ON THE THEORY OF CLUSTERS

BY
R. A. GOOD

INTRODUCTION

Modern algebra treats many varieties of algebraic systems, each subject to
its own peculiar set of postulates. Abstracted from the familiar rational num-
ber system is the field, a system conveniently described in terms of two basic
operations and satisfying a long list of axiomatic properties. As mathemati-
cians during the past century have gradually relaxed the requirements in
systems with two operations and have unveiled non-commutative fields,
rings without unit elements, and non-associative rings, these new systems
have, in many cases, found application in the sciences. More recently alge-
braists have ventured to speak of addition without the abelian property. In
this paper, we investigate the generalization of a non-associative ring ob-
tained by removing the restriction that the sum of two elements of the system
is independent of the order of addition. For such a mathematical system we
have adopted the name cluster.

The author is deeply indebted to Professor R. H. Bruck for his guidance
in this study and to E. S. Sokolnikoff for suggesting the name cluster.

The opening chapter develops general results in the theory of clusters.
The concept of homomorphism is applied and leads to consideration of ideals
Important subsets studied are the derived ring and the annihilator ideal.
Closing the chapter is a specific example demonstrating the existence of a
cluster with not-abelian addition.

The viewpoint of extension of rings is adopted in Chapter II for the pur-
pose of constructing clusters and describing various properties, special cases,
and examples of clusters so obtained. The chief result is a solution for the
problem of constructing all clusters. Specifically, Theorem 1 and the suc-
ceeding theory describe every cluster containing a given ring with the prop-
erties that the given ring contains the derived ring of the cluster and that the
additive right cosets of the given ring are in one-to-one correspondence with
a given set.

The corollary to Theorem 1 offers a theoretic solution to an analogous
problem from the theory of groups: namely, to construct every group con-
taining a given subgroup (which, in contrast to the classical extension prob-
lem, need not be a normal subgroup) with a given set of right cosets of the
subgroup.

With a different approach, in the last chapter we obtain many clusters

Presented to the Society April 27, 1946; received by the editors July 19, 1946, and, in
revised form, April 9, 1947. )

482



ON THE THEORY OF CLUSTERS 483

by imposing upon a non-abelian group, with its operation written additively,
a multiplication which will satisfy the closure and distributive laws. Clusters,
the number of whose elements is prime or the product of two primes, are
examined.

Several conventions concerning our terminology should be noted. The
word associative will apply only to the operation of multiplication, unless the
contrary is explicitly mentioned. The words abelian and commutative are
often used interchangeably in the literature; we shall however distinguish be-
tween these words: abelian will apply -only to an additive operation, com-
multative only to the operation of multiplication. Likewise we differentiate be-
tween the prefixes not- and non- in such phrases as non-commutative, not-
associative; the prefix non- designates that the system does not necessarily
possess the property: it may or it may not; the prefix not- indicates that the
system possesses at least one example of the failure of the property. The word
ring is used for a non-associative ring, that is, a system forming an abelian
group under addition, closed under multiplication, and satisfying both dis-
tributive laws. (The unit element and commutative multiplication are not
hypothesized.) If a subset of a cluster is a group under addition, we often
speak of a subgroup without writing the complete phrase subgroup of the addi-
tive group of the cluster. A similar remark applies to normal (or invariant) sub-
groups. The order of a mathematical system is the number (finite or infinite)
of distinct elements in the system. Every subset of a group generates a sub-
group, the intersection of all subgroups containing the given subset, hence
the minimal subgroup containing the given subset. According as the cyclic
subgroup generated by a single element has finite order NV or infinite order, we
say that the order of the generating element is IV or zero, respectively. Set
inclusion is denoted by &, while C will be reserved for proper inclusion.

CHAPTER [

1. A not-empty mathematical system of elements, 4, B, C, - - -, in which
an equals relation and two single-valued binary ordered operations are de-
fined will be called a cluster  if the system forms a group under the operation
of addition (+4), is closed under the operation of multiplication (-), and
satisfies both distributive laws. Symbolically, the last condition states that
A-(B+C)=A-B+A-Cand (A+B)-C=A-C+B-Cforall 4, B, C.

Thus a (non-associative) ring is a cluster whose additive group is abelian.

As usual, we designate the additive identity by 0, the additive inverse of
each element 4 by —A; we also abbreviate each sum of the form 4 +(—B)
by A —B. The method of proof customarily used in ring theory [van der
Waerden, vol. I, p. 37](?) is also applicable here to demonstrate that the

(1) References in brackets refer to the bibliography at the end of the paper. References to
sections of the present paper are enclosed in parentheses; the Roman numeral for the chapter
is omitted whenever the indicated section belongs to the chapter in which the reference appears.
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following relations are valid for all 4, B, C: A(B—C)=AB—AC; (A—B)C
=AC—BC;4-0=0=0-4;(—A)B=—(4AB)=A(—B);(—A)(—B)=AB.

2. A not-void subset of a cluster € is called a subcluster if its elements,
under the operations defined in &, form a cluster. Necessary and sufficient is
the condition that the subset contain both 4 —B and 4 B whenever it con-
tains the elements 4 and B.

Since the intersection of any number of subgroups of a group is also a
subgroup, we conclude that the intersection of an arbitrary (finite or infinite)
number of subclusters of a cluster is itself a subcluster: multiplicative closure
is readily verified.

Given an arbitrary subset of a cluster, we may thus unambiguously speak
of the minimal subcluster containing the given subset: namely, the intersec-
tion of all subclusters containing the given subset.

3. An element E of a cluster will be called a product-element if it can be
factored as the product of two elements of the cluster: E=B-C. Two product-
elements are always abelian [Taussky, p. 245; Baer, p. 638]: if BC and
AD are product-elements, then AC+AD+BC+BD=A(C+D)+B(C+D)
=(A+B)(C+D)=(A+B)C+(A+B)D=AC+BC+AD+BD and subtrac-
tion of terms AC and BD yields AD+BC=BC+AD. The set of all product-
elements generates additively a subgroup, indeed an abelian subgroup since
the generators are pairwise abelian; this subset, certainly closed under multi-
plication, is therefore a ring. We call this ring the derived ring of the cluster
and denote it by R. The derived ring may alternatively be defined as the
minimal subcluster of ® which contains all product-elements.

The derived ring may consist of the zero element alone. In fact, such
clusters are easily constructed by taking any group whatever, writing its
operation additively, and defining the products 4B =0 for all 4, B; distribu-
tive laws are satisfied. Further, multiplication is associative and commuta-
tive. These clusters, which we call trivial, possess little interest and will
frequently be rejected from our consideration. In a not-trivial not-abelian
cluster, then, (0) CRCY; the converse is false.

A well known [MacDuffee, p. 150] sufficient condition that a cluster be a
ring is that it contain a one-sided unit element. Suppose U is a left unit; then
every element 4 is a product-element: 4 = UA. The derived ring and the
cluster coincide. Occurrence of a right unit is treated similarly.

4. We introduce the summation notation ».i4 to designate the jth
multiple of the element A4, for each rational integer j; that is, > °4 =0,
Y i*14 =4+ Y iA when 720, and ) id= D "(—A) when j<O.

If a cluster possesses elements 4 and B of positive (additive) orders m
and #, respectively, then the order p of the product 4 B divides the positive
greatest common divisor of m and n. For, by the distributive laws, the
hypothesis > ™4 =0 implies Y ™(4B)=(>."A)B=0, whence p divides m;
similarly, the hypothesis »_*B=0 implies ».*(4B)=A4(2_"B) =0, whence
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p divides n. In particular, if m and » are relatively prime, AB=0=BA. By

induction, if the elements Ai, Ai, 4;, - - -+ have positive orders m,, ms,
ms, - -+ -, respectively, every product involving the factors 4,, 4,, 4j;, - - -
has order dividing the greatest common divisor of m,, ms, ms, -« - . If we

consider zero as a divisor of itself but of no positive number and interpret the
greatest common divisor of zero and zero to be zero, then the remarks of this
paragraph remain valid even if some (or all) of the factors have zero order.

Suppose the element 4 multiplicatively generates a semigroup (that is, a
system closed and associative under multiplication). Then, for each natural
number j, the product of j factors each equal to 4 is uniquely determined;
designate the jth power, as usual, by 47. Applying the results of the preceding
paragraph, if »; is the (additive) order of 47 for each j =1, then the sequence
of numbers 7, 72, 13, - - - has the property that every term is divisible by
the succeeding term. In particular, if there exists a power A* with prime order
nr, then either every higher power A%t/ where j=0, has the same order
niyj=n or else the element A is multiplicatively nilpotent (that is, there
exists a natural number ¢ such that 47=0).

5. We extend to clusters the concepts of homomorphisms [van der Waer-
den, vol. I, p. 31]. A correspondence between the elements of a cluster £ and
the elements of a cluster ¥’ is a mapping of  upon 2’ if each element 4 &
has a unique image 4’ E€Q’ and each element 4’'E8’ is the image of at least
one element 4 €X; the mapping is symbolized 4—A4’. The cluster & is homo-
morphic to the cluster €’ if there exists a mapping, 4—A4’, of L upon & which
preserves both operations: that is, 4—A4’ and B—B’ imply both 4+B
—A'+B’ and AB—A'B’ for all 4, B. A one-to-one homomorphic mapping
is an <somorphism. Homomorphism is denoted by 8~%’, and isomorphism by
L.

A cluster homomorphism involves, of course, a group homomorphism with
respect to the additive groups of the clusters. Consequently, if ~%’, then
the set & of all elements in  whose image is zero in €’ is an invariant sub-
group. This set is called the kernel of the homomorphism. We shall also call
such a set an ideal (specifically, two-sided ideal) by analogy with the termi-
nology in ring theory. The set & has the <deal property of being closed under
multiplication on either the right or the left by every element of the cluster:
thus, for all I&J and all 4 €%, the correspondences 4—A' and I—0’ imply
AI—A’0’=0’ and similarly 74—0’, whence AIES and JT4 E€J. An ideal,
then, is an invariant subgroup with the ideal property. The preceding state-
ment may be interpreted as a definition for an ideal, equivalent to the orig-
inal definition. To complete the verification of the equivalence, we let R C8
be an arbitrary normal subgroup possessing the ideal property and we con-
struct a cluster upon which & may be mapped homomorphically with & as
the kernel. Define in { a congruence relationship: 4 =B mod f if and only if
(—B+4)&E8R. We denote the class of all elements congruent to an element
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A by [4]. Addition and multiplication of classes are then defined by [4]
+[B]=[4+B] and [4]- [B]=[4B], respectively. Applying the results of
group theory and the techniques of ring theory, we readily verify that this
system of well-defined classes, [4], [B], [C], - - -, forms a cluster; we call it
the difference cluster  — &. Under the mapping 4—[4], the difference cluster
{— R is a homomorphic image of . The kernel of the homomorphism is the
set of all elements in € whose image is the class [0], precisely the subset f.

