as an algebra
over the centrum of & and we may assume that & is a normal simple algebra
over §. Suppose first that & is a total matric algebra and that ey, - - -,
eij, - -+, €qxn form an ordinary matric basis of &. Then if B is a nonzero ideal
of &° and b=Z.~,~ﬂ.-,e.-,-;£0 is n B so is e;b+bes; =Z,~B,-,e,~,-+2k6k.-ek;. Also
ej,'(e.'.'b-l-be.‘;) +(e.-;b+be.-.-)e,-j=B,~,~e,~.~+B.~,e,-,- is in B for every 1 and];éz If some
B:i7#0 the ideal B contains 2B;e;; and hence e;;. Otherwise some ;70 for
17#], bo=e:j(Bjiesi+Bisei;) + (Biiesi+Biseis)es;=PBjieii+PBsej; is in B and by the
process above we have a quantity e; in 8. Then ege;;+eiei =e; if 17 and
hence 8B contains every e;; for our fixed 4. Similarly 8 contains eje:;+ejie;; = e
and e;jeji+ejei;—ei =ej;. It follows that 8B contains every ej; and, by the
process above, every e;;, 8 =89 &° is simple. If now & is any simple algebra
over its centrum § there exists a scalar extension ® of § such that &g is a
total matric algebra and hence (©g)? is normal simple. But (Sg)°=(&%g is
then simple and is indeed normal simple—that is, simple for every scalar ex-
tension & of §—and the theorem is proved.

CoRrOLLARY. The algebra &° is normal simple if and only if & is normal
simple. ’

5. The algebras ©;. Let & be a total matric algebra of degree » and J
be the transformation of transposition so that &; has a basis consisting of
(©) fii = fis = (ei; + €i)/2 Gj=1,---,n).
Multiplication in the commutative algebra &y is defined by

2 2
Ju=fu,  4fii=fu+ i i S = fin

Usiofie = firr  fisfii = fi-Joe = fiz fa = 0
for 4, j, k, t all distinct and ranging from 1 to n. If 8 is an ideal of &; and
b= :B:fi;%0 is in B, so are 2fii- b= imiBiifsi+2Bsifii and (2fii-b) - (2fi7)
=B,f:; for i7j. If all B;;=0 then there is some B;70, b=2_;8;ifij fii is in B
for some 1, and 2f;;-fi;=f:;is in B. Hence there is some f;;in B, (2fi;)2=fui+fi;
iS in % and f.'.‘ =f.'," (f.'.'+fj,') is in % So is 2f.~; ’f.‘k =fik, (Zfik)2=fii+fklc and the
difference fix is also in B. Then B contains every fi;, B contains every
i fii=fij, B=6,, &; is simple.

We next let J be defined as in (2) so that if m =1 the algebra &y is iso-

()
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morphic to § and is simple. Hence let m>1 and a =A4gu+A4'gss+ Bgiz+ Cgar.
Then if Gis in M, H and K are skew quantities of M and we have the quasi-
products

(2Gg11 + 2G'gz0) - @ = (GA + AG)gn + (GA + AG)'ga

6

©) + (GB + BG')g1z + (G'C + CG)gas,
) (2Hgys)-a = HCgi1 + (HC)'ge2 + (HA' + AH)g1a,
(8) (2Kg2)-a = BKgn + (BK)'g22 + (KA + A'K)gan.

Let B be a nonzero ideal of &; and b=A4gu+AJ g2+ Bogiz+ Cogar #0 be in B.
If A¢=0 then By and C, are not both zero. If B;##0 we can write Bo=PB,P’
where B0, K =P'~1B,P~'5#0 is skew, BoK = PB3P-150. Then we use (8)
to see that (2Kgx)-b is in B and the coefficient of g1150. Similarly if Co0
we may choose H so that HC,0. Hence there is a quantity 50 in 8 such
that 4¢5£0. Now B contains all (2Ggu+2G’g) b and the coefficient of gn
is GA,. The set of all such quantities contains 4, and is a nonzero ideal B,
of MO By Theorem 2, M is simple, B, =IN?, there is a quantity

d = gi + g22 + Bagiz + Cagnr

which is in 8. If B;C,=1I (the unit matrix) we form the quasiproduct
(2B,g12) - d by the use of (7) to get do = g11 + ge2 + 2Bagrs, and, by (8), we
form (Csga)-do and obtain

d1 = gu + ga2 + Cognr.

