AN INDIRECT SUFFICIENCY PROOF FOR THE PROBLEM
OF BOLZA IN NONPARAMETRIC FORM

BY
MAGNUS R. HESTENES

1. Introduction. Until recently sufficiency theorems in the calculus of
variations have been established by direct methods, either by the construc-
tion of a Mayer field or by an expansion theorem. Indirect proofs have now
been devised. The first indirect proof was given in 1942 by McShane[2](*)
who established a very general sufficiency theorem for a weak minimum in
the problem of Bolza. The methods used by McShane were extended by
Myers [3] so as to obtain a sufficiency theorem for a semistrong minimum
in the nonparametric case. In certain special cases Myers obtained a strong
sufficiency theorem. In a recent paper the author [6] showed the methods
introduced by McShane can be modified so as to yield a strong sufficiency
theorem for the parametric problem of Bolza. Although these results are
phrased in terms of the parametric problem they are equally applicable to
the nonparametric case. As yet the general sufficiency theorems given by
McShane, Myers and the author have not been established by direct methods.

Although the sufficiency theorems given by the author are applicable to
the nonparametric problem of Bolza by transforming this problem to a
parametric one, the details of the method used do not appear to be sufficiently
general to enable one to obtain an indirect proof of the sufficiency theorem for
the nonparametric case without recourse to this transformation. It is the
purpose of the present paper to remedy this sxtuatlon and to obtain certain
additional results that are of interest. The dlﬁicultles encountered earlier
were overcome mainly by a suitable choice of a function K(C, Cp) which
measures the deviation of a comparison arc C from the atc Cy under con-
sideration.

The problem to be studied in this paper is that of minimizing a function

I(C) = o) + f f@, 5,3, 9)ds

in a class of arcs
C: a*, y¥(x) (K< xahh=1,---,r;i=1,---,n)
satisfying conditions of the form

1.1 (e, x,9,9) =0 B=1---,m<mn),
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(1.2) x* = X*(a), yi(x*) = Vi (a) (s=1,2).

The components a* of C are.independent of x. It will be shown in §8 below
that if Cy is an arc satisfying conditions (1.1) and (1.2) and the conditions
described in §2 there is a neighborhood § of Cy and a constant p >0 such that
the inequality

(1.3) I(C) — I(Co) 2 pK(C, Cy)

holds for every admissible arc in {§ satisfying the conditions (1.1) and (1.2).
Here

K(C, Co) = (@ — ag)(a’ — ao)

1.4 i i S
a4 +fc{[1+(y' — 505 — 0]

1/2

— 1}d=

and a,, y3(x) are the functions defining Cy, extended if necessary so that the
integral (1.4) is well defined. As was remarked above, the integral (1.4) can
be considered a measure of the deviation of the arc C from Cy, provided C
satisfies the end conditions (1.2). Further inequalities of the form (1.3) are
also givenin §8.

One of the interesting features of the sufficiency proof given below is that
the problem is reduced in §§3, 4 to the study of one in which there are no
differential side conditions (cf. [8]). The problem so obtained is of a type
which, as far as we know, has not been treated heretofore and to which the
usual field theory does not appear to be applicable. An analogue. of the
theorem of Lindeberg is given in §5.

The methods here used are applicable with simple modifications to the
case when the arcs C are also required to satisfy isoperametric conditions of
the form

I'(C) = g°(a) -I-fcf"(a, x, 9 9dx =0 (e=1,---,9).

The modifications necessary are like those made by the author in the para-
metric case (see [6]) and will be left to the reader.

In carrying out our sufficiency proof it will be convenient at times to
assume that the functions X'(a) and X2(a) given in (1.1) and (1.2) are con-
stants. This hypothesis greatly simplifies our computations. Moreover no
generality is lost thereby since this situation can be realized by replacing x by
a new variable ¢ defined by the equation

x = XY(a) + ¢[X*(0) — X} (a)],

provided X2(a) > X'(a), as we shall suppose.
2. A sufficiency theorem. The terminology and notations to be used are
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essentially those used by the author for the parametric case [6]. For example,
we shall use the vector notation

C: e, (%) (2! = 2 = a?)

for an arc C. The lengths of vectors @, y, p, - - - will be denoted by lal ,
[9], ||, - - - . Arepeated index in a term will denote summation, except for
the indices ¢ and s.

It will be assumed that the functions f(a, x, ¥, $), $?(a, x, ¥, p) and their
derivatives with respect to a*, y% p% are continuous and have continuous
derivatives on an open set R in (a, x, ¥, p)-space. The functions g(a), X*(a),
Y#(a) are assumed to be of class C’' on R. We suppose that X'(a) < X?%(a) on
R. The subset of R on which ¢# =0 will be denoted by D.

By an admissible arc C will be meant one for which the functions y(x)
defining C are absolutely continuous and have integrable square derivatives
and whose elements [a, x, y(x), y(x) ] are in &% for almost all x on x'x2. We shall
say that C satisfies the differential equations ¢#=0 if ¢2[a, x, y(x), y(x)] =0
for almost all x on x'x2

We shall be concerned with a particular admissible arc

Co: ao, ¥o(x) (= x=<2d

of class C’’ that satisfies the conditions (1.1) and (1.2). It will be assumed that
the matrix ||¢%]| has rank m along Cy and that there exists a set of multipliers,
not identically zero,

2.1 A =0, M(x)
of class C’ such that if we write
F(a, %, 9, 9, N) = A + Mgf,  G(a) = N\%(a)
then the equations
(2.2) (d/dx)F ;¢ = Fy,
(2.3) Gr+ [(F — 3F,0X0 + Fu¥a' ] + Fadz =0
0

hold along Co. Here and elsewhere the subscript # on G(a), X*(a), Y*(a)
denotes the derivative of these functions with respect to a* at a=a,. The
quantity in the brackets is to be evaluated at the initial end point of C,
when s=1 and at the final end point when s=2.

We shall make a further restriction on our choice of multipliers (2.1). To
this end let Eg(a, x, ¥, p, g¢) be the E-function

Er = F(a, % ¥ 9) - F(a’ %, Y, P) - (Q‘ - p‘)F,,c(a, %, Y, P)
and denote by E.(p, ¢) the corresponding E-function for the integrand
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L(p) = (1 + pip)2

of the length integral. Recall that D is the set of all elements (a, x, ¥, p) in
R for which ¢#=0. It will be assumed that there is a neighborhood D, of :Cy
relative to D and a constant 7> 0 such that the inequality

EF(ay %, Y b, 9) 2 TEL(?' Q)

holds whenever (a, %, ¥, #) is in Do and (a, x, ¥, q) is in D. This is the condi-
tion of E-dominance recently introduced by the author. It is equivalent to
the strengthened condition of Weierstrass together with the condition of
nonsingularity(?). The latter condition states that the determinant

F iy ¢:‘
¢ O

is different from zero along C,.

