A SEMI-STRONG MINIMUM FOR A MULTIPLE INTEGRAL
PROBLEM IN THE CALCULUS OF VARIATIONS

BY
WILLIAM KARUSH

Introduction. We consider an integral of the form
I(S) =ff(x1, cee, XM 2, pl, . .. ’p")dxl oo dx®
A

defined for a class of n-dimensional surfaces S: z=3z(x%, - - -, ") in (n+1)-
space. The integral I(S) is to be evaluated by setting

z =z(xl - .-, x"), P =— (i=1,2---,1)
dxt
and integrating over the fixed domain 4. We seek sufficient conditions on a
surface So which will ensure that S, provides I(S) with a relative ininimum
in the class of surfaces .S which coincide with S, on the boundary C of 4.
In 1917 Lichtenstein [5](*) considered the case # =2 and by constructing
a field established a sufficiency theorem for a stfong relative minimum. He
supposed analyticity for the functions involved, and assumed for the second
variation I, a Jacobi condition expressed in terms of the characteristic values
of a boundary value problem associated with the accessory partial differential
equation. In the present paper we prove, without field theory and for the
case of general #, a sufficiency theorem for-a semi-strong relative minimum
under much less stringent analytic requirement. We also give an estimate of
the difference I(S) —I(So). We assume for the second variation a condition
of the form

L) 2 v f tidat - - - dan
A

where v is a pasitive constant, and ¢ is any variation vanishing on C. Reid
[10] has announced, but not yet published, a sufficiency theorem for a strong
relative minimum for multiple integrals.

Few sufficiency theorems for multiple integrals are known. The main inter-
est in the present paper lies in the method, which is indirect and appears to
hold promise for extension to other problems. The indirect method of proof
has been recently applied to simple integral problems by McShane [6],

Presented to the Society, August 23, 1946; received by the editors, June 21, 1946, and, in
revised form, March 4, 1947.

(*) Numbers in brackets refer to the list of references at the end of the paper.
439
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Myers [8], and Hestenes [4].

Section 1 is devoted to a formulation of the problem. In section 2 we
prove a convergence theorem closely related to the work of Morrey [7].
In section 3 we derive some properties of the Weierstrass E-function, and in
section 4 we make the proof of the main theorem.

1. Formulation of problem. We write x for the vector («x!, - - - . x"), p
for (p1, - - -, p"), dx for dx' - - - dx», and adopt the convention that a re-
peated index means summation over that index. We remark that z does not
represent a vector.

The integrand function f(x, z, ) is taken to be defined and of class C’’ on
an open set in (x, 2, p)-space, and the integral I(S) is to be understood in the
Lebesgue sense. A point (x, 2, p) will be called admissible in case it lies in the
domain of definition of f.

The region 4 is taken to be a bounded, open, connected set in #-space with
boundary denoted by C. The closure 4A+C of 4 will be denoted by 4; we
do not assume that the n-dimensional Lebesgue measure of C is zero. We
point out that the domain of integration in I(S) is the open set 4.

The surfaces S we shall consider are given in the form z=2(x), where 2(x)
is defined and Lipschitzian on 4; that is, there exists a constant B such that
| 2(21) —2(x)| <B[(x}—x%) (a1 —x%) ]2 for x1and x in 4. For such a function
the partial derivatives dz/dx* exist almost everywhere on 4, and |6z/8x‘| @ is
summable on A for arbitrary a>0. We shall often use p* to represent the
derivatives of z. A surface S: z=2(x) will be called admissible in case it satisfies
the following conditions: (i) z(x) is Lipschitzian on 4 (ii) (x, 2, ) is admis-
sible whenever x is in 4 and all the partial derivatives pi=09z/9x* exist;
(iii) the integral I(S) exists, finite or infinite.