Then since dy and d; are in 8 we have dy—2(d—d,) =gu+ge is also in B and
B =6, in this case. Hence we may assume B;C,;=I. We form a quantity
(Bagiz+ Cogar) -d by the use of (7) and (8) to get

h = ByCag11 + (B2Cs)'gae + Bagiz + Cagnr

and we have d — kb = Aag11 + A’ge2 in B where 42=1—B;C:#0. Then B
contains all (GA;+A42:G)gu+(GA2+A4:G)’gee and, as in the proof abaove, every
Agu+A’gn. Using (7) and (8) we see that 8 contains every Bgis and Cgy,
B=6;,.

We may now prove the following theorem.

THEOREM 3. The special Jordan algebras &; of Theorem 1 are normal sim-
ple algebras.

For there exists a scalar extension & of the centrum § of & such that
©g is a total matric algebra, J in &g is cogredient to one of the involutions
Jo above, (&g); is isomorphic to (&g)s, and is simple. If B is an ideal of &;
the space Bg is an ideal of (&;)e = (Sg)s and is zero or (Sy)g, B is zero or &Sy,
©y is simple. Since Sg is simple for every scalar extension & of the centrum §
of & sois (&;)e, and our theorem is proved.
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6. Extension of isomorphisms. If a linear subspace % of an associative
algebra & over § is a special Jordan algebra any automorphism T of & car-
ries each quantity a of ¥ into a quantity a7 such that

2(e-b)T = (ab + ba)T = (aTbT + bTaT) = 2aT-bT.

Hence the linear mapping a—aT is an isomorphism of % and the special Jordan
algebra AT of all the a”. Moreover in some cases we may prove conversely
that if % and B are isomorphic special Jordan algebras which are subspaces
of & then there is an automorphism T of & such that 3=%T and a—a” is
the given isomorphism. Evidently our hypothesis is that T is a linear mapping
of a prescribed subspace % of & on a second linear subspace AT such that

) (ab + ba)T = aTbT + bTaT

for a and b in ¥, and we wish to define a linear transformation U on & such
that aV = a7, (bc)V = bUcY for every a of A and every b and ¢ of &. We begin
our investigation by proving the following lemma.

LemMA 5. If eis any idempotent of U the quantity eT is idempotent. If e and f
are orthogonal idempotents so are eT and f7.

For, by (9), (e)T=(eT)2=¢T if e2=e. If ef=fe=0 we use (9) to get
ef +fe=0=0T =¢eTfT4fTeT. Then eT(eTfT+fTeT) =eTfT+eTfTeT = (eTfT+fTeT)eT
=eTfTeT 4 fTeT, eTfT =fTeT = —fTeT =0 as desired.

We now consider the algebra &; of (4), (5) and have

T2 T T
e = fi, 4(fiy) = fii + fiis

(10) Wfisfoe + fafid) = for  Ficfie + fufsd) = foo
fifii+ fiifes = fufon + fufss = fifis + fifis = 0
fors,j, k, t=1, - - - ,nandi,j, &, tall distinct. Define a linear transformation
Uon & by
(1 eii = fii = ein ey = 2ifiifis
for 1#j;4,j=1,-- -, n, so thét, by Lemma 5, we have
(12) ()’ = e %0,  enes; =0

for i#j;4,j=1, - - -, n. Then by (11) we have

vy Uvu v vu

€ii€ij = €ij€jj = €ij, eije =0
for j#t;4, j, t=1, - - -, n. We compute ejes =4efoesfnen for j#i, k. Use
(10) to obtain

T T T T
eiifik = fix — f:T'keif,
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and have elel=4elfifnen. If ki we have 2fifx=ft— 2fafy and since
enfr + freh = enfy + fuem = Ofor i 5% j, i = k, k # jwe obtain erfufven
=frehemfn=0,

vu TTT v
(13) eijeir = 2eiifirerr = €ix.