If it is possible to choose the multipliers (2.1) so that N°=1 we shall sup-
pose that they have been so chosen. Then apart from an arbitrary positive
constant the totality of multipliers that satisfy the conditions described
above are expressible in the form

2.9) A0 2> 0, M(x, B) = M(x) + Ne(x)b° (c=1,--,10.

It is to be understood that we may have [=0. Here the functions A% (x)
form with A% =0 a maximal set of linearly independent multipliers of the
form N°=0, NM(x) with which C, satisfies equations (2.1) and (2.3). If A\°=0
in (2.4), then M(x) is a linear combination of the set N*(x) (=1, - - -, 1).
The functions M?(x) are of class C’ and the matrix |\ (x)|| has rank / on x'x2.
In what follows we frequently shall make statements about the parameters
b=(d", - - -, bY) appearing in (2.4), thereby tacitly implying that /= 1. These
statements are to be considered to be vacuously true when /=0.

In the following pages we shall be interested only in the multipliers be-
longing to this family. In view of this fact it is convenient to introduce the
notation

(2.5) H(a, z, y, p, b) = Nf + M(x, b)¢f + 0(a, =, ¥, p)¢°¢’.

Here 0(a, x, y, p) is for the moment an arbitrary function of class C’’ on R.
It is readily verified that the conditions described above as well as the
further condition imposed on Cy in Theorem 2.1 below is independent of our
choice of 8. The reason for its introduction will be made clear in Theorem 2.2
and in the next section.

(2) The proof of these remarks can be found in the author’s paper [4] on the Weierstrass
E-function. This paper deals with the parametric problem. However the hypotheses are such
that the results are equally applicable to the nonparametric case.
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The E-function for H will be denoted by Ex(a, x, y, p, b, g). Let B be the

set of all elements b=(d', - - -, b!) for which there is a constant 7>0 and
a neighborhood D, of C relative to D such that the inequality
(2'6) E};(d, %, Y, ?’ b’ Q) g TEL(?’ ‘I)

holds whenever (a, x, y, p) is in Do and (a, x, ¥, ¢) is in D. The set B is an
open set. To prove this observe that whenever (q, x, v, ) and (a, x, ¥, ¢) are
in © we have

EH(at X Y, Pr b, q) = EF(av X, Y, Pv q) + Aﬂab”Edﬁﬁ(a, X%, Y, ?’ q),

where E is the E-function for ¢#. Moreover, as has been shown by the author
[4, p. 59], there is a constant 7;>0 and a neighborhood D, of Cy relative to
D such that the inequality

Eu(p, ¢) = 11| Eeb(a, 2, 9, 9, @) |

holds whenever (a, x, v, p) is in D, and (@, x, , q) is in D. From these re-
marks it follows readily that if (2.6) is effective for an element b, with a given
constant 7 and neighborhood D, in ®,, then it will remain effective on a
neighborhood of b¢ provided 7 is replaced by 7/2. Consequently B is open, as
was to be proved. It is clear that the conditions (2.2) and (2.3) with F re-
placed by H hold on Cy. It should also be observed that (2.6) implies (see [4,
p. 57]) that the inequality

H i > 0

holds along C, whenever b is in B and 70 satisfies the conditions ¢5ri=0.
We next introduce the function

@.7) J(C, 8) = G(a) + f H(a, %, 3, 3, b)ds
c

and observe that J(C, b) =\°I(C) whenever the equation ¢#=0 holds along
C. The second variation Ju(v, &) of J(C, b) along C, takes the form

Ja(v, b) = 20() +f:: 2Q(e, x, 1, 4, b)dx.

E 3

Here 2Q(a, x, 5, 7, b) is the second differential of H(a, x, y, p, b) on Cy with
respect to the variables a*, y%, p%, The function 2Q(«) is a quadratic form in
a=(at, + - -, a’) such that the coefficient of ata* is

G+ [(H — 3 H ) X0 + HuVi]lo,

8=2

+ [(H. — 3 B)XOX: + Hi(XWYy + Xo¥y) + HaXy + HaXn)]

8=1"

As before the subscripts %, & denote derivatives with respect to a* and a*
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at a=a,. When s=1 the quantity in the brackets is to be evaluated at the
initial point of Coy and when s=2 at the final end point of C,. If X'(a) and
X?(a) are constant this coefficient takes the simpler form

=2

(2.8) G + [Hp¥ai] s

The symbol v denotes a set of constants and absolutely continuous functions
v: ak, 9¥(x) (=22 h=1,---,7r;i=1,--+,m)

whose derivates %%(x) are integrable square on x'x2. Such a system will be
called an admissible variation. We shall be interested in admissible variations
v that satisfy along C, the differential equations

(2.9) & (a, 2,1, ) = o+ diin + G =0

for almost all x on x'x2? and the end conditions

(2.10) 2'(@) = (Tx — 5 (@)X (s =1, 2).

Again if X'(a) and X2(a) are constants, these equations take the simpler
form

L is h

1(x) = Via .
As a first sufficiency theorem we have:

THEOREM 2.1. Let Co have the properties described above. Suppose further
that for every non-null admissible variation v satisfying the conditions (2.9) and
(2.10) there is an element b in B such that the inequality Ja(y, b) >0 holds. Then
there is a neighborhood § of Co in axy-space such that the inequality I(C) > I(Co)
holds for every admissible arc C~Cy in § satisfying the differenital equations
(1.1) and end conditions (1.2).

This result, stated in somewhat different form, was conjectured by
McShane [2, p. 346]. As was stated in the introduction it is a corollary of the
corresponding result for the parametric case. The hypothesis used by the
author appears to be weaker. However they are equivalent. In this theorem
the function 6(a, x, ¥, p) appearing in the definition of J(C, b) is of no conse-
quence. The function @ can be used to establish a new proof of Theorem 2.1
by showing that the following more general result is true.

THEOREM 2.2. Let Co have the properties described in Theorem 2.1. The
Sfunction 0(a, x, y, p) used in the definition of the function J(C, b) can be chosen
so that there is a neighborhood § of Co in axy-space such that given an admissible
arc C#=Cq in § satisfying the end conditions (1.2) there exists an element b in
B such that J(C, b) > J(Cy, b).
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In this theorem we do not require the arc C to satisfy the differential equa-
tions (1.1). It is clear that Theorem 2.2 implies Theorem 2.1 in case N°=1,
If N°=0 then J(C, b) = J(Co, b) =0 for every arc C satisfying the conditions
¢%=0. Hence C, is the only arc in § satisfying the conditions (1.1) and (1.2).
The conclusion in Theorem 2.1 is therefore vacuously true and Theorem 2.1
holds in either case.

