THE ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF SYS-
TEMS OF VOLTERRA INTEGRAL EQUATIONS

BY
ALFRED HORN

Introduction. Although the asymptotic properties of solutions of dif-
ferential equations have been intensively studied, the corresponding ques-
tion for integral equations seems to have been neglected. This is surprising
because most investigations of the asymptotic behavior of solutions of dif-
ferential equations begin by converting the differential equation into an
integral equation (with a special kernel).

In this paper we obtain an asymptotic series for the solution of the system
of Volterra integral equations

¢)) wi(x, y,N) = 2N | Kii(x, £, Nu(t, y, Nt + fi(=, , \).
Ju=1 v

The kernels K;; and functions f; are assumed to have asymptotic expansions
of the form

Kii(z, 3, N) = Kif(%, 3) + Kejla, D/ + -+ -,
f‘(xv ¥, A) = f?(xr y) +f:(x1 y)/A + Tty

valid in certain regions of the complex A-plane. Our fundamental assumption
is that the characteristic roots of the matrix (K(x, x)) are distinct and dif-
ferent from 0 for all values of x in the closed interval [a, 8].

Consider the special case of a single differential equation

iu(::::, A) = AK(x)u(x, N) + f(x).
dx

This has as solution

u(x, \) = u(a) exp ()\ f : K(s)ds) + f : exp ()\ f‘ ) K (s)ds) f(®adt.

If K(x)#0 in [a, 8] we may integrate by parts to obtain the series
u(x, \) = exp ()\f K(s)ds) F+FYN+ - -2 )+ (2)/ N+ - - - +r(x, N)/NE,

where F'=u(a), Fi=f(a)/K(e), g(x)=—f(x)/K(x), and r(x, N\)=J% exp
(\[iK(s)ds)h(t)dt, where k is continuousif K and f areof class C*. If K(x) is

Presented to the Society, November 30, 1946; received by the editors December 2, 1946.
144



SYSTEMS OF VOLTERRA INTEGRAL EQUATIONS 145

negative in [, 8] the remainder r(x, N)/A* is in absolute value not greater
than const./|\|* for all x in [a, 8] and all X in the right half-plane. In the
case of a system of » linear differential equations

diu.'(x, A = i AK;i(x, Nui(x, ) + fi(z, )
% =1

one could apply Birkhoff’s results (see [1, pp. 71-87])(*) on the behavior of
solutions of the homogeneous system and integration by parts to obtain an
asymptotic series of the form

ui(x, \) = exp ()\f v1(s)ds (F?, +F:1/)\ + )4

+ exp (Afz.y”(s)ds) (F?,. + F:,,/)\ +.-4)
+ g;(x)/k + g2/ + -,

where the v,(x) are the characteristic roots of the matrix (K§(x)). This is
exactly the type of expansion we obtain in the more general case (1). Thus
the solutions of Volterra equations exhibit no new features in asymptotic be-
havior as compared. with solutions of differential equations. The only dif-
ference is in the law of formation of the coefficients Fg, g. In the case of
integral equations the F§ are functions of x and y determined by solving first
order linear differential equations and the gf are determined by solving
systems of Volterra equations of the first kind with the kernel matrix
(K3 (x, 9))-

In §2 we derive the formal series solutions of (1). The asymptotic char-
acter of this formal series is investigated in §3. We do not make use of Birk-
hoff’s theorem in this analysis. §4 is concerned with cases in which certain
terms of the expansion vanish. For example when fi(x, v, N) =Ky;(x, 3, N)
the solution of (1) is the jth column of the resolvent matrix. In this case the
terms g; are identically 0, and necessary and sufficient conditions for higher
order terms to vanish are derived. In §5 we apply our results to integro-
differential equations and also investigate the approach of the solution of
the equation

2) 0(x) =\ f I'(x, H0(t)dt + \(x)
~ to the solution of the equation of the first kind
® 0 = [, Do + 6(a)

(*) Numbers in brackets refer to the references cited at the end of the paper.
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under the assumption that the kernel I" has a definite order. It turns out
that the solution of (2) can approach the solution of (3) only if the order is
not greater than 2.

It is believed that most of the results are new even in the case n=1, and
Ky and f; independent of \. Volterra [6, pp. 241-243] derived what amounts
to the first two terms of the expansion in this case, with real-valued functions
and \ approaching infinity along the real axis. Peres [4, pp. 26-30] gave
another proof of Volterra’s results based on the theory of functions of com-
posxtlon Trjitzinsky [5, pp. 40-44] obtained a bound for the solution of the
integro-differential equation considered in §5 in the case where the character-
istic roots of the differential operator are not assumed distinct.

This paper constitutes a generalization of my Ph.D. thesis written at the
University of California, and I wish to acknowledge helpful suggestions of
Professor G. C. Evans in the course of that study.

1. Notation and definitions. We shall use the following definitions and
conventions.

DEeFINITION 1.1. Let T be the set of points (x, y) such that a<y<x =g,
and let I be the interval « £x <. Here « and B are finite.

" DEeFINITION 1.2. A function on T (or I) is said to be of class C? if its
derivatives of order p are continuous on T (or I), p =0.

We shall be concerned with functions on T or I which carry points into
complex-valued matrices, vectors, or numbers. To distinguish between the
three types of functions we shall use Italic capitals, Italic lower case, and
Greek letters respectively. The order of the matrices and vectors is fixed
throughout and we denote it by #. The case n=1 is not excluded, and in this
case all statements about non-diagonal terms, and so on, are to be disregarded.
All summations in which no limits appear for the summation index shall run
from t to n. Thus D muitn=a1+ - + - +ai14+ain+ - - - +a..

The 4, j element of A(x) is denoted by A (x);; or A;;(x). Similarly e;(x)
or e(x); is used to denote the ith component of e(x). Occasionally we shall
use (7:;(x)) to denote the matrix whose i, j element is 7;;(x).

DEFinNITION 1.3. If A and B are matrix functions on T then AB is the
matrix function on T such that AB(x, y) =A(x, y)B(x, v), the ordinary matrix
product. If 4 and B are on I, AB is defined in a similar way.

DEFINITION 1.4. If 4 is a matrix function and « is a vector function, then
Au is the vector function such that Au(x, ¥) =A(x, y)u(x, ). The right side
is a vector whose ith component is Y _;4:;(x, y)u;(x, ¥).

DEeFINITION 1.5. If 4 and B are continuous on T, then 4 = B is the matrix
function on T such that 4 » B(x, y)=/% A(x, t)B(t, y)dt This Volterra product
is associative. We define A™=4, and 47" =4 « A®»* for p=2.

DEFINITION 1.6. If 4 and u are continuous on T, then 4 + % is the vector
function on T such that A4 «u(x, y) = [24(x, t)u(t, y)dt. We have A + (B +u)
=(A4 +B) +u.
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We shall use the notation D14 or D;A to denote the matrix function
whose value at the point (x, y) is the derivative of 4 with respect to its first or
second variable at the point (x, ¥). A similar notation is used for derivatives
of vector functions and ordinary functions. For example if y(x, ¥) =x2+xy3,
then Dyy(t, x) =2t4-x3.

We now summarize the, basic part of the theory of systems of Volterra
integral equations. The proofs may be found for example in [2].

Let F(x, y, \) be defined for (x, ¥) in T and X\ in some set Z in the complex
plane, and suppose F is continuous on I for each X in Z. Then the series
>y N1F*(x, v, \) converges uniformly in T for each X in Z. If we let
G(x, v, \) be this sum, then G is continuous on T for each X\ in Z, and it is
easily seen that G— F=AF « G=AG + F. Using these relations, one can show
that if Fis of class C? on T, then G is also of class C? on T for each\in Z. G is
called the resolvent of F. If f is continuous on I for each X in Z, the solution
of the system u=AF+u-+f is given by u=f+AG +f.

Definitions, lemmas, and theorems are numbered consecutively in each
section.