If k=i we have 4f%ff=(fE+f1), elel =el(ef+el)er=ef. Hence in all cases
we have (12), (13), and U is an automorphism of &. But 2ff,’=eg+e,'{
=2(fafefsHIafafn) =fRQfefy) + Qfaf)fe = 2o ufg+2fifa=2fG, fi=f; and we
have proved that a—aV is the given isomorphism of % and 8.

Consider next the case where J is defined as in (1), (3). Then as we noted
in the proof of Theorem .1 the intersection of M and &; is the set of all
Agn+Agn=A4=A4" in M. By the proof above there is an isomorphism U of
M with (MNS;)T)* such that AT=AV for A =A4" in M. We may extend U
to an automorphism of & and may replace (&,)7 by the isomorphic special
Jordan algebra (&,)7U"" and thus replace each A7 defined for 4 =4’ in M
by A. Hence there is no loss of generality if we assume that 4 =AT7 for every
symmetric 4 in &;. We are also studying only the case m >1.

The quantities

hii = eijgn + ejiga G j=1,---,m),
fii = (eij — €;)gre = — fii G#ji4,j=1,---,m),
dij = (eij — es)gn = — dy GEfrii=1,--+,m)

arein ©;and, by hypothesis, we have (ki; + k)T = hij + hjiford, j=1, - - -,
m. Since by hypothesis hf=h, and since T is an isomorphism between
the special Jordan algebras &; and &7 we have (hi;- (hjj-a))T =hii- (hj;-aT).
Apply this with @ =fj, d:;, ki; in turn and obtain

T T
4hii- (ki fii) = fiir
T T
4h.'s'(hii'dij) = dii.
T T
4hii- (hii-his) = hij

for i7j. This yields, by direct computation, assuming T to be an automor-
phism of &,

T
fii = auifi; + Biidij + viihii + 8jihji,

T
(14) dij = aiifii + Biidii + viihii + i
T !

hij = aiifs; + Biidis + vijhij 4 8iihjs

for 4, j=1, - - -, m. But, by (6), (frs- (his+ha)) T =0=F5 (hy+ha), (dii- (ha
+11:))T=0=d%- (hii+ha) and we conclude that

T
fii = awifii + Budy + vihii — viiha,
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T
dii = atifi + Bldu + vihu — viihi

for 1= 2, s ,m. Since, for k# 1, 'i, we have Z(fl." (hk.' +h‘_k))1'= 2f1T‘ (hk{+h;k)
=f11; =onfix +Buirdir+v1iehre—Y1rb i1 =onifix +Bridik+v1:bie —Y1:h, and simi-
lar results for d,;, we can write

f:‘t = afy + Bdvi + vhii — vha,

15
(15 df.- = o'fri + Bdvi + ¥ hii — ¥ ha
for =2, - - -, m. Observe that, by (7) and (8), f%=d% = (ff)?=(d%)?=0 and
hence
(16) af + vy =df +9'2=0.

If now =0 then y =0, 850, f§ =Bd;. Let V be the automorphism of &
an 8 — a¥ = vav!

with v=gn+gis+Pga, which by direct computation leaves k;;+k; invariant
and which has the further property that

(18) () = fu

fori=2, .- . ,m. If a0 we take vin (17) to be v =gu +vgan +age, and we see
that V leaves hi;+hj; invariant, and again (18) is valid. Thus we may assume

Chii 4 hi)" = haj + his Gj=1---,m),
fl: = fu G=2-,m).

We observe that 2(fi-di)T =2f% df =2f1;-dl,= — (hu~+hi)T = —hy—h; im-
plies by (7) and (15), (16) that 8’=1, a’++v’?=0. Let now W be an inner
automorphism of & generated by w = gi1 + g22 — ¥'g12. Using direct com-
putation we see that W leaves (hi;+h;;) and fi; invariant, and

@)" = du (i=2-,m).