3. Preliminary lemmas. The selection of the function 6(a, x, y, p) appear-
ing in the definition of H will be made in the next section. In doing so we shall
make use of certain results which we shall now establish. We begin with the
following lemma.

LemMA 3.1, Under the hypothesis of Theorem 2.1, there is for each element
bin B a constant 0, such that if 0 20, the inequality

G- Hyipimin? > 0
holds along Co whenever w0. Moreover if
Yo Qg ﬂq(x) (xl =x= xz; q= 1,2,--- )

is a set of admissible variations converging uniformly on x'x? to a variation

Yo: oo, n0(%) (o' = x 5o
then
(3.2) lim inf Jz(“yq, b) g Jz(‘Yo, b)

q=8

provided b is in B and 0 26,.

The first statement has been established by Reid [1, p. 679] and the
author [4, p. 57]. The second follows from the fact that when (3.1) holds
the function Ja(v, ) is lower semi-continuous (see [2, p. 358]).

LEMMA 3.2. Under the hypotheses of Theorem 2.1 there is a compact subset
B, of B and a constant 0, such that if 0(a, x, y, p) 200 and v is a non-null ad-
missible variation satisfying the end conditions (2.10), there is an element b in
By such that Jy(y, b) >0. Moreover the constant 0, can be chosen so that the in-
equality (3.1) holds along Co whenever b is in By and w#0, provided 0 =0,.

In this lemma we do not require the variation v to satisfy the differential
equations (2.9). In order to prove this result let P(y, b) be the function ob-
tained from Jy(y, b) by setting 8 =0. Since ¢#=0 along C, we have

z’
Tatv, B) = P(y, b) + 2 f 089 BAdx
zl

where ®? is given by (2.9). Consequently if we set
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0(v) =2 f ,, PPy

we have

12(7! b) g P('Y: b) + ooQ(7)

whenever 0 =0,, the equality holding when 6 =6,.

Since B is an open set it is the union of a denumerable set of compact sets
B,, By, - - - such that B,CBg. If the first statement of the lemma were
false there would exist for every integer ¢ a non-null admissible variation

h [
i o me®) ' szs57)
satisfying the end conditions (2.10) such that the inequality
(3.3) P(ve, 8) + 9Q(vo) = Ja(vq, 8) =0 629

holds for every element b in B,. Since the functions at hand are homogeneous
in ¥ we can suppose that v, has been chosen so that

(3.4) el + [ : {ne@) |2 + | o) |2}z = 1,

where a pair of vertical bars denotes the length of the vector at hand. As has
been shown by McShane [2, pp. 353-355, 375] we can replace the sequence
{‘yq} by a subsequence, which we take to be the original sequence, which con-
verges to a variation

A [ 1 2,
Yoi ao,  10(%) (r =2=x)

in the sense that

(3.5) lim ap = s,  lim my(%) = no(x)  uniformly on z'%"
gm=co gm=
This variation obviously satisfies the end conditions (2.10).

As a next step we shall show that «, satisfies the differential equations
(2.9). To this end consider an element b in B and let ¢, be chosen so that b is
in B, whenever ¢2¢,. Using Lemma 3.1, we see that there is a constant 6,
such that
(3.6) lim inf [P(yq, 8) + 8:0(v0)] Z P(ya, b) + 6:Q(v0).

Q==
Using the inequality (3.3), which holds when g =g, together with the rela-
tions (3.6) and Q(v) =0, we see that
lim inf Q(y,) < 0.

Q=
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But since the Legendre condition holds for Q(y) we have (see [2, p. 358])
lim inf Q(y,) 2 Q(70) 2 0.

gm=co
Consequently Q(vo) =0. From the definition of Q it is clear that this can be
the case only if vy, satisfies the differential equations ® =0 for almost all
values of x on x'x2, as was to be proved.

We shall show next that v, must be the null variation. Suppose this were
not the case. Then by our hypotheses there is an element b in B such that
J2(70, b)>0. Using this value of b in the last paragraph it is seen by (3.6),
with Q(vo) =0 and P(y,, b) >0, that for large values of g one has

P(y,, ) + 0:Q(vg) > O,

contradicting the inequality (3.3) which also holds for large values of ¢. It
follows that v, is the null variation.

We shall complete the proof of the lemma by showing that v, cannot be
the null variation. For suppose that this is the case. Let b be an element in
B and take 8 =0,, where 6 is chosen as described in Lemma 3.1. Then by virtue
of (3.6) we have

lim inf Ja(v,, b) = lim inf [P(yq, b) + 6:0(vo)] = 0
q=x g=
since P(v,, b) =Q(v0) =0. Using (3.3), we see that the equality must hold.
Consequently, by virtue of (3.5) with oy =95 =0 and the definition of Js(v, )
we have

(3.7) 0 = lim inf Ja(yy b) = liminf | Hppneidz.

g= g= o
Since by Lemma 3.1 the last integrand is a positive definite form there is a
constant ¢ >0 such that inequality

Hppr'ni Z on'nd 2 ¢|x|?
holds. Consequently equation (3.7) implies that
zl
lim inf | 4 [2dx = 0.
gm0 zl

Using (3.4) and (3.5) we see that
z!
lim | 5 |2d% = 1.
= ES
This contradiction completes the proof of the first statement of Lemma 3.2.
In order to complete the proof of Lemma 3.2 observe that by continuity
considerations it is seen that if =0, is effective as described in Lemma 3.1
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for an element b= it is effective for a neighboring element b. Iience by the
Heine-Borel theorem there is a value 8 such that the inequality (3.1) holds for
every element b in B, provided 626, and 7 0. Increase 6, if necessary so
that 6y=0,. The last statement in Lemma 3.2 is then valid, as was to be
proved.

In the proof of Theorem 8.1 below we shall use the result given in the fol-
lowing lemma.