For any function & in L, on 4, that is, integrable square on 4, we define

|42 = f h*dx.
Y

We call an admissible surface S: z=2z(x) a surface of class C' in case z(x)
can be extended to a neighborhood of 4 in such a way that the extended
function is of class C’, in the usual sense, in the neighborhood. Whenever
reference is made to such a surface without specific designation of the range
of x it is understood that the range of x is 4. An extremaloid So: z=2(x) is an
admissible surface of class C’ which satisfies the Haar-Coral condition. This
condition asserts that for every n-dimensional cube R which together with its
boundary R* lies in 4, the relation

f fdx = f Sfoivids
R B*

holds, where »v=(»}, - - -, »") is the outer normal to R*, ds is the (n—1)-
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dimensional element of area on R*, and the partial derivatives of f are evalu-
ated at So. A surface Sy is called nonsingular in case the determinant | f,i,i| is
different from zero at every point of So.

Associated with the integral I is the Weierstrass E-function

E(xy 2, p, P) = f(x’ 2, P) - f(x’ 3, P) - (P‘ - p‘)fp‘(xr z, P)

Let Sy be an admissible surface of class C’. We shall say that Sp: z=20(x)
satisfies the Weterstrass condition 11y, with constant M >0 in case the fol-
lowing properties are satisfied(2): (i) pg(x)p5(x) <M for x in 4, where the p}
are the partial derivatives of 2o; (ii) there exists a neighborhood N in (x, 3, p)-
space of the values (x, 20, po) belonging to S such that the inequality

E(x,2,$, P) 20

holds for (x, 2, ) in N, (x, 2, P) admissible with PiPi< M. For M =+ « this
condition reduces to the standard Weierstrass condition IIy. We shall have
occasion to deal only with the case M finite.

By an admissible variation we shall mean a function {(x) which is defined
and Lipschitzian on 4, and vanishes on C. The first variation I,({) of the in-
tegral I along the surface .S is given by

L) = f (& + fon)dz

where 7i={, and f;, f,é are evaluated at S,. It may be shown that a surface
of class C’ is an extremaloid if and only if the first variation along S, vanishes
for every admissible variation. The proof will be omitted. It may be made by
the method of Carson [2], with a modifrcation consisting in the use of a
device employed by Reid [9, proof of Lemma 2.2] to take care of the irregu-
larity of the boundary C.

The second variation I,(¢) of I along S, is given by

1.60) = [ 201, i
A

where
20(x; &, 79) = faul® + 2fspiiwt + fotpimtni

and the partial derivatives of f are evaluated along S,. We shall say that a
surface S, satisfies the sirengthened Jacobi condition in case there exists a
positive constant v such that

I,(6) = 4¢]|?

(?) The author is indebted to the referee for suggesting this form of the Weierstrass condi-
tion.
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for every admissible variation {. This inequality is a strengthening of the
well known necessary condition I3(¢) 20 for a minimizing surface, but is not
the only form of a strengthened Jacobi condition that may be considered.
An important necessary condition for a minimizing surface is the one involv-
ing the nature of the solutions of the Haar-Coral equation for the second
variation [9]. One way of strengthening this necessary condition is to assume
that there exists a solution of the Haar-Coral equation for the second varia-
tion which is everywhere different from zero. It may be shown that such a
strengthened Jacobi condition implies our strengthened condition. We shall
not make use of this result. For simple integral problems the two strength-
ened conditions are equivalent.
Our main theorem is the following.

THEOREM. Let So: 2=20(x) be a nonsingular extremaloid which satisfies the
strengthened Jacobi condition. Let M >0 be any finite constant with which So
satisfies the Weierstrass condition 1ly;m. Then there exists an € >0 and a neigh-
borhood ¥ of So in (x, 2)-space such that the inequality

I(S) — I(So) > min {¢, e(|z — of)" + [|2" = 2all-|2" = 24l])}

holds for any admissible surface S: z=2(x) distinct from So which lies in ¥,
coincides with Sy on the boundary C, and satisfies pip*< M for almost all x in A.

2. A convergence theorem. The convergence theorem stated below may
be deduced from the extensive results of Morrey [7]. For completeness we
present a short proof of a result sufficient for our needs.

If a function %(x) is Lipschitzian on 4 then u has partial derivatives al-
most everywhere in 4. If, in addition, % vanishes on C we may define its
partial derivatives almost everywhere on C by extending u to be zero on the
complement of 4 and using the derivatives of the extended function. It is
in this sense that we shall interpret partial derivatives on the boundary C
for a function which vanishes on C. By writing % as the difference of two non-
negative Lipschitzian functions it is easy to show [9, Lemma 2.1] that the
partial derivatives #.: vanish almost everywhere on C.

