CONGRUENCE AND SUPERPOSABILITY
IN ELLIPTIC SPACE

BY
LEONARD M. BLUMENTHAL

1. Introduction. Two subsets 4, B of a metric space M are congruent pro-
vided a mapping f(4) =B exists such that p, g€ A implies pg=dist. (p, q)
=dist. (f(p), f(¢)) =f(p)f(g). Congruence of A and B is denoted by 4 =B
or by A =,B if one wishes to indicate a particular mapping f which transforms
A congruently onto B.

Two subsets of a metric space M are superposable provided a congruent
mapping of M onto itself exists which maps one of the subsets onto the other.
It follows that two subsets 4, B are superposable if and only if a congruence
f exists between the sets which can be extended to the whole space. It should be
observed, however, that superposability of two sets does not imply that each
congruent mapping of one onto the other can be extended to the whole space.
Thus, for example, if M is the line segment seg. (p, ¢’), with middle-point
labelled both p’ and g, then the two pairs of points (p, q), (p’, ¢’) are super-
posable since the congruent mapping f(p) =¢’, f(¢) =p’ can be extended to
the segment by a reflection in ¢, but the congruence g(p) =p’, g(¢) =¢’ can
obviously not be extended to the space, Moreover, a given congruence be-
tween two subsets of a metric space does not imply either that that con-
gruence or any other between the subsets can be extended to a congruence
of the whole space with itself.

It is well known that euclidean, spherical, and hyperbolic spaces possess
the strong property (a) any two congruent subsets are superposable, and the
even stronger property (b) any congruence between any two subsets can be
extended to a congruence of the whole space with itself. In a space with property
(b) each two congruent subsets may be called freely supetposable, and (as
G. Birkhoff [1](*) has recently shown) among all metric spaces in which
each two points are joined by a segment, locally unique, only in the three
spaces named above are congruent subsets freely superposable.

In this paper congruence and superposability in n#-dimensional elliptic
space E, . are studied. Since congruent but not superposable subsets exist
in every elliptic space of dimension greater than 1 (§3) the E,, (#>1) does
not have property (a). Moreover, it will be seen (§6) that not every con-
gruence between superposable subsets of E,,, is necessarily extendible to the
whole space. These circumstances give rise to two problems: (1) 0 find neces-
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sary and sufficient conditions for the superposability of two congruent subsets of
E... and (2) to determine when a given congruence f between two subsets of E, .
may be extended to the whole space.

Solutions of these problems are given in §4 (finite subsets) and §5 (arbi-
trary subsets). A principal result (Theorem 5.4) is that a given congruence
between two subsets P, Q of E,, can be extended to the whole space if and
only if each of the sub-congruences between corresponding (n-1)-tuples of
P and Q can be so extended. This leads to the introduction of a new concept
“superposability order” (analogous to the notion of congruence order) which
gives rise to the consideration and characterization of so-called pseudo
superposable pairs of sets (§6).

The writer is not aware of any previous investigation of the matters
treated in this paper. The problems dealt with here do not arise in those
special spaces (euclidean, spherical, hyperbolic) which are most studied, since
in them congruence and superposability are logically equivalent notions;
while only recently has elliptic space been studied from that point of view
(the metric) which seems to furnish the most natural means for their formula-
tions and solutions [2].

In conclusion it is pointed out that since nonsuperposable congruent sub-
sets of E, . exist, superposability is not a congruence invariant and hence a
purely metric characterization of superposable subsets is not possible. Con-
gruence is, of course, a necessary condition for superposability, but in elliptic
space the relationship is inextricably bound up with the position of the sets
in the space. In view of this fact, it is of interest to note how the positional
feature enters into the “almost metric” conditions for superposability that we
obtain.

2. Some definitions and notations. A convenient definition (model) of the
n-dimensional elliptic space E, , of space constant r is obtained by identifying
diametrically opposite points of the metrically convex (geodesically met-
rized) n-dimensional boundary of the sphere of radius 7 in euclidean space
of n+1 dimensions. Denoting this convex n-dimensional spherical space by
S.,.r, then E, , is the metric transform(?) of S, . by the function

F(x) = =z, x = pq, pq = 7r/2,
F(x) = 7mr — x, x = pq, pq > 7r/2,

where p, ¢gES..,, and pg denotes distances in S, .. It is convenient to write
E,.=F(S.,) and to refer to F as the wr-supplementation function.

Thus if distance on the convex spherical space S, is redefined so that each
spherical distance not exceeding =7/2 is left unaltered, while each spherical
distance that exceeds m7/2 is replaced by its supplement, the n-dimensional
elliptic space E, . results. It is a compact metric space of diameter wr/2.

(@) See [3, pp. 334-335].
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The notations A~yB, A ~;B, A=B denote one-to-one correspondence,
congruence, and superposability, respectively, of the sets 4, B, established
by the function f. If two m-tuples py, p2, * + -, pm and @, @3, * * +, gm are re-
lated by one of these relations as, for example,

Pu e s Pm = ALy Omy
it is understood that p; and ¢; correspond (by f if the function forms part of
the symbol of congruence) for each index 1=1, 2, - - - , m. When it is desired

to state merely that two m-tuples are congruent or superposable (without
indicating pairs of corresponding points), the sets are inclosed in parentheses;
for example,

(Ply PZ; Tty Pm) = (qu g2y * *° Qm)y

where the parentheses about the first m-tuple might be omitted.

A congruent mapping of a space onto itself is called a motion.

Let P, Q be two subsets of E, , with P~;Q. Two corresponding subsets
Ap, Bg of P and Q, respectively, are said to be f-superposable (A p=2Bq) pro-
vided there exists a motion I' such that 4 p~yBgq is identical with 4 p~r1Byg.

If an m-tuple of E, ., is ordered so that no one of its points has distance
wr/2 from each preceding (succeeding) point, the m-tuple is in left-hand
(right-hand) apolar order.

3. Non-superposable congruent subsets. It has been remarked that the
elliptic line E;,, contains three points pi, ps, ps with psp;=wr/3 (4,j=1, 2, 3)
which are congruent with three points of E,, which do not lie on any E;,.(%).
In this section it is shown that for every integer k greater than 1, the Ey,
contain subsets of arbitrarily high power (not exceeding ¢) which are congru-
ent with elliptic subsets which do not lie in any E;,,, while, on the other hand,
a subset of E;,, which is congruent with an elliptic set not contained in a line
must consist of exactly three points. It is seen, further, how nonsuperposable
congruent subsets, each of which is contained irreducibly in the same dimen-
sional elliptic space, may be constructed, of arbitrary power not exceeding c.

LeEMMA 3.1. The elliptic line E,,, is congruent with the convex circle Sy .

Proof. Let E,,, be obtained by identifying diametral pointpairs of the
convex circle S;,, and construct S;,. tangent internally to Si,. Then the
center o of Sy, is the point of contact of Si,. with the diameter of S,
tangent to it, and a one-to-one correspondence between the points of E;,
and S, is obtained by associating with a point p of the elliptic line that
point p’ of the circle Si,.2 in which it is intersected by the straight line op,
where p’ is chosen distinct from o except when the straight line op is the
tangent line to Sy,... If p, ¢ and p’, ¢’ are points of E,,,, Si,., respectively,

® [2, p. 382]. See also H. Busemann, Metric methods in Finsler spaces and in the founda-
tions of geometry, Princeton University Press, 1942, p. 186.
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which correspond by this association, then
pg =r-(X pog) = r-(X p'og") = r(1/2 X p'o'¢') = p'¢,
and the lemma follows(4).

