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The total operator domain of a finite vector space of dimensionality n

over a division ring is a total matrix algebra of order n2 over a division ring

anti-isomorphic with the given ring. The only nonzero endomorphisms of

this total matrix algebra are the inner automorphisms, the automorphisms

induced by automorphisms of the division ring, and products of these twoi1).

If we now start with an infinite vector space with Hamel basis over a

division ring- P, the total operator domain can be thought of as a matrix

algebra of infinite order over a division algebra P anti-isomorphic with P.

Since the choice of elements in the infinite matrices is restricted, the matrix

algebra should perhaps not be called total, though it is a maximal ring con-

tained in the set of all infinite matrices with elements in P. The present paper

is a study of the endomorphisms of this total operator domain.

To avoid the assumption of the well-ordering of any set, the infinite

vector space is assumed to have a countable Hamel basis over P. Most of the

methods introduced and the results carry over, however, for a basis of any

cardinal number if the well-ordering assumption is used. As in the finite case,

it is shown that the only nonzero endomorphisms are meromorphisms of the

domain. However, the meromorphisms need not be automorphisms.

A formula is given for all meromorphisms of the operator ring. Simplifi-

cations occur in the cases of P-meromorphisms and automorphisms. In the

latter case the results are the same as those for the finite matrix algebras.

The total operator domain has no nonzero anti-endomorphisms.

1. Introduction. If 2 is a module with nonzero submodules Si, 22, • • •

and if every nonzero element £ of 2 has a unique form of representation

Ç = r]rl+T)r,+ • • • -r-Vr, as the sum of nonzero elements nrt lying in 2rf, we

shall say that 2 is the direct sum of the submodules 2i, 22, • • • and shall

write

ft " Sl T Sj T " '   =  2-1 "•'•
i

Let P be a division ring and let 2 be a regular P-module. Then a£ = 0 for

a in P and £ in 2 if and only if a = 0 or £ =0. Further, the identity e of P must

be an identity operator for 2, for if e£;"í£, then e(£ — e£) =0 while e^O and
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0) N. Jacobson, The theory of rings, Mathematical Surveys, vol. 2, New York, 1943, p. 23.
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If iii £2, • • • are elements in 2, P(£i, ¿2, • • • ) will designate the least P-

submodule of S containing £1, £2, • • • and will consist of all finite sums

ai£i+«2?2+ • ■ • +an£n, oti in P. For £ in S, P£ denotes the P-module gener-

ated by £. The elements £1, £2, • • •  are linearly independent if

P(fi, &,-••)« -Pfi + -%+••'• •

In case there exist elements £1, £2, • • • in 2 such that

(1.1) E = P£i + P|2+---

then the set of elements £1, £2, • • • is called a proper P-basis of 2. We shall

assume that S has a countably infinite proper P-basis throughout this paper.

Hence if £ is in S and 2 has the basis (1.1) then £= ^"-1 «<£,-, a,- in P, and if

E?-i «•£<= Z?=i fi£i, then «,- = (S„ i = l, 2, • • • , ».
It is known that the P-submodules of 2 will have certain proper ties (2).

(A) Every P-submodule of 2 has a countable proper P-basis and the

number of elements in the basis is an invariant of the submodule.

(B) If Si is a P-submodule of 2, there exists a P-submodule S2 such that

S=Si+S2; that is, S is completely reducible with respect to P.

A mapping of 2 into itself or part of itself, £—►£', is a P-endomorphism if

and only if, for £—►£', 77—*•»/', a in P,

(1.2) ï + v^t' + r,',

(1.3) «£^«r.

This endomorphism will be represented by an operator a; £—>a£. With this

convention (1.2) and (1.3) can be written

(1.2') a(t + v) = a£ + ar,,

(1.3') a(aÇ)=a(aÇ).

The set of all P-endomorphisms of 2 is called the total operator domain of

S and is labelled A. Elements of A are denoted by a, b, c, • • • ; the elements '

a, i of A are equal, a =b, if and only if a£ = ô£ for all £ in S. As is well known,

A is a ring under the operations of addition and multiplication defined by

(1.4) (a + 6)£ = a£ + i¿,

(1.5) (a&)£ - a(b£).

The unity element of A is denoted by e, the zero element by 0.

Consider now the proper P-basis of 2 given in (1.1). Any element a of A

obviously determines a mapping £¿—>a£t- of the basis elements into S. A con-

verse of this statement is now given.

(») M. H. Ingraham, A general theory of linear sets, Trans. Amer. Math. Soc. vol. 27 (192S)

p. 178.
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Theorem 1.1. A mapping of the elements of a proper P-basis of '2 into 2 can

be extended to a unique P-endomorphism of 2.

Proof. Let £,—>m(£¿) be a mapping of the basis (1.1) into 2. If a is the

mapping of 2 defined by

a( X) «<?<) = X) or<w(£,),

then a is a P-endomorphism and a is an extension of m as a£< = *»(£,). Evi-

dently o is unique.

The mapping £—»a£, a in P, of 2 is a P-endomorphism if P is a field. In

this case, P can be considered a subring of A: it is easily shown that P is

the center of A. However, if P is a division ring, the mapping £—>«£, a in P,

of 2 is not in general a P-endomorphism. A situation somewhat analogous

to the case of P a field is obtained by defining as in Theorem 1.1 the P-endo-

morphism 5 for the basis (1.1) as

(1.6) a£< = <*£,-, i = l, 2, ....

The ring P= {a; a£.P} is a division subring of A and is anti-isomorphic to P.

It is important to note that P is independent oh the choice of basis of 2,

that is, a£ and a£ are in general unequal. The center C of P is a field as is

the center C of P. It is apparent that C and Ü are isomorphic. If £ is any

element of 2,

n

£ = E 7*. Tí G P,
•-1

and if a is in Ü, then

g B

a£ = 2 7<a£,- = 2 ?<«£< = «£•
i-i t-i

We may therefore identify Ü with C This will be done in the future.

2. Preliminary discussion of 2 and A. If a is in A and 2i is a P-submodule

of 2, then the set a2i of all elements of the form a£, £ in 2i, is a P-module.

Definition 2.1. The order of a P-submodule 2i of 2 is the number of

elements in a proper P-basis of 2i, and is either a positive integer or N 0 de-

pending on whether the proper P-basis has a finite or infinite number of ele-

ments. The order of 2i is designated by o(2i). The order of an element a of A

is the order of o2, that is, o(a) =o(a"S).

Lemma 2.1. If 2i and 2i are P-submodules of 2 and if a and b are in A,

then:

(1) o(2,)áo(2i)if22C2i,
(2) o(2i,2,)^0(2i)-M2,),
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(3) o(2i+22) = o(2i) +o(22) */ EiAg, = 0,
(4) o(a2i)áo(2i),
(5) o(ab)¿o(a),

(6) o(ab)£o(b),

(7) o(a+b)^o(a)+o(b).