We note that every ideal is a (possibly trivial) subcluster, but a subcluster
need not be an ideal.

Granting the axiom of choice, we may choose, according to some pre-
scribed law, one representative element from each residue class modulo an
ideal &. Then if D is the representative of the class to which 4 belongs, we
may write 4 =D+, where IEJ. As I varies over all elements of &, the
sum D+ I varies over all elements of the class [4]. If 4, is similarly decom-
posed, A;=D;+1’, then 4 =4, mod & if and only if D =D,. Each decomposi-
tion is unique, for 4 =4, implies D =D, and hence I=1I'. Every element
A ER is representable uniquely as the non-abelian sum of a representative ele-
ment and an element of .

6. An important example of an ideal is the set A of all annihilators. An
element Fis called an annihilator if its products with every element are zero:
that is, if A F=0= FA4 for all A. We show that ¥ satisfies the second definition
for an ideal. The difference of two annihilators is an annihilator: 4 (F,— F3)
=AF—AF=0=FA4 — F,4 =(F,— F)4 for all 4; consequently, ¥ is a sub-
group. Choose arbitrarily FEY and B&ES; then (—B+F+B)A=—BA
+FA+BA=—BA+BA =0andsimilarly 4(— B+ F+B) =0for all 4; hence
the subgroup ¥ is invariant. The definition of an annihilator, together with
the fact that 0&E9, guarantees possession of the ideal property for d—indeed,
for any subset of A which contains 0. The annihilator ideal U, then, exemplifies
a trivial subcluster—sometimes a ring, sometimes not (contrast Examples 1
and 3, below). In order that the cluster £ be not-trivial, it is necessary and
sufficient that ACL.

Since every subset of A which contains 0 possesses the ideal property, any
subgroup of A which is normal in ® will be an ideal in .

The element —B—C+B+C is the (additive) commutator of the ordered
pair of elements B and C. Since product-elements are abelian, (—B—C+B
+C)A=—BA—-CA+BA+CA=—BA+BA—-CA+CA=0 and similarly
A(—B—C+B+C)=0 forall 4, B, C;thus every commutator is an annihila-
tor [Taussky, p. 245]. According to group theory [Zassenhaus, p. 55], all
the commutators may not themselves form a subgroup, but the subgroup
generated by them is invariant. This subgroup €, by the preceding paragraph,
is an ideal and will be called the commutator ideal; we have €.

Since a necessary and sufficient condition that addition be abelian is that
€=(0), a not-trivial cluster which is not a ring must possess not-zero com-
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mutators, not-zero annihilators, and hence proper divisors of zero; thus,
(0O)Ccecuce.

Applying the well known group-theoretic result [Pontrjagin, p. 14] that
a quotient group modulo a normal subgroup is commutative if and only
if the normal subgroup contains the commutator subgroup, we conclude that
the difference cluster  —& modulo an ideal & is a ring if and only if €CS.
In particular, 8 —¥ is always a ring.

Congruences modulo any ideal 8 contained in the annihilator ideal (spe-
cial cases are B=9Y and B=E) possess the following unusual property. If
A=A, and B=B; mod B, then AB=A4,B;; for, AB=(A4,+F)(B,+F')
=A4,B,+0, where FEY and F' &4l.

7. The derived ring R of a cluster ® is an additive subgroup possessing
the ideal property. A necessary and sufficient condition, then, that i be an
ideal is that it be a normal subgroup. That % sometimes is, and other times
is not, an ideal is illustrated in later examples of clusters (§§1.10, II11.3).

If & is any ideal in &, a necessary and sufficient condition that the differ-
ence cluster —J be trivial is that & contain the derived ring R. The suffi-
ciency is immediate, because ABERCS for all 4, B. Conversely, if AB=0
mod J for all 4, B, then the ideal & is a subcluster containing all product-
elements; hence (§3) IDR. In particular, if R is an ideal, then L— R is a tri-
vial cluster.

A sufficient condition that the cluster ¢ be associative is that the differ-
ence cluster 8 —9 be trivial. For the preceding paragraph guarantees that
every product A BEHY; consequently every product of three (or more) factors
is zero.

8. The intersection of an arbitrary (finite or infinite) number of ideals in
a cluster is itself an ideal. We have already (§2) observed that the intersection
is a subcluster; possession of the ideal property follows as in the theory of
rings.

We are therefore entitled to speak of the minimal ideal containing a given
subset of a cluster or to speak of the ideal generated by the elements of a sub-
set of a cluster: namely, the intersection of all ideals containing the given sub-
set.

The sum—or union—of any finite number of ideals in a cluster, designated
by $1+8:+ - - +3,, is the set of all elements I14+I,+ - - - +1I,, where
I,&3; for each j=1, 2, - - -, n. This set is an invariant subgroup [Pontrja-
gin, p. 16]; by distributivity, it possesses the ideal property: (Ii+1I,+

co - +I)A=LA+DLA+ - - - +1,A4 and similarly 4 > 7 I;= > 7 ,(AI).
Thus the sum of ideals is an ideal. Since each ideal is a normal subgroup, addi-
tion of ideals is an associative and abelian operation.

9. An element E of a cluster is called an idempotent provided it is not
zero and is equal to its own square, that is, EE=E#0. Certainly, EER.
Multiplicatively the element E constitutes a group.
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10. Example 1. We now cite an example to verify the existence of not-
trivial not-abelian clusters. Our illustration is a cluster of order 8; that is, it
has 8 elements. The additive group is the octic group: elements xP-+yQ;
x=0, 1, 2, 3; y=0, 1; relations between generators 4P=0=2Q, Q+P
=3P+(Q. Hence the general law of addition is (xP+yQ)+(x'P+7y'Q)
=[x+ (—1)vx’]P+[y+y']Q. The law of multiplication may be written
(xP+yQ)(x'P+v'Q) =xx'(2P) +xy'(P+ Q) +x'y(Q+P). This law is equiva-
lent to the requirements that the product of each pair of generators, distinct
or alike, is the same as their sum in the same order and that distributivity
holds. The product as we have defined it does not display the coefficients of
the generators; use of the addition law enables us to write the product in
either of the forms [2xx’—4(xy’)4(—1)='"+='v(x'y)2|P+ [xy'+x'y]Q or
[2xx" — (x'9) 24+ (—1)="¥(xy")2 ] P+ [xy’ +x"y]Q. In verifying the first of these,
we make use of the fact that the elements P+Q and Q4P each have order
two; hence, if w=0 or 1 mod 4, then w(P+Q)=wP+wQ and w(Q+P)
=wQ—+wP. Thus,

2%’ (2P) + xy'(P + Q) + a'y(Q + P)
= 222'P + (xy)*(P + Q) + («'9)*(Q + P)
= 2xx'P + (xy')°P + (2y)Q + (¢')°Q + (2y)*P
= [2xa’ 4+ (29)2]P + [xy' + «'y]Q + («'y)2P (since Q has order two)
= [2xa’ + (29)2 + (= 1)=v'+='v(x'y)2]P 4+ [2y' + «’y]Q (by addition law).
The second expression above for the product is verified similarly, after per-

muting the product-elements xy’(P-+Q) and x’y(Q+ P). The distributive laws
must now be verified.

(P 4+ yQ) {(='P + y'Q) + (=" P + y"Q)}
1) =[x’ + (= D)¥xx"](2P) + [#y' + 23" ](P + Q)
+ [#y + (= DVa"y]Q + P),

while

(2P + yQ)(«'P + ¥'Q) + (2P + yQ)(«" P + »"Q)
= [za’ + x2”]@2P) + [xy' + 2y (P + Q) + [’y + 2’5](Q + P).

When we recall that 2P and Q-+ P have order two, we realize that the factor
(—1)¥" occurring in the right member of (1) is immaterial; thus theright
members of (1) and (2) are identical. The right-hand law is checked similarly,
by making use of the fact that 2P and P+Q have order two. Our system is
therefore a cluster. Its addition and multiplication tables are displayed in the
accompanying tables, in which the left-hand summand or factor, respectively,
appears in the left column and the right-hand summand or factor, respec-
tively, appears in the top row.

@
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+ 0 P 2P | 3P 0 | P+0Q |2P+Q|3P+Q
0 0 P 2P | 3P Q | P+Q |2P+Q|3P+Q
P 2P | 3P 0 | P+Q |2P4+0Q|3P+Q| @

2p | 2P | 3P 0 P |2P4+Q|3P+Q| Q@ | P+Q
3P | 3P 0 P 2P |3P+0Q| Q | P+Q |2P+Q

0 Q |3P+Q|2P+Q| P+Q| O 3P | 2P P
P+Q | P+Q| Q |3P+Q|2P+Q| P 0 3p | 2P
2P+Q|2P+Q| P+Q | Q |3P+Q| 2P P 0 3P
3P+Q|3P+Q|2P+Q| P+Q| © 3P | 2P P 0

0 2P 3P Q P+Q | 2P4+Q | 3P+Q
0 0 0 0 0 0 0 0 0
P 0 2P 0 2P | P+Q |3P+Q| P+Q |3P+Q
2P 0 0 0 0 0 0 0 0
3P 0 2P 0 2P | P+Q |3P+Q| P+Q | 3P4Q
Q 0 |3P+Q| O |(3P+Q| O |3P+Q| O |3P+Q
P+Q 0 P+Q 0 P+Q | P+Q 0 P+Q| O
2P+Q| 0 |3P4+Q| O |3P+Q| O |3P+Q| O |[3P+Q
3P+Q| o P+Q| O P+Q | P+Q 0 P+Q 0

Multiplication is not-associative and not-commutative. The derived ring
R consists of four elements: 0, 2P, P+Q, 3P4 Q; it is a trivial subcluster and
an ideal; its difference cluster @ — % is the trivial ring with two elements.
The annihilator ideal A and the commutator ideal € coincide, each containing
the two elements 0, 2P; thus (0) CE=ACRCL. The difference cluster  —¥,
consisting of four elements, is a not-trivial ring; thus i and —9¥, although
both of order four, are not isomorphic rings. As an illustration of the theory
in §4, the ascending powers of the element P have additive orders 4, 2, 1,
1, 1, - - -, respectively; every term in this sequence of natural numbers is
divisible by every succeeding term. To be noted, also, are the facts that every
element satisfies the equation 4-4 =4 +A4, and that several pairs of ele-
ments—including the generators, as mentioned above—satisfy the relation
A-B=A4+B.

