RINGS OF REAL-VALUED CONTINUOUS FUNCTIONS. I

BY
EDWIN HEWITT(Y)

Research in the theory of topological spaces has brought to light a great
deal of information about these spaces, and with it a large number of in-+
genious special methods for the solution of special problems. Very few gen-
eral methods are known, however, which may be applied to topological prob-
lems in the way that general techniques are utilized in classical analysis.
For nearly every new problem in set-theoretic topology, the student is forced
to devise totally novel methods of attack.

With every topological space satisfying certain restrictions there may be
associated two non-trivial algebraic structures, namely, the ring of real-
valued continuous bounded functions and the ring of all real-valued continu-
ous functions defined on that space. These rings enjoy a great number of
interesting algebraic properties, which are connected with corresponding
topological properties of the space on which they are defined. It may be
hoped that by utilizing appropriate algebraic techniques in the study of
these rings, some progress may be made toward establishing general methods
for the solution of topological problems.

The present paper, which is the first of a projected series, is concerned
with the study of these function rings, with a view toward establishing their
fundamental properties and laying the foundation for applications to purely
topological questions. It is intended first to give a brief account of the theory
of rings of bounded real-valued continuous functions, with the adduction of
proofs wherever appropriate. The theory of rings of bounded real-valued
continuous functions has been extensively developed by mathematicians of
the American, Russian, and Japanese schools, so that our account of this
theory will in part be devoted to the rehearsal and organization of known
facts. Second, it is proposed to extend the theory to include rings of all real-
valued continuous functions. These rings have in the past received but
scanty attention, although they exhibit a number of properties interesting per
se and also possess various advantages over rings of bounded real-valued con-
tinuous functions for purposes of application. Analogues between the two
theories, as well as differences, will be pointed out as they appear.

For a general topological background the reader may be referred to the
treatise of Alexandroff and Hopf [2](2), which is designated throughqut the

Presented to the Society April 27, 1946, and December 29, 1946; received by the editors
May 8, 1947.

(1) A portion of this paper was written during the tenure by the author of a fellowship of
the John Simon Guggenheim Memorial Foundation.

(?) Numbers in brackets refer to the list of references at the end of the paper.
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sequel as AH. A similar algebraic background is provided by the treatise of
van der Waerden [30], referred to in the sequel as VDW.

Throughout the present paper, the following terminological conventions
are employed : the terms bicompact and compact are used in the same senses as
in AH (see AH, Kap. II, passim); the term <deal is taken to mean, unless the
contrary is specified, an ideal distinct from the entire ring in which it lies;
the term algebra is used without any restriction on the cardinal number of a
basis and with the assumption of the associative law.

The writer’s sincere thanks are due to Dr. Irving Kaplansky, Professor
M. H. Stone, and Professor J. C. Oxtoby, for numerous discussions and sug-
gestions concerning the subject matter of the present paper.
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PART I. GENERAL PROPERTIES OF FUNCTION RINGS

1. Preliminary definitions and remarks. We commence with precise defi-
nitions of the rings which form the objects of our present attention.

DEeFINITION 1. Let X be any topological space and let R be the space of
real numbers with its usual topology. €*(X, R) is the set of all real-valued
continuous bounded functions with domain X, and €(X, R) is the set of all
continuous real-valued functions with domain X. If K denotes the space of
complex numbers with its usual topology, then €*(X, K) and €(X, K) are
defined similarly.

THEOREM 1. If X is any topological space, then C*(X, R) is a Banach



1948] RINGS OF REAL-VALUED CONTINUOUS FUNCTIONS 47

algebra over R(®), where

(1) (f+ () = 1) + ¢(p),

2 (fo () = f(p)g(p),

) (f)(#) = a(f(£)),

for all pEX and a ER,

(€)) the ring unit is 1, where 1(p) = 1 for all p € X;
5) Il = sup |71

The operations of addition and multiplication are continuous in the topology
defined by the norm (S), and the operation of inversion is continuous throughout
the open subset of €*(X, R) in which it is defined. The set of functions €(X, R)
forms an algebra over R, with addition, scalar multiplication, multiplication,
and ring unit defined by (1)—(4) above; the operation of multiplication is com-
mutative in this ring. €(X, R) is a complete metric space, where the distance func-
tion p s defined by

B = g(p) ]
6 1 8) = .
6) o/ 8) = sup 1+ f(p) — g(p) |

The operations of addition and scalar multiplication are continuous in the metric
(6), but multiplication is not in general continuous. The set of elements of
C(X, R) possessing inverses is not in general an open set under the metric (6).

Verification that €*(X, R) is a linear space complete under the norm (5)
is quite simple and may be left to the reader. To show that G*(X, R) is a
Banach algebra, we need only show that the equality fg=gf obtains, that
||1]l =1, both of which are obvious, and that ||fg|| <||f|| -||¢||. This inequality
is easily established, as follows. For every positive real number ¢, there is a
point pEX such that [|fgl| —e<|f(p)e(p)| =17()| - | g(#)] <IIfll-llell. These
inequalities being valid for all ¢>0, it follows that ||fg|| <|f]| - |||

The operations of addition and multiplication are continuous here,asin any
Banach algebra. It is easy to verify that the elements in §*(X, R) with inverse
form an open set. If f is any element in €*(X, R) with inverse, and if ”f—g”
<1/ H f‘lll, then the series 14+ X o, ((f—g)f)* converges to the element fg—.
Continuity of the inverse in the open set where it is defined is also easy to
establish. Let € be any positive real number, and let f be any element in
G*(X, R) with inverse. The number a =inf,ex | f(p)] is clearly positive, and
the equality a™! =” f‘1]| is obviously correct. Let 7 =min (ea?/2, a/2). Then if
If—gll<n. we have infyex|g()] 2a/2, and |71 ~g-1) 5 |f—#l 172] =]

(%) The term Banach algebra is here used as synonymous with the term normed ring [11].
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<||f—gl|-1/a-2/a <e. This proves the continuity of the operation of inver-
sion.

We now turn to the space €(X, R), which is clearly an algebra over R
satisfying all the conditions set forth in the statement of the present theorem.
The function p(f, g) defined by (6) is a true metric, as may be easily proved
from the inequality

la—8l _ la—7v] lv—8]
t+la—g] " 1+[a—v]  14+]|r-6]

where «, 8, and v are arbitrary real numbers. Completeness of €(X, R) under
the metric p is proved by arguments familiar from elementary analysis.

The remaining statements of the present theorem may be established by
simple examples. Let X =R, and, as is customary, let &,(f) be the set of all
g€ E&(R, R) such that p(f, g) <t¢, where ¢ is an arbitrary positive real number.
Let # be any positive real number. The functions e#+7/2 and e~*+n/2 are in
the neighborhoods &,(e*) and &,(¢~?), respectively, but the product (e*+1/2)
-(e~=+n/2) lies in no neighborhood &;(e*-e—=) =&;(1), for {>0. Multiplica-
tion is therefore not continuous in €(R, R). The function f(x) =(1+x%)~' is
a function in €(R, R) which clearly has an inverse, but in every neighborhood
&,(f) there are functions which do not have inverses.

2. Various topologies in G(x, R) and €*(X, R). The introduction of
metrics into €(X, R) and €*(X, R), as described in Theorem 1, naturally
leads to the consideration of other topologies in function rings and function
spaces.

DEFINITION 2. Let X be any topological space and let M be any metric
space. Let the set of all continuous mappings of X into M be denoted by
G(X, M). The set €(X, M) may be made a topological space, where neighbor-
hoods U,(f) are defined as E[g; g&C(X, M), Ig(p) —f(p)| <nforall pEX], 9
being an arbitrary positive real number and f being an arbitrary element of
8(X, M). The resulting topology is called the u-topology. €(X, M) may also
be made a topological space by considering an arbitrary bicompact subset
K of X and any positive real number 5. The neighborhood lUk,,(f) is then
defined as E[g; g€C(X, M), | g(p) —f(p)| <n for all pEK]. The topology in
€(X, M) which results by taking arbitrary sets K and arbitrary positive real
numbers 7 is called the k-topology. Finally, €(X, M) may be made a topo-
logical space by substituting arbitrary finite subsets of X for arbitrary bi-
compact subsets of X in the definition of the k-topology. The resulting topol-
ogy is called the p-topology. Bounded functions in €(X, M) being defined in
the usual way, and the set of all such functions being denoted by €*(X, 1{),
the u-, k-, and p-topologies in €*(X, M) are defined as the relative topol-
ogies for €*(X, M) as a subspace of €(X, M).

Dxrixitiox 3. If X is an arbitrary topological space, the set €(X, R) may
be made into a topological space by considering an arbitrary function
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7&C€(X, R) having the property that w(p) is positive for all pEX. For any
such function m, and any function f in €(X, R), the neighborhood U.(f) is
defined as E[g; g€C(X, R), lg(p) —f(p)l <w(p) for all p€X]. The resulting
topology (%) is called the m-topology.

For many purposes, the u-topology appears to be the most natural in
considerations involving rings €*(X, R), while the m-topology enjoys great
advantages for the study of rings €(X, R). The k- and p-topologies, which
have been well known for a number of years, have been extensively studied in
other connections, and will be considered briefly in the sequel. It will be ob-
served that the u-topology and the norm topology described in Theorem 1
are equivalent, and that for topological spaces on which every continuous real-
valued function is bounded, the u-topology and the m-topology coincide. In
the presence of unbounded real-valued continuous functions, the two topol-
ogies are not equivalent. In the case of bicompact topological spaces X, the
k-, u-, and m-topologies coincide.

We now consider the structures of €(X, R) under the u- and m-topologies.

THEOREM 2. The topology introduced into €(X, R) by the metric (6) of
Theorem 1 is equivalent to the topology introduced into €(X, R) by the u-topology.

Let 7 be an arbitrary positive real number; let U,(f) be the n-neighborhood
of fEC(X, R) in the u-topology; and let &,(f) be the open sphere of radius 9
about the element f in the metric p of Theorem 1. Suppose that g is in the
open sphere &,,14,(f). Then the inequality

| g(p) — f(p) | P
14+ 1g) = f)| 14

obtains for all pE X, and, the real function x(14x)! being strictly monotone
increasing for x>0, it follows that ]g(p) —f(p)| <n. Therefore we have
Sy144(f) CUL(f). Likewise, for 0 <n<1, it is true that U,1—,(f) C&S,(f), and
the equivalence of the metric topology defined by p and the u-topology is
established.

The natural character of the m-topology for rings €(X, R) is made clear
by the following observations.

THEOREM 3. Let X be an arbitrary topological space. Under the m-topology,
and with the definitions of addition, scalar multiplication, and multiplication
set forth in Theorem 1, the set €(X, R) is a commutative algebra with unit over
R, in which the operations of addition and multiplication are comtinuous, the
set of elements with inverses is an open set, and the inverse is a continuous opera-
tion wherever defined. If ihere exists an unbounded function in €(X, R), then
C(X, R) is not metrizable under the m-topology, and, indeed, fails at every point

(%) This m-topology for €(R, R) was introduced by E. H. Moore [21]. The writer is in-
dehted to Professor Anna Pell Wheeler for the reference to Moore’s work.
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to satisfy the first axiom of countability. If every function in €(X, R) is bounded,
then the m-topology and the u-topology coincide in €(X, R).

Let f and g be arbitrary elements of €(X, R), and let = be an arbi-
trary function in €(X, R) which is positive everywhere. If fEU,,(f) and
g€W,.(g), then it is obvious that f+zEU,(f+g). Hence addition is con-
tinuous in the m-topology for €(X, R). To prove that multiplication is con-
tinuous, let f, g, and 7 be as above, and let ¥ =[{(|f| +|g|)2+4m2}12/2
—-(I f| +| g| )]. It is plain that ¢ is an element of €(X, R) positive every-
where; and it is further clear that if fEU,(f) and gEUy(g), then f- U (f- g).
To prove that the set of elements in €(X, R) with inverses is an open set, we
select an arbitrary element f such that f~! exists; we then observe that |f]
is a function in €(X, R) positive everywhere and that every function in the
open set U (f) possesses an inverse.

We now prove that the operation of inyersion is continuous throughout
the open subset of €(X, R) in which it is defined. Let f be any function in
€(X, R) having an inverse, and let 7 be an arbitrary element of €(X, R)
which is positive everywhere and has the further property that the function
|f| —m/2 is positive everywhere. Let ¢ =min {=- |f] - (|f| —=7/2), 7/2}. Then
if g&ly(f), it follows that g€ U.(f). This fact is demonstrated easily, as
follows. Let p be an arbitrary point of X, and let g be an arbitrary function
in Uy(f). Then we have |f1(p)—g~(p)| = |f(0)—e®)| - |/ (®)] - |&(p)]|
<m(p)-[fp)] - (| f@D)] —7()/2)- 17 B)| - | e (®)| =(p)- (| 1(B)| —(£)/2)
-|g71(p)|. However, if gEUy(f), then we have g(p) >f(p)—m($)/2, g(p)
+(p)/2>f(p), | g(®)| +7(p)/2> | f(D)|, |g(#)| > |f(£)| —7(p)/2, and hence
lg=1(p)| <(|f(p)| —m(p)/2)~. It follows that [f~*(p)—g~*(p)| <m(p); hence
g '€U,.(f1), and the inverse is continuous wherever defined.

To verify the final assertions of the present theorem, we suppose that there
exists an unbounded function f in €(X, R). Then g=f?+1 is an unbounded
function with inverse which is positive everywhere. There must accordingly
exist a sequence {a.}..; of positive real numbers which is strictly increasing
and has limit 4 «, and a countable subset {p,.},'f_l of X such that g(p.) =a.
(n=1, 2, 3, .- ). Now consider any arbitrary countable set {7r,.},‘:°_1 of
functions in €(X, R) which are positive everywhere. We shall show that there
exists a neighborhood 1,(0) in €(X, R) which contains no neighborhood

U;,(0). Let b,=2"'min [mi(pn), m(pn), - -+, Ta(pa)], for n=1, 2, 3, - - -.
There obviously exists a function ¢ in €(R, R) such that ¢(x) is positive for
all positive real numbers x and such that a(a,) =b;' (=1, 2, 3, - - - ). Let

¥ =(c(g))™!; at the point p,, we have Y(p,) <2, (p.). Hence the neighbor-
hood 1,(0) contains no neighborhood U,,(0), and the first axiom of counta-
bility fails to obtain at the point 0. Since €(X, R) is a topological group
under addition, it follows that €(X, R) satisfies the first axiom of count-
ablity at no point, and that €(X, R) is not metrizable under the m-topology.

Finally, if every function in €(X, R) is bounded, then every function in
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€(X, R) which is positive everywhere has a positive lower bound. (See
Theorem 27 below for a proof of this fact.) The functions (1/#) -1, where 1 is
the function identically equal to 1, may be used to define a countable com-
plete neighborhood system at an arbitrary point in €(X, R), in the m-topol-
ogy, and it is patent that in this case the m-topology and the u-topology
coincide.

3. Useful categories of spaces. In order to ensure that the rings €*( X, R)
and €(X, R) may reflect in some measure distinguishing topological proper-
ties of the space X, it is necessary severely to limit the class of spaces con-
sidered.

DEeFINITION 4. Two subsets 4 and B of a topological space X are said to
be completely separated if there exists a function ¢ in €(X, R) such that
é(p) 0 for all pEA and ¢(p) =1 for all pEB.

DerFINITION 5. A To-space X (see AH, pp. 58-60) is said to be com-
pletely regular if every closed subset F of X is completely separated from
every point pE& X such that p nonEF.

DEFINITION 6. A topological space X is said to be a Stone space if every
pair of distinct points of X are completely separated.

Completely regular spaces were first discussed by Tychonoff [28], who
showed that they are identifiable as the class of subspaces of Cartesian
products of closed intervals in R, or, equivalently, as the class of dense sub-
spaces of bicompact Hausdorff spaces. Completely regular spaces have been
extensively discussed by a number of other authors. (See, for example, [26,
Chapter II1], [6, Chapter I1], [10], [14], and [15].) Stone spaces have been
mentioned by Urysohn [29] and Chittenden [9], and have been described
in detail by Stone (in a letter to the writer), who proved that they are the
class of spaces which can be continuously mapped onto bicompact Hausdorff
spaces.

We shall limit ourselves for the most part throughout the sequel to con-
sideration of completely regular spaces. If X is completely regular, the ring
€(X, R) necessarily contains a sufficient number of elements to describe the
topology of X, and the algebraic properties of €(X, R) and €*(X, R) may rea-
sonably be expected to enjoy close connections with the topological structure
of X. If we widen our field of investigation to include all regular spaces X
(see AH, p. 67), we cannot expect that the function rings €(X, R) and
C*(X, R) will yield useful general information, since a large family of regular
spaces X exist for which €(X, R) =R. (See [16].) If we generalize in another
direction, on the other hand, and consider all Stone spaces, we obtain nothing
novel, as the following theorem shows.

THEOREM 4. Let X be a Stone space. Then there exists a completely regular
space Y such that Y is a one-to-one continuous image of X, €(X, R) can be
mapped isomorphically and homeomorphically (in the m-topology or u-topology)
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onto €(Y, R), and €*(X, R) can be mapped isomorphically and isometrically (in
the norm topology) onto €*(Y, R).

The points of the space Y are to be taken as those of the space X, and
the family of open subsets of ¥ is to be taken as a certain subfamily of the
family of open subsets in X. If f is an element of €(X, R), and « and § are
real numbers such that a <f, then the set E[p; pE€ Y, a <f(p) <B] is to be
open in Y, and the family of all open subsets of Y is formed by taking
arbitrary unions and finite intersections of all such sets, with arbitrary «, 8,
and fEEC(X, R). Since the functions f are all continuous, it is plain that the
identity mapping carrying X onto Y is continuous, and since X is a Stone
space, Y is a Hausdorff space. It is likewise obvious that every function
FEEC*(X, R) and every function fEE(X, R) can be considered as a continuous
function on Y. The mapping f—f, where f(p) =F(p) for all pEX, is there-
fore a norm-preserving isomorphism carrying €*(X, R) into €*(Y, R). Since
Y is a continuous image of X, it is clear that this isomorphism has the whole
ring €*(Y, R) as its range. The rings €(X, R) and €(¥, R) may be treated
in precisely the same manner.

The foregoing discussion shows the natural domain of investigations in-
volvings rings €*(X, R) and €(X, R) to be the class of completely regular
spaces.

From our present point of view, normal spaces may be regarded as a
specialized family of spaces whose consideration may occasionally permit
simplified proofs. (See AH, p. 68, for a definition of normal spaces.) They
also appear as a natural complement to Stone spaces and completely regular
spaces, from an axiomatic point of view.

THEOREM 5. A Ti-space X (see AH, p. 58) is normal if and only if every
pair of subsets of X having disjoint closures are complete separated.

The present theorem is obvious.

4. Representation of rings €*( X, R). In studying function rings, it is
natural to inquire after intrinsic criteria for determining under what condi-
tions a given Banach algebra over R is the ring €*(X, R) for some space X.