LEMMA 3.2. If D1, pa, ps, D are four points of E,, then at least two of the
Sfour triples they contain are linear(5).

Proof. This follows at once from the preceding lemma and the fact that
four points of a convex circle have this property.

THEOREM 3.1. If Py, po, - -, Pm are m points of E.., congruent with
pl, 04, -, bm of Er, (m>3), then Py, s, + - -, pm lie on an elliptic line.

Proof. It follows from Lemma 3.2 that for every %, j the points p;, pas
pi, p; (4, 7=3, 4, - - -, m) contain two linear triples. Since a linear triple of
E, ., necessarily lies on a line E,,,, and two distinct lines of E,,, have exactly
one point in common, then pi, ps, p:, pjlie on Ey . (py, p2) (5,7=3,4, - - - , m),
and the theorem is proved(®).

Thus if a subset of E,, is congruent to an elliptic set which is not on any
E,, then the subset consists of exactly three points. It is easy to show that
the class of such triples of E;, is characterized by the following property:
each triple of the class has diameter less than wr/2 and the sum of the three
distances equals mr.

Turning now to the plane Es,, it is clear that subsets exist (for example,
the equilateral quadruple with edge r-arc cos (1/3)) which are congruent
with four points of Es, not lying in any E,,. But in view of Theorem 3.1 it
might be conjectured that such planar sets consist of exactly four point or,
failing this, that the number of points such sets can possess is less than a
fixed integer m. That conjectures of this nature are false is shown in the fol-

lowing theorem:

THEOREM 3.2. For every cardinal number m (3 <m =c) the elliptic plane
contains a subset of power m which is congruent with an elliptic subset not con-
ained in any E,.,.

Proof. An example of such a planar subset has just been given for m =4.

Consider now the planar quintuple pi, ps, - - «, ps with py, ps, pson a line
Er,, pipj=7r/3 (3, j=1, 2, 3), ps and p; reflections of each other in this

1

(4) X pog (=< p'0g") denotes the radian measure of the smaller of the two angles made by
the straight lines op and og, while X $’0’g’ is the radian measure (not exceeding «) of the central
angle obtained by joining p’, ¢’ to the center o’ of Sy,

(® A triple of points is linear provided the sum of two of the three distances determined
equals the third.

(®) It is noted that while a linear triple of E,,, always lies on a line E,,,, three points of
En.r congruent with three points of E,,r do not necessarily lie on an E;,r.
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line, with plju=[72P4=91P5=P2P5=1rr/3. Then P3P4=Psps=1l'f/2 and Dips=
r-arc cos (1/3).

If we rotate the elliptic plane about the line E,,(p1, ps2, ps) into the
elliptic three-space Es,,, it follows from the continuity of the metric that a
point p¢ of Es, exists such that pJ is not an element of E; .(p1, po, * + -, ps)
and py, p2, Ps, Pu, Ps=D1, D3, D3, D, DS -

Since an elliptic plane is uniquely determined by three points not on an
elliptic line, the points p1, ps, ps, P4, ¢ do not lie on a plane, for if they did

that plane would be identical with the plane containing 1, ps, * « -, ps since
the two planes would have the non-E,,, triple p;, po, $4 in common. This is
not possible since p¢ does not lie in Ez,(p1, P2, « * -, Ps).

It is clear that by adjoining to the quintuple pi, ps, - - -, ps points of

the line E; ,(p1, P2, ps) 2 planar set of arbitrary power (not exceeding ¢) may
be obtained which is congruent with a subset of E;, not contained in any
elliptic plane.

There is no difficulty in extending this example. Thus, if we select five
points p1, ps, + - -, ps of E;,, not lying in a line, a sixth point ps not in this
E,, determines with it a unique Es,. If p; denotes the reflection of ps in
Ez.f(plt Pz: M) Ps) and dist. (p‘s E?.'(Plv P?; C Tty pﬁ)) is not too Smanv
rotation of Ej;, about this plane into the E,, yields a point p{/ such that
b1, bo ¢ v v, Dr=pr, Pe, ¢ ¢ ¢, D7, With p1, ps, - - -, ps, p7 not contained in
any Es,. In this manner the following result is obtained:

THEOREM 3.3. For every integer k>1 and every cardinal number
m (k4+1<m=c) each k-dimensional elliptic space E,,. contains a subset of
power m which is congruent with a subset of E., . (n finite) which is not contained
in any k-dimensional elliptic space Ex,,.

COROLLARY. For k>1 there is no purely metric means of distinguishing
subsets of ome elliptic space from certain subsets contained irreducibly in an
elliptic space of different dimension.

It follows that in elliptic space the property of being contained in a sub-
space of given dimension is not a congruence invariant. An m-tuple which is
“dependent” in the classical sense (that is, contained in a subspace of dimen-
sion less than m —1) may be congruent with an “independent” m-tuple.

Since any congruent transformation of E, . onto itself evidently trans-
forms k-dimensional subspaces onto k-dimensional subspaces, it is clear that
two congruent subsets which lie irreducibly in subspaces of different dimen-
sions are not superposable. Hence elliptic space of dimension greater than 1
contains congruent subsets of arbitrary power (not exceeding ¢) such that no
congruence between the sets can be extended to the whole space.

But the phenomenon of congruent non-superposable sets is not restricted
to sets which are contained irreducibly in subspaces of different dimensions.

The elliptic plane contains points pi, ps, ps, P4, 4 such that pipsa=mr/3,
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prpa=paps=mr/6, prps=r-arc cos 3'2/6, pyps=r-arc cos 3Y2/10, psps.
=r-arc cos 2¥2/15, and pr1p{ =pi1ps, Dopd =p2ps, with spher. dist. (ps, pa)
#spher. dist. (ps, p{ ) =r-arc cos (—2%2/15).

The points pi, P2, ps are on the locus of points of E,,, equidistant from p,
and p{ (that is, they lie on two mutually perpendicular elliptic lines) but
they are not on any E;,. The two quadruples p1, 2, ps, P4 and pu, pa, ps, p4
are congruent planar quadruples, but they are not superposable, for any con-
gruent transformation of E,, onto itself which mapped one quadruple onto
the other would leave the three lines E, .(p:, p;) (1, 7=1, 2, 3; i) pointwise
invariant (since p:p;=mr/2 (¢, j=1, 2, 3)). Since the lines are pairwise dis-
tinct, this implies that the plane itself is left pointwise invariant, which is
impossible.

By adjoining points of E;.(p1, p2) it is clear how two congruent sets of
arbitrary power (not exceeding ¢) may be constructed which are not super-
‘posable, and each of which is contained irreducibly in the elliptic plane.
Similar examples are easily found in each Ex, (k>1).

It is observed that the triples p1, P2, ps and pi, ps, P4 are obviously each
superposable with the two corresponding triples of g1, ps, ps, p{, and examples
of cong'ruent but nonsuperposable quadruples of E,,, may be found with three
pairs of corresponding triples superposable. If, however, two congruent planar
quadruples have their four pairs of corresponding triples superposable, then
the quadruples are superposable (Theorem 5.4).

In concluding this section we note an application of Theorem 3.1 to
quadratic form theory.

THEOREM 3.4. Let Q denote the quadratic form

Z xf + 2 Z €70 %iX ], ;i=+1;0=5a;;<1
i=1 i< i=1
(4, 5=1, 2, - - -, m; 1<j, m>3). If each sub-form in four variables obtained
from Q by setting equal to zero all but four of the m variables can be given rank 2
by properly choosing the epsilons appearing in it, then (1) Q can be given rank 2
by a proper selection of €:;; (i,j=1,2, - - -, m) and (2) every positive semi-definite
form Q' obtained from Q by a choice of the epsilons has rank 2.

