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1. Introduction. In a paper of a few years agoO), Douglas has developed

the geometry and tensor analysis of the space of 7£-spreads. The configura-

tion considered in this space is formed by a system of TT-dimensional analytic

manifolds immersed in an TV-dimensional space and distributed according to

an analytic law so that K+l points in general position determine uniquely a

Ti-dimensional manifold containing these points. The partial differential

equations of the IC-spreads may be written in the form given by Douglas

(except for the sign of the 71 functions) :

d2xi i / ,-      dx'\
(1" Ä + t<li"- (>•-£■)•

where x' (i=l, 2, • • ■ , TV) denote coordinates of a point and W (a = l, 2,

• • • , K) parameters on each IsT-spread. The functions H^ obey the condition

of the generalized homogeneity property

(1.2) H%aß(x, q) = AWßHUx, P),

when the parameters u" are subjected to by linear transformations of the form

(1.3) u=Alv+ç",

so that

(1.4) dx'/dv" = Aadx'/du*,    or    qa = Aap{.

Of the various geometries of 7£-spreads treated by Douglas, E. T. Davies(2)

has recently enriched the affine geometry by introducing isomorphic trans-

formations which may be seen as affine collineations of the space, as equations

(1.1) are determined uniquely to within (1.3). If, on the contrary, we make in

(1.1) an arbitrary transformation of parameters:

(1.5) W = u"(v; a),   inversely   V = v"(u; a),

containing a set of constants a1, a2, • • • , aR, R = (N—K)(K + l), then the

equations of the space of TsT-spreads referred to the new parameters v become

Presented to the Society, December 29, 1946; received by the editors July 11, 1946.

(') J. Douglas, Systems of K-dimensional manifolds in an N-dimensional space, Math. Ann.

vol. 105 (1931) pp. 707-733.

(*) E. T. Da vies, On the isomorphic transformations of a space of K-spreads, J. London Math.
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(1.6)
d2xl t i x

——— + Hlaß(x, q) = qlGaß(x, q),
dvadvß

where the system G^ is homogeneous of the character represented by its in-

dices. It is desirable to give a corresponding theory of isomorphic transforma-

tions for the descriptive geometry of ZC-spreads. In this paper, we shall study

descriptive collineations as a generalization of projective collineations in the

general geometry of paths considered by Knebelman(3). In §2, we find the

equations of the space of Z£-spreads in determinant form which is unchanged

by (1.5), and therefrom derive the equations expressing the conditions for an

infinitesimal descriptive collineation which the space may admit. §3 deals

with the conditions of integrability of these equations. As in the case of affine

geometry the notion of the Lie derivative is utilized in reducing the number of

these conditions and derived equations. Immediate consequences are obtained

in §4. The paper concludes with a study of the group property of descriptive

collineations (4).

2. The equations of the space of ZT-spreads and descriptive collineations.

Let x' = <f>i(x) be a point transformation which carries the point (x1, • • • , xN)

into the point with coordinates (x1, • • •, xN). Let xi=fi(u1, u2, ■ ■ ■ , uK) be

the finite equations of a ÜT-spread M, the parameters u" being affine, that

is, the equations satisfying (1.1) or

(2.1)
d2xi • ■  v

—— + T)k(x, p)papß = 0,
ou"duP

(r* = rw).

The transformation xi=<pi(x) will carry M into a manifold M of K di-

mensions whose finite equations are of the form xi=ypi(ul, u2, • ■ • , uK). This

transformation will be called a descriptive collineation if it carries each

A-spread M into a ZC-spread M.

Since the parameters on the Zi-spread are not necessarily preserved it will

be convenient to take the equations of the A-spreads in determinant form:

OX1 i,    j    k ii ii

+ TjkpaPß Pi • • •  pK

(2.2)

duadufi

d2xi*

duadui>

¿2     7    k i,

+  TjkpaPß Pi pK

d2XÙ£+l

dWduf

iK+l

+ Tjk     papß     Pi
'K+l »Jt+1

pK

= o,

(') M. S. Knebelman, Collineations and motions in generalized spaces, Amer. J. Math,

vol. 51 (1929) pp. 527-564.
(') For affine collineations see my paper: Group property of isomorphic transformations in a

space of K-spreads, appearing soon in England.
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which are invariant under arbitrary transformations of coordinates as well as

under arbitrary transformations of parameters. In (2.2), ii, it, • • • , ík+i de-

note any set of 7C+1 indices in the range 1, 2, • • -, TV.

