THE ENDOMORPHISMS OF THE TOTAL OPERATOR
DOMAIN OF AN INFINITE MODULE

BY
R. E. JOHNSON AND F. KIOKEMEISTER

The total operator domain of a finite vector space of dimensionality »
over a division ring is a total matrix algebra of order n? over a division ring
anti-isomorphic with the given ring. The only nonzero endomorphisms of
this total matrix algebra are the inner automorphisms, the automorphisms
induced by automorphisms of the division ring, and products of these two(?).

If we now start with an infinite vector space with Hamel basis over a
division ring: P, the total operator domain can be thought of as a matrix
algebra of infinite order over a division algebra P anti-isomorphic with P.
Since the choice of elements in the infinite matrices is restricted, the matrix
algebra should perhaps not be called total, though it is a maximal ring con-
tained in the set of all infinite matrices with elements in P. The present paper
is a study of the endomorphisms of this total operator domain.

To avoid the assumption of the well-ordering of any set, the mﬁmte
vector space is assumed to have a countable Hamel basis over P. Most of the
methods introduced and the results carry over, however, for a basis of any
cardinal number if the well-ordering assumption is used. As in the finite case,
.it is shown that the only nonzero endomorphisms are meromorphisms of the
domain. However, the meromorphisms need not be automorphxsms

A formula is given for all meromorphisms ‘of the operator ring. Simplifi-
cations occur in the cases of P-meromorphisms and automorphisms. In the
latter case the results are the same as those for the finite matrix algebras.

The total operator domain has no nonzero anti-endomorphisms.

1. Introduction. If X is a module with nonzero submodules E;, =, - - -
and if every nonzero element £ of 5 has a unique form of representation
¢=n.,+n.,+ - - - +9,, as the sum of nonzero elements »;, lying in E,,, we
shall say that % is the direct sum of the submodules =, Es, - - - and shall
write ‘

Il

=E+ 4+ =2 E.
i

Let P be a division ring and let Z be a regular P-module. Then af =0 for
ain P and £in = if and only if =0 or £ =0. Further, the identity ¢ of P must
be an identity operator for F, for if e££, then e(f—ef) =0 while €0 and
E—ef#0.
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If &, &, - - - are elements in &, P(&, &, - - - ) will designate the least P-
submodule of = containing &, &, - - - and will consist of all finite sums
abrtonka+ - - o Fann, ;s in P. For £ in &, Pt denotes the P-module gener-
ated by £. The elements &, &, - - - are linearly independent if

P(£11£2y"') =-PEI+P£2+°~' .
In case there exist elements &, &, - - - in Z such that
(1.1) E=Ph+ Ph+ -

then the set of elements &, &, - - - is called a proper P-basis of 5. We shall
assume that & has a countably infinite proper P-basis throughout this paper.
Hence if £ is in E and & has the basis (1.1) then £= Y ¢, aski, a; in P, and if
Doy aiki= D iy Biki, then a;=8;, i=1,2,- - -, n.

It is known that the P-submodules of F will have certain properties(?).

(A) Every P-submodule of = has a countable proper P-basis and the
number of elements in the basis is an invariant of the submodule.

(B) If &, is a P-submodule of &, there exists a P-submodule &, such that
& =E1+E,; that is, Z is completely reducible with respect to P.

A mapping of Z into itself or part of itself, {—¢’, is a P-endomorphism if
and only if, for §¢—¢’, 9—9’, a in P,

(1.2) o8+,
(1.3) at — af'.

This endomorphism will be represented by an operator a; {—af. With this
convention (1.2) and (1.3) can be written

(1.2) a(§ + ) = at + an,
(1.3) a(at) = a(af).

The set of all P-endomorphisms of & is called the total operator domain of
% and is labelled A. Elements of A are denoted by a, b, ¢, - - - ; the elements’
a, b of A are equal, a =b, if and only if af =5 for all £ in E. As is well known,
A is a ring under the operations of addition and multiplication defined by

(1.9 (a + b)¢ = at + B¢,
(1.5) , (ad)t = a(bt).

The unity element of A is denoted by e, the zero element by 0.

Consider now the proper P-basis of Z given in (1.1). Any element a of A
obviously determines a mapping &;—af; of the basis elements into E. A con-
verse of this statement is now given,

(*) M. H. Ingraham, A general theory of linear sets, Trans. Amer. Math. Soc. vol. 27 (1925)
p. 178.
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THEOREM 1.1. A mapping of the elements of a proper P-basis of E tnto E can
be extended to a unique P-endomorphism of E.

Proof. Let &—m(£;) be a mapping of the basis (1.1) into E. If a is the
mapping of Z defined by

a( > aafc') = 2‘3 am(£:),

13

then @ is a P-endomorphism and a is an extension of m as at;=m(¢;). Evi-
dently a is unique.

The mapping £—af, a in P, of K is a P-endomorphism if P is a field. In
this case, P can be considered a subring of A: it is easily shown that P is
the center of A. However, if P is a division ring, the mapping {—af, @ in P,
of & is not in general a P-endomorphism. A situation somewhat analogous
to the case of P a field is obtained by defining as in Theorem 1.1 the P-endo-
morphism & for the basis (1.1) as

(1.6) &t = af;, 1=12---.

The ring P= { &, acP } is a division subring of A and is anti-isomorphic to P.
It is important to note that P is independent on the choice of basis of E,
that is, & and of are in general unequal. The center C of P is a field as is
the center C of P. It is apparent that C and C are isomorphic. If £ is any
element of =,

n

E= D vk, v € P,

tm=1

and if & is in C, then

&t = D yak = ), viaki = of.
(2] =l

We may therefore identify C with C. This will be done in the future.

2. Preliminary discussion of = and A. If ¢ is in A and &, is a P-submodule
of =, then the set a &, of all elements of the form af, £ in 5, is a P-module.

DErFINITION 2.1. The order of a P-submodule &, of T is the number of
elements in a proper P-basis of &;, and is either a positive integer or N  de-
pending on whether the proper P-basis has a finite or infinite number of ele-
ments. The order of &, is designated by o(&,). The order of an element a of A
is the order of aZ, that is, o(a) =0(aE).

