SPLITTING ENDOMORPHISMS

BY
REINHOLD BAER

In their analysis of the direct decompositions of operator groups Fitting
and Kofinek have introduced an important concept which after abstraction
from the special situation considered by these authors may be stated as fol-
lows: if 5 is an endomorphism of the operator group G, then the kernels of
the endomorphisms 5, 9% - - -, * - -+ - form an ascending chain of admissible
and normal subgroups; their compositum R(n) is a normal and admissible sub-
group of G which we term the radical of 5. An isomorphism is induced by
7 in G/R(n). An admissible subgroup C of G which contains one and only
one element in every coset of G/R(n) is termed a complement of %, provided %
induces an automorphism in C. Whenever there exists a complement of 7,
we say that 7 splits G, since 5 behaves in the radical like a nilendomorphism
and in the complement like an automorphism. The problem of the present
note is to find criteria for endomorphisms to split; we obtain two different
types of such criteria: individual ones which assure the splitting of an indi-
vidual endomorphism by considering properties essentially involving this
endomorphism, and universal ones which apply to whole classes of endo-
morphisms and which are expressed in terms of chain conditions for certain
classes of subgroups. Various applications of these results and concepts will
be discussed in later publications.

As is usual with discussions involving primarily endomorphisms, the as-
sociative law is not used at all; thus we obtain all our results immediately
for loops. The careful reader will notice that no simplification of our argu-
ments would have been obtained if we had restricted ourselves to groups.

Another, perhaps more important, generalization could have been ob-
tained as follows. Instead of considering the system of all admissible subloops
of the given operator loop we could have given preference to some distin-
guished system of admissible subloops with the property that cross cuts and
composita of each of its subsets belong to it. Though this could have been
done without much difficulty, it would have involved a few nice points, when
defining the admissible endomorphisms; thus we refrained from doing more
than mentioning this possibility.

1. Fundamental concepts. We are considering a loop(!) L. The composi-
tion of the elements in L is written as addition x+y. The loop L admits the
elements in the set M as (left-) multipliers so that there exists for every m

Presented to the Society, November 30, 1946; received by the editors July 27, 1946.
(*) The elementary facts on loop theory that we shall use may be found in various papers
on the subject; see the bibliography.
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in M and every x in L a uniquely determined element mx in L. This multipli-
cation is distributive, that is, m(x+y) =mx+my for m in M, x, y in L.

An endomorphism n of the M-loop L maps every element x in L upon a
uniquely determined element x9 in L in such a way that

(x4 )9 =20+ yn and m(xn) = (mx)y form in M and x, y in L.

The kernel K(n) of 5 is the set of all the elements x in L such that x»=0;
it is a normal M-subloop of L.

If 7 is an endomorphism of L, so are 92, - - -, 3¢, - - - . Thus we may form
their kernels K(%*) too; it is seen without difficulty that they form an ascend-
ing chain of normal M-subloopsof L:0 S K(n) S K(n) = = KM= ---.
Their compositum R(9) is, therefore(?), a normal M-subloop too; we term
R(n) the radical of 1, and we note that the element x in L belongs to R(7) if,
and only if, there exists a positive integer ¢=1(x) such that x*=0.

x is in R(n) if, and only if, xn is in R(n).

This important fact is verified by observing the equivalence of the follow-
ing propositions: x is in R(n); 0=xn*'=(x7)n* for some positive 4; x9 is in
R(n).

One of the fundamental consequences of the preceding observation is the
fact that:

- n induces an isomorphism of the M-loop L/R(n) into itself.

In all the situations that will be investigated in the present note this iso-
morphism will be an automorphism of L/R(%); but as follows from trivial ex-
amples, this need not be the case in general.

DEFINITION 1. The M-subloop C of the M-loop L is a complement of the
endomorphism n if L=R(n)+C, 0=R(n)NC, C=Cn.

The first two of these conditions(?) just assert that every coset of L/R(7)
contains one and only one element in C so that L is a splitting extension of
R(n) by L/R(n). Thus 7 induces essentially the same automorphism in C and
in L/R(n). It might seem better justified to substitute for the third condition
the weaker condition Cn = C, but this would lead us to unnecessary complica-
tion, since Cy < C will imply Cn=C whenever 7 induces an automorphism in
L/R(n). Note that C need not be a normal subloop of L.

Whenever there exists a complement of 7, we shall say that 5 s a splitting
endomorphism of L or that n splits L.