Proof. If we introduce a semimetric m-tuple py, P2, * + +, Pm With pip;
=r.arc cos a;; (3, j=1, 2,---, m; 1<j), r>0, the hypothesis implies
that each four of these m points is congruently contained in an elliptic line
E,,, and hence the whole m-tuple is also. Thus p1, ps -+, Pm
~pl, pd, D, With the “primed” points in E, ., and the first conclusion
of the theorem is insured by the elliptic imbedding theorem(”).

If, now, Q' is any positive semi-definite quadratic form obtained from Q

(M See [3, p. 336].
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by the process described in the theorem, it follows from the same imbedding

theorem that p1, p2, « + +, Pm=pi’, ps', - * ', with the latter pomts in
an elliptic space Ei,,, where k41 is the rank of Q’. But then pf, ps, < -+, pul
=~p{’, pd’, -+ +, pu’, and since m>3 the latter m-tuple must, according to

Theorem 3.1, lie in an elliptic line E, ,; that is, the rank of Q' is 2.

Remark 3.1. Since the form x}+x3+x3 +x1%s +x1203 — 223 is positive semi-
definite of rank 2, while the form obtained from it by changing the sign of
the last term is positive definite (rank 3) the analogue of Theorem 3.4 for
forms in three variables is not valid.

Remark 3.2. Theorem 3.3 precludes the possibility of extending Theorem
3.4in the obvious manner (that is, by replacing “four” by “k+2” and “rank 2”
by “rank k” (k>2)) even if m be taken arbitrarily large.

Remark 3.3. Using the superposability criteria to be developed in the next
section (Theorem 4.1), together with the fact that since E;,, =S, any con-
gruence between two subsets of E;,, can be extended to the whole space,
Theorem 3.4 can be greatly strengthened by adding a third conclusion
(which makes the second conclusion obvious); namely (3) the only choices
of the epsilons which make Q' positive semi-definite are those which are equivalent
to replacing certain of the m variables by their negatives (that is, to reversing the
directions of certain of the m axes).

4. Superposability of finite subsets of E., A strictly elementary trans-
formation of a matrix is one which is effected by (a) the interchange of two
rows and the same numbered columns and/or (b) the multiplication of the
elements of a row and those of the same numbered column by —1. Two
matrices are called strictly equivalent provided one may be transformed into
the other by means of strictly elementary transformations.

Since E.,, is the metric transform of S,, by the ar-supplementation
function F, there corresponds to each ordered m-tuple p1, p2, -+ -, pm Of
E,.. a set of ordered m-tuples of S,,., each one of which is transformed into
the ordered elliptic m-tuple by F. Each ordered m-tuple of the set is called
an ordered assoctated spherical m-tuple of p1, ps, + - -, Pm, and it is clear that
if p{, p¢, -+, pu is any one of these spherical m-tuples (that is,
(Plv Doy - - v, Pm)=F(P1,v P;r R Pm,) with p"__)Pi (1=1) 2’ tt m)) then
the set consists of all those m-tuples, free from diametral pointpairs, con-
tained in the associated spherical 2m-tuple p{’, p{’, - - -, pul , DY, D2+ -, D1
formed by adjoining those points pf of S, diametral to p! (1=1,2, - - -, m).

LemMa 4.1, If p!, pf, - - -, py and pi’, pi', - - -, pil are ordered asso-
ciated spherical m-tuples of the elliptic subset py, ps, + + + , Pm then the two matrices
(cosp! p} /r) and (cos pi' p}' /) (5,7= 1,2, - - -, m) are strictly equivalent.

Proof. It follows from the above that each point p!’ of the second m-tuple
is either identical with the corresponding point p/! of the first m-tuple or is
diametral to it. Hence the two sets may be labelled, respectively, g, pt,, * - -

’
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p‘m p:k+l’ Tty P:... and Pilllr Pi’,,r t Ty P(’.’, Pll;p Tty p{,,.v with P{,'=P¢'p
P«’."—'P‘p ) P(';,I'—"?«', and Pt’,,ll-_‘l’;:w ) Pll,l.=pz,. (0=k=m), where
pi; is the point of S,,, diametral to py; (j=k+1, k+2,-- - -, m).

Forming the two symmetric matrices (cos pi,ps,/r), (cos pi/pil/r)
(s, t=1,2, - -, m), we observe that, since cos (p4,p,/r) =cos (p;/ps,/r) for
(s,t=1,2, ..., k)aswellasfor (s, t=k+1,%k+2, - - -, m), while the sum of
the cosines is zero for (s=1,2, - - - , k;t=k+1,k+2, - - -, m)and (s=k+1,
k+2,---,m;t=1,2, ..., k), multiplication by —1 of the elements of the
last (m—k) rows and columns of one matrix transforms it into the other.
Hence the matrices (cos pgpy/r), (cos pipi/r) (s, t=1, 2,---,m) are
strictly equivalent and since these two matrices are strictly equivalent to
(cos p! p} /r) and (cos p!'p!' /r) (4,7=1,2, - -+, m), respectively, the lemma
is proved.

The matrix (cos p!p}/r) (3, j=1, 2, .- -, m) of an ordered associated
spherical m-tuple p{, pJ,--:,pm of the ordered elliptic m-tuple
P1, b3, + + +, Dm is called an associated matrix of the latter m-tuple. It is clear
that (cos p!p!/r) =(e; cos pip;/r) (4, j=1,2, ., m), where €;;=€;;= +1,
and we set €;;=1 whenever i=j or p;p;=wr/2 (1, j=1,2, - - -, m). To each
m-tuple of E,, is attached (1) the set of all spherical m-tuples which are asso-
ciated with the orderings of the m-tuple, and (2) the set of all their asso-
ciated matrices. Each matrix of this set is called an associated matrix of the
m-tuple.

COROLLARY. Each two associated matrices of an elliptic m-tuple are strictly
equivalent.

The notion of associated matrix is used as the basis for superposability
criteria, as instanced in the following theorem:

THEOREM 4.1. Two m-tuples of E,,, are superposable if and only if an asso-
ciated matrix of one m-tuple is strictly equivalent to an associated matrix of the
other.

Proof. To prove the necessity, let (py, ps, - - -, Pm) and (g, g2, * * * , qm)
be two superposable m-tuples of E, . with the labelling selected so that

plvpﬁ""’pmquyqzy"°yq"n-

If ' is a congruent mapping of E,, onto itself, with p;=TI'(g:)
(i=1, 2, - - -, m), then the associated spherical 2m-tuple (¢f, ¢¢, - - -,
dh, a, g, - - -, qn) is sent by T into the associated spherical 2m-tuple
(pf, pd, -, b DF P -+, dn). Hence ordered associated spherical
m-tuples of the two elliptic subsets exist with equal matrices, and the strict
equivalence of associated matrices of the m-tuples follows from the preced-
ing corollary.

Let, now, an associated matrix of (p1, ps, * « + , pm) be strictly equivalent to
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an associated matrix of (g1, g2, * * *, gm). Then an associated spherical m-tuple
of the former subset is congruent with an associated spherical m-tuple of the
latter, and hence a congruent mapping of S,,, onto itself exists which brings
these two associated m-tuples into coincidence. This mapping induces a con-
gruence of E, . with itself which superposes the two elliptic m-tuples, and the
theorem is established.

Remark 4.1. If (1, p2y p3) =(q1, @2, ¢s) and a pair of points of one triple
has distance 77/2, then the triples are superposable, for it is easily seen that
associated matrices of the sets are strictly equivalent.