THEOREM 2.1. Let {u..} be a sequence of admissible variations with

f (ui + wiwi)dx < const. (@=1,2,--:;anot summed),
A

where w4 =ui. Then there exists a subsequence {up} , and n+1 functions
o, T4 each tn Ly on A with the following properties:

)] f [U(x)us + Vi(x)w;]dx —»f [U(x)uo + V‘(x)r;]dx asB— »
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for U, Vi arbitrary functions in L, on A and e an arbitrary measurable subset
of 4;

(ii) f_(ﬂp — %g)2dx— 0 asff— »;
i
(i) there exists a sequence {vs} of admissible variations such that

fz [(ws — u(.)2 + (x; - r;)(x; - xé)]dx—»O as B— « (B not summed),

where Ky =1vp,.

In the proof we shall use freely concepts and results from the theory of
Banach spaces. We denote by B the Banach space of all functions g in L, on

A with norm
1/2
= 2d .
lel = ( [, ¢125)

Observe that this norm differs from the norm ||g|| introduced in the previous
section in having 4 for the domain of integration instead of 4. Let B, be the
Banach space of all sets (g° g', - - -, g") of n+1 functions in L; on 4 with
norm

e, g - - - glle = lleells + llglls + - - - + gl

Observe that since %, =% =0 almost everywhere on C we have

2.1) || sty m,)”: = ”(u.., r:., s, 1r:)||f < const. (a=1,2,---).
We first establish a lemma.

LEMMA 2.1, Let {u,, satisfy the hypotheses of the above theorem. Then there
exists a subsequence {up and a function uo in B such that

||s — w4ol|1— 0 asf— o,

It is sufficient to prove the lemma for 4 a hypercube, since we may extend
each u, to be zero outside of 4 and then consider the sequence {#.} in a large
hypercube containing 4. From the relation (2.1) we see that the sequence
{ua} will satisfy the appropriate norm inequality in the hypercube. For the
details of the proof in this case we refer to Theorem 8.3 and Lemma 8.3 of
Morrey [7].

To prove the theorem we suppose that a subsequence of {u.} has been
selected according to the lemma which converges in norm in B to some
function #, in B. We retain the same notation for the subsequence. In 8,
the sequence (%4, m3) (@=1, 2, - - - ) has uniformly bounded norm by the
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inequality (2.1). It follows from well known results on weak compactness in
Banach spaces [1, chap. 8] that there exists an element (%o, o) = (0o, 73,
-« -, mg) in B, which is the weak limit of a subsequence (%3, 7). Since

f (Ug® + Vighdx

is a continuous additive functional on B,, conclusion (i) of the theorem fol-
lows. Clearly {us} converges weakly to %, in B. Since {us} converges strongly
to %o in B, we obtain %o =4, and conclusion (ii) holds. From another theorem
on Banach spaces [1, chap. 9] we may assert that there exists a sequence of
finite linear combinations of {up, ﬂ'p} which converges in norm in B, to
(%0, mo). This sequence must have the form (vs, ks) with vz Lipschitzian on 4,
K5 =154, and »5=0 on C since { (us, m5)} has these properties. This completes
the proof.

3. The E-function. In the present section we let So: 2=2¢(x) be an ad-
missible surface of class C’, and write py=20s (i=1, 2, - - -, n). We let N,
with or without subscripts, denote.a neighborhood in (x, 2, p)-space of the
values (x, 2o, po) belonging to S, (on 4), and shall suppose that such a
neighborhood is restricted to contain only admissible elements. If S, satisfies
the condition IIx.» we may assume also that each neighborhood N; discussed
below is contained in N, where N is the neighborhood for which Ily. is
effective, and that pip* <M holds for (x, 3, ) in N:.

LEMMA 3.1. Let So be a nonsingular surface which satisfies condition 11y
with a finite constant M >0. Then there exists a constant N\, >0 and a neighbor-
hood N such that the inequality

fotpimimi Z Nymwint
holds for w arbitrary, and (x, 2, p) tn N,.
This is a well known result in the calculus of variations.

