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INTRODUCTION

The present paper lays no claim to deep originality. Its main purpose is
to give a systematic treatment of the methods by which topological questions
concerning compact Lie groups may be reduced to algebraic questions con-
cerning Lie algebras(!). This reduction proceeds in three steps: (1) replacing
questions on homology groups by questions on differential forms. This is
accomplished by de Rham'’s theorems(?) (which, incidentally, seem to have
been conjectured by Cartan for this very purpose); (2) replacing the con-
sideration of arbitrary differential forms by that of invariant differential
forms: this is accomplished by using invariant integration on the group
manifold; (3) replacing the consideration of invariant differential forms by
that of alternating multilinear forms on the Lie algebra of the group.

We study here the question not only of the topological nature of the
whole group, but also of the manifolds on which the group operates. Chapter I
is concerned essentially with step 2 of the list above (step 1 depending here,
as in the case of the whole group, on de Rham'’s theorems). Besides consider-
ing invariant forms, we also introduce “equivariant” forms, defined in terms
of a suitable linear representation of the group; Theorem 2.2 states that,
when this representation does not contain the trivial representation, equi-
variant forms are of no use for topology; however, it states this negative result
in the form of a positive property of equivariant forms which is of interest
by itself, since it is the key to Levi's theorem (cf. later).

Chapter II is concerned with step 3 of the above list. It is then nécessary
to assume that the group operates transitively on the manifold under con-
sideration, that is, that this manifold is a homogeneous space relative to the
group. Theorem 13.1, in connection with Theorem 2.3, indicates a method by
which the Betti numbers of any homogeneous space attached to a connected
compact Lie group may be computed algebraically. However, applications of
this theorem are still lacking. In particular, it is desirable to obtain an alge-
braic proof of Samelson’s theorem(?) to the effect that, if a closed subgroup

Presented to the Society, December 29, 1946; received by the editors January 13, 1947,

(1) These methods are due to E. Cartan, Sur les invariants intégraux de certains espaces
homogeénes clos, Annales Société Polonaise de Mathématique vol. 8 (1929) pp. 181-225. They
were used by R. Brauer to determine the Betti numbers of the classical groups (C. R. Acad.
Sci. Paris vol. 201 (1935) pp. 419-421).

() G. de Rham, Sur Uanalysis situs des variétés & n dimensions, J. Math. Pures Appl. vol.
10 (1931) pp. 115-200.

(®) H. Samelson, Beitrige zur Topologie der Gruppen- Mannigfaltigkeiten, Ann, of Math.
vol. 42 (1941) pp. 1091-1137; Satz VI, p. 1134,
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H of a connected compact Lie group G is not homologous to 0, then the
cohomology ring of G is the product of the cohomology rings of H and G/H.

The topological questions on compact Lie groups, once they have been
reduced to algebraic questions on Lie algebras, suggest a certain number of
purely algebraic objects, which may be constructed in relation with any Lie
algebra over a field of characteristic zero. One arrives in this way to the
notion of the cohomology groups of an arbitrary Lie algebra L, which is the
object of Chapters III and IV (Chapter III is concerned with the cohomology
groups which correspond to invariant forms, Chapter IV with those which
correspond to equivariant forms). Properties of these cohomology groups may
be derived either from transcendental properties of compact groups (such
properties apply only to semi-simple Lie algebras and are then obtained by
making use of H. Weyl’s “unitary trick”) or purely algebraically. Thus,
Whitehead’s algebraic lemma (4) (which is used to prove Levi's theorems)
states in our terminology that the second cohomology groups of any semi-
simple Lie algebra always reduce to {0} The first cohomology groups also
reduce to {0}, and this fact can be used to prove algebraically the full re-
ducibility of representations of semi-simple Lie algebras (cf. the paper of
Hochschild quoted above). In general, the second cohomology group of any
Lie algebra L (with respect to the trivial representation) is the dual space of
the full exterior center of L, a notion which was introduced by Ado(5). The
theorem proved by Ado in this connection can be restated by saying that if
L {0} is nilpotent, then its second cohomology group is not equal to {o}.
Finally, we show (following Cartan) that the third cohomology group of a
semi-simple algebra L {0} never reduces to {0}, which proves that the
third Betti number of a compact connected semi-simple Lie group is always
not equal to 0.

We make constant use of the notions and theorems contained in the book
by one of us (C. Chevalley, Theory of Lie groups, I, Princeton University
Press, 1940); this book will be referred to as LG.

CHAPTER I. MANIFOLDS WITH OPERATORS

1. Differential forms on a manifold. Let M be a manifold of dimension
d and class C2. At every point m of M we consider the space V(m) of tangent
vectors to M at m [LG, p. 76](%). V(m) is a vector space of dimension d over

(*) J. H. C. Whitehead, On the decomposition of un infinitesimal group, Proc. Cambridge
Philos. Soc. vol. 32 (1936) pp. 229-237. Cf. also G. Hochschild, Semi-simple algebras and gen-
eralized derivations, Amer. J. Math. vol. 64 (1942) pp. 667-694.

(%) 1. Ado, Uber die Structur der endlichen kontinuierlichen Gruppen, Bull. Soc. Phys.-Math,
Kazan (3) vol. 6 (1934) pp. 38—42. (Russian with German summary.)

(®) In LG, only analytic manifolds were considered. The definitions can be slightly modified
in order to allow usto treat the case of manifolds of class C¥(k =1). These modifications are trivial
except as regards the definition of tangent vectors. This definition should be formulated as fol-
lows in the case of manifolds M of class C*. Let m be any point of M and let 4 be the class
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the field R of real numbers. Given an arbitrary finite-dimensional vector
space V over R, we denote by C¢(m, V) the vector space of all ¢g-linear alter-
nating functions defined on V(m) with values in V. If V=R then C%m)
=(C%m, R) is the set of homogenous elements of order ¢ in the (contra-
variant) Grassmann algebra of V(m). By definition C'(m, V)= "V.

A V-differential form (or shorter: V-form) of order ¢ on M is a function
w which to each m & M assigns an element w(m) EC¥m, V). If V=R we omit
the prefix V- and speak of differential forms on M.

The usual definition of the differential dw of a form of class C! [LG, p.
148] can be carried over to V-forms in the following manner. We select a
basis vy, + * -, 9 for the vectors in V. The V-form w can then be written as
w=0Wy+ - - - +wPy, where w® are differential forms. Define dw = dw™v,
+ - -+ 4+ dw®y. Clearly dw is a V-form of order ¢+1 independent of the
choice of the basis.

A V-form w will be called regular if both w and dw are of class C. In the
sequel all forms will be assumed regular without explicit statement. If w is
regular then (as a consequence of Stokes’ formula) ddw=0, hence dw also is
regular.

V-forms » such that dw=0 are called closed. Those of the form w=d8
where 0 is a V-form of one lower order are called exact. Since ddw =0, every
exact Viform is closed. The quotient space of the {inear set of closed V-forms
of order ¢ by the subspace of the exact V-forms of order ¢ will be denoted
by D¢(M, V) and by D¢(M) if V=R. By analogy with topology DM, V)
will be called the g-dimensional cohomology group of M obtained using
V-forms.

If V=R then we also have the Grassmann multiplication of differential
forms which to two forms w? and w? of order p and g respectively defines a
form w?[Jw? of order p+¢. This multiplication has the property [LG, p. 148]
that

1.1 d(w? [J w9 = dw? (] w? 4+ (— 1)Pw? [] dw?

which implies that the product of two closed forms is closed and that the
product of a closed form and of an exact one (taken in any order) is exact.
Thus the Grassmann multiplication defines a multiplication of elements in
D?(M) and D¢(M) with values in D?*+¢(M). The direct sum D(M) of the
groups D¢(M) for all g=0 thus becomes a ring (or rather an algebra over R)
which we shall call the cohomology ring of M obtained using differential
forms.

Let P:V—V be a linear transformation. For every fEC%m, V) we then

of functions of type C* at m. A tangent vector L to M at m is a linear real-valued function de-

fined on A4 satisfying the following condition: let fi, - - -, &4 and let ¢(% + - -, 4,) be a
real-valued function of r real arguments, which is of type C*in the neighborhood of (ay, - - -, a,)
where a; =fi(m) (1S4 <r). If f& A canbe expressed in the neighborhood of masf=¢(f,, « - - , )

then Lf=3_7 (3¢/0u:)(ay, - + * , ar)Lf:.
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have the composite function Pf& C%(m, V) and the correspondence f—Pf is a
linear transformation P:C%m, V)—C%m, V). Hence for each V-form w on
M we may define a V-form Pw by setting (Pw)m = P(wm). It is easy to see
that Pw is regular if w is and that

(1.2) d(Pw) = Pdw,
(1.3) Py(Pw) = (P1P)w,
(1 4) P(flwl + fza)z) = 71Pw1 + szwz, 71, 72 e R.

Consider two manifolds My, M, a transformation T': M1— M, (all of class
C?) and a V-form w on M,. If mE M, then T defines [LG, p. 78] a linear map-
ping of the tangent vector spaces dT:V(m)—V(IT'm). If f is any g-linear
function on V(T'm) then fI defined by

(fT)(xlv B} xQ) = f(delv ] dea)r X1 0y Xg € V(m)’

is a g-linear function on V(m). Using this notation we define a V-form wT on
M, by setting

(wD)m = «(Tm)T .

If w is regular then so is wT. The following properties of wT" will be used
[LG, p. 152]:

(1.5) d(wT) = (dw)T,

(1.6) (nw1 + r20)) T = ri(01T) + 72(w.T), r, 72 € R,
1.7 P(wT) = (Pw)T,

(1.8) (T9)T: = w(TT),

where, in (1.8), T is a mapping of class C? of M, into M; and T; a mapping of
class C? of M, into some third manifold M; of class C?; w is a form on Mj.

2. Equivariant forms. We shall assume that a topological group G is acting
as a group of transformations on M. By this we mean that for each g&G a-
transformation

ToM—M

of class C? is given such that

2.1 T ,(m) is continuous in g and m simultaneously,

(2.2) Too, =TT,

(2.3) Tum) =m for eachm € M,

where e denotes the unit element of G.
We shall also assume that a representation P of G with a finite-dimensional
vector space V over R as representation space is given. For each g&€G a
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linear transformation P,: V—V is then defined satisfying conditions anal-
ogous to (2.1)-(2.3).
A (regular) V-form w on M will be called equivariant provided

(2.4) Py = wT,

for each g&G. It follows from (1.2) and (1.5) that if w is equivariant then dw
is equivariant. Propositions (1.4) and (1.6) imply that if w; and w; are equi-
variant, so is riw+7rw. for any r,, r2ER.

A V-form which is the differential of an equivariant form will be called
equivariantly exact. The quotient space of the linear set of closed equivariant
V-forms of order ¢ on M by the subset of equivariantly exact V-forms will
be denoted by E«M, P). We shall refer to E4(M, P) as the g-dimensional
cohomology group of M obtained using equivariant V-forms.