It is easy to give examples of endomorphisms that do not split and of

(®) The fact that the compositum of normal subloops is itself a normal subloop is easiest
verified by using Bruck’s “inner mapping group”; see Bruck [1]. Numbers in brackets refer to
the bibliography at the end of the paper.

(® It should be noted that the compositum of the subloops S and T is S+T=T+23S,
whenever S is a normal subloop of the compositum of S and T; see, for example, Baer [1].
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endomorphisms that possess at least two different complements.

DEFINITION 2. The endomorphism n of the M-loop L is a uniformly splitting
endomorphism of L if n induces a splitting endomorphism in every M-subloop S
of L satisfying Sn=.S.

All the splitting criteria obtained in the present investigation assure uni-
form splitting. But for many applications it suffices to assume simply splitting.

2. Individual splitting criteria. The following notations will prove con-
venient. If 7 is an endomorphism of the M-loop L, and if the M-subloop S of
L satisfies S =S, then S is admissible for the extended system of operators M,
7, and we shall say that S is an M-y-subloop of L. Of particular interest to
us are the cyclic M-g-subloops of L; they are smallest M-n-subloops gen-
erated by a single element x in L; we denote them by (x, ) and remark that
(x, ) is the smallest M-5-subloop generated by x or the smallest M-subloop
generated by the sequence of elements: x, xn, xn%, - - -, x9%, - - -.

The main object of the present section is the proof of the following compre-
hensive criterion.

THEOREM A. The endomorphism 1 of the M-loop L splits L uniformly if,
and only if, it meets the following two requirements:

(D) To every cyclic M-n-subloop Z of L there exisis an integer 1=1(Z) such
that Zni=Zn**

(A) If the subloop V is the compositum of the cyclic M-n-subloops Z' and
Z'" satisfying Z' =Z'n and Z'' =Z''y, then there exists an integer k=k(V) such
that VN K (n*) = VN K (n*+1).

The proof of this proposition will be effected by proving a number of
lemmas which will often assert more than is contained in Theorem A.

LEMMA 1. Every uniformly splitting endomorphism meets requirement (D).

Proof. Consider the cyclic M-n-subloop Z=(x, #) of L. Clearly Zn<Z.
Since 7 splits uniformly, it induces a splitting endomorphism in Z. The radical
of this endomorphism of Z is ZNMR(7n). Denote by U some complement of the
endomorphism which 7 induces in Z. Then there exists one and only one ele-
ment y in U such that x=y modulo ZNR(7n). If z is the uniquely determined
element such that x =y+z, then z is in R(n). Hence 217=0 for some positive 7,
implying that xn*=yn*. From U= Un we infer now that

U=Un=2Zn'= (2n,1) = (yn',n) S (y,n) S U or U =2Zn'
Now Zp*=Zn**! is an immediate consequence from U= Un.

LeEMMA 2. Suppose that 1 meets requirement (D) and that C is a complement
of 1. Then the element x in L belongs to C if, and only if, (x, n)n=(x, n).

Proof. If x is an element in C, then (x, ) £C, since C=Cy. From (D) we
infer the existence of a positive integer ¢ such that (x, n)7*=(x, n)9*. But 5
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induces an automorphism in the complement C of 9, and (x, ) is part of C.
Hence (x, 7)n=(x, 1) is a consequence of the preceding equation, showing the
necessity of our condition.

Suppose conversely that (x, n)n=(x, ). Since C is a complement of 7,
there exists one and only one element y in C such that x=y modulo R(7);
this is equivalent to saying that there exists an integer ¢ such that xn*=y7¢"
Consequently

(%, 1) = (%, n)n* = (a0, 1) = (yn%, 1) = (y,7) =C,

since y is in C and C=Cn. Hence x itself is in C, proving the sufficiency of our
condition.

LemMma 3. If the splitting endomorphism n meets requirement (D), then it
meets requirement (A).

Proof. If C is a complement of 9, and if Z’ and Z’’ are cyclic M-y-sub-
loops of L satisfying Z’=2Z'n and Z’'' =Z''y, then it follows from Lemma 2
that both Z’ and Z'’ are part of C. Hence their compositum V is part of C
which implies that VNK(n®) = VNR(n) =CNR(n) =0. Hence VNK(5%)=0
for every positive 7, a statement that appears to be slightly sharper than (A).-

LeEMMA 4. If S is an M-subloop of L such that S=Sn and
SNK(n*) =SNK(nt?)
for some positive i, then SR (n) =0.