Proof. (l)-(3) are obvious. If r¡i, tj», • • • is a proper P-basis of 2i, then the

set arji, an2, • • • includes a proper P-basis of oHi. Hence (4) follows readily.

As (o&)2 is contained in a!E, (5) follows from (1). If we replace 2i by V3, in

(4) we obtain (6). As (a+Z>)2 is contained in (a!E, bS), (7) follows from (2).

Corresponding to any element a in A there is a set ¿Z« contained in 2

made up of all elements of 2 that are annihilated by a. If a£ =077=0, then

a(a£+/3ij) =0 for any a, ß in P. Thus ¿Z„ is a P-module.

Lemma 2.2. To each element a in A there corresponds a decomposition of Si

into a direct sum:

(2.1) S ~ £ «,+. 2J„
i

where a!E has the proper P-basis aSi, aSi, • • • .

Proof. Since ¿Z«, is a P-submodule of 2, there exists a P-submodule 2i such

that 2=2i+ZZ0. Then a2=a2i. If 2i= £,P5,-; the elements ab\, aô2, • • •
must be linearly independent since o( £,- a,S<) =0 if and only if £< aßi is in

Ha which in turn is true if and only if a< = 0 for all i. Hence o2= £tP(a8,).

Lemma 2.3. To each element a in A and to each decomposition (2.1) of 2

there corresponds on element â in A such that:

(1) ad and da are idempotent.

(2) aäa=a, äai = ä.

(3) o(aâ)=o(âa)=o(a).

(4) aä8i = Si, ¿ = 1,2, ....

Proof. Select the P-submodule 2i so that 2=a2+2i. We have, from

Lemma 2.2, 2= £< PS<+¿Z0i o2= ]£< P(abi). Define â to be the element of
A for which

S(aSi) = Si, i = 1, 2, • • • ; 5 Si = 0.

By Theorem 1.1, ä exists. Immediately we have that

(da)Si - 5,-, i = 1, 2, • • • ; (àa)Ea - 0,

and äa is idempotent. Further

(ad)a8i = aSi, i = 1, 2, • • • ; (a3)Ei = 0,

so that ad is also idempotent.

Now o(a) is the number of elements in the set aSi, aS2, • • • as is o(aä).
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while o(äa) is the number of elements in the set Si, 5», • • • . Thus o(a) =o(aa)

= o(aa). Also

ä(aoi) = (äaa)(abi) = Bit i = 1, 2, • • • ; áSi = (âaâ)Hi = 0,

öS, = (aâa)&i,  i = 1, 2, • • • ; aHa = (aâa)Ha = 0,

from which we conclude ä = äaä, a=aâa.

Conclusion (2) of this lemma shows that A is a regular ring in the sense of

von Neuman(').

We see in passing that if a is an idempotent element of A, then

H = a3 + Ha.

This is a consequence of the Peirce decomposition £=a£+(£—a£), where o£

lies in o2, £-»a£ lies in Ha.

Lemma 2.4. If ei and e2 are idempotent elements of A for which o(ei) =o(ei),

then there exist elements di and d2 of A such that:

(1) o(di)=o(d2)=o(ei),

(2) di = diCi = e%di, d2 = d2e2 = eid2.

(3) ei = ¿2¿i, e2 = did2.

(4) ei = d2eadi, e2=dieid2.

Proof.   Let   2= X<P5<+2ii= 2~2iPji+hh   with   ei5< = 5i(    e27<=7<,
* = 1, 2, • • • . Define di and d2 to be the elements of A for which

dih = 7<, i = 1, 2, • • • ; diHe, = 0,

d2yi = 5,-, * = 1, 2, • • • ; d2He, — 0.

This is possible since o(ei) =o(ei). Then (1) and (2) follow immediately. Also

d2diSi = Oí,   i = 1, 2, • • • ; d2diHe, = 0,

did2yt = 7i, t = 1, 2, • • • ; didiH^ = 0,

so that (3) follows. (4) is a consequence of (2) and (3).

In case one of the idempotent elements of this lemma is the unity e of A,

we have the following corollary.

Corollary. // a is an idempotent element of A with o(a) =o(e), then there

exist elements s and tin A such that:

(1) e = ts, a = st.

(2) s=as, t = ta.

(3) e = tas.

Lemma 2^5. Let a and b be any two elements of A and suppose o(a) ^o(b).

Then there exist elements a and c2 in A such that a=Cibc2.

(») J. von Neumann.'O« regular rings, Proc. Nat. Acad. Sei. U. S. A. vol. 22 (1936) p. 707.
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Proof. Select decompositions (2.1) corresponding to a and b: 2

= £< PSi+Ha with a 2= £,- P(aSi);E= £,- Pyt+Ht with 62= £iPi>y*).
Define c to be the element of A such that

cyi = y,-, i = 1, 2, • • • , o(a),

cyi = 0       for i > o(a) in case o(a) <o(b),

cHb = 0.

Thus c is idempotent and o(c) =o(a).

By Lemma 2.3 there exists 5 such that hbji=yi, i = l, 2, • • • , 5i»ZZi, = 0.

It follows that ebb = c. Using the same lemma, an element ä exists such that

da is idempotent, a = aäa, and o(aa) = o(a) = o(c). By Lemma 2.4 there exist

elements di and d2 such that aa = dicd2. Hence

a = a5a = adicd2 = adicobd2,

■ and the lemma follows for Ci = odico and C2=<zV

Corollary. Z/ a is any element of A for which o(a) =o(e) there exist ele-

ments p and q in A such that

paq = e.

To any proper P-basis £i, £2, • • • of 2 there corresponds a set of elements

ea, i, j = l> 2, • • • , of A defined by

(2.2) e,-,£i = £,-,       e,,£* = 0, j ^ k; i,j, k = 1, 2, • • • .

These elements have the well known multiplication table

(2.3) eijejk = eih,       eaenk = 0, j 9e n; i, j, k, n = 1, 2, • • • ,

with the elements e,„ i = l, 2, • • • , being idempotent.  Obviously o(e,-,-)=l

for all * and j, and o(en+e22+ • • • +e„„) =».

Lemma 2.6. The set, £2, of elements a in A for which o(a) <o(e) is a proper

subring of A.

Proof. To say that o(a) <o(e) is to say that o(a) is finite. Lemma 2.1

guarantees that this set is a ring. Since it does not contain e and since it con-

tains at least the elements e,-,- defined above, it is a proper subring of A.

Theorem 2.1. The ring fi is the only proper ideal contained in A.