If V=R and P is the trivial representation we shall write E¢(M) instead
of E¢(M, P). Since the Grassmann product of two equivariant forms is
equivariant, it follows as before that the direct sum of the spaces E¢(M) forms
aring E(M).

The equivariant V-forms form a linear subspace of the space of V-forms.
This leads to a natural homomorphism of the cohomology groups

(2.5) x E(M, P) — Dy(M, V).

If V=R and P is trivial, 7 is a ring homomorphism.
The following theorem will be proved in §6.

THEOREM 2.1. If G is compact then (2.5) maps EY(M, P) isomorphically
into a subspace of DY(M, V).

A more detailed analysis of (2.5) follows from the decomposition of P
into irreducible components. Such a decomposition always exists if G is
compact. Let then V=V;4 . . . 4V} be a direct decomposition of V into
irreducible invariant subspaces and let P; be the corresponding representa-
tions of G in V;. Every V-form w then decomposes uniquely as

w=w1+ -+ o
with w; being a V;-form. There result direct sum decompositions

E«M, P) = 3 E«M, P), DM,V) =3 D«(M, V)

and an appropriate decomposition of (2.5). Hence we may concentrate our
attention on irreducible representations.

In the following two theorems it is assumed that G is compact and con-
nected. The proofs will be given in §6.

THEOREM 2.2, If the representation P of G is irreducible and nontrivial
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then E«(M, P)= {0}, that is, every closed equivariant V-form is equivariantly
exact.

THEOREM 2.3. If V=R and P is trivial, the correspondence (2.5) is a ring
isomorphism onto

E(M) =~ D(M),

that is, the equivariant forms lead to the same cohomology ring as all the regular
differential forms on M.

3. The averaging process. We assume that G is compact. This implies
the existence of a Haar measure with the measure of G being 1. The definition
and properties of integrals of real valued functions defined on G carry over in
a trivial fashion to functions with values in a finite-dimensional vector space
V over R

Given a continuous V-form w of order ¢ on M consider the family of V-
forms

w¥ = Pl g EG.

For each m € M, w?(m) is a continucus function on G with values in the vector
space C9(m, V) (this will be established in the course of the proof of (3.1)
and (3.2) below). Hence the integral

(Iw)m = fo w?(m)dg

is a well defined element of C?(m, V). The V-form Iw thus obtained has the
following properties (for w regular)

3.1 Iw is regular,

(3.2) d(lw) = I(dw),

3.3) Iw is equivariant,

3.9) if w is equivariant then Jw=w.

Proof of (3.1) and (3.2). Having selected a base in the vector space V,
we can represent w by its components w with respect to this base; each w®
is then a differential form of class C* on M. Let myE M and go&EG; we select
coordinate systems (x1, - - +, %,) and (y1, - - -, ¥.) on M at mo and T,,(m,)
respectively. We can find a cubic neighbourhood U= U(m,, go) of m, with
respect to (x1, * - -, %a), @ cubic neighbourhood W of T,,(m,) with respect to
(91, * * *, ¥s) and a neighbourhood N=N(mo, go) of go in G such that
T,(U)CW for all gEN. In W each w® has a certain analytic expression

(k) (k)
@ = Dinnigiy e idn ey Y)Y, - Ay
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with respect to the coordinates yi, - + +, ¥,; the functions A,(f,’.. .,4, are of
class C'. On the other hand if m& U is a point with coordinates (x1, - - -, x.),
and if gE N, the y-coordinates of T,(m) are functions

¥i = 0:(x1, - -+, %n; g)
of x1, - - -, x.; g. For g fixed, 0, are of class C?in xy, - - -, x,. We have
k k
(w( )T,)(m) = Z;,,...,;,Ai-l,)..._.-,(ol, e ,0,.)d0¢l o do.‘,.

On the other hand the mapping P, can be represented (with respect to the
base in V) by a matrix pri(g), and we have
O] —1 Q)

@' m) " = kg ) it igiy e ia®is - s Bn)dBs, - - By
Now, it follows from a theorem of Montgomery(?) that not only the functions
0; but also their partial derivatives of order 1 and 2 are continuous functions
of (x1, - - -, xs; g). This implies that

k) (k)
(wg(m))( = E;,,...,.-,B;h...,;,(xl, sty Xny g)dx;, e dx,-,

where each Bf:). .., for g fixed is of class C' and is continuous, together with
its partial derivatives in (x1, - - -, X} g)-
Let A be any measurable subset of N(m,, go). Then

(k)
(f w’dg) (m) = D i, i (f B:f?..i,(xl, cee, X g)dg) dxsy - - dxg
4 4

and the functions [4B{... , (%1, - - -, x.; g)dg are of class C1. Consequently
fawrdg is a V-form on M of class C* on U(ms, go).
Moreover, we have

] ) 9w
Bi, ... (%1, + + ¢, %, g)dg = By, ...if(x1, -+ -+, xa, g)dg.
0%y J 4 4 0%,
Therefore

(¢f wag)om = ( [ dusa)m = ( [ cawreag) m

for m& U(mo, go).

Keeping m, fixed we now vary go. Since G is compact, there is a finite
sequence g;, * * +, g such that the neighbourhoods N(m,, g;) cover G. Let
U(mo) =N:iU(ma, gi). It follows that [ew?dg is of class C! on U(m,) and that
d([ewdg)(m) = ([e(dw)vdg) (m) for mE& U(m,). Hence Iw is of class C; and

(") D. Montgomery, Topological groups of differentiadle transformations, Ann. of Math.
vol. 46 (1945) pp. 382-387; Theorem 1, p. 383 and Corollary 1, p. 386.
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d(Iw) = I(dw). Consequently d(Iw) also is of class C* and Iw is regular.
Proof of (3.3). For every AEG and m& M, we have

[I&)T1](m) = T(Twm) T = (f w”(T;.m)dg) T
=f w¥(Tym) T 1dg =f(w”T;.)(m)dg =f(P,—1w’T,T;.)(m)dg

- f (Paw™)(m)dg = Pa f wh(m)dg = P» f w?(m)dg

= [PaI(w)](m).

Hence (Iw) Ty = Pil(w).

Proof of (3.4). If w is equivariant then w?=w for all gEG and (Iw)(m)
= [¢w(m)dg =w(m) since G has measure 1.

4. Integration of forms over cycles. We shall use the singular homology
theory as developed by one of the authors (8). In particular S(M) will denote
the singular complex of the manifold M. The cells of S(M) are equivalence
classes of singular simplexes T which are continuous maps into M

T:is—> M

of euclidean simplexes s with ordered vertices.

Suppose now that the manifold M is of class C*. If the mapping T can
be extended to a neighborhood U, of s (in the cartesian space containing s)
in such a way that the extended map T” be of class C¥, then we shall say that
T is a singular simplex of class C*. The singular simplexes of class C* form a
closed subcomplex S*(M) of S(M), and we have the identity chain trans-
formation

k1 SHM) — S(M).

It has been proved(®?) that €* induces isomorphisms of the respective
homology and cohomology groups.

We now return to our assumption that M is of class C? and we shall con-
sider only chains ar.d cycles in S?(M). Let

T:is—>M

be a singular g-dimensional simplex of class C?. We shall assume that T has
been extended to a map T of class C? of some neighbourhood U, of s. Given
a continuous differential form w of order ¢ on M we then have the form wI”
on U, and the integral [,wT" is defined in the usual way. This integral is inde-

(®) S. Eilenberg, Singular homology theory, Ann. of Math. vol. 45 (1944) pp. 407-447.
(%) S. Eilenberg, Singular homology in differentiable manifolds, Ann. of Math. vol. 48 (1947)
pp. 670-681.
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pendent of the choice of the extension T’ and of the choice of T within its

equivalence class.
f w= f wT’.
T L3

We define
Given a g-dimensional chain ¢= Y_7;T; in S?(M) (coefficients in R) we define

[
c T

If w is of class C! then wT” is of class C! and the classical Stokes formula im-

plies that
f dw = f »
c 3c

for every (g+1)-chain ¢. Hence if w is closed then f5w=0. It follows that for
every homology class 3z of dimension g and every closed form w of order ¢
and class C! the integral [ is defined without ambiguity.

Let w be a closed V-form of class C'. Taking a base in V, denote by w(®
the components of w with respect to this base and by [ the element of V
whose components are the real numbers [,w®. Clearly [uw is independent
of the choice of base in V.

If P: V—Vis a linear transformation then clearly

(4.1) [ re- p(f‘w).

Let two manifolds My, M, and a mapping R: M;— Mp, all of class C?, be
given. Let w be a V-form on M; of order ¢ and class C! and let T:s—M; be a
singular g-simplex of class C'. With T’ defined as before, we have (wR)T’

=w(RT’). Therefore
wa=waT'=f w
T ] RT

where RT:s— M, is a singular simplex of M,. Consequently for every closed
form w on M,

(4.2) j"wR=fsz

where Rz is the image of the homology class z under the homomorphism of the

homology groups induced by R.
5. Formulation of de Rham’s theorems. Let H (M) and H4M) denote
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the g-dimensional homology and cohomology groups of M with real coeffi-
cients defined using the complex S(M). The groups H¥(M) and H,(M) are
in duality, the product of a cohomology class f and a homology class z being
the Kronecker index KI(f, z). '

For a fixed closed differential form w of order ¢ on M the expression
Jaw is a linear function on H,(M), hence there is a unique cohomology class
fEHY(M) such that

j;w = KI(f, 2)

for each s&€H,(M). De Rham'’s theorems(?) imply that the correspondence
w—f establishes an isomorphism.

D(M) ~ H(M).

Moreover, this isomorphism is a ring isomorphism of the cohomology ring
D(M) obtained using differential forms (with the Grassmann multiplica-
tion) with the cohomology ring H(M) (with the cup product as multiplica-
tion).

In the next section we shall use the following part of the previously stated
theorem:

(5.1) If w is a closed form such that [.w =0 for every homology class, then
s exact.

There is no explicit proof of the above theorem in the literature. De
Rham’s original proof is valid for closed manifolds M carrying a simplicial
decomposition of a rather special kind (*?).

Theorems 2.2 and 2.3 combined with the theorem of de Rham imply that
if G is compact and connected then both D(M, V) and E¢M, P) are iso-
morphic with certain multiples (in the sense of direct sum) of the cohomology
group HY(M) (real coefficients). In the case of D¢ the multiplicity is the di-
mension of V, in the case of E? it is the number of times the trivial repre-
sentation occurs in the irreducible decomposition of the representation P.

6. Proofs of Theorems 2.1-2.3. To prove Theorem 2.1 consider an equi-
variant closed V-form w which is exact. Then w=d60 for some V-form 6. By
(3.2) and (3.4) we have

d(16) = I(df) = Iw = w.

Since If is equivariant by (3.3), it follows that w is equivariantly exact.
Before we proceed with the proofs of Theorems 2.2 and 2.3 we prove the
following proposition:
(6.1) If G is connected then for every gEG and every homology class z in
M, Tyz=23.