2. Formal developments. Consider the system

2.1) u(x, y,\) = )\fzK(x, t, Nu(t, y, Ndt + f(x, y, N),

in which

k

K(x, 3, ) = D2 AKi(z, y) + A\ 1K' (, y, \),
=0

2.2) -
£, 3, N) = X X7ifi(x, 9) + A1 (7, 9, 0)

t=0

for (x, v) in T and X in a certain unbounded set Z of the complex plane. The
existence of bounds for K’ and f’ is not needed in this section. We assume
K and ff are of class C¥H—ion T, 0<:<k, and that for each X\ in Z, K’ and
f' are continuous on 7. Also we suppose that the characteristic roots
y(x), - - -, ¥n(x) of K%, x) are distinct and different from 0 for each x in I.
Finally we assume 221 in the sense that although K!, ..., K* and K’
may be identically zero, we wish K° to be at least of class C2.

Let C(x) be a matrix whose pth column ¢?(x) is a characteristic vector
corresponding to vyp(x). The 4 are of class C¥+! and it is easy to show that
we may take C to be of class C¥+.. The vectors ¢?(x) are linearly independent
and hence C(x) is nonsingular for each x in I. If we make the change of vari-
able u(x, y,\) = C(x)v(x, y,N), and set Ri(x, y) = C(x)'K*(x, y) C(y), R'(x, y, \)
=C(x)'K'(x, 3, M) C(¥), hi(x, y) = C(x)7f(x, ), k' (x, y, N\) = C(x)7f'(x, 3, N),
then (2.1) takes the form
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2.3) o(x, y,\) = )\ftR(x, t, N)v(t, v, N)dt + h(x, y, \)

where

k
R(x, 9,\) = X ARi(x, y) + A\=*1R'(x, y, \),
(2.4) =
h(x, 3, \) = 2 N"hi(=, y) + N (=, 9, N).
=0
By definition of C(x) we have R%x, x)=C(x)"'K%x, x)C(x)= (vi(x)d;).
For reference we collect our hypotheses for the system (2.3).

HypoTHESES A. (i) R* and k* are of class C¥"'—i, 0<5i<k, k=1; (ii) R’
and &’ are continuous on T for each \ in Z; (iii) R%(x, x) = (vi(x)ds); (iv)
¥i(x) Zv;(x) for xEI, i%j, 1Si<n, 1<j<n; (v) v:(x) 0 for each x in I,
1<i=n.

DEeFINITION 2.1. If R and F are matrix functions on T, we define
R:F(x, t, y)=R(x, t)F(t, y) for asyst<x=<p(*).

DEFINITION 2.2. If G(x, ¢, 9) is defined for <=y <t <x <8, we define over
this same range the following functions: ‘ ’

DO(G)(x’ 2, y) = G(xr 2, y)’
DG (w5 ) = DG)(w, 5 3) = 605, 1, DR, 1]

D?*G)(=, 3, y) = D(D*'@G))(x, 2, ¥), p=2

The operator D is not to be confused with the differentiation operators
D,, D, defined in §1. For future reference we calculate the diagonal terms
of D(R°:F)(x, x, y). These are given by

9 o

[DRO:F)(x, %, M)]ss = 20 Py [Rim(, OF milts 3)/7(t) ]ims
=. Z R?,,.(x, x) [Dlch‘(xr }’)/’Y:(x)

@.5) "

d 2
—_ :i;‘y,;(x)Fmi(x» y)/70(x) ]

4 3 Fui(#, 3)DoRin(x, 2)/7v:(%)

(%) If f is a vector function, R:f is defined in the same way.
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d
= DiFi(x, y) — 'E’x‘Yi(x)F“(xv ¥)/vi(x)

+ X Fui(#, 9)DaRin(x, %)/ 7i()

d 0
= DiFi(x, y) + Fi(x) ['— = vi(%) + DyRii(x, x)] /i)
2.5
2.5) + 3 Fui(#, 3)DaRin(%, )/vi(%)

myks

= DiFu(s, y) — Fu(x, )DiRi(, 2)/7:()
+ 3 Foi(x, y)DzRgm(x» x)/vi(x).

mykt
In the last step we have used the fact that D\ Rg(x, x) +D:Rg(x, x) =dvy.(x)/dx.
DEFINITION 2.3. e(x, ) is the vector such that e(x, y) =exp (\[Zv.(s)ds).
LEMMA 2.4. If R and F are of class Cron T, r21, then
z r—1
"f R(%, OF (4, y)e(t, y)dt = 3 (= 1)A~i[Di(R:F)(x, ¢, )R, )e(t, )iy
y

7=0

+ (= e [ DR, 1, et e

v

Proof. Obviously Die(x, y) =AR%(x, x)e(x, ). Integration by parts gives

A f " R(s, OF(, 9)elt, 5)dt = [R(x, DF(, )R, e, 9)]Im;
- f 3% [R(x, HF (2, y)R(, £)~]e(é, y)dt

= [DU(R:F)(x, 1, YR, t)~e(t, 3)]imy
- f " DRF) (2 1, y)elt, B)dt.

Applying this process » —1 more times, we obtain our result.

LemMMA 2.5. If a is of class Cr, 1=r=k+1, and if a(y, ¥) =0, then the
system

(2.6) f ’R°(x, 2)g(t, y)dt = u(x, y)

has a unigue solution g of class C™.
Proof. The system (2.6) with a(y, y) =0 is equivalent to the system
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Rz, 2)g(x, 3) + [ DRz, Dglh, 3)at = Doz, 9)

which has the solution g(x, ) =b(x, y)+/;S(x, ¢, 1)b(¢, y)dt, where b(x, y)
=R%(x, x)~"D1a(x, y) and S is the resolvent of the kernel whose value at (x, y)
is R%(x, x)"1D,R%(x, y). But S is of class C* (see §1), while b is of class C™'.

THEOREM 2.6. Under Hypotheses A, there exist functions F¢ and g2 of
class C¥*'—=2 on T such that if we make the change of variable '

k—1 k

(2.7) oz, 3, N) = 2 NF(x, y)e(x, y) + 2N g%(x, 3) + N Fw(z, 3, M),
g=0 g=1

then (2.3) takes the form

w(z, 3,00 = 2 [T RGz 1, )wlt, 3, 0d8+ ¥, 5) + dCa, 3, O/
(2:8) 4 )
‘ + f D(x, t, y, Ne(t, y)dt + m(x, y, ),

where

k z
(2.9) b%(x, y) = h¥(x,y) — g*(x, 3) + 2o | R*-7(x, $)g?(t, y)dt
p=1v gy

_ 3 3 (= 1)+ DR (RP D) (2,9,5) [R309) e,

8=0 p=0

k z
&z 3,0 = (w30 + N0 [T Rz, 1,000 ar
=1 v

(2.10)

2k

k z
+ > X 7\""’"‘f R+ 7(x, t)gr(¢, y)dt,

smk+4-2 pms—k

k
D(x,t, 9, \) = R'(x,t,\) D A\-#F?(t, y)
P=0

2.11) 5 AR R, 3)
s=k+1 p—s—k
+ 33 (— 1) HDE(R2 R (s 4, 3),
3m=0 p=0
2.12) miz 3N = 3 exp (x f ’v,.(s)ds)qs..f(x,, ».

imi

(2.13) il 9) = 7@ X Z (=)= [D¥=+(Re=:F?)(x, %, 9) J:.

=0 p=0
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The F? and g? are independent of k and N\, and are determined from equations
(2.18a), (2.18b), and (2.18c) (see part 2 of the proof).

Proof. In order to simplify the manipulations, we define F*(x, y) =g%x, )
=0. The proof is divided into three parts.