We shall consider the problem of determining the conditions satisfied by

the functions £'(x) such that the infinitesimal transformation

(2.3) x' = x' + £<(x)8t

shall determine a one-parameter group of descriptive collineations, where

£*(x) are the components of a contra variant vector and St is a differential of

the parameter of the group. By differentiation we obtain from (2.3)

(2.4)
dxi       dxi       d^    j t
-=-1-- paSt,    or    pc
du"      du"      dx>

Pa-\-■ PJt
dx>

and, with pjaß = d2x'/(duaduß),

d2xi d2xi
(2-5)

duaaus      dwdu»

/   Ô2

\dx'<

i * , at4
,  PaPß + Tlí-íj

dxk dx>      /
8t.

If (2.3) is to define an infinitesimal descriptive collineation, we must have

the following transformation of the connection coefficients:

(2.6)

On writing

(2.7)

r,*(*. p) = Tjk(x, p).

rik(x,p) =Tik(x,p)+(—-S  -
\ ox1

m

* i » ô£   A t
¡k \m   -—P°)S1>

dxn     /

(2.8)
r'r* »    *   i

papß =  papß +

I   i    dt"     m k   d&    n\
<pa —-Pi> + Pf>-7— P°(
(       dxm dxm       )

8t

and substituting them into the corresponding equations (2.2) referred to the

coordinate system x, we have the following conditions satisfied by the £*:

(2.9)

where

(2.10)

«i    »  * «i
a.jkpapß pi

H       i    * »J
a-ikpcLpß pi

tjr+i    í   *       iK+i
a-ik   PaPß      Pi

pK

pK

>K+1

pK

= o,

a.jk =
d2?       h d?      t  d£"      i  ai»

—;—- — T,* —- + Tjh —- + Tkk —:
dx'dx" ox* dx* dx1

.   oTjk   ,      i ,t  d£      h
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and A : : | Z—dA : :/(dp™) for any geometric object A : :. Here and hereafter

higher powers of ôt than the first are neglected.

For the subsequent discussion it is necessary to give here the expression

for the affine curvature tensor :

»it     mn »    l t     mn» Ol jk oJl.-j

(2.11) R.jki = ——-—— + r,i\mTnkpT — r,-jfc|mr„ipT + r„¡r,* — r„*r,-i
dxl        dx"

and the covariant derivation of a tensor T'-i\¡):

-,«) °±_(»')       -,«) i»   "r"

da;*
(2.12)

j. V T* "<a_lW*+1 "   r<a     V t(0 r*
~\     ¿j 1 (i)*- kk — ¿_,  Í ■ ■ -jd-lhja+l- ■ -1 ja*.

a-1 a-1

In particular, we have the covariant derivatives of a contravariant vector

S*(x):

(2.13) ¿, - d?/dxi + rl,£*

and similar expressions for ^ = ^,1, ¡tju —£j,t,i, and so on.

In virtue of these formulas the second member of (2.10) may be put in

tensor form

(2.14) a.jk = t.ik + ¿.¡kit + r'jk |lf \Tpl

To find a more convenient expression for conditions (2.9) we take the

equivalent ones:

(2.15) a.jkpapß  =  Qaßpy,

where <fi# are to be determined. Partial differentiation of (2.15) with respect

to prp and pi gives

»'      ¡pa    j    k i      ipt   * »      ip »    j

a.jk\r,papß +   a.,k\rOapß + a.j,\TÖßpa

t      iff p    A: p   or ff   p      »* »      i ff p    /

(2.16) + a.,*|,5ap0 + (5aSs + 5a5ß)a.r. + a.ir\,oßpa

1    i pe     t ff     i p  »* piff»'

=  #00 |r< P7 + "r^a/S |r5. + <t>aß | A-

By contraction in (2.16) both for p and a and for er and ß we obtain

A(A + l)a.„ + a.ik tfpípl + (K + l)(a.jt \"+ a.jr \".)pa
(2.17) y   ,aß   i ß    i a   «• a   iß i

=  <t>aß \r, py + <t>aß \r 8, + <t>aß \.ST.