LeEMMA 2.1. If 5, and E3 are P-submodules of E and if a and b are in A,
then:

(1) o(Zs) So(E) if EaCE,,

(2) o(E1, Es) S0(E1) +0(Zs),
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(3) o(Er+Es) =0(E1) +0(Zs) of EyNE2=0,
(4) o(aE)) So(5y),

(5) o(abd) =o(a),

(6) o(abd) =o(d),

(7) o(a+0) =o(a)—+o(d).

Proof. (1)—(3) are obvious. If n, 73, + - - is a proper P-basis of 5, then the
set am, any, - * - includes a proper P-basis of a=;. Hence (4) follows readily.
As (ab)E is contained in ¢E, (5) follows from (1). If we replace &, by bE in
(4) we obtain (6). As (a+b)ZE is contained in (a%, bE), (7) follows from (2).

Corresponding to any element @ in A there is a set H, contained in §
made up of all elements of & that are annihilated by a. If af=an=0, then
a(at+Pn) =0 for any «, 8 in P. Thus H, is a P-module.

LeMMA 2.2. To each element a in A there corresponds a decomposition of E
into a direct sum:

(2.1) E =Y P&+ H,

where a= has the proper P-basis ady, ads, - « + .

Proof. Since H, is a P-submodule of &, there exists a P-submodule &, such
that E=E,+H,. Then a¢f=a%,. If 5 = D :P3;, the elements ad;, ads, - - -
must be linearly independent since a( )_; a;8;) =0 if and only if > ; a;d; is in
H, which in turn is true if and only if a;=0 for all . Hence aE= >_;P(a?)).

LeMMA 2.3. To each element a in A and to each decomposition (2.1) of B
there corresponds on element & in A such that:

(1) ad and da are idempotent.

(2) ada=a, dad=a.

(3) o(ad) =o(da) =0(a).

(4) add;=6;,1=1,2, ...

Proof. Select the P-submodule =, so that E=aE+5E,. We have, from
Lemma 2.2, = Y ; P&;+H,, a&= 3 ; P(ad;). Define 4 to be the element of
A for which

8(ad) = 8;,4=1,2,--- ;a5 =0.
By Theorem 1.1, @ exists. Immediately we have that
(3a)s; = 8;, i=1,2,- - ; (d86)H, = 0,
and da is idempotent. Further
(ad)ad; = ab;, 1 =1,2,.--; (ad)E, = 0,

so that ad is also idempotent.
Now o(a) is the number of elements in the set ad;, ads, « - « as is o(ad),
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while o(d@a) is the number of elements in the set &y, 8, - - - . Thus o(a) =0(ad)
=o(da). Also

a(ads) = (8aa)(ab) = b, i = 1,2, -+ ; 8Fx = (208)Ea = 0,
= (ada)d;, 1 =1,2,.---; aH, = (ada)H, = 0,
from which we conclude @=dad, a=ada.
Conclusion (2) of this lemma shows that A is a regular ring in the sense of

von Neuman(’)
We see in passing that if ¢ is an idempotent element of A, then

B =aE+ H,.

This is a consequence of the Peirce decomposition & =af+ (£ —af), where af
lies in aZ, £ —~af lies in H,.

LEMMA 2.4. If e, and e; are idempotent elements of A for which o(e)) =o(ea),
then there exist elements di and d» of A such that:

(1) o(dr) =o(ds) =o(es), -

(2) di=dier=exdy, dy=dser=e1d>.

(3) e1=dqdy, e3=d1ds.

(4) e1=dsexdr, €3 =d\erds.

Proof. Let E= Z.P6;+ H,= Z.‘P’Yc'{" H, with e8;=08, exy:i="v;,
$=1, 2, - - - . Define d, and d; to be the elements of A for which

dds =1y, i=12,.-..;, d1H, =0,
deys=208;, i =1,2,---; doH,, = 0.
This is possible since o(e;) =o0(e;). Then (1) and (2) follow immediately. Also
dadids = 8;, i=1,2, -+ ;dsdyH, = 0,
ddeyi =i, i=1,2,--.; did:H,, = 0,
so that (3) follows. (4) is a consequence of (2) and (3).

In case one of the idempotent elements of this lemma is the unity e of A,
we have the following corollary.

COROLLARY. If a is an idempotent element of A with o(a) =o(e), then there
exist elements s and t in A such that:

(1) e=ts, a=st.

(2) s=as, t=ta.

(3) e=tas.

LEMMA 2.5. Let a and b be any two elements of A and suppose o(a) <o(b).
Then there exist elements ¢, and ¢ in A such that a=cibc,.

(® J. von Neumann, On regular rings, Proc. Nat. Acad. Sci. U. S. A. vol. 22 (1936) p. 707.
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Proof. Select decompositions (2.1) corresponding to ¢ and b: E
= Z.’ Pé;+H, with a & = Z; P(ads); = E; Py;+ H, with bE = Zs P(by;).
Define ¢ to be the element of A such that

Y = Y, i=1,2,'°‘,0(0),
cyi =0 for ¢ > o(a) in case o(a) <o(d),
CH:, = 0.

Thus ¢ is idempotent and o(c) =o(a).

By Lemma 2.3 there exists b such that bby;=v;, i=1, 2, - - -, bbHy=0.
It follows that ¢bb=c. Using the same lemma, an element 4 exists such that
da is idempotent, a =ada, and o(da) =0(a) =o0(c). By Lemma 2.4 there exist
elements d; and d, such that da =d,cd;. Hence

¢ = ada = gdicds = adycbbds,
.and the lemma follows for ¢; =adich and c; =ds.

COROLLARY. If a is any element of A for which o(a) =o0(e) there exist ele-

ments p and q in A such that
pag =e.

To any proper P-basis &, &, - - - of & there corresponds a set of elements
e, 1,j=1,2, - - -, of A defined by
(22) et'igi = Et'» eiigk = 01 j #= k; i: jv k= 1) 2v Tt .
These elements have the well known multiplication table
2.3) €ij€ir = €ik, eijenr = 0, jFEnLLEn=12-.---,

with the elements e, 2=1, 2, - - -, being idempotent. Obviously o(ei;) =1
for all 7 and j, and o(en-+en+ - - + +enn) =n. .