Part 1. If F¢ and g? are functions on T of class C¥*-¢, 0<¢=<k—1, then
under the substitution (2.7), (2.3) takes the form

k k
2 NF(x, y)e(x, )+ 2 A%, y)+HN"Fw(x, 3, N)

q=0 q=0
z k
=)\‘(""‘)f R(x, ¢, N)w(, v, \)dt+ Z Ah(x, y)
g=0
k—1
2.1 + X x-«z R«+l—r(x, 1)g*(t, y)dt+)\"‘z R"“‘P(x, £)gr (s, y)dt
q=0 =0 v

k

+ 2 A3 3 (= 1)e-e [Des(R=2:F)(z, £, )R, )elt, 3) )i

q=0 =0 p=0

+ A-GDg(x, 9, N) + )\"‘f D(z, ¢, v, Ne(t, y)dt.
v

Proof. If we substitute (2.7) in (2.3) the left side becomes the left side
of (2.14), while the right side becomes

] i NTR(x, 8) i NPFP(2, y)e(t, y)dt

y r=0 =0
z k
i f R'(x, 4, \) S N2F2(t, 3)e(t, 9)dt
] p=0

(2.15) +2 Z)C"R'(x, t)Z A—Pgr(t, y)dt

=0

+ Ak f R'(x, ¢, A)Z A—Pg?(¢, y)dt

k .
+2 f A" R(x, £, Nw(t, 3, Ndt + D Nhe(, 3) + A-+DR (g, 3, ).
v

q=0
Now for any sum we have by diagonal summation
k E s 2k k
Z Qrp = E E Qs—p,p + E Z Qs—p,p-
r,p=0 8=0 p=0 8=k+1 p=s—k

Hence the first line of (2.15) is equal to
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i i A f z)\“R"‘":F"(x, t, y)e(t, y)dt

@2.16) 7 w .
+ X X - f Re=?:F7(x, t, y)e(t, y)dt.
smk+1 pems—k v

Similarly the third line of (2.15) is equal to

k s z
Z Z A AT*R*—PigP(x, ¢, y)dt

8=0 p=0 v

2k k z
+ 3 Z o [ R s
v

s=k41 pms—k

(2.17)

The second line of (2.15) goes into the term involving D of (2.14) (see (2.11)).
The fourth line and the last term go into the term involving d (see (2.10)).
The rest of the last line appears in the first two terms on the right of (2.14).

Since g°=0, we may write (2.17) in the form (using a change of index

g=s—1)
k—1 g+1 . k z
Z)\“ f Retl-r:g7(x, ¢, y)dt + Z)\"‘f Re+1-p:g7(x, 8, y)dt
(2 l7a) q-o =0 =1 v

2k k z
+ 2> X )\‘“'f Re=vigv(x, t, y)dt.
v

8=k+2 p=2—k

The first line of (2.17a) is the second line of the right side of (2.14), and the
the second line of (2.17a) completes the term involving d in (2.14).

The second line of (2.16) goes into the term involving D. If we apply
Lemma 2.4 with »r=%k+1—s5, the first line of (2.16) becomes

k s k—s

IDIDD

8=0 p=0 j=0

x.+, D’(R"" Fo)(x, 1, )R, )7t 3) ]y

+ZZ

2=0 p=0

(2.16a) (— 1)k+1—
f D¥+1-s(Re—?:F?)(x, t, y)e(t, y)dt.

The second line of (2.16a) completes the term involving D. If we make a
change of index ¢ =s-j, and interchange the ¢ and $ summations, the first line
of (2.16a) becomes

253>

8=0 g=8 p=0

1 q—8 =z
S ) [Ds=+(R*=?:F?)(x, t, )R, £)~te(t, ¥)]imy-

If we now interchange the ¢ and s summations we obtain the third line on the
right in (2.14).
Part 2. There exist unique functions F9, g« such that for 0<¢=<k—1 we
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have:

(2.18a) Fi(x, y) = i 2.: (—1)*De*(R>—7:F?)(x, x, y)R%(%, x)7},
=0 p=0
(2.18b) g%y, ) = — Fo(y, y)e(y, 3) + k(y, y),

g+1 z

gz 9) = 2 | Re-2(x, $)gr(t, y)dt + hi(x, y)
=0

v

(2.18¢c) .
— 20 2 (=1)T D (R-7:F?)(x, 3, y)R(y, y)"e(3, ¥),
=0 p=0
(2.18d) F1 is of class C*+1—q
(2.18e) g7t is of class C*¢,

(2.18f) (2.18a) holds for diagonal elements when ¢ = k. (Remember F*(x, y)=0.)
Proof. For ¢>0, (2.18a) may be written as

Fq(xr y)Ro(xr x) - Ro(x’ x)Fq(xr y)
(2.182") o el
= Y Re»(x, ©)F?(x, y) + 2. 2 (—1)7*De*(R*~?:F?)(x, =, ¥).
=0 =0 p=0

The 4, j element on the left is [v;(x) —vi(x) ] Fi(x, y). Hence (2.18a) does not
involve the diagonal elements of Fq. v

Let P. be the proposition: There exist unique functions F™ and g™ such
that (2.18b), (2.18c¢), (2.18d), and (2.18¢) hold for ¢=m, while (2.18a) holds
for nondiagonal elements when ¢=m, and for diagonal elements when
g=m+1.

We first prove Po. For ¢=0, (2.182) becomes

(2'19) Fo(xr y) = Ro(xr x)Fo(xv y)RO(x’ x)“,
or Fy(x, ¥) =vi(x) Fy(x, ¥)/vi(x). This requires that we define
(2.20) Fif(x, 9) = 0 for i # j.

For ¢=1, (2.18a’) gives
Fl(x’ y)Ro(xr x) - Ro(x’ x)Fl(x, y) = Rl(xv x)Fo(x’ y) - D(RO:FO)(x' X, y)

For diagonal elements, the left side is 0 and we obtain the equation

o o = D.F -1
(2.21) [DR:F)(2, %, 3) ) = DiFul=, y) (%)
= R:i(x, x)F?-’(x, ),

where (2.5) and (2.20) have been used.

Fii(x, 9)D:Rix(z, %)
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For ¢=0, (2.18b) reads

(2.22) — 2%y, 3) = 0 = — F(y, y)e(y, 3) + K(y, »),
that is,
(2.23) ki(y, 3) = Fu(y, ),

since e;(y, ) =1 and F° is a diagonal matrix. Equations (2.21) and (2.23) de-
termine Fg(x, y) uniquely and Fg is of class C¥+ since R® and %° are of class
C*¥H, and R!is of class C*.

‘Finally (2.18c) for ¢=0 gives

go(x’ 3’) =0= szo(x! t)gl(tv y)dt

— Rz, y)F°(y, y)R(y, y)7'e(y, y) + h%(x, ).

By Lemma 2.5 this has a solution only if 0 = — R%(y, ¥) F*(y, ¥) R%(y, ¥)"le(y, ¥)
+h%(y, v). This is satisfied because of (2.19) and (2.22). Also g! is of class C*
by Lemma 2.5 since 4° F°, and RO are of class C*t1.

Now let r be an integer such that 1 7 <k—1 and suppose P,, is true for
0=m=r—1. We shall show P, is also true. For g=r, (2.18a’) gives

Fr(z, 9)R*(x, x) — R(x, 2)F"(x, y)

r—1 &

(2.25) E R7(x, ©)F7(x, 3) + 2 2 (—1)=*Dr*(R*=?:F?)(x, %, ).

8m=0 p=0

(2.24)

The 1, j element on the left is [v;(x) —vi(x)]Fy(x, ). Hence for i#j, Fjis
uniquely determined by (2.25). By the induction hypothesis the first sum on
the right of (2.25) is of class C*¥+—7, while each term in the second sum on the
right is of class CtHl—e—(—o=Ckt—r Hence Fy is of class C*¥-* for 75j.
For ¢=r-+1, (2,18a’) gives

Fr(xz, y)R(x, x) — R%(x, )F*(x, y)
= 3 R1-2(x, R)F?(x, y) + 25 3 (—1)rHi-tDr+1-2(R-»:F?)(x, x, y).
p=0 80 p=0
Equating diagonal elements, we obtain

- [ i Rr+1-2(x, x)F?(x, y)]

it

+[ £ 5 (oo @enm e m ) |

om0 p=0

- [ Eo D(R™*:F?)(x, x, y)] .

i
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Upon collecting the terms involving F7, this becomes
[D(RO:F')(xv X, y)]“ - [Rl(xr x)F'(x: y)]“

- 3 Reti-s(e, 2)Fo(a, y)]“ [ 3 DR (s, =, 2

(2 . 26) p=0

113

[ 2 3 (= DrH~eDrH=s (R 217 (3, 7, y)] )

8m=0 p=0

By (2.5) the left side is

D;F:;(x, y) - 1 F:.-(x, y)DlR?.(x, x) - F:;'(x, y)R.l,(x, x)
7i(#)
2.27)
+ Z‘:‘F,,..(x, y)[ oS DzR,,,.(x, x) — :,..(x, x)].