THEOREM 6. Let € be any Banach algebra over the field R. There exists a bi-
compact Hausdorff space X such that € can be mapped onto €*(X, R) by a norm-
preserving algebraic isomorphism if and only if the following conditions obtain
in G:

(1) (x*+e)7! exists for all x& G, e being the unit in E;

(2) (e”xl|2—x2)‘1 exists for no x&G.

The present theorem can be proved as a consequence of a theorem of
Gelfand (see [11, p. 16, Satz 16]), and the proof is accordingly omitted. A
direct proof may also be given.
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5. Definition of 3 X. A cardinal property of rings €*( X, R) is the fact
that for every completely regular space, there exists a unique bicompact
Hausdorff space, commonly denoted as X, having the properties that
XCBX, X—=BX, and €*(X, R) is algebraically isomorphic to €*(BX, R).
The existence and uniqueness of 83X were first proved by Stone (see [26,
Theorems 78, 79, 88]), by methods dependent upon the theory of representa-
tion of topological spaces as maps in Boolean spaces. A second, simpler, proof
was given by Cech [7]. A third construction of 8, valid for normal spaces
only, was obtained by Wallman [31], and A. Weil has presented a construc-
tion based on the theory of uniform structures [32]. A simplified version of
Stone’s original construction was given in 1941 by Gelfand and Shilov
(see [13]). Kakutani has given a construction of 3 based on Banach lattices
[18]. Finally, Alexandroff, using a modification of Wallman’s construction,
has produced a construction of 8 and of yet more general bicompact T1-spaces
in which arbitrary regular spaces can be imbedded as dense subsets. (See [1].)
Spaces BX thus appear as truly protean entities, arising in the most diverse
manner from apparently unrelated constructions. It is not our purpose at
the present time to elaborate on the inner connections which obtain among
the various constructions of 8, or to present any essential variants thereof.
We shall briefly describe the construction obtained by Gelfand and Shilov
[13], with the aim of completing and simplifying their proof and of exhibiting
the details of their construction for use in certain applications.

6. Existence of 3 X. We commence with certain useful definitions.

DEFINITION 7. Let X be any topological space. An ideal & in €*(X, R) or
G(X, R) is said to be a free ideal if, for every point p X, there exists an ele-
ment f of & such that f(p)>£0. An ideal which is not free is said to be fixed.

DEerFINITION 8. Let X be any topological space and let f be a function in
€(X, R). The set of points in X for which f vanishes is said to be the zero set
of f and is denoted by Z(f). A subset A of X which is the set Z(f) for some
fin €(X, R) is said to be a Z-set.

THEOREM 7. Let X be any completely regular space. Then the ring €*(X, R)
contains a free ideal if and only if X is non-bicompact.

Suppose first that X is a bicompact, and assume that a free ideal exists
in €*(X, R). Then, for every pE X, there is a function f in I such that
f(p)£0 and, consequently, f2(p) >0. Since f? is continuous, there is an open
neighborhood of p, which may be denoted by U(p), such that f2(g) >0 for all
g€ U(p). The space X being bicompact, a finite number of these neighbor-
hoods, say Ui, Us, - - -, U,, suffice to cover the space X. It follows that the
function f2+f3+fi+ - - - +fZ% where the function f? is associated as above
with the neighborhood Uj, is an element of & which vanishes nowhere and
is positive. Such functions on bicompact Hausdorff spaces have positive
lower bounds and accordingly possess inverses. This contradicts the hy-



54 EDWIN HEWITT July

pothesis that & is a proper ideal, and proves that 3 must be a fixed ideal.

On the other hand, let us suppose that X is non-bicompact; and let
{Gr} e be an open covering of X for which no finite subcovering exists. For
each pEX, there is an index AEA such that pEG,. Selecting such a \ for
each p&X, we define a function f, in €*(X, R) such that f,(p)=1 and
foa(g) =0 for all g&EGY . Such functions f, exist in virtue of the complete
regularity of X. The ideal & generated by the set of functions f,, where p
runs through all the elements of X and X runs through all appropriate indices
in A, is certainly a free ideal. It must be a proper ideal as well. If & were not

a proper ideal, then for an appropriate choice of p1, M, p2, gy * * +, P, An
and functions gi, g2, * * *, g« In €*(X, R), we should have the equality
1= pri:)\egir

=1

where 1 is the function identically equal to unity. This equality implies that
the open sets Gy, Gi, - * -, G, cover X, in contradiction to our hypothesis
regarding the family {Gy}rga.

It may be remarked that if €(X, R) contains an unbounded function f,
then a free ideal in €*(X, R) may be obtained at once. The function (f2+1)"!
is positive everywhere, lies in €*(X, R), but clearly has no inverse in €*(X, R).
The function (f241)7! therefore generates a proper free ideal.

The fixed maximal ideals in €*(X, R) may be characterized very simply,
as the following theorem shows. We remark that €*(X, R)/I is the field R,
for any maximal ideal 9% in €*(X, R). (See [26, Theorem 76].)

THEOREM 8. Let X be a completely regular space. The fixed maximal ideals
of 6*(X, R) are precisely those ideals of the form E[f; fEC*(X, R), f(p)=0],
where p is some fixed point in X ; we denote such an ideal by the symbol M,. In
the homomorphism onto R defined by M,, M,(f) =f(p), for all fEC*(X, R).

First, it is obvious that every set I, is an ideal in €*(X, R). If g non &M,
then g(p) 0, and the function g—g(p) is in M,. The ideal generated by M,
and g contains the function (g—g(p)) —g=g(p), and hence this ideal is the
whole ring €*(X, R), so that I, is a maximal ideal. Conversely, suppose that
S is a fixed maximal ideal. Since & is fixed, the set 4= ]];e3Z(f) is non-
void, and can obviously contain but one point if  is to be maximal. By the
same token, & must contain all of the functions vanishing at the single point
in 4. Finally, in the quotient field €*(X, R)/IN,, the equalities M,(f—f(p))
=0, M,(f) =M,(f(p)) =f(p) obtain.

We now introduce a topology into the set of maximal ideals in €*(X, R)
and show that this space, so topologized, is X. This topology was introduced
by Stone [26], and has been exploited by Jacobson [17] and Gelfand and
Shilov [13].
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THEOREM 9. Let X be a completely regular space, and let N* be the set of all
maximal ideals in the ring €*(X, R). Let Uy be the set E[I; MENM*, f non SN ]
and let every Uy be designated as a neighborhood of every maximal ideal IN which
it contains. As f assumes all possible values, a complete neighborhood system is
defined for every point of M*. The family {Uy} 7€6*x, B) 1S closed under the
formation of finite intersections. Under the topology so defined, the space M* is a
bicompact Hausdorff space containing a homeomorphic image X of X. The
space X is dense in I*, and every function in €*(X, R) can be continuously
extended over the whole space M*. The rings €*(X, R) and C*(MM*, R) are there-
fore isomorphic, and M* is the space BX. The points of M* corresponding to
points of X are the fixed maximal ideals in €*(X, R), and the points of IM*MX’
are precisely the free maximal ideals of €*(X, R).

We note first that Uy, \Up,N\ - - - NV, is equal to Uy,.s,...s,; hence
the family {U,} is closed under the formation of finite intersections. Suppose
next that 9 and M, are two distinct elements of N*, and let f be a function
such that fEMNINS,. Then we have M & Uy, while MEV/ . N* is hence
a Ti-space. We postpone the proof that N* is a Hausdorff space. Nt* is
bicompact, as proved by Jacobson [17].

We next map the space X into the space N* by a function ¥, where
W(p) is the ideal IM,, and denote the image space ¥(X) by X. Since it is quite
elementary to show that ¥ is a homeomorphism, we omit the details of the
verification. Every function f in €*(X, R) may be represented faithfully on
X by the homomorphisms which the ideals I, define: f(IM,) =ML(f) =F(p).
Each such function f (we make no notational distinction between functions
defined on X and functions defined on X) may be extended over all of N(*
by defining f(IN) to be IMM(f), for each free maximal ideal M in N*. This
plainly defines an extension of f over the bicompact space M*. We now
prove that the extension is continuous. Let I be any element of N*, f any
function in €*(X, R), and € any positive real number. There are two cases.

Case I: fEM. In this case, f(IM)=0. We observe first that ED?(| f|)
=|M(f)| and that in consequence M(min (f, g)) =min (M(f), M(g)), since
min (f, g) =2"1(—|f—g| +(f+g)). We now set g equal to the function
min (l f I , €) —e and consider the neighborhood U,, which clearly contains .
Let M be an arbitrary maximal ideal not containing g; we assert that
l‘ﬁ(f)| <e. Making the contrary assumption, that I?R(f)l =¢, we have
N(g) =N(min (|f|, € —€¢)=min (|N(f)|, € —e=0. This implies that gER,
contrary to our hypothesis on M. It follows at once that the extended func-
tion f is continuous at the point IN.

Case II: f non€EM. In this case, the function f—IM(f) is in M, and is
continuous at N by Case I. Since the constant function I(f) is continuous
everywhere, it follows that f is continuous.

We now infer that NM* is a Hausdorff space from the fact that for 9?; and



56 : EDWIN HEWITT July

M, distinct maximal ideals in NC*, there exists a function fEE*(X, R) such
that f(I) =0 and f(IM,) 0. Finally, it is easy to see that the rings €*(X, R)
and G*(N(*, R) are algebraically isomorphic. Every function ¢ in €*(N1*, R) is
continuous and bounded on X and may hence be considered as a function de-
fined on X alone and in €*(X, R). The ring €*(N*, R) can thus be mapped
onto a subring of the ring €*(X, R). Since X is dense in N(*, a function in
C*(X, R) can be extended continuously over N{* in at most one way, so that
the mapping of E*(M(*, R) into €*(X, R) is one-to-one; since this mapping
is obviously a homomorphism, it follows that €*(N(*, R) is isomorphic to an
analytic subring (i.e., a subring containing all constant functions and closed in
the u-topology) of €*(X, R). By preceding remarks in the present proof,
however, it is clear that every function in €*(X, R) is the image of a function
in C*((*, R), so that the two rings in question are indeed isomorphic.
Theorems enunciated by Stone and Cech ([26, Theorem 88], and [7, p. 831])
state that 8X is completely determined by the properties of being a bicom-
pact Hausdorff space containing X as a dense subset and of having its ring of
all real-valued continuous functions isomorphic to the ring €*(X, R).
With this observation, the present proof is complete.

TueoreEM 10. If X, and X. are bicompact Hausdorff spaces such that
8*(X,, R) is algebraically isomorphic to €*(X,, R), then X. is homeomorphic
to X 2.

This theorem, which is an immediate consequence of Theorem 10, has
been well known for some time. (See [26, Theorem 86] and [12]).

7. General properties of 3 X. We turn now to the consideration of cer-
tain useful properties of 5X.

THEOREM 11. Let X be a non-bicompact completely regular space and let
Y be a bicompact Hausdorff space. If €*(X, R) and €*(Y, R) are algebraically
isomorphic, then X can be imbedded as a dense subset of Y'; and if the space Z
satisfies the inclusion relations X CZ C Y, then the rings €*(Z, R) and €*(X, R)
are algebraically isomorphic.

The first statement is obvious. Next suppose that Z is a space satisfying
the inclusion relations X CZC Y=8X. Then €*(Z, R) is isomorphic to an an-
alytic subring of €*(X, R), under the mapping which carries a function f
defined on Z onto the same function defined only on X. To show that this
mapping is indeed an isomorphism carrying €*(Z, R) onto €*(X, R), let f be
any function in €*(X, R). Then there exists a (necessarily unique) exten-
sion of f over all of the space ¥=8X. This extension of f, restricted to the
domain Z, is clearly a function in €*(Z, R), and maps onto the original func-
tion f under the mapping described above. Since X is dense in Z, the mapping
of 8*(Z, R) onto *(X, R) is one-to-one and is therefore an isomorphism.

TuroreyM 12. Let X be a completely regular space and let Y be a topological
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space such that the inclusion relations X CYCBX obtain. Then Y is completely
regular and has the properties that X =LY and that €*(X, R) is algebraically
isomorphic to €*(Y, R).

This remark is an immediate consequence of Theorems 10 and 11 above.
As a necessary preliminary to our next assertions concerning (X, we
prove a theorem on Cartesian products of some interest per se.

THEOREM 13. Let {X X}XEA be a nonvoid family of topological spaces such
that the Cartesian product PxeaX» is a dense subset of a bicompact Hausdorff
space K. Let 2= { %} be a fixed point of PxgaX», and let Vi, =E[x; x EPrxcaXn,
xn=4% for all N\s#\o|. The index \o is to be an arbitrary element of the index
class A. For every NoEA, let By,= Yy, (closure in K). Then K is homeomorphic
to the Cartesian product PxcaB.

We first remark that the spaces X), for all NEA, are necessarily com-
pletely regular; and next that the spaces By, for all A\&EA, are bicompact Haus-
dorff spaces since they are closed subsets of the bicompact Hausdorff space K.
(See AH, p. 86, Satz IV.) Furthermore, the Cartesian product PyxcaBy, as
the product of bicompact Hausdorff spaces, is itself a bicompact Hausdorff
space (see [7, p. 830]). We now define a mapping ® carrying K into PyxgsBa.
Let & be an arbitrary point of K. If k& B, then we set ®\(k) =k. If 2 nonEB,),
then we synthesize the mapping @, as follows. Consider {U.,(k)}.,er, the
family of all open subsets of K which contain % (the set I' is an appropriate
index class). For each NEA, let 4, be the set of all points {xx} in ¥, such
that xx& U, (k). It is clear that the sets A, (y running through all elements
of T, N\ fixed, closure in K) are a family of closed subsets of By such that
every finite subfamily has nonvoid intersection. Accordingly, there is at least
one point Sy in By which is contained in the intersection |[,er A7, Select
one such point s), and define ®\(k) as the point sxEB,. Finally, let ®(k)
= {<I>>\(k) }%E s The mapping @, so defined, is clearly a single-valued trans-
formation carrying K into PxgaBy, and it is obviously one-to-one as well.
If % is in the subspace PygsX), so that k= {xx}, then each point s, must re-
duce to that point of ¥, for which the Ath co-ordinate is x», so that ® carries
P\eaX) onto Pxga Yy in the natural homeomorphic manner. It follows of
course that ®(K) contains Pycs Y. To prove that & is continuous, let ®(k)
be an arbitrary point in ®(K), and let G be any open set in ®(K) containing
®(k). The set G is the intersection with ®(K) of an open set in PxgaBy, and
there accordingly exists a neighborhood in PygaBx of the form D), ®Ds,
® - - - @D, whose intersection with ®(X) is contained in G. Let the point
®(k) be {sx}, and let Gy, be a neighborhood of s\; in By, such that G5, CDy,;
(#=1, 2, - - -, m). Such neighborhoods C,,; can be found, since the spaces Bx
are bicompact Hausdorff spaces and are hence regular. (See AH, p. 89, Satz
IX.) Next, let V), be O\, Yy, (=1, 2, - - -, m), and let U\, be the set in
X»; corresponding in the natural way to the set V), The set U),® U,
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® - - - ®Uy, is an open set in PxgaX), and as such is the intersection with
PrgaX» of an open subset H of K. Since PxgaX» is dense in K, the set H is
uniquely determined. Let p be any point in H. Then ®(p)= {@n}, which is in
Prg By, has the property that its \;th co-ordinate, gx,, is in the set Vy;; how-
ever, the relations ¢,,E V5, CCy,CDy, all obtain (s=1, 2, - - -, m). These
relations show that ®(p) lies in G and hence that ® is a continuous mapping.
It is now a simple matter to complete the proof. Since & is a one-to-one con-
tinuous mapping of the bicompact Hausdorff space K onto the Hausdorft
space ®(K), it follows that ®(K) is homeomorphic to K. (See AH, p. 95, Satz
I11.) Clearly ®(K) contains the space Pxga Y, so that we have (PxeaYh)™
CPreaAB\C ®(K)~=PrgaBy, and ®(K) is dense in Py aB. Since ®(K) is bi-
compact, it must be closed in Py 1By (see AH, p. 91, Satz XI), and we con-
clude that the equality ®(K)=P\caB) obtains.

We can now describe the simple relation obtaining among the spaces 8 of
factor spaces and the space 8 of a Cartesian product.

THEOREM 14. Let {X x } re A be a nonvoid family of completely regular spaces.
Then B(PraX)) is homeomorphic to the space PrgaBXa.

Using the notation of the preceding theorem, and writing K for B(Paxg aX»)
to secure complete uniformity, we first show that By, is homeomorphic to
BX>,, for all \¢EA. To do this, let ¢ be any function in the ring €*(X),, R).
We extend ¢ first to a function ¢’ continuous throughout Pyg X by defining
¢ first on the space Y3, (which may be considered identical with X,,) and
defining ¢/ ({xx}) as ¢({mm}), where {3} isin Vi, and y,=xx, It is obvious
that ¢’ is continuous on PxgaX). The function ¢’ can be continuously ex-
tended over all of K, by virtue of K’s special properties, and hence can be
extended to be continuous throughout Yy, =By, This proves that B, is
homeomorphic to B(X»,); and the present theorem follows immediately
from this observation together with Theorem 13.

TuEOREM 15. Let {Xx}xeA be a family of completely regular spaces; and
let ® be the set of functions in €*(PxgaX», R) which are of the form fymy, where
f is an arbitrary function in €*(X,, R) and m\ is the projection of the space
PrgaX» onto the co-ordinate space X». Then the subring of C*(PxeaX, R)
generated by the functions in ® is dense in the u-topology for €*(PxgaX, R).

The present theorem is an easy consequence of Theorem 14. Since
BPyc 1 Xr=Pre1BX>, it is clear that every function f in C*(PreaX R) can
be continuously extended over the space Pyc aBX) to be a function f, and that
the correspondence f—f is a norm-preserving algebraic isomorphism of the
rings €*(PxgaX», R) and C*(PxeaBX), R). Let # represent the projection
of the space PxcBX» onto the Ath co-ordinate space, and let f) represent a
generic function of €*(X,, R). It is plain the functions of the form frir serve
to distinguish between any pair of distinct points of PxgB8X», and hence the
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ring generated by these functions is dense in the wu-topology of
C*(PreaBXn, R). (See [15] for a proof of this fact.) The inverse image of
the set of functions fi# therefore generates a subring of the ring €* (PrxesX\, R)
which is dense in the u-topology for €*(P\gaX), R); but such inverse images
are obviously in ©, and the assertion of the present theorem is established.

8. Extensions of continuous real-valued functions. Since spaces which are
B’s for proper subsets of themselves enjoy the extremely strong property that
all bounded continuous real-valued functions on certain dense subsets can be
continuously extended throughout the whole space, we entertain a natural
interest in the local properties of a topological space which allow or deny the
possibility of such extensions.

THEOREM 16. Let X be any topological space, p a point of X, and f a func-
tion in €*(X —p, R) which cannot be continuously extended over the point p.
Then there exists a real number o and a positive real number n such that, for
every meighborhood U(p), there are points q and g2 in U(p) such that
fl@) <a—n and f(gz) >a+n.