LEMMA 3.3. Let 0o and B, be chosen as described in Lemma 3.2 and let
(38) "2(7’ br 0’) = J?(‘Y’ b) + 0'I2('Y, b),

where I5(vy, b) is a function of v, b of the same form as Ja(y, b). There exists a
number ao>0 such that given a non-null admissible variation v satisfying the
end conditions (2.10), there is an element b in By such that the inequality

3.9 Ja(v, b, 0') >0
holds whenever |a| <a.

Observe first that since Iz(y, ) is of the same form as Ja(y, b) there is a
constant 7 such that

610 [nmol s flalt+ [ (Il ]l

whenever b is in By. Suppose now the lemma is false. Then there exists for
every integer ¢ a value o, not exceeding 1/q in absolute value, and a non-
null admissible variation

Ye: Qq, 7q(%) (2' = x = 2?)

such that
J'A’('yq’ by UQ) é 0

whenever b is in B,. We can suppose that 7, satisfies condition (3.4). Then
]Iz(ryq, b)l =7 by (3.10). Since lim 4, ¢,=0 we have
3.11) lim inf Ja(v,, 8, o) = lim inf Ja(vy,, 8) < 0
g= g=w

for every b in B,. As in the proof of Lemma 3.2 we can replace the sequence
{¥.} by a subsequence, again denoted by {¥.}, which converges uniformly
on x'%? to an admissible variation v, satisfying the end conditions (2.10).
By (3.11) and (3.2), which holds because of our choice of 6y, we have
Ja2(7v0, ) 0 for every element b in By. It follows from the last lemma that v,
is null. Hence equation (3.7) holds. As was seen in the proof of Lemma 3.2
this is impossible. This contradiction establishes Lemma 3.3.

4. Choice of the function (e, x, v, ). We are now in position to select
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a function @ that will be effective as described in Theorem 2.2. This choice
will be made in the following:

LeEMMA 4.1, Let C satisfy the conditions described in Theorem 2.1 and select
a compact set By of B and a constant 0o having the properties described in Lemma
3.2, There exists a function 0(a, x, ¥, p) 200 of class C" such that when this
Junction is used in the definition (2.5) of H(a, x, ¥, p, b) there is a neighbor-
hood R, of C, relative to R and a constant v>0 such that the inequality

(4'1) EH(a’ % Y, P7 br q) g TEL(?’ 9)
holds whenever b is in By, (a, x, ¥, p) s in R and (a, x, ¥, ¢) is in R.

The proof of this result is like that used by the author [4, §8] and Miss
Lewis [8, §4] in a similar situation. Select § =6, in H. We first observe that
there is a constant 7, >0 and a neighborhood R, of Cy such that the inequality

(42) EH((I, % Y, Pr b; 41) g TIEL(?r q)

holds whenever b is in By, (@, x, ¥, ¢) is in D and (a, x, ¥, ) is in the inter-
section of D and R;. For by the argument like that following (2.6) it is seen
for each element b, in B, the constant 7, and the neighborhood $; can be
chosen so as to be effective for neighboring elements b. It follows from the
Heine-Borel theorem and the compactness of B, that &R, and 7, can be chosen
so as to be effective for every b in B,, as described above. By virtue of Taylor’s
theorem and the continuity of our functions it follows from (3.1) that we can
diminish 7; and R, so that the inequality (4.2) also holds whenever b is in B,
and (a, x, ¥, ), (a, x, 3, ¢) are in R, but not necessarily in D.

We shall show next that a constant 7 can be chosen so that there exists
a second neighborhood Ry of Ri whose closure is interior to R, such that the
inequality (4.1) holds whenever (a, x, ¥, p) isin Ry, (¢, x, ¥, @) isin D and b is
in By. To this end we select first a neighborhood R* of Cy whose closure is in
R1. Then there is a positive constant e<1 such that if (a, x, y, p) is in R*
and (a, %, ¥, @) is exterior to N, we have

(4.3) 3eL(q) = EL(p, 9) S 2L(g).

We next select R so small that there exist # continuous functions ri(e, x, ¥y, p)
defined on Ry such that if (a, x, ¥, p) is in Ry, then (a, x, y, 7) is in R* and
¢#8(a, x, y, ) =0. Here we are using the notation 7¢ for ri(a, x, v, p). We have
(4-4) Eg(a, x, v, 5 b Q) = EH(av % 9 1b, 9) + R
where
R = ¢[Hi(a, %, y, 7, b) — Hy(a, x, v, p, b)]
+ [p'H (e, 2, 3, 9, b) — r'H (s, x, y, 1, b)]
+ H(a, x, v, 1, b) — H(a, x, v, p, b).
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If Ry is taken sufficiently small we have
| Rl < er1iL(q)

for every element (g, x, y, p) in Ro and b in B,. It follows from (4.2) and (4.3)
that if b is in By, (@, x, ¥, p) is in Ry and (g, x, ¥, ¢) is'in D but not in R, we
have

Eﬂ(a’ % Y b bv Q) = TlEL('r Q) - ETxL(q) 2 zeTlL(q) P GTIEL(?y Q)’

Setting 7 =er, in (4.1) we obtain the result described at the beginning of this
paragraph.

We now select open sets Rz, Rs, -+ - - whose union is R and which have
the property that the closure of ®; is in Rj4; for j=1, 2, - - - . Let 0;(a, x, v,
) be functions of class C’’ such that

4.5) 6; =0 on R;_,, 0; = 0 on R, 0;=1o0on RN —N;

In what follows it will be understood that b is in B, and (g, x, 3, p) is in R,.
If (a, x, ¥, g) is in R;u—R; (j=1), then (4.1) holds if ¢?(a, x, 3, g) =0 and
hence, by continuity, if

(4.6) (e, %, y, 9)¢°(a, %, 3, 9) < ;EL(p, 9),
where ¢; is a small positive constant. Select a constant §; such that
(4'7) EH(G, % 3, P br 9) > 51'

whenever (g, x, ¥, ¢) is in R;.1—R;. Let d; be a positive constant such that
the inequality

(4.8) di;EL(p, q) + 8; > mEL(p, q) (7 not summed)
holds on this set. Set
4.9 0(a, x, y, p) = 60+ d6; (j=1,2, - ;jsummed).

We then have by (4.5)
(4.10) 06— =0o0onRy,, 06—6,=0o0nR, 6—06=d; onRNR—R;.
Setting k= (0 —00)¢?¢? we have k=0 on R, and

Ena, %, 3, 9, 9) = h(a, z,5,9) 2 0

provided (a, x, 3, p) is in R, as we have supposed. Let H*=H+ k. We then
have

(4.11) Eg* (o, %, , b9 = EH_(ar % 9 0, b, @) + h(a, =, Y9
whenever (a, x, ¥, p) is in Ro. If (a, x, ¥, @) is in RNy then (4.1) holds so that
(4'12) EH' (ar x, y, ?1 bv q) g TEL(?» q)-
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The same is true if (e, x, ¥, @) is in R;11—R; (j=1) and (4.6) holds. If (4.6)
fails to hold, then by (4.10)

ke, 2, 3, 9) 2 (6 — Oo)e;EL(p, q) Z dresEL(p, ) (4 not summed).