In order to simplify this relation use is made of the original expression of

o.jt, namely, (2.10), as well as the equation(6)

(6) Cf. Douglas, loc. cit. p. 715, formula (5.9).
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(2.18) pap¡ri. 11 + (K+ i)p"(r)-a 11 + ri» |') = o.

An easy calculation suffices to show that

(2.19) a.,-k\r.ßp

so that (2.17) becomes

(2.19) a'.jk \r!plpß +(K+ l)(a\Ti \'+ a'.j, \"r)pa = 0,

i y    i ctß     i ß    i a   i cl    i ß  i

(2.20) a.r,   =  paß\r, p-r + Paß\r8, + paß\.8T,

the functions p in (2.17) being now replaced by K(K+l)p.

Regarding (2.10), again we have

d Y a   d{ i   of" i   aí"        „ dVik        i  .. dC   a
r,* —• + Tia — + roi —: + è -— + r,» |. —- p.

(2.21) dx'dx" dxa dxk dx' dx" dx

r   |«f    i ß    lo   » a    iß   i

=  Paß \jkpy + Paß \j8k + paß \kOj.

Contracting for i and j and observing that(8)

y   iaß   h h       O y    ,ß

(2.22) Paß\hkpy  —  py   -Paß \k  =   0,
dpa

we shall find

e  i, 1       h
(2.23) Paß\k = ———-a.hk.

TV + 1

Substitution of (2.23) into (2.20) gives immediately

i i
i 8k h S,- A y   . aß    i

(2.24) a.jk-a.hj-a.hk = paß\ ¡kpy
TV + 1 TV + 1 '

If the last equation be differentiated partially with respect to p\ and the re-

sulting equation be contracted for i and I, we have, on observing

p     i aß y     I I     O P     \ aß y    1 aß

(2.25) Paß\jkl pp  =  Pf—rPaßljk    =   —   Kpaß\jk,
dpi,

because of the generalized homogeneity property of p, the following relation :

y   i aß 1 /    h      it 1 *l'1' ^1 T 1
(2.26) paß\jk =Y^K~\a-ikU~Y+~ia'hilk~ TV+Ta■Ä*lV•

The functions ^ in (2.21) can now be eliminated by means of (2.24) and

(2.26). A reference to (2.10) gives the required conditions for £'(x):

(*) Using the generalized Euler's equation for a function of the generalized homogeneity

property. Cf. Douglas, loe. cit. p. 712, formula (4.8).
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d2? m    de i    *í" i     di'
- nít-+ ním —- + nm* -

dx'dxk dxm dxk dx'

(2.27) ,- |
m dlíjk i    ,ff   o£ m ,- ,-

+ {   -+ n,-*  ,--p, = 5tf.k + 8kt-,;
dxm dxm

where we have placed (7)

(2.28)

and

> »
» » O j a Oka

n" = r» " T+~i Tak " T+~i T*

-     lit   ■   —   - 1 ak    j-í jo \k I
A7-A\      '        A+ 1 N+ 1       ' /

1 02Í*
(2.29) *.,- =

A7 + i a*M*'

It is to be noted that i¿.,-| 'm = 0.