11. Example 2. By way of contrast, we may construct three other not-
trivial not-abelian clusters, all of which have the very same additive group
as that of the not-associative, not-commutative cluster in Example 1, namely
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the octic group. One of these, in which multiplication is defined by (xP+yQ)
-(x'P4+y'Q) =x(x"+3y")(2P), is associative but not commutative. Another,
where the rule of multiplication is (xP+yQ)(x'P+y'Q) = (xy'+x'y)(P+Q),
is commutative but not associative. The third, in which products are defined
by (xP+yQ)(x’P+y’'Q) =yy'Q, possesses both associativity and commutativ-

ity.
CHAPTER 11

-1. In this chapter we discuss an extension problem for clusters. Roughly,
the problem is to find a cluster which contains a prescribed ring; but formally:
given a ring & and a set I of elements, can there be constructed a cluster £
possessing a subring I such that (i) I is isomorphic to the given ring &,
(ii) M contains the derived ring R of &, (iii) the set T is equivalent to a subset
® of €, consisting of representative elements of the additive right cosets of I,
(iv) MNA = (0) ? A solution of the problem is given by the following theorem.

THEOREM 1. The set of conditions in §3 is both necessary and sufficient that
the desired cluster be constructible.

The necessity will be proved in §2, by supposing that g is known and then
deriving the set of conditions from an examination of the structure and inter-
relation of the subsets I and . The sufficiency will be demonstrated by
exhibiting the cluster (§4) and later (§7) showing that it has the desired
properties.

In the other sections of the chapter, we desire to study further the struc-
ture and properties of clusters expressed in such form. As may be surmised,
however, the construction outlined above is both powerful and unwieldy.
Although reluctant to sacrifice full generality, we were soon obliged to realize
that a reasonable amount of specialization would greatly facilitate the study.
Consequently one additional restriction is imposed in §12. In spite of this
specialization, the resulting theory which will be developed thereafter is ap-
plicable in many cases of significance. The chapter concludes with several
specific cases and examples of a contrasting nature.

2. Let  be an arbitrary cluster. Let I be any subring which contains
the derived ring R. Since M forms an additive subgroup of £, we may con-
sider the totality of right cosets of . From each coset, we select exactly one
representative element and we denote the set of these representatives by @;
convenience dictates that the zero element of { should be chosen as the
representative of I itself. In pursuit of our goal announced in §1, we adopt
a notation which may be transferred easily to the problem of extending &
(the analog of M) by I' (the analog of @). Lower case Latin letters will de-
note elements of I; Greek letters, elements of &. Hence every element R
of 2 is uniquely expressible as the non-abelian sum 7-+4p, where rEI and
p&E®. In particular, the zero element in ® may be decomposed: 0=z-¢,
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where (although it is true that 0 =z=¢€ in the given cluster ) we wish to
interpret z as the zero in I and e as the representative of the coset M. In-
stead of writing R=7r--p, we sometimes desire a coupling notation given by
[7’, P] =r+p.

Let £ contain also the element S=s+o=[s, ¢]. Then T=R+SEQ; or
t+7=T=]r, p]+[s, o]=r+p+s+o=r+(o+s+0c). Since r&M, the ele-
ment 7, representing the coset in which R4S lies, is determined by the ele-
ments p, s, o, but is independent of r. To express this functional dependence
we write 7 ='y(s| p, o) and thereby suggest that, for each fixed sEIN, there is
defined a single-valued function on ®® into @. Then there exists « €I such
that p+s+o=wu-+7; this relation shows that « is determined uniquely by
p, s, ¢ and we introduce the function g(pl_al s), defined by g(p, 0'| s)=u=p+s
+¢r-—‘r=p+s+a—'y(s|p, a). The notation g(p, a|s) suggests that, for each
fixed ordered pair of elements pE® and ¢ &, there exists a single-valued
function of I into itself. Since ¢t+7=r+u+7, we conclude that t=r+u
=r+g(p, o|s). Thus we may write [r, p]+[s, ¢] = [r+g(p, o|5), ¥(s|p, 0) ].

Since the functions g(p, a[x) and 'y(sl £, n) characterize addition in ¥, we
seek the essential properties of these functions. From the equation 0+4.S=.S,
we deduce two necessary requirements: g(e, crl s)=s and 'y(sl €, 0) = for all
sEM and all e EO®. From the associativity relation (R+S)+T=R+(S+7T)
comes another pair of necessary conditions: g(p, al s) +g('y(s| p, 0), 3r| t)
=g(p,v(t|0,7)| s+g(o, 7|8)) and v (t|¥(s| p, @), ) =¥ (s +g(o, 7| )| 0, ¥ (t] &, 7)),
each valid for all values of s, ¢, p, o, 7. Another requirement arises from the
solvability of the equation Y+S5=0 for YER®: we demand that, for all
sEM and all c €O, there should exist at least one element 7E® such that
v(s|n, o) =e.

Having completed our work for addition, we turn now to multiplication
and the distributive laws in €. Since I contains the derived ring R, every
product of elements in  lies in M. Let p be any element of &; then, for
arbitrary elements s and ¢ of MM, we find that p-s&EIM and further that
p-(s+t)=p-s+p-tin L; thus p acts as a left-operator for the additive sub-
group M and we introduce the notation p Xs for this endomorphic mapping.
A similar discussion shows that every element ¢ €® acts as a right-operator
(notation: 7 X¢) for the additive subgroup . Finally, since p-oc €M for all
p and all ¢, we have a single-valued function on ®@® into I; this function will
be denoted by pde=v&IM. In summary, for arbitrary R and S in &, their
product lies in M and we write [r, p]-[s, 0] = [rs+p X s+7Xo+pCo, €].

Four more conditions are necessary, as we find by examination of the dis-
tributive laws. In terms of our new notations, R(S+T) and RS+ RT may be
written [u, €] and [v, €], respectively, where w=rs+rg(a, 7|t)+pXs
+pXg(a,7|t)+7Xv(t| o, 7) +pTIy(t| 7, 7) and where v =rs+p X s+7Xo+pClo
+7t+p Xt4r X7+pdr. Since u =v for all values of 7, s, ¢, p, o, T, we may set
r=z and deduce the relation pXg(o, -r[t) +th"(t|0', 7) =pdo+p Xt+pr
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satisfied by all ¢, p, o, 7. Using this special equation, the equation % =v yields
rg(o, Tlt) +rX‘Y(tIcr, 7)=rXo+rt+r X7, valid for all 7, ¢, ¢, 7. In a similar
fashion we expand (R+.S)T and RT+ ST, consider the special case t=g2, and
obtain- the necessary conditions: g(p, o'| s) X1 +'y(s| p, o)Or=pCr+sXTt
+o3r and g(p, al s)t-l-”)’(slp, o) Xt=pXt+st+oXt, each valid for all
s, ¢, p, o, 7. This completes the catalog of our necessary set of conditions.

3. According to Theorem 1, the conditions enunciated in §2 suffice to
construct a cluster when a ring & and a set I' of representative elements are
arbitrarily prescribed. We now restate the conditions formally and in §4 will
exhibit the cluster. Henceforth our approach will be postulational, although
many of the later results in the chapter may easily be obtained by the
method of §2.

Let & be a (non-associative) ring with elements 7, s, £, - - - ; denote the
zero element by 2. Let T be a not-void set of elements p, o, 7, + - -, possessing
a well-defined equivalence relation; let one of the elements of T be selected
arbitrarily and called e. Let these two sets be subjected to the following
postulates, but otherwise be arbitrary.

(I) Every ordered pair of elements p, ¢ in T induces a mapping of & into
itself, symbolized by the function g(p, a| x) EC.

(II) Corresponding to each element r &, there exists a single-valued
function on I'T into T', symbolized by 'y(r| £ nerT.

(III) For all s€® and all 0 €T, there exists at least one element {¢&T
such that 'y(s| £ 0)=ec

(IV) Every element p& T is a left-operator for the additive group of &;
the endomorphic mapping is denoted by r—p Xr.

(V) Every element p& T'is a right-operator for the additive group of &;
the endomorphic mapping is denoted by r—7 Xp.

(VI) There exists a single-valued function on I'T info &; thus, given
arbitrary elements p and ¢ of T, there corresponds a uniquely defined com-
bination-element po in &.

The remaining postulates are valid for every choice of the elements 7, s, ¢
in @andp, o, 7in T

(VII) gle,a]s) =s.
(VIII) v(s|e o) = 0.
IxX)  glo,a|s) + ely(s|p o), 7| &) = glo, ¥(t| 0, 1) | s + g(a, 7| ).
(X) vt ¥(s| @), 7) = (s + glo, 7| )| o ¥(t] 0, 7).

(X1) rg(o',1|t)+r><'y(t|a,r)=rt+r>(a+r>(r.
(XI) pXgloyr|)+pOv¢|o,7) =pXt+pOe+pOr
(XTI  glo, o| )t +v(s|po) Xt =st+pXt+ 0o X1
(X1V) g(P,O'IS)XT"-‘Y(SIp,G)DT:SXT+pDT+0’DT.
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4. We proceed now to the definition of the cluster. Construct the system
{ whose elements R, S, T, - -+ - are ordered couples T'= {r, p} , where r€&
and p&ET. We call r and p the first and second components of R, respectively.
Elements R and S= {s, a} are equal if and only if both r=s and p =o0; this,
according to our postulates, is a well-defined equals relation. Define in the
system € an operation of addition: R+S=T={¢, 7} if and only if both
r+g(p, a| s)=t and ‘y(slp, o) =7. Define multiplication: R-S=T if and only
if both rs+pXs+rXo+pde=¢ and e=7. Under these two operations, both
well-defined, the system L forms, as we immediately check, a cluster.

First, addition is associative, for, with the aid of (IX) and (X):

(R+8)+T={r+g(p, o| ), v(s| p, )} + {2, }
={r+g(o, o| )+ 2(v(s| p, o), 7] 8), v(¢] v(s| p, ), 1)}
={r+gl, v(t| 0, 7) | s+g(o, 7| 9), v(s+g(e, 7| &) | o, ¥(¢] 0, 7))}
= {r, p}-l-{s-—l—g(a, 'rl ?), 'y(tl a, 1')} =R+ (S+7).

Second, R contains (at least) one additive left-identity, namely 0= {'z, e};
indeed, 0+S= {z+g(e, als), 'y(s| ¢, 0)} ={s, o} for all SEL, by (VII) and
(VIII). Third, each element R= {r, p} in ® has at least one additive left-
inverse: by (III), there exists an element » & I" such that

©) v(r|v.p) = &
using this element v, we write
4 = — g0, 0| 1);

then N = {n,»} is an element satisfying N+R =0. Requirements for an addi-
tive group are now satisfied.