(19) Cf. footnote 3, p. 62.
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Let M be given as some simplicial decomposition and let K be a sub-
complex of M containing a cycle of the homology class z. Let K; be a complex
containing K in its interior. We may then find a neighbourhood U of the
identity e in G such that T,(K) CK, for each g& U. If we consider the family
of mappings T,:K—K,;, g€U, it follows that there is a neighbourhood
UrC U of the identity such that any map T,: K— K, with g& U, is homotopic
with the identity map T.:K—K;. Hence T,a2=3 for g€ U,. Since G is con-
nected, this holds for any g€E€G.

Proof of Theorem 2.2. Let w be a closed equivariant V-form on M. Since
Pyw=wT, for each g&QG it follows from (4.1), (4.2) and (6.1) that for every
homology class z

rfoefranfor.of oe o

Since this holds for every gE€G and since the representation P is irreducible
and nontrivial it follows that [,w=0. Since this holds for every z, (5.1) implies
that w is exact and, by Theorem 2.1, w is equivariantly exact.

Proof of Theorem 2.3. We have already shown that 7: E¢(M)—D(M) isan
isomorphism into. It is therefore sufficient to prove that E¢(M) is mapped
onto D(M). Let w be a closed form of order ¢ on M. Consider the integral
JeIw over a g-dimensional homology class z. We have

f[w=f fw”dg=f fwT,dg.
z z G z ]

Since all the functions involved are continuous, Fubini's theorem can be ap-
plied; reversing the order of integration and using (4.2) and (6.1) we have

fromf foraeef f e S

Hence [.(w—Iw) =0 and, by (5.1), w—Iw is exact. This completes the proof.

7. Double equivariance. Let G and H be two groups operating on M.
We shall assume here that V=R. A regular differential form w on M will be
called doubly equivariant provided

wly = w = T}

for all g&G and k€ H. As before we may define cohomology groups E¢(M)
using doubly equivariant forms only, and the cohomology ring E(M). As
before we have a natural ring homomorphism

(7.1) 7 E(M) — D(M).

THEOREM 7.1. If G and H are compact and connected and if the transforma-
tions Ty and Ty commute,
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T,Th = TiT,
for all g&G, hEH, then (7.1) is a ring isomorphism onto
E(M) ~ D).

Proof. Consider the direct product GXH. For (g, h) EGXH define
T gmy =TT It follows from our assumptions that GXH is a compact and
connected group operating on M. Let w be a form equivariant relative to
GXH, then wT,Ty=w. Taking g=e¢ we find wTi=w and similarly w7, =w
so that w is doubly equivariant. Conversely every doubly equivariant form is
equivariant relative to G X H. Thus Theorem 7.1 is a consequence of Theorem
2.3.

CHAPTER II. LocALIZATION

8. The transitive case. We shall assume now that the compact group G
operates on the connected manifold M transitively, that is, that for each pair
my, me© M there is an element g in G such that Tym; =m,. We further assume
that G operates on M effectively, that is; that none of the transformations
T,, except T, leave all the points of M fixed.

Let m, be a point of M, and let H be the group of elements #&EG such that
Twmo=mo. Then for any g&G, T,m, depends only on the coset gH of g
modulo H. The mapping gH—Tm, is then a 1-1 continuous mapping of
G/H onto M, and since G/H is compact, it is a homeomorphism. On the other
hand it follows from a theorem of Montgomery(*!) that G is in this case a Lie
group; therefore G/H admits the structure of an analytic manifold. Bochner
and Montgomery(*?) have also proved that the mapping gH—T,m, and its
inverse are both of class C?. Therefore, we may assume without loss of
generality that M is identical with G/H and that T,,(g.H) = (g1g2)H.

This being done, the assumption that G is compact is no longer needed.
In the remainder of this chapter G will be an arbitrary Lie group and H a
closed subgroup of G.

For the moment we shall study the simple case when H is the trivial
subgroup and M =G. We shall return to the case of a nontrivial H at the end
of this chapter.

Given any function f defined on G it will be convenient to denote by f, the
value of f at the unit element e of G.

Let L be the Lie algebra of the group G[LG, p. 101]. The elements of L
are left invariant infinitesimal transformations x of G. Hence %, is an element
of the tangent vector space V.= V(e) to G at e. Because of the left invari-
ance condition, x is entirely determined by x., and we may therefore regard
V. as the vector space of the Lie algebra L.

(1) Cf. footnote 7, Theorem 2, p. 387.
(1) S. Bochner and D. Montgomery, Groups of differentiable and real or complex analytic
transformations, Ann. of Math. vol. 46 (1945) pp. 685-694.
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Given any V-form w of order q on G, the element w, of C%(1, V) is a g-linear
alternating function on V. to V. We define

{w}(xly Tty xq) = wa(xle» Tty xqc)p x; € L.

“This way to each V-form w of order ¢ on G there corresponds a g-linear alter-
nating function {w} with arguments in the Lie algebra L and values in the
vector space V. The correspondence w— {w} is obviously linear. Moreover if
w is equivariant then {w} =0 implies w=0. The last fact follows from the
remark that the condition Pyw=wT} implies that w(g) can be obtained from
w, by means of suitable linear transformations, and hence w,=0 implies o =0.

The passage from w to {w} will be referred to as localization.

9. Localization of left invariant forms. We shall assume that V=R and
that the representation P of G in V is trivial. The equivariance condition on
a differential form then becomes a condition of left invariance: w =wT where
Thg=hg. We consider two Grassmann algebras: 1° the algebra of left in-
variant differential forms on G, 2° the (contravariant) Grassmann algebra of
the vector space of the Lie algebra L. The correspondence w— {w} is then
multiplicative:

(9-1) {aul:lwz} = {wl} O {wz}.

THEOREM 9.1. Let G be a Lie group. The correspondence w— {w} establishes
an isomorphism between the algebra of left invariant differential forms on G and
the (contravariant) Grassmann algebra of the vecior space of the Lie algebra L
of G. Moreover

{do} (21, - - -, 20)

1
= q_-i:—i Z (_ 1)k+l+l{w}([xk1 xl]y X1, * ﬁky ) £lv ct xq+l)-
k<l

The symbol ~ over a variable indicates that the appropriate variable is
to be omitted.

Proof. Let f be a g¢-linear alternating function on the Lie algebra L.
Represent f as a finite sum of Grassmann products

f=ro---0n

where f{ is a linear function on L. For each ff there is [LG, p. 152] an analytic
left invariant form «f of order 1 on G such that {wf}=f;. Define w*=cw}
O - - - Ouf. Clearly w* is analytic and left invariant and by (9.1) {w*} =f*.
This proves the first half of theorem, and in addition it proves that every
left-invariant form is analytic.

Before we proceed with the proof of (9.2) it will be convenient to give this
expression a slightly different form. We first notice that the right-hand side
of (9.2) is an alternating function of the variables x1, + - -, x441. Hence if

9.2)
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we apply the operation of alternation, the right-hand side will not change
its value. On the other hand the right-hand side of (9.2) is the sum
of g(g+1)/2 terms each of which is obtained from the term

(9.3) {o} ([21, 22], 3, - -+, %gr1)

by applying certain permutations to the variables and multiplying by +1
according to whether the permutation was even or odd. Hence applying the
operation of alternation to the various summands in (9.2) will each time give
the same result as alternating (9.3). Hence (9.2) is equivalent with the fol-
lowing formula,

q
(9.4) {do}(z1, - - -, o) = —21‘1[{‘0} ([x1, ®2], %3, - -+, %grd) )
where A is the abbreviation for “alternation.”

We prove (9.4) by induction on g. For ¢=1, (9.4) reads
{dw} (xl, xz) = {w} ([xl, xz])/2.

This formula for left invariant differential forms w of order 1 is known [LG,
p. 153].
Assume that (9.4) holds for orders less than g. Let

w=w[Jws

be a left invariant form of order ¢ which is a Grassmann product of a left
invariant form w; of order 1 and a left invariant form w; of order g—1. Since

dw=dw1|:|wz—w1[:ldwz

we have, by the inductive hypothesis,

1
{do} (2, + - -, 2ep)) = —2-A[{w1}([x1, ze]) {we} (23, + - -, %o4)]

- q—;-—lA[{wx}(xl){wz}([xm %3], %4y ¢ v v, Fepr)]

= -—;—A[{w}([xl,.xz:], X3, * xq+l)]

-1
- —q——é—A[{w}(xl, _[xz, L RE AR )

=—Z—A[{w}([xly xf]) X3 ° > ’ xq"'l)]'

10. Localization of equivariant V-forms. Let P be a representation of
the Lie group G by means of linear transformations of the #-dimensional
vector space V. Having chosen basis vectors v, - - -, v, in V each linear
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transformation P, is described by a matrix la.-j(g)|. The coefficients a;(g)
are analytic functions of g, and their differentials da;; are analytic forms of
order 1 on'G. For every x in the Lie algebra L of G one considers the matrix

P(x) = | {daii} ()|

which again may be regarded as a linear transformation of V into itself.
The mapping x—P(x) is a representation of the Lie algebra L.

THEOREM 10.1. Let G be a Lie group and P a representation of G by means
of linear transformations of a finite-dimensional vector space V over the field of
real numbers. The correspondence w— {w} establishes an isomorphism of the
space of equivariant V-forms w of order q on G and the space of q-linear alternat-
ing functions defined on the Lie algebra L of G with values in V. Moreover

{do} (%1, - - -, %g41)
1
=—_Z(— 1)k+l+l [ (xkyxl]yx1°")xAky°")£l;"';x l)
(10.1) g+ 152 tb ' o
1
+ =2 (= D¥P@) {of (21, - - -, &y - vy Terd).
g+ 1%
Proof. Let f be a g-linear alternating function on L to V. In terms of the
basis vectors 91, - - -, v, in V, f can be written as

f=flvl+"'+fnvn

where each f; is a g¢-linear alternating function on L with real values. By
Theorem 9.1 there exist left invariant analytic forms Q; of order ¢ on G such
that {Q:} =f.. Define the left invariant V-form Q on G by @=Qun+ - - -
+ Q.v, then set

w(g) = P,(g)
or more precisely

(10.2) w(g) = 2 a:i(g) Ri(g)vs.

.7
Since the a;;(g)’s are analytic it follows that w is an analytic V-form of order
g on G. Since w,=P,Q.=Q, it follows that {w}={Q}=f.
Let g&G and let T,:g'—gg’ be the corresponding left translation of G.
Since Q is left invariant we have

(@To)(g) = w(gg) Ty = Py Q(gg)T,
= Pyg(QT,)g = PP, Q(g") = Pyu(g)
= (Pw)(g)-

Hence w7, = Puw and w is equivariant. This completes the proof of the first
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part of the theorem and incidentally shows that every equivariant V-form on
G is analytic.
We proceed with the proof of (10.1). Differentiating (10.2) we have

dw = Z (a.-,-dﬂ; + da.-,- O Q,)v.-.
i

Hence

(dw)s = D (a:id Q) vi + Z (da:;) « [0(Q5) vs

(¥

= (dQ)e + E (daii)c O (91) eVs.