Proof. If x is in SMR(n), then there exists a smallest positive integer j
such that x9?=0. Since S =357, we have S=.S%%; and thus there exists an ele-
ment y in S such that x =y9%. Hence

0 = xni = yyiti = (ypi—Yyit1,
Thus yn’~! belongs to SNK(n*+!) =SNK(n?), proving that
0= (y,,i—l),,i = y,’i+i—_-1 = x,,i—l.
From the choice of j it follows now that j—1=0 or 0 =x, proving our conten-
tion that SNR(n) =0.
LEMMA 5. If n meets requirements (D) and (A), then it splits L.

Proof. Consider the set T of all the elements x in L such that (x, 7)n
=(x, 7). We show first:

(+) (%, M) = (%, ) if, and only if, (x,7) N R(n) = 0.

If (x, n)n=(x, 1), then we infer from (A) the existence of a positive integer
i such that (x, 2)NK(n%) = (x, ) NK(pit!)—letting Z' =Z'' = V = (x, n)—and
it follows from Lemma 4 that (x, 2)MR(n) =0. If conversely (x, 1) \R(n) =0,
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then 7 induces an isomorphism of (x, ) into itself. We infer from (D) the
existence of a smallest positive integer 7 such that (x, 7)7*=(x, )9*. But
(x, n)n*"*= (x, 1) and 7 effects an isomorphism in (x, 5). If £—1 were positive,
then our equation would imply (x, 7)9*~! = (x, )72, contradicting our choice
of 4. Hence (x, n)n=(x, n), completing the proof of (+).

Suppose now that x and y are elements in T and that z is some element
in the compositum V of the M-subloops (x, 1) and (y, 7). It follows from (A)
and Lemma 4 that VNR(n)=0. Since 2z is in V, (2, 9) is part of V="Vy.
Hence (z, 7)NR(n) £ VNR(n) =0, and it follows from (4) that (z, 9)n = (2, 7).
Now one verifies immediately that T is the compositum of all the cyclic
M-y-subloops Z of L which satisfy Z=_Z». Thus T is in particular an M-sub-
loop of L satisfying T=Tn and, by (4), TNR(n) =0. If finally w is some ele-
ment in L, then we infer from (D) the existence of a positive integer % such
that (w, n)n* = (w, 7)n**'. This implies (wn*, n) = (wn*, 7)7 so that in particu-
lar (wy*, 7) £T. But (wn*, 9) is mapped upon itself by 5, and contains there-
fore an element v such that vn* =wn*. Clearly v=w modulo R(y) and visin T,
proving that T is the desired complement of 7.

Proof of Theorem A. If 5 is a uniformly splitting endomorphism of the
M-loop L, then we infer the validity of (D) from Lemma 1 and subsequently
the validity of (A) from Lemma 3. If conversely conditions (A) and (D) are
satisfied by 7, then they are satisfied by the endomorphism induced by 7 in
the M-n-subloop S of L. It follows from Lemma 5 that this induced endo-
morphism splits S so that 7 is a uniformly splitting endomorphism of L.

COROLLARY. If 1 is a uniformly splitting endomorphism of the M-loop L,
then it possesses one and only one complement C=C(n). If S is an M-n-subloop
of L, then SMR(n) is the radical and SIMC(n) is the (uniquely determined) com-
plement of the endomorphism which 1 induces in S.

These are almost immediate consequences of Theorem A and Lemma 2.

From Theorem A we want to deduce a-more special splitting criterion. To
do so, we need the following concept.

DEFINITION 3. The isomorphism o of the M-loop H is almost periodic if
there exists to every x in H a positive integer ©=1i(x) such that x =xa?’.

‘Note that ¢ may change from element to element so that & need not be of

finite order.

THEOREM B. If 7 induces an almost periodic isomorphism in L/R(n), then
7 is a uniformly splitting endomorphism of the M-loop L.

Proof. If x is an element in L, then R(n)+x is an element in L/R(n).
Hence there exists a positive integer ¢ such that x=x7* modulo R(7); this im-
plies the existence of a positive integer j such that x’=xn*+i. Hence

(x, m)n? = (207, 1) = (0™, n) = (x, D™ = (%, 9™ = (%, )’
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or (x, 7)n? = (x, n)n**!, proving the validity of condition (D).
Assume next that (x, 7)n=(x, 7). There exist, as before, positive integers
1 and j such that x9? =xn*+i. Hence

(,m) = (2, 0’ = (217, 1)

is the M-subloop of L which is generated by the elements x»?, xgit!, . . .,
xniti=1, Clearly 75 effects a cyclic permutation of order ¢ among these ele-
ments, if we have chosen 7, as we may, as small as possible. But this implies
in particular that n* leaves invariant each of these ¢ generators of the M-loop
(x, 7). Hence 7’ leaves invariant every element in (x, 7).