Proof. If a is in 0, then ab and ba are in fi for any b in A. For, by Lemma

2.1, o(ba)^o(a), o(ab)^o(a). Hence ß is an ideal.

If Z is an ideal of A not contained in fi, there exists an element a in Z such

that o(a) =o(e). By the corollary to Lemma 2.5 there exist elements p and q

in A such that paq = e and Z contains e: Z=A. If Z is a proper ideal of A con-

tained in Q, Z contains an element a of positive order o(a). Then o(e,-,-) ̂o(a)
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and, by Lemma 2.5, / must contain all e¿,-, t = l, 2, • • • . Hence I contains

«11+622+ • • • + BB for all integers n and as this element is of order n we may

argue that I contains all elements of order less than or equal to n for arbi-

trary n, that is, J=ß.

Definition 2.2. The countable set a\, a2, • • • of elements of A is said to

be algebraically summable if and only if to every £ in 2 there corresponds

an integer n = N(l-) such that an is in the set and a*£ = 0 for every element o*

of the set for which jfe>iV(£). If Oi, a2, • • • is algebraically summable, then

ai+a2+ • • • is given by

(<*i + a2 +•••)£ = «i£ + «s£ + • • • + <*»£> n = Ni0-

It is evident from this definition that every finite set of elements of A

is algebraically summable, and if Ci, a», • • • is algebraically summable,

ai+ch+ • • • is an element of A.

Consider now the basis of 2 given in (1.1) and the corresponding elements

e,-,- of A given in (2.2) and (2.3). Corresponding to this basis of 2 is a division

ring P contained in A and anti-isomorphic to P. Now for a in P,

B**& = 5£« = «£< = «»•)«£; = «••;«£*>  a«.il* = eijCtik = 0,

i,j, k = l,2,--- ;jr* k,

so that ae,-, = e,-,a for all i,j. That is, the elements of P commute with all e{j.

If a is an element of A, there exist elements a,-,- in P such that

»?
ff£i = X«*í&> j = 1,2, • • • .

i-i

Let a,- he defined by

a
a i = 2 Hijea, j = 1, 2, • • • .

>-i

Now a,£t = 0 for jVfe so that the set ai, a2, • • • is algebraically summable.

Further

»/
a£/ - («i + o2 + • • • )£,• = a,£/ = 2 ***&*•     J = ^ 2> ' * * »

and it follows that a=ai+a2+ • • • . This can be expressed in a double sum-

mation as

(2.4) «-££««*»#.
/-i <-i

We shall frequently abbreviate this to a =Ea«'ig»'f-

Theorem 2.2. The set of elements en, i, j = l, 2, • • • , is a 7 basis for A
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under the operation of algebraic summation. Further, if a is given by (2.4), then

(2.5) enaeij - a,ieTj, i, j, r = 1,2, ■ ■ ■ ; s ■» 1, 2, • • • , »<.

From (2.5) we derive that the only elements of A that commute with all

e,7 are the elements of P. For if a is given by (2.4) and ae<i = c<,-a,

i, j = l, 2, • • • , then, from (2.5), 5,¿ = 0 if s^i, and arre,* = er*a*t. Hence

a=a„, r = l, 2, • • • , and a is in P.

Theorem 2.3. If the sets oi, a2, • • • and bi, fa, • • • are algebraically

summable and c, Ci, Ct, • • • are arbitrary elements of A, then the sets ai+fa,

ciî+fa, • • • , CiOi, c2a2, • • • and aie, aie, • • • are algebraically summable and

(2.6) (ai + ai +•••) + (fa + fa + ■ ■ ■) = (ax + fa) + (a2 + fa) + ■ ■ ■ ,

(2.7) aic + a2c+ ■ ■ ■ = (ai + a2+ ■ ■ ■ )c,

(2.8) cai + ca2 + • • • = c(ai + at + • ■ • ).

3. Endomorphisms of A. The principal topic of this paper is the discus-

sion of the endomorphisms of A. For completeness we define all terms.

Definition 3.1. A mapping 6 of A into a subring A* of A is an endo-

morphism if and only if for a, b in A,

(i) (a+by=a°+b°,

(ii) (aby=a>b>.

If in addition

(iii) a' = be if and only if a = ft

then 0 is a meromorphism. An automorphism is a meromorphism 8 for which

A'=A. An endomorphism 6 is complete if and only if whenever the set

öii 02, • • • is algebraically summable,

(iv) the set a\, o|, • • • is algebraically summable,

(v) (ax+a2+ - • ■)» = a\+aZ+ • ■ ■.

If (ii) be replaced by

(ii') (ab)e = btat

then 0 is an anti-endomorphism. An endomorphism 0 is a P-endomorphism

(relative to the basis (1.1)) if and only if for a in P,

(vi) (aa)" = ao', (aä)s = a>ä.

If u and v are elements of A such that vu=e, then the correspondence 0

defined by

a' = ucv
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is a meromorphism. We shall call 6 an inner meromorphism. If and only if

uv=vu = e will 0 be an inner automorphism.

A set of meromorphisms Oi, 92, ■ • • of A is said to be orthogonal if and

only if

e>ieH = o, Í9± j, i, j « 1, 2, • • • .

If the set e*1, eH, • • • is algebraically summable, then as afi = aSie>{ the set

a>l, a61, • • • is also algebraically summable as a consequence of Theorem 2.3.

Definition 3.2. If the set of meromorphisms 6i, 62, • ■ • is orthogonal

and if the set eSl, e1*, • • • is algebraically summable, then the correspondence

0 defined by

a' = a'i + aei + • ■ ■

is called the direct sum of the meromorphisms di, di, • • • and is written

0 = 0i © di © • • ■ .

Theorem 3.1. If 6 is the direct sum of the meromorphisms Oi, r?2, • • • then ß

is a meromorphism of A. If 9i, di, • • • are P-meromorphisms, then 6 is a P-

meromorphism.

Proof. For any elements a, b in A,

a»<b'i = (a,*eti)(e'ib'i) =0, i ^ j, i, j = 1, 2, • ■ • .

Thus

„•*• = ( E a9iV ¿Z b"') =  E «"*" = («*)'■

Also

a» + b* = 22 a°< + 22 be' = 22 (a + b)6i = (a + b)<
i i i

in view of (2.6). If ae = be, then e6ib> = e6iae so that aBi = b6i. As 0¿ is a mero-

morphism, a = &. Hence 6 is a meromorphism of A.

The second part of the theorem follows immediately from Theorem 2.3.

It was shown in Theorem 2.2 that the elements e,-,-, i, j = l, 2, • • • , con-

stitute a P-basis for A under the operation of algebraic summation. The

completeness of an endomorphism 6 allows us to select a similar basis for A9.