3. The conditions of integrability. To find the conditions of integrability

of equations (2.27) we must now introduce the descriptive derivative of a tensor

defined in the same way as the covariant derivative of a tensor was defined

[cf. (2.12)] provided that the affine connection coefficients Y*jt are replaced

by njt. Designating this new derivation by a subscript preceded by a bar we

have particularly

(3-D |'|,-.i-l + nU'
dx'

and

a2!'        „ a$< .    ,-   dtm  ,    ,   3£«
i1 í* = t—r-T - n>* — + ní- -r-r + n mk '

dx'dxk dxm dxk dx'

(3-2) .-

+ S -+ n,* i-p, — js./jhÇ - n,» i{ \mp„
dxm dxm

where Bi.¡a is Rl.¡a formed with n instead of Y :

i                    i
i ulljk Ollji i       a i       a ,_o   _»    iff _a   _»   iff      m

Ç3.3) B.m = —- + noín)t - n^n,-, + (nmtn¿,|. - nmín,*| a)p,.
dx'        dxk

By use of (3.2) equations (2.27) may be written as

O Cf. Douglas, loe. cit. p. 722, formula (7.8).
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(3.4) i'\jk + B'.jkt1 + ni» iVl. = sip.k + sip.,-,

with {'|,- €'|«#?.
For the present necessity and further development it is convenient to

utilize the Lie derivative of a geometric object as Davies has shown in the

case of affine geometry(8). First of all, we shall demonstrate that equation

(3.4) can simply be expressed in terms of this derivative. In fact, when the

coordinate system is changed the law of transformation of II is easily found

to be

dxa a*6 _<      ax*   „       a2*'      ax*       a*'
(3.5) —:—-n* --Ujk-—-H-ek + —-8j,

dx' dx" dx" dx'dx"      dx' dx*

where

(3.6)
i     a log a

TV + 1      dx'

A= | (âx/ôx)| denoting the Jacobian of the transformation (').

Substituting (2.4) into (3.5) and neglecting, as before, higher powers of 5/

than the first, we are led to the relation

i      ( « a£<       i düm      i dtm
nik(x, p) = n,* + \uik — - n,. —- - nM»—-

I dxm dxk dx'

(3-7)
1       * í a2£< 1

+ — M.. +«,)-—}«.

Similarly, we obtain
i m

i ,    .       i     /an,* m      i ., aç    a
(3.8) \\jk(x, p) -n^ + I-—i + n,».—-p.)m,

\dxm dx1     /

whence follows the Lie derivative of IIjt:

./tt''n        ,.     njk(x, P) - ñ)k(x, p)
A(n,-fc) =    hm -

2   t i m m i

ai        »    ai       i  ai        (  d|       » an,-*
(3.9) - ——- -n,*-+ IL> —+ IL.»—- + £   —

ax'dx* 3xm 3x* 3x' axm
m

+ n;* \'m —- pi - —— (s'jp.k + «**./).
ax'        TV + i

(») Cf. Davies, loc. cit. p. 103, formula (2.6).

(') Several signs in formula (8.9) of Douglas' paper (loc. cit.) should be changed. Similar

corrections for formulas (5.5), (8.6) and (8.11). Also see Knebelman, loc. cit. formulas (1.13),

(4.3) (the latter lacks the term díx*'/(3ií3íT)) and Davies, loc. cit. formula' (1.3).
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Therefore the conditions for an infinitesimal descriptive collineation may be

written simply

(3.10) A(II-*) = 0.

As in the case of affine geometry it is readily shown that if ¡-'(x) determines a

descriptive collineation of the space, the Lie derivative is permutable with

the two operators denoted respectively by |,- and | ro.

The following  permutation formulas for the operations just quoted are

easily obtainable :

(3.11) X \jk — X \kj = (SnX    — X \npp)B.mjk,

(3.12) x*\t\i- xf\;\, = dxm - xXtïftiuM

with obvious extensions to any tensor. We also need the generalization of the

Bianchi identity in the form(10)

&.jmt\ i + B\m\ m + B^m] k

(3.13) + pff(n), \'nBn.hmk + njm \'nBnhki + n't \'nB\im) = o.

Let us now consider the conditions of integrability of (3.4). For this pur-

pose we have

»' i »' i *' i »'    i ff   m   ' r a

i |¡*i = 5,ip.k\i + Sep.i\t + Hik\rp«B.miat

i     iff i      hi i     iff     r      i p s i       m    q

— n,-Jfc|A|¡£    |ff + II,-* |rIIm¡ |,{    \qpffpp

a i       i h    i        i

— í    I I-S • ¡km  —  Í  B . jkh \ I.