Remark 4.2. If (p1, pa, ps) =(qu, @3, ¢s) and the determinant |e; cos pip;/r|
(1,7=1, 2, 3), &;;=—1 (¢54j), is negative, then the triples are superposable.
For since p1, ps, p3s and qi, g2, ¢s are elliptic subsets, the determinants of asso-
ciated matrices are non-negative(®) and hence (e;; cos p:pi/7) (¢, j=1, 2, 3),
€;=—1 (i57), is not an associated matrix of p1, pe, ps, nor is (e;; cos g.q;/r)
(¢,7=1, 2, 3) an associated matrix of ¢y, g, ¢, for the two triples are congruent.
Since the determinants of strictly equivalent matrices are equal, no asso-
ciated matrix of either of the triples is strictly equivalent to (e;; cos p.p;/r)
(¢,7=1, 2, 3), &;;=—1 (i545). Then each associated matrix of each triple is
strictly equivalent to the matrix (cos p.p;/r) (¢, j=1, 2, 3), which proves the
remark.

Remark 4.3. The result obtained in the preceding remark gives a precise
meaning to such a statement as “congruent triples with diameter less than a
fixed number, depending on the space, are superposable” sometimes en-
countered in the literature. Also, since the determinant Ie;,- cos p.-p,-/r|
(4, =1, 2, 3), &;;=—1 (i5%5), is negative for a triple of E,,, if and only if
Dipr+Daps+pr1ps <mr, a sufficient condition for the superposability of two
congruent triples is simply that the sum of the three distances determined by
the points of one of the triples be less than 7r..

THEOREM 4.2. Let py, P2, * *, Pm=q1, G2, * * * , Gm be two f-congruent
m-tuples of E. .. The two ordered m-tuples are f-superposable if and only if
there exists an associated matrix of onme m-tuple which equals an associated
matrix of the other.

Proof. If the two m-tuples are f-superposable, then ordered associated
spherical m-tuples p/, pJ,---, pmn and ¢f, ¢/, -, @ exist with
pl, p¢, ¢, bm=~aql, ¢, - -, gn Then the two matrices (cos p/!p}/r),
(cos g/ g} /r) (4,7=1, 2, - - -, m) are equal.

On the other hand, if an associated matrix of one of the ordered m-tuples
equals an associated matrix of the other, then again associated spherical
m-tuples exist with p{, pf, - - -, pr=~ql, ¢f, - - -, gm. Since this is a con-
gruence between two subsets of the spherical space S, ,,, it may be extended

(%) By the elliptic imbedding theorem [3, p. 336].
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to the whole space; that is, a congruent mapping of S,, onto itself exists
which maps p! onto ¢/ (¢=1, 2, - - -, m). This mapping induces a con-
gruence of E,, with itself which maps p; onto ¢; (¢=1, 2, - - -, m), and the
two m-tuples are f-superposable.

THEOREM 4.3. If two triples of E,,, are superposable, any congruence be-
tween them can be extended to the whole space.

Proof. Let (p1, p2, p3)=X(q1, g2, gs) and suppose pi, p2, p3=qi, g2, gs. Select-
ing associated matrices (e;; cos p.pi/r), (€f; cos qigi/r) (3, j=1, 2, 3), with
a;i=e1=¢;=€n=1 (j=1, 2, 3), it follows from the superposability of the two
triples that these matrices are strictly equivalent. Then their determinants
are equal, and expanding yields

€23 COS (p1p2/7) cos (p2ps/r) cos (p1ps/r) = €23 COS (g192/7) cos (qzq3/7) cos (q1g3/7).

If neither p1p2 nor pips equals 77/2 then e3=¢j; (e23=€53=1 in case
paps=mr/2) and the two associated matrices are equal; while if pi1p; or pips
equals 77/2 then the existence of equal associated matrices of the ordered
triples 1, pe, ps and @i, ge, ¢s is obvious. Hence the two triples are f-super-
posable.

Remark 4.4. It is shown in §6 that Theorem 4.3 cannot be extended to
m-tuples, m>3; that is, superposability of two m-tuples (m >3) of E,,, does
not imply that eack congruence between the m-tuples can be extended to the
whole space.

THEOREM 4.4. Let py, P2, * * +, Pm=sq1, G2, * * * , ¢m be two congruent sub-
sets of En,, such that (i) there exists a point pi of the first m-tuple with p.pr>=<nr/2,
(=1, 2, - - -, m) and (ii) each triple of (b1, P2, - * + , Dm) comtaining pi is
superposable with the corresponding triple of (q1, @2 * * * , qm)(®). Then the
two m-tuples are f-superposable.

Proof. Writing the above congruence in the form pi, p1, p2, - -+, Pra,

Prrt, * 0 0y Pm =gk, Q, G2 * ¢ 5 k-1, Qr41, * ¢, @m and making the cyclic
substitution (1, 2, - - -, k) on the first & indices of both sets yields

Ply?%’".?szQth”’mer
p;p,-;é-;rr/Z (i= 1, 2, .- ,M).

Let (ei; cos pipi/r), (e cos giqi/r) (5,j=1, 2, - - -, m) be two associated
matrices of the respective ordered m-tuples, with e;=ex=¢/;=€)=1
(j=2v 3,---, m)' Since (Pb Dy p‘)g(qu qs Qt) (S, t=2,3,---, m)’ the re-
spective third-order principal minors of the above matrices, which involve
these triples, are strictly equivalent and hence the determinants of these
minors are equal. Expanding and taking into account (*), together with

*)

(°) Note that it is not assumed that the corresponding triples are f-superposable.
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;=1 if pip;=mr/2, gives e,=¢; (s, t=2, 3,--+,m). Then e;=¢;
(¢, 7=1,2, - - -, m), and the two associated matrices are equal. Hence the
ordered m-tuples are f-superposable.

Remark 4.5. The restriction imposed by hypothesis (i) of the theorem is
essential, for if pip,=wr/2, the superposability of triples p1, p., p: and
@1, s, g: does not imply that e,; =€

Thus two congruent, non-superposable quadruples of E,, exist with three
pairs of corresponding triples superposable. Let, for example, ps, p{ be two
distinct points of E,,, and pi, s, ps a non-E;, triple which is contained in the
two mutually perpendicular lines of Es, which form the locus of points
equidistant from p, and p{, with p; the pole of E;,,.(p4, p4) and p1ps, prpe dif-
ferent from wr/2. (In particular, the points may be selected so that
prpe=p1ps=mr/3, papa=pasps=r-arc cos 6Y2/4, pips=r-arc cos 1/4, pi1p.
=nr/2.) Then p1, P2, ps, pa=p1, P2, Ps, 4 and the triple p,, ps, ps is the only
triple of the first quadruple which is not superposable with the corresponding
triple of the second.

It is proved later (Theorem 5.2) that any two subsets P, Q of an elliptic
space, with P~;Q, are f-superposable whenever each two corresponding
finite subsets have that property. This result combined with the preceding
theorem has as immediate consequence:

THEOREM 4.5. Let P, Q be any two subsets of E.,,. with P =;Q and such that
no two points of P have distance wr/2. If each triple of P is superposable with
the corresponding triple of Q, then P and Q are f-superposable.

Thus if P, QCE.,.,» with P~;Q and no two points of P have distance wr/2,
then any congruence between these sets can be extended to a motion whenever
f-corresponding triples of P, Q are superposable.

In view of the hypotheses of Theorem 4.4 it is clear that the conclusion
of the above theorem is valid under weaker assumptions than those that are
made, but the cumbersome nature of the statement in terms of the weaker
assumptions leads us to suppress its formulation.