LEMMA 2.6. The set, Q, of elements a in A for which o(a) <o(e) is a proper
subring of A.

Proof. To say that o(a) <o(e) is to say that o(g) is finite. Lemma 2.1
guarantees that this set is a ring. Since it does not contain e and since it con-
tains at least the elements e;; defined above, it is a proper subring of A.

THEOREM 2.1, The ring 2 is the only proper ideal contained in A.

Proof. If a is in Q, then @b and ba are in Q for any b in A. For, by Lemma
2.1, o(ba) =o(a), o(ab) <o(a). Hence Q is an ideal.

If I is an ideal of A not contained in Q, there exists an element @ in I such
that o(a) =o(e). By the corollary to Lemma 2.5 there exist ¢lements p and ¢
in A such that pag=e and I contains e: I=A. If I is a proper ideal of A con-
tained in , I contains an element a of positive order o(a). Then o(e;;) So(a)
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and, by Lemma 2.5, I must contain all e;;, =1, 2, - - - . Hence I contains
en-ten+t - -+ + ., forall integers # and as this element is of order #» we may
argue that I contains all elements of order less than or equal to # for arbi-
trary =, that is, I=Q.

DEFINITION 2.2. The countable set a,, as, - - - of elements of A is said to
be algebraically summable if and only if to every £ in E there corresponds
an integer #=N(£) such that a, is in the set and a:f =0 for every element ax
of the set for which k> N(§). If a, as, - - - is algebraically summable, then
a1+az+ - - - is given by

(@Gr+as+ - )e=amE+ at+ - - + aaf, n = N(§).

It is evident from this definition that every finite set of elements of A
is algebraically summable, and if a;, as, - - - is algebraically summable,
a1+as+ - - - is an element of A,

Consider now the basis of E given in (1.1) and the corresponding elements
e;; of A given in (2.2) and (2.3). Corresponding to this basis of & is a division
ring P contained in A and anti-isomorphic to P. Now for & in P,

&k = &b = afi = ejaf; = €;;af;, ek = €@k = 0,
B k=1,2- ;5% k

so that &e;;=e;;a for all 4, j. That is, the elements of P commute with all e;;.
If a is an element of A, there exist elements a;; in P such that

nj
ati = 2 aujks, j=1,2---.
=1
Let a; be defined by
nj
a;=2&;,~e;,-, j=1,2,"'.
=1

Now a;£ =0 for j#=Fk so that the set a, ag, - + - is algebraically summable.
Further

nj
ati= (@1 + a4+ - )ti=at; =D aiits, j=1,2,+-+,
=1

and it follows that a =a;+a:+ - - - . This can be expressed in a double sum-
mation as

© nj

(2.4) a =22 e
i=1 im1

We shall frequently abbreviate this to a =2 &eij.

THEOREM 2.2. The set of elements ej, 1, j=1, 2, « » + , is a P basis for A



1947] ENDOMORPHISMS OF THE TOTAL OPERATOR DOMAIN 411

under the operation of algebraic summation. Further, if a is given by (2.4), then
(2.5) Cre0Cs; = Qyilyj,y i, j, r=12-.-. ;S = 1, 2, e, N

From (2.5) we derive that the only elements of A that commute with all
e;; are the elements of P. For if a is given by (2.4) and ae;;=e;a,
i, j=1, 2, - + «, then, from (2.5), &,:=0 if s>¢, and &,ex =6 Hence
=&y, r=1,2,--.,and aisin P.

THEOREM 2.3. If the sets @i, as, * - - and by, by, - - - are algebraically
summable and c, c1, ¢, - - - are arbitrary elements of A, then the sets a1+b,,

as+by, + + ¢, €181, €28y, ¢ ¢ - and ayc, axc, ¢ - - are algebraically summable and
(2.6) (a1+as+ )+ Grtbat ) =(a+b)+ (@a+bs)+---,
2.7 ac+ax+ - -=(+a+---)e

(2.8) car+ca+ - =cler+as+---).

3. Endomorphisms of A. The principal topic of this paper is the discus-
sion of the endomorphisms of A. For completeness we define all terms.

DEFINITION 3.1. A mapping 8 of A into a subring A® of A is an endo-
morphism if and only if for @, b in A,

@ (a+b)" =0+,

(ii) (ab)® =a®’.

If in addition

(iif) a’="b if and only if a =b

then @ is a meromorphism. An automorphism is a meromorphism 6 for which
A’=A. An endomorphism 8 is complete if and only if whenever the set
ay, a3, + - + is algebraically summable,

(iv) the set af, a3, - - - is algebraically summable,
v) (@+at - - - Y=al+af+ - - -.

If (ii) be replaced by

(ii") (ab)? =b%a?

then @ is an anti-endomorphism. An endomorphism 6 is a P-endomorphism
(relative to the basis (1.1)) if and only if for & in P,

(vi) (aa)? =aa?, (a&)®=a’a.

If u and v are elements of A such that vu =e, then the correspondence
defined by

a® = ucy
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is a meromorphism. We shall call § an inner meromorphism. If and only if
uy=yu =e¢ will 0 be an inner automorphism.

A set of meromorphisms 6y, ,, - - - of A is said to be orthogonal if and
only if

ebiebi = 0, i#Zg,4,j=12---.

If the set %, e, - - . is algebraically summable, then as a%=a%e’ the set
a%, a®, - - - is also algebraically summable as a consequence of Theorem 2.3.

DErFINITION 3.2. If the set of meromorphisms 6;, 0, - - - is orthogonal
and if the set e, e, - - - is algebraically summable, then the correspondence
0 defined by

a*=ah+ a2+ -

is called the direct sum of the meromorphisms 6y, 6, - - - and is written

0=01e02® .
THEOREM 3.1. If 0 is the direct sum of the meromorphisms 01, 0, - - - then 6
is a meromorphism of A. If 61, 6, - - - are P-meromorphisms, then 0 is a P-

meromorphism.
Proof. For any elements a, b in A,
abpdi = (ao.-eo;)('eo;boj) =0, 7 j, i, ] =1,2--- .‘
Thus

ath = ( Z at ( le b":) = Z a%ip% = (ab)’.