The right side of (2.26) involves previously determined functions only.
By (2.18b), for g¢=r,

(2.28) g (3 y) = — F(y, e(y, ¥) + (3, 3),
that is,
(2.29) 83 ) = — X Fin(3, 3) + hi(3, 9).

Since g” and the non-diagonal elements of Fr have already been determined,
(2.26), (2.27), and (2.29) determine F%. It is of class C*+'—* since all the co-
efficients in (2.26) are of class C¥, and A is of class C*+—.

Finally by (2.18c) for g=r, we have

¢z, 9) = f Re+1=3(z, 0g7(t, 3)dt + k(z, 3)
(2.30) =0

— 3 3 (=)D (R (2, 3, )Ry, 3y, 9).

g=0 p=0
By Lemma 2.5 this will determine g™+ provided that
gy y) = k(9

— 2 X (=1)*D*(R=*:F?)(y, 3, Y)R(, 9)~'e(, 9).
8=0 p=0

By (2.18a) for g=r, (2.31) reduces to g"(y, y) =h"(y, y)—F(y, y)e(y, ¥),

which is precisely (2.28). Now [jR™t-?(x, t)gv(t, y)dt is of class CtH-—r

for 1=p=<r and vanishes identically for p=0 since g®=0. Also A* and

Dr—*(R*—?:F?), 0Sp <s<r, are of class C**'—". Hence g is of class C*.

(2.31)
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By induction we have established the validity of Py, - - -, Px—1. This
proves that (2.18a) holds for nondiagonal elements when 0=<¢=<k—1 and
for diagonal elements when 1<¢=<k. Also (2.18a) holds for diagonal ele-
ments when ¢=0 by (2.20). The rest of part 2 also follows from P, - + -, Pr.

Part 3. Using the F¢, gt of part 2, equation (2.3) takes the form (2.8)
under the substitution (2.7).

Proof. By part 1, (2.3) takes the form (2.14). By (2.18a) and (2.18c) the
coefficients of A=9, 0<¢g=<k—1, cancel (with the exception of the first term
on the right). If we multiply both sides of what remains by A* and use (2.9),
we obtain (2.8) with

m(z, 3, \) = 2. E (=1)*=*D*=*(R*=#:F?)(x, %, y)R*(, x)~'e(x, y).

8=0 p=0

We have only to prove (2.12). By (2.18f), since F*=0 and R, x)!
= (7i(x)7:5),

3 3 (1) [Dro(Re2:FR) (s, 3, 3) s = O.

Hence
m"(xt Y, )‘) = [ ﬁ i (—l) k—aDk—‘(R“p:Fp)(x’ X, y)Ro(xr x)-le(xr‘y)
k s
= 23 (<o {0 R ) laria)
-exp (kf ) y,-(t)dt)}
= St Do (r [ o),
by (2.13).

3. The asymptotic behavior. In this section we shall assume that the ex-
pressions (2.2) and (2.4) are asymptotic expressions, that is, that there exist
bounds for K’ and f’, and hence for R’ and 4’ on the set (x, ¥, A) for which
(x, ) ET,NEZ. We shall show that these assumptions lead to bounds for the
remainder w in the expansion for v given by Theorem 2.6.

First we define the set Z.

DEFINITION 3.1. Let Z be the set of points \ in the complex plane such
that

(3.1 RO(x)) =2 ROri(=)), i=2--,n2€I().

() R(a) denotes the real part of a.
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If the #; are constants there will be an ordering of the ; for which Z is
not empty. Hence, since the v; are continuous, there will be such an ordering
provided I is sufficiently short. This ordering is held fixed throughout this
section. It is easy to prove that Z is a closed sector (which may degenerate to
a ray) with vertex at the origin.

DEFINITION 3.2. ket Z; be the subsector of Z in which R(\y1(x)) <0 for
all x in I, and let Z, be the subsector in which R(Ay(x)) =0 for all x in I.

DEFINITION 3.3. Let G; be the set of points (x, ¥, \) for which (x, y) ET,
N\EZ,, i=1, 2.

DEFINITION 3.4. If F is a function with domain G,, we shall denote by
F the function on G, such that F(x, y, \) =ei(x, y)~'F(x, y, \). A similar
convention will be used for vector functions.

If A is the resolvent of F, then it is easily seen that 4 will be the resolvent
of F. Another useful identity is F+G=F=*G.

Before finding bounds for w, we establish a few lemmas. We begin by
considering the system

(3.2) w(x, 3,3) = A f R(z, 1, Nw(t, 3, Nt + b(z, 3, N,
v
in which R and b are not necessarily the same functions considered in §2.

Let R be a continuous function satisfying (iii), (iv), and (v) of Hypotheses A,
and let G(x, ¥) =Ry, y). Evidently

Gz, 5) = (“’;,y) ( [ :w(s)ds)pa‘-,-).

If H is the resolvent of G, it follows that H(x, ¥, N) = (vi(y)ei(x, ¥)d:;). Let

M(x, y,A) = ( f ze.~(x, t)Dlej(t, y)dt),

N=M+ (R—-R)+NH+(R — R,
and let S be the resolvent of N.

LemMA 3.5. If R® is of class C' and if R and b are continuous on T for each
N in Z, then the solution of (3.2) may be written in the form w=p+\S+p,
where p=b-+NH +b. Also w=p+\S « §.

Proof. Let L(x, y) =R%x, y) —R%(y, ), and let B=X(R—R"). Then (3.2)
may be written in the form

w—ANGrw=AL+w-+ Brw -+ b.
Using the fact that H is the resolvent of G, we have
w=ANLsw+ Bsxw-+ b+ NH«Lsxw -+ NH+Bxw -+ NH=b.
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But

MHE«L(x, 9)])ii =\ f z'y.‘(t)e.'(tlc, t)Li;(¢, y)dt

v

— [Liit, e, 9]y + f zei(x-; )D1L;i(¢, y)dt

= — Lij(x, y) + Mii(x, 3, )),
since L(y, y) =0, D,L(¢, y) =D,R°(¢, v). Hence by definition of p, B, and N,
w=AL+w+Brw+b—Nexw+AMsw+MH+Bxw+ AH+b=p+AN+w.

From this it follows that @ =$+AN «w. Since S and S are the resolvents of
N and N respectively, the proof of Lemma 3.5 is complete.

_For the next two lemmas we make the following hypotheses about the
functions in (3.2):

R(x’ A x) = Ro(x1 y) + Rl(xr y)/)\ + W(xy Y k)/AZ'
b(x, ¥, N) = (%, y) + d(, ¥ )\)/k,

where R° is of class C?, R! and b° are of class C', and W and d are continuous
on T for each N in Z. As always R%x, x) = (vi(x)8;).

LEMMA 3.6. If W is bounded in Gy, then \S is bounded in Gy If W is
bounded in Gs, then \S is bounded in ..

Proof. Integrating by parts, we have

M;,-(x,-y, N =f ei(x, t)DlR.?j(t, y)dt

4

0 0
DiR:i(y, y)ei(x, t) — DiR;i(%, y)

Mi(y) Avi(x)

+1f:( t)a[ L DRt )]dt
A ve; x, at ‘y.(t) 145 )y .

Since R(\y:(x)) SRMWr(x)) £0, it follows that AM is bounded in G;. Integra-
tion by parts also shows that AH » R! is bounded. The boundedness of W im-
plies the boundedness of A(R—R% =R!'4+W/\ and of H+ W. Hence AN is
bounded in G;. If we let 7 be a bound for AN, we have

3.3) =

| W5 301 S [ N, Wit 70| 0

z g nm*(x — ¥)
< dt =
X)) FYT T
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By induction,
‘nr—lnr(x _ y)r—.l'
A rGr — 1)1
Hence IS;j(x, ¥, )\)I <7 exp (nq (x—y))/l)\| §const./l)\l .
The proof of the boundedness of AN in B, proceeds as before. We have

only to divide through by ei(x, ) after integrating by parts. The boundedness
of AS follows as before.

LEMMA 3.7. If W and d are bounded in T,, then w is bounded in G,. If
W and d are bounded in G,, then  is bounded in Gs.

ok
| Nij(x, v, M) | =

Proof. Using the notation of Lemma 3.5, we have in this case
P2, %, N) = bilx, 3) + dil=, 3, M/A

3.4 z o
3-4) + Af vi(t)ei(x, ) [b:(t, v) + di(t, v, \)/\]dt.