Let U= { Ux() }nea be a complete family of neighborhoods for the point
p in X. It is obvious that the point p is not isolated in X, since every function
in €*(X —p, R) could be extended continuously over p if p were isolated. Let
the number v be defined as infaea (sup.evrf(g)). The supremum and
infimum in question certainly exist, since f is bounded. Since f cannot be de-
fined at p so as to be continuous there, a positive real number { exists such
that for every Ux(p)(AEA) there are points g and ¢ in U,(p) with the property
that I flg) —f(q“)l >{. We define the number 7 as {/4 and the number « as
v—{/2. We can show without difficulty that a and 7 enjoy the properties set
forth in the statement of the theorem. There exists a neighborhood U,,(p)
such that f(q) <y -7 for all g& Uy(p), as the definition of v shows. It follows
also from the definition of v that in every neighborhood U\(p) there are
points 7 such that |f(r) —-'yI <. Furthermore, in every neighborhood U\(p)
there are points g; and gs such that | f(g:) —f(ge)| >¢. If such points be selected
in Ux(p)N\ Uy, (p), where X is an arbitrary element of A, it is clear that f(g1)
or f(ge) must be less than y+n—{¢=v—3¢{/4=a—n. Thus we have points
1 (say) and 7 such that f(g) <a—7 and f(r) >a-+1.

THEOREM 17. Let X be a completely regular space and let p be a non-isolated
point of X which satisfies Hausdorff's first axiom of countability. Then there exist
Sfunctions in €*(X —p, R) which cannot be continuously extended over the point
P, and there also exist unbounded continuous real-valued functions on X —p.

Let { Ua}m.1 be a countable family of neighborhoods of the point p such
that any open set containing p contains one of the sets U,. Since p is non-
isolated, all of the sets U, are infinite. Let p; be any point in U; and V; a
neighborhood of p, such that p non€ V7, and such that also V1 C Uy. Let U,
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be any neighborhood of p (the neighborhood with least subscript, for ex-
ample) disjoint from V7, and let p,, be any point of U, distinct from p.
Setting no equal to 1, it is plain that we can prove by induction the existence
of a sequence {pn,}io of points of X and of neighborhoods { V.,,}so, where
each V,, is a neighborhood of p.,, such that V,,/N\V, =0 for 45, and such
that for any neighborhood U,, all but a finite number of the neighborhoods
Va, are contained in U,. We now make use of the fact that X is completely
regular to define a set of continuous real-valued functions {{., 1o, as follows:
for & an even integer, ¥,,(p»,) =1 and ¥,,(¢) =0 for ¢€V,,; for k an odd
integer, Y, is identically 0.
We now define a function ¢ at every point ¢ in X distinct from p:

Yo = 3 ¥nl@)-

k=0

It is easy to see that ¢ is continuous on the space X —p. Let g be any pointin
X —p; then there are a neighborhood W(g) and a neighborhood U,(p) such
that W(g)N\U,(p) =0. Only a finite number of the sets V,, can have nonvoid
intersection with the set W(g), since U.(p) contains all but a finite number of
these sets, and only a finite number, therefore, of the functions ¥.,, can be
different from 0 within W(q). It follows that ¥ is continuous at ¢g. Replacing
¢ if necessary by the function min (¥, 1), we obtain a bounded function,
which may be denoted by ¢, continuous throughout the space X —p. The
function ¥ can in no wise be defined at p so as to be continuous at that point,
since in every neighborhood U,(p), there are points gn,,,, at which ¢ vanishes
and points ¢.,, at which it is equal to unity. The existence of unbounded func-
tions on X —p follows in exactly the same way, if we merely employ functions
¢, such that: ¢, (pn,) =71, ¢n(g) =0 for all ¢EV,,, and 0=¢,,(g) <n: for
all g€ X.

Since the validity of the first axiom of countability at a point p in a com-
pletely regular space X implies the existence of functions in €*(X —p, R)
which cannot be continuously extended over the point p (except in the trivial
case that p is an isolated point), it is natural to inquire after properties of a
space at a point p which will ensure that every function in €*(X —p, R) can
be continuously extended over p. Such properties cannot be described in
terms of the directed set of neighborhoods of the point p, as the following
theorem shows.

THEOREM 18. Let T' be any directed set with order relation denoted by <.
(See [27, p. 10] for a definition of such sets.) Then there exists a completely
regular space X and a point p in X such that the system of neighborhoods of the
point p, ordered by set-inclusion, is order-isomorphic to the directed set T', and
such that there exist functions in €*(X —p, R) which cannot be continuously ex-
tended over p.
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It is simple to construct a completely regular space Y containing a point p
whose neighborhood system, ordered by set-inclusion, is order-isomorphic to
the directed set I'. Let the points of ¥ be the elements of the directed set T',
with the addition of a single additional point, p. Let every point of ¥ be iso-
lated, with the exception of the point p, and let the neighborhood U, (p) of p
in ¥ be defined as p\UE[8, 8T, §>~]\Us. It is obvious that ¥ is completely
regular (it is, in fact, totally disconnected (%)) and that the neighborhood
system at p satisfies the conditions imposed above. If I possesses a last ele-
ment, we replace p by that element.

We now let I'* be an exact replica of T, but disjoint from TI', and let Y*
be the space defined with the point $ and the directed set I'* just as ¥ was
defined with the point p and the directed set I'. (Note that we use the same
point ¢ for both ¥ and Y*.) The space X is defined as the union of the two
spaces ¥ and Y*. Clearly the neighborhood system at p in X is order-iso-
morphic to the directed set I', and the space X —p is obviously disconnected.
The function ¢ which is equal to 0 on ¥ —p and equal to 1 on Y*—p is cer-
tainly continuous on X —p but is not continuously extensible over the
point p.

It thus appears that we must turn to more refined properties of neigh-
borhoods of a point than merely their direction by set-inclusion in order to
describe the extensibility of continuous real-valued functions. We can obtain
a complete description of this phenomenon by considering how p is related to
certain Z-sets in X —p. We first state a simple theorem on complete separa-
tion.

THEOREM 19. Two nonvoid subsets A and B of a topological space X are
completely separated if and only if they are contained in disjoint Z-sets.

Suppose first that 4 and B are completely separated, and that f is a sepa-
rating functions as specified in Definition 4 above. Then the functions
¢1=min (f, 2/3)—2/3 and ¢s=max (f, 1/3) —1/3 have the properties that
Z(¢p2) DA, Z(¢1) DB, and Z(p1MNZ(¢2) =0. Conversely, if 4 is contained in the
set Z(f1) and B is contained in the set Z(f;), where f; and f, are in €(X, R)
and Z(f{)NZ(f;) =0, then the function ¥ =f?-+f2 vanishes nowhere in X and
consequently has an inverse in €(X, R). The function f3 -y~ clearly vanishes
on Z(fi) and is equal to unity on Z(f.). Hence A and B are completely
separated.

THEOREM 20. Let X be any completely regular space, and let p be any point
of X. Then every function in €*(X —p, R) can be continuously extended over p

(5) Of the various definitions of total disconnectedness in use at the present time, we
choose the following: a topological space X is said to be totally disconnected if for every point
pE X and every closed set Fin X not containing p, there exists an open and closed set 4 such
that p& 4 and A C F'. It is obvious that every totally disconnected space is completely regular.
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if and only if, whenever Ay and A, are subsets of X —p such that pEAT NAy
(closures in X), Ay and A, fail to be completely separated in X —p.

If there is a function ¢ in €*(X —p, R) not continuously extensible over p,
let « and 5>0 be the real numbers described in Theorem 16 as being
associated with ¢ and p. Then, if 41=E[¢; ¢EX—p, ¢(¢)=a+n] and
A;=E[q; ¢EX —p, ¢(q) Sa—n], it follows that 4; and A, are completely
separated in X —p, and that pEAi M As. Conversely, if p is contained in the
intersection A7 MNAs, where 4; and A; are completely separated subsets of
X —p, then there exists a function ¢ in €*(X —p, R) which vanishes on 4,
and is equal to unity on A,; since pEATMA5, every neighborhood of p con-
tains points at which ¢ is 0 and points at which ¢ is 1; hence ¥ is not con-
tinuously extensible over p.

The foregoing theorem yields useful information concerning certain special
classes of spaces. Let X be a locally bicompact Hausdorff space which is not
bicompact. There exists a unique bicompact Hausdorff space, X\Up, obtained
by adjoining a single point to X. Neighborhoods of the point p are simply the
complements of bicompact subsets of X. It is a simple matter to prove that
this extension of X, which we may denote by vX, is a bicompact Hausdorff
space and that it is completely determined by X. (See AH, p. 93, Satz XIV.)
If X is a non-bicompact completely regular space, and if ¢ is any point of
BX — X, then the space BX — ¢ has the property that §(X —¢q) =v(X —¢) =B8X.
We may ask what properties a locally bicompact Hausdorff space ¥ must
have in order for the relation y¥=87Y to obtain.

THEOREM 21. If Y is a locally bicompact Hausdor[f space, then the relation
v Y =BY obtains if and only if, given two completely separated closed subsets of Y,
at least one of them is bicompact in its relative topology.

Suppose that the condition stated in the theorem holds and that A; and 4,
are completely separated subsets of Y. Then Ai- and A; are completely sepa-
rated in Y, and by hypothesis at least one of them, say 4i", must be bicom-
pact. In this case, the set A’ is a neighborhood of the adjoined point g in
v7Y, so that ¢ non EArNA4;s. It follows from Theorem 20 that every function
in G*(Y, R) can be extended continuously over g, so that by a familiar argu-
ment, we infer that €*(Y, R) and €*(yY, R) are isomorphic, and hence that
vY is homeomorphic to 8Y. On the other hand, if two non-bicompact com-
pletely separated subsets 4, and 4, exist in ¥, then in every neighborhood of
the adjoined point g of v ¥, there must be points of both 4, and A.. As before,
it follows from Theorem 20 that some function in €*(¥, R) cannot be con-
tinuously extended over ¢, and hence that 4 is not homeomorphic to Y.

From Theorem 9, we infer the following statement: if Y is a locally bi-
compact Hausdorff space, then 7Y is homeomorphic to Y if and only if the
ring €*(Y, R) contains precisely one free maximal ideal.
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THEOREM 22. A normal locally bicompact space Y has the property that vV
is homeomorphic to BY if and only if at least one of every pair of disjoint closed
subsets of X is bicompact in its relative topology.

The present theorem is a special case of Theorem 21, obvious in the light
of the fact that every pair of disjoint closed subsets of a normal space are
completely separated.

9. Examples of spaces 3 X. Every known construction of 8 X relies heavily
on the axiom of choice. The construction described in Theorem 9 above uses
this axiom in two places: first, in proving the existence of free maximal ideals
in €*(X, R); and second, in making use of the family of all maximal ideals
in €*(X, R). In view of the non-constructive character of 8X, therefore, it is
not astonishing that concrete examples of X for non-bicompact completely
regular spaces X are difficult to exhibit. A few such have been found, how-
ever, which we now proceed to discuss.

It may be remarked at the outset of this discussion that every bicompact
Hausdorff space is its own 3, so that we are provided at once with a large
but trivial family of spaces (.

Let A be any ordinal number, and let T4 be the set of all ordinal numbers
6 such that 6 <A. For an arbitrary 80&ETa, we define U.(8y) as the set
E[B; 0ET,, a<d §50]. As the ordinal number o« assumes all possible values
less than §,, the sets U.(8o) define a complete set of neighborhoods for the
point do. Under the topology defined by these neighborhoods, T4 is obviously
a totally disconnected (and therefore completely regular) space.

THEOREM 23. Let N be any infinite cardinal number which is not expressible
as the sum of o cardinal numbers each smaller than WN. Let 2 be the least
ordinal number with cardinal number W. Then, for the space Tz, we have
6T2= T Z+41.

A closely related family of spaces for which 8 may be explicitly described
is discussed in the following theorem.

THEOREM 24. Let 2 be an ordinal number of the type described in Theorem
23, and let Z* be the smallest ordinal number with corresponding cardinal number
N* where V* is an arbitrary infinite cardinal number. Then we have

B(Trn®Tzxpn— (2, Z¥) =T ®T s*41.

Theorems 23 and 24 repose upon the facts that T,y is bicompact for
every ordinal number u and that every continuous real-valued function on the
spaces considered is constant beyond some point in the spaces considered.
Details of the proofs are omitted. These spaces have 3’s which are easily
obtained from the spaces themselves on account of the fact that there are
comparatively few continuous real-valued functions defined on them. These
spaces need not all be compact (for example, the space Tg41® To11— (D, w)
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is not compact (%)), but they come very close to being bicompact, and it is
not astonishing that their spaces 8 should be simple to find.

10. B for a discrete space. If we turn our attention to discrete spaces, we
find, as might be expected, a situation differing widely from the one con-
sidered above. If N,is an infinite discrete space of cardinal number N, then
C(N4, R) is the direct sum of 8, replicas of R, and €*(N,, R) is the subring of
this direct sum consisting of all bounded elements in it. The spaces BN, are
very large. As Pospisil has proved [23], the cardinal number of 8N, is given
by the equation(”).

| BN, | = 228

Interpreted in the light of Theorem 9, this equality states that the ring
§*(N., R) contains 228 free maximal ideals. The space BN, enjoys a number
of curious properties. Some of these are discussed by Cech [7], more have been
set forth by Nakamura and Kakutani [22], and others will be described
below.

We first give an explicit construction for BNy, where N, may be taken as
the set of all positive integers under their discrete topology. We shall exhibit
N, as a certain closed subset of the set D of all characteristic functions of
subsets of the closed interval [0, 1], which is denoted by I. If 4 is any subset
of I and ¢4 is the characteristic function of the set 4, we define neighbor-
hoods for ¢4 in the usual fashion. If x;, 3, + - -, xpareindand y1, s, - * * , Ym
are in A4’, then the neighborhood U, sy, -.2n; nws. -+ wm(Pa) is defined as
the set of all characteristic functions ¢x such that ¢x(x;) =1 (¢=1,2, - - -, n)
and ¢x(y;)=0(j=1, 2, - - -, m). This is obviously the same as the usual Car-
tesian product topology in D when D is considered as the product of 28 T-
spaces each containing exactly two points. As the finite sets {xl, Xgy ¢ v v, xn}
and { Vi, Yoy ¢ ¢, y,,.} assume all possible values, the corresponding neigh-
borhoods define a complete neighborhood system for the function ¢4. It is
easy to show that, under this topology, D is a bicompact Hausdorff space
which is of dimension 0 and which has point-character 280 at every point (8).

We now consider the set B of numbers ¢ in [0, 1] such that the triadic de-
velopment of ¢ contains only 0’s and 1’s. The selection of B establishes a
one-to-one correspondence between the set of all countably infinite sequences
consisting of 0’s and 1’s and the set B contained in [0, 1](°). Next, let sets
X. (n=1,2,3,---) be defined as follows. The set X, is the set of all ¢ in

(%) Q denotes the least ordinal number with cardinal number R;, and w denotes the least
infinite ordinal number.

(") We denote the cardinal number of a set 4 by the symbol lA ‘ .

(®) The point-character of a point p in a topological space is the least cardinal number of
a complete family of neighborhoods of the point p.

(*) The writer is indebted to Dr. Kurt Gédel for the suggestion of making this corre-
spondence by means of triadic developments.
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B such that ¢(n), the nth element in the triadic development of ¢, is equal to
0. It is obvious that every intersection X! YN\XPNX¥N . .. NX™ .. .|
where X2® may be either X or X! MNB, is nonvoid. In fact, this intersec-
tion is simply the number ¢ such that ¢(k) =0 if and only if X°® =X,.

The set of characteristic functions {¢x,,},°f=1, considered in its relative
topology as a subspace of D, is a discrete space. This is obvious from the fact
that the number ¢, such that ¢,(k) =0 if and only if k=# is in X, but is in no
set X, for m#=n. By identifying ¢x, with the kth element of the space N,
we establish a homeomorphism between Nj and the space {¢x,}m;. We now
assert that the closure of Ny, considered as being identical with the space
{¢Xn};z°=lr is indeed BN,. We first establish two necessary conditions for a
function ¢z to be an element of Ny . Let Ty denote the set of all numbers ¢ in
B such that ¢(n) is 0 for all but a finite number of values of #, and let T} de-
note the set of all numbers ¢ in B such that £{(») is 1 for all but a finite num-
ber of values of n. If ¢z is an element of N, then we have ToCZCBNTY.
These inclusion relations are verified by contradiction. Assume that for some
tET,, we have t&Z’. Then the neighborhood U,(¢z) Ny consists of all
functions ¢x, such that ¢t non € X,; but there are only a finite number of such
sets X,, and ¢z accordingly is not an element of N . To establish the second
inclusion relation, assume that a number ¢ exists such that t&Z and tEB' U T.
If t&B’, then the neighborhood U; (¢z) has void intersection with No, and
if t€T, then the neighborhood Uy; (¢z) contains only a finite number of
functions ¢x .

Finally, to prove that Ny is B8N, we make use of the following theorem,
due to Cech [7, p. 833]: let S be a normal space, and X a bicompact Haus-
dorff space containing S as a dense subset, with the property that if F; and
F, are disjoint closed subsets of .S, then F{ M F; =0 (closures in X); under
these conditions, X is 3S. Since the space Ny is normal, this theorem may be
applied to it, and since every subset of N, is closed, we must show that dis-
joint subsets of Vo have disjoint closures in Ny . If {nl, Moy M3, = * 5 Wiy * * * }
and {ml, Mg, M3, = =+, Mg, * - - } are disjoint subsets of the set of all positive
integers, we must prove that

65, € ¢x,)" and psnEQ_dx,,)"
k=1 k—1

imply that S,5S,.. This non-equality is easily verified by examination of the
properties of S, and S,. Let the number ¢ be in BNTY, and suppose that
t(ny)=0for k=1, 2, 3, - - - . Then, plainly, ¢is in S, or in S/, and, if tE S/,
we find that U.(és,) contains no functions ¢x,. Hence we have (&S,
since ¢, is in (D1 @xn,)~ Similarly, if ¢(ny) =1 for k=1, 2, 3, - - -, then
tis in S./. Now consider any number { in B such that #(n:) =0 and #(m) =1
for all k=1, 2, 3, - - - . Since the sequences {nk}f_, and {mk},‘f_l are dis-
joint, such a number { exists, and from the preceding remarks, it is obvious
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that { is in the set S,MNS,/. Therefore .S, is distinct from S, and our con-
struction is complete.

By means of similar arguments (not using effective constructions, to be
sure), it is plain that a construction for BN, can be given, N, being an
arbitrary infinite cardinal number.

We next show that every space BN, enjoys a curious topological property,
that of extremal disconnectivity(}?). We have shown elsewhere [14, p. 326]
that a Hausdorff space is totally disconnected if it is extremally discon-
nected.

THEOREM 25. If N. is a discrete space of (infinite) cardinal number N.,
then BN, is extremally disconnected.