Applying both sides to x3, - - -, 441 in the Lie algebra L we have
{dw}(xl, S, Xgp1) = {dﬂ}(xl, cre, %gy)
+ 2 {daii} O { Qi) (x1, - -+, #err)vsc
¥

The first term on the right-hand side is, by Theorem 9.1,
{dQ} (2, - -, 2er1)

1
= _ﬂz (— 1)k+l+l{ 9}([xky xl]y Xy oty By, Ry, xq+l)
q k<l

1
= ﬁ'_l Z (— 1)k+l+l{w}([xk1 xl]’ X1yt x‘k) C £h Tty xq+1)’
k<1

The second term evaluates as follows

Z {dd.‘,‘} ] {Qi}(xl, trty, xq+1)v;

; A > fans b el 2o xq+1)v;]

= A[P(x) {2} (23, - - -, %411)]
= A[P(xl){w}(xz, Tty xq+l)]

1
e Es D G L CA I [P NP

This completes the proof of Theorem 10.1.

11. Invariance under right translations. Given an element A EG we con-
sider the right translation R,:G—G defined by R,g=gh. Let P be a repre-
sentation of G with representation space V and let w be an equivariant V-form
of order ¢ on G. Consider the V-form wR;. We have

thT, = ngRh = P,(th)



1948) COHOMOLOGY THEORY OF LIE GROUPS AND LIE ALGEBRAS 101

which shows that wR) is equivariant. If we further denote by C; the inner
automorphism g—hgh— induced by % then

wRy = PywTiR, = PpaCrn.

This proves that w=wR; if and only if wCs= Pyw. Since both w and wR, are
equivariant, the relation w =wR} is equivalent with w.= (wR)), which in turn
is equivalent with (wC;).= (Pyw).. Hence we see that a necessary and suffi-
cient condition for w=wRj; is that

(11.1) {o}(Cam, - - -, Cazg) = Prfw}(ay, - -+, %))

where x1, - - -+, x,&L and Cj is the automorphism of L induced by the inner
automorphism Cj.

THEOREM 11.1. Let H be a closed and connected subgroup of G, and let Ly
be the corresponding subalgebra of L. Let w be an equivariant V-form of order q on
G relative to a representation P. Then w =wR, for all hE H if and only if

P() o} (x1, - - -, )
11.2
T U 1y O ) VI U 1 N P
forallx'ELgand xy, - - -, x,EL.

Proof. Let % be the vector space of all g-linear alternating functions on
L with values in V. Given kEH and f& 9, define the elements Pif and Qxf
of A4 by setting
(P"f)(xly ] xq) = Ph(f(xly Tty xQ))’
(Q"f)(xlv Tty xq) = f(Ckxl) R Chxq)°
Both correspondences P,:f—Pif and Qu:f—Qxuf give linear representations

P and Q of H with % as representation space. We are interested in character-
izing those fEA? for which

(11.3) Quf = Puf forall k € H.
Let h=exp (tx') for x'€Ly. Consider
- Prf —
0.f = lim Onf f’ P.f=lim =1
—0 [ 0 ¢

Clearly (11.3) implies
(11.4) Quf = Puf forall ' € Lp.

Conversely (11.4) implies (11.3) for all % in a neighbourhood of e in H [LG, p.
118] and since H is connected this implies (11.3) for all kEH. We have

(11'5) (Pz’f)(xlt Ct xq) = Pﬁ’(f(xlv Tty xq))'
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Since [LG, p. 124]
Cix — 2
[#, '] = lim bl
=0 t

and

f(chxlv st ychxq) ff(xlr Ct xq)
t

Q=f)(xy, - - -, xg) = lim
—0

it follows from the linearity of f that

Q=f)(x, - - -, x4)
= f([xlv x’]v Xo, * xq) + - +f(xlv Tty Xg—1y [xqr x'])

Propositions (11.4)—(11.6) combine to give formula (11.2).

12. Invariant forms. A differential form w on a Lie group G will be called
invariant if it is both left and right invariant. It follows from Theorem 11.1
that

(12.1) A left invariant form w of order q on a connected Lie group G is in-
variant if and only if

(12.2) {w}([xl, x], Xg, * xq) + et + {w}(xh DR .xq—lr [xm x]) =0

for all x, x1, - - -, x,EL.
Assuming that  is invariant we compute {dw}.

{d“’}(xl’ ) xq+l)

1 .
= ;—I-_lz (— 1)i+i+l{w}([x'., x].], Xy, oo v, Rey ey iy, Xep1)
i<q

1
= m gie;;{w}([x.-, xf], Xy v, Ry, gy, x.,+1)
wheree;;=(—1)#+1if 1<j,and ¢;;=(—1)*7if £>j. For each fixed j=1, - - -,
g+1 the sum vanishes in virtue of (12.2). Hence {dw} =0 and

(12.3) Every invariant form is closed.

Assume now that the Lie group G is compact and connected. Theorem
7.1 implies that the cohomology ring of G obtained using invariant forms only
is isomorphic (under the natural inclusion homomorphism) with the cohomol-
ogy ring of G obtained using all the regular differential forms. Combining this
with (12.3) we find:

(11.6)

THEOREM 12.1. Let G be a compact and connected Lie group. Every cohomol-
ogy class of differential forms on G contains precisely one invariant form. The

invariant forms span a ring isomorphic with the conomology ring of the manifold
G.
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If in addition to being compact and connected G is also semi-simple then
G possesses a Riémannian metric invariant with respect to both left and right
translations. Moreover Hodge('®) has shown that the harmonic forms with
respect to this Riemannian metric coincide with the forms that are invariant.
Thus Theorem 12.1 gives a relatively simple proof of Hodge’s theorems on
harmonic forms on a Riemannian manifold in the case where this manifold is
the group manifold of a semi-simple compact group.

13. The case of a homogeneous space. We now return to the considera-
tion of a homogenous space G/H = M, H being a closed subgroup of the Lie
group G. We denote by II the mapping g—gH of G onto M. We use the sym-
bols T, and R, to denote the left and right translations of G while T, will
denote the transformations g’ H—gg'H of M onto itself. We have

(13.1) nr, = 7,1

(13.2) IR, =1 for h € H.
Given any V-form w on M we consider the V-form wIl on G. We have

(13.3) d(wIl) = (dw)II,

(13.4) oIl = 0 if and only if w = 0.

Let P be a representation of G with V as representation space.

(13.5) oIl is equivariant if and only if w is.

In fact, P,(wIl) = (P,w)II and (wII) T, = (w T,)II. Hence (13.4) implies that
Py(wIl) = (wII) T, if and only if Pw=wT,.

We shall now characterize the V-forms on G of the form wlIl.

Let g€G: Consider the tangent vector spaces V(g) at g and V(IIg) at
IIg. The linear mapping dIl: V(g)— V(Ilg) is then a mapping onto.

{13.6) Given a V-form Q of order q on G there is a V-form w on M such that
Q=wll if and only if the following two conditions hold:

(13.7) Qu(x1,-+ - - x4) =0 if dlIx; =0 for at least one of the vectors x;& V(g).

(13.8) QR = for all hEH.

The necessity of (13.7) is obvious. If Q@=wIl then QR;=0wIIR,=wll=1
which proves (13.8).

Assume now that @ is given satisfying (13.7) and (13.8). Given a point

m&E M select gEG so that llg=m. Given vectors x1, - + -, x,& V(m) select
vectors #y, - - -, £,&V(g) such that dll#;=x; Define wn(xi, - - -, %)
=Qy(&, * - -, %g). It follows from the linearity of Q; and from (13.7) that
Wm(x1, + + +, %,) does not.depend upon the choice of %, - - -, .. If we replace
g by gh for some k€ H, then (13.7) implies that

Qo(%y, - -+, iq) = (QR») (21, - T %) = Qon(dRa%y, - - -, dRx%,).

(1) W. V. D. Hodge, Tke theory and applications of harmonic integrals, Cambridge Univer-
sity Press, 1941,
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Since dlldR:%; =x;, this proves that wm(x1, - - -, x,) is independent of the
choice of g. It is clear that w is a V-form such that Q=wIl. Moreover w is
analytic if Q is.

THEOREM 13.1. Let G be a connected Lie group and H a closed connected sub-
group of G. Denote by L and Ly the Lie algebras of G and H respectively, by M
the homogenous space G/H, and by Il the mapping g—gH of G onto M. Consider
G as a group of operators for M by setting T,(g'H)=gg'H. Let P be a repre-
sentation of G and V the representation space of V.

The mapping w— {wIl} establishes a 1-1 correspondence between the equi-
variant V-forms w of order g on M and those g-linear alternating functions {Q}
on L which satisfy the conditions

(13.9) {Q} (o1, - -+, x,) = 0 if at least one x; is in L,
(13.10) P(x){Q}(x1, - - -, x0) = {Q}([wr, %], %2, - -, x) + - - -

+ {Q}(xh ] xq—l[xqv x])
for xeLH) X1y * * 0y quL.

To prove Theorem 13.1 we only need to remark that (13.9) and (13.10)
are equivalent with (13.7) and (13.8). In fact, if Q is equivariant, condition
(13.7) need only be stated for g=e¢ and then it becomes condition (13.9) since
Ly is the kernel of the linear mapping L= V{(e)— V(Ile). Conditions (13.8)
and (13.10) are equivalent in view of Theorem 11.1.

CHAPTER III. COHOMOLOGY GROUPS OF LIE ALGEBRAS

14. The cohomology ring of a Lie algebra. Let L be a Lie algebra over a
field K of characteristic 0. We denote by C(L) the contravariant Grassmann
algebra over L, and by C¢(L) the space of elements of order g of C(L). The
elements of C%(L) for ¢>0 are the g-linear alternating functions in L with
values in K and C%L) = K. The elements of C?(L) will also be called g-dimen-
sional cochains in L. For two cochains fiEC?(L), f2&C?L) the product
AildfeECP*+e(L) is the Grassmann or alternating product

GO @ -y xprg) = A(fa(2s, - -+, 25)fa(Fpe1, - -+, Tpid))

where A stands for the alternating operator applied to the wvariables

X1, * ¢+, XproEL.
Guided by the formula (9.2), we define for each cochain fECI(L) a
cochain §fE Cet1(L) called the coboundary of f as follows

(6f)(xl’ Tt x¢+1)

1
= q + 1 Z (— 1)k+l+lf([xk1 xl]v X1, * "y, ik, Tty fl, cey, xq+l)-
k<l

If =0 we set §f=0. As we saw in §9, 8f can be defined alternatively as

(14.1)
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q
8f(x1, - - -, Xgp1) = —Z—A(f( [x1, %2], 23, - + -+, %g41)).