Also
a0 =D a%+ D> b= (a+b)% = (a+b)°

in view of (2.6). If a®=0% then efib®=e%a? so that a% =b?%. As 6, is a mero-
morphism, ¢ =b. Hence 6 is a meromorphism of A.
The second part of the theorem follows immediately from Theorem 2.3.
It was shown in Theorem 2.2 that the elements e;;, ¢, j=1,2, -« -, con-
stitute a P-basis for A under the operation of algebraic summation. The
completeness of an endomorphism @ allows us to select a similar basis for A®.
For if a is any element of A expressed in the form (2.4), then

© nj

3.1 ao = Z E &:;e:;.

el Sl

Hence we can assert that the elements ¢;, 7, j=1, 2, - - -, form a P’-basis
for A® under the operation of algebraic summation.
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An endomorphism that is not a meromorphism is said to be proper. A
trivial proper endomorphism is a?=0 for all ¢ in A. This is the zero endo-
morphism. The next few pages will be devoted to the task of showing that
the zero endomorphism is the only proper endomorphism of A and also that
every endomorphism of A is complete.

If 6 is a proper endomorphism of A, there exist elements b, and b in A,
by#bs, such that b{=3). An equivalent statement is that there exists a non-
zero element b in A such that =0, that is, b=>5,—b,. Express b in the form
b= Y Bie:;. As b is unequal to zero, there exist integers » and s such that
B.:7#0. From (2.5)

(Bra)_lemrbecn = €mny m, n = 1,2,.--.

An application of the endomorphism 6 yields e, =0, for all m, n.
If in addition to being proper 6 is also complete, then (3.1) shows that
a®=0 for every a in A, and we have established the following theorem.

THEOREM 3.2. A nonzero complete endomorphism of A is necessarily a
meromorphism.

We temporarily divert our attention from the main topic of the paper to
establish a lemma that is needed in the next theorem. Let the set of positive
integers (1, 2, 3, - - - ) be denoted by p. For any subset 7 of p, let the vector
I, be defined by

I' = (el, 62’ . o o y e"’ e o o )
where
& =€ nEmT & =0 n&m

€ being the identity of P.
Define the vector space Q as

Q=P[I7;WCP]

so that Q is the least vector space over P that contains I, for every subset
 of p.

LEMMA 3.1. The vector space Q does not have a countable P-basis.

Proof. If Q has a countable proper P-basis: Q=P{;+ P¢y+ - - - then
define
&= b= 2 vt
i<t
where the v;; are selected so that {! has the maximum possible number of

successive zeros as its first coordinates. The set {{, {7, - - - must also be a
proper P-basis for Q, as no two of the {/ can have the same number of suc-
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cessive zeros as their first coordinates. Now the vectors (e, €2, * « + , €,y =+ + )
where e,=¢ and =0, k>n, n=1, 2, - - - , must be in Q. Hence it must be
possible to reorder the new basis and possibly multiply by elements of P so
that it becomes 71, 73, * + -, where

m=1(0,0,:",6€akrsn, Arrsa "),
¢ being the kth coordinate.

To show that Q=Pn,+Pn,+ - - - is impossible, let u;=0, »,=¢ and re-
cursively

Mn = E ViQin,

ta=1

nl va =€ if us =0,
{vn=—n..ifu,.;é0.
Select the vector
I=(€1,62,"',€m"')
so that
€& =€ if p,=0, =0 if p, 0.

If, as we are assuming, I= Y i, B, a direct computation of By, Bz, « « - , B
shows that B;=w; so that I= > ¥ v However, then
N
EN41 = E Vi®i N4+1 = BN+41y
=1
which is not possible as €5 u;z for all values of k. Thus I is not in Py + Py
+ - - - and Q cannot have a countable P-basis.

Incidentally, we note that Q is not in general the set of all vectors
(o1, a3, + + -, aq + - + ) over P, For example, the vector (¢, 2¢, + -+, ne, «+ + +)
is not in Q if P is not a finite field. Obviously Q is the set of all countably in-
finite vectors in case P is a finite field.

Consider now an endomorphism 6 of A, We shall establish the fact that
60 must be a complete endomorphism. To this end, let m, 3, - - - be any
countable partition of p, the set of positive integers. That is

mUmr\U... =), xi M 7; void, 1#4,4,7=12,....

Select a proper P-basis for &, say (1.1), and the corresponding set, e;;, of ele-
ments of A defined in (2.2). Let

c(n)=Zc;,~, i=1,2,°°-.
iExy

THEOREM 3.3. The set ¢’(wy), €(m2), - - « is algebraically summable.

Proof. The theorem is obvious if the partition of p is finite, so let us as-
sume an infinite partition, that is, an infinite number of m;.
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If the set (1), €%(ms), - - - were not algebraically summable, there would
exist a §; of the basis (1.1), say & for convenience, and an infinite set of posi-
tive integers, 1, %, * * -, such that

(1) 6’("»)51 # 0, n = il’ izy Tt .
By Theorem 2.2, we can write
(2) e’("‘n) = E Bnreray n = 1, 2) e

From (1), for every integer n there exists an integer k, such that
&1 7 0, n=12....
Let 7 be any subset of p, and define
&(x) = 2 e(xs,).

nCTr

This is algebraically summable, as, for any integer k, e(,)£s is unequal to zero
for exactly one value of n. Again &(r) can be written as

(3) 30(’.) = z: 5":3”-

The elements e(r;), &(w) are idempotent, and
@ e(x:,)é(x) = e'(xs,) (nEx)
=0 (n & x).

The substitution of (2) and (3) in (4) yields
2 Gurifieis = Burs (n €
® =0 (n & ),

r,s=1,2, -+ - . The summation on j is finite for all values of 7, s and = and
is independent of # as we see from (3). In particular, if r=~k, and s=1, (5)
takes on the form

(5" g Bty iBrit = Bnkyt (nE ™)
=0 (n & ).