LeMMA 3.2. If So satisfies the hypotheses of Lemma 3.1 then there exists a
constant N >0 and a neighborhood N, such that the tnequality

E(xr 3, ?: P) = )\2(Pi - p‘)(,P' - ?‘)
holds for (x, 2, p), (x, 2, P) n N,.
This lemma follows immediately from Lemma 3.1 by Taylor’s expansion
theorem.

LeMMA 3.3. Let So satisfy the hypotheses of Lemma 3.1. Then for any neigh-
borhood Ny there exists a constant N\>0 and a neighborhood N contained in Ny

such that the inequality
E(x, 2, p, P) = M(Pi — p9)(P% — p¥)
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holds for (x, 2, p) in N, (x, 2, P) admissible and outside N3 with P'P'< M.

Proof. Select NoCN; such that if (x, 2, p), (x, 2, p+m) are in N, then
(x, 2, p+0r) lies in the neighborhood N, of Lemma 3.1 for 0<60<1. Select
N so that NC N,. We shall show that N is effective in the lemma. There exists
a constant 2>0 such that if (x, z, p) belongs to N and wiri<4k?, then
(x, 2, p+=) belongs to No. Let (x, 2, p), (x, 2, P) be as in the lemma. We
write P=p-+hw, with wir*=Fk? and £=0. Since (x, 2, P) does not belong to
No we have £=2. On the other hand, since PiPi< M and M is finite, we have
h < H where H is a constant depending only on k2 and M.

By Taylor’s expansion theorem, and condition IIy, we obtain (sup-
pressing the x, z arguments)

E(p+ m P) = E(p, P) + n'Epi(p + 6x, P) 20 (0<0<1):
Calculation of the partial derivatives of E and Lemma 3.1 yields
E(p, P) 2 (b — O)wimifye,i(p + 0r)
= (2 — O wins
Z (M/B?)(PF = p9)(PF — pY).
Combining Lemmas 3.3 and 3.2 we may deduce the following result.

LEMMA 3.4. Let So satisfy the hypotheses of Lemma 3.1. Then there exists a
constant X\>0 and a neighborhood No such that the inequality

E(x, 2, b, P) = )‘(P‘ - p‘)(P‘ - p‘)
holds for (x, 2, p) in No, and (x, 2, P) admissible with PP < M.
We denote by <4(S) the area of S over 4,

A®) = [ @+ pprias.
A -
LEMMA 3.5. Let H*(S) be an integral of the form
H*(S) = f [U(z, 2) + piVi(x, 3)]dx,
A

where U, V' are defined and continuous in a neighborhood of S, in (x, z)-space.
Then for any K >0 and €>0 there exists a neighborhood ¥ of So in (x, 2)-space
such that the inequality

| H*(S) — H*(So) | < ¢

holds for any admissible surface S in F which coincides with So on C and has
A(S) =K.

Proof. Let Uy(x)=Ul(x, 20(x)), Va(x)= Vi(x, 20(x)). The functions V§ are
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continuous on 4 and hence, by the Weierstrass approximation theorem, for
each ¢ there exists a sequence of polynomials { Vi(x)}(@=1, 2, - - -) which
approaches V3 uniformly on 4 as a— ». For any surface S, let

1/2

F(S) = max {[U(z, 3(2)) ~ Us(@)]"+ [V(x, 3(2)) = Vo] [V' = 7al}

We also define
G. = max [(V: — V:,)(V: - V.:)]m (a not summed),
xzind
Fa = max I Vaz‘+ Vaa:’+ st + Vaz"l-
xin A
We have

| H*(S) — H*So) |

L [{U(z, 5®) — Us(®)} + 2" (V'(, () — Vi) Jda

=

+ ‘ fA 0 — pVe — Vidz| + { fA & — poVid

< AG)F(S) + [A(S) +ASy) . + ] L (b — po)Vedx

It remains to obtain an estimate of the last integral. To this end we observe
that since zo(x) is of class C’ in a neighborhood of 4 it may be extended to
all of x-space in such a way as to remain of class C’ in the whole space [3].
We retain the same notation for the extended function. For any surface S
which coincides with Sy on C we define z(x) =2o(x) outside of 4. Then z is
Lipschitzian in any bounded region in space, and from the introductory re-
marks in the second paragraph of §2 we see that pi=ps almost everywhere
outside 4. Thus if R is an open hyper-cube containing 4,