Verification of distributivity still remains. The following lemma will be
convenient.

LEMMA. {m, e} +{m’, ¢} = {m+m’, €} for all mES and all m' €S.
Proof. Use law of addition, (VII), and (VIII).
With the aid of (IV), (XI), (XII), and the lemma:
RS+ T)=R-{s+glo, 7|8, v¢t| o, )}
= {rs+rg(a,rIt)+st+ng(d,r|t)
+7r X 'y(tl e, 1)+ pI:I'y(tl ¢, 7), e}
={rs+pXs+nt+rXo+rXrtpXt+pOo+pOirel
= {rs+p><_s+r)<a+p|:la,e}
+{rt+oXt+rXr+p0r, ¢
= RS + RT
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for all R, S, T. A similar computation, with the aid of (V), (XIII), (XIV),
and the lemma, verifies that (R+S)T=RT+ST for all R, S, T.

Our system of couples has been shown to be a cluster. We proceed in the
next few sections to discuss the properties and structure of this type of
cluster.

5. Since the elements form an additive group, the left-negative N of R,
described in §4, is a two-sided negative, uniquely determined by R: we write
N=—R. The components of N are therefore uniquely determined by r and
p; consequently, the element ¢ described in (III) is unique when s and ¢ are
prescribed. Since R+ N =0, we deduce the results:

s) gy m) = — 7,
©) v | o 9) = e

Since 0 is the unique two-sided additive identity, so that S+0=.S for all
SEQ, we obtain the following relations, valid for all € T':

(1) glo, €| 2) = 2,
(8) v(zlo, &) =0

When R and T are arbitrary elements of , the equation Y+R=T must
possess a unique solution Y ER. Again using {n, v} =N= —R, we find that
{y,9}=¥Y=T—R=T+N= {t+g(r, ul n), ’y(nl 7,v) }. The reader may readily
check the solution by computing {t+g(1, vl n), 'y(n| T, V) } + {r, p} and sim-
plifying the sum with the aid of (IX), (X), (3), (4), (7), (8). We observe that
¢ is independent of ¢; thus the existence and uniqueness of ¥ shows that
(III) is a weak form of the derived result: namely, for all s€®, all €T,
and all 7ET, there exists one and only one element n&ET such that
'y(s| 7, ¢) =7. In particular, the word #nfo in the statement of (II) may be
strengthened to read upon, since the functional values exhaust T'.

For arbitrary elements R and T in &, a similar discussion displays the
unique solution X €Y for the equation R+ X =T. The solution is {x, £} =X
= {n+gW, 7|8), v(t|v, )}; verification utilizes (IX), (X), (5), (6), (VII),
(VIII). In terms of components, the existence and uniqueness of X, when
r =2z, shows that, if ¢, p, 7 are arbitrarily given, then the simultaneous equa-
tions

©) go gl ) =1t (x|p B =1

possess one and only one solution for the elements x&€& and £(€T. This
statement, however, does not imply that the word #nfo in the statement of
(I) may be replaced by upon; indeed, when p and o are prescribed, the func-
tional values g(p, ol x) may not exhaust &. Likewise the solution of (9) does
not imply the existence of £€T satisfying 'y(s|p, £) =t when s, ¢, p are given
arbitrarily.
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6. Since every element p&I' is both a left-operator and a right-operator
for the additive group of &, we have pXz=2z=2Xp for all p. We also note
that € is a zero operator on both the left and the right, that is, e X7 =z=7r Xe
for all 7&€&. The proof, for the left-sided case, is an application of (XIII)
with p =€ and t=r: thus, sr+0Xr=g(e, o'| s)r+'y(s| €, 0) Xr=sr+eXr+aXr.
In similar fashion, setting o =€ in (XI) verifies the right-sided case. Analog-
ously the two results e[Jp =z = p[Je for all p&T may be obtained from (XIV)
with p replaced by € and 7 replaced by p, and from (XII) with o=g¢, respec-
tively. Summarizing this section, every product in &, either of elements in &
or of the types in (IV), (V), or (VI), such that one factor is 2 or ¢, is the ele-
ment z.

7. We have constructed a cluster £ by a process which we called exten-
sion of a ring. In order to justify our terminology, we should show that the
original ring & is isomorphic to a subset of the constructed cluster . Let I
denote the subset of & consisting of all elements with second component e,
that is, elements of the form {m, e}. Since: {m, e} +{m’, e} = {m+m’, €
by the lemma (§4) and {m, €} -{m’, e} ={mm'+eXm'+mXe+eTe, ¢
={mm’, ¢} by §6, the mapping {m, ¢} —m is an isomorphic mapping of M
upon &. Hence M is an abelian subcluster of L.

Inasmuch as every product-element has second component e, the de-
rived ring R is contained in the ring .

Let ® designate the set of all elements in  whose first component is 3z,
that is, elements of the form { 3z, u} . Except for logical precision, the sets @
and I' may be regarded as equivalent. We observe that the intersection
MNG contains only the element zero.

Every element RE&Q is expressible as the (non-abelian) sum of an ele-
ment of I and an element of @:.namely,

(10) R={rp} ={r el + {50}

Furthermore, the decomposition is unique.

The elements R and S belong to the same additive right coset of I if
and only if there exists M = {m, e} €I such that S= M+ R or, equivalently,
{s, 0} ={m, e} +{r, p} = {m+r, p}; hence, if and only if the second com-
ponents of R and S are equal; hence, if and only if the second summands in
their respective decompositions (10) coincide. Truly then & is a set of
uniquely determined representative elements, one and only one from each
right coset of the subgroup M in 8. The proof of Theorem 1 is now complete.

Every product-element in g is the sum of products of elements from one
or both of the subsets M and ©; indeed, RS=({r, e} +{z, p}) ({5, €}
+{z, o})={r, e} {s, e} + {2z, p} {5, e} +{r, ¢} {2, 0} + {2, 0} {2, o}. Hence
the derived ring is additively generated by all elements representable in one
(or more) of the following types: {rs, e} or {p Xs, e} or {r)(a, e} or {pDa, e}.
Elements of the first type alone may not generate ®. Thus a sufficient, but
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not necessary, condition that i = I is that the ring & be additively generated
by its own product-elements.

As a consequence of §6 and the preceding paragraph, a necessary and
sufficient set of conditions that the cluster £ be trivial (§1.3) is that the ring
& be trivial and every product described in (IV), (V), or (VI) vanish; thus,
rs=pXs=rXo=pdo=2zfor all 7, s, p, 0.

8. We temporarily digress in order to observe that the extension tech-
nique outlined thus far readily admits of generalization. Careful examination
reveals that the property of abelian addition in & is never used except when
multiplication in & is discussed. Consequently the construction can also be
carried through if we allow & itself to be a cluster, provided there exists in &
a subring U such that (i) U contains the derived ring of &, (ii) all the left-
operators and right-operators described in (IV) and (V), respectively, map
& into U, (iii) the operation described in (VI) is a function on I'T into U.
Furthermore, all the theory thus far enunciated remains valid, except for the
result that I is abelian.

9. A second digression leads us to the theory of groups. The classical
problem in group extension [Schreier, p. 165] seeks the construction of a
group such that it contains a normal subgroup isomorphic to a given group
and such that the cosets of this invariant subgroup form a system isomorphic
to another given group. We formulate a less restricted problem, the following:
given a group 2 and a not-empty set I' of elements, under what conditions
may there be constructed a group A such that A contains a subgroup X’
isomorphic to Z and such that there exists a complete system of representa-
tive elements (including the identity of A) of the right cosets of Z’ which will
form a system equivalent to I'? As the reader may readily check, a portion of
the construction technique applied to clusters is completely independent of the
operation of multiplication and yet fully describes the group properties under
addition. Or, approached differently, we .may extract the essentials of the
additive operation of the cluster extension by making all products vanish.
Either viewpoint demonstrates that our group theory problem admits the
following solution, expressed in the notation of §3, with Z playing the role of
the additive group of &.

COROLLARY (TO THEOREM 1). A necessary and sufficient set of conditions
that the desired group A be constructible is that the given systems Z and I" satisfy

Postulates (1), (IT), (III), (VII), (VIII), (IX), (X).

We remark that §8 allows us to dispense with the assumption of an
abelian operation in the given group Z. This completes our digressions.

10. A necessary and sufficient set of conditions that the cluster £ (§4)
be a ring is that, for all 7, p, ¢, each of the following statements be valid:
glo, €| =r; v(r|o, © =0 glo, o|2) =g(o, p|2); ¥(z|p, 0) =7(2| 0, p). Indeed,
since (§7) the cluster € is additively generated by the elements of It and ©,
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then  will be abelian if and only if the elements of M and @ are pairwise
permutable. The first two conditions named are necessary and sufficient that
every element of I permute with every element of @; the last two condi-
tions are likewise equivalent to the abelian addition for elements of . We
observe that we have tacitly assumed & to be a ring; if, as suggested in §8,
the cluster & is not-abelian, then ® will never be abelian. All of the succeed-
ing discussion in the present section remains valid for the generalized situa-
tion of §8.

A necessary and sufficient condition that our cluster § be commutative
is that, for all 7, s, p, o, the following three relations hold: rs=sr; 7 Xo =0 Xr;
pdo=0Jp. Since RS = {rs+st+rXa+pl:la, e} and SR= {sr+¢r)<r+s Xp
+op, e} , commutativity is equivalent to the relation rs+pXs+7Xo
+pdo =sr+aXr+sXp+oJp for all », s, p, 0. The three stated conditions
are apparently sufficient. The necessity of each may be seen by successively
taking p=0=¢, then s=z and p=g¢, thirdly, r=s5s=2. Note that commuta-
tivity of & is essential.

A necessary and sufficient condition that our cluster € be associative is
that, for all 7, s, ¢, p, o, 7, the following eight relations hold: (i) (rs)t=r(s?),
(i) (pXs)t=pX(st), (i) (rXo)t=r(aeX?t), (iv) (pCo)t=pX(ocX?), (V)
(rs)Xr=r(sX7), (Vi) (pXs)X7=pX(sX7), (vil) (rX0o)X7=r(cCr), (viii)
(p30) XT=p X (¢37). Indeed, by expanding (RS)T and R(ST), we observe
that associativity is equivalent to the relation

()t + (e X )+ (Xo)+ (Oe)t+ (rs) X 7
F X)X+ X)X+ (Oe) X
=r(st) +p X () Fr(eX)+pX (e Xt +r(sX7)
FoXEEX1)+reOr)+oX (ed7)

for allr, s, t, p, o, 7. The eight given conditions are certainly sufficient. By con-
sidering successively each of the following special cases in (11), the cor-
respondingly numbered condition is shown to be necessary: (i) p=oc=7=¢,
(ii) r=3, o=7=¢, (iii) s=32, p=7=¢, (iv) r=s5=3, 7=¢, (V) t=2, p=0=p¢,
(vi) r=t=32, 0 =¢, (vil) s=t=32, p=¢, (viii) r=s=¢t=2z. Note that associa-
tivity of the ring & is essential for an associative cluster Q.