For convenience of notation we let
&ni = (Bnky1) " 1&nk,éy i=12---,
Bri = Bra, 1=1,2,¢¢,tq

Then (5') can be written as
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L A &=¢ nEm
6 Anifxi = €n,
© 3 anbe {%___O,”em
Let the vectors {; be defined by
§'t=(&m&m"'.&m"‘), i=1»21""

and the vector I, by
Io= (et €2 -y n =)
Introduce the vector space Q as
Q= [ty |P.

That is, it is composed of all finite sums »_; {:&, & in P. Now (6) can be
written as

tr
Zfiﬁn‘ =I..

i=1
Thus I, is in Q. Since 7 is arbitrary, all vectors of the form

I=(€l,€z,"',€m"'), €n=001'€,

are in Q. That such a conclusion is impossible follows from Lemma 3.1. The
assumption that e(m), (), - - - is not algebraically summable must be
false, and the theorem is established.

A particular instance of this last theorem is 7, =(n), n=1,2, - - - . Hence
the set éf), e}, - - - is algebraically summable. The endomorphism 6 is not
assumed to be complete, so even though we know & +es+ - - -isin A and
en+ten+ - - - =e, we cannot say that e?=eél,+els+ - - - without further
justification. Let

é= E 8:;’,
t=1
and let e° be defined by
e =2+ e

We shall show that ¢°=0.
From (2.7) and (2.8), eé=¢2e’=¢. As & and ¢® are idempotent, we have

e%% = e, ed%? = ele? = ¢, e% = ¢ge® = 0.
Also, as &}, = &}y = &¢}),
00 X ..
eije =ee;;=0, 5,7=1,2,---.

Let my, w3, - - - be any countably infinite partition of the set of integers
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p such that all 7, are infinite sets. Let 7 be the set of integers ni1, 72, + * *
where ny <np< - - -, k=1, 2, - - +. Define

e(“"k)=26ﬁ. E=1,2.-.,
(S
ek:zet"’ k=1'2’...'
t=k
Pk=Zek+.-_1,.,“., k=1,2,---,
=1
o 7
g =202 tagis where k= j — i + 1.

j=1 im1
A simple computation shows that
pre(me) = pu, pre(me)g = ex, E=1,2,---.

From Theorem 3.3, the set e(m), €’(m,), - - - is algebraically summable and
hence, from Theorem 2.3, the set ple’(m)d’, pie’(m2)d’, - - - is also alge-
braically summable. In view of the above equations, €, €}, - - - is an algebra-
ically summable set.

Now &l =¢’, and generally

k—1
e2=eo—ze:.-, k=2,3:++,
t=]
and therefore
6o 06 048 6o [}
exe =ee.=¢€ec =ee =e.
Select any element £ of Z. As €, €5, - - - is algebraically summable, there
exists an integer N(£) such that e}£=0, 2> N(£), and consequently

eoc:&’ = eo‘;‘ = 0.
It follows that €% =0 for all £ in X so that ¢?=0. This establishes the following
lemma.

LEMMA 3.2. If 0 is an endomorphism of A, then €by, e, - - - is algebraically
summable and

] 0 0
e =en+tewxt+---.

Consider any algebraically summable set a;, as, - - - of elements of A,
and let a=a1+a:+ - - - . By definition, there exist integers N1, Ny, « - - such
that

an£k=0a ">Nk,k=1,2,"°.
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An alternate way of writing this equation is
a,.ck;,=0, n>Nk,k=1,2,"'.

In view of the preceding lemma, for any £ in & there exists an integer N(§)
such that

eat = 0, n> N,
and therefore
axf = (arens + arens + - - - + arean)d, n=NE, k=12 ---.
Select the integer M as

M =max (Ny, Ny, - -+, Na), n = N(§).
Then
aen=0,  kA>M,i=12---,N@),
so that
axt = 0, k> M,
and a4, a, - - - is algebraically summable. Further,
aexk = @16k + G26kx + - -+ + Galrr, n=N,k=12---,
so that
oeir = aios + aeir + -+ auere = (a1 + as+ - dewn, E=1,2,--- .
If we sum up both sides of this equation with respect to %,
d=atat--.

We have established the following theorem.
THEOREM 3.4. Every endomorphism of A is a complete endomorphism(*).

If 8 is a proper endomorphism, then @ is a proper complete endomorphism
so that @ is the zero endomorphism because of Theorem 3.2. Hence we have
the following corollary.

COROLLARY. Every nonzero endomorphism of A is a complete meromorphism.

4. Determination of all meromorphisms of A. Consider any meromorphism
0 of A into A®. By the preceding section, 6 is a complete meromorphism. Let

() If we introduce the weak topology in A we convert A into a topological ring and it is
easy to see that algebraic summability coincides with convergence in this topology. Theorem
3.4 can thus be stated as the result that every endomorphism of A is continuous in the weak
topology. (This remark is due to the referee.)



1947] ENDOMORPHISMS OF THE TOTAL OPERATOR DOMAIN 419

Il

0 = eOE’ Hb = Hcoy

that is, Z? is the set of all ¢4 while H? is the set of all { annihilated by ¢, &
in E. From the Peirce decomposition,

E =54 H.

As a’t=€%(a’t), a% is in EP, while if ¢4 =0 then a’¢ =0, and therefore both =E?
and H? are A’-modules. In the work to follow, we shall use the basis of = given
in (1.1): §=P§+Pt+ - - -, and the corresponding basis elements of A, the
e;; defined in (2.2).

Let £ be any nonzero element of Z¢. As e =§£, and in view of Lemma 3.2,
there exists an integer # such that el,£50. Define

N = e:nE; N = et'onﬂm i= lv 2’ °
From (2.3) it is evident that
0 0 . ..

4.1) eim; =mni; ek =0, jFE kG E=1,2,---
And as 7, =€, all n; must be different from zero. If

> ami =0, a; in P,

fa=1
then

e:.Zam.-=a.n,=0, r,s=12,--+,m.
=]

This is possible only if a,=0, s=1, 2, - - -, m, so that the following lemma

is established.

LeMMA 4.1. A set of nonsero elements m1, 1, - - - of E® satisfying (4.1) s
necessarily linearly independent.