If from this equation we subtract the one obtained from it by interchange of k

and I, make use of the fact that

» I     I a rira

<3.14) i l/U-CHfrl»,

of the equation

» i »* i »' i     i a    h m t* h i h x i

(3.15) $   \jkl —  K   \jlk  =   —  £   \i\hB.mklpa   + B.kklZ    \i —  B-jklK   \h,

and of the relation

(3.16) ll)k\mp7= 0 (for ail p, a and i, j, k),

the last being deducible from the definition of II and an equation given by

Douglas (loc. cit. formula (5.8)) :

•(3.17) r)* |Lp" = 0 (for all p, <r and i, j, k),

we shall have as the result

(») Davies, loc. cit. p. 102, formula (1.9).
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m    i        i i        |«r   A i t i       A K i       *

£ B.jki\m + B.jki |a£ |» — £ |a-B./h + £ I/^-aai

(3-18) + *"V-m. + e\iB\jkm = 4-il« - o\p.j\k.

By contraction in (3.18) for i and / we obtain

(3.19) fB°jka \m + Ba.jka \°h{ \. + ¡?\jBahka + C \kBa.ima = - (N - l)p.j\k

and, similarly, by contraction in (3.18) for i and k,

(3.20) imB'.ial\m + B\t\iï\.+ É*| ,*•"*•« + C\iBaiam = (TV - l)p.j\t.

On substituting (3.19) and (3.20) into (3.18) and reducing, we obtain the

conditions of integrability:

fw'.ikl\m + th\mW<.jki\lpln+!;h\jW!kkl

(3.21) - i\kWhikl + f\kw\iml + C\tW\jkm = 0

or, in terms of the Lie derivatives,

(3.22) A(W\m)=0,

where W.ju are the components of the descriptive curvature tensor (cf. Douglas,

loc. cit. p. 727) :

ai si
(3.23) W\jkl = B\jkl - —-i— 75*,». - —-^— B'.iai.

TV — 1 TV — 1

The conditions of integrability of (3.4) with respect to p are obtainable by

partial differentiation of (3.4). But we find it better to treat it directly from

(2.27), because the partial derivatives of £*, d¡;'/dx', d2%i/(dx'dxk) with respect

to the process |* all vanish. The resulting equation is as follows:

nih\n — + n»»U— -n,»|„ —

(3.24)
,   h a    ,- ,      ,- ., at*      < .„ a*» »

+ € —-ny», + n,»» — + n,» »»—-p, = o>
dxh dxn dxm

and it is easily seen that (3.24) may be written as

(3.25) A(nJ»|u-0.

The tensor form of the last equation follows immediately from (3.1) as-

well as from the fact that 7rjt | * is a tensor covariant in j, k, n and contra-

variant in i. Thus we obtain as further conditions of integrability

.,„*    iPi A i i    i pa    m hi        i       \p

Zhiijk |„ I* + t \muik \nhp. +• €| ,-n »» |.

(3.26) - ?V»l^*V»K+'*V/*|i = o-
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Because of (3.16) and its derivation with respect to p the following rela-

tions are valid :

ni     »     i pi

p» n,* |nl = o,

n,   4   ¡pip, pi    4   ,„
P<¡ 11 j* |nin2 —   — 0, Ujk |nl.

P» Iljt |nl-■ .ni-   — Off H)'t |nlna-•-nr-1 ' " " «ff       11 jk |nl • • -nr-rnr-l.

According to these equations and the permutability property of the A

operator with |,- and |m we may conclude as in the case of affine collineations

treated by Davies that if

(3.27) AOrF*.,». U*,...«.) -0 (s = 1, 2, •••)

and

(3.28) Afllj*ß!"£|,,,,...»)-0 (r = 1, 2, • • • )

form a finite number of conditions which are compatible, then the three sets

(3.4), (3.27) and (3.28) form a completely integrable system of equations,

and the space of A-spreads admits descriptive collineations. This generalizes

the result of Knebelman on projective collineations in generalized spaces.