The operation 8 maps C9(L) linearly into C¢*'(L). We shall show that for
HECP(L), frECY(L)

(14.2) (L0 f) = ¢f) Ofe+ (= DAL O 8fe

In the case p =0, the formula is obvious. The case p =1 follows from ex-
actly the same computation as the one made in §9. From now on we proceed
by induction. Assume that (14.2) is valid for f{ €Cr—(L). Let fEC'(L) and
fi=fOff. Then

(A0 =00 =6NDOMNOf— O Of)
=0NOMNOf—/O6N) O+ (= D20 Odfe
=s(f0O ) O+ (= DO ) O ofe
= @fy O fe+ (= D20 8f

This proves (14.2) for any fi of the form f[Jf!. It follows by linearity
that (14.2) holds for all fiEC?(L).
We next prove for fEC(L)

(14.3) s8f = 0.
The formula is obvious for ¢=0. For ¢=1 we have
6(86f) (1, %2, x3) = 26f([21, 2], %s) + 26f([%2, 23], %1) — 26f([%1, %3], %2)
= f([[x1, 2], #] + [[25, #:), 2] + [[#3, 2], 22]) = 0.

For ¢>1 we proceed by induction. Assume first that f=f,[]f; where fiE C(L),

f2ECPY(L). Then by (14.2) 8f = (8fi)Ufe—f,[18f2 and 83f = (88f:) (fa+(3f1)
Oéf— (8f1) Oéf2+f1[168f2=0. It follows by linearity that (14.3) holds for
every f& Cy(L).

Having established (14.3) we proceed with the familiar definitions of com-
binatorial topology. A cochain f is a cocycle provided §f=0. The cocycles of
dimension g form a subspace Z¢(L) of C¢(L). A cochain f& C¢(L) is a cobound-
ary if it is of the form &f’ for some f'& Ce!(L). The coboundaries form a sub-
space B9(L) of Z¢(L). If ¢g=0 then B¢(L) =0 by definition. The factor space
He(L)=Z(L)/BL) is called the gth cohomology group of the Lie algebra L.

If fieze(L), fa€Z(L) it follows from (14.2) that fi[0foE2Z7+¢(L); if
furthermore either fi((1B?(L) or fo[1B¢«(L) then fi(Jf;EBr+e(L). It follows
that a multiplication between elements of H?(L) and H¢(L) with values in
Hrte(L) is defined and that, » being the dimension of L, the direct sum
> ».o H?(L) is thus made into a ring H(L) called the cokomology ring of the
Lie algebra L.

For ¢=0 we have Z°= (=K and B°=0 so that
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(14.4) HY(L) = K.

For ¢g=1 we have B'=0 so that H*=2Z' If f&EC'(L) then (&f)(x1, x2)
=2-1f([x1, x2]). If we therefore denote by [L, L] the subalgebra of L spanned
by elements of the form [x;, x;], then it appears that f is a cocycle if and only
if it vanishes on [L, L]. Hence

(14.5) H* (L) is the conjugate space of L/[L, L].

We observe that if # is the dimension of L and ¢># then every g-dimen-
sional cochain is identically zero and H¢(L)=0.

It is worth observing that an identical cohomology ring is obtained by
dropping the factor 1/(g+1) in (14.1). In this modified form the preceding
definitions apply to Lie algebras over a field of any characteristic.

F{15. Connections with Lie groups. Theorem 9.1 implies the following
theorem.

THEOREM 15.1. If L is the Lie algebra of the Lie group G, then H(L) is
tsomorphic with the cohomology group E(G) obtained using the left invariant
differential forms on G. The ring H(L) is isomorphic with the ring E(G).

Applying Theorem 2.3 and de Rham’s theorem we find:

TuEOREM 15.2. If L is the Lie algebra of the compact and connected Lie
group G, then H(L) is isomorphic with the qth cohomology group H(G) with
real coefficients and the ring H(L) is isomorphic with the cohomology ring
H(G) of G.

As a corollary we obtain the following generalization of a theorem of
Pontrjagin(4).

THEOREM 15.3. Two locally isomorphic compact connected Lie groups have
tsomorphic cohomology rings.

16. Semi-simple Lie algebras. Let L be a Lie algebra over a field K of
characteristic 0. A representation P of L with a vector space V as representa-
tion space will be called fully reducible if to every P-invariant subspace V1
of V there is a P-invariant subspace V, of V such that V is the direct sum
Vi+ V.. If every represeritation of L is fully reducible then L is called semi-
simple.

In particular consider the adjoint representation defined by ad(x):y
—[y, x] for which the linear space of L is the representation space. The in-
variant subspaces are then precisely the ideals of L. Hence

(16.1) If L is semi-simple then for every ideal L, in L there is an ideal L,
in L such that L ts the direct sum L+ L,.

Using (16.1) we prove

(%) L. Pontrjagin, Homologies in compact Lie groups, Rec. Math. (Mat. Sbornik) N.S. vol.
6 (1939) pp. 389-422.
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(16.2) If L is semi-simple and L, is an ideal tn L then both L, and L/L,
are semi-simple.

Proof. Using the natural homomorphism L—L/L, every representation of
L/L, gives a representation of L. Since the representation of L thus obtained
is fully reducible the same holds for the representation of L/L,. To prove
that L, is semi-simple we observe that, in virtue of (16.1), L, is isomorphic
with L/L, where L, is an ideal of L.

(16.3) A semi-simple Lie algebra L has center 0.

Assume that L is semi-simple and has a nonzero center. Since the center
is an ideal, we may assume in virtue of (16.2) that L is its own center. Let
X1, - - -, X, be a base in L and let V be a 2-dimensional vector space with
generators 91, v2. Defing a representation P of L in V by setting

P,v = 9, P,us =0, P,p;=0 fori=2,.--,n;7=1,2,

In this representation the subspace V, generated by v, is invariant, but
since Py (av;+Bv:) =aw; for @, BEK, no other 1-dimensional subspace is
invariant. Hence L is not semi-simple.

An alternative way of formulating (16.3) is

(16.4) The adjoint representation of a semi-simple Lie algebra is faithful.

(16.5) If L is semi-simple then L= [L, L].

Indeed, [L, L] is an ideal. Therefore, by (16.2), L/[L, L] is semi-simple.
Hence, by (16.3), L/ [L, L] = {0}.

From (16.5) and (14.5) we deduce

(16.6) If L is semi-simple then H'(L) = {0}.

Using (16.6) we shall now prove the following theorem.

THEOREM 16.1. A compact connected Lie group G is semi-simple if and
only if its fundamental group is finite(*s).

Proof. Let L be the Lie algebra of G. Assume that G is semi-simple. Then
L is semi-simple and, by (16.6), H'(L)= {0} Hence, by Theorem 15.2,
HY(G) = {0} and the first Betti number of G is zero. This implies that the
1-dimensional homology group of G with integral coefficients is finite. How-
ever, this group is isomorphic with the fundamental group of G, since this
fundamental group is abelian.

Conversely assume that the fundamental group of G is finite. Then the
universal covering group G of G is compact. Since G is simply connected,
every representation of the Lie algebra L is induced by some representation
of G [LG, p. 113]. G being compact, every representation of G is fully re-
ducible. Hence the same follows for every representation of L. Hence L is
semi-simple and so is G..

(1%) Cf. H. Samelson, A note on Lie groups, Bull. Amer. Math. Soc. vol. 52 (1946) pp. 870~
873.
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17. The unitary trick. A semi-simple Lie algebra (over the field of reals)
will be called compact if it is the Lie algebra of some compact connected Lie
group. Any proposition concerning the cohomology rings of compact con-
nected semi-simple Lie groups translates in virtue of Theorem 15.2 into a
similar proposition concerning the cohomology rings of compact Lie algebras.
The “unitary trick” is a general method which then allows us to extend the
proposition to arbitrary semi-simple Lie algebras over any field of character-
istic 0.

Let L be a Lie algebra over a field K (of characteristic 0) and let N be an
extension of K. We shall denote by Ly the Lie algebra obtained from L by
extending the ground field from K to N. L is semi-simple if and only if Ly is
semi-simple.

A property P of Lie algebras will be called linear provided: 1° if a Lie
algebra L has the property P, then so does Ly for any extension N of the
ground field; 2° if Ly has the property P for some extension N of the ground
field then L has property P.

The essence of the unitary trick is then embodied in the following theorem.

THEOREM 17.1. Let P be a linear property. If all compact Lie algebras have
property P then all semi-simple Lie algebras have property P.

Proof. First assume that L is a semi-simple Lie algebra over the field C of
complex numbers. H. Weyl has proved (') that there is a compact Lie algebra
L’ such that L{ is isomorphic with L. Hence L has the property P.

Next assume that L is a semi semi-simple Lie algebra over a field X which
can be deduced from the field of rationals by the adjunction of a finite number
of elements. Then K may be regarded as a subfield of C. Since L¢ is semi-
simple it has the property P and therefore L has the property P.

Finally let L be a semi-simple Lie algebra over an arbitrary field K of
characteristic 0, and let x3, - - -, x, be a base of L. We then have

[x.', x,-] = E Cijk%k, ciix € K.
k=1

Let K, be the smallest subfield of K-containing the quantities ¢;;z. Then the
vector space Lo=Kox1+Kox2+ - - - +Kox, has the structure of a Lie
algebra over K, the brackets [x;, x;] having the same meaning in Lo as in L.
It is easily seen that L, is semi-simple and that (Lo¢)x = L. Since the field K,
can be deduced from the field of rationals by the adjunction of a finite number
of elements, it follows that L, has the property P and therefore L also has the

property P.
18. Hopf’s theorem. We shall apply the unitary trick to carry over cer-

(%) H. Weyl, Theorie der Darstellung kontinuierlichen half-einfacher Gruppen durch lineare
Transformationen 11, Math. Zeit. vol. 24 (1926) pp. 328-376; Satz 6, p. 375.



1948] COHOMOLOGY THEORY OF LIE GROUPS AND LIE ALGEBRAS 109

tain theorems proved by H. Hopf(*) for compact Lie groups to semi-simple
Lie algebras. Hopf’s theorem asserts that the cohomology ring H(G) of a
compact connected Lie group is isomorphic with the direct sum of cohomology
rings of a finite number of odd-dimensional spheres.

THEOREM 18.1. The cohomology ring H(L) of a semi-simple Lie algebra L
over a field K of characteristic O is isomorphic with the direct sum of the cohomol-
ogy rings (over K) of a finite number of odd-dimensional spheres.

Proof. Hopf’s theorem combined with Theorem 15.2 gives a proof for com-
pact Lie algebras. It therefore remains to verify that the property described
in the conclusion of the theorem is linear. Let then N be an extension of the
ground field K. A simple argument shows then that the cohomology ring
H(Lx) regarded as an algebra over N is obtained from H(L) by extending the
groundfield from K to N. Hence if the conclusion of the theorem holds for
H(L) it also holds for H(Ly) and vice versa.

Let p, denote the gth Betti number of L, that is, the dimension over K,
of the vector space H¢(L). The polynomial

(18.1) Pr(t) = po+ pat + pat? + - - - + put”,

where 7 is the dimension of L, is then called the Poincaré pélynomial of L.
Theorem 18.1 implies that if L is semi-simple then

(18.2) Pr() = (L4 tm) - (14 tm)

where my, + -+, m; are odd integers. Substituting £= —1 in (18.1) and (18.2)
shows that

Z (= 1)%=0

g=0
which is the algebraic counterpart of the known fact that the Euler character-
istic of a compact Lie group is 0. Substituting ¢=1 we find

n

The quantity / in the case of a compact Lie group is called the rank of G and
is the maximal dimension of the abelian subgroups of G.