This result permits us to assume
(his + i)' = hij + his Gj=1,---,m)),
(19) fis = fu G=2,m),
dfi=dli (t=2,---,m).

By (14) we may write
hfi = aifu + Bidi + ik + 8:ha,
h:'l = af fui + Bl dri + ¥ h1i + 6: ha
fori=2, - - -, m, where, by (19),
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o/ =—a; Bil=-—0; yitvi=08+d =1

By (6) and (19) we compute 2(hi;- (hii+hir))T =2h%- (h+ha) = (hu+hi)T
=hu+hi; and find

yi+oi=1
and, similarly,
y!+8 =1.

Using (6) and (19) we find 2(hy- (hrithir))T =2k (hig+hir) =hl1;=algflk
+Bidix+yrhix+ 8k for 51, ¢ with similar results for k. Hence we may
write

ki = afii + Bds + vh + ki
hiy = ofii + B'dv + ¥ b + 8 haa
o =—a B =-5,
v+ =0+ =y+o=9+=1
Since, by (6), k%= (k)2 =k} = (h})?=0 we have
21) af — b =ad'f — 7' =0, vé = y'¥.

If we compute (hy;-fi)T = (hag-dis) T =0=hy-fis=hi-dy and use (7), (8), (20),
(21) we find

a=f=ad=8=0, y=4"=v1—-7)=91-%9")=0

(i=2---,m)),
(20)

and therefore

v=0 =1
or

v=1 7 =0

for y=0, ¥’ =0 or y=%"=1 would contradict the last line of (20). If &% =h,,
h'zl' = hl.' we would have hz = Z(h.‘l . hlk) T= Zhu . hu = hkg, Z(fu . h.‘k) T=0= 2f1$ . hko‘
=f1, which is impossible for k51, 7. Therefore

hfi = hy, h?1 = hi.

Using
hip = — 2ie-diy Gj=1,--,m),
fii=—2uhn  GEfhi=1,---,m),
diy = — 2ds;- by G#Efiij=1,---,m),

T T T . .
we see now that hi; = hsj, fi; = fij, dij = dsj, and this proves that there exists
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an inner automorphism R of & inducing the originally given automorphism
T of &y, namely R=WVU.
We may now prove the following theorem.

THEOREM 4. Let © be a simple associative algebra over its centrum §, J and
K two involutions of & over §. Then each isomorphism T over § between ©;
and @x of order greater than 1 can be extended uniquely to an automorphism U
over § of ©. If J=K then the automorphism U which is the extension of the given
automorphism of S; is generated by a- J-orthogonal element u of &, that is,
uw =ain §.

For there exists a scalar extension & of the centrum § of & such that Sg
is a total matric algebra, J and K can be extended to &g by Lemma 1, and
the extensions (&;)e and (Sk)e will be isomorphic. In &g both J and K are
cogredient to one of the involutions Jy above, for otherwise, by Theorem 1,
©s and ©g would not have the same order as linear spaces over §. The iso-
morphism between (&g); and (Sg)x induces an automorphism of (Sg)s,
(Lemma 3) which by the above argument can be extended to an automor-

phism of (&;)*=(&g)*=6&.

The uniqueness follows from Theorem 1. For if a,, * - -, a, is a basis of &;
over § then every element a of & has the form a=) aa;, - - - a;, for a in §
and if U and V are two extensions of T then aV= aa - - - ¢l =a", U=V.

If J=K we have, for each a of &, by Theorem 1, a/V=) «aaf - - - a;
=aW, a?V =yalu~'=a% = (u—')’a’u’ and hence uu’ =ap in §. This completes
the proof of the theorem.

Consider now two simple associative algebras R and & over their common
centrum §, and J and K involutions of i and &, respectively. Assume also
that %, and Sk are isomorphic. There exists a scalar extension field ® of §
such that J in Ryg is cogredient to one of the involutions Jo above, and at the
same time K in &g is cogredient to the same J, for otherwise R; and S
could not be isomorphic. Thus by Lemma 3, (Re)s is isomorphic to (Re)s,
and so is (Sg)g. The isomorphism between (Re)s and (Sg)x thus induces an
automorphism of (Re)s, which by Theorem 4 can be extended to an automor-
phism U of Re which will induce the desired isomorphism between (R,)* and
(©k)*, that is, R and &. Thus we have proved the following corollary.