Integration by parts shows that the third term is bounded in G;, and hence p
is bounded in G,. Using Lemma 3.6, it follows that AS « p is bounded. Hence
w=p+\S+p is bounded in G;. The proof of the second statement is similar.

- LEMMA 3.8. Retaining the hypotheses on R of Lemmas 3.6 and 3.7 suppose
that

bi(x, y,\) = Z ®ii(x, y)ei.(xv ),

i

where ¢i; is of class C'. Then if W is bounded in G, w is bounded in G, If
W is bounded in Gy, w is bounded in Gs.

Proof. In this case

2w nN) = 3 [¢4f(x. Destz )+ [ vilDes, D8t et y)dt].

i
Now the second term in brackets is equal to
M, 3) [ 1i0ust, Dest, es, )16
v

3.5 = ez, ) [‘Y.’(t)qSe,-(:.(}geft,‘y ?:();(;, »)- ]

'Yt(t)¢n( y) _
— ei(x, ¥) f [71 0 — 7.(1)] ei(t, y)ei(t, y)~idt.
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Hence

_ vi(®)ii(x M)\ INALCLICEAW
pils, 2 M) = ,-;.-[(w(x) I )) (% 3) (vf(y) - —y,-(y))e'(”' )

‘Y'(t)¢n(t y)
f [Yy(t) _ 'y'(t) ] '.(x’ t)cl(’» y)dt

This shows that p.is bounded in G, and hence, as in Lemma 3.7, w is bounded
in G,. Also it is evident from (3.6) that $, and hence @, is bounded in Gs.

(3.6)

THEOREM 3.9. In the expanmsion given by Theorem 2.6 for the solution of
(2.3), if R’ and h' are bounded in Gy, then w/\ is bounded in Gy. If R' and k'
are bownded in Gq, then w/\ is bounded in G,.

Proof. The equation for w is

w(x, y,\) = )\sz(x, t, Nw(t, v, Ndt + b%(x, y) + d(=x, y, N)/X
(3.7 Y

-l-sz(x, t, v, Ne(t, y)dt + m(x, y, ),
v

where b°, d, D, and m are defined in the statement of Theorem 2.6. Now R¢
and A are of class C**'-¢ by Hypotheses A and we have shown that F¢
and g? are of class C¥—¢, Hence for 0Sp <s=<k, R*—?: F? is of class C¥*1~*
and hence D¥—*(R*?: F?)is of class C'. Also R¥'—?:grisof class C'for 1 Sp k.
Hence b° is of class C'. In the same way one sees that ¢;; is also of class C!
and that for each N in Z, d and D are continuous. Furthermore the hypotheses
on R’ and A’ assure us that d and D are uniformly bounded. Hence
JiD(x, ¢, v, Ne(t, y)dt is uniformly bounded in G;. But it does not necessarily
remain bounded when multiplied by N\. Hence all we can conclude from
Lemmas 3.7 and 3.8 is that w/\ is bounded in G,. The hypotheses on R’
and A&’ also guarantee that d and e(x, £)~'D(x, ¢, y, \) are bounded in Ga.
Hence

e, 9)1 f “D(x, 1, 3, Nelt, 3)dt

is also uniformly bounded in G,. Applying Lemmas 3.7 and 3.8 we obtain our
result.

The above estimates for w can be greatly improved if we restrict \ to vary
in the interior of the regions Z,, Z,. This will now be shown.

DEFINITION 3.10. Let Z] be the subsector of Z; in which I w—arg )\'yl(x)l
<w/2-3 for all x in I, where & is a small positive constant whose choice
will not be restricted later. Let Z{ be the subsector of Z, in which | arg My (x) |
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Sw/2—dforallxin I. Let G/ be the set of points (x, y,\) for which (x,y) ET,
and\NEZ{,1=1,2.

LeEMMA 3.11. Let ¢ be continuous for each \ in Z{ and be uniformly bounded
on the set (x, t, ¥, N) for which aSySt=<x=<B, N&Z{. Then
)\fzap(x. t, v, Nei(x, t)dt
v
and
Afza/z(x, t, y, Nei(t, y)dt
v
are uniformly bounded in Gf, 15iSn. A similar statement with e; replaced

by e;! holds for \ in Z].

Proof. Let 7 be a bound for ¢, and let ¥ be the minimum value of
I'y.-(x)l for x€I, 1=1, - - -, n. Then ¥>0 and R(Xy;(x))g—lkly sin 8 in
G{ . Hence in B

|fx¢(x, t, ¥, Nei(x, t)dt‘ <|a | nfzexp (- I )\| v(x — ¢) sin 8)d¢
vy v

j

= exp (= [\l 2(x = 3 sin 3]

=

n
T ysind.

The other statements are proved in a similar way.
For the next four lemmas we make the hypothesis that

R(xv Y, )‘) = Ro(x, 3’) + W(xv ¥ x)/xo

where R is of class C!, W is continuous on T for each N in Z, W is bounded
in G and W is bounded in G{.

LEMMA 3.12. Under the above the hypothesis, S is bounded in G and \S is
bounded in G/ .

Proof. In this case N=M+W/N+H+W. Applying Lemma 3.11 we see
that AN is uniformly bounded in G{. The boundedness of AS in G{ now fol-
lows by a repetition of the argument in Lemma 3.6. In the same way we
prove that AS is bounded in G/ .

LeEMMA 3.13. Suppose that b(x, y, N\) =b'(x, y)+d(x, y, N)/\, where b° is
of class C' and d is continuous on T for each \ in Z{ and d is bounded in Gy .
Then
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[}
w‘(x' ¥ )‘) = b"(yv y)e"(x’ y) + w.-' (x' Y, )‘)/x'
where w’ is bounded in Gy .

Proof. Equation (3.4) and an integration by parts yield
0
pi(x, 3, N) = d(x, 3, /N + bi(y, y)e(=, ¥)

+ f e ) DI 9) + v4(0dtt, 9, W) ]

By Lemma 3.11, lp.-(x, v, N) —(B2(y, y)ei(x, y)I §m/[)\| , where #; is a con-
stant. Also Ibf(y, yeix, ¥)| Sn2 exp (—|N|v(x—y) sin &), where . is a
constant and 4y =min |'y.-(x) | Hence if 7 is a bound for \S, we have

I AS+ P(x» 2 )‘)fl l)‘f Zsii(x’ ¢ ))Pi(tv Y A)dt‘
v i

IIA

[ ol exp (= [N | v(e = o) sin ) + /|7 Ja

lIA

IR

i

[ N2 mB — a)] _ const.
|| vsins By - [ Al

Therefore w=p-+4\S » p has the stated properties.

The hypothesis on b° can be weakened, but the lemma does not hold. if
b® is merely continuous or even absolutely continuous. The analogue. of
Lemma 3.13 for A in Z; is false in general. For example the equation

6(x) =\ f ’ [1 = (2/3)(x — t)*2]0(s)dt + 1

has the solution 6(x)=exp (Ax)[1—T(3/2)x/A24+0:(x, \)/\] where 6, is
bounded for large positive \.

LeEMMA 3.14. If b(x, v, N\) =b°(x, y) +d(x, ¥, x)/);, where b° and d are con-
tinuous on T for each \ in Z{, while d is uniformly bounded in Tf , then w is
bounded in G .

Proof. By (3.4),
iz, 3 N) = bi(x, e, 3) " + d(x, 3, N/A

+2A f "B, yex, Dex(m, ) ety 3) "t

+2 f z'y;(t)d(t, ¥, Ne(?, y)_le;(x, Dey(x, t)_ldt.
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The first two terms on the right are bounded in Gf, while the third term is
bounded by Lemma 3.11. The last term is bounded because the integrand is
bounded. Hence by Lemma 3.12, %= $-+\S s § is bounded in Gf.

LEMMA 3.15. Let bi(x, 3, N) = 2_; . @43(%, ¥)ei(x, y), where ¢.; is of class C'.
Then
¢:i(y, )
wi(x, y,N) = 2 —
i Vi(y) — vi(y)

where w’ is bounded in Gf . Also w is bounded in G .