Let G, and G; be any pair of disjoint open sets in SN,.. Then the sets 4,
and A, where 4;=N,NG; (¢=1, 2) are disjoint open and closed subsets of
N.. Hence the characteristic function ¢4, is continuous on N, and is zero
throughout the set A, It can be continuously extended over all of BN,;
when so extended we denote it by ¢4,. In view of the relations G;CA4; (=1, 2),
it follows that &4, is equal to unity on G: and is zero on G,. Hence G, and G.
have disjoint closures.

We conclude the present section with a simplified proof of the theorem of
Pospisil referred to above.

THEOREM 26. The cardinal number of the space BN, is 2R,

Let D, be the Cartesian product of N, replicas of the Ti-space whose ele-
ments are the numbers 0 and 1. We may describe D, as the set of all functions
p(\), for X in a domain A having cardinal number N, and assuming the values
0 and 1. Let 0 designate the point of D, such that 0(A) =0 for all AEA, and
let p), be the element of D, such that py,(\) =1 if and only if A=N,. Let Q
denote the set of all such py, in Da. Let U= {V(\, Ng, - - -, N\»)} be a basis
for open sets in D,, where |U| is equal to N,, and where a one-to-one cor-
respondence has been set up between U and the family of all finite sub-
sets {N\i, Ag, - -+, Aa} of A. Let T(Ay, Mg, - - -, \s) be defined as the set
(VML A 0, ANV (DI - - - Upy,). Now consider the space
C of all characteristic functions on the set D,, with the topology described
in the construction of 3N, above. We write, throughout the present proof,
¢(A) for the characteristic function of the subset A4 of D.. It is plain that the
set {d)(T()\l, Ne, - - - ,)\,,))}, where {)\1, Ne, ¢ - -, )\,,} runs through the
family of all finite subsets of A, is a discrete space in its relative topology in C.
Since the set Q has 0 as its only limit point in D., we can certainly find a non-
void open subset H of D, such that HNQ is void; if X is any subset what-
ever of H, it is further obvious that the sets V(\;, - - -, \,) can be chosen so

(19 A Hausdorff space X is said to be extremally disconnected if every pair of disjoint
open subsets of X have disjoint closures.
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that ¢(X'\UQ) is in the closure of the set {¢(T()\1, ) PHEIRIRNND W) } Since H has
cardinal number 28« we infer that the equality

| {o(TOw Ns, - -+ A = | = 228
obtains. By a theorem of Stone and Cech (see [26, p. 476, Theorem 88]),
there is a continuous mapping of BN, onto {¢(T(\y, As, * - - , An)) }—. This

fact, together with well known estimates for the cardinal numbers of Haus-
dorff spaces containing dense subsets of given cardinal number, implies that
BN, has cardinal number2®e,

ParT II. RinGgs €(X, R) AND SPACES vX

1. Introduction. In turning our attention to rings €( X, R), we encounter
problems differing widely from those met with in the study of bounded func-
tions alone. First, in order to render our considerations non-vacuous, we must
confine our investigations to spaces on which unbounded real-valued continu-
ous functions exist; and this necessary restriction immediately excludes all
compact spaces. We can therefore hope for no reduction to bicompact spaces,
like that described for rings €*(X, R) in the preceding chapter, and must
define a new category of spaces which will serve to exemplify all rings
€(X, R). ,

In one direction at least, we find a simplification: the structure of ideals in
(X, R) is connected with the structure of the space X in a highly perspicu-
ous manner. We shall use this connection as an essential adjunct to our
investigation and also as a means of illuminating further the relation be-
tween ideals in G*(X, R) and the structure of X.

In other directions, we find enormous complications. The quotient fields
C(X, R)/IM, where M is a maximal ideal in €(X, R), need not be isomorphic
to R, but may be very large non-Archimedean ordered, formally real exten-
sions of R. We shall describe these fields in as much detail as possible.

2. Pseudo-compact spaces. Our first problem is to determine the com-
pletely regular spaces on which unbounded real-valued continuous functions
exist.

DEFINITION 9. A completely regular space X is said to be pseudo-compact
if €(X, R) is identical with €*(X, R).

THEOREM 27. The following three properties of a completely regular space
X are equivalent: '

(1) X is pseudo-compact.

(2) Every function in C*(X, R) assumes its greatest lower bound and least
upper bound for some point or points in X.

(3) If fEG*(X, R), then f(X) is a compact subset of R.

We establish this result by proving the implications (1)—(2)—(3)—(1).
Suppose that (2) does not hold. Then there is a function f in €*(X, R) which
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does not assume both of its bounds; we may suppose that f fails to assume
its greatest lower bound, which number we denote by ¢. Then f—¢ is a positive
function taking on arbitrarily small values, and the function (f—¢)~! is an
unbounded function in €(X, R). This establishes the implication (1)—(2).
Next, suppose that (3) does not hold. If f(X) is a bounded, non-compact sub-
set of R, then f(X) must be non-closed. Let % be a limit point of the set f(X)
which is not in f(X). If u is the greatest lower bound or least upper bound of
f(X), then obviously (2) fails. On the other hand, if there are numbers #
and £ in f(X) such that #; <u <t,, then the set f(X) is disconnected, and the
sets A1=f"YE[t; t€f(X), t>u]) and A;=f"1E[t; tEf(X), t<u]) are com-
plementary, nonvoid, open sets in X. Suppose that for every positive real
number ¢, the interval [#, u-+¢€) contains points of f(X). Then let a function
¢ be defined on X, as follows: ¢(p) =f(p) for all pEA,:; ¢(p)=u+1 for
pEA,. It is patent that ¢ is a function in §*(X, R), that ¢ has greatest lower
bound %, and that ¢(p) is greater than u for all pEX. A very similar con-
struction may be applied if every interval [, #—e¢) contains points of f(X).
Hence condition (2) fails if condition (3) fails, and the implication (2)—(3)
is established. Finally, suppose that (1) fails and that the function f is con-
tinuous, real-valued, and unbounded. Then (f2+41)~'is a function in €*(X, R)
which is positive everywhere but which assumes values smaller than any pre-
assigned positive real number. Condition (3) thus fails, and the implication
(3)—(1) is verified.

A complete characterization of pseudo-compact spaces is given by the
following theorem.

THEOREM 28. A completely regular space Y is pseudo-compact if and only
if Y is equal to BX — A, where X is a completely regular space, A is a subset of
BX —X, and A contains no set which is a closed G; in BX. Equivalently, Y is
pseudo-compact if and only if BY —Y contains no closed G; except the void set.

Let Y be a pseudo-compact space, and consider the space YV —7Y. If
BY — Y contains a nonvoid closed G;, which we may denote by 4, then there
is a function ¢ in €*(8Y, R) such that Z(¢)=A4. (This observation follows
from the normality of 3Y and the fact that every closed G; in a normal space
is a Z-set. The second statement is proved in [7, p. 829].) Since we have
ACBY—Y, the function ¢? cannot vanish on ¥, but since Y is dense in 87,
¢? must have 0 as its greatest lower bound on Y. It follows from Theorem 27
that Y is not pseudo-compact. Conversely, if ¥ is not pseudo-compact, then
there is a function ¢ in €*(Y, R) which is positive everywhere and has great-
est lower bound 0. The function ¢ is continuously extensible over all of 8V
since 8Y is bicompact, the set Z(¢) is non-void, where ¢ represents the exten-
sion over BY of ¢, and it is a closed G; lying in Y — V.

It will be proved below (Theorem 49) that every closed G5 in BX —X has
cardinal number not less than 22 (X being any completely regular space)
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We thus have the following simple consequence of Theorem 28.

THEOREM 29. A completely regular space X with the property that |BX —-X ]
is less than 22 is pseudo-compact.

The space T ®Twy1—(Q, w) is pseudo-compact, as Theorems 24 and
29 show. It is not compact, however, the countable set A=E[(Q, n), n
=1, 2, 3, - - - | having no limit point. This space is, furthermore, non-nor-
mal, since 4 and the set B=E[(e, w); @< ] are not completely separable.
For normal spaces, indeed, the notions of compactness and pseudo-compact-
ness coincide.

THEOREM 30. A normal space X is pseudo-compact if and only if it is com-
pact.

It is patent that every compact normal space is pseudo-compact. To prove
the converse, let X be a non-compact normal space, and let P= {pl, De, D3,

IEIEINY S } be any countably infinite subset of X having no limit point.
The set P is closed, and the function ¥ defined on P such that ¢(p.)=n
(n=1,2, 3, - - - ) is continuous on P. It is known that every real-valued func-

tion defined and continuous on a closed subset of a normal space can be con-
tinuously extended over the whole space. (See AH, p. 76, Bemerkung II.)
Hence, the function ¢ may be continuously extended over X, and X accord-
ingly fails to be pseudo-compact.

We may also note the following immediate consequence of Theorems 28
and 30.

THEOREM 31. If X is a non-bicompact completely regular space, and if A
is a non-void subset of BX — X which contains no closed Gs, then the space BX — A
s either non-normal or compact.

3. The family Z(X). We next consider an important subfamily of the
family of closed subsets of a topological space.

DEFINITION 10. Let X be any completely regular space. Z(X) is defined
as the family of all subsets of X of the form Z(f), where f is an element of
€(X, R). If A is any subset of €(X, R), then Z(¥) is defined as the family of
all Z(f) for f&¥.

It is clear that every set 4 in Z(X) is a closed Gs in X, and, as noted above,
if the completely regular space X is normal, Z(X) coincides with the family
of all closed Gy'’s in X. This property is not equivalent to normality, however,
as the space To1® T i1 — (2, w) shows. It is easy to verify that every closed
G; in this space is a Z-set, although the space itself is non-normal. An example
is given in Appendix A of a non-normal completely regular space in which
not every closed Gs is a Z-set.

For various special categories of spaces, the family Z assumes familiar
forms. If M is a metric space, for example, Z(M) coincides with the family of
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all closed subsets of M. More generally, one may consider spaces in which
every closed subset is a G5 and which enjoy the property that every subspace
is normal in its relative topology. These are the “perfectly normal” spaces of
Cech (see [8]).

We now state certain elementary facts about the family Z(X).

THEOREM 32. The expression “C€(X, R)” may be replaced by “C*(X, R)”
in Definition 12 above without altering the family Z(X).

This theorem follows from the fact that Z(f) =Z(min(f2, 1)), for all func-
tions f in €(X, R), and that min (f?, 1) is a function in €*(X, R).

THEOREM 33. The family Z(X) is closed under the formation of finite unions
and all countable intersections. It is not in general closed under the formation of
countably infinite unions.

The present theorem follows immediately from the two following rela-
tions: Z(f)\JZ(f)\ - - - UZ(fa)=Z(min (f}, f3, - - -, fa); and J[miZ(fa)
=Z(> w..2"-g,), where g,=min (f2,1) (n=1,2, 3, - - -).

Clearly the series Y ;27" g, converges uniformly and hence represents
a continuous function on X. The last statement of the theorem is easily
verified by an example. If we take X to be the space R, then every rational
point t&R is a Z-set; but the union of all these Z-sets is not even closed.

We next obtain a second characterization of pseudo-compactness in terms

of Z(X).

THEOREM 34. A completely regular space X is pseudo-compact if and only
if, whenever {Z,.};‘;l is a countable subfamily of Z(X) enjoying the finite inter-
section property (), the intersection |]7-1Z. is non-void.

Suppose that the stated condition does not obtain, and that {Z,},., is a
subfamily of Z(X) such that Z;N\Z:N - - - NZ,0 for each natural number
m, but such that [[,Z, is void. Let A,=ZN\Z:N\ - - - N\Z, (n=1, 2, 3,

-+ +). Then we have 4:D4:D -+ DA4,D - - -, with [],4. void. Since
A, is in Z(X), there exists a function f, in €(X, R) such that Z(f.) is equal
to A,.. The function g,, defined as min (f2, 1), likewise has the property that
Z(gs) =A .. Consider the function ¢= Y ;27" g,. Since every p€X lies in
4,, for some natural number m, we have ¢(p)=2-™-g.(p) >0, so that ¢ is
positive everywhere. On the other hand, if pEA4,, then gi(p) =g(p)= - - -
=ga(p) =0, so that we have ¢(p) = D _sni127% gs(p) <2~ Hence, the rela-
tion inf,e x¢(p) =0 is valid, and the function violates condition (2) of Theo-
rem 27, and X is not pseudo-compact. Conversely, if X is not pseudo-com-
pact, there is an unbounded function f in €(X, R). Let the set K, be defined
as E[p; pEX, f2(p)Zn], for all natural numbers #. It is clear that KiNK,

(M) A family o4 of sets is said to have the finite intersection property if every set in o4
is non-void and 4 is closed under the formation of finite intersections.
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N - - - NK, is a non-void set, for every #, and that I1:..K. is void. Since
K,.=Z(max (f?, n)—n), we find that the condition stated in the present
theorem fails in the presence of an unbounded real-valued continuous func-
tion on X.

4. Ideals in G(X, R). As in the case of rings €*(X R), we find that
maximal ideals in €(X, R) are indispensable aids to our study. As in Theorem
9, the fixed maximal ideals are easily described.

THEOREM 35. The fixed maximal ideals in the ring €(X, R) are the sets of
all functions in €(X, R) vanishing at a given point pEX; for a fixed pEX,
this ideal may be denoted by IM,.

The proof of the present theorem is identical with that of Theorem 8, and
hence does not require repetition.

The free maximal ideals of €(X, R), on the other hand, may exhibit the
most extreme pathology, their peculiarities being closely connected with those
of the space X. In particular, the family Z(It), where I is an arbitrary free
maximal ideal, can be identified by purely set-theoretic properties, which
makes it, within the family Z(¥), an exact analogue of the ultra-filters of
Cartan (see [6, chap. I, pp. 20-31]). The corresponding property for free
maximal ideals in €*(X, R), which establishes a complete equivalence be-
tween maximal ideals in the two rings, is somewhat less perspicuous. We now
consider the properties of Z(M).

THEOREM 36. Let X be any completely regular space. Consider the following
properties of a non-void subfamily A of Z(X):

(1) A enjoys the finite intersection property;

(2) If AEA, BEZ(X), and BDA, then BEA.

(3) If WEZ(X) and W nonEeA, then WNA=0 for some A EA.

(4) The intersection of all sets in <A is void.

(5) A contains no sets bicompact in their relative topologies.

The family <A is a family Z(J) for some ideal & in €(X, R) if and only if
(1) and (2) obtain; A is the family Z(IN) for some maximal ideal M in €(X, R)
if and only if (1), (2), and (3) obtain; A is the family Z(IM) for a free maximal
ideal in (X, R) if and only if (1), (2), (3), and (4) obtain. Finally, if <A is the
family Z(M) for a free maximal ideal M, then (5) obtains; but the converse is
not in general true.

The present theorem is simply a translation of ideal properties into prop-
erties of sets. Let <4 be a subfamily of Z(X) enjoying properties (1) and (2).
Let % be the set of all functions f in €(X, R) such that Z(f)EeA. If f and g
are in ¥, then we have Z(f+g) DZ(f2+g?) =Z(f)NZ(g). In view of (1) and
(2), we find that f+g is in 9. Since the void set is not in 4, every function
in ¥ vanishes at some point in X, and % must be a proper subset of €(X, R).
Next, if &€ and ¢ is any function in §(X, R), we have, obviously, Z(f§)
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=Z(H)JVZW) DZ(f); from (2), it follows that Z(f) is in ¢4, and hence that
f is in . A is therefore an ideal in €(X, R). Conversely, given any ideal &
in €(X, R), it is plain that the family Z(&) enjoys properties (1) and (2).

Next, suppose that the family <4 enjoys properties (1), (2), and (3), and
consider the ideal ¥ of all functions f in €(X, R) such that Z(f) EeA. If ¢ is
any function not in ¥, then Z(¢) is not in <4, and from (3) we infer that
Z(@)NZ(f) =0 for some fEA. The function f2+¢?2 is positive throughout X
and accordingly possesses an inverse in €(X, R). It follows that 9 has no
proper superideals and is therefore by definition maximal. On the other
hand, if M is any maximal ideal in €(X, R) and g is any function in €(X, R)
NP, there are elements FEIM and Y EEC(X, R) such that f+gy=1; hence
we find 0=Z(f+g¥) DZ(/)iNZ(g¥) =Z(f)M(Z(e)\IZ(¥)) DZ(f)NZ(g). Thus,
if Z(g) non€Z(M), we have Z(f)MNZ(g) =0 for some Z(f) €Z(IN), and it fol-
lows that the family Z(I) enjoys properties (1), (2), and (3). Property (4) is
merely a restatement of the definition of freeness for an ideal, and need not
detain us. Consider next the necessity of condition (5) for a free maximal
ideal. If M is a free maximal ideal and B is a bicompact set such that BEZ(IMN),
then, for all A EZ(M), BN A is a nonvoid closed subset of B and is therefore
bicompact also. Since Z(M) enjoys the finite intersection property, the
family {BﬂA}, A running through all elements of Z(IM), likewise enjoys ,
this property; since B is bicompact, there is a point common to all of the sets
BN\A. This circumstance contradicts the original hypothesis that It is free.
To show that properties (1), (2), (3), and (5) do not suffice to characterize
families Z for free maximal ideals, consider the Cartesian product PxcaRy,
where A is uncountably infinite, and each R, is a replica of R. It is easy to see
that any function in €(PrgaR\, R) which vanishes at a point {tx} EP\e R\
must vanish also on a closed set F containing {f} such that F is homeo-
morphic to the whole space Pxg R\, which is obviously not compact. Hence
the fixed maximal ideal I of all functions in €(PxgaRy, R) vanishing at the
point {#} has the property that Z(I) contains only non-compact sets.

The foregoing theorem completely elucidates the analogy between ultra-
filters and families Z(M), where M is a maximal ideal in €(X, R). Every ultra-
filter enjoys property (1), is closed under the operation of adjoining arbitrary
supersets, and is maximal with regard to this property and property (1). Our
families Z(IM) are thus ultrafilters restricted to the family Z(X).

Incidence of free maximal ideals may be described as follows.

THEOREM 37. Let X be any completely regular space. An element f of €(X, R)
lies in some free maximal ideal if and only if Z(f) is non-bicompact.

The necessity of the condition stated has been established in Theorem 36
above. To prove that it is sufficient, let Z(f) be a non-bicompact subset of
X, and let {Gx} e be an open covering of Z(f) admitting no finite subcover-
ing. For every point pEZ(f) and every X such that pEG), let ¢, be a func-
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tion in €(X, R) such that ¢,(p) =1, and ¢,(g) =0 for all ¢ in GY. Such
functions exist, by virtue of the complete regularity of X. The set of func-
tions f\U {¢,a}, where p runs through all points of Z(f) and N through all
indices such that pEG,, generate a free ideal . & must be a proper ideal, as
well. If & is improper, then the relation 1=gf+gdpmrn+gPpn,+ « - -
~+ gippia, must obtain for appropriate (i, 1), * - -, (Ax, px) and functions
g, -, g, and g in €(X, R). However, there is a point in Z(f) which lies
in (G\UG\Y - - - UG),,)’, and at this point the function gf+ gid i+ 22Ppsns
+ - -+ +gipp, ., must vanish, contradicting the relation set forth above.
This proves that & is not the whole ring €(X, R); by Zorn’s lemma, it can be
proved that & is contained in a (free) maximal ideal, which must of course
contain f.