A necessary and sufficient set of conditions that the element F= {f, ¢} €2
should belong to the annihilator ideal ¥ is that fr+¢Xr=fXp+¢Ip=rf
+7rXp=pXf+pp=z for all », p. The sufficiency is apparent from the
definition of the product of two elements. The necessity follows from the
demands that F{r, ¢} =F{z, p} = {r, ¢} F= {2, p} F=0. The simpler set of
conditions, namely fr=rf=¢Xr=rX¢=FfXp=pXf=¢Jp =pJ¢ =3 for all
7, p, is a sufficient set, but not necessary (cf. Example 5). Nor is it necessary
that f be an annihilator in &.

11. Our concern now is with multiplicative powers of an element of a

(11)
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cluster. We confine our attention to the special case in which the cluster 2 is
associative and commutative. However we allow & to satisfy the generalized
hypothesis of §8. If j=2 and 0 =<7 =<3, then ¢ elements each equal to 7&I" and
j—1 elements each equal to t&€® may, in a variety of ways, be combined to
form an element v&& by j—1 successive operations of one or more of the
following types: multiplication in & or any operation described in (IV), (V),
or (VI). As a consequence of the associativity and commutativity, all such
elements v are equal to vo=( + « - ((¢#£ - - - tX7T)XT)X - - - ) X7 if 1<j or to
vo=(- - (((OrX7)X7)X -+ - )X7if 1=7;in each case we abbreviate v, by
t—iXir. With such an abbreviated notation, we may express, in a form
reminiscent of the binomial theorem expansion, the first component of a
power of the element T'= {t, 7}; thus, T7={ Y., C;it"*Xir, ¢} whenever
j=2. Our assertion is easily established by an induction proof, which we omit
since it is essentially a replica of the proof of the binomial theorem.

12. Further study of the construction technique based on §3 involves
complications in generality so that the results seem more cumbersome than
valuable. We find it therefore desirable to modify the necessary and sufficient
set of conditions thus far discussed. By inserting an additional restriction
into the set, we lose the necessity but acquire a set of conditions which are
sufficient for constructing clusters and which may be diversely illustrated
with examples. The extra restriction which we select is designed to make the
first component ¢ in the sum {r, p} +{s, ¢} = {¢, 7} independent of the ele-
ment o. In other words, the mappings g(p, ¢r|x) postulated in (I) should not
depend upon . The notation may be simplified by defining x, =g(p, e| x) for
all xE€S and all pET. We now phrase our restriction formally as follows:

xV) g(p, cr[ x) = %, for all «, p, 0.

The consequences of (XV) are quite extensive. First, (7) may be re-
written as follows:

(12) Zs =3 for all o.

Second, we have observed that, given ¢, p, 7, the simultaneous equations (9),
or, in the new notation,

(13) =t  y(x|p &) =1

possess unique solution for x and £. Now however the first equation is inde-
pendent of £; thus, for each pET', the mapping x—x, is a one-to-one mapping
of & upon itself. Next, if r, p, 7 are arbitrarily given, then (13) with ¢=7,
demonstrates that the equation 'y(r|p, £) =7 is solvable uniquely for & This
statement, together with the third paragraph of §5, shows that for each rES,
the functional relationship y(r| £ 5) =¢ describes a quasigroup in I'. In par-
ticular, the quasigroup induced by the element z is a group. Before verifying
the associativity, we introduce an abbreviated notation suggestive of a
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multiplicative operation in I', namely p0'='y(z|p, o) for all p, 0. Then (po)7
=v(z|v(z|p, 0), ) =v(z+z|p, ¥(z| 0, 7)) =7(2|p, 07) =p(o7) by use of (X)
and (12). Henceforth, then, we shall consider the set I' to be a multiplicative
group with the operation denoted by po. It should be noted that (VIII) and
(8) show that e is the two-sided identity of the group I'. Another simplifica-
tion in notation is defined by sp ='y(s| p, € for all s, p. Consequently, for each
SE®, the mapping p—sp is a one-to-one mapping of I" upon itself. In terms of
the multiplication in the group I', we now have 'y(f| p, 0)=(rp)o for all r, p, o;
indeed, (12), (VIII), (X) give (7| p, 0) =7 (r+2.| p, 7(z| &, @)) =7 (3| ¥ (7| p, €),0)
=7(z| rp, o) =(rp)o. We customarily omit the parentheses and write 7pc in-
stead of (rp)o. Equation (8) becomes

(14) g0 =0 for all 0.

In (IX), we set s=g, simplify with the aid of (12), and obtain ¢,,=(¢,), for
all ¢, p, 0. In (IX), we set o =¢, utilize (VII), and obtain s,+¢,,=(s+¢), for
all s, ¢, p. In (X), we set s=z and 7=¢€ to deduce that {(pc) = (£,p)(ts) for all
t p, 0. In (X), we set c=e=7 and use (VII) and (VIII) to deduce that
t(sp) =(s+1)p for all s, ¢, p.

For our later work, it will be convenient to collect together, with the
simplified notation, a set of postulates equivalent to the set (I) through
(XV) inclusive.

13. Let the (non-associative) ring & with elementsr, s, ¢, - - -, be given;
denote the zero element by z. Let the multiplicative group I" with elements
p, o, 7, - - -, be given; denote the identity element by e. Let the ring © and
the group T be subject to the following postulates, but otherwise arbitrary.

(I') Every element p &I induces a oné-to-one mapping of & upon itself,
denoted by r—7,.

(I1") Every element r & induces a one-to-one mapping of I" upon itself,
denoted by p—7p.

(IV’) Same as (IV).

(V') Same as (V).

(VI’) Same as (VI).

The remaining postulates are valid for all 7, s, ¢, p, o, 7.

(IX') s+ 2o =5+ ta.

(Ix’) (t)s = too.

0.9 s(po) = (sop)(s0).

(X) t(sp) = (s + Do

(X1) rt, +r X (for) =rt+rXao+rXr.
(XI11') pXt,+pO(er) =pXt+pOao+pOr.

(XIIT) st +-(sp0) X t=st+p X t+ o X4
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X1V’ s X1+ (spe)Or=s X1+ pOr+ocC7.

THEOREM 2. The set of postulates of §3 with (XV) adjoined is equivalent to
the set just enunciated in §13.

That the earlier set implies the latter has already been shown. For the
most part, the converse will be left to the reader. We shall however indicate
proofs of the analogs of (VII) and (VIII), namely:

(15) Se=Ss for all s,
(16) Se = € for all s,

Postulates (I’) and (IX’') prove (15): the elements f, exhaust &, and
(t)e=tee=t.. Equation (16) is a consequence of the group property in T, of
(X"), and of (15): se=s(e€) = (sc€) (s€) = (s€) (s€).

14. The set of primed postulates therefore suffices to permit the con-
struction of a cluster & whose elements are couples and in which addition is
given by the rule {r, p} +{s, ¢} = {r+s,, spc}. We investigate further the
set ® (§7) of elements having the form {2z, p}. Since {z, u} + {z, u'}
= {z+z,u, zup’ } = {z, uu’ } , the mapping {z, u{—u demonstrates that the set
® forms an additive group which is isomorphic to the multiplicative group I'.

THEOREM 3. Given a ring © and a group T, the set of conditions in §13 is
both necessary and sufficient for the construction of a cluster ® possessing a sub-
cluster M and an additive subgroup ® such that (i) M is isomorphic to the given
ring &, (ii) M contains the derived ring R of &, (iii) the elements of ® constitute
a complete system of representative elements of the additive right cosets of M,
(iv) the system ® under addition is isomorphic to the given group T.

The sufficiency has already been shown: the necessity, analogous to the
discussion of §2, is left to the reader.
Again the system & in Theorem 3 may be generalized as described in §8.

COROLLARY. Given two groups Z and T', then the additive portion of the postu-
lates of §13—namely, (1'), (I1"), (IX"), (AX""), (X’), (X'")—is a necessary and
sufficient set of conditions for the construction of a group A containing a sub-
group =' isomorphic to T and a subgroup T isomorphic to T' such that the ele-
ments of T'' constitute a complete system of representative elements of the right
cosets of Z'.

For the proof, compare Theorem 3 and §§8, 9.

In the cluster €, since MG and G+T', we note that — {m, e} = { —m, ¢}
and —{z, u} = {z, p~1}. Therefore, if w=p=1, the solution (§5) of the equa-
tion {z, p} +X= {t, e} shows that the (unique) solution x €& of the equation
x,=t is x =t.. Thus, for each pET, the inverse of the mapping r—r, is the
corresponding mapping induced by p~!. Similarly the solution (§5) of the
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equation Y+ {r, e} ={z, 7} shows that the (unique) solution nET" of the
equation rqp=7 is n=(—r)7. Hence the inverse of the mapping p—7p is the
corresponding mapping induced by —r.

For reference, we cite the following relations among the components of
R= {r, p} and its negative N = {n, v} = — R; each equation follows from the
definition of N or from the preceding paragraph.

an n=(—1), or r4+mn, =3z, where w = p~1;
(18) v = (np)™! or npv = ¢;

n=—(r) or nt+r =z
(19) v=(—1r)p? or v =pL

Immediate application of (XI'), (XIII') (XII’), (XIV’) yields the follow-
ing results for all ¢, p, o, 7:

(20) tXp+tXeo=1tX(ps);
(21) pXt+aXt=(pg) Xt
(22) pOe+pO7 = pO(o7);
(23) pOr+4+ o007 = (po) .

A derivation of (20) will indicate the method of verifying the others. By
(12), (14), (XI’), we have ¢ X (po) =tz,+t X (zpg) =tz+tXp+tXa=tXp+tXo.
An induction proof based on (22) and (23) reveals that (p2 - - - pa)
CI(o102 « - - 01) = D ey 2 b1(pio;) for all p;E€T, all o;ET, all k21, all
k=1

Corollaries of the preceding paragraph are the following relations, valid
for all ¢, p, o, 7: (i) ¢X(po)=tX(op), (ii) (po)Xt=(0p)X¢, (iii) pI(o7)
=p(r0), (iv) (po)dr=(op)a7. The proofs are immediate, since abelian
addition in & allows the terms in the left member of each of (20), (21), (22),
(23) to be permuted.