['Yi(y)ei(xv y) — vi(y)ei(x, y)] + w! (x, 3, M)/,

Proof. In this case p is given by (3.6). By Lemma 3.11 there exist con-
stants n; and 7, such that

| ps(x, 3, M) | = 1/ | N| + maexp (= | M| v(x — ) sin 8)
in G{. Hence as in Lemma 3.13, |[AS«p(x, ¥, \)s| Sconst./|\| in Bf. We
have only to show that
)‘['Yi(x)d’ii(xr ¥ i3y, y)] (@ 5)
vi(®) — vi(®)  vi(y) — ()

is uniformly bounded in G{. This is majorized by |\ {(x—y) exp (—|\|¥
-(x—1y) sin 8), where

9 ( vi(%)ii(x, 3’))
9z \vi(x) — vi(x)

When x =1y, this is 0, while for a fixed pair (x, y) with x>y, its maximum as
a function of l)\l is /ey sin 8. As for w, it is obvious from (3.6) that 5§ is

uniformly bounded in G{. Hence, by Lemma 3.12, %= p+\S « § is bounded
in G7.

THEOREM 3.16. In the expansion givem by Theorem 2.6, if R’ and h' are
bounded in Gy, then

{ = max

wi(x, 3, N) = [h(3, 9) — gy, 3]z, 9)

$:i(y, 9)vi(y)
+ 3 T ey, 9) — e, 9)] + wl(x, 3, N/,
i vi(y) — vi(9)
where w’ is bounded in Gf. If R’ (not just R') and k' are bounded in Gf,
then @ is bounded in Gf.

Proof. Referring to the proof of Theorem 3.9, we have seen that ¢;; and
b0 are of class C! and that for each \ in Z, d and D are continuous. Also d
and D are bounded. Hence by Lemma 3.10, A\ f7D(x, ¢, y, N)e(¢, y)dt is bounded
in Gf. By Lemmas 3.13 and 3.15
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0
wi(x, 3, N) = bi(y, y)e: (%, y)

¢ii(y, ¥)
+ X s et ) = ez, )]
i Yi() — vi(®)
+ wi(x, 3, /N,
where w’ is bounded in G{. But by (2.9) and (2.13),
0 k k
(3, 3) = ki, ) — &(3, 3) — 22 ¢ii(y, 9),
iski
since ¢;:(x, ) =0by (2.18f). As for w, it is obvious that d is bounded in G;and
since R’ is bounded in G4, D is uniformly bounded. Hence by Lemma 3.10,

e(x, y)“‘( fu ) D(x, ¢, v, Ne(, y)dt)i

im(%, £, 9, Nen(t, ¥)er(t, ¥)lei(x, £)~1dt < const./ [ )\I

in Bf. Applying Lemmas 3.14 and 3.15 we find that @ is bounded in Gy .
Let us examine the content of the previous theorem. Theorem 3.16 tells
us that

k-1 k
o(x, 3, N) = 20 NFi(x, y)e(x, y) + 2 N(%, 3) + N Fw(=, 3, M),
=0 =1

where w is given by (3.8). Now for N in Z{ the F‘ terms are of significance
only in the neighborhood of points for which x=y. Indeed for a fixed point
(x, ¥) in T with x>y, A\*1 Fi(x, y)e(x, y) and A*"w(x, v, \) are uniformly
bounded in Z{. Hence we may write

k
o(x, y, \) = 2 N"igi(a, 3) + (=, 3, N)/AEF

=1
where the remainder 7! is bounded in Z{. Similarly for a fixed point (x, ¥) in
T with x>y we have
k—1

o(x, y, N) = > A=Fi(x, y)e(x, ) + r2(x, 3, Nex(x, y)/\*

=0

where 72 is bounded in Z’. This shift of dominance as \ crosses from Z{ to Z;
is closely analogous to Stokes’ phenomenon in the theory of differential equa-
tions [3, p. 554]. But the bounds on 7* and 72 depend on (x, y) and in general
become infinite as (x, y) approaches the line x=y. Hence in order to have a
remainder which is uniformly bounded in G; and in G,, we must take into
account the Fi in the first expansion and the g’ in the second expansion.
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However, we need only keep the part of the F¢ which represents their be-
havior in the neighborhood of x =y well enough for our purposes. For example,
if we expand F° in the Taylor series

F'(x, ) = F'(3, %) + DiF' (3, y)(x — ) + - - » ,,
+ DiF (y, y)(x — ) /k! + Q(=, ¥),

then |Q,-,~(x, y)] <n(x—y)*in T, where 7 is a constant. Hence by an argu-
ment analogous to the one used in Lemma 3.16, N*+'Q(x, y)e(x, ) is uniformly
bounded in G;, and Q may be absorbed into w’. In the same way we may
replace Fi(x, y) by the first k41 —1 terms in its Taylor expansion about x=1.
For the second expansion we may replace g¢ by the first k—% terms in its
Taylor expansion about x=1.

Finally we note that Theorems 3.11 and 3.16 provided asymptotic ex-
pansions for the solutions of (2.1), since u(x, v, N\) = C(x)v(x, ¥, N).

4. Special cases and the resolvent kernel. In this section we shall con-
sider cases in which certain terms of the asymptotic series for the solution of
(2.3) vanish. Of special interest is the case in which % is such that the solu-
tion is a column of the resolvent of R.

THEOREM 4.1. Suppose that h(x, y, \) =h%x, y). Let p be a non-negative
integer less than k. Then in the expansion (2.7), F0= . - . =Fr=0 if and only
of By, y)=Dih(y, y)= - - - =Dih"(y, y) =0.

Proof. If kg(y, ¥)=0, then Fi(y, y)=0 by (2.23). Hence by (2.21),
Fa(x, )=0. Also the nondiagonal elements of F? are already identically 0.
By (2.24)

f R(x, t)g'(t, y)dt + h°(5t, y) = 0.
y
Hence
Dik(s, ) = = Ri(a, Dg'(x ) + [ DR, g6 ),
v

and therefore 0=D1k%(y, y) =R°(y, ¥)g'(y, ). Since R%(y, y) is nonsingular,
it follows that g'(y, ¥)=0. In the same way one sees that Dig!(y, ¥) =0 for
1=¢=<p—1. Let r be a positive integer less than p, and suppose that for
1=sj=r we have Fi~!(x, y)=0 and g(y, y)=Dgi(y, y)= - - - =Di~gi(y, ¥)
=0. By (2.25), F'(x, y)R'(x, x) —R%(x, x) F'(x, ¥) =0. Hence the nondiagonal
elements of Fr are identically 0. Also by (2.26) and (2.27), Fg satisfies a
homogeneous first order linear differential equation. But by (2.29) and the
induction hypothesis 0=g{(y, y) = Fg(y, y). Hence the diagonal elements of
Fr also vanish identically. Finally by (2.30)
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r+1 z
g(x, 3) = 2, | R+1-2(x, £)gP(t, y)dt.

p=0vy

If we differentiate p—r times we find that grti(y, y)=Dyg*(y, y)= - - -
=D}-r1gr*+(y, y). This completes our induction proof of the first part of our

statement. .
Now suppose F®="- .. =Fr=0. Then by (2.18c) we have

— w3 = [ R, g0

fie ) = [ R 0 i+ [T R D

...........................

¢°(x, 3) = f ROz, 1)gri(t, y)dt + - - - + f Re(, 0g\(t, y)d.

Hence A%y, y)=g'(y, y)= - - - =g?(y, ¥) =0. If we differentiate the first p
equations we find that Dik%(y, y) =Dig'(y, ¥) = « - - =Dyg?}(y, y) =0. Con-
tinuing in this way we arrive at our result.

In the general case where the 42 are not identically 0 for ¢ = 1, the condition
that F0= . . . = Fr=0 becomes gi(y, y) =hi(y, ¥),j=0, - - -, p. This leads to
a complicated condition on the values of the £? and their derivatives at x=1.

We now turn our attention to the g's. The case in which g! is identically 0
turns out to be equivalent to the case in which the solution of (2.3) is a column
of the resolvent of R.

THEOREM 4.2. In the expansion (2.7), g'=0 if and only if h%x,y)
=R%x, ¥)b(y) for some vector b depending on y alone.

Proof. By (2.24), g'=0 if and only if
k(x, y) = R%(x, y)F°(y, y)R%(y, y)~'e(y, y).