For if a is any element of A expressed in the form (2.4), then

e        °°    "'     «   9
(3.1) a  = 22 22 «.A-/.

j-i «-i

Hence we can assert that the elements e\¡, i, j = l, 2, • • ■ , form a P'-basis

for A* under the operation of algebraic summation.
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An endomorphism that is not a meromorphism is said to be proper. A

trivial proper endomorphism is ae = 0 for all a in A. This is the zero endo-

morphism. The next few pages will be devoted to the task of showing that

the zero endomorphism is the only proper endomorphism of A and also that

every endomorphism of A is complete.

If 0 is a proper endomorphism of A, there exist elements fa and &2 in A,

fay^fa, such that b[ = b\. An equivalent statement is that there exists a non-

zero element ft in A such that ft' = 0, that is, b=fa — fa. Express b in the form

ft= 2~lßiieii- As ft is unequal to zero, there exist integers r and 5 such that

ßr.7^0. From (2.5)

(ßri)~lemrbe,n = emn, m, n = 1, 2, • • • .

An application of the endomorphism 8 yields eema=0, for all m, n.

If in addition to being proper 6 is also complete, then (3.1) shows that

o9=0 for every a in A, and we have established the following theorem.

Theorem 3.2. A nonzero complete endomorphism of A is necessarily a

meromorphism.

We temporarily divert our attention from the main topic of the paper to

establish a lemma that is needed in the next theorem. Let the set of positive

integers (1, 2, 3, • • • ) be denoted by p. For any subset x of p, let the vector

ZT be defined by

Z, = («i, tt, • • • , €„, • • • )

where

«n = e>    n G x;        «„ = 0,    n G rr,

e being the identity of P.

Define the vector space Q as

0 = P[Z,;xCp]

so that Q is the least vector space over P that contains IT for every subset

x of p.

Lemma 3.1. The vector space Q does not have a countable P-basis.

Proof. If Q has a countable proper P-basis: Q = PÇi + PÇ2+ ■ • ■ then
define

Ci = r •     2—é y¡iíi
i«

where the 7,-,- are selected so that {"/ has the maximum possible number of

successive zeros as its first coordinates. The set f 1 ,£»,••• must also be a

proper P-basis for Q, as no two of the f/ can have the same number of sue-
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cessive zeros as their first coordinates. Now the vectors (ti, t¡, • • • , eB, • ■ • )

where e„=e and e* = 0, kv^n, » = 1, 2, • • • , must be in Q. Hence it must be

possible to reorder the new basis and possibly multiply by elements of P so

that it becomes r¡i, í?j, • • • , where

17* = (0, 0, • • • , «, ai, ¡fc+i. «* *+2i • • • )i

e being the &th coordinate.

To show that Q = Prn+Pr¡2+ • • ■ is impossible, let p\=0, vi=e and re-

cursively

vn = « if p„ = 0,

Vn   =   —  Pn    if   Pn ?-  0.

Select the vector

Z = («1, «2, • • • , «», • • • )

so that

«„ = «    if   ft, « 0,        «„ = 0    if   Pn t¿ 0.

If, as we are assuming, Z= £iii jS.-rj,-, a direct computation of ßi, ßt, • • ' , ßtr

shows that ßi = vt so that Z= £Í1ií'í77¿. However, then

N

«AT+1  =   £ "<a¿ AT+1 = PAT+1,

t=l

which is not possible as e^pi for all values of k. Thus Z is not in Prçi+P-j

+ • • • and Q cannot have a countable P-basis.

Incidentally, we note that Q is not in general the set of all vectors

(«i, <*2, • • • , ctn • • • ) over P. For example, the vector (e, 2e, • • • , we, • • • )

is not in Q if P is not a finite field. Obviously Q is the set of all countably in-

finite vectors in case P is a finite field.

Consider now an endomorphism 8 of A. We shall establish the fact that

8 must be a complete endomorphism. To this end, let xi, X2, • • • be any

countable partition of p, the set of positive integers. That is

xiUuU-" =p,       TiC\ x,- void, f ?¿ j, i, j = 1, 2, • • • .

Select a proper P-basis for 2, say (1.1), and the corresponding set, en, of ele-

ments of A defined in (2.2). Let

e(vi) = £ en, i = 1, 2, • • • .

Theorem 3.3. The set ee(iri), ei(x2), • • • is algebraically summable.

Proof. The theorem is obvious if the partition of p is finite, so let us as-

sume an infinite partition, that is, an infinite number of Xj.

n—1

= £ v{ain,
i-i
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If the set ee(iri), e6(ir2), • • • were not algebraically summable, there would

exist a £,• of the basis (1.1), say £i for convenience, and an infinite set of posi-

tive integers, ii, it, • • • , such that

(1) e"(irB)£i 7* 0, n = ix, i2,

By Theorem 2.2, we can write

(2) «'GO = 22 a«™«,., n = 1, 2, • • • .
r,«

From (1), for every integer n there exists an integer kn such that

a„*„i ̂  0, n = 1, 2, • • • .

Let ir be any subset of p, and define

«GO = 22 «(»-O-

This is algebraically summable, as, for any integer k, «(7r„)£, is unequal to zero

for exactly one value of n. Again ee(ir) can be written as

(3) P(r)   =   22 /3-rr.fir..
r,8

The elements e(iri), ë(ir) are idempotent, and

«•(»o«»« = «vo (» e t)
(4)

= 0 (»€*)•

The substitution of (2) and (3) in (4) yields

22 Bnrjßrj. = an„ (»t G »)

(5)
= 0 (n £ ■),

r, i = l, 2, • ■ • . The summation on j is finite for all values of r, s and ir and

is independent of n as we see from (3). In particular, if r = kn and 5 = 1, (5)

takes on the form

dr

,,,. 22 Cinknißril   =  äBfc„l (» £ »)
(5 ) )-l

= 0 (»6 *•)•

For convenience of notation we let

aB<  =   (ânknd^ânkri, t  =   1, 2,  •  •  • ,

ßwi — Pril, i =   I, 2, •  • •  , tT.

Then (5') can be written as
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,*s v^       3 f«B = «,   » G 7T,
(6) 2-, Ötnißri  =  «„, <

J-l l«B   =  0,   « 6E X.

Let the vectors f ,• be defined by

f< = (äit, an, • • • , ani, • • • ), » = 1, 2, • ■ • ,

and the vector IT by

It — («i, «2, • • • , eB, • • • )•

Introduce the vector space Q as

Q = [fi, f2, • • • ]P

That is, it is composed of all finite sums 22< ?»«•', a> m P- Now (6) can be

written as

Thus 7, is in Q. Since ir is arbitrary, all vectors of the form

I = («i, «2, • • • , eB, • • • ), «n = 0 or t,

are in Q. That such a conclusion is impossible follows from Lemma 3.1. The

assumption that ee(7ri), ee(ir2), • • • is not algebraically summable must be

false, and the theorem is established.