THEOREM 4.6. Two f-congruent m-tuples

Ply?Zy"‘,Pm“thQh"‘me

of E, . are f-superposable if and only if, for a pair px, qi of corresponding points,
arbitrarily small spherical neighborkioods N(px; p), N(qx; p) of radius p exist
with the property that corresponding to each point p of N(pr; p) with pip#wr/2
G=1,2,---,k—1,k+1, .-, m), there is a point q of N(qi; p) such that
the two congruent m-tuples p1, pa, + + +, Pr—1, Dy Pty * * * » P =q1, Q2 * * * , Qr-1,
g, Qk+1, * * * 5 Qm have those corresponding triples containing p and q superposable.

Proof. If p1, po, - - -, Pu=4q1, G2, - - -, gm then a motion T' of the space,
with I'(p;)=gq; (i=1, 2, - - -, m), carries arbitrarily small neighborhoods
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N(px; p) into congruent arbitrarily small neighborhoods N(gx; p), and hence
takes each p of N(p; p) into a corresponding point ¢ of N(gi; p). Then
Py Pt Dreny By Dren, D=2, @2 ¢t 0y @k, @ QRen, 0t @m and
the conclusion of the theorem is valid a fortiori.

Conversely, let {N;(pk; P}, { Ni(gs; pi)} be sequences of neighborhoods
of P, qi, respectively, with p;<1/i (i=1, 2, - - - ), which have the properties
stated in the theorem. Now each N;(px; pi) contains a point p/ such that
plpi=nr/2 (j=1,2,---,k—1, k+1, - - ., m), and hence a corresponding
point g/ of Ni(gx; ps) exists such that py, pa, « + -, Pr—1, P4, Dbty =+ * » Pm
=q1, g2 * * ¢y Qo-1, 47, Qrt1, * * + , @m With corresponding triples containing
p! and g/, respectively, superposable.

It follows from Theorem 4.4 that

plv p% Tty Pk—l; p:v ?k-l-lv AR ng q1, Q2 * ¢y Qk—1y qt’y Gr+1y * * % 5 Im;

and so an infinite sequence { I‘.-} of motions exists with T.(p;)=¢;
(j=1’ 2, k-1, k+1,.--,m), and r‘(P-')=91' (=1, 2, - - -). From
a theorem of van Dantzig and van der Waerden [4], the infinite sequence
{T;} contains a convergent subsequence {T;,} with a motion T for limit;
that is

Pi;(plr P20y Pr-1y p;iv Dryry v 0 P'n)
= (g1, G2 " * * » ety Qipp Qht1s * * * 5 Gom)

(¢=1,2, - - -). Since lim;., g5, =g, lims., T';,(p5,) =T(p2), then T'(py, pa, - - -,
Drry Dry Drry t oy Pm)=(91, @y * c 0y -1y Gy QR41y C 0y Qm), and the
theorem is proved ().

5. Superposability of infinite subsets of E,,. Superposability order. In
this section it is shown that the superposability of two congruent infinite
subsets of E.,, is reducible to the superposability of corresponding finite
subsets—in particular, to the superposability of corresponding (k+1)-tuples
when the two sets lie in (coincident or distinct) k-dimensional subspaces. It
will be seen that the number k41 is the smallest possible.

THEOREM 5.1, Zet P, Q be two subsets of Ex., whose points are in a one-to-one
correspondence such that each finite subset of P is superposable with its cor-
responding subset of Q. Then this property can be extended to the closures P, Q
of the two subsets.

Proof. Since corresponding pairs of points of P and Q are superposable,
the correspondence P~Q between the two sets is a congruence P = (Q, which
can be extended in the usual manner to obtain P=Q. '

Let 1, ps, -+, pm and ¢, @3, * * -, ¢m be corresponding m-tuples in the
latter congruence. Then for each p; and g; infinite sequences pi1, pi, + + + and

() Here T'(ps) =g (i=1,2, ++ -, m),
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gi1, Qiz, + ¢+ - of corresponding points of P and Q, respectively, exist with
liMpaw Pin=p:, liMpow Gin=¢g; (G=1, 2, ---,m). If T, denotes the con-
gruent mapping of Eg,, onto itself which carries the points le Dany * * ¢, Pmn
into the points gis, g2a, * * *, Qmn, respectively (=1, 2, .- .), it follows
from the van Darntzig-van der Waerden theorem cited above that the infinite
sequence {I'»} of motions contains a subsequence {T;,} with limit T, a
motion.

If we select appropriate subsequences, limy ., pij, =i, liMy.w gij, =¢i, and

’E{’: I‘fn(plfn’ P2inr = s sz'n) = lim (qliu’ Q2inr * " s q"‘in)

= (qu g2 "+ qm)-
Now by the triangle inequality,
0 < Ty,(p:i)T(p) < Ty, (pii) Tin(p) + T1,(pIT(80)
S pinds + Ti(p)T(p9)

(t=1, 2, - - -, m), and hence lim,., Ty;(p:;)T(p:) =0, since lim,., l",,,(p)
=T'(p) for every element p of Eg,.

Thus, lim,..[;, (i) =T(p:) (=1, 2,-.-,m); that is, T'(p)=gs
(¢=1, 2, - - -, m), and the theorem is proved.

THEOREM 5.2, If P, Q are two subsets of E,, whose potnts are in a one-to-one
correspondence f such that each finite subset of P is f-superposable with the
corresponding subset of Q, then P and Q are f-superposable.

Proof. The theorem being trivial for P and Q finite subsets, suppose them
infinite. As in the preceding theorem, the correspondence P~,Q is seen to be
a congruence P ~;Q which is extended to P~;(Q, where f is the extension of f
to P, Q.

Since P is a closed subset of the compact metric space Ey,, it is the

closure of one of its denumerable subsets, say pi1, p2, * * *, P, * + + . Denot-
ing by q1, @2, - * -, ga, - - - the corresponding subset of Q, then for each
positive integer m a motion I',, exists such that I',(p:) =¢: 6=1,2, - - -, m).

Letting {T';,}—T, it follows (since I'(¢;) =limm. T, (p5) =q; (=1,2, - - +))
that P=%0, for a motion which superposes the two denumerable subsets
Py, D2yt ybny e - cand qi, @, ¢+ +, ¢ny - - - evidently superposes their clos-
ures. This implies that P and Q are f-superposable.

THEOREM 5.3. If P, Q are two finite subsets of Ei, with P=;Q and such
that each two corresponding (k+2)-tuples of P and Q are f-superposable, then
P and Q are f-superposable.

Proof. If we suppose the sets to consist of m+1 points, m > k41, it fol-
lows from the congruence of E;,, with S;,.2, and the f-superposability of any
two f-congruent subsets of Sy,., that the theorem is valid for 2=1. An induc-
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tive hypothesis on the dimension k establishes it whenever P (and conse-
quently Q) lies in a (k—1)-dimensional hyperplane Ei_;,, since a motion
exists which will carry both sets into the same Ej_1,,.

Assume, then, that P does not lie in any Ei_,,, and make the inductive
hypothesis of the theorem’s validity for sets of m points, the induction being
anchored for m =k+2. Two cases are distinguished:

Case 1. There is a labelling p1, P2, + + + , Diy Piv1y * * * , Pma1 Of the points of
P such that there exists an integer i (1 <1 <m) for which each of the points
Dit1, Diva, * * +, Pmi1 has distance wr/2 from each of the points p1, D2, + -+, Di.