Since we already know that H'(L) = { 0} for L semi-simple it follows that
m;23 for t=1, - - -, l. Consequently

(18.3) If L is semi-simple then H(L) = {0} for ¢=1, 2, 4.

The case ¢=2 will be given an algebraic proof later. We shall also show
that H3(L)> {0}.

(%) H. Hopf, Uder die Topologie der Gruppen-Mannigfaltigkeiten und ihre Verallgemeine-
rungen, Ann. of Math. vol. 42 (1941) pp. 22-52.



110 CLAUDE CHEVALLEY AND SAMUEL EILENBERG [January

19. Invariant cochains. Guided by the results of (12.1) we define a
cochain f&EC(L) to be invariant if

(19.1) f([xl, x], Xgy ¢y xq) + tee +f(x11 ety Xg1, [xq’ x]) =0

for all x, x1, - + -, x,&€L. The same computation as in §12 shows that
(19.2) Every invariant cochain is a cocycle.

THEOREM 19.1. Let L be a semi-simple Lie algebra over a field of character-
istic 0. Every cohomology class of H(L) contains exactly one invariant cocycle.
The invariant cocycles constitute a ring isomorphic with the cohomology ring
H(L).

This theorem could be derived from Theorem 12.1 by the application of
the unitary trick. The following proof is purely algebraic.

In the following lemmas the semi-simplicity of L is not assumed.

For each x €L we define a linear mapping d,: C9(L)—C%(L) as follows

(dzf)(xly Tty xq)

(19‘3) - f([xly x]' Xy, v, xq) 4+ .- +f(x1, oty X, [xm xJ)

and d.f=f if ¢=0.
Condition (19.1) can now be written as

(19.1") d.f =0.

We shall establish the following properties of d,:

(19.4) d.(f |:|f2) = (d.f1) O fa 4+ 10 d.fe;
(19.5) dydof — dodyf = diznf;

(19.6) d.(8f) = 8(d.f);

(19.7) If f is a cocycle then d.f is a coboundary.
Ad(19.4). The formula is obvious if either f, or f; has degree zero. Let then
HECYKL) and f,E€C(L), ¢>0. From the definition of the Grassmann multi-

plication

1 1
(A OfH =, -y xe41) = P E (= D) i) fa(mr, -+ 5 iy 0 0, Fg1)
hence
[dz(fl Df2)](xlv Cety Xgq1)
- - —q—i—;}; (= 1fu( [, aDfaan -+ s 81 s %)

g+1

1 .
+—— 20 (— D#FYSux)(af) (21, -+ -y £iy vy Fgra)
q+ 155
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which proves (19.4) in this case. Assume now that (19.4) holds whenever
HLECPY(L). Let now g1 €C(L), g2E€C* (L) and let fi=g[Jgs. Then

d(f10f) =d(e1 08072 = (dzg1) O g0 fo+ g1 (g2 I f2)
= (d.g1) g0 fa+ g1 0 (dage) O fo + g1 [0 g2 [0 dafe
= (dofr) O f2 + f1 O (@=f2).

This implies (19.4) for every f, of the form g1[]g,, and by linearity (19.4) holds

for all fy, fe.
Ad(19.5). The formula is trivial for f&€C°(L). Assume f&C'(L). Then

(19.5) becomes —f([[z, x], y])+5([[z, ], x]) = —f([z, [x, y]]) which is a
consequence of the Jacobi identity. Assume now that (19.5] holds

for fECa1(L). Let fE€C(L) be of the form f=f,]f; with fy&EC(L). Then by
(19.4)
dzm(nO/2) = @reanf) OS2 + 1O d=mfe
= (dydofr) O f2 — (dodofr) O fo + 1O dydafa — f1 O dodyfs
= dyd.(fL O f2) — d.dy,(f1 [0 f2)

q.e.d. ‘
Ad(19.6). The formula is trivial for f&€C*(L). Let f&C*(L) then

= (02:f) (21, 2) = — 271(d:f) ([0, 2] = 27Y([[ 21, 2], #])
while .
— (@8f) (21, %) = 8f([#1, =], x2) + 8f(m1, [, 2])-
= 27Y([[x1, =], 2a]) + 27 ([21, [, #]])
and (19.6) follows from the Jacobi identity. Assume now that (19.6) holds
for f€CTI(L). Let f=£fi0f:&CY(L) with ;& C'(L). Then by (14.2) and (19.4)
(@28) (L O f) = d.[@¢f) Of. — £ O8]

= (d4f1) O fa+ f) O d.f: — (d=f)) O o8fe — f1 [0 dobf2

= (8d.f1) O f2 + (8fr) O dxf2 — (d2fr) O ofs — f1 [ 8d.f,

= 8[(d.f) O fol + 8[1 O dafe] = 8d.(1 0 f2)

q.e.d.
Ad(19.7). Since f is a cocycle we have

0 =o8f(x, 21, , %)

= ——qi - Z_‘; (= D[, 2]y w1y - - - 5 oy e e - 5 3)

1
+ — E (- 1)i+j+lf([x‘r x.:']v Xy Xay v oy Ky ooy By, %)
g+ 15 :
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: (d2£)( )
= —_— X1, * 0, X
q 1 z 1 q

1 "
- ___q T Z (= 1)+if(x, [2s, x5], %0y - -0 ) iy ooy &gy o v 0 %o).
i<j

If we define the cochain g&C* (L) by
g(xlv R xq_l) = qf(x’ X1yttt xq—l)

the last term above becomes (6g)(x1, - - -, x,). Therefore dg =d.f.

With these preliminaries we are ready to prove Theorem 19.1. (19.4)
implies '

(19.8) If fi and f. are invariant then fi[lf: is invariant.

Proposition (19.5) expresses the fact that d, is a representation of the Lie
algebra L with C%(L) as representation space. Proposition (19.6) implies

d.Z%(L) C BY(L) Cz«(L),  d.BY(L) C B(L).

Since L is semi-simple Z9(L) is the direct sum of B?(L) and some space T¢
invariant under the representation x—d,. The proof will be complete if we
show that T'? consists precisely of all the invariant cocycles. For each fET¢
we have d,fET? and d.fEb 2. Hence d:f =0 and f is invariant. In order to
show that all the invariant cocycles are in T? it is sufficient to show that B¢
contains no invariant cocycles.

Consider now the representation x—d, with C¢'(L) as representation
space. Since Z¢'(L) is an invariant subspace and L is semi-simple, C* is
the direct sum of Z¢! and some invariant subspace D%, Since §:C¢'—B¢?
maps C¢! onto B¢ with Z+! as kernel, it follows that 6§ maps De! onto B¢
isomorphically.

Let now fEB?(L) be an invariant cocycle. Then f=dg for some g&D+.
By (19.6) we have 0=d.f=d.0g=0d.g. Hence d.g&Z+'. But d,g&D*,
whence d.g =0. Consequently g is invariant and by (19.2) f=8g =0: This com-
pletes the proof.

20. The bilinear form of a representation. Let P be a representation of
a Lie algebra L with V as representation space. For x, y&L define

B(x, y) = Trace (P,P,).
Then B is a bilinear symmetric form on L and
(20.1) B([x, z], y) = B(x, [z, y])

_since
B([z, z], ¥) = Trace (P(s,,Py) = Trace (P,P.P, — P.P,P,)

= Trace (P.(P,P, — P.P,)) = B(x, [3, y]).
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The following lemma will be used in the sequel.

(20.2) If L is semi-simple and the representation P is faithful, the bilinear
form associated with P is nonsingular.

This lemma is equivalent to Theorem 1.4 in the paper of Hochschild
quoted in footnote 4. This Theorem 1.4 follows easily from Theorem 1.3 of
the same paper, which is a well known theorem of Cartan. The matrix which
represents the bilinear form of a representation has been considered by
Casimir and is sometimes called Casimir’s matrix. The fact that it is regular
was essential in the algebraic proof given by van der Waerden of the full
reducility of representations of semi-simple Lie algebras.

21. The groups H%L) and H3(L). Using Theorem 19.1 we shall now
prove the following theorem.

THEOREM 21.1. If L is a semi-simple Lie algebra over o field of characteristic
0 then H\(L)= {0}, H*(L) = {0} and H¥L)> {0}.

Proof. The first part of the theorem was proved earlier. In order to prove
H?2(L) =0 it suffices to show that every invariant 2-cocycle f in L is zero.
Since f is a cocycle we have

f([xl, xz], xs) - f([xl. xa], xz) +f([xz. xs]' xl) = 0.

The first two terms cancel out since f is invariant. Hence f([xz, %3], #1) =0.
But [L, L]=L, whence f=0.

In order to prove that H*(L)#0 it suffices to exhibit a nonvanishing in-
variant 3-cochain in L. Consider the adjoint representation ad(x):y— [y, x].
Define B(x, y) = Trace (ad(x)ad(y)). Then B is a bilinear symmetric form on L.
Furthermore by (20.1)

(21.1) B([x, z], y) = B(x, [z, »]).
Now define
f(x1, %9, 23) = B([%1, x2], x3).
It follows from (21.1) that f is alternating and therefore f&C*(L). Further

f([xh x], X2, xs) + f(xl, [xz, x]r xa) + f(xlv X2, [x3» x])
= B([[xlr x.'r x2.'v xa) + B('.xl’ '.x2' x”v xa) + B([xlr xﬁ]v [x31 x])
= B([[x1, %], %], x5) — B([x1, %2, [, 25]) = 0

and f is invariant.

If £ is identically zero then B([x, y], 3) is identically zero. Since [L, L]=L
this implies that B(x, ) =0 for all x, y&L. This contradicts (20.2) since the
adjoint representation is faithful.
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As a corollary we find:

THEOREM 21.2. The first and second Betti numbers of a compact semi-simple
Lie group are 0. The third is different from 0.

As a further corollary we prove:

THEOREM 21.3. The n-dimensional sphere S™ is a group manifold for the
values n=1, 3 only.

Proof. Suppose that S" is a group manifold and # > 1. Since S" is compact
it can be represented as a Lie group G. Since »>1, S is simply-connected
and therefore, by Theorem 16.1, G is semi-simple. The preceding theorem
then implies that n=3.

22. Relative cohomology groups. Let L’ be a subalgebra of a Lie algebra
L over a field of characteristic 0. A cochain f&C?(L) will be called orthogonal
to L’ provided the following two conditions hold

(22.1) flxy, + -, 2) =0 if x, € L,
(22.2) d.f=0 forx & L.

These cochains form a subspace C4(L, L") of C¢(L).

(22.3) If fi€C?(L, L') and f,€CY(L, L’) then fi[1f2ECP*2(L, L’').

Clearly fi[1f satisfies condition (22.1). Condition (22.2) follows directly .
from (19.4).

(22.4) If f€C«(L, L') then ofcCo+ (L, L').