A particular instance of this last theorem is irn = (n), n = 1, 2, • • • . Hence

the set e\i, e%¡, ■ • • is algebraically summable. The endomorphism 6 is not

assumed to be complete, so even though we know eîi+e22+ • • • is in A and

«ii+«22+ • • • =«, we cannot say that ee = een+e622+ • ■ • without further

justification. Let

°°    eë = 22 ««•
t-i

and let e° be defined by

e» = i + e°.

We shall show that e° = 0.
From (2.7) and (2.8), etë=ëe> = ë. As ë and ee are idempotent, we have

e°e° = e°,       eV = eee° = e°,       e"ê = êe° = 0.

Also, as e\¡ = e%ë = êe%,

»  o       o « .   .
cJ3«  = e e<,- = 0, t, ; = 1, 2, • • • .

Let in, TT2, • • • be any countably infinite partition of the set of integers
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p such that all x„ are infinite sets. Let x* be the set of integers «a, »œ,

where »ii<»ja< • • • , k = l, 2, • • • . Define

«("■*) = £ en, k = 1, 2, •

e* = £ e,t, * = 1, 2,
<-*

00

ph = £ e*+i-i ntli ~ = li 2,
i-1

«o       j

q = £ £ ft»«*, where i - j — i + 1.
/—i t-i

A simple computation shows that

Pt«(xi) = pi, Pke(irii)q = eic, k = 1, 2, • • • .

From Theorem 3.3, the set e9(xi), ee(x2), • • • is algebraically summable and

hence, from Theorem 2.3, the set p{ee(iri)q9, p\e°(ir2)qe, • • • is also alge-

braically summable. In view of the above equations, e[, el, ■ • • is an algebra-

ically summable set.

Now e\=ee, and generally

e* = e — £ e«, i = 2, 3,
i=i

and therefore

90 09 09 90 0
eke  = e e¡c = e e   = e e  = e .

Select any element £ of 2. As e\, el, • • • is algebraically summable, there

exists an integer A(£) such that Ct£ = 0, k> A(£), and consequently

0 9 0
e e¡t£ = e £ = 0.

It follows that e°£ = 0 for all £ in 2 so that e° =0. This establishes the following

lemma.

Lemma 3.2. If 0 is an endomorphism of A, then e\i, ei¡, • • • is algebraically

summable and

»       $        i
e  = en + C22 + • • • •

Consider any algebraically summable set 01, 02, • • • of elements of A,

and let a = ai+a2+ • • • . By definition, there exist integers Ai, N2, • ■ • such

that

a„£* = 0, « > Nk, k = 1, 2, • • • .
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An alternate way of writing this equation is

anekk = 0, n> Nk, k = 1,2, ••■ .

In view of the preceding lemma, for any £ in 2 there exists an integer iV(£)

such that

eBB£ = 0, n > N(0,

and therefore
a 6   8 8   8 8   8

a*£ = (ö*«n + a*«22 + • • • + «*«„„){, « = N(£), k = 1, 2, • • ■ .

Select the integer M as

M = max (Ni, N2, ■ ■ ■ , Nn), n = N(Q.

Then

ale'n = 0, k> M,i=l,2,--- , N(Q,

so that

a*£ = 0, k > M,

and d, a2, • • • is algebraically summable. Further,

aekk = ai6kk + a2ekk + • • • + anekk, n = Nk, k = I, 2, ■ ■ • ,

so that

a «** = fliett + «2«** + ■ • • + aB«*t = (fli + a» + • • • )«tt,       ä = 1, 2, • • • .

If we sum up both sides of this equation with respect to k,

»        t       t
a  = ai + a2 + • • • .

We have established the following theorem.

Theorem 3.4. Every endomorphism of A is a complete endomorphismif).

If 6 is a proper endomorphism, then 6 is a proper complete endomorphism

so that 6 is the zero endomorphism because of Theorem 3.2. Hence we have

the following corollary.

Corollary. Every nonzero endomorphism of A is a complete meromorphism.

4. Determination of all meromorphisms of A. Consider any meromorphism

6 of A into A*. By the preceding section, 8 is a complete meromorphism. Let

(4) If we introduce the weak topology in A we convert A into a topological ring and it is

easy to see that algebraic summability coincides with convergence in this topology. Theorem

3.4 can thus be stated as the result that every endomorphism of A is continuous in the weak

topology. (This remark is due to the referee.)
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S* = e'S,       H» = Ae9,

that is, 29 is the set of all e"£ while He is the set of all £ annihilated by e9, £

in 2. From the Peirce decomposition,

2 = S9 + H°.

As ae£ = e0(ae%), oe£ is in 2", while if e"£ = 0 then a"£ = 0, and therefore both 2"

and He are A'-modules. In the work to follow, we shall use the basis of 2 given

in (1.1): 2=P£i+P£2+ • • • , and the corresponding basis elements of A, the

dj defined in (2.2).

Let £ be any nonzero element of 2s. As e9£ =£, and in view of Lemma 3.2,

there exists an integer » such that «£„£^0. Define

9 9 .

Vn = e„n£; Vi  = CinVn, » «•  1, 2, • • •   .

From (2.3) it is evident that
9 9

(4.1) earn = ru;       envi, = 0, j <¿ k; i, j, k — 1, 2, • • • .

And as ■nn = enir)i, all 77,- must be different from zero. If

m

£ a.-rj,- = 0, ai in P,
>=i

then

9 -A
er,£ aira = a,i7r = 0, f, S "» 1, 2, • • • , m.

1-1

This is possible only if a, = 0, 5 = 1, 2, • • • , m, so that the following lemma

is established.

Lemma 4.1. A set of nonzero elements 771, t?2, • • • of 29 satisfying (4.1) is

necessarily linearly independent.

The division rings P and P have a common center C. The set of all ele-

ments of A of the form

°°   "'        9

£ £ anea, a,,- in C,
2=1 t-i

with the operations of A is a ring R. In case P is a field and 0 is a P-endo-

morphism R is just A*.

If a subset 2i of 2 is both a P-module and an A-module, 2i is called a

(P, A)-module. Any nonzero (P, A)-module, Si, is a minimal (P, A)-module

if no proper nonzero submodule of Si is a (P, A)-module. As an example of a

minimal (P, ¿?)-module, let the nonzero elements r¡i, 172, • • • of S have

property (4.1). Then Si=P?7i+P»?2+ • • • is a minimal (P, A)-module. It is
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not in general true that 2i is a A9-module, for a'V need not be in 2i. An

example to be given later will illustrate this point. It is evident that every

minimal (P, P)-module 2i has a proper P-basis 771, rj2, ■ ■ ■ satisfying (4.1), as

the element £ in the paragraph preceding Lemma 4.1 could be selected from

2i.