COROLLARY. Let R and & be two simple associative algebras over the same
centrum §, J and K involutions over § of R and &, respectively. Then each iso-
morphism T between Ry and Sk of order greater than one can be extended to an
isomorphism U between (Rs)* =R and (Sx)*=S.

Lemma 3 and Theorem 4 imply the following theorem.

THEOREM 5. Let & be a simple associative algebra over its centrum F. Then
given two involutions J and K of S over §, ©; and Sk are isomorphic if and only
if J and K are cogredient, provided &; and Sk have order greater than one.
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If J and K are cogredient then &; and &g are isomorphic by Lemma 3.
Suppose that &; and ©g are isomorphic. Then the isomorphism T between &;
and &g can be extended, by Theorem 4, to an automorphism of & waich we
shall call U. By Theorem 1, every a of & is of the form a= aa;, - - - a;,
for @ in § and the @; are a basis of &; over §. Then a"’=2aa,’.' S aﬁ'=a‘”‘,
JU=UK, J and K are cogredient.

Two J-orthogonal elements g and f of an associative simple algebra &
generate the same automorphism of &; if and only if g=af for some a in §,
for gag—'=faf for all a in &; implies the same equation for all ¢ in & by
Theorem 1, provided that the order of &; be greater than one; but
gag—'=faf~ for all a of & implies that g=af for some a in F. We have proved
the following theorem.

THEOREM 6. Let © be a simple associative algebra over its centrum §, J be
an involution over F of & such that the order of ©; is greater than one. Then the
group of automorphisms of Sy over § is isomorphic to the group O*/F* where H*
is the multiplicative group of all regular J-orthogonal elements of © and F* is
the multiplicative group of §.

7. Classification of the algebras &; over special fields. Theorem 5 and the
fact that cogredience of Jo,T and JoU, for Jo an involution and T, U auto-
morphisms of &, is equivalent to Jo-congruence of the generating elements ¢
and ou for ain § (cf. Albert [2, p. 154]) imply that if & is a simple associa-
tive algebra over its centrum {, the classification of its special Jordan alge-
bras &; is equivalent to the classification of Jp-symmetric and Jo-skew ele-
ments of & as to Jy-congruence. This depends on the structure of the ground
field §. If § is an algebraically closed field then every J is cogredient either
to the operation of transposition of matrices (for we may consider & as a
total matric algebra over §) or J is cogredient to the involution defined by
(1) and (3) (cf. Albert [1, pp. 108, 110]).

If § is a real closed field it is necessary to distinguish the case where &
is a total matric algebra over § from that where & is a total matric algebra
with quaternionic elements. In the first case if J denotes matrix transposi-
tion the J-symmetric elements are J-congruent to

(22) I 0
(0 —In—p>

where we take p = n/2 since we are permitted to multiply with real factors (cf.
Albert [1, p. 114]). There are [1n/2]+1 types of nonisomorphic special Jordan
algebras in this case. In the case of J-skew elements there is only cne possibil-
ity, namely, the degree of the algebra & is an even number n=2m and J is
given by (1) and (3) (cf. Albert [1, p. 108]).

In case we are dealing with real quaternionic matrices it is best to take
for J the correspondence a—a’ where a’ is the transpose of @ and 4 is the ma-
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trix of the conjugate elements of a. In the symmetric case we again obtain
(22) (cf. Jacobson [5, p. 546]) and there are [1#/2]41 types of nonisomorphic
special Jordan algebras. In the skew case we obtain only one type given by

:

¢
where ¢ is a quaternion such that = —¢ (cf. Jacobson, loc. cit.).