Indeed for x&€L’ we have (8f)(x, %1, « « +, xg) =(dzf) (%1, - * -, xg) =0 if
xEL’ and d.8f=8d.f=0.

We define Z¢(L, L')=Z«(L)NC«(L, L") and B¥(L, L") =8C+*(L, L")
for ¢>0 and B%L, L’)=0. The relative cohomology group of L mod L’ is
then defined as the quotient space H%L, L’)=Z<L, L")/B%L, L'). The
cohomology ring H(L, L’) is defined similarly as in §14.

Theorem 13.1 combined with Theorem 2.3 and de Rham’s theorem then
imply the following theorem.

THEOREM 22.1 Let G be a compact connected Lie group, H a closed connected
subgroup of G and M the homogenous space G/H. Let L be the Lie algebra of G
and Ly the subalgebra corresponding to H. Then the cohomology groups H*(L, Ly)
and HY(M) are isomorphic and the rings H(L, Ly) and H(M) are ring iso-
morphic.

We remark that if L’ is an ideal in L then condition (22.2) is a consequence
of (22.1). Every g-cochain of L orthogonal to L’ may therefore be regarded
as a g-cochain of the quotient algebra L/L’ and vice versa. This corre-
spondence commutes with § and thus gives H*(L, L")~ H(L/L’).
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CHAPTER IV. COHOMOLOGY GROUPS ASSOCIATED WITH A REPRESENTATION

23. Definition of the cohomology groups. Let L be a Lie algebra over a
field K of characteristic 0, and let P be a representation of L by linear trans-
formations of a vector space V of finite dimension over K. A g-linear alternat-
ing mapping of L into V will be called a g-dimensional V-cochain or shorter
g-V-cochain. The g¢-V-cochains form a space C?(L, V). By definition
C(L, V)=V.

We define a linear mapping f—éf of C%L, V) into C*(L, V) by the
formula

@) (=1, - -+ 5 Xat1)
g+1

__‘1"2(—1)""11’( N
23.1) g¢+1 P(w)f (@, ooy #y o Fer)

+ __1_. Z (- l)"+"+1f([x.', xi]" Fry o vy By c o, &y, Xgg1).
g+ 1
If g=0 then fE V and &f is defined by
(¢f)(x) = P(x)f.
We propose to prove that
(23.2) 3f = 0.

A direct proof would be quite cumbersome. We shall give a short proof based
on some auxiliary concepts that will be needed in the sequel.

For each x€L we define a linear mapping d.:C«L, V)—C«L, V) by
setting

@) (s, -y %) = Palfa, -+, 2] = f([mn, 2], 200 - -+, 1)
23.3

( ) — e = flxy, - - -, x,,_;[xq, z]).
If ¢=0, d. is defined by

d.f = P.f.

For x &€ L we also define a linear mapping f—f; of Ce+'(L, V) into C*(L, V) by
setting

(23'4) fz(xlr ] xa) = (q + l)f(x, X1, 0, xﬂ)' '

A direction substitution into the definitions yields the following two formulae,
for x, yEL and fEC«(L, V)

(23.5) (d2f)y = do(f) — fw.ons
(23.6) 6f)z = dof — 8(f2).

We shall now prove that
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(23.7) dyd.f — dodyf = diznif
which expresses the fact that x—d, is a representation of L. If fECY(L, V)
then (23.7) becomes P,P,f— P.P,f =Py, f which is true since P is a repre-
sentation. Assume that (23.7) has been proved for all f€C*(L, V) and let
feC(L, V), ¢>0. Then for every &L we have by (23.5)
(@yd2f): = dv[(dzf)t] = (@:f) ten

= dyd.(f2) — dy(fie.21) — @)t

= dyd.(fs) — @uf) 12,21 — futest) — (@f) e
Therefore

(@482)s — (@odyf): = dy@a(f) + frtewtz1 — Ady(fe) — fite.z1m
= dz)(f2) — fretzam = (@rzf)=

Since this holds for each zEL, (23.7) follows.
Next we prove

(23.8) 8d.f = d.bf.
If fEC(L, V) then
(@80)(%1) = P.[of(21)] — 8f([%1, 2]) = PoPsf — Piaynif
= PoP.f = P (dsf) = (3d.f)(1)
and (23.8) is proved in this case. Assume now that (23.8) has been proved for
allfECe(L, V) and let fEC(L, V), ¢>0. Applying (23.5), (23.6) and (23.7)
gives
(8d2f)y — (@8f)y = dydof — 5[(d&f)v] - d:[(‘sf)v] + @)=
= dyd.f — dd.fy — 5(flv.zl) - dz[(‘sf)v] + dw.af — 5(f[v.=l)
= dyd.f — 8d.(fy) — ddyf + d5(f)) + duy.af
= dA(fy) — 8d.(fy) = 0.
Since this holds for every y& L, (23.8) follows.
We can now prove (23.2). If fEC%(L, V) then 2(38f) (x1, x2) = P., [(3f) (x2) ]
—P,,[(3f) (x1) ] +8f([x1, #2]) = PuyPorf — PayPorf+Prayinf =0 which proves

(23.2) in this case. Assume now that (23.2) holds for all f&C+ (L, V) and
let fECY(L, V), ¢>0. Then by (23.6) and (23.8)

(88f) = = dabf — 3[(8/):] = d.3f — bdof + 88(7.) = O.

Since this holds for every xEL, (23.2) follows.

Having proved that 83f=0 we define the space Z¢(L, P) of g-P-cocycles
as the kernel of the transformation §:C?—Ce*!, and the space B4(L, P) of
g-P-coboundaries as the image 8C¢!. By definition B®(L, P)=0. The
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cohomology groups of L over P are then defined as the quotient space
He«(L, P)y=Z«L, P)/B«L, P).

Since H%(L, P) =Z°L,P) and (6f)(x) = P.ffor every x &L and fEC*(L, V),
we conclude that:

(23.9) H'(L, P) is the subspace of the invariant elements of V.

For ¢>dim L we have H4L, P)=0.

24. The case of semi-simple algebras.

THEOREM 24.1. If L is a semi-simple Lie algebra over a field of character-
istic 0, and P is an irreducible and nonirivial representation of L then
H(L, P)=0 for all dimensions q.

This theorem shows that in the semi-simple case nothing is gained by
studying cohomology groups over representations. In fact any representation
P decomposes into irreducible representations and this carries with it a direct
decomposition of the cohomology groups. Hence H¢(L, P) is isomorphic
with the direct sum of several copies of H4(L).

A proof of Theorem 24.1 could be derived from Theorems 2.2 and 10.1 by
the application of the unitary trick. The following proof is algebraic(8).

Since the representation P is not trivial, the kernel Lo of P is not all of
L, since L is semi-simple there is an ideal L, in L such that L is the direct

sum of Ly and L;. Let y1, - - -, ¥, be a base in L,. Since the bilinear form
B(y, 2) associated with the representation P of L, is nonsingular we can
select a dual base zy, - - -, 2, for L; such that

B(i, 35) = b5

For each x €L we have [y;, x] €L, and therefore [y;, x]= D, ciy;. Similarly
[x,2:]= 2 -1 dijz;. We shall prove that c;;=d.;. Indeed we have B([y;, x], 2,)
=B( 2 icatyi, 3j) =cs; and similarly B(y;, [x, 2;]) =d:;. Hence e;;=d;; by
formula (20.1). This implies the following two propositions for-any x&€L and
any linear function f of L to V.

(24.1) i:lP[w.z]f(zi) = Z")l Py f([x z]),
(24.2) > (PuPresa = Pus,aPsd = 0.

=1
Consider the linear transformation of V into itself
I'= > P,P..
i=1
Since the trace of T is n it follows that I'#0. Further

(18) Cf. J. H. C. Whitehead, Certain equations in the algebra of a semi-simple infinitesimal
group, Quart. J. Math. Oxford Ser. vol. 8 (1937) pp. 220-237.
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TP, = Z PyP,P, = Z Py.'(P[z.ﬁ.] — P,P,P,,)

tm=1 fo1

= Z (PwP(z,s.‘] - -P[y.'.z]Pz.‘ + PzPyP.;) = P,I‘.

fm1

Since I' commutes with each P; the space I'( V) is an invariant subspace of V.
But the representation P of L is irreducible hence I'(V) =V and T has an
inverse I'1. Clearly I'''P,=P,I',

Let f€ECYL, V) and let A be a linear transformation V—V. Then
AfeCe(L, V). A direct computation shows that

(6Af - A5f)(x1, Tty xq+1)
24.3 1 oi?
(24.3) = T DR AP B )

~ Suppose now that f is a cocycle. Consider. fhe cochains f,,&C}(L, V)
and let g= 3%, P,.fu. Then

n

og = Z (BPyifes — Pyidfss) + Z Puiafn’

tm=1 fa]

and by (23.6)

8¢ = 2 (3Pyifss — Pysdfes) + 2 Pyiduf.

=1 =]
Hence by (24.3)
@g)(x1, - - -, xq)
q

n l .
= Z - 2 (_ 1)'+1(PziPw - Psz;)fu(xlv s, Ry e, xc)

i=1 { jm1

n

+ E Pw(dﬁf)(xlr ] xﬂ)

fom]l

n q

= 2 2 (— 1)i+lP('m'.zy'lf(ziy Xyt Ry, xq)

fe=] ja=l
n

+ EPyiPtif(xl’ Tty xq)

fm=1

n g

- E 2 (_ l)i+lPﬂ‘f([xiv Z.’], Xyt Ry e e, xo)'

$=1 jml

The two double sums cancel in view of (24.1) and therefore dg =TYf. Since I'?
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and P, commute, (24.3) implies that éI'-lg=I'"15g=T"'I'f=f. Hence f is a
coboundary, q.e.d.

25. The group HY(L, P). A detailed discussion of the connections be-
tween the first cohomology groups and derivations in a Lie algebra is given by
Hochschild(4).

THEOREM 25.1. A Lie algebra L over a field of characteristic 0 is semi-simple
if and only if H'(L, P) = {0} for every representation P of L.

Proof. It follows from (16.6) and Theorem 24.1 that if L is semi-simple
then H(L, P)=0. To prove the converse, consider any representation P of
L with representation space V and let U be an invariant subspace of: V.
Choose a subspace W of B (not necessarily invariant) such that Vis the direct
sum of U and W. For each x €L denote by P, the transformation P, treated
as a linear transformation W— V. Clearly

Pz=Qz+Rx

where Q;: W—U and R,: W—W are linear in both x&L and w&W. Let S
be the space of linear mappings W—U. Then Q.€S. For s&€S and xEL
define T.sES by

T.s = P,s— sR..
Since
P,P. =P.0. + P.R., = P.Q. + QuRa + Ro,R..

and B,,P,,— P, P.,= Py, ., it follows that

Ryz,z) = R,R., - R, R,
(25.1) Qe = T:0+ — T:Q2,
Since
- (T:5)R..