Hence if gt=0, A° must have the form indicated. Conversely if k%(x, )
=R%(x, y)b(y), then b(y) =R°(y, ¥)7'4°(y, ). Hence

h'(x, y) = Rz, y)R%(y, y)7'h%(y, 3) = R(=, y)R°(y, y)"'F°(y, y)e(y, ¥)

by (2.22), and the right side is equal to R°(x, ) F*(y, y)R(y, y)'e(y, y) since
diagonal matrices commute.

DEFINITION 4.3. Let e? be the vector whose ¢th component is 8.

If we set h=Re?, then % becomes the pth column of R. In this case the
solution of (2.3) will be the pth column of the resolvent of ‘R (see §1). Thus
Theorem 2.6 furnishes an asymptotic expansion for each column of the
resolvent. By Theorem 4.2, in each of these expansions g'=0. A natural
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question then is the nature of kernels R which are such that g?=0 in the
expansion for each of -the columns of the resolvent. This is answered by:

THEOREM 4.4. In the expansions for the columns of the resolvent S of R
all the g"'s are identically 0, and all the g¥s are identically O if and only if
R%(x, v) has the form A(x)B(y).

Proof. In (2.7) we set h*=R’e?. Then g'=0 and the equation for g2 be-
comes

.1 0= L ZR"(x, 1)g2(t, y)dt + h'(x, ¥)

+ [D(R%:F)(x, y, y) — R*(x, y)F(y, )
— R%(x, y)F*(3, 3)|R*(y, y)"'e(3, 3).
By (2.22) we have
4.2) RY(x, y)F'(y, y)R(y, 3)~'e(y, ¥)
= R'(x, )R(y, y)"h°(y, ) = R'(x, y)e? = h'(x, y)
since the diagonal matrices F°(y, y) and R%(y, y)~! commute. Also by (2.18a)
Fi(y, y) = [=D(R*:F%) (3, 3, 3) + R (3 y)F°(3, y) + R°(3, y)F* (3, y) Ry, )7

Hence if we multiply each side on the right by e(y, ) and use (2.18b) and
(4.2) we obtain

B(y, y) = [—=D(R:F%)(y, y, ) + R°(y, )F (3, 3) |R(y, y)"'e(y, 3) + k(3, 3).
Thus
.3 Rz, »)F'(y, »)R(y, y) 'e(y, )

' = R%(x, y)R%(y, 3)'D(R%:F°)(y, 3, y)R*(y, y)e(y, ).

Now (4.1), (4.2), and (4.3) show that g?=0 in the expansion for the pth
column of S if and only if

[D(RO:FO)(x, 3, 3)

(4.4)
— R%(x, y)R%(y, y)"'D(R*:F%) (v, 3, y)|R°(y, y) 'e(, y) = 0.

By definition

ad
D(R*:F%)(x, y, ) = v [RO(x, OF(2, y)RO(t, ) ]imy

d
= R"(x, y) 5 [Fo(tr y)R"(l: t)_l]hﬂl

+ D,R%(x, y)F°(y, y)R%(y, y)~.
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Hence

d
D(R™:F)(3, 3, 9) = Ry, 9) [Fo@, 5RO, £)~ ]emy

+ D:R(y, y)F*(y, 9)R(y, y)™*.

Thus the bracketed expression in (4.4) reduces to

[D:R%(%, 3) — R%(=, )Ry, 3)'DeR(y, ) [F(y, 3)R(, 3)™".
Therefore our condition becomes

[D:R(x, y) — R(x, )Ry, ¥)"'D:R%(y, 3)|R*(y, 3)7%e? = 0.

Since R°(y, ¥)~! is nonsingular, this holds for p=1, - - -, » if and only if
(4.5) DyR(x, y) = R(x, y)R*(y, y)7*D2R(y, ).
Qur proof will now be complete if we apply the following lemma.

LEMMA 4.5. Let F be a function matrix of class C' on T and suppose F(y, y)
is nonsingular. A necessary and sufficient condition that F(x, y) be expressible
in the form A(x)B(y) is that DyF(x, y) = F(x, ) F(y, ) 'D:F(y, ¥).

Proof. If F(x, y)=A(x)B(y), then A and B are nonsingular and it is
easily seen that the condition is satisfied. Conversely, if D:F(x, ¥)
= F(x, y)C(y), then F satisfies the system

d
= Y(y) = Y(9)C(y)
y

with initial conditions ¥(x) = F(x, x). Now let Y1(y) be a particular solution
of this system with Y;(a) nonsingular. Then by a classical theorem Yi(y)
is nonsingular in I. Hence for each x in I, F(x, y) = F(x, x) Y1(x)~1Y1(y) for
a=y=x by the uniqueness theorem.

THEOREM 4.6. If R(x, ¥, \) =R%x, y) =A (x)B(y), then in the expansion for
the columns of S all the g's are identically 0.

Proof. In this case D;R%(x, y)=R%(x, y)C'(y), and hence D{R(x, y)
=R(x, ¥)C(y). Now

D(R*:F?)(x, v, y) = D:R%(x, y)Fi(y, y)R*(y, y)*

J
+ Ro(xv y) 5 [Fi(tv y)Ro(tv t)-l]hv-

By (4.5) the right side has the form R(x, y)P'(y), and similarly
D¥(RO:Fi)(x, 3, y) = R, y)P*i(y).
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Hence
(4.6) Di(R:Fi)(x, 3, y) = R%x, y)R%(y, y)"*D*(R*:Fi)(y, y, ¥).

Now suppose all the g?'s, - - -, g"'s are identically 0, r=2. Then by (2.18c)
the gr*! for the pth column of S is identically 0 if and only if

r

4.7 2 (= 1)r=*D*(RO:F*)(x, y, )Ry, y)"'e(y, y) = 0,

=0

since in our case £9=0 for ¢>0. Now by (2.18a) we have

r

Fr(y, y) = 2 (= 1)™*D*(R:F*)(y, 3, )R*(y, y).

=0

Hence by (2.18b)

3 (= 1)D+(RO:F)(y, 3, 9)R(3, 3)"e(y, 3) = 0.

Therefore
Fr(y, y)R(y, y) 'e(y, y)

= — Ry, 513 (= )=D—(RO:F)(y, 3, 3)R%y, y) ey, 3).

=0

Substituting this in the s=7 term of (4.7) we obtain

0= [Z (= )7 *D~*(RO:F*)(=, 3, 5)

=0

r—1

— R(=, )Ry, 9)71 20 (= 1)*D~*(R%F*)(y, y, y)] Ry, y)~te(y, ¥).
=0
But the expression in brackets vanishes because of (4.6). The case r=2 has
been covered in Theorem 4.4.
In the general case the situation is described in the next theorem. The
proof is long and will be omitted.

THEOREM 4.7. In the expansion for the columns of S, all the g¥s, - - - , g"'s
are identically 0 if and only if there exist matrices A°, - - - , A™2 B ..., 6 Br%
such that

R(x, y) = A%(x)B(y),
RY(x, y) = A%(x)BX(y) + AX(2) BYy),

...................

Rz, y) = A%x)B*(y) + - - - + A7*(x) B(y).
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As an illustration of Theorems 4.4 and 4.6, consider the case in which
1 z—y
R(x, y,N) = R(x, y) =
0 x

and T does not contain the origin. It is easily seen that R%(x, y)~'D,R%(x, ¥)
depends on y alone, and hence R%(x, ) is expressible in the form A4 (x)B(y).
For example we may choose

o= () =)

In this case S is easily found by solving the second equation of the system first.

&z~ fzex(z—a)ex(n’—v’)lzds
S(xr Y \) = v

0 xeM(F v 12

The asymptotic expansion of Siz(x, ¥, N) consists of a sum of two series, one
multiplied by exp (A\(x—7v)) and the other by exp (A(x2—7%?)/2). Note that
when R(x, y,\) =A(x)B(y), it is by no means always possible to obtain simple
explicit expressions for S(x, y, N) (except when n=1).