It is to be noted, finally, that maximal ideals in €(X, R) are not necessar-
ily closed in the u-, k-, or p-topologies for €(X, R). It is obvious that every
fixed maximal ideal MM, is closed in all three topologies, while the following
simple example may be adduced to show that a free maximal ideal need be
closed in none of them. Let X be the space R, and let f, be defined as follows:

fa®) =1 for — ©» <t =L my
@) =Mm+1)—t forn<t=n+1;
() =0 forn+1<t< 4+ o

n is to be any natural number. The family of functions { f,,},‘,"_, generates a
free proper ideal in €(R, R), which may be imbedded in a free maximal
ideal M. Every u-, k-, and p-neighborhood of the function e~¢ clearly contains
elements of M, but e~* is not in IN, since e~* possesses the inverse function et.
The m-topology, on the other hand, enjoys close connections with the max-
imal ideals in €(X, R), which we now examine.

THEOREM 38. Let X be any completely regular space. The m-closure of any
ideal & in €(X, R) is again an ideal in €(X, R).

Let f and g be any elements of 3~ (throughout the present discussion the
closure operator in €(X, R) refers to the m-topology), and let U,(f+g) be an
arbitrary m-neighborhood of f+g. In view of Theorem 3, there exist neigh-
borhoods U,(f) and U,(g) such that fEU,(f) and zEU,(g) imply that f+3
€U,(f+g). Since f and g are in 3, it follows that U,(f+g) contains an ele-
ment fo+go, where fo and go, and hence fo+go, are in . It follows that
f+g€3~. If fisin 3, ¢ is any function in (X, R), and U,(¥f) is an arbi-
trary neighborhood of yf, then as above there exists a neighborhood U,.(f)
such that fEWU,(f) implies that YyfEU.(¥f). We infer from this relation that
YfE 3, and hence that J~ is an ideal in €(X, R)(%2).

THEOREM 39. Every maximal ideal in €(X, R) is m-closed.

(*?) We note that Theorem 38 holds for any topological ring.
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If I is a maximal ideal in €(X, R), the closure N~ of M must be either M
itself or the ring €(X, R), as Theorem 38 shows. If the latter contingency
should arise, then there would be elements of I in every neighborhood of 1;
since 1 has an inverse, and the set of elements with inverse is open in €(X, R),
it would follow that I contains an element with inverse. This is impossible
if M is to be a proper ideal, and I~ =IN remains as the only possibility.

THEOREM 40. Let A be any nonvoid subset of the completely regular space X.
Then the set of all functions vanishing on A is an m-closed ideal in €(X, R).

This theorem follows immediately from the preceding result and the fact
that the set of functions vanishing on 4 is the intersection H,,e 4 M.

It is an open question to identify all of the m-closed ideals in €(X, R). It
is conjectured that an ideal in €(X, R) is m-closed if and only if it is the inter-
section of maximal ideals in €(X, R); but we have not succeeded in finding
either a proof of or a counter-example to this conjecture.

5. Quotient fields of rings €( X, R). We turn now to a discussion of those
fields which are homomorphic images of rings €(X, R).

DEFINITION 11. Let X be a completely regular space and let I be a maxi-
mal ideal in (X, R). If the quotient field €(X, R)/IM is isomorphic to R,
the ideal M is said to be a real ideal. If €(X, R) /I fails to be isomorphic to R
and contains R as a proper subfield, then 9t is said to be a hyper-real ideal_

TuEOREM 41. If M is a maximal ideal in €(X, R), then the quotient field
C(X, R)/M is an ordered field containing R as a subfield, and every maximal
1deal is therefore either real or hyper-real. Every fixed maximal ideal M, is real,
satisfying the relation WM, (f) =f(p), for every fFEC(X, R)(®). If X s pseudo-
compact, then every maximal ideal in €(X, R) is real; if X is not pseudo-compact,
there exist hyper-real ideals in €(X, R).

We commence the present proof by displaying an order relation in
C(X, R)/IM. In the sequel, we shall designate the quotient field €(X, R)/IMN
by the symbol Gg, in cases where no ambiguity arises. Let f be an arbitrary
element of §(X, R); let P(f) denote the set E[p; pEX, f(p)=0]; and let
N(f) denote the set E[p; pEX, f(p) £0]. Clearly, P(f)N\N(f) is the set Z(f).

We now define the order relation in Cm: IM(f) is positive (M (f) >0) if and
only if P(f) is in Z(M) and Z(f) is not in Z(M); M(f) is negative (M(f) <0) if
and only if N(f) is in Z(IN) and Z(f) is not in Z(M). Under these definitions,
the following statements are true:

(1) precisely one of the relations M(f) >0, M(f) =0, M(f) <0, obtains;

(2) M(f)>0and M(g) >0 imply that M(f) +M(g) >0 and M(S) - M(g) >0.

It is clear that MM(f) =0 if and only if Z(f)SZ(M). If P(f) and N(f) are
both in Z(IM), then Z(f) =P(H)NN(f) is in Z(IM), and M(f) is 0. Hence, if

(13) The symbol IM(f) denotes, as above, the image of f in the homomorphism defined by
the ideal M.
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IMN(f) is not 0, M(f) cannot be both positive and negative. Since P(f) is equal
to Z(|f| —f) and N(f) is equal to Z(|f| +f), and since 0= (|f| —=f)(|f| +f) is
in 9, it follows that at least one of the functions |f| —f and |f| +f is in M,
I being a prime ideal since it is maximal. As we have remarked, if f non &N,
then at least one of the functions |f| —f, |f| 4+f must fail to be in I; hence
statement (1) is established. To prove (2), we observe that I (f) is positive
if and only if f(p) is positive for all pE A, where 4 is a set in Z(M). For, if
IMM(f) is positive, then we have P(f) EZ(M) but Z(f) nonEZ(M). Since M is
maximal, there exists a set Z(g) EZ(M) such that Z(f)MNZ(g) =0. On the other
hand, we have Z(g) \P(f) EZ(M), and it follows that f(p) is positive for all
pEZ(gNP(f). Furthermore, if f is positive throughout a set 4 in Z(M), it
is true that P(f) contains 4 and hence P(f) is in Z(M). Since Z(f)N4 is
void, it cannot be true that Z(f) EZ(M), and consequently M(f) is positive.
Similarly, IM(f) is negative if and only if f is negative throughout a set 4
which is in Z(9). Statement (2) is obvious after these observations: if f(p) is
positive for all pEA4 and g(p) is positive for all pE B, where A and B are
elements of Z(M), then f(p) +g(p) and f(p)-g(p) are positive for all p&SANB,
which is again an element of Z(I). Let « be the constant function in §(X, R)
with value « ER. It is clear that IMM(a) is positive if and only if « is positive.
Likewise, it is clear that M(a;) = M(as) if 1% c;. The homomorphism M is
therefore an isomorphism carrying the field of constant functions onto R; as
such, it must be the identity, and we have M(a) =q, for all a ER. It follows
that RCEM.

Using standard terminology from the literature on ordered fields (see [4]
and [5]), we say that an element a of an ordered field F is infinitely large if
the inequality a>#-1 obtains for all natural numbers #, and that a is infi-
nitely small if the inequalities 0 <a <n~!-1 obtain for all natural numbers 7.

An element f of €(X, R) has a real image « under I if and only if Z(f—a)
is in Z(M). Furthermore, R has no proper Archimedean ordered superfields.
(See VDW, pp. 218-227.) It follows that g is isomorphic to R if and only
if €, contains no infinitely large elements. Now we have I(f) >#=-1 if and
only if M(f—n) is positive, which circumstance is equivalent to the relation
f(p)>n for all p in some set A belonging to Z(M). Thus M(f) can be in-
finitely large only if f is unbounded, so that for a pseudo-compact space T,
we have €(T, R)/IM isomorphic to R for all M. On the other hand, if X is
not pseudo-compact, and if ¢ is an unbounded function in €(X, R), then
there is a maximal ideal M in €(X, R) with respect to which |4>| is infinitely
large. Denote P(|¢| —(n+1)), the set on which the relation ¢(p) =n+1 ob-
tains, by A4,. It is clear that the family {A,.},‘f_l enjoys the finite intersection
property and also has total intersection void. A simple argument utilizing the
well-ordering principle shows that the family {4.};., may be imbedded in a
superfamily @ such that: (1) WCZ(X); (2) W enjoys the finite intersection
property; (3) BEW, CEZ(X), and CDOB imply that CEW; (4) Z€Z(X)



76 EDWIN HEWITT [July

and Z non€W imply that ZNW =0 for some WEW. The details of this
construction may be left to the reader. In view of Theorem 36, it may be
asserted that there is a maximal ideal M in €(X, R) such that Z(M)=W.
The element EDQ(|¢>|) is infinitely large in G, since l¢(p)| >n for all pEA4,,
and A4, is an element of Z(M). It follows from our previous remarks that Cm
is a proper superfield of R; and this completes the present proof.

We proceed to a closer examination of properties common to all fields
G, along with examples of individual peculiarities.

THEOREM 42. If X is any completely regular space and MM is any maximal
ideal in €(X, R), then Cm is a real-closed field. If G is hyper-real, then Caq has
degree of transcendency at least 2% over R. If i denotes an element satisfying the
equation x*+1=0, then Cy(z) s algebraically closed. If X contains a countable
dense subset, then Cy(7) is isomorphic to K.

For definitions of the terms formally real and real-closed, see VDW, p. 235.
It is proved in [4] that a field is formally real if and only if it can be ordered.
Consequently, the field € is formally real, a fact easily demonstrable by
direct arguments. For, assume that there are functions fi, fe, - -+, fa in
€(X, R) such that M(fH)2+M(f2)2+ - - - +M(f.)2=—1. Then we have
M3 +fo+ - - - +fo+1)=0,s0 that fi+f3+ - - - +f2+1 is an element of IN.
However, (fi+f3+ - - - +fa+1)"! clearly exists, so that we are presented
with an immediate contradiction. To prove that Gy is real-closed, it suffices
to show that (1) every positive element in €y has a square root, and (2) every
polynomial of odd degree in the polynomial ring €m[x] has a root. (For a
proof that these conditions imply real closure, see [4, pp. 89-90, Satz 3a and
Satz 4].) Condition (1) is easily verified for Cm. If M(f) is a non-negative
element of €m;, then we have P(f) SZ(IN), and since Z(max(f, 0) —f) is equal
to P(f), it follows that max (f, 0)=f (mod ). Like every non-negative
function in €(X, R), the function max (f, 0) has a non-negative square root
(max (f, 0))V/2; and it is obvious that (M (max (f, 0)¥/2)2) = M(f). Hence M(f)
has a non-negative square root.

To establish the validity of condition (2) in €m, we first prove a “funda-
mental theorem of algebra” in €(X, R). Let p(x) =font1x?" 1 +foux?m4 - - -
~+fix-+fo be any polynomial with coefficients in €(X, R) such that fs,41 van-
ishes nowhere. Then there is a function ¢ in (X, R) such that p(¢po) =0.
Since fzns1 vanishes nowhere, the function fomy1 exists, and we may, by con-
sidering the polynomial f5;,},-p(x), suppose that fa.41 is 1. For each pE X, the
polynomial p(x) becomes merely a polynomial with real coefficients and of
odd degree: x2t1+fo,(p)x2+ - - - +fi(p)x+fo(p). This equation has a non-
void set of real roots, ¢o(p), d1(p), - - -, du(p), where the natural number m
depends upon p; we choose our notation in such a way that the inequalities
do(p) Sh1(p) £ - - - S¢m(p) obtain. We now define the function ¢ on X as
assuming the value ¢o(p) for all p&X. It is easy to see that the function
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¢o is a continuous function of the coefficients fo, fi, - - -, fen (in the obvious
sense) ; since these functions are continuous throughout X, it follows at once
that ¢ is in €(X, R).

Returning to €y, we consider any polynomial of odd degree with coeffi-
cients in Cm: p(x) = M(fens) X2 1+ M(fon)x2*+ - -« +M(f1)x+M(fo), where
M (fany1) is not zero. As before, we may suppose that IM(fant1) is 1. The equa-
tion x2%t14fox2 4 - - - 4fix+fo has a root ¢ in €(X, R), as we have seen,
and it follows at once that M(¢o) is a root of the equation p(x) =0 in Cm.
This observation completes the proof that €m is real-closed.

We now consider those fields €x which contain the field R as a proper
subfield. It is plain from the developments of Theorem 41 that €m is hyper-
real if and only if there is an element ¢ EC(X, R) such that M(¢) is infinitely
large. We may clearly suppose that ¢ is non-negative throughout X. Since
M(¢) is infinitely large, it must be true that P(¢ —=) is in Z(M) for all natural
numbers #. We now consider the family of functions {e“"z}, where a runs
through all the elements of R; and shall show that the elements M(es”) are
all algebraically independent over R in €. If we assume the contrary, we
find that some polynomial with real coefficients p(wi, %, - - -, %), in the in-
determinates uy, us, - - - , ux, vanishes when M(ex14”), M(e=2¢”), - - -, M (ex+*")
are substituted for %, %s, - - -, #x. Any monomial part of this polynomial may
be reduced in the following way:

£ Mead”) ™ - M(ex2d”) ™2 - - - P(ears”) ™k = - P (ema9”) - IR (em2a24”) « - - JR(emears”)

= - E)ja(e(mla1+m2a2+ .. -+mkak)¢2).

It is thus clear that the equality p(M(e«?”), - - -, M(e***")) =0 is equivalent
to

M(116519° + 1,6029" 4 - -« - 1,e8%") = 0,

for appropriately selected real numbers ¢, « - -, £, and By, - - -, B If we set
f= D1 t:efi%’, we clearly have fEM and Z(f) EZ(IM). Suppose that the num-
bers Bi, Bs, - - -, B» have been so arranged that 81 <f:< - - - <f.. We next
define a new function g, which depends upon B,. If 8, is positive, then g is
equal to ¢.f. If 8. is non-positive, then g is equal to {,e¢#+f. It is clear that
gEM, and it is also clear that g is a function of the form 51eM%° f500m28"
+ -+« +s.em%’, where v, and s, are positive real numbers and 7v; <72
< -+ <9, It is a fact familiar from elementary analysis that the function
(in G(R, R)) h(t) =siem*+spemt" 4 - - - +s,e7t" approaches + ® as t— .
Hence there is a natural number 7z, such that k(¢) >0 for all ¢ such that
t2=no. If n’ is any natural number greater than (7,)'/2, then Z(g)ﬂP(‘d)!
—n’)=0. Since Z(g) €Z(M) and P(|¢| —n') EZ(M), however, the equality
Z (g)f\P(l ¢l —n') =0 cannot obtain, it being at variance with known proper-
ties of Z(M). The assumption that M(ex4"), M(e=2%"), - - -, M(ex+*") are
algebraically dependent must accordingly be rejected; and we have shown



78 EDWIN HEWITT [July

that €x must have degree of transcendency at least 2X° over R.

To verify the last statement of the present theorem, let X be any com-
pletely regular space containing a countable dense subset. It is well known
that in this case | €(X, R)| is 2%, and consequently | Em| is 2¥0. Accordingly,
Gy is either R itself or a real-closed extension of R having degree of trans-
cendency 2% over R and hence over the rational field as well. If €m is R,
then Gm(z) is K, by definition. If €p is an extension of R, then Cp(7) is an
algebraically closed field (see VDW, p. 237, Satz 3) having degree of trans-
cendency 2% over its prime subfield. By a celebrated theorem of Steinitz
[25], it follows that €m(4) is isomorphic to K.

We also note that (X, K)/I is algebraically closed and that €(X, K)/M
is isomorphic to K if X contains a countable dense subset. In certain special
cases, we can establish further interesting properties for Cm.

THEOREM 43. Let X be a Hausdorff space which is locally bicompact and
which can be represented as a union Y .,B,, where each subspace B, is bicom-
pact in its relative topology(**). Let M be any hyper-real ideal in €(X, R) and
let {tn},‘f_l be any countable subset of Cm. Then there exists an element u of Cm
such that u>t, for n=1,2,3,---.

It is well known that X must be a completely regular space. We next ob-
serve that X = ZI_IA,., where 4,CA4,71 and A, is bicompact (n=1, 2, 3,
-+ ). First, let C,= Y_i,B.. Itis clear that C, is bicompact. For every point
p & (G, choose a neighborhood V() (in X) such that V—(p) is bicompact; and
select a finite covering V(p1), V(ps), - -+, V(pm) of Ci. Let Ai= D % V=(p5).
Let the bicompact set 4;\UC; be imbedded similarly in a set Zz‘_l V=(¢:) = A..
Continuing this process by an obvious finite induction, we find that every
A, is bicompact, that 4,CA4,71 (n=1, 2, 3, - - - ), and that X = S A,
We observe next that the sets 4, and 4,3, are completely separated
(n=1, 2, 3,---). Since we have 4,CA4,71, there exists, for an arbitrary
point pE€A4,, a function f, in €(X, R) such that f,(p) =2 and f,(g) =0 for all
g€ A,7,. Since f, is continuous, there exists a neighborhood U, of p such that
fo(q@)>1 for all g€ U,. Since A4, is bicompact, we find that there is a finite
subset p1, pg, * * + , pm Of A, such that Y &, U,, covers 4,. It follows that the
function Y =max (fp,, fpe * * * » fp,,) is greater than unity throughout 4, and
is zero throughout A4,7,, which fact shows that 4, and 4,7, are completely
separated. .
Returning to our main assertion, we may suppose without loss of gener-

ality that all of the elements &, f, &3, * -+, £y, + + -+ are infinitely large in Gy
and the inequalities $; <#; <3< + + - <t, < -+ - - obtain. We now consider func-
tions fi, fa, fa, + + *y far + -+ in €(X, R) such that M(f.) =t.; since M(|f.|)

(14) Typical examples of spaces satisfying these conditions are Ny and Euclidean m-space,
m being any natural number.
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=|M(f)| =M(f~), we may suppose that all of the functions f, are non-
negative. We seek a function ¢ in €(X, R) such that M(¢) > M(f,), for all ;
such a function will certainly yield an upper bound for the set {t,.}:.l. We
construct the desired function ¢ by the following process. Let the function
¢1 be defined as fi+1. Let Y13 be a function in (X, R) such that ¥1.(p) =0 for
all pE A4y, Y(p)=1 for all pE A4, and 0=y12(p) =1 for all p&X. Defining
the function ¢. as fi+y¥12fa+1, we find that ¢, is equal to fi+1 on 4, and is
equal to fi+fo+1 on A4 . Let y34 be a function in €(X, R) such that Y;4(p) =0
for all pE A, Ysa(p) =1for all pEAL, and 0=Zys(p) =1 for all pEX. Let the
function ¢; be defined as ¢2+ys4fs. It is plain that ¢s=fi+1 on A4,, that
¢s=fi+fo+1 on A;MNA4, and that ¢s=fi+fo+f:+1 on 4{. Continuing this
construction by an inductive process, we find that a function ¢, can be de-
fined for every natural number » such that:

¢ =f1i+1 on Ai;
¢n=fi+ fo+ 1 on AsM Ay
bn=Ji+ ot + i+l on AuiNAys (E=2,3---,n—2);

bn=Jfi+f o+ - Ffat1l on A,

If we let ¢ =lim,., ¢,, it is clear that ¢ is an element of €(X, R) and that ¢
is not less than fi+fa+ - - - +f.+1 throughout 44,_,. Since 4, is bicompact,
Z(M) must contain, for every natural number %, a set Z, contained in 4, .
For, if every Z in Z(IN) had nonvoid intersection with some 4,,, then the
intersection Hzez(gm)(A,.oﬂZ) would be nonvoid, in contradiction to our
hypothesis that I is a hyper-real and therefore free ideal. Thus, for an
arbitrary natural number 7, there is a set Z in Z(IN) such that ZCA4j,_,. On
this set Z, the function ¢ —f, is positive, and therefore we have M (p) > M(f.).
Setting # =M (¢p), we have a proof of the present theorem.