Labelling the points of Q so that ¢;=f(p;) (j=1,2, - - -, m+1), we have

D1 D2yt Piy Divty 0y Pl r Q1 Q2 0t 0y @iy Qikly 0y Gty

and it is seen that any two associated matrices

(es5 cos pipi/r), (e cos gigi/) (Gji=12---,m+1)

of P, Q, respectively, have all elements zero except those that are in the two
blocks (¢X% and (m—i+4+1)X(m—i+1)) which occupy the upper left-hand
and lower right-hand corners, respectively, of the two matrices. It follows at
once from the inductive hypothesis and Theorem 4.2 that equal associated
matrices of P and Q exist, and the two sets are f-superposable.

Case 2. The points of P may not be labelled as in Case 1.

Then clearly a labelling pi, pi, « + + , Pinr Pinss Of the points of P exists
such that no point is a pole of each preceding point, and there is no difficulty
in showing that these points may be rearranged so that this property is re-
tained and in addition (since the m+1 points do not lie in an Ei_;,) for each
1 (1={=<k+1) the first ¢ of the points determine a unique E;_;, containing
them.

Denoting such a rearrangement by p1, p2, - * *, P&, Pkt1, * * * » Dmi1, and
labelling the points of Q so that g;=f(p:) (¢:=1, 2, - - -, m+1), we have

pl’ pZ» Tt ka pk+ly Tty pm+1 =rd1 g2y 0y Qky Qk+1y 0y Imt1y

with both (m+1)-tuples in apolar order. .
Let, now, T' be a motion such that T'(¢;) =p; ¢=1,2, - - - , m—1, m+1),
and let I'(gm) = pm. Then

pl; P‘h Tty pm-—ly Pm g/ q1, 42, * * * » dm—1, dm gl Pl) p2y STty pm—ly ﬁm-

But since m—1=k+1, and p1, ps, - - -, pr41 do not lie in any Ej_;,, it fol-
lows from the apolar ordering that the identity is the only motion which super-
poses the first and third m-tuples. Hence P, =pn. and P=4Q.

Before proving the final reduction theorem, it is convenient to establish
two lemmas.

LEMMA, 5.1. Let P be a set of k+2 points of Ex.., with no (k+1)-tuple in a
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hyperplane Ex_y,,, and let Q be a subset of Ex,, whose points are in a one-to-one
correspondence f with those of P. If (i) each two corresponding (k+1)-tuples of
P and Q are f-superposable and (ii) P and Q are not f-superposable, then in each
right-hand apolar ordering of P, either the first point or the second point has
distance wr/2 from each of the last k—1 points.

Proof. Let p1, ps, - -+, Pr, Pr+1, Prre be any right-hand apolar ordering
of P and suppose I'(g;) =p: (:=2, 3, - - -, k+2), while T'(q1) = 1 =~ p1.
Since p1, ps, - - ¢, Dk, Prsr, Pr2a=2qu, G5 ¢ ¢ ¢y Gk Qrtt, Qe3P P - ¢,

Dry Prs1, Prye, it follows from the apolar ordering of P that the hyperplane
Ei1,,(ps, Ps, + + *, Prs1, Prye) Temains pointwise fixed under a motion which
superposes the first and third of the above (k+41)-tuples. Hence this hyper-
plane is part of the locus of points Ej,, equidistant from p; and $.

In similar manner

D1 Do Pay vy Prrry Drre =2 Py Py Pay c t 0y Dkty Prioy

and if p. does not have distance wr/2 from each of the points ps, Ps, * * -, Pks2
then Ex_1,.(p2, P4, - * *, Prs1, Prae) also forms part of the same equidistant
locus. Since these two hyperplanes are distinct (otherwise p., s, * - -,
Pr41, Prye lie in an Ey_;,) they intersect in the Ei_2.(p4, b5, - * + , Prse) Which
is the absolute polar subspace of the line E;.(p1, §1). Hence pips=pips
= ... =p1pra=mr/2, and the lemma is established.

Remark 5.1. Though the hypothesis of Lemma 5.1 assumes that each two
corresponding (k+1)-tuples of P and Q are f-superposable, the proof makes
use of only three pairs of f-superposable (k+1)-tuples. Hence a somewhat
stronger property than that asserted is proved.

LEMMA 5.2. Let P be a set of k+2 points of Ex,., with no (k+1)-tuple ina
hyperplane Ey_,,,. A right-hand apolar ordering of the points of P exists such
that the distance between the third and the last points is not wr/2.

Proof. To show that at least one right-hand apolar ordering of P exists, let
Dit1, Dit2y = * *y Dka1, Prs2 be B+2—1 points of P in right-hand apolar order.
Then at least one of the remaining points of P exists (label it p;) such that
Di, Dirty DPive, * * +y Dra1, Prye are in right-hand apolar order, for in the con-
trary case all of the remaining ¢ points of P lie in the hyperplane E; ;. of
(1 —2) dimensions, which is the absolute polar of Ex_iy1,-(Pit1, Pite, * * *) Drt2).
But then k+1 points of P lie in an Ej_;,, contrary to the hypothesis.

Since P is a (k42)-tuple of Ei,, at least one pair of its points, say
Dr+1, Prye, has distance different from «7/2, and so prya, Prye are in right-hand
apolar order. It follows, then, that a right-hand apolar ordering of P exists.

Let, now, p1, ps, Ps, P4, - - *, P41, Prs2 be a right-hand apolar ordering
of P. Then at least one of the points py4, ps, - - -, Prie has distance from ps
different from w7/2. Let p;, be the point with greatest index (3 <4, <k+2)
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such that psp; nr/2. If 4, <k+2, denote by p;, (11<ia<k+2) the point of
greatest index such that p;p.,>wr/2.

After m applications of this process, the point pg,, is reached as the point
of greatest index such that p; pr27mr/2. Then the ordering pi, po, ps, * * -,
Di—1, Py, + - ¢ r_pfz—lv Digry * ¢ 0y Dig=1y Diptly * * *, Pty DPips DPim-1s * *
Dsyy Dy Is seen at once to be a right-hand apolar ordering with psp; >wr/2,
and the lemma is proved.

THEOREM $.4. If P, Q are two (k+2)-tuples of Ex,, whose points are in a
one-to-one correspondence f such that each set of k+1 points of P is f-super-
posable. with the corresponding set of k+1 points of Q, then P and Q are f-super-
posable.

Proof. Make the inductive hypothesis, anchored for k=1, of the theorem’s
validity in each proper subspace of Ex, and distinguish two cases:

Case 1. P contains a set of k+1 points which lies in a hyperplane Ei_1,,.

If the labelling be selected so that p1, ps, - + -, pi4a is such a subset of P,
then the inductive hypothesis establishes the theorem unless pi, ps, * * -, Prs1
determine a (unique) Ei_;,, and this hyperplane does not contain the re-
maining point p,.

Writing ¢;=f(p:) (6=0, 1, - - -, k+1), let p and ¢ denote the feet of p,
and g, respectively, on the hyperplanes Ex_1,.(p1, P2, * * * , Pr+1)y Er-1..(q1,
@ * **, qr41). If p and ¢ are not unique, then p, and g, are poles of the

(respective) hyperplanes, and a motion which superposes pi, p2, * -+, Prn
and g1, @2, + * -, gr+1 evidently makes po and g, coincide. In the event pgand go
are unique, we prove the following assertion. -

ASSERTION. p, Py, D3, + * *, D120, Q1, G2, * * * » k1.

Since these two (k+2)-tuples lie in (k—1)-dimensional subspaces their
superposability follows from the inductive hypothesis and the preceding
theorem provided each two corresponding k-tuples are superposable (in the

order indicated). Since py, ps, * -+, P22y, @2, ¢ * -, Qr41, it suffices to con-
sider only those corresponding k-tuples that contain p and g. Let p, pu,
Diy * * +, Piyy be such a k-tuple. If piy, piy, -+ + +, Piry, Pix are mot in an

Ej-s,r, a motion T' such that T'(po) =qo, I'(ps)) =gy (G=1, 2, - - -, k) carries
Ek—l,r(plv 2 TSR Pk+1) into Ek-—l.r(qlv qzy * qk+l) and hence F(P) =q,
and the assertion is proved.