Tz’T:zls = Pz'szls
ZSP"S - Pz,SRzl - P’lSR’2 + st’Rg

therefore
TnTos — T4 Teys = PoPos — P P.s + sR,R,, — SRR,
= Plzvzzls - SRlzx-zzl = Tl’x-'zl&

This shows that T is a representation of L with S as representation space.
Then QEC'(L, S) and condition (25.1) means that Q =0. Since H*(L, T') =0,
Q is a coboundary. Hence there is a linear transformation so€.S such that

Q: = T.s0 = sto — soR ..

Hence
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Pz=Qz+Rz=sto_soRz+Rz
which implies
(25.2) P.(w — so(w)) = (R, — seR)w

for each xEL, wEW.
Define
Hw) = w — so(w).

Since so(w) € U, t maps W isomorphically onto some subspace W of V and V
is the direct sum U-+W. Condition (25.2) then becomes P.(tw)=t(R.,w)
which shows that W is invariant under P.

26. Extensions of Lie algebras. In this and the following section it is
not assumed that the groundfield is of characteristic 0. Consequently the
factor 1/(g+1) in the formula for the W coboundary will be omitted.

Let L* and L be two Lie algebras and ¢:L*—L a homomorphism of L*
onto L. The pair (L*, ¢) is called an extension. The kernel V of ¢ is called the
kernel of the extension. If [V, V]=0 the extension is said to have an abelian
kernel. An extension is called inessential if there exists a subalgebra L’ of L*
which is mapped by ¢ isomorphically onto L. As a vector space L* is then
the direct sum L'+ V.

The proof of the following theorem is identical with the proof of an an-
alogous theorem established by Hochschild(*) for associative algebras.

THEOREM 26.1. If every extension of L with an abelian kernel is inessential,
then every extension of L is inessential.

The extensions of L with an abelian kernel will be now studied in greater
detail. Let (L*, ¢) be such an extension with kernel V. We select a linear
mapping #:L—L* such that ¢u(x) =x for each xEL. For each xEL we then
have a mapping P.v= [v, u(x)] of V into itself. Since [V, V]=0 it can be
easily verified that P, is independent of the choice of . Further P,P,y— PP,
= [[’D, u(x) ]’ u(y) ] - [[vv u(y) ]v u(x) ] = [v» [u(x)v u(y) ]] = [vt u( [xv y])l
= P|.41v, and therefore P is a representation of L with V a representation
space.

Suppose now that the space V and the representation P of L in V is given.
Any pair (L*, ¢) where ¢ is a homomorphism of L* onto L with kernel V,
such that [V, V]=0 and which leads to the given representation P, will be
called an extension of L by P. Two such extensions (L}, ¢1) and (L3, ¢2) are
isomorphic if there is an isomorphism 6:LY¥—Lj such that 6(v) =v for vEV
and that ¢ =¢.0.

Given an extension (L*, ¢) of L by P we select a linear mapping #: L—L*
with ¢u(x) =x. Since ¢([u(x), #(¥)]) = [x, y] =¢u([x, y]) therefore there is an
element f(x, y) € V such that

[(2), w(3)] = f(x, ¥) + ([, y]).
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The function f is called the factor set corresponding to the function «. Clearly
fis a 2-V-cochain.
For x, y, 2&L we have
[[u(x), w(9)], u(z)] = [f(x, 3), w(z)] + [w([=, y]), ()]
= P,f(x, y) + f([xv y]’ 2) + “([[xt y]t z])

Therefore Jacobi's identity gives

P.f(x,y) + Pyf(z, x) + P.f(y,2) + f([x' y]’ 3) + f([z' x]v y) + f([yvz]’ x) =0
or (8f)(x, ¥y, 2) =0. It follows that the factor set f is a 2-P-cocycle.

If % is a different linear mapping #:L—L* such that ¢#(x)=x, then
h(x) =4(x) —u(x) €V and % is a 1- V-cochain. If f is the factor set correspond-
ing to #% then

f(x, y) = [a(x), a(9)] — a([x, y]) = [w(x), ()] + [k(x), u(3)]
+ [u(x), B(3)] + [a(=), ()] — u([x, 3]) — k([=, y])
= f(z, 9) — [P.h(y) — Pyh(x) + k([ y])]
so that
f=f—sh

This proves that the cohomology class of f is independent of the choice of u.
Thus to each extension (L*, ¢) corresponds a definite element of H%(L, P).
Clearly two isomorphic extensions determine the same element of H2(L, P).
Given an element of H2(L, P) a corresponding extension can be constructed
as follows. Let f be a cocycle belonging to the given element of H2(L, P). As a
vector space L* is the direct sum L+ V, with ¢(x, v) =x and u(x) = (x, 0).
Commutation in L is defined by the formula

[(x1, 21), (%2, 92)] = ([%1, x2), Puyor — Popps + f(21, 23)).

It is further easy to see that an extension is inessential if and only if the
corresponding cohomology class is zero.
This implies the following theorem.

THEOREM 26.2. The elements of H*(L, P) are in a 1-1 correspondence with
isomorphism classes of extensions of L by P.

COROLLARY 26.1. In order that every extension of L over P be inessential ¢
is necessary and sufficient that H*(L, P) =0.

Combining this with Theorem 26.1, we find:

THEOREM 26.3. In order that every extension of a Lie algebra L be inessential
it is necessary and sufficient that H*(L, P) =0 for every representation P.

In view of Theorems 21.1 and 24.1 this condition is satisfied when L is a
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semi-simple Lie algebra over a field of characteristic 0. Thus we obtain Levi's
theorem:

THEOREM 26.4. If L is a semi-simple Lie algebra over a field of characteristic
0, then every extension of L is inessential.

27. Irreducible extensions. Exterior center. An extension (L*, ¢) of L
by a representation P will be called srreducible if there is no proper sub-
algebra of L* which is mapped by ¢ onto L. Let V; be a proper invariant sub-
space of V. This implies that V; is an ideal in L* and L*/V; may also be
regarded as an extension of L. It is easy to see that (L*, ¢) is irreducible if and
only if the extensions L*/V, are essential for every proper invariant subspace
V), Of V.

We shall now consider extensions (L*, ¢) corresponding to the trivial rep-
resentation of L in V. Such extensions are called central, because V is then
in the center of the extension. These extensions are in a 1-1-correspondence
with the element of the cohomology group H%(L, V) (we write V instead of the
trivial representation of L in V).

Any linear map V—7V; induces in the obvious way a homomorphism
H*(L, V)—H?*(L, V). In particular every linear functional v on L (with
values in the ground field) induces a homomorphism v, of H?(L, V) into H2(L).
This way every element e€H?(L, V) determines a homomorphism

®,: Vo HY(L).

LemMmA 27.1. The correspondence e—><§, .establishes an tisomorphism of
H(L, V) with the space of all linear maps V—H?(L) of the conjugate space of
V. into H(L).

The proof is simple and is left as an exercise to the reader.

Each central extension E = (L*, ¢) of L with kernel V determines uniquely
an element of H2?(L, V) and this in turn determines a linear map ?ﬁH’(L)
that we shall denote by ¢xz. Thus E—¢g establishes a 1-1 correspondence be-,
tween the equivalence classes of extensions E and the linear maps V—HXL).

THEOREM 27.1. A central extensior. E=(L*, ¢) with keinel V is irreducible
if and only if the corresponding linear transformation ¢g: V—H?(L) is an iso-
morphism into.

Proof. Suppose that E is not irreducible. There is then a proper subalge-
bra L’ of L* which is mapped by ¢ onto L. Then V/=L’NV is a proper sub-
space of V and there exists a nonzero element € ¥ which annihilates V’. Let
u:L—L’ be alinear map such that ¢u =identity. The factor set corresponding
to this » will have values in V' and therefore will be annihilated by v. Hence
¢xv=0, which shows that ¢ is not an isomorphism.

Conversely, let 9EV, 950, and ¢zp=0. Let V'’ be the space of zeros of
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v and let V' be a subspace of V such that V is the direct sum V'+ V'’. Let
u:L—L* be a linear map as before and let f&€Z2(L, V) be the corresponding
factor set. The cocycle f determines cocycles f'€Z*(L, V') and f"'€Z*(L, V'’)
such that f=f'+f"". Since of is a coboundary it follows that f’/ is a co-
boundary. Let then f’’ =6k where #€6C(L, V'’'). Replacing the function
u:L—L* by
4(x) = u(x) + h(x)
we find that the factor set is
y=f—08h={f.

Then L’ =#(L)+ V' is a proper subalgebra of L* and ¢ maps L’ onto L. Thus
E is not irreducible.

Consider now the case when V=conjugate space of H%(L). Let ¢ be the
natural isomorphism of V with H?2(L). Then there is a central extension
E=(L*, ¢) with kernel V such that ¢z=¢. It follows from the previous

theorem that E is irreducible. The kernel of ¢ is then called the full exterior
center of L. We can therefore state the following theorem.

THEOREM 27.2. H2(L) is the conjugate space of the full exterior center of the
Lie algebra L.

28. The relative case. The definition of §22 will now be carried over to
the case of cohomology groups over a representation. Let L be a Lie algebra
over a field of characteristic 0, L’ a subalgebra of L and P a representation of
L with the vector space V as representation space.

A g-V-cochain f on L will be called orthogonal to L' if, as in §22,

(28.1) f(®y, -+, 2x) =0 ifxy €L,
(28.2) d.f=0 forx € L'.
Condition (28.1) can also be equivalently written as

(28.1") f-=0 fxe L.

It follows from (23.6) and (23.8) that if f is orthogonal to L’ then &f also is.
Consequently if we denote by C4(L, L', V) the g- V-cochains orthogonal to L’
and define

Zo(L, L', P) = Z«(L, P) N\ C«(L, L', V),
B«(L, L', P) = 6Cs(L, L', V), BYL, L', P) =0,
H«L,L', P) =Z«L,L', P)/B%L, L', P),
we arrive at the definition of the cohomology group H¢(L, L', P). As in §22 if

L’ is an ideal in L and the representation P is trivial on L’ then He(L, L', P)
~H«L/L’, P).
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The definition of H4(L, L’, P) clearly allows for a reformulation of

Theorem 13.1. )
As a generalization of Theorem 24.1 we prove the following theorem.

THEOREM 28.1. If L is a semi-simple Lie algebra over a field of character-
isttc 0, L’ is a subalgebra of L and P is an irreducible and nontrivial representa-
tion of L then HY(L, L', P) =0 for all dimensions q.

Proof. We utilize the notation of the proof of Theorem 24.1. For every
g-P-cocycle f we constructed a (g—1)-V-cochain

§= Z Pyife;
=1
such that
or-1g = f.

Assume now that f is orthogonal to L’. We shall then show that g’=I"g

is orthogonal to L’.
Let x&L’. Then

n

8z = Z (Pm‘fu)z = Z”: Pth‘(fu)z = - i Pw(fz)u =0.

tm=1 =1 =1
Since I'"! is an automorphism of V it follows that
(28.3) g4 =0 fora € L',
From (23.6) we deduce
fe=dsg' — 8(gd).

Hence for x€L’, d.g’=0. This combined with (28.3) proves that g’ is
orthogonal to L’, q.e.d.
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