Suppose now that Z’ and Z’’ are cyclic M-y-subloops of L satisfying
Z'=Z'n and Z''=2Z'"y. We infer from the preceding paragraph of the proof
the existence of positive integers 4’ and ¢’’ such that 5% leaves invariant every
element in Z’ and 7%’ leaves invariant element in Z’’. Then ¢4’/ is a positive
integer such that 5%'¥’ leaves invariant every element in Z’ as well asin Z"’.
Hence n¥'#"’ leaves invariant every elément in the compositum Vof Z’and Z'’.
Thus 7 induces an automorphism of finite order (dividing ¢’4’’) in V; this im--
plies in particular the validity of condition (A). Thus we have shown that con-
ditions (D) and (A) of Theorem A are both satisfied, and Theorem B is a
consequence of Theorem A.

A direct verification of Theorem B, without reference to Theorem A,
would not prove too difficult.

3. Universal splitting criteria. The basis for.the considerations of this sec-
tion is the following proposition which may be of interest in itself.

LEMMA 6. If the descending chain condition is satisfied by the M-subloops
of the M-loop Z, if n is an endomorphism of Z such that Z is a cyclic M-n-loop,
then the M-loop Z may be generated by a finite number of elements.

Proof. There exists an element 2z in Z such that the M-loop Z is generated
by the sequence of elements 2, 27, - - -, 29% - - - . Denote by Z; the M-sub-
loop generated by the elements 297 for 1<j. Then Z=2,, Z;=2Z;_,n for 0<1
and Z;<Z;, for 0<4. The Z; form, therefore, a descending chain of M-sub-
loops of L; hence there exists an integer # such that Z,=Z,,;,=Z,3. Since
zn® is an element in Z,=Z,y, there exists an element % in Z, such that
un=zn".

Denote by W(k) the M-subloop of Z which is generated by the elements
29’ for nSj<n+k. It is readily seen that every element in Z, belongs to at
least one W(k) and that Z, is the compositum of the W(k). Consequently
there exists a positive integer m such that % belongs to W(m). Since W(m)n
isgenerated by the elements 27+ for n <j < n+m, we have W(m)n < W(m+1).
Since % is in W(m), un=2n" belongs to W(m)n too; thus W(m)n contains the
elements 297 for n <j<n-+m+1, proving W(m+1) < W(m)yn. Thus we have
shown that W(m) < W(m + 1) = W(m)n. This inequality implies in parti-
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cular that there exists to every element s in W(m) an element s’ in W(m)
such that s =s’y9. Hence we may construct inductively a sequence of elements
u(2) in W(m) such that u=u(0), u(t)n=u(i—1) for 0<s.

Denote by V(¢) the M-subloop of Z which is generated by the elements
u(j) for ¢1<j. Then V(5) S V(i—1)=V(s)n for 0<s. There follows from the
descending chain condition the existence of an integer k satisfying V(k)
=V(k+1)= - .- =V(k+j)= - -+ so that in particular V(k+1)=V(k)
=V(k+1)n. Since u(k+1) is in V(k+1) =V (k+1)%’ it follows that V(%)

contains all the elements
w(k + 1), w(k), « -+, u(0) = sy, g™, - -« | gyt .
proving that Z, is part of V(k). Consequently
ZnZV(k) = W(m) £Z, or Z,= W(m).

Since W(m) is, by its very definition, a finitely generated M-subloop of Z,
so is Z,. But Z is obtained from Z, by adjoining not more than » elements,
namely z, 27, - - -, 29*, and thus Z itself is finitely generated, as we
claimed. '

THEOREM C. Suppose that the M-subloop H of the M-loop L meets the follow-
ing two requirements:

(i) The descending chain condition is satisfied by the M-subloops of H.

(ii) If F s a finitely generated M-subloop of H, then the ascending chain
condition is satisfied by the M-subloops of F.

Then the endomorphism n of L splits L uniformly whenever there exists a
positive integer i such that Ln* < H.