The solution u of (2.1) has the asymptotic expansion

w(z, 3, N) = S A-C(R)F(s, ye(x, 3)

=0

k
+ 2 ATC(x)gi(x, 3) + NFC(x)w(z, 3, N).
=1
Now k(x, y, \) = C(x)~'f(x, y,\) and R(x, ¥, \) = C(x)"'K(x, y, \) C(y). Hence
in the statements of Theorems 4.1 and 4.2, we may replace # and R by f and
K. As for the other theorems in this section, let Q be the resolvent of K. It is
easily seen from the relations Q—K=AK+Q, S—R=ARx S, that S(x, y, \)
=C(x)'Q(x, v, \)C(y). Hence the g?'s for all the columns of Q are identically
0 if and only if the g%'s for all the columns of S are identically 0. Also
R(x, y) =A(x)B(y) if and only if K°zx, y) =C(x)A4(x)B(y)C(y)~. Hence in
Theorems 4.4 and 4.6 we need only replace S and R by Q and K. The same
applies to the statement of Theorem 4.7.
5. An application. The results of the previous sections may be applied
to give the asymptotic behavior of solutions to integro-differential equations
of the form

601 (, X) + Aen(x, MO (x, N) + - - - + A lan_s(x, No(x, N)

(5.1) 4 f “I(x, £, N Ndt = A(x, N).
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where % (x, X) =d*/dx*0(x, \), and the given functions have asymptotic de-
velopments of the form

ai(%, ) = ai(a) + (RN + - - -,
$(xN) = ¢'(2) + 6 (DN + -,
T(x, 9N =T'(%, ) +T(x /A + .
If we set
(5.2) ui(x, \) = A\"906-D(x, \), i=1--,mn,

then for 1S4<#—1, we have
(5.3) ui(x, ) = A f #i1(2, N)dt + )\“‘O““i’(a, N,

and by (5.1)
wa(2, N) + a1(x, N #n_1(x, N) + - -+ + an_1(x, N ui(x, N)

+ )\f zl"(x, t, Nu(t, \)dt = ¢(x, N).

Using (5.3) we have

z.

a(%, N) + A f a2(%, Nhn(t, N)dE + - - - + A f I N2, N)dt

a a

(5.4) + )\f zr(x, t, Nui(t, \)dt

= ¢(x,\) — an_1(x, N)0(a, \)/N — - - - — ai(x, \)I—D(a, \)/A™L,

Equations (5.3) and (5.4) form a system of integral equations with kernel
matrix

( 0 1 0 0
0 0 1 0

K@ gN) = | + o o v e e e e e e e
0 0 0 1

- P(xv y, x) - an—-l(xr x) - an—?(xv >‘) = al(xy >‘)
The characteristic equation for K%x, x) is

n—1 0

"+ 0" an(®) + - - + pans(x) + T'(x, x) = 0.

If the roots of this equation are distinct and diuerent from O for all x in I
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we may apply our theory to this system.
Consider the single equation

(5.5) 0x) = u [ Tz, D00)d1 + no().
As p— o, (5.5) reduces to an integral equation of the first kind
(5.6) | f I'(z, )0()dt + ¢(x) = 0.

As an application of our theory we shall investigate the convergence of the
solution of (5.5) to the solution of (5.6). Peres [4, pp. 26-30] has shown that
if I and ¢ are real-valued and of class C?, and if I'(x, x) is positive in I, then
the solution of (5.5) approaches the solution of (5.6) as u— « along the nega-
tive real axis (provided that ¢(a) =0, so that (5.6) has a solution).

We suppose that T is real-valued and is of order »#. That is, there exists
an integer 721 such that D} 'I'(x, x)#0 in I and DI'(x, x)=0 for 0<p
<n—1. By adjusting the sign of u we may suppose that A(x) =D} 'T'(x, x)
is positive in I. In order that (5.6) have a solution, we assume that
¢(a)= .. =¢(n—1)(a)=0.

Now (5.5) is equivalent to the integro-differential equation

(n—1)

(5.7) 8" () = u f DU, 90t + o™ ()

with initial conditions 6(a) =00 (a)= - .- - =02 (a)=0. If we make the
substitution (5.2) where A\*=p we find that (5.7) is equivalent to the system

u(x) = )\f zK(x, Hu(t)dt + f(x),

where
0 1 0---0
R S i Coo T
DIz, y) O 0---0j
and
(5.9) fi(®) = 8igp V().

By hypothesis f(a) =0. The characteristic equation for K(x, x) is p" —A(x) =0.
If y1(x), + -+, ¥a(x) is a certain ordering of the roots, then under the substi-
tution described in §2, we obtain the equation
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o(x) = )\f zR(x, Do(H)dt + h(x).

In the expansion given by Theorem 2.1 we shall drop the letter indicat-
ing the dependence of the coefficients on the lower limit of integration. Now
h(a) = C(a)~Yf(e) =0. Hence by Theorem 4.1, F(x)=0. By (2.24) the equa-
tion for gl is

0= f R(x, t)gt(H)dt + h(x).
If we multiply through on the right by C(x) we obtain
[ & lcwgola + 1= = o

Using (5.8) and (5.9) we find that all the components of C(x)g!(x) are 0 ex-
cept for the first. If we denote the first component of C(x)g'(x) by £(x), we
have

D

(5.10) f DY (x, DE@)dE + 6 (%) = 0.
Now (5.10) shows that £ is the solution of (5.6).

If ¢™(a) =0, then 2V (a) =0 and hence, by Theorem 4.1, F'(x)=0. Con-
versely if ¢™(a) #0, not all the elements in the first row of C(a)F(c) are 0.
Indeed their sum is [C(a)F'(a)e(e) 1= — [C(a)g (e) ]i= —&(e) by (2.18D),
and from (5.10), —£(a) =¢™ (a)/A(c).

Now suppose I and ¢ are of class C**3, Applying Theorem 3.10 with k=3,
we have

u(x) = C(x)F'(x)e(x)/N + C(x)g"(x)/N + r(x, N)/N?,

where r(x, \) =g%(x) +g3(x) /A + F*(x)e(x) +w(x, N\)/\ is bounded in G,, and
7 is bounded in . If we multiply by A and equate first components, we have

8(x) = Mur(2) = 2 [C(a)F*(a) Jusei(®) + &%) + ri(=, N/

1

Thus if ™ () =0, F'(a) =0 and 0(x) approaches £(x) uniformly in I asA\—
in Z,, and the same will be true if A—« in Z, in such a way that R(\y:1(x))
remains bounded above. If ¢™ ()0, 8(x) does not approach £(x) as A—
in Zi, but it does for X in Z/, and the convergence will be uniform in any
interval of the form a+47n=<x=pB, where 7 is a small positive constant.
Also lim sup |0(x)| =4 © asA—» in Z; in such a way that R(\y1(x))—+ «.

Now for n=1, the Z; region is the closed left half-plane, the Z{ region is
the sector |7 —arg u| <m/2—38, and the Z; region is the closed right half-plane.
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Hence if ¢ () =0, 0(x)—%(x) uniformly in I as u— o in such a way that
R(u) remains bounded above. If ¢®(a)=0, then 6(x)—£(x) uniformly in
a+n=<x=f as p— = in the sector |1r—arg wl £7/2—8. This last statement
can also be proved by using Theorem 3.14 if I' and ¢ are only of class C2.

For n>1 we need only consider the Z regions lying in the sector 0 <arg \
=<2m/n since the solution of (5.5) is single-valued in p.

For n=2, the Z region corresponding to the choice v:1(x) =+ (A(x))V? is
the closed left half-plane and it is a Z; region as well. Also the Z region cor-
responding to the choice v1(x) = — (A(x))*2 is the closed right half-plane and
it is a Z, region as well. The Z; region in each case is the imaginary axis.
Hence if ¢®®(a) =0, 6(x) approaches £(x) uniformly in I as A— in such a
way that l‘R()\)I remains bounded, that is, as u— in such a way that
|‘R(p,1/2)[ remains bounded. If ¢®(a) 0, then lim sup |0(x)[ = o asA\—>® in
such a way that RQA)— =+ «.

Finally for n=3 the sectors 0 <arg A\<w/n, m/n<arg NS2w/n are Z
regions and Z. regions as well. In each of these sectors

R71(#) = max R\yi(2) 2 —I—;‘—l— (A(2))H.

Hence R(\y1(x))—+ « asAN— 0. Thus if ' and ¢ are differentiable infinitely
often, the only possibility for lim sup |0(x)| to remain finite as u— « is for
all derivatives of ¢ to be 0 at x =«
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