The decomposition (10), which we may here, on the basis of Theorem 3,
symbolize by =M+, possesses some of the properties belonging to a
direct-sum decomposition, but neither I nor @ need be an ideal. In the next
two paragraphs, we inquire about the possibility that ® may be an ideal; in
§15, a similar inquiry is made concerning .

A necessary and sufficient set of conditions that any subset & of ® be an
ideal in ® is that & should be a normal subgroup in £ and be contained in 9.
The sufficiency follows from §1.6, and the first part of the necessity from §I.5.
To complete the proof, let J and R be any elements in & and &, respectively.
Both products, JR and RJ, are in R and also, by the ideal property, in .
But RINFCTIMNG = (0), whence J is an annihilator.

In particular, in order that & be an ideal, not only must the subgroup ®
be normal but also it is necessary that {z, p} € for all u€T.



502 R. A. GOOD [May

15. We consider in & the subset € of all elements g such that go =p for all
pET. Let ¢, and ¢: be any two elements of €; then g1p =gsp for all p; hence
(§14) p=(—q1)(g2p) =(g2—q1)p for all p; the set € is a (normal) subgroup in
@. In the additive group of &, therefore, x=y mod € if and only if xp =yp for
every pET. If ¢ is any element of € and u any element of T, then ¢.& G; for,
(X') and the hypothesis that ¢& € yield pu = q(op) = (g.0) (gu) = (gu0)x, hence
g.p =p for all p. The (normal) subgroup € is therefore admissible under every
mapping of the type ¢—g,.

The following result is significant: (¢+7), =g, +7, for all ¢€G, all rE€S,
all e €T, Proof: (¢g+7)s =¢-+7¢s =g-+7,. This statement is of course stronger
than the fact that x=y mod € implies x,=y, mod €. Since & is a ring, we
deduce immediately that ¢,=g¢,, for all ¢& @G, all »E&, all ¢&TI'. Proof:
gGo+r.=(q+7)e=+qos=7.+g=¢s+7,. Consequently, every mapping
s—s,, where 7 has the form (ro)~'o or the form ¢—(r0), is an identity mapping
for the subgroup €. Finally, for every p, the mapping ¢—g¢,, considered as a
transformation defined in €, is an automorphism of €. Since the inverse of
each mapping r—7, defined in & is a mapping of the same type (§14) and
since each of these mappings transforms € into itself, the assertion follows
from the first sentence of this paragraph. '

Postulates (XI’), (XIIT’), (XII), (XIV’), paired respectively with (20),
(21), (22), (23), show that, if ¢ and u are any elements of € and T respectively,
then for all »&E& and all pET, we have

24) r@g—gq) =2 (@—q)r=2 pX(@—q)=2 (@—q)Xp=2z

The first two of these relations state that every element of the form ¢—g,
is an annihilator in the ring &.

Although both I and R have the ideal property in £, we must not expect
either of them to be an ideal, since an ideal is an invariant subgroup. We
examine the question, what subgroups of I may be normal in £? If we denote
by Q the subset of I consisting of all elements Q= {g, ¢} with g€, an
answer to our question is given in Theorem 4.

THEOREM 4. The subgroup Q is normal in R, and every subset of M which is
an invariant subgroup of L is a subgroup of Q.

Proof. We first suppose that Q' is any subgroup of I invariant in { and
show that necessarily Q’C Q. Computation reveals that the conjugate of
the element M={m, ¢}EIM by the element G={sz p} is G+M—-G
= {m,,, (mp)p-l}. If MeQ’, then (G+M-G)ELQ’ for all G, whence
(mp)p~t=¢ for all p. Thus mE € and ME€LQ.

On the other hand, the properties possessed by the set € show that Q
itself is normal in {. Recalling (§§4, 14) the notation —R= — {r, p} = {n, v}
and utilizing the previous results of the present section together with (17)
and (18), we find, for all QEQ and all REY, that R+Q—R= {r+(¢+n),,
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(g+m)p-v} = {r+g+mn, npv} ={g, ] €EQ.

The subgroup Q' of Q, invariant in &, will be an ideal if and only if, for
all Q= {g, ¢} €Q/, the elements {gr, €}, {sq, €}, {gXp, €},{oXq, ¢} belong
to Q' for all 7, s, p, 0.

As a corollary, each of the following is a necessary and sufficient cond-
tion that the ring M be an ideal: (i) M=, (ii) €=, (iii) every map-
ping p—rp is the identity transformation.

§§10 and 6 and equations (24) tell us that, for all uE€T, if ¢EE, then
{g, ¢} ={q., €} mod A or {g—g., ¢} E(ANQ). Thus a necessary condition
that M be an ideal is that {r—r,,, e} E(MNYA) for all rES, all p&T. In par-
ticular, if I were an ideal and if MM YA =(0), then each mapping described
in (I’) and (I1’) could be only an identity mapping.

16. This section will discuss the multiples of an arbitrary element REQ.
Again we use the summation notation Y R to designate the jth multiple of
R, for any rational integer j. Explicitly writing the first few multiples of
R= {r, p}, we obtain

2R = {z¢}, 2R = {r, 0},
(25) 2R ={r+r,rep}, 23R = {r+ 1, + 10, (rep)p},
DSUR = {1+ 7+ Tepp + Trcemrer r(r(rop)p)p} .
In order to shorten the notation, we introduce the following two functions

of the three independent variables »&®&, p&T, and the rational integer j.
The function w[r, p, 7], with values in &, is defined recursively:

wlr, p, 0] = 2,
(26) . .
wlr, p, j+ 1] = r +(w[r, o, j])s for all 7, p, j.
The function ¢ [r, p, 7] is defined. in T' recursively:
’ ’ 0 = ’
a@n ./,[,. P, 0] = .
\l’[’» Py]+ 1]=f¢[f, pv]]'P for all 7, P’j-

Observe that both functions are defined recursively, not only for j =0, but also
for negative values of j, since x and £ are uniquely determined when x, and
7§, respectively, are given. Indeed, letting —R= — {7, p} = {#, v}, we obtain
from the fourth and third paragraphs of §5 the two following results, valid
for all r, p, j:

(28) n+ ('w[r, P’j + 1])' = 'w[r, Py ]]’
(29) wplr, o, 5+ 1]-v = ¢[r, p, 5].

We desire to show, by induction on j, that the functions w[r, p, j] and

Y[, p, j] are the first and second components of ) {7, p}, respectively; that
is,
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(30) Zj{f,P} = {w[f, p, i), ¥lr, p,j]} for all 7, p, j.

We remark that in our proofs we shall frequently write merely w[j] and ¢ [f]
instead of wlr, p, j] and ¢ [r, p, 7], respectively, if there is no possibility of
ambiguity.

To prove (30), let #€& and pET be chosen arbitrarily. Then Y °R=0
={z, ¢} = i‘w[o], ¥[0]}. Suppose the result true for j; then ) #R= Y iR
+R={w[j], ¥[j1} + {7, o} = {wlil+rua, W[i]-p} = {wli]+rua ¥ [i+1]]}.
Also, 2 #R=R+ 3 R={r, p}+{wljl, ¥[j]} = {r+w[i]. w[ilo-¥ [}
={w[j+1], w[jle-¥[j]}. Hence (30) holds for all 20. The case j<O re-
mains to be considered. Suppose the result true for j+1; then, using
(29), 2R= > MR—R={w[j+1], y[j+1]}+{n, »} = {wli+1]+npn,
npi+1]-v} = {wli+1]+np500,¥[5]}. Also, using (28), D" R=—R+ DR
= {n v} Hlw[i+1] ¢ [i+1]} = {n+@[j+1],, wli+1]p-¢[+1]} = {w[]],
w[j+1]v-¢[j+1]}. Therefore the assertion is true for all <0 and hence for
every integer j and for all 7, p. The recursive definitions in (26) and (27)
completely characterize the components of Y i{r, p}.

Our induction steps were written in detail because they prove, as by-
products, the following relations, valid for all 7, p, j:

(31) wlr, p, j + 1] = wlr, o, 5] + ryiew.its
(32) ¥[r, 0,5 + 1] = wlr, 5, jlo-¥lr, o, 51;

w[’v P, .7] = w[’» i+ 1] + nyrp.i115
33) ¥lr, 0, j] = wlr, 0,5 + Lv-¢[r, p, i + 1].

Examination of the explicitly written multiples in (25) makes plausible
the following identity:

-1
(34) wlr, 0, 7] = 2 oty forally, p, all j = 1.
=0 '
Our conjecture is easily established by induction on j. Let r&E& and pET .
be selected arbitrarily. When j=1, both members of (34) are equal to r.
Suppose the assertion true for the value j; then, by (31),

i1 i
wlr, 0, j+1] =w[i] + i = 2o rora + e = 2 e
1=0 =0

The assertion is true for j+1; the induction is complete.

COROLLARY. For all 7, p, all j 21,

-1 ¥
( E TYirp.dl ) = E T¥(r,p,41

=0 P t=1

For, by successive applications of (34), (26), (34), (27), (15),
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-1 7
r+ ( ZW:-‘]) =r+ (i, = wli+ 1] = 2 ry

=0 =0

7 ]
=re+ Zl rytil = r + Z‘{'#I-‘l-

17. Special Case A. We shall illustrate the theory of this chapter by con-
sidering two special cases and a few simple examples. Let the ring & be an
arbitrary not-trivial ring and let the group I'" be an arbitrary not-commuta-
tive group. We specialize all the mappings described in (I’) and (II’) to be
identity mappings, that is, 7,=7 and rp=p for all », p; all left-operator-
products, all right-operator-products, all combination-elements described in
(Iv"), (V"), or (VI’) to be zero, that is, pXr=rXp=p[Jo =z for all 7, p, o.
The remaining postulates of §13 are trivially satisfied. The construction of §14
yields a not-trivial, not-abelian (§10) cluster £ whose rules of addition and
mu{ltipli(}:ation are, respectively, {7, p} 4+ {s, 0} = {r+s,pc} and {r, p} - {s, o}
= {rs, €.