If, on the other hand, pi, pi,, * -+, Piryr Pir EEr2,» while piy, iy, + + +,
Dir_yy Piry are not points of any Ei_,,, a repetition of the above argument
for this latter set establishes the assertion. If, finally, piy, Dy + =+ Pireys Pij
belong to (k—2)-dimensional subspaces for j=Fk and j=Fk+1, then
iy Piyy ¢y Pip—gy Piry EEr—s,r, since otherwise the (k+2)-tuple po, p1, * * -,
i1 would lie in an Eg.,,.

To show Dy bay Piyy * v 0y Pira=2qy Qiry Qiny 0 Gk in this event, it
suffices to show that each (£—1)-tuple of the first set (which contains p) is
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superposable with the corresponding (k—1)-tuple of the second set.

Consider, for example, the (¢ —1)-tuple p, pi,, Pis * * * » Pir_y. The points
Diny Diyy * * *y Pixyy Piry Pirys do not lie in any Ei_s,, for if they did then
pi. would belong to that Ei_,, (since it belongs to a (k— 3)-dimensional
subspace of it) amd hence the k42 points are in an FEj_;,. It follows that a
motion T such that

P(pov piu Tty Pik-p ?iu P‘k-ﬂ) = (qu Qiry * * ° y Qig—gr iy qil,.H)

(with corresponding points in the order indicated) carries Ei,.(p1,
b2y v v, pk+l) into Ek—l,f(qu qs -, q"+1) and hence I‘(P) =q.

In a similar manner, the other pairs of corresponding (k—1)-tuples are
seen to be superposable, and so p, iy, Py, * ¢ ¢y Pirca=2qy Tity Tiyy * * * 1 Linews
from which the assertion follows.

Let, now, T' be any motion such that T'(p;)=¢q; (¢=1, 2, - - -, k+1),
T'(p)=q. Since p1, ps, * - -, Pr1EEr_1, (and not points of E;_.,) then
T'(po) =go or T'(pe) =go, the reflection of qo in Ex_1,» (q1, @2, * * + , Gk+1). In the
latter event, rotation of E;,, 180 degrees about the absolute pole of Ei_1,-(q1,
@ * * *, Qrt1) accomplishes the desired result.

Case 2. No (k+1)-tuple of P lies in a hyperplane Ei_y.,.

Then each ¢+1 of the points of P (1 <7 =<k) determines a unique 7-dimen-
sional subspace E;, containing them.

Assuming that the two (k-+2)-tuples P, Q are not superposable f, let the
labelling of the points of P be chosen so that

™ Pu, D2 Dr+2 D3y - ¢ 0y Phy Pt

is a right-hand apolar ordering of P with pxyipri25%7r/2 (Lemma 5.2). Then
by Lemma 5.1 either

** P1ps = prpa = - -+ = p1pr = P1pr = wr/2,
OF pops = paps = - -+ = papi = popry1 = wr/2.

It is clear that if the first set of relations do not hold, another apolar order-
ing of the desired kind is obtained from (*) by interchanging the points 3, ps.
Then interchanging their labellings restores the apolar ordering (*). We may,
therefore, suppose relations (**) and ordering (*).

If we label the points of Qso that ¢;=f(p:) (i=1,2, - - -, k+2), it follows
easily from a comparison of two associated matrices of P and Q, and the
assumption that the two (k+2)-tuples are not f-superposable, that

(**%) P1pe # wr/2 # prprsa(1h).

(W) Also, if, for example, p; pa=nr/2 then p, is the absolute pole of the E_1,r determined
by the points ps, $3, « -+, pr41 and a motion which superposes the two (k+1)-tuples ps,
D8 ¢+ v, Dry1, Pryzand gz, gs, ¢ ¢+, Qry1, Qi42 Clearly brings p; and ¢ into coincidence.
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Since prypriewr/2, the arrangement p1, ps, Ps, * * *, Prp1, Pri2 1S @
right-hand apolar ordering, and if we use Lemma 5.1 (together with
prprse#wr/2) it follows that paps=peps= - - - =papra=mr/2, while, as be-
fore, papss“mr/2. Similarly, from the apolar ordering p,, p3, P4, * * *, Prt1y
Dris, D1 follows psps=pape= - - - =pspriz=pspr=nr/2, and pspss“mr/2.

If we assume p1ps, peps, - - -, pi_1ps each different from wr/2, and each
of the points p1, ps, - - -, pi_1 with distance w7/2 from all points of P except
their immediate predecessor and successor (po=pr42), then

Di-1, Diy Pitry Pivey 0y Prey D1y P2y 0 0y Pie
are in right-hand apolar order, and since p; 1p;_2#n7/2, Lemma 5.1 yields
Dibirr = Pipivs = + -+ = Pipryr = pipr = pipy =+ - - = pipia = 71/2,

while, since P and Q are assumed not f-superposable, p;p;17=7r/2.

Thus each point p; of P (1<¢<k—+2) has distance 77/2 from exactly
k—1 points of P, and p;_1pi#wr/2 7% pipis1 (Po=Pria, P1=pr+s) With the cor-
responding statement valid for the set Q, since P and Q are f-congruent.

Consider, now, two associated matrices (e;; cos p.p;/r), (e cos g.qi/r)
(¢, 7=1, 2, - - -, k+2) of the ordered (k+2)-tuples P and Q, respectively.
From the distance relations obtained above, the f-superposability of corres-
ponding (k+1)-tuples, and the non-f-superposability of P and @, it
follows that these two matrices may be selected so that e;=¢;=1
(2,7=1,2, - - -, k+2), except that €] 1, 2= —1=¢€1139.1.

Since P and Q are (k+2)-tuples of Ex,,, the determinants of these matrices
vanish. Expanding each determinant as a quadratic function of the elements
in the last row (method of Cauchy) and equating, we see after easy computa-
tion that the product

cos (p1pa/r) - cos (paps/r)- - - + -€0S (Pry1prsa/7)  COS (P1pis2/T)
vanishes.
Hence one of the distances p;piy1 (1=1, 2, - - -, k+2) equals n7/2, con-

trary to what has been shown. This contradiction implies that P and Q are
f-superposable, and the proof of the theorem is complete.
Combining the last three theorems yields the final reduction theorem.

THEOREM 5.5. If P, Q are any two subsets of a k-dimensional elliptic space
Ey.., whose points are in a one-to-one correspondence f such that each two cor-
responding (k+1)-tuples are f-superposable, then P and Q are f-superposable.

It is observed that since any two elliptic subspaces of the same dimension
are superposable, the above theorem is valid whether or not P and Q lie in
the same E ;.

DEFINITION. An elliptic space has superposability order o provided any
two subsets of the space are superposable whenever a one-to-one cor-
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respondence f exists between the points of the two sets such that each two
corresponding g-tuples are f-superposable.

THEOREM 5.6. The k-dimensional elliptic space Eg, has the minimum
superposability order k1.