The division rings P and P have a common center C. The set of all ele-
ments of A of the form

d

nj 0 .
E Z Q65 4y ;i 1n C,

=1 t=1

with the operations of A is a ring R. In case P is a field and 6 is a P-endo-
morphism R is just A°.

If a subset X, of % is both a P-module and an R-module, E; is called a
(P, R)-module. Any nonzero (P, R)-module, E;, is a minimal (P, R)-module
if no proper nonzero submodule of &, is a (P, R)-module. As an example of a
minimal (P, R)-module, let the nonzero elements 7, 73, - - - of & have
property (4.1). Then E; =Py +Pn+ - - - is a minimal (P, R)-module. It is
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not in general true that =, is a A’-module, for @’y; need not be in E;. An
example to be given later will illustrate this point. It is evident that every
minimal (P, R)-module =, has a proper P-basis 9, 7, - - - satisfying (4.1), as
the element ¢ in the paragraph preceding Lemma 4.1 could be selected from

—
.

THEOREM 4.1. The module E® has a decomposition into a direct sum

(4.2) B0 =E 4+ E -
of minimal (P, R)-modules. Each Ej has a representation
4.3) Er = Pou + Ppax + - - -

with the property

0 0 . .
(4.4) eimit = Ny €ifiak = 0, jEn L =12,
and ;.= €mtn for some choice of m and n.

Proof. To any integer k there corresponds an integer N; such that
e.tr=0, n>Ni, because of Lemma 3.2. Thus ef=elfrtehti+ - - -
~+ € mEr, m = Ni. Define

Nink = el'nEkv i, n, k= 1, 2v Tty
Enk=Pnlnk+Pn2nk+"'v nyk=1121"'°
As
[} 0 . ..
€iNink = Nink; CiNmnk = 0; J #m, H k) m, n = 1,2,---,

each E,; is either zero or a minimal (P, R)-module. The element e is in
(Eax, Eor, + * + , Enx), n= Ny, and therefore E'=U(E..), n, k=1,2, - - - . Any
one of the usual methods of eliminating the dependent =, will yield a decom-
position such as (4.2).

LeEMMA 4.2. The number of minimal (P, R)-modules in any decomposition
(4.2) of EP is an invariant of 0.

Proof. If Z0=5,+5,+ - - - =E{+ &/ + - - - witheachE,, E,! a minimal
(P, R)-module and

Er = Py + Poor 4+ - - -, E=1,2,---,
Er = Pnix+ Poor+ - - -, E=1,2---,
eimix = ma;  eimme = 0, iEn G =12,
eimi = ki eima = 0, jER L =12,

then

)
enE = Pou+ P+ - - - =Popii+ Py + - -+,
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the order of a P-module, that is, the number of elements in a proper P-basis
is an invariant of the P-module. The above equation shows that the number
of 71; equals the number of 7j;,, and therefore the lemma follows.

DerFINITION 4.1. The number of minimal (P, R)-modules in a decom-
position (such as (4.2)) of E? is called the order of 8, 0(d), and is a positive
integer or N,.

Let us now assume that Z¢ has the decomposition (4.2) into a direct sum
of minimal (P, R)-modules %, and each Ej has the basis (4.3) with property
(4.4). As E=E+H’ and because of Theorem 1.1, there exist unique ele-

ments %y, Us, - + +, U1, Vs, - - - Of A defined by
UrNik = Ei; Ui = 0: j # k; ukHa = 01 iy jy k= 1: 21 Sty
(4.5) b = N, i hk=1,2.--.

It is evident that %; and v; are semi-inverses of each other. In fact
4.6) ULk = €, uw; =0, j#£kjk=12_ ...

The set u,, us, - - - is algebraically summable as uyn;, =0, 2>n, and 4, H?=0.
In view of Theorem 2.3, v, vauty, - - - is also an algebraically summable set,
and

(vlul+v2u2+"')ﬂnm=7lnmy ”ym=1727"'1
(v1u1+v2u2+ s )H' = 0.

However e has exactly the same effect on this basis: €*um = Nam, E¢H°*=0; so
as a consequence

“.7 e = viuy + vous + - - - .
From (2.2), (4.4), and (4.5) we derive

o . .
etk = nix = Viki = vreiskj; L k=12,

I
P
»

e:,*vks,. = eiikn = 0, n#Zjii,j, kn
And therefore
(4.8) ek = vieis, i k=12,
From this we obtain efv.u;=vie;jux, so that the use of (4.7) yields

(4.9) egj = kaei;‘uk, 'iyj = 1) 2) Ct
k

the summation going from 1 to o(9).

We recall that corresponding to the basis (1.1), & =P +PE+ - - -, there
is a division subring P of A anti-isomorphic to P; & in P is defined by a,
=af;, =1, 2, - - - . Under the meromorphism 8, P is carried into P?.

For any &’ in P? and £ in ¢, &% is also in E?. Hence
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&’ﬂn = Z'Yt'inﬂii» r,s=12,.--.
o
Now €&’ =a%;, so that, on multiplying this equation by éf,, we obtain
&’ﬂkl = Z YrireNkjy 7, S, k= 1, 2» Tt .
i

Thus the 4's are independent of the 7 in 7,,. However, the 4’s are functions of
a, and to show this we rewrite the equation as

(4.10) a.ﬂn = Z P;ﬂn'y rs=12....

In this equation p§ =0 if 7 is larger than some integer which is a function of
s and a.
Similarly, for any 8 in P,

5, Nre = ; p?.me.
Then
5' &011'. = ; p: Ef P,:'mri-
On the other hand,

—0 aB
aff e = Z Pis Mriy

13

and as af? =pa?, we must have
af a B
Prs = PiaPri.

t

The corresponding equation in the division ring P is

(4.11) b = 2 Bribe
Evidently )
4.12) B’ = B+ P
also holds.

The correspondence
(4.13) &= fu= 2 Pretre,

where 7 is finite for each s and s has 0(6) for its range, is an isomorphism be-
tween P and a subring of A. For from (4.11) and (4.12) we have

fap = foefar  fats = fa+ fo
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and as 0°=0, f,=0 if and only if &=0. Now P and P are anti-isomorphic
under the correspondenée ae>&, so these equations show that aef, is an
isomorphism between P and a subring of A.