l f (0" = po)Vads
A

= f (0’ — po)Viada
R

= f (V.;l + Vaz’ + ce + Va:")(z - Zo)dx
R

= f (Vaz+ Vazr 4+« + - + Vau)(z — 20)dx
A
< mF, max |z — 2|
xin A

where m =meas (4). The third integral was obtained by Fubini’s theorem
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and integration by parts. With this inequality and the previous one we can
complete the proof. For, given an ¢ >0 we select ao so that [eA(S) +eA4(So) ]G,
< [K+eA4(S0)]Gay<€/3; then we determine ¥ so that mF., max |z—z|
<e€/3, and A(S)F(S) S KF(S) <e/3. This proves the theorem.

For any admissible surface .S: z=2(x) we write I(S) =I*(S)+E*(S) where

I*(S) = f { U(xr 2, PO) - P;fp‘(x’ 2, PO)] + pffp'.(x' 2, Po)}dx’
(3.1) 4
E*(S) = LE(x, 2, po, p)dx.

LEMMA 3.6. Let So satisfy the conditions of Lemma 3.1. Let {Sa}(a=1, 2,

« + - ) be a sequence of admissible surfaces with the following properties: (i) S«

coincides with Sy on C; (ii) 2. approaches zo uniformly on 4 as a— o ; (iii) for

almost all x in A, pipt, <M (a not summed); (iv) lim supa..I(Sa) < I(So).
Then limq.I(S.) =I(So), and

lim E*(S.) = 0.

Proof. Since E*(Sy) =0 and I(So) = I*(Su),
I(S.) — I(So) = I*(S.) — I*(So) + E*(S.).

From Lemma 3.5, I*(S.) —I*(S0)—0. By condition Iy, E*(Sa) =0 for «
sufficiently large. Thus

0 2 lim sup [I(S.) — I(So)] = lim sup E*(S.) = lim inf E*(S,) = 0.

Hence lim E*(S,) =0. From this it follows that I(S.)—I(S,).

4. Proof of main theorem. Suppose the theorem is false. Then there
exists a sequence of admissible surfaces S,.: 2=2.(x) (=1, 2, 3, - - - ) such
that S, coincides with Sy on C, S, is not identical with So, 2.—20 uniformly on
A, Pt =2 a8 <M (o not summed) almost everywhere on 4, and

@.1) I(S.) = I(S)) < min {1/, 1/a(|za — 2d|" + ||pa — pol|-|| 2= — 2al})}
(a not summed).

The index a will appear frequently in repeated form in the following discus-
sion and we agree from the outset that such repetition is not to indicate sum-
mation on a.

We let
4.2) k= f [(2a — 20)" + (B — $0)(pe — 20) |
A

Since S, is distinct from Sy, we have k,>0. We define a sequence of admis-
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sible variations {. by
ra = (l/ka)(za - 30)'
From (4.2),

(4.3) L (2 + wama)dz = 1 (@=1,2,3,---),

where
[
Ta = f azb.

It follows from Theorem 2.1 that for a subsequence { ;.}, designated by
the same subscript, we have functions {o, 7§ which are in L, on 4 such that
[I£ «— o] =0, and =} satisfy

f ) V"(x)r:.dx — f ) V‘r:dx

“for Vi arbitrary functions in L; on 4, and e an arbitrary measurable subset
of A. We restrict ourselves to this subsequence henceforth. Also there exists
a sequence {£.} of admissible variations such that

£ = oll* + [k — mal]-[lxx — xel] > 0

where &, =§qux.
As before, we may write

I(S) = I*(S) + E*(S)
where I'*, E* are defined in equation (3.1). Thus

(4.4) (1/k2){I(Se) — I(So)} = (l/k:){I*(Sa) — I*So)} + (1/E2)E*(S.).
LEMMA 4.1. For the sequence of surfaces {Sa} described above,
l;n’l‘l’ kl-f, {I*(Sa) - I*(So)} = ";—j; (fug'zo + Zf-p‘g-o"':)dx'b