Theorem 4.1. The module 29 has a decomposition into a direct sum

(4.2) E9= Si+ E2 + •••

of minimal (P, R)-modules. Each 2* has a representation

(4.3) Zk = Pnik + Priik + ■ ■ ■

with the property

e e
(4.4) eifUjk = Vik',        eijtink = 0, j ¿¿ n; i,j, k, n = 1, 2, ■ ■ ■ ,

and T)jk = ee¡mfcnfor some choice of m and n.

Proof. To any integer k there corresponds an integer Nk such that

«i»i£fc = 0, n>Nk, because of Lemma 3.2. Thus eeS¡k = eent;k+e2\2¡;k+ • • •

+«mm£i, m=Nk- Define

Vink = e<n£*, i, n, k = I, 2, ■ ■ ■ ,

En*  =   Prilnk +  PVink +   •  '  •   , «,   k   =   1,  2,   •   •   •    .

As

* 9 ...

enVink = Vink)        eiftmnk = 0, j 9^ m; I, J, k, W, M = 1, 2, ■ • •  ,

each 2„fc is either zero or a minimal (P, P)-module. The element e9£it is in

(Hu, 2s*, ■ • ■ , En*), n«=Nk, and therefore 2**11(2«*). », *-l, 2, • • • . Any
one of the usual methods of eliminating the dependent 2„* will yield a decom-

position such as (4.2).

Lemma 4.2. The number of minimal (P, R)-modules in any decomposition

(4.2) of 2" is an invariant of 6.

Proof. If 2" = 2i+22+ • • • =2i +22' + • • ■ with each 2„, 2*,' a minimal

(P, P)-module and

Eft = Pt)ik + Pvik + • • • , k = I, 2, ■ ■ ■ ,

E* = Pijift + P??2ft + ■ ■ • , k = I, 2, ■ ■ • ,
« 9

«<#>* = »n*;      «¡j^ft = 0, j 9e »; », j, *, » — 1, 2, • • • ,

enVik = i)ik\        eijTjnk = 0, _; ^ «; i, /, É, » =■ 1, 2, • • • ,

then

enE9 = PijH + Pvii + ■ ■ ■ = Pv'n + Pv'a +
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the order of a P-module, that is, the number of elements in a proper P-basis

is an invariant of the P-module. The above equation shows that the number

of rjii equals the number of r/i«, and therefore the lemma follows.

Definition 4.1. The number of minimal (P, A)-moduIes in a decom-

position (such as (4.2)) of S' is called the order of 8, o(8), and is a positive

integer or No-

Let us now assume that S9 has the decomposition (4.2) into a direct sum

of minimal (P, A)-modules St, and each St has the basis (4.3) with property

(4.4). As S = S9+ZZ9, and because of Theorem 1.1, there exist unique ele-

ments «i, m2, • • • , »i, v2, • • • of A defined by

ukt)ik = £¿;       UkVii = 0, j ¿¿ k; ukH' = 0, », j, k = 1, 2, • • • ,

(4.5) v& = vue, i, k = 1, 2, • • • .

It is evident that m* and Vk are semi-inverses of each other. In fact

(4.6) um = e;       ukvf = 0,      j j± k;j, k = 1, 2, • • • .

The set Mi, Mí, • • • is algebraically summable as Ukr¡in=0, k>n, and m*ZZ9 = 0.

In view of Theorem 2.3, viUi, v2u2, • • • is also an algebraically summable set,

and

(»iMl + !>2«2 +   •  •  •  )Vnm  =  Vnm, », f»  =   1,  2,   •   •  •   ,

(viUi + v2u2 + • • • )He = 0.

However e' has exactly the same effect on this basis: eB7}nm = nnm, e'ZZ9 = 0; so

as a consequence

(4.7) e' = viUi + v2u2 + • • • .

From (2.2), (4.4), and (4.5) we derive

9

eijVkÇj = Vik = v&i = vteißj-,

9
eijVkÇn = v^enkn = 0,

And therefore

9
(4.8) eiflk = vkeij, i,j,k= 1, 2, ■ • • .

From this we obtain e\fli¿Uh=VkeiiUk, so that the use of (4.7) yields

(4.9) en = £ vkeijUk, i, j = 1, 2, • • • ,
k

the summation going from 1 to o(6).

We recall that corresponding to the basis (1.1), S = P£i+P£2+ ■ • • .there

is a division subring ? of A anti-isomorphic to P; a in P is defined by a£¿

=a£,-, i = l, 2, • • • . Under the meromorphism 0, P is carried into Pe.

For any a* in P1 and £ in S", a"£ is also in S9. Hence

i, j, k      l, ¿., •       i

n s* j; i, j, k, n = 1, 2, • • • .
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«V« = 22 yiirrtu, r, s = 1, 2, • • •  .
loé

Now e\jä6 = a'ej,-, so that, on multiplying this equation by eetr, we obtain

ä'tlk, = 2^ 7rjr,J?ftj, r, s, k = 1, 2, • • ■  .

Thus the 7's are independent of the r in rjrt. However, the 7's are functions of

a, and to show this we rewrite the equation as

(4.10) ocr¡T, = 2-, Pi'Vn, r, s = 1, 2, • • • .

In this equation p£ = 0 if i is larger than some integer which is a function of

5 and a.

Similarly, for any ß in P,

a*        v ß
P Vr»   —   2-1 PWIri-

Then

ß OCVr,   =   ]C P»   S Pji^r/.

On the other hand,

—9 ^,     aß

Otß 7¡r>  —   2-1 Pit Vri,

and as aße = ß~sae, we must have

aß -o—^    a   ß

Pr,    =   2-1 Pi'Pri-
i

The corresponding equation in the division ring P is

(4.11) pr.    =   22 PriPU-
i

Evidently

(4.12) pr,       =  Pr« + Pr.

also holds.

The correspondence

(4.13) a —>/„ = 22 P««r.,

where r is finite for each 5 and s has o(0) for its range, is an isomorphism be-

tween P and a subring of A. For from (4.11) and (4.12) we have

faß  = fßfa, fa+ß  = fa + fß,
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and as 0s = 0, fa = 0 if and only if a = 0. Now P and P are anti-isomorphic

under the correspondence a<-+ä, so these equations show that a<->/a is an

isomorphism between P and a subring of A.

With the aid of (1.3'). (4-5), and (4.10), remembering that p££r = p"2£r, we

obtain

a ».£,  =  a 77„  =  £ Pi,Vi£r   =   £ ViPiÁr,
i i

and therefore

i        ^-\     «
a », = 2-1 vipi»

i

Using the same methods employed in deriving (4.9) from (4.8), we obtain

finally

& -——\ et

(4.14) a = £»,pr.M..