With the aid of (1.3%), (4.5), and (4.10), remembering that pZf, = pat,, we
obtain

[} [} a a
B Vebr = A Ny = Z pis¥iés = Z ViPiskr
[ 4 [ 4

and therefore
[ a
&0 =D Vi
i

Using the same methods employed in deriving (4.9) from (4.8), we obtain
finally

(4.14) & =Y vinth.

In this summation, r has a finite range for each value of s and s has 0(f) as
its range.

We shall now eombine (4.9) and (4.14) to get an explicit formulation of a°
for any a in A. Let a,have the representation

a = E Qi i€ij.

5.
As 0 is complete,
0 00
a = Z&“e;,u
¥
In view of (4.9) and (4.14),

[} _aj
=Y T )
r,. $,7

We have established the following theorem.

THEOREM 4.2. If 0 is a meromorphism of A, there exists an algebraically
summable set of elements uy, us, - - -, 0(0) in number and a corresponding set
vy, V2, * + - with the property

u: = e, ux; = 0, = ki, k=1,2---,0(0),

and an isomorphism between P and a subring of A, a<3fa= 2 peer., such that
for any element a of A given by a= Y &ei;,

(4.15) d = ol X ﬁff’e;,-) Y.
r,s - (%)
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The converse of this theorem takes the following form:

THEOREM 4.3. If the set uy, s, - - - , un, N a positive integer or No, is
algebraically summable, and if there exist elements vy, vs, - - - , vx for which

UKk = €, ux0; = 0, j#E k;j,k=1,2,---,N,
and if
N a
& fo= El-’nen
r,e=1

is an isomorphism between P and a subring of A, then for a = Y a;e:; the cor-
respondence 0 defined by

a = E Ur an esi)“n
r,om=1
is a meromorphism of A.

Proof. It is apparent that ¢*4b°=(a+b)°. Also, if a?=0, then u,a%,=0
so that

I.’::i=0:' f,$=1,2,"‘,N;i,j=1,2,“’,
then
f¢¢,~=0, i,j=1,2,...'
and a;;=0 for all 7, j. Hence a=0.
If b= Eﬁﬁeii,
B.
E Uy Z Pr:jpoike'k) Ut
r,8,t=]1 $,5.k
Calling ab= Y 7i;e:; and remembering that
L _a_ﬁ Ba
Z PrePst = Pre
am=1
then we have

N
00 _Bjrax
ab = E vr< 2 Prs ue{k)“u
i,i.k

r,s=1

and as ‘7.','= Zk&;kﬁk, Zk Bk}alk’
6= Ea(5)
%)

r,e=1

This establishes the theorem.
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The above representation assumes a simple form in case § is an auto-
morphism. As %;, v; are not zero, there exists a bin A, b= Zﬁgje;j, such that
911 =040, By Theorem 4.2

-ﬂ‘.
vy = v,( > p,:’e;,-) U,
i

7,8

From (4.6) we derive, if 0(6) >1,

ﬂ.o
u1(111u1)‘v1 = E bl‘ljet‘i =e,

LI¥)

_Bij
wur(v1%1)v1 = Z Pklleii =0, k> 1,
i
_Bij
wi(u)ve = D puceij = 0, E> 1.
i
Hence
Bij - ep . Bij op o .
pu =éifi =74, pn =0ifisj.

_Bij

Prs =0 iff+$>2.
A glance at (4.13) reveals that
Bii=0, isj; Bi = &

Thus v =¢? and consequently vu,=0, 2>1. The order of 6 is one and
Theorem 4.2 becomes(®) :

THEOREM 4.4. If 0 is an automorphism of A, there exists an automorphism
a<>p* of P and a regular element u of A such that, if a= Y ;e.;, then

a® = ui(D pies;) .

As an example of the above, take P as rational quaternions,
P=R,(1, 1, j, k). Let E be the linear set of all vectors (a1, oz, - - - ) over P of
order type w with only a finite number of nonzero coordinates. Then A is
the ring of all wXw matrices (&.:7, s=1, 2, - - -) over P, a ring anti-
isomorphic to P, with finitely nonzero columns (that is, &, =0 for > N,, N, an
integer depending on s).

Select £ as the vector with 1 as the kth coordinate and 0’s elsewhere. Then.

E=Pht Pt .

For this basis of &, e;; is the matrix with 1 in the 7th row and jth column and
0’s elsewhere.

(®) This theorem is a special case of a theorem given by N. Jacobson for dense rings. See
N. Jacobson, The radical and semi-simplicity for arbitrary rings, Amer. J. Math. vol. 47 (1945)
p. 318, Theorem 32.
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For o in P, the correspondence
& &> — jajen + (jas — ak)eis — kakess
is an isomorphism between P and a subring of A. Let

Uy = E €21, U2 = Z €2, U1 = 2 €214, U2 = E €25 4.

t=] =S ] =] fa]
Then
U101 = UgVy = €; U102 = %) = 0

in accordance with (4.6). For the matrix ¢ in A, the correspondence 8 defined
by

a® = — vijaju, + v1(joi — ak)us — vokakos

is a meromorphism of A as a consequence of Theorem 4.3. The order of 6,
0(0), equals 2, as

E1=PhH+ P+ -+, E2=Pha+ P+ ---,

and

I

IiI
_}I
+
gl

with E, and E; minimal (P, R)-modules

5. The P—meromorphisms of A. Theorem 2.3 indicates the 1mportance of
the division ring P in a given representation of A as a matrix algebra. The
meromorphism 8 of A is a P-meromorphism if for ¢ in A, & in P,

(aa)? = aa’, (a&)® = a’a.
An equivalent condition is that
& = ae® = e'a.