Proof. If x is an element in L, then the M-subloops (x, )57 for ¢<j form
a descending chain of M-subloops of H. Hence it follows from (i) that there
exists an integer %, not less than ¢, such that (x, 7)n"=(x, n)n"t!, proving the
validity of condition (D) of Theorem A. -

Suppose that Z’ and Z’’ are cyclic M-n-subloops of L satisfying Z'=2Z"g
and Z''=Z""y. Then Z’, Z" and their compositum V are all contained in
Lyp*<H. Now it follows from (i) and Lemma 6 that Z’, Z’’ and therefore V
are finitely generated. Consider the ascending chain of M-subloops VMK (%)
of V. We infer from (ii) the existence of a positive integer m such that
VNK(n™) = VN K (g™*!), proving the validity of condition (A) of Theorem A.
Hence 7 is a uniformly splitting endomorphism of L, completing the proof.

The conditions (i) and (ii) are certainly satisfied whenever the double
chain condition is satisfied by the M-subloops of H. This shows that Fitting’s
lemma (4) is a special case of Theorem C. It should be noted, however, that
(ii) is satisfied often enough when the ascending chain condition is not satis-

(4) Fitting [1]; for a convenient presentation see Jacobson [1].
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fied. Simple examples are groups like the rational numbers modulo 1, groups
of type p*, and so on. See in this context the discussion following the corol-
lary to the present Theorem C.

COROLLARY. Suppose that the M-subloop A of the M-loop L meets the follow-
ing three requirements

(a) A is a commutative group.

(b) The descending chain condition is satisfied by the M-subgroups of A

(c) If Z is a cyclic M-subgroup of A, then the ascending chain condition is.
satisfied by the M-subgroups of Z.

Then the endomorphism n of L splits L uniformly whenever there exists an
integer 1 such that Ln*<A.

This is an immediate consequence of Theorem C, if one observes only that
the double chain condition is satisfied by the M-subgroups of the commuta-
tive M-group A’+A'’ whenever it is satisfied by the M-subgroups of 4’ and
of A",

From the proof of the corollary it is apparent that condition (a) may be
weakened in a variety of ways without invalidating the corollary. It would
suffice, for instance, to assume that 4 is a group all of whose M-subgroups are
normal. The impossibility of omitting (b) altogether may be seen from so
trivial an example as the infinite cyclic group. An example showing that con-
dition (c) cannot be omitted without invalidating the corollary may be con-
structed as follows: Let R be the additive group of rational numbers and
P a group of type p=. Then P contains, for every #, one and only one cyclic
subgroup Z(n) of order p*, and every element in P is contained in at least one
Z(n). Denote by A4 the direct sum of R and P. If 7 is a rational number, then
denote by 7’ the uniquely determined endomorphism of 4 which annihilates
P and maps every element in R upon its r-fold. There exists furthermore an
endomorphism w of 4 which annihilates P and effects a homomorphism of R
upon P. Let M be the set composed of w and the 7’ so that M may be consid-
ered in a natural way as a set of multipliers for A. Then one verifies easily
that the only M-subgroups of 4 are 0, Z(n), P, and 4. Consider now the
(admissible) endomorphism of 4 which maps every element in 4 upon its
p-fold. The radical of this endomorphism is exactly P. But P is not a direct
summand of A4, since 4 is the only M-subgroup of 4 which is not part of P.
Thus we have found an endomorphism of the abelian M-group 4 which does
not split, though the descending chain condition is clearly satisfied by the
M-subgroups of 4.

Elsewhere(®) we have shown that there exists a great number of special
situations where condition (c) may be omitted. We give just samples of the
type of results(®). If 4 is a commutative M-group, then we may form the ring

(%) Baer [2].

(%) The proofs may be found in Baer [2].
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E of endomorphisms of 4 which is generated by the identity and those endo-
morphisms of A which are induced by elements in M. If every idealin 4 is a
two-sided ideal, then the descending chain condition implies condition (c) of
the corollary. Another criterion of the same type may be obtained as follows:
Denote by E* the center of the ring E, just defined. If the descending chain
condition is satisfied by the E*-admissible subgroups of 4, then both condi-
tions (b) and (c) of the corollary are satisfied too. This last fact contains a
criterion, due to Ko¥inek [1], as a special case, who assumes that the descend-
ing chain condition is satisfied by all the subgroups of 4 whether admissible
or not (and this clearly implies the validity of the descending chain condition
for E*-admissible subgroups of 4).
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