In this summation, r has a finite range for each value of s and 5 has o(8) as

its range.

We shall now combine (4.9) and (4.14) to get an explicit formulation of a*

for any a in A. Let a.have the representation

a = £ a,-,-c<,-.
i>i

As 0 is complete,

«      ^->   9  »
a  = 2-, a./Ci,-.

«,/

In view of (4.9) and (4.14),

a  = £»ri £pV."ef,JM,.
r,«        \  »,j /

We have established the following theorem.

Theorem 4.2. If 8 is a meromorphism of A, there exists an algebraically

summable set of elements «i, M2, • • • , o(8) in number and a corresponding set

Vi, v2, • ■ • with the property

ukVk = e,       ukVj = 0, j ¿¿ k;j, k = I, 2, ■ ■ ■ , o(8),

and an isomorphism between P and a subring of A, a«->/„ = £?ñ«r», such that

for any element a of A given by a= £a,-,-e,-,-,

(4.15) a  = £ vA 2^2 Pr!1 en) u,.
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The converse of this theorem takes the following form:

Theorem 4.3. If the set u\, u2, • • • , u¡f, N a positive integer or Ho, is

algebraically summable, and if there exist elements Vi, 9», • • • ,9k for which

UkVk = «,        UkV, = 0, j f* k',j, k — 1, 2, • • • , N,

and if

N

ä <-> fa  =   22 Pr««r«
r,«-l

is an isomorphism between P and a subring of A, then for a = 22Stuea the cor-

respondence 0 defined by

a   = 22 M  22pr>"ea)u'

is a meromorphism of A.

Proof. It is apparent that ae+b' = ia+b)e. Also, if ae = 0, then u^'v, =0

so that

P«" = 0; r, s = 1, 2, • • • , N; i, j = 1, 2, • • • ;

then

/a,-, = 0, i, j - 1, 2, ••• ,

and ai,=0 for all i, j. Hence a=0.

If b = £p\,«,,,

ai»   =   S   »ri 22 Prl'piteiAut.
r,»,«=l        \«,J,ft /

Calling ab = 2Z7.-,«.-, and remembering that

N

2-1 PriPit  — Prl i
.-1

then we have

ab   = 22vr[ 22 Pr',*""eik]u„
r,«-l      \«,/,ft /

and as 7<,= 2^*«<*/3*j = 21* /8*,-a.-*,

"     =   2^ M    2^ Pr.   «<il«..
r,.-l      \   •,/ /

This establishes the theorem.
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The above representation assumes a simple form in case 8 is an auto-

morphism. As Mi, Vi are not zero, there exists a ft in A, ft = £p\-,-e¿,-, such that

viUi = be7é0. By Theorem 4.2

!>lMi = £ vA  £pr."e.-fjM,.
r.fi \   i,i /

From (4.6) we derive, if o(0)>l,

Ui(viUi)vi = £pue,-,- = e,

Uk(viui)vi = £pii,e.-,- = 0, k > 1,

ui(viui)vk = £pi*e,;- = 0, k > 1.
i.i

Hence

Jij      . ., .      .       _ßij     „ ., .      .
Pu   = « if i = j;      pn   = 0 if i j± j.

p„   =0 if r + s > 2.

A glance at (4.13) reveals that

ßn = 0,    i * j;       ßu = i.

Thus viUi = ee and consequently vkuk = 0, k>l. The order of 8 is one and

Theorem 4.2 becomes(6) :

Theorem 4.4. If 8 is an automorphism of A, there exists an automorphism

ä<->pa of P and a regular element u of A such that, if a= £«</«,•/, then

ae = M-1(£pa«e,-,-)M.

As an example of the above, take P as rational quaternions,

P = Zv„(l, i, j, k). Let S be the linear set of all vectors («i, a2, ■ ■ ■) over P of

order type u with only a finite number of nonzero coordinates. Then A is

the ring of all a>Xw matrices (ar,>, 5 = 1, 2, • • • ) over P, a ring anti-

isomorphic to P, with finitely nonzero columns (that is, ar, = 0 for r >N„ Ne an

integer depending on s).

Select £* as the vector with 1 as the ¿th coordinate and 0's elsewhere. Then

E - P& + Pfc + • • • .

For this basis of S, e„- is the matrix with 1 in the ith row and jth column and

0's elsewhere.

(•) This theorem is a special case of a theorem given by N. Jacobson for dense rings. See

N. Jacobson, The radical and semi-simplicity for arbitrary rings, Amer. J. Math. vol. 47 (1945)

p. 318, Theorem 32.
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For a in P, the correspondence

a *-* — fajen + (jai — ak)eii — Ícak~e22

is an isomorphism between P and a subring of A. Let

00 00 00 00

«1  =   22 «»' 2i—I,     Ui  =   ¿2 «< 2<>     »1  =   2J *K-1 <,      »2  =   ¿2 «2«' »••
i-1 1-1 1-1 >-l

Then

UiVi = m2»2 = e;       UiVi = w2»i = 0

in accordance with (4.6). For the matrix a in A, the correspondence 8 defined

by

a* = — vijajui + vi(Jai — ak)ui — Vikakv2

is a meromorphism of A as a consequence of Theorem 4.3. The order of 8,

o(8), equals 2, as

Hi = P£i + P£s + • • • ,        E2 = P£2 + P£« + • • • ,

and

a = a' = Ai + Ä2,

with 2i and 22 minimal (P, P)-modules.

5. The ?-meromorphisms of A. Theorem 2.3 indicates the importance of

the division ring Pina given representation of A as a matrix algebra. The

meromorphism 6 of A is a P-meromorphism if for a in A, a in P,

(aa)e = aa',        (aä)e = aeä.

An equivalent condition is that

a' = äee = e'a.

If 0 is a P-meromorphism, then by Theorem 4.1 there exists a representa-

tion of 2* as a sum of minimal (P, P)-modules:

2' = Ei + E2 + • • •

with

E* = Pi?u + Pvik + • • •

and

t »
«t/fjifc = rç<ft;       «íí*7b* = 0, j pí n.

Furthermore, rj,k = e%^m for some choice of wi and m depending on j and k.

Hence
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9 e e e    f »   e $ e
a r¡,k = a e,-„£m = e,„a £m = ejne a£m = ajna^m = ae,„£m = ar¡jk

for j, k = l, 2, • • • and any a in P. From (4.10),

p,-,- = a;        pjk = 0, j^ a.