If 0 is a P-meromorphism, then by Theorem 4.1 there exists a representa-
tion of E? as a sum of minimal (P, R)-modules:

with

and
0 0 .
emir = Nk €ipak = 0, jEn

Furthermore, 7;s=€nt, for some choice of m and # depending on j and &.
Hence
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aoﬂik = &oel:'nfm = e:naofm = e;neoazm = a:',,af,,. = ae?nfm = an;k
forj, k=1, 2, - - - and any « in P. From (4.10),
pii=a;  pjp =0, EGR S
Theorem 4.2 then takes the following form:

THEOREM 5.1. If 0 is a P-meromorphism of A of order o(f), there exists an
algebraically summable set of elements uy, 4s, - -+, 0(0) tn number, and a cor-
responding set v, vs, + - - with the property

ULV = e; uw; = 0, jER E=1,2+--,00)
such that
(5.1 a® = ) viaus.

k
Evidently
a’v, = va; ura® = auy, k=12 ---,
and as
&) = &ev, = avi, WA’ = Ui’ = w3,

it follows that
(5.2 av, = 1%, aur = U, k=1,2,-...

In other words, the ring P commutes elementwise with the #%; and ;.
Let 6 be the inner meromorphism defined by

a% = yauy.
From (5.2), 0x is a P-meromorphism. The meromorphisms 6y, 6,, - - - are
orthogonal and the set e, %, - - . is algebraically summable. We conclude

that the following theorem holds.

THEOREM 5.2. A meromorphism 0 is a P-meromorphism if and only if
there exists a set of inner P-meromorphisms 0y, 0, - - - containing o(0) elements
such that

0=01$02e"° .
COROLLARY. If 0 is a P-automorphism of A, then 0 is an inner automorphism.

If 6 and ¢ are meromorphisms of A, then the product of 8 and ¢, 8¢, de-
fined by a%=(a%)%, is also a meromorphism of A. If § and ¢ are P-mero-
morphisms, 0¢ is also a P-meromorphism.

THEOREM 5.3. If 0 is a P-meromorphism of A and if 0 has the two decom-
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positions
=0D060:D--- =1 DPp2D - --

into direct sums of inner P-meromorphisms, then the sets 61, 05, - - - and ¢,
&2, * - * have the same number of elements, 0(6), and there exists a P-automorphism
7 of A such that

b = 0;7, i=1,2,-.
Proof. As 6; and ¢; are inner P-meromorphisms,
a% = v,au;, i1=1,2,--.,
ati = tias;, =12,
and
uY; = e, i=12---,
siti=e, j=12,.--,

Now e’ =0 if 4£j and similarly for ¢;, so that
uw; = 0, i 7,
sit; = 0, N
Any element & of P commutes with all u;, v;, sj, ;. Also

€ = o+ vothy + - - =hisi b2+ -

Let ¢ and 94 of E be defined by {u=ui; nu==tt, 4, k=1, 2, - - -,
from which it follows that

wifae = & wafii =0, J#EEk
semir = &y sinij = 0, j =k
It is also seen that for any a in P,
alix = afix; anik = AMik, L,k=12---.
If E: and II; be defined by

Er = eBE, II; = e,
then
B =E+Et =+ 0+---.
Furthermore,

B = Pt + Peap+ -+ - E=1,2---,
II; = Ppij+ Poej+ - -+, i=4L2---,
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and

o 0
eilik = $ie; €iifnr = 0, j#Emn,
0 0
emic = ks efak = 0, Jj#Emn
As each E; and II; is a minimal (P, R)-module, we derive from Lemma 4.2
that the correspondence EpeII; is 1-1.

Now E =g+ H’ where H? is the set of all £ annihilated by ¢’. As H =P (%,
—e, b, - - - ),

H'=P51+P52+"'

where d;=§;—e%;, j being a function of 7. There exists a regular element p
of A defined by

ik = Ciny k=12 P8 = i=1,2,---.
For any e« in P, &d; =ad; so that
ap = pa.
The inner automorphism 7 defined by
a" = plap

is a P-automorphism.
From the definition of p, and as sx(£:— %) =ur(£;—€%;) =0 for all k and
1, it follows that

wiepnir = & = Sinik; UePnin = 0 = Siin, n&Z ki, kbn=1,2,.--,

uppd; = 0 = 5395, LWhk=12 ...
Therefore
SE = urp, k=12,..
Similarly, as
ki = Soe = phiki, L, k=12---,
it follows that
U = pli.
The above equations yield
at = p~lvaurp = a7, k=1,2,.--.

Thus ¢, =0xr and the theorem follows.

6. Anti-endomorphisms of A. In the case of a finite total matrix algebra
over a division ring, the product of an anti-automorphism of the division
ring with the transformation that takes every.element of the algebra into
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its transpose is an anti-automorphism of the algebra. Moreover, every anti-
automorphism of the algebra can be expressed as the product of such an anti-
automorphism with an inner automorphism(®).

If a= D &6, is an element of A, it is not true in general that the trans-
pose of @, a® = D _&e., is also an element of A. Thus any anti-endomorphisms
of A must be of a different type than those of a finite matrix algebra. Actually
it will be shown that A has no nonzero anti-endomorphisms.

Let 0 denote an anti-endomorphism of A. Consider any infinite partition
m, w2, - - - of the set of positive integers into mutually exclusive subsets
such that all 7; contain an infinite number of elements. Define the elements
e; of A by

e = Ze,-,-, t1=1,2,---.
i€ne
In the proof of Theorem 3.3, the only products of elements of A used were
commutative. The conclusions of the theorem are valid therefore for the
anti-endomorphism 0. Thus the set ¢f, €3, - - - is algebraically summable.
Denote the integers of mx by 741, 7, - - -, and let

© 0
r = E Cinigr Sk = Z Cniidr k=1,2,--

§, fml Jum1

As ni;=ny for j¥k, both 7 and s are in A. A simple multiplication yields

reisr = e, E=1,2.--,
and therefore
s:e;r0=e’, k=1,2,.--.

Now in view of Theorem 2.4, the set siefr?, sief#?, - - -, that is, the set
e, ¢, - - -, is algebraically summable. However, the countably infinite set
e, e, - - - is algebraically summable if and only if ¢#=0. The anti-endomorph-
ism 6 must be the zero endomorphism, and we have proved the following
theorem.

THEOREM 6.1. The ring A has no nonzero anti-endomorphisms.
(¢) N. Jacobson, The theory of rings, Mathematical Surveys vol. 2, New York, 1943, p. 23.
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