It follows from (4.8) and (4.11) that (4.12) holds in this case also. The func-
tion @ defined by (4.9) accordingly has the properties described in Lemma 4.1.
It is not difficult to show that there is a constant ¢ >0 such that

L(p) 2 oL(p — Fo(x)) (ot = = 47).

As has been shown by the author [4, p. 59] this implies the existence of a
constant 7; and a neighborhood R, of Co such that the inequality

(4.13) EL(p, 9 2 nEL(p — $0(%), ¢ — Fo(%))
holds. Hence when (2.6) holds we have
Ex(a, %, 3, b, b, @) 2 TEL(p — Jo(x), g— Jo(%)).
We shall be interested in the particular case when p=o(x). This gives:

LEMMA 4.2. Under the hypotheses of Lemma 4.1 there exists a constant >0
and a neighborhood § of Co in axy-space such that the inequality

7] g — 3o(x) |2
1+ L(g — Ho(x))

holds, whenever b is in B, (a, x, y) is in § and (a, x, ¥, q) is in R.

(414) Eﬂ(a’ %, ¥, S'O(x)r b, Q) = TEL(Ov q9-— yO(x)) =

5. Theorem of Lindeberg. Before proceeding to the proof of Theorem 2.2
it will be convenient to establish an analogue of the theorem of Lindeberg.
This will be done in Theorem 5.2 below. The results here obtained are of
interest apart from the application to be made in the next section. In the proof
we do not utilize all the properties of J(C, b). In fact we shall use only the
property described in the conclusion of Lemma 4.1.

The results obtained below are based on the following lemma.

LemMA 5.1. Let p(a), M(a, x, v, b), Nia, x, v, b) be continuous functions
and let

J*(C, b) = p(a) +f {M(a, x, v, b)dx + Ni(a, x, y, b)dy‘}.
c
Let By be the subset of B described in Lemma 4.1. Given a constant €>0 there
exists a neighborhood § of Co in axy-space such that for every admissible arc C in

& satisfying the end conditions (1.2) and every element b in B, one has

(5.1) |7*(C, 8) — 7*(Co, 1) | < €[t + ER(C, B)],
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where
5.2) EYC, 8) = f Eula, 2, 9, $0(x), b, §lda.
C

Using the fact that B, is compact the proof can be made by the argument
used by the author [5, pp. 75-78] to establish a similar theorem for the
parametric case. In the proof one can assume without loss of generality that
X*'(a) and X2(a) are constants.

The lower semicontinuity of J(C, b) is given in the following theorem.

THEOREM 5.1. Let By be the compact subset of B described in Lemma 4.1.
Given a constant € >0 there is a neighborhood § of Co in axy-space such that the in-
equality

(5.3) J(C,b) 2 J(Co b) — ¢

holds whenever b is in By and C is an admissible arc in § satisfying the end
conditions (1.2).
In order to prove this result let

J*C, b) = G(a) + f (B, % 3, 500), )

+ (5'= 5(=) Hys (3, 5, 3, 3u(=), b) }d.

(5.4)
We then have

(5.5) J(C, 8) = J¥(C, b) + Ex(C, b),

where E§(C, b) is given by (5.2). Using the relation J*(Co, b) =J(Co, b) it is
seen that

(5.6) J(C, b) — J(Co, b) = J*(C, B) — J*(Co, 8) + Ex(C, b).

Given a positive constant €<1 let § be chosen so that (5.1) holds as
described in Lemma 5.1. It follows that

J(C B —J(Cob) = —e+ (1 — )ER(C, B) = — ¢

whenever b is in By and C is an admissible arc in § satisfying the end condi-
tions (1.2). This proves Theorem 5.1.

We are now in position to prove an analogue of the theorem of Lindeberg.
To this end consider a second function

$.7 I(C, b) = P(a) +f R(a, %, ¥, ¥, b)dx
c

where P(a) and R(a, x, y, p, b) have the continuity and differentiability prop-
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erties on R prescribed for G(a) and H(a, x, ¥, p, b). It is assumed that the
E-function Eg for R is such that there is a constant 7> 0 and a neighborhood
Ro of Co in axyp-space such that the inequality

(5.8) Ex(a, %, 9, 9, b, q) 2 71| Ex(a, 2, 9, , b, 9) |

holds whenever (a, x, ¥, ) is in Ry, (@, x, ¥, @) is in R and b is in the set By
described in Lemma 4.1. The length integral

) L)

THEOREM 5.2. Let By be the compact subset of B described in Lemma 4.1.
If I(C, b) has the properties described above there is a constant p>0 such
that given a constant 5> 0 there is a neighborhood § of Co in axy-space such that
the inequality

(5.9 J(C, ) — J(Co, b) Z 2p{ | I(C, b) — I(Co, b) | — 8}

holds for every admissible arc C in § satisfying the end conditions (1.2) and for
every b in By. If C also satisfies the condition

has this property.

(5.10) | 1(C, 8) — I(Co, b) | = 25
then
(5.11) J(C, ) — J(Co, b) Z p| I(C, b) — I(Co, b) |.

In order to prove this result choose constants 7, 71 and a neighborhood R,
of Co so that the inequalities (5.8) and (4.1) hold as stated. Choose p =71/2.
Set

H,(a, x, 3, p, b) = H(a, %, y, p, b) + oR(a, %, ¥, p, D),
G.(a) = G(a) + oP(a)

where 0= +p and consider the function
(5.12) J(C, b, o) =G, +f H,dx = J(C, b) + oI(C, b).
C

By (5.7) and (4.1) we havye
(5.13) Eno(a, %, 3, p, b, ) 2 (r/2)EL(p, q)

whenever (e, x, y, p) is in Ry, (a, x, ¥, q) is in R and b is in B,. It follows
that J(C, b, o) satisfies the conditions upon which the proof of Theorem 5.1
is based. Given a constant ¢>0 there is accordingly a neighborhood § (effec-
tive for ¢ =p and for ¢ = —p) such that the inequality
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J(C, b, 0) — J(Co, b, 0) = J(C, b) — J(Co, b) + o[I(C, b) — I(Co, b)] = — ¢
holds whenever b is in By and C is an admissible arc in § satisfying the end
conditions (1.2). Taking ¢ = + p one obtains the inequality (5.9) with éd =¢/2p.

The last statement in Theorem 5.2 follows at once from (5.9). This proves
the theorem.