The questions naturally arise as to what functions in €(X, R) always
have non-real images in quotient fields €y, where I is a hyper-real ideal in
€(X, R), and what functions always have real images in such quotient fields.
We obtain answers to both of these queries, as follows.

THEOREM 44. Let X be a non-pseudo-compact completely regular space. A
Sfunction f in €(X, R) has the property that M(f) is non-real for every free ideal
Min €(X, R) if and only if every set E[p; pEX, f(p) =a] is bicompact, where o
s an arbitrary real number. The function f has the property that M(f) is non-real
for some maximal ideal MM in €(X, R) if and only if there is a countable closed
subset {pa}my of X, discrete in its relative topology, such that f(p.) #f(pm) for
m#En.

The first equivalence enunciated in the present theorem is evident in the
light of Theorems 36 and 41. We accordingly proceed directly to the second.
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If M(f) is non-real for some maximal ideal M in €(X, R), then there are two
possibilities: MM (f) is infinitely large or M(f) is not infinitely large. In the
former case, we merely need to select a strictly monotonic increasing se-
quence of real numbers, {t,.};“_l, such that lim,., ¢ =+ «, such that
f(pn) =t,, for some p,EX (n=1, 2, 3, - - - ). The latter case can be reduced
to the former very simply. If (f) is non-real and not infinitely large, then
there exists a real number « such that (I(f) —e) is infinitely small. (See
Theorem 46 below for a proof of this fact.) It is plain that (M(f) —a)™*
is infinitely large; and we may apply the argument used in the former case.

On the other hand, suppose that f satisfies the condition stated above
for some set { Pn } m.1. We may evidently exclude the possibility that f(pa.,) =0
for some 7. Let F, be defined as E[p; pEX, f(p) =f(p.)], and let K, be de-
fined as Y i, Fi (n=1, 2, 3, - - - ). It can be proved that each set K, is a
Z-set, the argument used being identical with that set forth in the proof of
Theorem 49 below. It is obvious that each set K, is non-compact. By a simple
application of the well-ordering principle, one can show that there exists a
maximal ideal M such that Z(IM) contains all of the sets K,. It is evident that
IN(f) is non-real in €(X, R)/IN.

6. Relations between G( X, R) and €*( X, R). We now proceed to a com-
parison of maximal ideals in €(X, R) and €*(X, R) and to a new construction
for BX.

THEOREM 45. Let X be a completely regular space, and let M* be any maximal
ideal in C*(X, R). Let S (IMM*) be the family of all sets N(|f| —e) (where f runs
through all the elements of IM* and € runs through the set of all positive real num-
bers) together with all sets Z(f), where f&IM* and Z(f) is nonvoid. Then there
exists a unique maximal ideal M in C(X, R) such that Z(M) =S (I*); for all
fEG*(X, R), f is an element of M* if and only if M(f) s 0 or is infinitely small
in Cm. Conversely, if M is any maximal ideal in €(X, R), then the set A of ele-
ments fEC*(X, R) such that N (| f] —€) EZ(M) for all positive real numbers e
constitutes a maximal ideal in €*(X, R). If W is an arbitrary maximal ideal in
C(X, R), then WNEC*(X, R) is contained in precisely one maximal ideal of
&*(X, R), and MNE*(X, R) is a maximal ideal in C€*(X, R) if and only if N
is a real ideal.

The first assertion will be established by showing that § (It*) enjoys the
properties (1), (2), and (3) listed in Theorem 36. First, S (It*) does not con-
tain the void set. If fEM*, then f~! does not exist in €*(X, R), and, for every
positive real number ¢, there must be a point p&EX such that | f(p)] <e.
Next, if fi, fLEM* and €, e are positive real numbers, we find that
N(max ([fi], |f2|) —min (e, &) CN(|fi] —e)N(|fo| —e2). Since |f| €M*
if fEDM* (see [26, p. 457, Theorem 76]), it follows that max (fi, fz) = (|f1 -—f2|
+fi+f2)/2 is in M* whenever fi, 2EIM*. Therefore the intersection of any
two elements of § (I*) contains a third element of § (IM*). We next observe
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that if AE€S (IM*), BEZ(X), and BDA, then BES (I*). For, if Z(g) =B,
and 4 =N(|f| —e¢), for some fEM*, g&C*(X, R), and positive real number
¢, then fgEIM*, and Z(fg) =Z(f)\IZ(g) =Z(f)UB=B. It is therefore proved
that BES (IM*) and that S (IM*) enjoys properties (1) and (2) of Theorem 36.

To show that § (IN*) enjoys property (3) of Theorem 36, we make use of
the maximality of I*. Suppose that 4 nonES (M*) and that 4 =Z(g), for
some g C*(X, R). Since 4 non €S (IMN*), g non ©IM*, and consequently there
are functions ¢ EIM* and Yy €C*(X, R) such that ¢ +y¥g=1. Since g vanishes
on A4, ¢(p) =1 for all pE A, and the set N(|¢| —3/4), which is an element of
S (M*), is disjoint from A. We have thus proved that S (IM*) possesses prop-
erties (1), (2), and (3) of Theorem 36, and we infer from that theorem the
existence of a (necessarily unique) maximal ideal ¢ in C(X, R) such that
Z(M) =8 (M*).

Suppose next that f&I*. Then there are two possibilities: Z(f) €S (IM*),
or N(|f| —€) €S (IM*) for every positive real number e while Z(f) non €S (I*).
If Z(f) €S (M*), then M(f) =0. If N(|f| —e) ES (IM*), for every positive real
number ¢, then P(e—|f|)EZ(M), and §m(|f|)='9)2(f)| must be infinitely
small in €. Conversely, suppose that | 9%( f)[ is infinitely small or zero in Cm.
If |M(f)| =0, then Z(f) EZ(M) =S (M*), and FEM*. If | M(f)| is infinitely
small, there must exist, for every positive real number ¢, a set 4 €Z(IM) such
that P(e— ‘f] )DA. This implies that N(|f| —€)EZ(M); hence N(|f| —e)
€S (M*), and fEWM*.

The next statement of the theorem is easily verified. If f and g are in the
set U, and if € is any positive real number, then N(|f| —¢/2) and N(| g| —e/2)
are in Z(M), and N(|f+g| —e) DN(|f| —¢/2)NN(|f| —€/2); hence f+¢ is in
A. If Y is an arbitrary function different from 0 in G*(X, R), and if
N(|f| —e-[l¥lH EZ(M), then N(|¢f| —e) is in Z(M), since N(|¢f| —e)
DN([f| —¢[¢||1). Thus we find that YfEA. A is hence an ideal in G*(X, R).
To prove that ¥ is maximal, select any function ¢ in €*(X, R) which is not
in A. There exist positive real numbers € and ¢’ and a function ¢’ in U such
that N( I ®| -e)f\N(| ¢’| —€’) =0. The function ¢2+¢’2 thus has greatest lower
bound not less than min (e?, €'2), and the function

ot o ()
¢+ ¢ ¢+ ¢

is identically 1; since g is in the ideal generated by ¢ and ¥, it is clear that ¥ is
a maximal ideal in €*(X, R).

The final statements of the present theorem follow as direct conse-
quences of our preceding remarks. If 9% is any maximal ideal in €(X, R), then
NNE*(X, R) is the set of all functions f in €*(X, R) such that Z(f) €Z(M).
Clearly this set of functions forms a (proper) ideal in €*(X, R); by Zorn’s
lemma, it can be extended to be a maximal ideal in €*(X, R). Any such
maximal extension $* must contain all the elements g&E€*(X, R) such that
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N(lgl —€)EZ(M) for all positive real numbers e. If any such g were not in
$*, then the set of functions of the form fg+4#%, where f runs through all
elements of €*(X, R) and % runs through all elements of $*, would be a
proper extension of §*. On the other hand, we have already seen that $*isa
maximal ideal in €*(X, R). The final remark of the present theorem is
obvious: if N is a real ideal in €(X, R), then there are no infinitely small
elements in Gu; consequently there are no elements in €*(X, R) with,
N(l f | —e)EZMM) (for all positive real numbers €) except those for which
Z(f) EZ(MN). The converse is also obvious.

We now prove a theorem stated but not proved in detail by Gelfand and
Kolmogoroff [12].

THEOREM 46. Let X be any completely regular space, and let N be the set of
all maximal ideals in €(X, R). Then tf M is topologized in accordance with the
definition set forth in Theorem 10, N is homeomorphic to BX.

As in Theorem 9, let X be the set of all fixed ideals in M. The proofs that
9 is a bicompact T1-space containing X as a dense subset and thatX is homeo-
morphic to X in its relative topology may be carried over from Theorem 9
with only notational changes. We accordingly need only to prove that every
function in €*(X, R) can be continuously extended over M. To do this, we
first observe that if fEC*(X, R) and IMEN, then there is a unique real num-
ber M*(f) such that | M(f) —M*(f)| is infinitely small or 0 in Cx. If M(f) is
real, then we take IM*(f) = M(f); our assertion is obviously true in this case. If
M(f) is not real, we can still assert that IM(f) is not infinitely large, since there
is a positive real number « such that a=f(p) = —a for all p&X. These in-
equalities imply that M(a) =a=M(f) = M(—a) = —a (these inequalities in
Cam). We define M*(f) as the real number sup [3; B<IM(f) ] (inequality in Cg).
To show that | M(f) — M*(f) | is infinitely small, we remark that M (f) — M*(f)
=0; if M(f) —IM*(f) were not infinitely small, there would be a positive real
number 8 such that IM(f) — IM*(f) —8>0. Then we should have IM(f) > M*(f)
+6, which contradicts our definition of I*(f). The number IM*(f) is unique,
since if oy and o are real numbers such that | IM(f) ——all and | M(f) —Olzl are
both infinitely small, then |on—as| = | (M(f) —a) + (e — M) | < | M) —au|
+|§))?(f)—a2| ; and consequently l“l"a2| is infinitely small; this of course
implies that ax =as.

If ¢ is any function in €*(X, R) (we regard the spaces X andX as identical)
we extend ¢ throughout all of 9( by the definition ¢(IM) =M*(¢). To prove
the continuity of ¢ at an arbitrary point JoENC, we have, as in the proof of
Theorem 9, two cases.

Case 1I: ¢(IMo)=0. Let e be any positive real number, and let
f=min (|¢|, €) —¢; then Mo(f) =min (Mo(|$|), €) —e=| DMo(¢)| —e. This ele-
ment of Gy cannot be zero, since | Mo(¢)| is infinitely small. Hence Uy(My) is
an open set in N containing M. If M & V;(Mo), then M(f) =min (l E)R(¢)| ,€)
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—e>#0, and hence we have l (o) I <e. This means of course that p(IN) = M*(¢)
must be less than € in absolute value. Hence ¢ is continuous at M.

Case 1I: ¢(Mo) 0. In this event, the function y=¢—¢(Mo) has the
property that Y(9) =0; we effect in this way a reduction to Case I. Since ¢
is continuous at 9N, and since ¢ differs from Y only by a constant, it follows
that ¢ is continuous at Ny. This observation completes the proof.

If we consider the infinite discrete space N, of cardinal number 8,, and
apply Theorems 46, 36, and 26, we obtain the following interesting theorem.

THEOREM 47. There are exactly 228% ultra-filters on a set of cardinal number

N..
Our next result identifies the closed G;'s in BX by algebraic means.

THEOREM 48. Let X be an arbitrary completely regular space, and let 3X
be considered as the space M of all maximal ideals in €(X, R). The closed Gs's
in BX are precisely the sets Sy=E[I; MEM, | M(f)| is infinitely small or 0],
f being an arbitrary element of €(X, R).

Since 9 is bicompact, it is normal; and in a normal space, the closed G;'s
are simply the Z-sets. Thus the closed G;’s in A =BX are simply the subsets
of 2 on which continuous real-valued functions on N vanish. But all of these
functions are, by the preceding theorem, extensions of functions in €(X, R);
and these extensions vanish on just those maximal ideals It in 8X for which
| M(f)| is infinitely small or zero.

Cech has proved (see [7, p. 835]) that every closed G; in BX —X has
cardinal number not less than 280, X being an arbitrary completely regular
space. We find it possible to strengthen this result, obtaining, indeed, the
best possible estimate for the cardinal numbers of such sets.

THEOREM 49. Let X be a completely regular space, and let A be a nonvoid
closed Gy in BX such that ACBX —X. Then the inequality IA[ =220 obtains;
and for appropriate choice of X and A, the equality holds.

Since X is dense in X and since 4 is contained in BX — X, it is clear that
A can contain no nonvoid open subset; in particular, the set 4 is not open.
From Theorem 48, it is clear that 4 may be considered as the set of all
maximal ideals I in N for which ]?IYE( f)l is infinitely small or zero, f being
some function in €*(X, R); equivalently, 4 =Z(f), for some f in €*(8X, R).
Replacing f by its absolute value if necessary, we suppose throughout the rest
of the present proof that f is non-negative. Since 4 is not an open set, every
set E[p; pEBX, f(p) <1/n] must contain points other than those in 4; and,
since X is dense in BX, the sets E[p; pEBX, f(p) <1/n] must contain points
lying in X (n=1,2,3, - - - ). Since Z(f)=4, and ACBX —X, it is clear that
f vanishes nowhere on X. We may thus select points po, p1, pe, - - - €EX and
find positive real numbers {t,.},‘;’_o with these properties: f(pn) =tn, tn>tns1
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(n=0,1, 2, ---),and lim,., {t»x=0. We next choose sequences of real num-
bers {a,,}::_l and {b,,};';l such that t, 1>, >, >0, >0, forn=1,2,3, - - -,
and define the set B, as E[p; pEX, a,=f(p) 2 b,]. We now consider an arbi-
trary sequence of strictly increasing natural numbers, {nk} t=1, and turn our
attention to the set Z:_l B,,. It will be observed that this set is non-com-
pact; for if it were compact, then the function f would vanish for some point
in X. We assert that every set D s, By, is in the family Z(X), proving this
assertion for the case n;=~k. (The general case is proved by exactly the same
method.) Let ¥, be defined as max (f, a1) —a1: clearly Z(Yo) =E[p; pEX,
f(») Zai]. For n=1, 2, 3, - - -, let ¢, and ¢, be the following functions:

¢n = b, — min (f, b,); ¥» = max (f, Gut1) — Gntr

It is plain that Z(¢.) =E[p; pEX, f(p) Zba] and that Z(¥.) =E[p; pEX,
f(p) £ans1]. The function ¢=yo+ D 5.1 ¢ clearly has the property that
Z(¢)= >_s1Bi, and is obviously continuous. From Theorem 47, we see
that there are 22 families ¥ having total intersection void (where N runs
through an index class A of cardinal number 22%0) of subsets of any countably
infinite set such that (1) each 7\ consists only of infinite sets, (2) each 7
enjoys the finite intersection property, (3) each J\ contains all supersets of all
of its members, (4) each %, is maximal with respect to the properties (1), (2),
and (3). From (1)-(4) inclusive we readily infer: (5) for A7 N\s, there are sets
FrnE%, and F,,E%, such that F,,N\F,,=0. We may apply these considera-
tions directly to the countable set whose elements are By, Bs, Bs, - - - . There
are 22 families of sets G, each G\ being a family of sets each of the form
> 2 1Ba,, such that the families G all enjoy properties (1)—(5) inclusive.
Each G\ thus forms a family Z(3) for a free proper ideal 3 in €(X, R).
The ideal S\ can be imbedded in a maximal ideal, I, in €(X, R). On account
of (5), the PMy’s are all distinct. The function f is infinitely small with respect
to all of the ideals P. It follows that A, considered as a subset of N, must
contain all of the maximal ideals I\. This observation completes the present
proof, except for the presentation of an example. Consider the spaces No and
BN,, where we take N, to be the positive integers. Let f be that function on N,
such that f(n) =1/n. The function f is continuous on N, and hence can be
continuously extended over 8N,. On the bicompact space 8Ny, this exten-
sion must vanish; as it can vanish only for points in BN,— No, we are pre-
sented with a closed G;s in BNy — N,. Since the cardinal number of 8N, is 220
it follows that f vanishes on a closed Gs in BNo— N, having cardinal number
precisely 2280,

We may remark that there is no upper limit on the cardinal number of
closed Gy's in BX — X, for appropriately chosen completely regular spaces X.
If X is a normal space containing a closed subset B of cardinal number N,
which is discrete in its relative topology, then X —X contains at least one
closed G having cardinal number 228,
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7. Q-spaces. It was proved in Part I that the study of rings €*( X, R)
may be confined to the case in which X is a bicompact Hausdorff space.
This arises from the fact that with every completely regular space, there is
associated the unique bicompact Hausdorff space 83X having the property
that €*(X, R) and G*(BX, R) are algebraically isomorphic. In the present
section, we shall demonstrate that an analogous category of spaces exists
relative to rings €(X, R). These spaces, which we have called Q-spaces, are
characterized by no topological property so simple as bicompactness; indeed,
their description may be considered somewhat recondite. Furthermore, we
find that the class of Q-spaces is very extensive, including but not exhausted
by the families of all separable metric spaces, all bicompact spaces, and all
discrete spaces. The failure to obtain a severe restriction on the spaces to be
considered is counterpoised by the fact that the very diversification of
Q-spaces makes rings €(X, R) much more powerful instruments than rings
€*(X, R) for the study of topological properties of a completely regular
space X.

We commence with a definition of our new family of spaces.

DEFINITION 12. A completely regular space X is said to be a Q-space if
every free maximal ideal in €(X, R) is hyper-real.

To identify the class of Q- spaces by purely topological properties, we intro-
duce another definition.