Proof. That E;, has superposability order k41 follows at once from
Theorem 5.5. To show this a minimum it suffices to prove the existencein
E; . of two non-superposable (E+1)-tuples py, ps, - -+, prp1and @1, @2, - - -,

ges1 such that py, po, - -+, picy, Dig, - - ¢, Pen=2Q, Q2+ ¢y Qic1y Qig1y
k41 (1’=1t 2’ C k+1)

Consider the two determinants A1=|dq|, dij=dj=d, Ii—jl =1 or &,
di;=1, and d;;=0 for all remaining elements (¢, j=1, 2, - - -, k+1), and
A2=[d{,| , where the dj, satisfy all the above conditions except that df i1
=dj+1,= —d. Since each principal minor in both of these determinants equals

1 for d=0, it follows from continuity considerations that a number d exists
(0 <d <1) such that all of the principal minors of both determinants are positive.

This implies that the k-dimensional spherical space Sk, contains two
(k+1)'tuples pl’yp‘a”r R p‘+l and 511', 512', R !l£+1 with pl’p; =r-arc cos (d)
=g!af, |i—jl =1, plpf=mr/2=ga}, |i=j|#1 G, j=1, 2, -, k+1;
1, j#1, k+1), p{ pi1=7-arc cos (d), gf giyy=7r—r-arc cos (d).

Passing to the k-dimensional elliptic space Ey,,, we obtain two congruent
(k+1)-tuples py, ps, =+ +, pry1 and qu, @s, + * -, Qs With associated matrices
(the matrices of A, and A, respectively) which are clearly not strictly equiva-
lent, though for each two corresponding k-tuples equal associated matrices
(corresponding kth order principal minors) may be selected. Hence each two
corresponding k-tuples of the two (k+1)-tuples are f-superposable (where
gi=f(p:;) (=1, 2, - .., k+1)) while the two (k+1)-tuples are not super-
posable. This establishes the theorem.

6. Pseudo f-superposable sets. Concluding remarks. In the proof of
Theorem 5.6 there was shown to exist two (k+1)-tuples of Ex, which are not
f-superposable though each two corresponding E-tuples are. This circum-
stance gives rise to the following definition.

DEFINITION. Two subsets of Ey,, are called pseudo f-superposable of degree
k provided a one-to-one correspondence f exists between their points such
that (1) each two corresponding k-tuples are f-superposable and (2) the two
subsets are not f-superposable.

THEOREM 6.1. For each integer k, pseudo f-superposable sets of degree k
exist.

Proof. Such sets are instanced in the preceding theorem.

Remark 6.1. If py, po, - + -, pry1 and qu, @s, - -+, Qry1 are pseudo f-super-
posable of degree k then no k-tuple of either set lies in an Ej_s ,, for if either
set contained such a k-tuple then that k-tuple of the other set superposable
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with it would also lie in an Ej;_,,, and consequently both (k41)-tuples would
be subsets of (k—1)-dimensional subspaces. Superposing these two subspaces
yields two (k+1)-tuples of an Ei_1, with corresponding k-tuples f-super-
posable, and hence (Theorem 5.4) the (k+1)-tuples are f-superposable; that
is p1, P2, -+ +, pre1 and @i, @o, ¢ ¢ ¢, gry1 are f-superposable, contrary to
assumption.

Remark 6.2. Consider four points p{, p7, pd, pd of Sa,, with p{ pf =pd pd
=pipl =pipid =nr/3, pi p{ =p{p{ =mr/2 and four points gf, ¢, ¢f, qi
of 3. (not of Sz,) with g/ q} =p!p}, except that qif ¢/ =2mr/3(*?). Passing to
the elliptic space Es, yields two quadruples p1, s, ps, P4 and g1, g2, g3, Q4
which are pseudo f-superposable of degree 3, with the first quadruple in
E,, and the second in E;, (not in E,,). Hence of two pseudo f-superposable
(B+1)-tuples of degree %k, one might lie in an Ej_y,,.

Using Remark 6.1 and the method of Case 2, Theorem 5.4, the following
theorem may be obtained.

THEOREM 6.2 (CHARACTERIZATION OF PSEUDO f-SUPERPOSABLE (k+1)-
TUPLES OF DEGREE k>1). Two elliptic (k+1)-tuples p1, pa2, * -, Pri1 and
Qi @2 -+ + > Qupr are pseudo f-superposable of degree k>1 if and only if asso-
ciated mairices (¢pi;) = (e:; cos pip;/r), (by) = (& cos gigi/r) (¢, j=1, 2, - - -,
k1) of the respective ordered (k-+1)-tuples exist such that ¢i;=eg>0, Ii— jI =1,
bij=04y=0, |i—j| #1 (G#j; 4, j=1,2, - - -, k+154, j#1, k+1), 0<¢rkn
= — @] k1.

Thus none of the sides p;piy1 of the ordered (k+1)-gon pu, pe, * + +, Prn1
equals 7w7/2 while each of the diagonals does. The ordered (k+1)-gon
qQ, @2, * * * , Qi1 congruent to py, pe, - -+, Pry1 has spherical distance (g:, ¢5)
equal to spherical distance (s, p;) except that the spherical distances of gi, k41
and pi, prq are supplementary.

We have seen that while euclidean, spherical, and hyperbolic spaces have
the property that any congruence between two subsets can be extended to
the whole space, subsets of elliptic space exist such that no congruence be-
tween them can be extended to the whole space (§3).

It might be asked, however, whether a vestige of the property of free
superposability is present in elliptic space in that subsets which are super-
posable are freely superposable. That is, if there exists a congruence between
two elliptic subsets which can be extended to the whole space, does every
congruence between the sets have this property?

That this question must be answered in the negative is shown by the
interesting example of two quintuples in E;, which are g-superposable but
not f-superposable—indeed, the two quintuples are pseudo f-superposable. It
is easy to prove that the S;, contains two quintuples p{, pf, - - -, p{ and

(1) The two quadruples are easily shown to exist,
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ql,q, -+ ,q with
cos (p1 ps /r) = cos (p{ pi /r) = cos (pd pd /1) = a, 0<a<l,
cos (p1 p3 /1) = cos (p1 pi /r) = cos (ps p{ /r) = cos (ps pi /r) = 0,
cos (ps pd /r) = cos (pspd/r) =b, 0<b<1, cos(pipi/r) = — a,

the mutual distances of ¢f, ¢/, - - -, ¢f such that g/q} =p!p!, except that
cos (g{ gf /r) = —a, and 3a2+b%2=1, ab.

Passing to the elliptic space Ejs,, yields two quintuples p1, ps, - - -, ps
and qi, gs, - - -, gs such that the congruence 1, ps, - * -, Ps=~s1, @, - * * , G5

cannot be extended to the whole space (that is, the two quintuples are not
f-superposable) while, on the other hand, the congruence

Pl) Pz, p& 174; Ps =4 qu 44» qs: q2y Qa

can be extended to the whole Es ..

Thus the two quintuples are superposable, but the particular congruence
f between the sets cannot be extended to the whole space. Since, moreover,
each two f-corresponding triples are easily seen to be f-superposable, it fol-
lows that the g-superposable quintuples are pseudo f-superposable.

The same example gives some information about another matter. While
there obviously exist pseudo f-superposable sets of degree 1 with arbitrary
power not exceeding ¢, and the existence of such sets of degree 2 follows from
Theorem 3.3, there was some basis for the conjecture that if two subsets of
Es,, are pseudo f-superposable of degree 3, and neither set contains a planar
E, . quadruple, then each set consists of exactly four points. Examination of
the two pseudo f-superposable quintuples exhibited above shows that neither
contains a planar quadruple, and hence this conjecture is negated(®®). Since,
however, the two quintuples are actually superposable, it might be asked
whether the E; . (k> 2) contains two non-superposable, pseudo f-superposable
subsets of arbitrary power not exceeding ¢, when neither set has a (k+1)-
tuple in E;_;,,. The existence of such sets has not yet been determined.
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