By virtue of the inequality (4.14) the function
z!
(5.14)  K(C,Co) =|a— aolt+ f . {L(3(x) — 30(x)) — 1}dx,

considered as a function of C with C, held fast, has the properties prescribed
for I(C, b). This integral is a measure of the difference between C and C,
and will be used in the next section. As a consequence of the last theorem we
have the following corollary.

COROLLARY. There exists a constant p>0 such that given a constant ¢ >0
there is a neighborhood § of Co tn axy-space such that the inequality

(5.15) J(C, b)) — J(Co, b) 2 pK(C, Co)

holds for every admissible arc C in § satisfying the end conditions (1.2) and the
relation

(5.16) K(C, Co) 2 0.

Before closing this section it will be convenient to establish the following
result which will be useful in the next section.

THEOREM S5.3. Let

X 6 W@  (@mSsSmg=12-)

be a sequence of admissible arcs salisfying the end conditions (1.2) and having

(5.17) lim a, = ay, lim y,(x) = yo(%) uniformly on Alx,
g= gm=

If for an element b in B,

(5.18) lim sup J(C,, ) < J(Co, b)
g=o
then
(5.19) "lim K(C,, Co) = 0
qm= o
and

(5.20) LHm 9,(x) = yo(x) in measure on x*x%.

g=w
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Given a constant p>0 there is a constant 6 >0 and an integer qo such that of M
s a subset of x'x* of measure at most & and g = qo then

5.21 < | w@d

(5.21) osfM (9)dz < p
where

(5.22) lo(%) = 1+ L(94(%) — yo(x)).

The relation (5.19) follows from Theorem 5.2 with I(C, b) =K(C, Cy)
and (5.20) follows from (5.19). To prove the last statement in the theorem let
p be a positive constant and choose go such that when g=go one has
K(C, Co) <p/2 and hence

(5.23) f,‘ {l(x) — 2}dx < p/2.

Let d=p/4 and consider a subset M of x'x? of measure at most 8. Since the
integrand of (5.23) is nonnegative we have

f {l(x) — 2}dx < p/2
M

and hence
f l(x)dx < 25 + p/2 = p,
M

as was to be proved.

6. The variation v,. Theorem 2.2 will be established by showing that if
it were false there would exist a non-null variation 7, satisfying end condi-
tions (2.10) such that J3(ve, b) S0 for every element b in B, contrary to the
result described in Lemma 3.2. It is understood that the function 8(a, x, ¥, p)
has been chosen so that Lemmas 3.2 and 4.1 are valid. We assume also that
the functions X1(a) and X?2(a) are constants.

Suppose now the conclusion in Theorem 2.2.is false. Then given am
integer ¢ there exists an admissible arc

Ce: Gy, Yo() | (2 = x S 2%

in the (1/g)-neighborhopd of C, satisfying the end conditions (1.2) and
having .

(6.1) J(Cq b) = J(Co, b)

whenever b is in By. The arc C, is taken distinct from Co. In view of Theorenr
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5.3 we have lim g, y,(x) =90(x) in measure. By replacing our sequence by a
suitably chosen subsequence we can obtain the relations

lim a, = a,, lim y4(x) = yo(x) uniformly on x'?

= g=c

6.2
6.2 lim y,(x) = 9o(2) almost uniformly on x!x2
gm0

Let k, be the positive number defined by the equation
:2
63 K=KCoC) = o=l + [ (LG 50 - 1)ds

where a pair of vertical bars denotés the length of the vector at hand. Follow-
ing McShane and Myers we consider the variations

Ye: oy = (8, — 60)/ kg, 79(%) = (9(%) — yo(%))/kq.

Using the fact that we can replace the original sequence C,} by a sub-
sequence, it can be brought about that the sequence {'yq will have the
properties described in the following lemma.

LeEMMA 6.1. The variation vy, satisfies the relation

(6.4) Joal+ [l = 1,
where
(6.5) l(%) = 14 L(y4(x) — yo(x)).

Moreover, given a constant €>0 there is a constant 6 >0 and an integer go such
that if g2 qo and xlx)'(c=1, - - -, N) are N nonoverlapping subintervals of
x'x? the sum of whose lengths does not exceed 8, then

(6.6) 2o (! ) = mo(al) | < e

oml
Equation (6.4) follows from (6.3) and the relation
LGy~ 30) =1 =9 = 30|/t
In order to prove the second statement in the lemma let ¢ be a positive
constant and set p=e¢2. Choose 6 <p and ¢, related to p as described in
Theorem 5.3. Let M be a set of nonoverlapping subintervals xx;

(c=1, - - -, N) of x'x? whose length sum does not exceed 8. Then by Theorem
5.3

6.7 f ldx < p = €.
M
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But

z
f’ﬁqu §f | i | dx.
z; M
By the inequality of Schwarz

fMlﬁql dz < [fMlﬁ«I’/lqu]m[fM l,,dx]m.
Hence

(6.8) iln«(xc") —ng(xd) | £ [fMlﬁql’/lqu]m[fv l,,dx]m.

o=1

2o ne(wd?) = me(xd) | = 2

g=1 o=1

It follows from (6.4) and (6.7) that (6.6) holds, as was to be proved.

LEMMA 6.2. The sequence of arcs {C,} can be chosen so that there exists an
admissible variation

Yo: ag,  no(x) (2! = 2 = 2%
satisfying the end conditions (2.10) and having

6.9) lim @ = ay, lim no(x) = no(x)  uniformly on x'x2
g=c qm= o

Moreover for every measurable subset M of x'x* on which {94(x)} converges uni-

Sformly to yo(x) one has

(6.10) f | 50 |2dx < lim inf f | #e() |2dx < 2.
M g= M

Replace the original sequence {C,,} by a subsequence, again denoted by
{C,}, such that {d}} converges to a value o} and {%(x)} has a finite or an
infinite limit on a denumerable dense subset D of x'x%. By virtue of (6.4), the
quantity of is finite and since the arcs C, satisfy the end conditions (1.2)
we have (s=1, 2)

(6-11) lim 7(+) = lim [V"(6)) — ¥"(a0)]/k = Vax,

g=w g=w
where Y7 is the derivative of ¥(a) with respect to a* at a =a,. Consequently
{nt(x)} converges to a finite value at x=x' and x=x2. It follows from the
last lemma and the Heine-Borel theorem that the sequence {n:(x)} is
bounded and hence converges to a finite value at each point of D.
Consider now a constant p>0 and let § and ¢, be related to e=p/3 as

described in the last lemma. By the Heine-Borel theorem the interval x'x?
can be covered by a finite number of subintervals of lengths 6 with centers at
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points xi, * + -, %y in D. Increase g if necessary such that
| ne(2:) — me(2) | < /3 @zrzguj=1-,).
Consider a point x on x%x? and choose j so that |x;—x| <8, then by Lemma
6.1 with N=1 we have
[ne(x) = no(x))| < /3 (g = go).
From these inequalities it follows that
[ ng(2) — (@) | = [ me(®) — mo(x:) | + | na(2) — 2e(x) | + [ me(5) — 1) | < p,

provided g=72go. The sequence {n4(x)} therefore converges uniformly toa
function 7o(x). Using this fact it follows from the inequality (6.6) that no(x)
is absolutely continuous on x'x2. Since X*(a) are assumed to be constants it is
seen from (6.11) that v, satisfies the end conditions (2.10).