4. Descriptive flatness of a space of A-spreads. We come now to establish

some theorems as immediate consequences of equations (3.4) and their con-

ditions of integrability. Consider, in fact, a solution £' of equations (2.27)

which are equivalent to (3.4). By a suitable transformation of coordinates we

can normalize the vector £* so that its components are 5\. Since equations

(3.4) are in tensor form, they remain in the same form and so do (2.27), the

latter reducing in this coordinate system to

dll'jk

(4.1) 77 = 0.
dx1

The finite transformations generated by the above vector are

(4.2) * « * + aSl,

for which the jacobian A = l, so that equations (3.5) give 11^ = 11^. That is,

the transformations (4.2) carry A-spreads into A-spreads. Thus we have

proved the theorem:

A necessary and sufficient condition that a vector £* must satisfy in order to

define an infinitesimal descriptive collineation is that it be a solution of (2.27).

From (4.1) follows the theorem:

The most general connection in a space of K-spreads admitting an infinitesi-

mal descriptive collineation may be obtained by choosing, for the coefficients of
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descriptive connection, functions of N— 1 of the coordinates x having the general'

ized homogeneity property of the second degree in p'r.

From (4.2) we have the theorem:

A manifold admitting an infinitesimal descriptive collineation admits the

finite continuous group Gi of descriptive collineations.

In the next section it is shown that this theorem may be generalized to

an r-parameter group Gr of descriptive collineations.

Returning to (3.4) we see that if they are to be completely integrable,

equations (3.26) and (3.21) must be identities in the AT2-)-A quantities ¿*| ¡

and £'. If we write these equations in the form

(4.3)

(4.4)

h     i     i p i k i i     i pa     m i      m   \p m     t     i p

£ n,-fc |n U + £    |m(n3jfc \nhpa   —  Ô/JIyjfc |n + 5," 11** |n

m     t    i p m     %    ¡p. n

+ SkHJk\n + sn-aik\k) = o,

|V./», |» + t\m(w\m lip»"1 - s[wmikl + sJw'.Mt

+ SkW.jh, + SiW.m) = 0,

it follows that

(4.5) IL**|„|„ = 0,        IF'.ful.-O

and each parenthesis in (4.3) and (4.4) must vanish. When these last two

quantities are contracted for m and h we obtain

(4.6) n-*|n = o,      w'.m-O.

Douglas (loc. cit. p. 728) has shown that these are necessary and sufficient

conditions that a space of A-spreads be transformable into

d2xi

(4.7) -0
du-duP

or, what is equivalent,

(4.8) x'^aW + C*

by arbitrary changes of coordinates and parameters. Hence:

4 necessary and sufficient condition that a descriptive connection must satisfy

in order to admit N2+2N linearly independent descriptive collineations is that

it be descriptively fiat.
5. Group property of descriptive collineations. The last theorem in §4 fur-

nishes a characteristic property of descriptively flat spaces of A-spreads. It

is for no other reason than this that the isomorphic transformations are called

descriptive collineations. Another fact which affirms the nomination may be

formulated more concretely as follows:

If a space of K-spreads admits r linearly independent infinitesimal descrip-



506 BUCHIN SU [May

tive collineations it admits the r-parameter group Gr generated by them.

For let ¿' and 17* be any two of the r linearly independent solutions that

equations (3.4) are assumed to admit and let X^Ç'd/dx', Y^n'd/dx' be the

corresponding generators. In order to prove the above theorem it is necessary

and sufficient to show that the Poisson operator (X, Y) is expressible linearly

with constant coefficients in terms of the r generators. Let (X, Y)=\id/dxi.