Theorem 4.2 then takes the following form:

Theorem 5.1. If 8 is a P-meromorphism of A of order o(8), there exists an

algebraically summable set of elements ui, u2, • • • , o(6) in number, and a cor-

responding set »i, Vt, • • ■ with the property

ukvk = e;       Mi»,- = 0, j p- k; j, k ■■ 1, 2, • • • , o(8)

such that

(5.1) a° = £ vkauk.
k

Evidently

and as

aevk = vka;       uka6 = auk, k = 1, 2, •

a9D* = aeeVk = avk,        M*a9 = M*e*a = ukä,

it follows that

(5.2) avk - Vkä,       äuk = ukä, k = 1, 2, • • • .

In other words, the ring P commutes elementwise with the m* and »*.

Let 0* be the inner meromorphism defined by

a9* = VkOUk.

From (5.2), 6k is a P-meromorphism. The meromorphisms 9%, 82, • • • are

orthogonal and the set e>l, e>1, • • ■ is algebraically summable. We conclude

that the following theorem holds.

Theorem 5.2. A meromorphism 0 is a P-meromorphism if and only if

there exists a set of inner P-meromorphisms 0i, 02, • • • containing o(8) elements

such that

0 = 0i © 02 © • • • .

Corollary. If dis a P-automorphism of A, then 8 is an inner automorphism.

If 8 and <p are meromorphisms of A, then the product of 0 and <p, 00, de-

fined by ae* = (a')*, is also a meromorphism of A. If 6 and tp are P-mero-

morphisms, 8<f> is also a P-meromorphism.

Theorem 5.3. If 8 is a P-meromorphism of A and if 8 has the two decom-
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positions

0 = 0i © 02 © • • ■ = pi ® pi ® ■ ■ ■

into direct sums of inner P-meromorphisms, then the sets 8i, 82, ■ • • and pi,

<p2, • • • have the same number of elements, o(6), and there exists a P-automorphism

r of A such that

Pi = 0»f, i = 1, 2, ■ • • .

Proof. As 8i and p¡ are inner P-meromorphisms,

a'' = ViüUi, i = 1, 2, • • ■ ,

a*í = tjOSj, j = 1,2, ■ ■ ■ ,

and

UiVi = e, i = 1, 2, • • • ,

Sjtj = e, j - 1, 2, ."• .

Now ee<eei = 0 if îVj and similarly for <£,-, so that

«,»,- = 0, » ?* y,

Sit,- = 0, i pí ;.

Any element a of P commutes with all tu, Vi, s¡, t¡. Also

e' = ViUi + VíUí + • • • = hsi + t2s2 + • • • .

Let f.* and tj« of 2 be defined by £■« = »*£,-; g»=i*|<, i, * = 1, 2, • • • ,
from which it follows that

«ftf.i = £<;       «if« = 0, j t¿ k,

SkVik = £.•;       iftijij = 0, j 7e k.

It is also seen that for any a in P,

aft * = af,*;       cnj.-fc = a*?«, i, k »• 1, 2, • • • .

If 2* and II,- be defined by

Et = e"*E,       n,- = e*i%,

then

E" = Ei + E2 + • • • = IIi + n2 + ■ • • .

Furthermore,

E* = Pf« + Pf2ft + • • • , k = 1, 2, • • • ,

n, = Pvu + Pvu + • • • , j = i, 2, ••• ,
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and

9 9

«»if/* = f>*;       e.jfnfc = 0, ;V «,
9 9

e-ifnik = 17«;        e»ji7n* = 0, j y£- n.

As each St and 11, is a minimal (P, A)-module, we derive from Lemma 4.2

that the correspondence Si<->ITi is 1-1.

.Now S = S9+¿Z9, where He is the set of all £ annihilated by e«. As ZZ9 = P(£X

-e9£i,£2-e9£2, • • • ),

A9 = P5i + PS2-\-

where 5,-=£y—e9£,-, 7 being a function of i. There exists a regular element p

of A defined by

PVik = fi*i    i, k = 1,2, ■ •■ ;       p5,- = $,-,    t" = 1, 2, • • • .

For any a in P, a5i =o5,- so that

ap = pa.

The inner automorphism t defined by

ar = p-^p

is a P-automorphism.

From the definition of p, and as 5i(£,- —e9£.) = m*(£,— e9£¿) =0 for all k and

t", it follows that

Ukprjik = £< = 5477«;       Ukpvin = 0 = SkVin,       n 9* k; i, k, n = 1, 2, • ■ ■ ,

UkpSi = 0 = Skôi, i, k = 1, 2, • • • .

Therefore

5fc = Mfcp, k = 1, 2, • ■ ■  .

Similarly, as

Vk£i = f«'* = pí*£i, i, k = 1,2, ■ • • ,

it follows that

ft = ph.

The above equations yield

a** = p-hkauicp = a9*T, k = 1, 2, • • • .

Thus <pk = 8kT and the theorem follows.

6. Anti-endomorphisms of A. In the case of a finite total matrix algebra

over a division ring, the product of an anti-automorphism of the division

ring with the transformation that takes every element of the algebra into
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its transpose is an anti-automorphism of the algebra. Moreover, every anti-

automorphism of the algebra can be expressed as the product of such an anti-

automorphism with an inner automorphism (•).

If a= 2~Z«r.«r. is an element of A, it is not true in general that the trans-

pose of a, aT = 22a"e'r, is also an element of A. Thus any anti-endomorphisms

of A must be of a different type than those of a finite matrix algebra. Actually

it will be shown that A has no nonzero anti-endomorphisms.

Let 6 denote an anti-endomorphism of A. Consider any infinite partition

iTi, 7T2, • • • of the set of positive integers into mutually exclusive subsets

such that all m contain an infinite number of elements. Define the elements

ei of A by

«i =  2—1 «íí> t ■■ 1, ¿, ' • ' o

In the proof of Theorem 3.3, the only products of elements of A used were

commutative. The conclusions of the theorem are valid therefore for the

anti-endomorphism 8. Thus the set e[, e\, • • • is algebraically summable.

Denote the integers of ir* by «*i, n*s, • • • , and let

eo oe

r —   22 «J'n.yi Sk =   22 «<•«»"> * —  1, 2, ' • ■   .
•\i-l i-1

As nudnik for j^k, both r and j are in A. A simple multiplication yields

r«*î* = «, k = 1, 2, > « • ,

and therefore

Skeir  = e , k = I, 2, • • • .

Now in view of Theorem 2.4, the set s{e[re, s^elr6, • • • , that is, the set

ee, e>, • • ■ , is algebraically summable. However, the countably infinite set

es, ee, • ■ • is algebraically summable if and only if fi' = 0. The anti-endomorph-

ism 8 must be the zero endomorphism, and we have proved the following

theorem.

Theorem 6.1. The ring A has no nonzero anti-endomorphisms.

(•) N. Jacobson, The theory of rings, Mathematical Surveys vol. 2, New York, 1943, p. 23.
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