We shall show next that the functions %3(x) have integrable square
-derivates. Following McShane we subdivide the interval x'x? into 2* equal
intervals by points

2=t < 2y < 200 < Koy = 22

Let pi(x) be continuous functions which coincide with n{(x) at these points
.and are linear between them. Then

(6.12) f ,. |l = 3 uCss) = )| s = 2.

From the relation (6.8) with N=1 we see that

fxc+l lqu
|77¢(xa'+l) — 14(x,) l” < f’vﬂ l,;qlz e % .

Xo+1 — %o ER lq Xot1 — Xo
But
Zo+1
lim lidx = 2(%pp1 — %).
q= z4
Hence
i l ﬂo(xa+l) - ﬂo(xu) |2 f f l 77q dx < 2
om1 Xo+1 — %o (x) -

It follows from (6.12) that

8’ 32
lim inf f 2| 4 |2/lidx = f | s |2d .
zt 2l

g=o

Hence by Fatou's lemma | no(x) | 2is integrable and
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z z I’
2 2 lim inf 2| 4 |?/ledx Z lim inf f [ Bx 24z = f | 0(x) |2dx.
g=c o a== P R
The relation (6.10) follows from this relation and the fact that /,(x) converges
uniformly to 2 on every subset M of x'x? on which {}'r,(x)} converges uni-
formly to yo(x).

In the sequel it will be assumed that the sequence {C,} has been chosen
as described in the last lemma. As a further result we have:

LEMMA 6.3. Let M be a measurable subset of x'x* on which {9,(x)} converges
uniformly to yo(x). If g(x) is integrable together with its square, then

(6.13)  lim | g(x)(ne — mo)dx = lim | g(=)(sg — #o)dx = O.
= M Q== ® M

If in addition g(x) is bounded, this equation holds for every measurable subset

M of x'x2. If Ny(x) (r=0,1,2, - - - ) are continuous functions of x on x'x* such

that

(6.14) lim Ni(x) = Nio(x) uniformly on x'x?
gm0
then
(6. 15) lim N‘qﬂqu = f N,o‘l)odx
Q=

for every measurable subset M of x'x2.

The proof is a simple modification of a proof of a similat result given by
McShane [2, p. 356]. By virtue of the relation

ifugu)(ni—n:?)dx < max [ = no]) [ |¢(a)] as

it follows that the first limit in (6.13) has the value zero.

We consider next the second limit. Let g(x) and M have the properties de-
scribed in the lemma. We can suppose g(x) =0 on the complement of M.
Let p(x) be a function of class C’ such that

22
f | g(x) — p(2) |2dx < €2/128.
2
We shall show first that there exists an integer go such that
22
(6.16) f | g(2) — p(2) [Yl(a)dz < €/16.
71

To prove this let P be a bound for l g(x) — p(x)l2 on x'x? if g(x) is bounded
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and on the complement of M if g is unbounded. By Theorem 5.3 there is a
constant §>0 and an integer go such that if g=g, the inequality [arJ (x)dx
<€2/32P holds for every set M; of measure at most 8. Let M, be chosen of
measure at most 6 such that {yq(x)} converges uniformly to §o(x) on its
complement M.. We can suppose M; DM if g(x) is unbounded. Increase
qo if necessary so that /[, <4 on M, when g=g,. We then have

fM I g(x) — p(x) |2lqu =< Pfu l(x)dx < €2/32,

156 = s Pz s 4 [ 1) - 500 Pz < /32

Hence (6.16) holds when g2 gy, as stated.
Observe next that by virtue of (6.4), (6.10) and the relation /,=2 we have

2

x zz :2
f | e = 0 [*/ladz < Zfl | e [*/kedz + 2f1 [0 [*/1ed < 4.

1

Using this result together with the inequality (6.16) it is seen by the inequality
of Schwarz that

2

] [t~ ptis = ina

z? 1/2 z? 1/2
s[ [ = pas] [ [li=alnas] <2

provided g = go. Moreover since by an integration by parts

(6.17)

2 2
=i K i i a3 z i i
le p(ig — Ho)dz = [p(ng — 17o)],‘1 - fl p'(ng — mo)dx
z
we can increase g if necessary so'that
S ‘
[ btie — e
2

(6.18) <¢/2 (¢ 2 q0).

Combining this result with (6.17) we have for ¢=go

[ stia — iz

Since g was taken to be identically zero on the complement of M we have
accordingly

f - 2) (e — #0)da| < e.

+

zz . .
| [ otie - iia

32

lim | g(ig — #o)dx = lim | g(, — d0)dx = O,
M

g=o zl g=0o
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as was to be proved.
In order to prove the last statement in the theorem we write

32 . 32 o
(6.19) f Nignda =f N.-oﬁqu+f (Nig — Nio)igdx.
M 2 z!
By the second statement in the lemma we have
(6.20) lim N .onqu = f Nioj ‘dx.
g=

By the inequality of Schwarz and (6.4) we have

g[f IN—N.,zzdx] [f l,,.,ﬂ/lazx:l2
§max|Nq—No[[ledx]

It follows that the last term in (6.19) has the limit zero. Using (6.20) it is

seen that (6.15) holds as stated.
7. Proof of Theorem 2.2. As the next step in the proof of Theorem 2.2

we shall show that

J*C, b J*(Co, b 1
vb) — JHC D) = —Jz(‘Yo, b) — — Hp‘pinonodx,

Zz .
f (Nig — Nio)ndx
2

(7.1) lim

2
(= %

where J*(C, b) is given by (5.4), Ja(y, b) is the second variation of J(C, b)
along Cyp and the last integral is to be evaluated along Co. In order to establish
this result we observe that by Taylor’s theorem the integrand Hy of J*(C,, b)
can be put in the form