DEFINITION 13. A subfamily <4 of the family Z(X), where X is a com-
pletely regular space, is said to be Z-maximal if 4 enjoys the finite inter-
section property and no proper superfamily of <4 included in Z(X) does so.

It is easy to characterize Q-spaces in terms of Z-maximality.

THEOREM 50. 4 completely regular space X is a Q-space if and only if every
Z-maximal family <A in Z(X) with total intersection void contains a countable
subfamily with total intersection void.

To establish this equivalence, we first suppose that X satisfies the stated
condition. Let I be any free maximal ideal in €(X, R); Z(M) is then a
Z-maximal family, as was proved in Theorem 36, and since I is free, the
intersection HZGZ(EIR)Z is void. According to our hypothesis, there exists
a countable subfamily {Z,}z, of Z(MM) such that [];,Z.=0. Let the set
A, be defined as ZiNZ;N\ - - - N\Z,, for n=1, 2, 3, - - - . It is evident that
the inclusions 442, - - - DA,D - - - are valid; and that A4, is nonvoid
and an element of Z(IN), since Z(M) enjoys the finite intersection property.
Also it is obvious that the intersection [[;; 4. is void. Since 4,EZ(M),
there is a function f, in €(X, R) such that Z(f,) =A4.,, and having the addi-
tional property that 0=<f,(p) <1 for all p&X. We define a function ¢ in the
following way: ¢= D o, 27-f,. It is obvious that ¢ EE(X, R). If pEA,,
we have @(p) =fasr(p) 2= 4foia(p)2-0HD 4 - - - S D5 ,.,27+=2"" On
the other hand, since [][;.,4.=0, there is, for every pEX, a natural num-
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ber m such that p non & A, whence we find that ¢(p) Zfm(p)-27™>0. Since
¢ is positive throughout X, ¢! exists and ¢ nonEIN. However, if ZEZ(M),
we have ZMA,7#%0 for all n, and if ¢EZMA,, it follows that ¢(g)=2".
Thus, ¢ assumes arbitrarily small values on every Z in Z(I), and is conse-
quently infinitely small in €g. This proves that I is a hyper-real ideal.
The converse is easily established. Let X be a completely regular space
such that (X, R)/I is hyper-real for every free maximal ideal 9. Let <4
be any Z-maximal family. It is evident from Theorem 36 that <A is equal to
Z(M) for some maximal ideal in €(X, R), and it is patent that I is free if
and only if <4 has total intersection void. By hypothesis, the quotient field
€(X, R)/M is hyper-real, and there must be an element f of €(X, R) such
that P(f—mn) is in the family Z(I) for all natural numbers #. It is obvious
that ], P(f—n) is void, and it follows that every Z-maximal family with
total intersection void contains a countable subfamily with intersection void.
We now turn our attention to the classification of Q-spaces, finding that
many commonly studied spaces lie in this category. Following Alexandroff
and Urysohn, we define a weak type of compactness. (See [3, p. 17].)
DEeFINITION 14. Let N be an arbitrary infinite cardinal number. A topo-
logical space X is said to be upper N-compact if every open covering of X of
cardinal number not less than N has a subcovering of cardinal number less
than N.
We shall show that every upper N;-compact completely regular space is
a Q-space, and, by an example, that there exist Q-spaces which are not
upper N;-compact. A preliminary theorem may first be enunciated.

THEOREM 51. The following four properties of a completely regular space X
are equivalent:

(1) X is upper Ni-compact.

2) If {Fx}xeA is a family of closed subsets of X such that |[xga Fr5%0,
where A* is an arbitrary countable subclass of the index class A, then [ [reAFr=O0.

@A) If {A)\})\EA is any covering of X, where the sets A\ are of the form
P(ANZ' (), for AEC(X, R), then there exists a countable subcovering
{A)\})\e,p of the covering {A)\})‘EA‘

@) If {Z(f) Yaen s any subfamily of Z(X) such that every countable sub-
family of {Z(f\)}rea has nonvoid intersection, then ITes Z(f) =o0.

Verification of the equivalence (1)«»(2) is quite elementary and is there-
fore passed over. The equivalence (3)«>(4) is likewise obvious when one ob-
serves that every set P(f)MNZ’(f) is equal to Z’(max (f, 0)) and that Z’'(f) is
equal to P(fH)MZ’(f?). We may thus complete the present proof by demon-
strating the equivalence (1)«+(3). The implication (1)—(3) is of course ob-
vious. To verify the converse (3)—(1), let {G,}.cx be any open covering of
X. Since X is completely regular, there exists, for every pEG,, a function
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f>wEC(X, R) such that f, .(p) =1, f,u(g) =0 for all ¢&G,/, and 0=, .(g) =1
for all g€ X. If we set Ap,u=P(fp.))Z'(fp..) we have 4, ,CG,. The family
{A,,,,,} for uE M +pEG, is a covering of X as described in (3). If (3) obtains,
there exists a countable subcovering A, Apgws * * 5 Ap u,s =+, of the
covering {Ap,,.}. Since we have 4,,.CG,, it follows that {G“”};‘;, is a cover-
ing of X. Hence (1) obtains; and the present theorem is completely proved.

THEOREM 52. Every upper Ni-compact completely regular space is a Q-space;
but the converse is false, as the discrete space No of arbitrary non-countable
cardinal number N, is a Q-space but is not upper Ni-compact.

The first statement of the present theorem is an immediate consequence of
Theorems 50 and 51. In proving the second, we first observe that the cover-
ing {p},en, of Na, each open set containing precisely one point, has no
countable subcovering. Hence N, is not upper Ni;-compact. Consider any
maximal free ideal M in €(N,, R). To prove that N, is a Q-space, it is suffi-
cient, in virtue of Theorem 50, to show that Z(M) contains a countably in-
finite subfamily having void intersection. Since N, is discrete, the family
Z(M) is simply a free ultra-filter on N,; that is, it is a family which enjoys
the finite intersection property, contains all supersets of all of its elements, is
maximal with respect to the first two properties, and has total intersection
void. We may suppose that the family Z(M) is well-ordered: Z(M) = A4,, 4.,

cev,Au -+, 44, -+ -, where the ordinal numbers 4 run through all
ordinals less than the first ordinal of cardinal number 2%+, which is the
cardinal number of Z(M)(*¥). We now employ the axiom of choice to select
certain points p, in N,. Every ordinal v may be written as A+#, where \ is
a limit ordinal and # is a finite ordinal. Since Z(IM) enjoys the finite inter-
section property, the set B,=AxNAx1M + - - MAyyn is nonvoid, and we
choose p, as an arbitrary point in B,. Let C,= D> p, (=0, 1, 2, 3, - - - ),
where p runs through all ordinal numbers u such that u=\+14, where A is a
limit ordinal and ¢ is a finite ordinal not less than #. It is obvious that
C.NA4,50 for every v, and hence C,EZ(M), since Z(IM) is maximal. It is
likewise obvious that J[.,C.=0. Hence Z() contains a countable sub-
family with void intersection, and N, is accordingly a Q-space.

It is well known that every topological space satisfying the second axiom
of countability is upper NR;-compact (see AH, p. 78; Satz I). From this fact
and Theorem 52, we may infer the following result.

THEOREM 53. Any completely regular space satisfying the second axiom of
countability is a Q-space.

Tychonoff has proved [28] that every regular (and hence every completely

regular) space satisfying the second axiom of countability is normal, and by

(%) The cardinal number | Z(sm)l is 28, because, as may readily be seen, Z(M) contains
precisely one of the sets 4 and A4’, where 4 is an arbitrary subset of Nj.
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a celebrated theorem of Urysohn (AH, pp. 81-83) every normal space satis-
fying the second axiom of countability is metrizable. Theorem 53 therefore
states that every separable metric space is a Q-space.

THEOREM 54. A pseudo-compact completely regular space is a Q-space if and
only if it is bicompact.

If X is pseudo-compact and not bicompact, then the function-ring
€(X, R)=C€*(X, R) contains a free maximal ideal, 9. The quotient field
G(X, R)/M must be R, however, so that X is not a Q-space.

Another special family of Q-spaces is described in the following theorem.

THEOREM 55. Let X be any locally bicompact Hausdorff space such that
X = > 7 B, where each B, is bicompact (n=1, 2, - - - ). Then X is a Q-space.

If X should itself be bicompact, then there is nothing to prove. If X is
non-bicompact, then there is a free maximal ideal M in €(X, R). As in the
proof of Theorem 43, we may infer that X = > = ;A4,, where 4, is bicompact
and 4, and A,,, are completely separated (=1, 2, 3, - - - ). Since 4, and
Al are completely separated, there exists a set B,&EZ(X) such that 4,/ DB,
DA71DAL: (n=1,2,3,---). Let C be any set in Z(I). Since B, CAn,
the set B,~ is bicompact, and it is clear that C must have nonvoid intersec-
tion with B.~’ and hence with B, for every natural number n. For, if CCB;",
then C would be bicompact, and I could not be a free ideal. It follows at
once from the maximal property enjoyed by the family Z(IR) that every set
B, is in Z(M). Since [[2.B.CIIr14.:1=0, we apply Theorem 50 to
infer that X is a Q-space.

As an example of a non-Q-space, we may mention the space T g, which is
compact but not bicompact. More generally, if X is a completely regular
non-bicompact space such that the cardinal number |X —X| is less than
2%, then X is not a Q-space. The connection (or lack of it) between the
classes of normal spaces and Q-spaces is of some interest. The space T'q,
easily proved to be normal, gives an example of a normal non-Q-space, while
a space C; is constructed in Appendix A which is a Q-space but non-normal.

8. The relation of Q-spaces to rings €(X, R). We now discuss the prop-
erties of Q-spaces, finding that they provide an exact analogue of bicompact
spaces when applied to rings €(X, R).

THEOREM 56. Every completely regular space X can be imbedded as a dense
subset of a Q-space vX such that (X, R) is algebraically isomorphic with
C(vX, R).

We consider the family 9 of all maximal ideals M in €(X, R), and single
out for special attention the subfamily N of all real ideals in M. As was
pointed out in Theorem 46, the set AT may be made a bicompact Hausdorft
space by the usual construction. In its relative topology, the space N is a
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completely regular space. We shall take N to be our space vX. It is clear that
X can be mapped homeomorphically into N: every fixed maximal ideal in
C(X, R) is real, and the set X of all fixed maximal ideals in €(X, R) con-
situtes a subspace of N which is homeomorphic to X in its relative topology.
We may therefore identify X and X in the subsequent discussion. It is also
true (and obvious) that X is dense in N. Since X is dense in N it is clear that
€(X, R) contains €(N, R) as a subring, since every function in (N, R) is con-
tinuous when its domain is restricted to X, and every function in (X, R)
can be continuously extended over N in at most one way. Now every func-
tion in €(X, R) can be extended over N. If fEC(X, R), then f(p) =M,(f) for
all I, €X, and by defining f(IM) to be M(f) for all MEN, we obtain an exten-
sion of f from X to N. It remains to show that fis continuous on N. This veri-
fication may be carried out just as the corresponding fact was proved in
Theorem 9. We therefore see that €(X, R), which we consider as being iden-
tical with €(X, R), is isomorphic to a subring of €(N, R); as in the proof of
Theorem 9, it follows that €(N, R) and €(X, R) are algebraic isomorphs.

We must also show that N is a Q-space, that is, that every real ideal in
€(N, R) is fixed. Let M be any real ideal in €(N, R), and let <4 be any set in
Z(M). Then XNeA is a nonvoid Z-set in X, since if XMNeA =0, there would be
a function with inverse in (X, R) corresponding under the natural iso-
morphism to a function in €(N, R) without inverse. The family of sets
eANX, where oA runs through all the elements of Z(I%), is therefore a family
Z(9) for some real ideal § in €(X, R). Every such ideal being a point of N, it
follows that every function in 9% must vanish at §EN, and hence we see
that M is a fixed ideal. This completes the present proof.

The foregoing theorem shows that in studying rings €(X, R) we may
restrict the domain of our investigations to Q-spaces, as all the possible char-
acteristics of such rings are displayed on such spaces. We now prove an im-
portant result closely related to the foregoing.

. THEOREM 57. Two Q-spaces X and Y are homeomorphic if and only if the
rings €(X, R) and C(Y, R) are algebraically isomorphic.

The necessity of the condition stated for the homeomorphism of X and ¥
being obvious, we confine ourselves to proving its sufficiency. If the ring
€(X, R) is given, we may reconstruct X as the family of all real ideals in
€(X, R), topologized as in Theorems 9, 46, and 56. Since X is a Q-space, every
real ideal in €(X, R) is fixed, and the space X is completely determined by
the algebraic properties of €(X, R).

From Theorems 56 and 57, we may show at once that vX is unique in the
same sense that 8X is unique.

THEOREM 58. Let X be any completely regular space. Then the space vX is
completely determined (to within homeomorphisms) by the following properties:
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(1) vX 35 a Q-space; (2) vX contains X as a dense subspace; (3) every function
in €(X, R) can be continuously extended over vX.

We now describe a second construction of the space vX.

THEOREM 59. Let X be any completely regular space. Let X be mapped
into the space Pr=gx,r)Ry, where Ry=R, by the mapping P: P(x)= { f(x)}
EPBrecx.mRsr. The mapping ® is a homeomorphism and the closure of P(x)
is the space vX.

Verification that ® is a homeomorphism is very simple and is hence
passed over. It is furthermore clear that every function f in €(®(X), R) can
be continuously extended over (®(X))~; for any such f, there is a co-ordinate
space—namely, R,— such that f(p) =m;(p) for every pE€®(X). If ¢= {gr} is
in (®(X))~N(®(X))’, set f(¢) =g, The function f is clearly a continuous
extension of f over the space (®(X))~. Fmally, let I be any real ideal in
€((®(X))~, R). For every f in the ring €((®(X))~, R), which we may identify
with the ring €(®(X), R), M(f) is a real number, and { M(f) };me,g) is a point

of Picgx,myRs. For any finite set fi, fs, - - -, fm of functions in €(X, R),
there is a point xEX such that fi(xo) =M(f), for 2=1, 2, - - -, m, since
Sfi(x) —M(f:) =0 for all x in some 4:€Z(M) (=1, 2, 3, - - -, m); and we

may select any x0& [[I%, 4:. Hence an arbitrary neighborhood Uy, ,. .. s
({M(f)}) contains points of $(X), and it follows that { M(f)} is in (®(X))~.
Now for fEC(®(X), R), fEM if and only if M(f) =0; this equality means
that the co-ordinate IM(f) =0, that f vanishes at M(f), and that M is the fixed
ideal of all functions in €((®(X))~, R) which vanish at {im(f) }. This implies
that (®(X))~ is a Q-space and, in virtue of Theorem 58, that (®(X))~ is vX.

THEOREM 60. Every Q-space is homeomorphic to a closed subset of some
product space PxcaR, where each R\=R.

This remark follows immediately from Theorem 59. It is an open question
to determine whether or not every closed subset of PxgaR\ is a Q-space.
We next prove the analogue of Theorem 14 for spaces vX.

THEOREM 61. Let | Xx}xe s be any family of completely regular spaces.
Then the following relation obtains: vPxgaXx=PrgavX.

We may ignore the trivial case in which A or some X, is void. We first
prove that every function f in €(PxgaX), R) can be continuously extended
over PacavXn. It is obvious that PacaXh is a dense subset of PycavXy, and
that the extension f of f is unique if it exists. As we have observed above
(Theorem 56), the space vXy is a subspace of 8X), and PygavX) is accord-
ingly a subspace of PxgaBX\=pBPreaXy. Since every bounded function g in
€(PreaXh, R) can be extended continuously over PxgiBX), it follows that a
unique continuous extension for such a function g exists over the space
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PycavXy. Now let f be an unbounded function in €(PxgaX», R) and let
g=tan™! f. Then g, being bounded, can be continuously extended over
PycavX), and f will be likewise extensible provided that g({M\}) = +m/2
for any point {smx} in Py avX). We use the notation M) to designate a generic
point in vX,, M\ being a real ideal in the ring §(X,, R). Assuming that
g({I*})=m/2 for some {IM*} EP,cavX», we see at once that some ele-
ment I, must lie in vX»,MNXy,, since g({xn}) #=7/2 if 2\ EX, for all NEA.
The set of points A, =E[{D}; {I} EPrcavXn; g({ M}) >7/2—1/n] is
an open set in PxgsvX), and the set 4 =[], 4. contains the point {MM¥*}.
It is clear that 4 must contain a set of the form D\, XDy,X -+« XD,
XPrsr,rg, ..., Xa, where the set D,, is a closed G; in the space X,
such that Emf" €D, (n=1, 2, 3,---). It is also clear that for some \,,
Dy,NX,,=0, since in the contrary case, we should have g({xx}) =7/2 for
some {x}PrcaX>. Since Dy, is a Gs, Theorem 17 implies that the space X»,,
in its relative topology, admits a continuous real-valued function which is
not extensible so as to be continuous at { Ny, }, in the relative topology of the
space X vI,. This, however, contradicts the fact that P, EvX),. It follows
that g( { me*}) cannot assume the value /2 or —7/2, and that the function
f can therefore be continuously extended over PygavX.

We next show that PygavXy is a Q-space. Suppose that IN* is a real
maximal ideal in €(PrgavX), R). The ring €(PrgavX), R) contains an iso-
morph ) of the ring €(X,, R), for every NEA, the functions in 2, being those
of the form fym\, fA being a generic element of €(X), R) and m, being the pro-
jection of PygavX» onto the Ath co-ordinate space vX,. The intersection
INIM* is clearly a real maximal ideal in the ring 2, and consequently is a
point of the space vX,. Designate the ideal 2aN\IM* by My*, and consider the
point {M*} in PyeavXy. For any function g in 9y, it is clear that g({M*})
=P*(g) = M*(g). Let ¢ be an arbitrary bounded function in €(PxgavX), R).

By virtue of Theorem 15, there exist functions g, gs, - * +, gn, €ach of which
is in some ring M, such that [¢({Pu}) —Pla({D}), - - -, ga({DM}))] <e
where P(ty, 45, « - -, t,) is a suitable polynomial with real coefficients in the
indeterminants #, &, - - -, £,, € is an arbitrary positive real number, and
{MM} is any point in PygsvXh. Then we may infer: |@({I*})
—M*(Plg1, go - - -, g,.))| <e; and since IM* is a real ideal, |§m*(¢)
—M*(P(gy, g2, - * -, gn))| <e. It follows that | M*(¢) —p({M*})| <2¢, and

hence ¢ EM* if and only if ¢({DH}) =0. From Theorem 36, we infer that an
unbounded function ¢y EE(PrgavXy, R) is in M* if and only if min (Y2, 1) is
in I*, and this implies that for any function Y EC(PreavXy, R), yEM* if
and only if Y({I*}) =0.

The two facts now established concerning PagavX» enable us to refer to
Theorem 58 to verify the present theorem.

We infer from Theorem 61 the following immediate results:

THEOREM 62. The Cartesian product of Q-spaces is a Q-space.
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THEOREM 63. Any Cartesian product of R with itself is a Q-space.