Proof. From the definition of I'*,

1
7 (P82 — I*(S0)}
1 ‘
= ‘i;f {f(x, 2ay po) — f(=, 20, p0) + (Pa — ?;)f,ﬁ(x, Zay Do) }dx
av A

- ;1: L) + —;— L .{Ua(x)g'i + 2V a(®)Fame) de,
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where Ua, Vi—fu(x, 20, Do), feri(X, 20, po) uniformly on 4 by Taylor’s re-
mainder theorem. Since S is an extremaloid, we have I,({.) =0 and, rewrit-
ing the second integral,

1 1 i
= {I*(S.) — I*(So)} = 0 fA to{(Ua = fedfa+ 2(Ve — fup)ma}da
1 ‘
+ '?L Ga - i'o)(Uai'a + ZVGT:!)dx

! 2 Vd
+ L (Fustoba + Lupitors)ds.

From the Schwarz inequality, equation (4.3), and the limit properties of
¢o, T, we obtain that the first two integrals on the right tend to zero while
the third approaches the desired limit.

From Lemma 3.4 we obtain by integration

4.5) EXS.) =\ L (be — 20)(Pe — po)d.

By Lemma 3.6, E*(S,)—0. Thus the integral on the right of (4.5) tends to
zero. It follows, from a well known property of Lebesgue integration, that
we may select a subsequence { S}, denoted by the same subscript, such that
for each 1, pf,—¢} almost uniformly on 4. We restrict ourselves to this sub-
sequence henceforth.

LeMMA 4.2. For the sequence of surfaces described above,
.1 o1 i g
lim inf Yy E*(Sa) = —Z—f f,,f,,i(x, 20, Po)ﬁ'oﬂ'odx.
a—ro a A

Proof. Let e be a measurable subset of 4 on which p!—p} uniformly. By
Taylor’s remainder theorem

1 1 N
-I_e?f E(x, 2a, po, pa)dx = E—f Ue (2)Tamadx

where UY—f,ii(x, 20, po) uniformly on e. Thus
1 1 i i g 1 ]
—2-f Edx = —f (Ua — fpip))Tamadx + —ff,,q,nrawadx
ka e 2 e 2 P
1 i i 1 i i, i
= 7 (Ua — foipi)TaTadx + —2— fobpi(Ta — wo) (e — wo)dx

. 1 P
+ f f,;,,m’mr:dx — 7 f f,,«,,mowo’dx.
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The first integral on the right approaches zero. The second is non-negative
by Lemma 3.1. Thus in the limit we obtain

lim inf — f Edx = 1 f o pimomods.
a—® k‘.; e 2 ‘e
From the non-negativeness of E, the region of integration on the left may
be replaced by 4. Since the measure of ¢ may be taken arbitrarily close to the
measure of 4, it follows from the absolute continuity of the integral on the
right as a set function that the region e may be replaced by 4 on the right
also. This completes the proof.
From equations (4.1) and (4.4),

(/a) = (1/k) IS — IS} = (/) {I*S) — I*(So)} + (1/k2) E*(Sa).

From Lemma 4.1,

2 .

1 P 1
(4.6) 0= f (fesbo + 2f.piComo)dx + lim Squ—i E*(S.).

? A a—® .
From Lemma 4.2,
“.7 Iy($o, m0) = 0

where the integral on the left is to be interpreted as the result of substituting
the arguments {o, 7§ for an admissible variation and its derivatives in the
second variation.

Consider now the sequence of admissible variations {Ea} . By the strength-
ened Jacobi condition we have

I(t) = +||&|2

Since (£a, ka) converges to ({o, 7o) in the mean of order two on 4 we obtain
in the limit

I5(%o, mo) = ’Y“§'0”2~

It is clear, by comparison with (4.7), that we have a contradiction, and hence
the proof of the theorem if we can show that ||{o||250.

Suppose ||¢of| =0. Then ¢ would be zero almost everywhere on 4, and
from equation (4.6) we should have

(1/k2)E*(S.) — 0.
Dividing both sides of (4.5) by #2 and taking the limit we should have

i
f TaTaldx — 0.
4
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On the other hand, from equation (4.3) and ||¢{a—¢o|—0 we have

]
fmar.,dx—>1,
4

which yields the desired contradiction.
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