The cluster R is associative if and only if & is associative; € is commuta-
tive if and only if & is commutative.. The set M (§7), coinciding with the
set Q (§15), is the kernel of the homomorphic mapping {r, p} —{z, p} of 2
upon the set @ (§14). On the other hand, ® is the kernel of the homomorphic
mapping {7, p} —{7, €} of  upon M. Since both M and @ are ideals, we may
write a direct-sum decomposition: ¢ =I @ . Regardless of the element pET,
the element F= { I p} belongs to A (§10) if and only if f is an annihilator in
&. Hence ®C ¥ ; the equality holds if and only if & has no not-zero an-
nihilators. Since the commutator of any pair of elements R and S is
{2, =670 }, an element C belongs to the commutator ideal € if and only if
both CE® and the second component of C belongs to the commutator sub-
group of I'. For every rational integer j, we have )/ {r, p} = { > ir, pi } ;in
particular, — {r, p} = { —r, p~1}. If the element t€& generates multiplica-
tively a semigroup, then {t, 7}7={#/, €} for all €T and all j=2.

18. Example 3. As a specific example of Special Case A, let & be the field of
complex numbers and let T' be the group of nonsingular second order (square)
matrices with complex number elements under the group operation of matrix
multiplication. Typical operations in this cluster are:

fo (GO Qo o)t = e (G )

while

oo ol s 2 = e, Tk

and
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e G o = B0

This cluster is associative and commutative. Its derived ring R coincides with
I =L and hence is isomorphic to the field &. Since & has no proper divisors
of zero, ® =Y. The cluster L is the direct sum of its derived ring and its an-
nihilator ideal: =R ® A. The zero element is

G
G

is a multiplicative unit for the derived ring R.

19. Special Case B. We examine another special case of the theory of this
chapter by allowing & to be an arbitrary not-trivial ring and I' to be an
arbitrary (commutative or not-commutative) group subject only to the re-
quirement that the automorphism group of the group I' should contain a
subgroup A (not the identity) which is a homomorphic image of the additive
group of the ring &. Certainly A must be commutative. For each mapping
(Postulate (I1)) of T upon itself induced by an element r ES, we select the
automorphism of T' which is the image in A of » under the homomorphic map-
ping of the additive group of & upon A. We choose each mapping described
in (I’) to be the identity mapping, r,=r for all r, p; as in Special Case A,
we select pXr=rXp=p[do=z for all 7, p, 0. Verification of the remaining
postulates of §13 is immediate, since 7p is an automorphism of I" induced by
r. The not-trivial cluster f constructed by this method possesses the following
rules of addition and multiplication: {r, p}+{s, o} ={r+s, spoc} and
{r, p} . {s, a} = {rs, e}. That the cluster € is not-abelian (§10) has been
guaranteed by the requirement that A contain at least one element other
than the identity automorphism, for then there exist elements rE& and
o &I such that ro#o.

The cluster € is associative if and only if & is associative; £ is commuta-
tive if and only if & is commutative. The set Q (§15) is a proper subset of
the set I (§7), and hence M is not an ideal. The set € (§15), consisting of
first components of elements of Q, forms the kernel of the homomorphic
mapping of the additive group of & upon A. The ring M is a homomorphic
image of  under the mapping {r, p} —»{r, e} ; the kernel of the homomorphism
is the ideal @ (§14). As in Special Case A, @C ¥, the equality holding if and
only if © has no not-zero annihilators; indeed, U contains an element
F= { £ p} if and only if f belongs to the annihilator ideal of &, regardless of
the element pET. For each rational integer j, the function wl[r, p, j]= D ir

while the element
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(§16). Equations (32) and (33), with the aid of (X’’) and (19), enable us to
write relations for the corresponding function ¥ [7, p, j]: namely, ¢[r, p,+1]
=(2Xinp-¥[r, p, j] and ¥[r, p, j]=(2"Me~*-¢[r, p, j+1]. The former is
useful for 7=0; the latter, for j< —1. Respective examples are ¢[r, p, 4]
=(r+r+np-(r+r)p-rp-p and ¢[r, p, —3]=(—r—r—r)p7t-(=r—r)p!
-(—7r)p~L. If the element :&& generates multiplicatively a semigroup, then
{t, 7}i={t}, ¢} for all 7€ET and all j=2.

20. Example 4. As a specific example of Special Case B, let & be the ring
of even rational integers and let T' be the cyclic group of order four, which we
may conveniently express as the multiplicative group of fourth roots of unity.
According as s&® is congruent 0 or 2 modulo 4, let the corresponding auto-
morphism of I be the identity or the mapping — —1. To illustrate the opera-
tions in the resulting cluster , we offer

(=2} + {61} = {(=2 +6, (=91} = {4, - i},
{6,1} + {=2i} = {6+ (= 2), 14} = {4,4},
{—2,i}-{6,1} = {— 12,1}

Qur illustrations demonstrate that € is not-abelian; nevertheless, it is asso-
ciative and commutative. We note that here A is the (whole) group of auto-
morphisms of I'. Modulo the annihilator ideal, which consists of the four
elements {0, i"} with 2=0, 1, 2, 3, the difference cluster 8 — ¥ is isomorphic
to the ring 9% and to the ring &. Zero, that is, {0, 1}, and the element {0, —1}
form an ideal, the kernel of the homomorphism which maps each element
{r, i*} upon the element {r, (—1)*}; since the difference cluster modulo this
ideal is abelian, the ideal contains (§1.6), and hence—consisting of only two
elements—must coincide with, the commutator ideal €; thus € is a proper
subset of . The derived ring R, coinciding with the set Q, consists of all
elements {q, 1} with ¢=0 mod 4; since Q is an invariant subgroup, R is an
ideal (§1.7). Of note are the facts that Ris a proper subset of I and that R
is not isomorphic to &. For no not-zero element REQ is the equation RX =R
solvable for X.

21. Example 5. We conclude the chapter by examination of another ex-
ample, not an illustration of either special case, but rather an illustration of
an extension of an integral domain by the infinite cyclic group. Let the ring
& be the integral domain of rational integers; let the group I' be the group of
rational integers under the operation of addition. (Thus & and I have the
same elements!) Let the mapping r—7, be defined by r,=(—1)?r for each
p; for each rE®S, let the mapping (Postulate (II’)) of T upon itself induced
by 7 transform each element pE&T into the element p+7—(—1)?r of T'; let
each of the products p X7, rXp, and p[do (Postulates (IV’), (V’), (VI’)) be
ordinary products of rational integers, for all 7, p, o. Verification of the vari-
ous postulates in §13 is a problem in computation, which we ‘omit. The de-

Ii
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mand of one-to-one mappings in (II’) requires the solution of the equation
t+s—(—1)ts=0 for £ when s and o are known; the solution, perhaps not
apparent, as indicated in §14, is £=¢ —s4(—1)?s. The rules of operation in
¢, then, are:

i} + ol ={r+ (=D, o+ o4+s— (= 1rs};
(35) {r,p}~{s,a} = {rs+p-s+r-¢r+p-a,0} or {(r—l—p)(s-i—a),O}.

The cluster is associative and commutative.

Since {m, 0} ={m, 0}- {1, 0}, the derived ring R coincides with the ring
I and is isomorphic to the integral domain &. But R is not an ideal; indeed,
since the image of 1ET', namely 14r—(—1)r=1+4-27, under the mapping
described in (II’), is never 1 unless =0, we see that {Q contains only zero;
hence no subgroup of I, except L, is invariant in &.

Consider the mapping @ of the cluster  upon the rational integral domain
& defined by the equation ®(R) =%$( {r, p}) =r-+p. The rules of operation in
¢ immediately show that ® is a homomorphism. The kernel of this homo-
morphism is the set of all elements T for which ®(T) =0, thus elements of
the form {t, 1'} where 7= —¢. But this set, as shown by (35), is precisely the
annihilator ideal. Consequently the difference cluster  —UA=S=R. The
intersection of R and A consists of the zero element alone. Every element
R={r, p} €L possesses a unique decomposition into the ordered sum of an
element of % and an element of : {r,p} = {r+p,0} +{ —p, p}. We symbolize
this almost-direct-sum decomposition by writing 8 =R+ 9. This decomposi-
tion has more of the properties of a direct sum than the decomposition (§14)
L=R+0, for @ is not an ideal while ¥ is. In contrast to Special Cases A and
B, where we observed @ C N, here AN =(0). The annihilator ideal is not
ab?lian;fo}rexample, {1, =1} +{=2,2} = {3, —3} while{ —2, 2} + {1, —1}
=1—1,1

Corresponding to each positive rational integer d, there exists an ideal in
¢, namely the set of all elements T for which ®(7T") =0 mod d. This ideal is the
kernel of a homomorphism which maps € upon the ring of rational integers
reduced modulo d; each element REQ is mapped upon the residue class
modulo d which contains ®(R).

Besides the infinitely many ideals cited in the preceding paragraph, we
mention the ideal $; consisting of all elements {s, ¢} such that ¢=0 mod 2.
Addition in &, is componentwise: {s, ¢} + {s’, ¢’} = {s+s’, s+0’}. Since I
has additive group index two and since & contains R (§1.7), the difference
cluster 8 — &, is the trivial ring with two elements.

Since €— &, is abelian, &;2D€; and thus the commutator ideal € is con-
tained in the intersection AN S, a set consisting of all elements {f, ¢} for
which ¢ = —f=0 mod 2. On the other hand, AN F. CE; for the commutator
of {0, 1} and {1, 0}, namely {2, —2}, additively generates the subgroup
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AN F., as demonstrated by the componentwise addition in .. Thus
€=9NF,, and € is a cyclic infinite subgroup.

The functions w[r, p, 7] and ¢[r, p, 7] (§16) in the present example may
be written as follows:

jr, if p=0mod 2,
'wv,p,j]={0. if j#p=1mod2,
7, if j=p=1mod?2;
jp, if p=0mod 2,
¥lr. o j] = {j(,+,,), if j#p=1mod2,
jr+p) —r, if j=p=1mod2.

Examination of these functions reveals a necessary and sufficient set of condi-
tions that a not-zero element R have positive order: namely, that both
®(R)=0 and p=1 mod 2. Thus the set of not-zero elements with positive
order is the set of all elements {f, ¢} such that ¢ = —f=1 mod 2, hence the
set of all annihilators which do not belong to €. Each element in this set,
moreover, has order two.

From (35), if =2, then T7i={t, v}i={(¢t+7)i, 0} for all ¢, 7. Hence an
element TER is (multiplicatively) nilpotent if and only if T&€ . Thus every
not-zero nilpotent element is nilpotent of order two.

The equation RU =R can be satisfied only if RER. This condition is also
sufficient. Every element U of the form {#, 1—u}—in other words, for
which ®(U) =1—is a two-sided unit for the ring R. Of course, only one of
these elements, namely {1, 0}, itself belongs to the integral domain 9.

Cuaprter III

1. A very fruitful means of constructing clusters is the method of taking a
group with its operation written additively and defining a second operation,
multiplication, in the system so that the closure and both distributive laws
are satisfied. Certainly not every conceivable rule for multiplication is ad-
missible, but many cases may be discussed. The purpose of Chapter III is to
obtain some useful results concerning this construction technique.