(1.2) H=H+ k{Hoag + Hyny + Hyig} + (ke/2){ My + 1N:0},

where H and its derivatives are to be evaluated along C, and

lim M, = 2Q(a, %, 70(%), 0, b) uniformly on x!x?
gm= o
lim N;, = 2Q.(aq, %, n0(x), 0, &) uniformly on x!x2.
g=o

Using Lemma 6.3 it is seen that
im | {M,+ 5N} do
g= zt

(1.3)
= f {29(0’0, X, Mo, 1i‘)y b) - Hpipiﬁ'o';):)}dx~

1
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Similarly

i G(ar) = G(ao) + kGrag + (ki/z)czq,
' "0 = ¥ (a0) + k¥rag + (ka/2Y,,

where
i« b k

(7.5) lim Gag = Guragao,  lim ¥, = Yararocts.

g=w g= o

By the us: of the Euler equations (2.2) and the transversality condition (2.3)
with F=H we find by (7.2) and (7.4) that

J*(Cq b) — J*(Co, b 1 -
(Car ) = J*(Co )=?{(;,,+[ e ’+f (i, +,,,N,,,}dx}

ke
In view of (7.3) and (7.5) it follows that the relatxon (7.1) holds, as was to be
proved.
We shall show next that
32 P
(7.6) lim inf k Ey(aq, %, Yo Vo, b, y)dx = — f H ,,¢,,iﬁ;ﬁ.;dx,
= 2

where the second integral is to be evaluated along Co. To this end let M be
a subset of x'x? on which the sequence {7,(x)} converges uniformly to Jo(x).
Then for large values of ¢ we have, by Taylor’s theorem,

. . 2 o"- ]
(7.7 Ex(aq %, Yo Y0, b, 9g) = kqA‘ia(x)ﬂqﬂ; (x on M),
where
(7.8) lim 4¢j0(x) = 4:i(x) uniformly on M
gm= o
and
(7.9 24:; = H y5i(a0, %, y0o(%), yo(x), b).

Consider now the equation
$.d K% %)
Aijghgndx = Aimgngdx + (4iiq — Aii)ngndx.
M M M

By virtue of the relations (7.8) and (6.10) the last integral has the limit zero
as ¢ becomes infinite. It follows that

o e R KIR)
lim inf Ai,‘q‘l];ﬂ;dx = lim inf A b,
g=w M g=w M

By the use of Lemma 6.3 we have
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. K Rt
lim Aimong =f Aionedx.
g= M M

Hence
o R S KPR
lim inf Aijgigngdx = |  Aimono + lim inf | Aii(5g — 10) (g — %0)d.
g= M M g=® M

The last term is non-negative since, by (7.9) and (3.1), the quadratic form
Amin? is positive definite. It follows from (7.7) and (7.9) that

liminf B, | Ex(ae %, v 50, b, 3)dx = 27 f H s pirigiada.
g=o M M
For large values of ¢ we have
En(aq %, y4(%), Yo(%), b, 94(x)) 2 0O,

except on a set of measure zero. Hence

T P —1 )

lim inf 2, Ep(C,, ) = 2 f H i yifonod x.

g= M

Since {#i(x)} converges to $5(x) almost uniformly on x'x? it follows from
our choice of M and the integrability of |1o|? that (7.6) holds, as stated.
Combining (7.6), (7.1), (6.1) and (5.6) it is found that

J(Ca 8) — J(Co, 8) _ Jalyor b
(7.10) 02 lim inf 28 )k, Cod) ’(’2" )
g 2

for every element b in B,. If 4o were not null, there would exist, by‘Lemma
3.2, an element b in By such that Ja(yq, b) >0. It follows that v, is null. Using
(7.1) and (5.6) again, we see from (7.10) that

lim inf &, Ez(C,, b) < 0.

g=o

But by (4.13) thereis a constant 7>0 such that

zz

0 = lim inf %, Ex(Co b) = = lim inf f | ¢ |2/bedx.
g=o = 21

This is impossible in view of equation (6.4). This proves Theorem 2.2.

8. Further results. Consider now a second integral I(C, b) having the
properties described in the paragraph preceding Theorem 5.2. Suppose in
addition that C, satisfies the Euler equations and transversality conditions
for I(C, b), whenever b is in Bo. We can now prove the following theorem.

THEOREM 8.1. If I(C, b) has the properties described above there exists a
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constant p>0 and a neighborhood § of Co such that given an admissible arc C
in § satisfying the end conditions (1.2), there is an element b in By such that

(8.1) J(C,8) — J(Co, ) Z p| I(C, b) — I(Co, b) |.
As in the proof of Theorem 5.2 we consider the function
J(C, b, 0) =J(C, b) + oI(C, b).

It is clear that Cy satisfies the Euler equations and the transversality condi-
tions for J(C, b, o) since it satisfies the corresponding conditions for each of
the functions J(C, d) and I(C, b). Moreover by the proof of Theorem 5.2
there is a constant p >0 and a neighborhood R, of C, such that if Ial =p the
inequality (5.13) holds whenever b is in By, (g, x, ¥, ) is in R and (a, x, ¥, @)
isin R.
Consider next the second variation
J2(7» bv ‘7) = J2(7: b) + U'I2(‘Yv b)°

By virtue of Lemma 3.3 there is a constant ¢¢>0 such that given a non-null
variation v satisfying the end conditions (2.10) there is a value b in B, such
that Ju(y, b,.¢) >0 if [al =<o0,. Decrease the number p chosen above so that
p=ao. For o= +p the function J(C, b, ¢) has the properties of J(C, b) upon
which the proof of Theorem 2.2 is based. It follows that the conclusion in
Theorem 2.2 is valid for J(C, b, o) as well as for J(C, b). Choose a neighbor-
hood §§ effective for J(C, b, o) with ¢= 1p as described in Theorem 2.2.
Then given an admissible arc C in § satisfying the end conditions (1.2) there
is an element b in B, such that

0= J(C b, £ ) —J(Cob, £ p) =J(Co, b) = J(C,b) £ p[I(C, b) — I(Co,b)].

The inequality (8.1) therefore holds as was to be proved.
Observing that the function K(C, C,) defined by (5.14) has the properties
of I(C, b) we obtain the following corollary.

CoROLLARY 1. Under the hypotheses of Theorem 2.1 there exists a constant
p>0 and a neighborhood § of Co in axy-space such that given an admissible
arc C in § satisfying the end conditions (1.2) there is an element b in By such

that
J(C, b) — J(Co, b) = pK(C, Cy).
Moreover if C satisfies the differential equations (1.1) then
I(C) — I(Co) = pK(C, C).

This result can be considered to be a generalization of the theorem of
Osgood (cf. [6, p. 991).
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