8. The main theorem. While it is easy to see what happens to an algebra
upon extension of its base field it is quite difficult to determine the structure
of an algebra from that of one of its scalar extensions. Thus, if ¥ over § is a
special Jordan algebra &; for some associative algebra & over § with an in-
volution J, it is clear, by Lemma 1, that for every extension field £ of §,
A= (S,)2= (Sg), is again a special Jordan algebra of the same kind. We shall
show that in certain cases we can prove a converse theorem, namely that if,
given an algebra N over §, there exists a scalar extension field £ of § such that
g is isomorphic to a special Jordan algebra &; for & over £, then there exists
an associative algebra £ over § with an involution J’ such that ¥ is iso-
morphic to Ty

Consider an algebra N over § and assume that there exists a normal separ-
able scalar extension field ® of § such that g is iSomorphic to &; where & is a
total matric algebra over £, and J is an involution of & o'ver € cogredient either
to transposition J; or to J, as defined by (1) and (3). If s is in &, we can write
s as the matrix (sj) with s;;in € and if ¢ is in the Galois group ® of € over §,
we can introduce the following linear map of & unto itself: s = (s:;)—s* = (sf,)
where sy is the map of s;; under ¢ of ®. This map is an automorphism of &
over §. It is clear that ¢ commutes with Jj. If s is written as in (1) we have

st = A'gn + Big + Ctgar + D'gse

where the matrices 4¢, B¢, C*, D* have the obvious meaning as defined above.
Again it is clear that ¢ and J. commute. Suppose that a,, - - -, @n is a basis
of A over §, and hence of g over L Denote by by, « - -, bs the corresponding
matrices of & forming a basis of ©; over 2. The elements a in &; have the
form a= c:b; with ¢; in & Then a—aT =) c;b defines an automorphism of
& over € which, by Theorem 4, can be extended to an automorphism of &
over  which we shall also denote by T'. Again we have TJ,=JiT, TJs=J,T.
Consider the set B consisting of all s in & such that s*=sT for all ¢ in ©.
B is an associative algebra over § as it contains with any a, b also the elements
ab and aa+Bb for a and B in §, and if ¥ is in € and not in §, and a is in B,
then ya is not in B, for (va)!=(ya)T =v'a'=vyaT =va'and y =+t for all tin ®,
v is in §. Furthermore, the mappings J, or J; of & induce mappings K; and
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K, of B, because ¢ and T commute with J; and J;as we have seen above. Itis
also clear that J;is an extension of K;. Moreover B contains the b;and hence B¢
contains all expressions Y _ab;, - - - bi,, @ in §, which, by Theorem 1, constitute
& (we may, of course, assume that the order of &; is greater than one). Thus
B2, and since obviously & DBe, we have ©=Bg, and B is simple over its
centrum §. Let 9 be the special Jordan algebra of matrices whose basis is
by, + -+, bm over §, M is isomorphic to A. Since the b; are in Bx (for K=K,
or Kz) we have 8x2DM. Consider now ¢ in Bg. First we have X =¢ which
means that ¢ is in &; and thus c=zc.b for ¢; in 2. But we also have ¢t=cT
and hence D _¢bi=D cibi. Now the b} are linearly 1ndependent because of the
linear mdependence of the b, and we therefore have c;=c! for all ¢ in ®, ¢; is
in §, cis in M, Bx=M and ¥ is isomorphic to Bk.
We are now in a pbsition to prove the main theorem.

THEOREM 7: Let U be an algebra over a nonmodular field F, and let & be a
finite scalar extension field of §. Then if Ug is isomorphic to a special Jordan
algebra Sy for & simple over its centrum  and having an involution J over &,
there exists an associative simple algebra B over its centrum § with an involution
K such that Bg=S, J is the extension of K, and U is isomorphic to Bk.

For there exists a finite scalar extension field £ over ® such that &’ is
normal separable over §, ©g is a total matric algebra, and the extension of J
to Gy is cogredlent in ' either to transposition or to J as defined by (1) and
3). Then g is 1somorph1c to (S¢)s and by the above argument there exists
an associative simple algebra 8 over § with an involution K such that ¥ is
1somorphlc to Bk, Be =Sy, J is an extension of K. It is clear that this alge-
bra 8 has the properties mentioned in the theorem.
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