In this chapter we shall use lower case Greek letters to represent rational
integers and replace the summation notation (§1.4) > *4 by ad.

2. Let T' be a non-abelian group with operation written additively. Sup-
pose I' contains a not-zero element P such that I' is homomorphic to the cyclic
subgroup generated by P. If W is any element of T' and if » is the (positive
or zero) order of P, the mapping may be symbolized by W—wP, where w is
unique modulo ». In particular, let w=m when W= P; thus 7P is the image of
P itself under the homomorphic mapping. When W’'—w’P, then, of course,
W+ W'—(w+w’)P. Upon the system I’ we impose a multiplication operation
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by defining W- W’ = (ww’) P for all W, W’. The distributive laws follow readily
since W(W'+W'")=(w[w'+w'])P= (ww)P+(ww')P=WW'+WW''; the
right distributive law is treated similarly or may be considered a consequence
of multiplicative commutativity.

The not-trivial cluster ® thus constructed is not only commutative but
also associative; for, (WW")W'’ = (ww'P) W'’ = ([ww'r ]’ )P = (w[w'w’'r]) P
=W(W'W'’). Our cluster is a ring if and only if I' is abelian. The derived ring
R of the cluster consists of the multiples of the element P;in R, the rules of
operation are: aP+B3P=(a+B)P and (aP)(BP)=(afw?)P. The annihilator
ideal U consists of all elements W such that w=0 mod »; hence W= W’ mod
o if and only if w=w’ mod ».

Since many well known (for example, [Burnside, chap. VIII; Hilton,
chap. XIV]) types of groups satisfy the requirements for I', the current con-
struction method easily yields many illustrations of associative commutative
clusters.

Of particular significance is the case of a homomorphic mapping W—wP
in which = =1; that is, when P is its own image. Then the aforementioned
rules of operation in the derived ring show that R is isomorphic to the system
N of rational integers reduced modulo v—in particular, to the rational
integral domain itself if »=0, or to the prime finite field GF(») if v is prime.
Further, the difference cluster @ — [, under the one-to-one mapping [W]—wP,
is isomorphic to R and hence also to N; thus L— A=R=N. From the view-
point of the preceding chapter, the cluster  may be considered as an extension
of N by the group which serves as the kernel of the homomorphic mapping
W—wP.

3. Example 6. As an illustration of the case where v =1, consider the
alternating group of order 12, whose elements may be expressed §P+5Q+{R
subject to the rules 3P=2Q=2R=0, Q+P=P+Q+R, R+P=P+(Q,
R+ Q=Q+R. We define a multiplication by (§¢P+27Q+¢R) - (¢’ P+7'Q+4{'R)
= (££') P. The system is a not-abelian, associative, commutative cluster. The
elements 0, Q, R, Q+R form the annihilator ideal; the elements 0, P, 2P
constitute the derived ring; 8 — ARG F(3). Every element of the cluster is
uniquely expressible as the not-abelian sum of a product-element and an
annihilator; this almost-direct-sum-decomposition—® fails to be an ideal—
we express by writing =R+ .

4. To exemplify the restrictiveness of the distributive laws and the use of
the theory of §1.4 in attempts to construct a cluster by imposing arbitrary
rules of multiplication upon an additive group, we prove that every cluster
whose additive group is the alternating group of order 12 must be com-
mutative. Indeed, the cluster may be additively generated by the two ele-
ments P and V, where V=2P+R (§3). The multiplication rules in the dis-
tributive system are then determined by the products PP, PV, VP, VV.
The first and fourth of these products are certainly commutative. Since P has
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additive order three and P+ V =R has order two, then PP4+PV=P(P+ V)
=0=(P+V)P=PP+VP; hence PV=VP.

5. The remainder of this chapter deals with topics related to finite clusters
whose orders are prime or the product of two primes. If the order is the square
of a prime, the additive group is abelian [Burnside, p. 47], and the cluster
is a ring. A much stronger conclusion, contained in the following theorem,
may be asserted when the order is a prime.

THEOREM 5. Every cluster, the number of whose elements is prime, is either
trivial or a prime finite field.

Proof. Let the number of elements be = and let 4 be any not-zero element
of the cluster L. Since 4 additively generates the whole cluster, an integer
X in the interval 0=\ < is defined by the equation 44 =X4; and \ char-
acterizes all products in &, by virtue of distributivity: («d4)(84) = (afN\)A4.
If A =0, the cluster is trivial. Otherwise, the element B=\"14, where A~\ =1
mod m, also generates £ additively, and B is idempotent. The rules of opera-
tion are now aB+p3B = (a+B)B and (aB)(BB) = (a¢B)B. The mapping aB—«
demonstrates the isomorphism =G F(r).

COROLLARY. For any prime number w, there exists one and (tsomorphically)
only one not-trivial cluster of order w.

6. THEOREM 6. Every (finite or infinite) cluster ® whose difference cluster
L — A modulo the annihilator ideal U is of prime order possesses associative and
commutative multiplication; further, if L— U is not-trivial, then { possesses one
and only one idempotent.

Proof. By hypothesis, the difference cluster 8 — 9 has only a prime number
m of elements. These elements, which are residue classes [4 ], may (Theorem
5) be designated [0], [B], 2[B], - -, (x—1)[B], with [B][B]=u[B],
where p is 0 or 1 according as € — U is trivial or is isomorphic to GF(r). Let B
represent any fixed element whatsoever from the class [B]. For each « in
0=« <, the multiple kB belongs to the class x[B]. Every element 4 €2
is congruent modulo U to exactly one of these multiples: 4 =aB mod ¥,
where 0=a<w. For all A€, 4,€%8, we have (§1.6) 44,=(aB)(a1B)
=ao BB = (aB) (aB) = A1A. The cluster is commutative. The associativity of
{ has already (§1.7) been shown in the case u=0. Suppose, then, u=1. We
choose any element B’ from the unit class [B]. Let its square be B=B'B’;
since B’ belongs to the unit residue class, so does its square; consequently
B=B’ mod U. Therefore B is an idempotent, for (§1.6) BB=B'B’'=B. If,
now, 4, A, A are any three elements of &, then (44,)A4,= ((aB)(a1B))(a:B)
= (aa;B) (s B) = acjosB = (aB) (12 B) = A(A14,). In this case, also, L is asso-
ciative. We must still prove the uniqueness of the idempotent B. Suppose C
is an idempotent; since CC = C, we have [C][C] = [C]. Now [C]=[0] implies
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CEY and therefore C=CC=0, contrary to hypothesis. Consequently [C]
must be the unit residue class in @— 9, namely [C]= [B]. Hence C=B mod ¥,
which congruence implies CC=BB and therefore C=B.

We apply the theorem in a second proof of the assertion in §4. In fact,
every not-trivial cluster & whose additive group is the alternating group of
order 12 must not only be commutative, but also be associative and possess a
unique idempotent. For, the commutator ideal € has four elements, whence
CCACK implies €=, and — ¥ has prime order three. To show also that
{—% is not trivial, it suffices (§1.7) to reach a contradiction by assuming
RCU. Since each element in A has additive order two while P and V (§4)
each have additive order three, the products PP, PV=VP, VV would all
vanish, i would consist of zero alone, and 2 itself would be trivial.

To illustrate Theorem 6 in a different manner, we recall Example 1 (§1.10).
There the difference cluster  — A has order four, the least composite natural
number, and the cluster { lacks associativity, commutativity, and an
idempotent.

7. We investigate the existence of not-trivial not-abelian clusters of order
mp, where 7 and p are distinct (positive) primes with p>m and p=1 mod .
Assume there is such a cluster. There exists one and (isomorphically) only
one group [Burnside, p. 48] which may serve as the additive group of our
cluster . The only normal subgroup (other than (0) and &) is € and hence
also U (§1.6); its order is p. Since each element not in ¥ has order 7 and since
only these elements may be factors in not-vanishing products, every not-zero
product has order m and consequently is not in ¥; therefore 8 — ¥, of prime
order m, is not-trivial. If P represents the unique idempotent (Theorem 6) in
{ and Q is any not-zero element in ¥, then the elements of  may be written
EP+7Q. The rules of addition are mP=0=pQ and Q+P=P-+\Q, where
k=p¢"/r with 8 the least positive primitive root modulo p, and where ¢
satisfies 0 <e<w. We note that the additive group of the cluster alone de-
termines ¢, independently of the choice of element Q& . The rule of multi-
plication is (§P+9Q)(¢’P+7'Q) =££'P. We observe that multiplication is
both associative and commutative. We are now in a position to complete the
proof of the following theorem.

THEOREM 7. Let w and p>m be any two distinct primes. If p#£1 mod ,
every cluster of order wp is a ring. If p=1 mod =, there exist exactly w—1 iso-
morphically distinct clusters of order wp which are neither trivial clusters nor
rings; every such cluster is associative, is commulative, contains one and only
one idempotent, and satisfies the relations R=L— A=GF(r).

Proof. Our first assertion is true, since p#1 mod w guarantees that the
additive group of the cluster is abelian.

Suppose, then, p=1 mod =. Since there exists a not-abelian group of
order 7p with elements £P+7Q such that the cyclic subgroup generated by P
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of order 7 is a homomorphic image of the whole group, we may construct (§2)
a not-trivial not-abelian cluster of order mp by defining (§P+9Q) (£’ P+1'Q)
=¢E' P. If two such clusters € and &' are isomorphic, then their idempotents
P and P’ must correspond; let any Q’ of order p correspond to Q; then
Q+ P =P+X\Q corresponds to Q'+ P'=P’'4\’Q’. This is impossible unless
e=¢’. Consequently, with m—1 choices for ¢, there are at least w—1 iso-
morphically distinct clusters & That each of these has the properties asserted
in the theorem and that no others exist are consequences of the discussion in
§2 and the first paragraph of this section.

CoROLLARY. There exists one and (isomorphically) only one not-trivial not-
abelian cluster of order 2p, where p s any odd prime.

8. Combining results of this chapter, we remark that the smallest order
possible for a not-abelian cluster is 6. There exists one such not-trivial cluster;
its construction is an application of the foregoing theory. The next smal-
lest order is 8; Example 1 illustrates this possibility and furthermore verifies
the assertion that 8 is the smallest order for a not-trivial not-abelian cluster
which fails to possess either associativity or commutativity—Example 1
possesses neither. Clusters of order 15 are abelian; one not-trivial not-abelian
cluster each of orders 10 and 14 occurs; order 12 has been exemplified; all
other integers from 2 to 15 are prime or squares of primes.
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