Then we have
\i = £* d-ni/dxk - nk a^/ax*

or better

(5.1) N'-IVU-ffl-

By descriptive differentiation we obtain

x'l* = ?W I» -1*!^!* + evUi - u*í'Uí
and since £* and n* satisfy (3.4), we get by means of these equations

si h i      i i h i     i i h   l     i i    i a     h   l i h   I > m

X 1 / = € \/n \h — v |»{ \h + tv B.jih — iïjh\i(t n \m — r¡ £ \m)p„
(5.2) i i i   h k

+ tp.j — np.j + 8j(£ p.h — ij p.h),

where in accordance with (2.29)

i      a2£* i      av

TV + 1   dxhdx' TV + 1  dxhdx'

When (5.2) are differentiated descriptively and second derivatives of |* and

17* are eliminated by means of (3.4) we obtain

* I _A       ,  * I      l * I      I. _»'        ,   t   A i 2  A i  .

M<t- B-m(í Uv -v U) + S.»*i({ i» 1/ - v i \i)
i        ,   h i       I Ail. Ali i

+ £./»(€ h -v k) + {i»i3./i»|t
A   iff     » i       Z i t t      ïi

+ n,-t|i(i |A7? |, — 17 |aí |„)

t    iff,   2 i      A i Z i     A i   ,

+ n*» i« \.v \i-v U \i)
t    iffi     .    I i      A Ii      A,

+ n,»|,|»({ U -v U)
tiff„ï m,   h r Ar,

(5.3) +Tljh\lB.mkrpff(tv  -i?€)

i       iff        (        |J>     •     f»        A    fl h    î"i

+ Ujh \ illmk \rppp,(% V   |< — V Z   \i)

+ ok(£  \jp.h — V   \iP-h)

+ £p-i\k — 1)p.j\k

t     Ai Ai Ai h i

+ 5,(£ \k<t>-h — v U^-a + £ <t>-h\k — v $-h\k)
»iff,Zi      Ai l t     Ai,

+ nifc|,(ç ,17  *-ij .{ I*).



1947] DESCRIPTIVE COLLINEATIONS IN SPACES OF /T-SPREADS 507

In deriving (5.3) use is made of (3.16) and

(5.4) PffV-m = 0, p,Vm = 0.

From (5.1) and (5.2) we have

._.    -v „4 I 4 .  m   t i mil.

(5.5) B.m%  = B.ikid ---"fi-)

and
tiffmli trffm.Äi        ! i hi       ' I   .

n,t|¡/»ff\   | m =   Hjk\lpff(£    \mV    \h  —  V    |mt   | *)

, _      . 4    i ff   m fc  r     Z

(5.6) +Iljk\,p,tr¡B.mrk

t    iff     I     if    A ri h r i        m   ê

— Hjk | ¡um* |r(í V   |. — »? €   |«)P» Pp-

Adding these two expressions to (5.3) and using (3.13), (3.18) and

i I p _^ i       1 p     I t      \ p    \ i       iff        I      \  p _^ i      L ff        lip T

(5.7) Z?.jJbA |m  =  IT ,-fc j m |A  —  U,h \m \k  +  (II jh \lHrk \m  ~  Hjk {¿Hrh \m)pr,

we find

* I „4 l i     iff    m    I i

X   \ik + B.ikl\    +U]k\lp,\   |m

(5.8) = Sj(Ç <i>.h\k — v t-h\k + £ \kff>-h — v \kip-h)

+ sh(£ <l>-j\h — v t-i\h + £ \i<t>-h — v \rt-h).

A reference to the definition of \p and rp shows

(5.9) 4>.j\h = >p.h\j,       <t>.,\h = <t>-h\j.

Hence, on putting

i     ax»
(5.10) * - {'*., - rt.r - -_——-,

A + i a**

we can write (5.8) in the form

»i 4 Z 4    i ff   m    Z i 4 4

(5.11) X |,-* + B.jkik + nlt|zPffX \m = SjX.k + SkX.j.

That íá, X* is therefore a solution of (3.4), which is homogeneous of the first

degree; this implies that if £*(«) (a = 1, 2, • • • , r) are the r linearly independ-

ent solutions of (3.4), X* = aa£'(a), where a" are a set of constants. Hence if

Xa = i;i(a)d/dxi we have (Xa, Xß)f = clßXyf, c/^ being the constants of com-

position of the group.
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