In concluding the present discussion, we remark without proof that the
space vX, for any completely regular space X, can be regarded as the comple-
tion of X in the coarsest uniform structure on X for which all functions in
€(X, R) are uniformly continuous. (See [6, pp. 85-121].)

From Theorem 60 and Theorem 53, we obtain the following result.

THEOREM 64. Any separable metric space is homeomorphic to a closed subset
of the Cartesian product PxeaRy, where the index class A has cardinal number
280,

If M is a separable metric space, it is well known that the number
| €(M, R)| is equal to 2%. The present theorem follows at once from this
observation.

As a curious special case of Theorem 64, we remark that any subset of the
Euclidean plane, however pathological it may be, is imbeddable as a closed
subset of PycaRy, where |A| is 2%.

We continue with another imbedding theorem.

THEOREM 65. Let X be a Q-space, and let Y be an arbitrary completely
regular space. Then the rings €(X, R) and €(Y, R) are algebraically isomorphic
if and only if Y can be imbedded as a dense subset of X in such a way that every
function in €(Y, R) can be continuously extended over X.

The present proof is carried out by methods now familiar to the reader.

It is natural to ask how powerful the rings €(X, R) are in distinguishing
among non-homeomorphic spaces. That is, given two non-homeomorphic
completely regular spaces X; and X,, when will the rings €(X;, R) and
€(Xs, R) be non-isomorphic? A related question may also be posed: what
spaces X are there whose rings (X, R) are the rings for no other spaces?
Complete answers to these questions are not known to the writer. We can,
however, obtain partial answers which are closely analogous to known re-
sults for rings €*(X, R), the results for rings €*(X, R) appearing as special
cases of the theorems that we are about to state. We first show that rings
€(X, R) are no less effective than rings €*(X, R) in distinguishing among
spaces.

THEOREM 66. If X and Y are complete regular spaces with the property that
the rings €(X, R) and C(Y, R) are algebraically isomorphic, then the rings
C*(X, R) and C*(Y, R) are algebraically isomorphic.

Let 7 be an algebraic isomorphism carrying €(X, R) onto (Y, R); it is
obvious that 7(a) =a, for all real numbers «. Let f be any bounded function
in €(X, R). The assertion that f is bounded may be reformulated as the
statement that there are real numbers o and B such that if v is any real
number not in the interval [a, 8], then (f—v)~! exists. It is clear that
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(7(f) —v)™! exists, since we have (7(f) —v)"'=7((f—v)™"), and that 7, conse-
quently, carries €*(X, R) onto €*(Y, R).

The foregoing theorem shows that if €*(X, R) and €*(Y, R) are non-
isomorphic, then €(X, R) and €(Y, R) are non-isomorphic. That rings
(X, R) actually have higher distinguishing power than rings €*(X, R) is
shown by the following evident theorem.

THEOREM 67. Let X be any non-pseudo-compact completely regular space;
then X and BX have the property that €*(X, R) and €*(BX, R) are algebraically
isomorphic, while €(X, R) and €(BX, R)=C*(BX, R) are not algebraically
isomorphic.

We now take up the known cases in which the ring €(X, R) completely
determines X, that is, in which algebraic isomorphism between €(X, R) and
G(Y, R) implies the existence of a homeomorphism between X and V.

THEOREM 68. The ring €(X, R) completely determines the topological space
X if and only if X is a Q-space with the property that for every non-isolated point
pEX, there is a function in €(X —p, R) which cannot be continuously extended
over X.

Suppose first that the space X enjoys the property described above, and
suppose that Y is a space such that €(Y, R) is isomorphic to €(X, R). If Yis
a Q-space, then we know from Theorem 57 that X and ¥ are homeomorphic.
If YV is not a Q-space, Theorem 65 implies that Y can be imbedded as a
(proper) subset of X which is dense in X and has the property that every
function in €(Y, R) can be continuously extended over X. As a dense subset
of X, Y must contain all of the isolated points of X, and as a proper subset of
X, it must omit some non-isolated point of X. The properties ascribed to X
present us with an immediate contradiction. The converse is obviously true.

THEOREM 69. If X is any separable metric space, then X is completely de-
termined by €(X, R). If X is a discrete space, then X is completely determined by
C(X, R).

Any separable metric space is, in view of Theorem 53, a Q-space. Since the
first axiom of countability is satisfied at every point p in X, Theorem 17 im-
plies that every subspace X —p (p being a non-isolated point of X) admits
continuous real-valued bounded functions which are not continuously ex-
tensible over X. Consequently X falls within the purview of Theorem 68
and is completely determined by €(X, R). If X is a discrete space, then the
conditions of Theorem 68 are certainly satisfied. Theorems 52, 53, and 54
show that any discrete space is a Q-space, whatever its cardinal number; the
extension property of Theorem 68 is vacuously satisfied because there are no
non-isolated points in X.

As an application of the foregoing theorem to a familiar situation, we
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remark that the ring €(R, R) is isomorphic to the ring €(X, R) for no com-
pletely regular space X other than R. Similar observations are valid for
Euclidean #n-space, Hilbert space, and so on. If X is a compact metric space,
then €(X, R) is identical to €*(X, R), and in this case €*(X, R) determines
X. We also point out that Theorems 66 and the second theorem on page 835
of [7] show immediately that two completely regular spaces X and V
satisfying the first axiom of countability have isomorphic rings €(X, R) and
€(Y, R) if and only if they are homeomorphic.

APPENDIX A. THE SPACE C;

We shall exhibit here a space C; which is (a) completely regular, (b) non-
normal, (c) a Q-space, and (d) contains a closed G5 which is not a Z-set. The
points of C; are those points (x, y) in the Euclidean plane such that |x| =1
and |y| £1. If 50, and » is any natural number, then the neighbor-
hood U,(x, y) is the ordinary Euclidean neighborhood of (x, y): U.(x, )
=E[(z, w); (3 w)EC, {(z—x)*+(w—9)?}V2<1/n]. The neighborhoods
Un(x, ¥) comprise a complete neighborhood system for all points (x, y) with
y#0 (n=1,2,3, - - - ). For points (x, 0) in C;, and arbitrary natural numbers
n, neighborhoods V,(x, 0) are defined as follows:

V"(x’ 0) = E[(Zv 'w)§ (z, 'w) € C,, l WI <1/mn, l 'wl . l z — xl‘l > n]
U E[(x, w); (x, w) € Cy, | w| < 1/n].

As n runs through the set of all natural numbers, the neighborhoods V,.(x, 0)
define complete neighborhood systems for the points (x, 0). Since every
Euclidean neighborhood of every point lying in C; contains a Ci-neighborhood
of that point, it is apparent that C; is a Hausdorff space. To prove that C;
is completely regular, we first consider points (x, y) with y 5£0. The function

¢z, w) = n{(z — 2) + (w — y)*} 12
is evidently continuous on C; and satisfies the conditions
o(x,5) =0, ¢G w) 21 for (3 ) € Ud(sy).

Construction of appropriate functions is naturally somewhat more compli-
cated in the case of neighborhoods V.(x, 0). For arbitrary (x, 0) € C; such that
|xl <1 and an arbitrary natural number 7, we define ¢(2, w) as follows:

For (z, w)E V! (x, 0), ¢(2, w) =1;

For points (x, w) € V.(x, 0), ¢(x, w) =n| w! ;

For points (2, w) € V,(x, 0) with 2>x, we make ¢(z, w) a linear interpola-
tion between the value nI wl assumed at (x, w) and the value 1 assumed at
(x+n-1|w| , W)

For points (2, w) E V.(x, 0) with z2<x, we make ¢(z, w) a linear inter-
polation between the value 1 assumed at (x—n‘ll w] , w) and the value n| 'w|
assumed at (x, w). Functions ¢ for the points (+1, 0) are defined in a similar
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way. It is obvious that the ¢ are continuous throughout Ci, and by their
definition the functions ¢ show that the space C; is completely regular.

We next show that C, enjoys properties (b) and (d) by exhibiting a closed
G; in C; which is not a Z-set. As this set, we select 4 =E[(x, 0); le <1,xis
rational]. The set 4 is easily seen to be closed: if 0 < | y| =1, then there is a
neighborhood U,(x, y) not intersecting 4, for all (x, y) € G; if ¢ is irrational
and |t| <1, then V,(¢, 0)/MA =0 for all natural numbers #. To show that 4
is a Gj, consider the set G,= Zr V.(r, 0), where r runs through all rational
numbers in [—1, 1]. Clearly we have G,DA4, and also [[;., G.=4. Now
suppose that f is any function in €(C;, R) such that Z(f) DA. We shall show
that Z(f)NB>0, where B=E[(x, 0); lxl <1, x is irrational]. The proof of
this fact proceeds by contradiction. Assume that ¢ = | f| is positive for all
(t, 0)E€B. Then, for every (¢, 0) EB, there is a neighborhood V,(¢, 0) such
that (x, ¥) € V.(¢, 0) implies that ¢(x, y) >2~%(¢, 0) >0. Let Bn,, be the set of
all (¢, 0) EB such that for all (x, y) E Va.(t, 0), the inequality Y(x, ¥) >1/n

obtains (m, n=1, 2, 3, - - - ). It is clear that B= Z;‘,f,,,,lB,,.,,.. Furthermore,
every set B, is nowhere dense in the Euclidean topology of the set
D=E[(x, 0), —1=<x=1]. For, assume that B, ., is dense in some open

interval I of D. Select any rational point 7 in this interval, and a neighbor-
hood Vi(r, 0)—in the topology of Ci—such that for (x, y) E Vi(r, 0), the
inequality ¥(x, y) <1/n obtains. Since B.,, is dense in the interval I, there
must be neighborhoods V.(¢, 0) for (¢, 0) EINB,,, such that F=V,(¢, 0)
N Vi(r, 0)#0. For a point (x, y) in F, we have y(x, ) <1/n and ¢¥(x, y) >1/n,
a palpable absurdity. Hence B, is nowhere dense in the Euclidean topology
of D. Now A4, being countably infinite, is a set of the first category in D, and
the set Z;,,,_ 1 Bm,n, by what we have just proved, is also a set of the first
category. Since D=A4U Z,:n_l B4, and since D is a complete metric space
in its Euclidean topology, a theorem of Baire (see AH, p. 108, Satz V) may
be applied to show that D cannot be of the first category; we may thus infer
that Z(f)MNB 0.

Finally, we wish to show that C; is a Q-space. In virtue of Theorem 50, it
will suffice to show that for every free maximal ideal I in €(Ci, R), there
exists a countable subfamily {A,. } o 1 CZ(M) such that [[2, 4.=0. We have
two cases to consider.

Case 1. D non€Z(IM). In this event, there is a set HEZ(IM) such that
HND=0. Since M is free, the set H is non-bicompact in its relative topology
in Ci. It is clear that in the Euclidean topology of Ci, the closure of H must
have nonvoid intersection with D; otherwise this Euclidean closure of H would
be a bicompact set in Z(IM). Every element Z of Z(IM) must intersect H in a
non-bicompact set; as before, it follows that the Euclidean closure of Z has
nonvoid intersection with D. If we now define the sets J, as E[(x,y);
(x, y)ECy, || S1/n], it is clear that: (1) J.EZ(CY); (2) J.NZ#0, for all
natural numbers # and all ZEZ(IMN); (3) JT.,NHEZ(M) for all natural num-
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bers n; (4) [ J.NH=0. (4) shows that M is a non-real ideal.

Case 11. DEZ(M). We first show that if @ is a real number such that
| a| <1, then there is a function ¢ E€(C;, R) such that ¢(x, 0) =0 for 1=x>a,
Y(x, 0)=1 for —1=x=a, and 0=y(x, v) <1 for all (x, y)ECi. We com-
mence with the function ¢ defined on D alone, with values as stated, and
show that ¥ can be continuously extended over all of Ci. Select any neighbor-
hood V.,(a, 0), and let ¥(x, ¥) =1 for all (x, y) EV, (g, 0). Further, let Y(x, y)
=1 for all (x, y) such that lyl =1/n or x<a. For points (x, y) E V. (a, 0)
such that 0< |y| <1/n and a<x<a+1/n? let Y(x, y) be a linear interpola-
tion between the value 0 assumed at (x, 0) and the value 1 assumed at
(x, n(x—a)) (if v is positive) or (x, —n(x—a)) (if y is negative). For points
(x, ) such that 0< |y| <1/n and x=a+1/n? let Y(x, y) be a linear inter-
polation between the value 0 assumed at (x, 0) and the value 1 assumed at
(x, 1/m) (if y is positive) or at (x, —1/n) (if y is negative). The function ¢ is
patently continuous throughout C; and enjoys the other properties stated
above. It is to be noted that Z(Y) =E[(x, 0); (x, 0)ECy, a<x=1]. Now let
{Z\} e represent the family Z(I). Since D EZ(M), it is clear that the fam-
ily {DN\Zy}rea is a family of Z-sets in C; enjoying the finite intersection
property. Denoting closure in the Euclidean topology of D by the symbol ¥,
we observe that the family {(Df\Z)\){" } rea is a family of bicompact subsets
of D (in its Euclidean topology) enjoying the finite intersection property.
There exists, therefore, a point (a, 0) in D such that (a, 0) & JEE e A(DNZ)*;
hence, every open interval in D containing (a, 0) contains points of every set
DN\Zy. Let I,=E[(x, 0); (x, 0)ECy, a—1/n<x<a] and let J,=E[(x, 0);
(x, 0)ECy, a<x<a-+1/n]. From the construction of ¥ set forth above, it is
plain that the sets K,=J,\JI, are all in Z((y), for n=1,2, 3, - - - . It is also
plain that (a, 0) non EZ(M), since M is free. Since the sets K,MNDNZ\ are
nonvoid, for all natural numbers # and all indices AEA, and I is a maximal
ideal, we infer that K,EZ(M), n=1, 2, - - - . The intersection [[5_,K. is
void, and it follows that I is a hyper-real ideal. C; is accordingly a Q-space.

APPENDIX B. OTHER RINGS OF CONTINUOUS FUNCTIONS

It is natural to inquire why the rings €(X, R) and €*(X, R) are chosen as
instruments wherewith to study topological spaces X, to the exclusion of
rings €(X, K), 6*(X, K), and more generally rings §(X, T), where T may be
any topological ring. First, the limitation to topological fields F offers con-
siderable advantages in rings €(X, F) by virtue of the simple characterization
of elements with inverse in such rings. Second, the topological field used
should be connected and locally bicompact, in order to admit reasonable num-
bers of continuous images of connected and bicompact spaces, respectively.
By a celebrated theorem of Pontrjagin these properties limit us already to
R, K, or Q, the field of quaternions, so that our only choice lies among the
three fields mentioned. We now show that for distinguishing among topo-
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logical spaces, choice of R, K, or Q is immaterial.

THEOREM. Let X and Y be completely regular spaces. The following state-
ments concerning X and Y are equivalent:

(1) €*(X, R) is algebraically isomorphic to €*(Y, R);

(2) €*(X, K) is algebraically isomorphic to €*(Y, K);

(3) €*(X, Q) s algebraically ismorphic to €*(Y, Q) (*°).

The implication (1)—(2) is obvious when the observation is made that
C*(X, K) is obtained from €*(X, R) by adjoining ¢: €*(X, K) is the set of all
functions ¢+, where ¢, Y E€*(X, R). We now consider the converse im-
plication (2)—(1). Let NMx be the family of all maximal ideals in the ring
€*(X, K). By an argument identical with that used in the proof of Theorem
9, it may be shown that {x can be made a bicompact Hausdorff space con-
taining a homeomorphic image X of X as a dense subset and having the
property that every function in €*(X, K) (and hence every function in the
subring €*(X, R)) can be continuously extended over Nx. This proves that
Ix is the space BX. By virtue of (2), Nx and Ny are homeomorphic, both be-
ing defined by purely algebraic means from algebraically isomorphic rings,
from which (1) follows immediately.

A similar argument is applied to prove the equivalence (1)<>(3). We need
only to replace the term “maximal ideal” by the term “maximal two-sided
ideal” to prove (3)—(1) as above; and (1)—(3) is obvious.

TueEOREM. Let X and Y be completely regular spaces. The following state-
ments concerning X and Y are equivalent:

(1) G(X, R) s algebraically isomorphic to €(Y, R);

(2) €(X, K) is algebraically isomorphic to €(V, K);

(3) €(X, Q) s algebraically isomorphic to €(Y, Q).

The proof of the present theorem is identical with that of the preceding,
except that 8X and BY are to be replaced by vX and vY.

Various writers have approached the study of topological spaces X
through metrical and Banach space properties of the space €*(X, R), provided
with the u-topology. (See, for example, [10], [26], and [19].) It can be
shown that this approach cannot bring topological features of the space X
into sharper focus than can the study of algebraic properties of €*(X, R).
The following theorem renders this statement precise.

THEOREM. Let X and Y be any completely regular spaces. Any algebraic
isomorphism T mapping €*(X, R) onto €*(Y, R) has the property that I f|l
=”T(f)” and is hence a Banach space equivalence and a fortiori an isometry.
On the other hand, if an isometry o exists carrying €*(X, R) onto €*(Y, R) then

(18) A function ¢ in €(X, Q) or €(X, K) is said to be bounded and hence to be in €*(X, Q)
or §*(X, K) if $(X) is a bounded subset of Q (considered as R¢) or K (considered as R?).
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there also exists an algebraic isomorphism carrying €*(X, R) onto €*(Y, R).

The norm-preserving property enjoyed by every algebraic isomorphism
7 is established by giving an algebraic definition of the norm in €*(X, R). If
¢ EC*(X, R), there exists a non-negative real number a such that for all real
numbers ¢>a, (¢ —¢)~! exists. There also exists a non-positive real 3 number
such that for all real numbers t <8, (¢ —t)~! exists. Let ao be the infimum of all
a having the properties ascribed to e, and let By be the supremum of all 8
having the properties ascribed to 8. Then it is clear that [|¢|| =max (|a],
|Bo|). The norm having been thus algebraically defined, it follows that the
norm of any function and hence the distance between any two functions is
preserved under every algebraic isomorphism.

The second statement of the theorem may be proved at once from a
theorem of Stone (see [26, p. 469, Theorem 83]), which states that an
isometry between €*(J, R) and €*(L, R), where J and L are bicompact Haus-
dorff spaces, implies the existence of a homeomorphism between J and L.
If 6*(X, R) and €*(Y, R) are connected by an isometry ¢, then €*(8X, R)
and G*(8Y, R) are connected by an isometry p; Stone’s theorem implies that
BX and BY are homeomorphic; this implies that €*(8X, R) and €*(8Y, R)
are algebraically isomorphic, which finally implies that €*(X, R) and
G*(Y, R) are algebraically isomorphic.

A similar result may be stated for rings €(X, R).

THEOREM. Let X and Y be completely regular spaces, with the property that
C(X, R) is algebraically isomorphic to €(Y, R) under an isomorphism v. The
isomorphism T is necessarily a homeomorphism under the m- and the u-topologies
in (X, R) and (Y, R).
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