THE REPRESENTATION OF ABSTRACT
MEASURE FUNCTIONS

BY
DOROTHY MAHARAM

1. Introduction.

1.1. Several authors have discussed abstract “measures” and “integrals,”
the values of which need not be numerical(?). Our object here is to show that,
in a sense, such abstract measures and integrals are often equivalent (under
fairly general hypotheses) to combinations of ordinary numerical ones. We
shall here consider only the theory of measure, to which the theory of ab-
stract-valued integration can in most cases be reduced. The main theorem
(3.1 (f) and §19) can be stated, roughly, as follows: a field of sets with an ab-
stract measure on it is isomorphic to an ideal in the direct product of two such
fields, on one of which the measure is an ordinary numerical one, while on
the other factor the measure is trivial. (Precise definitions of the concepts
involved will be given later.) As a consequence of this, the abstract measure
can be replaced, to within isomorphism, by one whose values are (real-valued)
numerical functions on a certain set, modulo a certain class of null functions.

We conclude the paper with a few deductions from this theorem, reserv-
ing however the application to abstract-valued integration for a subsequent
paper.

1.2. Formulation of the problem. Instead of dealing directly with a field
F of sets, on which a suitable abstract-valued measure \ is defined, it is more
convenient to work with the Boolean algebra E of the sets of F modulo null
sets—that is, with the algebra formed by the equivalence classes {x} of sets
belonging to F, where yE{x} means A(x+2y) =0(?), the “measure” on E
being given by setting N({x}) =A(x). (That this relation ¢s an equivalence
relation, that A(x) =A(y) whenever y& {x}, and that the equivalence classes
{x} do form a Boolean o-algebra(3) are in effect included in our postulates on
\.) Thus we provisionally define an abstract measure algebra to be an ordered
pair (E, N\), where E is a Boolean g-algebra and \ is an abstract measure-
function on E, satisfying “reasonable” postulates (as yet unspecified). Two
abstract measure algebras (E;, A1) and (E, A;) are defined to be zsomorphic
if there exists an isomorphism of the algebras E; and E,, say ¢(x;1) =x», such
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(1) We shall not be directly concerned here with abstract-valued integrals or with the
closely related real-valued integrals of abstract-valued functions. For abstract-valued meas-
ures, see for example [4], [5], [10], and [14, §8] in the bibliography at the end of the paper.

(2) See 1.3 for the notations.

(®) See, for example [2, pp. 29, 88].
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that Ne(¢(x1)) =Ne(@p(y1)) if and only if Ai(x1) =Ni(y1). If we further have
A2(ep(x1)) =Ni(x1) for a suitable isomorphism ¢, then (Ei, M) and (E;, \2) are
said to be isometric.

We shall here be interested in abstract measure algebras only to within
isomorphism; and this permits a further reduction of the problem. In (E, N\)
we define the “induced” equivalence relation, ~, by writing x~y to mean
A(x) =A(y). The properties of (E, N\) to within isomorphism are evidently de-
termined completely by this equivalence relation. Accordingly we define an
abstract measure algebra to be either an ordered pair (E, N) as before, or an
ordered pair (E, ~), where E is a Boolean g-algebra and ~ is an equivalence
relation on E satisfying the postulates to be given below. If ~ is the equiva-
lence relation induced by A, we say that (E, N) and (E, ~) are naturally iso-
morphic. The definition of isomorphism between two abstract measure alge-
bras is now clear; for example, (E;, ~) and (E., =) will be isomorphic if and
only if there exists a mapping ¢ of E; on E; such that (i) ¢ is an algebraic iso-
morphism and (ii) ¢(x1) =¢(y1) if and only if x;~y;.

1.3. Notations. As far as practicable, we adhere to the following notations.
E denotes a Boolean g-algebra(®) having o as zero element and e as unit
element. Small letters @, b, x, v, and so on, usually denote elements of E,
except that m, =, 7, j usually denote positive integers; capital letters X, ¥,
and so on, usually denote subsets of E (or of some other set). Phrases like
“x&EE, XCE?” are generally omitted when the meaning is clear. The partial
ordering relation in E is written =<, as usual; thus x <y means x <y and x #y.
(But X C Y does not exclude the equality of X and Y.) The supremum of two
elements of E is written x\/y, and of an infinite collection is written Vx;;
infima are written xy, Ax;. We use aX to denote the set of all elements of the
form ax, where x&X.

If xy=o0, we say that x and vy are disjoint. A subset of E is said to be dis-
joint if every two of its elements are disjoint.

The complement of x is denoted by —x, and x —y is used as an abbreviation
for x(—7y). The symmetric difference of x and y is the element (x —y)\V (y—x);
we shall usually denote this by x4,y (“addition mod 2”).

E will generally be assumed to satisfy the countable chain condition,
namely, there does not exist an uncountable disjoint subset of E. As is well
known, this will imply that E is complete (that is, that for every X CE both
V{x|x€X} and A {x|xEX} exist).

The words “algebra,” “sub-algebra,” used unqualified always refer to

Boolean g-algebras. A Boolean algebra in which only finite operations are to
be considered will be called a “finitely additive algebra.”

For any aE€E, the principal ideal E(a) of a in E is the set of all xEE
satisfying x <a. E(a) is evidently itself an algebra with <, V, A, having the
same meaning as in E, but having ¢ as unit element instead of e. A sub-alge-
bra of E(a) will be called a sub-algebra of E relative to a. Similarly, if Fis a
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subalgebra of E, and bEF, F(b) denotes the principal ideal of b in F; it is
clear that F(b) =bF, but the notation F(b) is used to emphasize that b& F.

Given X CE(a), the sub-algebra relative to ¢ which it generates is called
the Borel field of X relative to a, and is written B,(X); it is thus the smallest
set BCE(a) which satisfies (i) BDX, (ii) if xEB, then e—x&B, (iii) if
x,EB (n=1, 2, - - - ) then Vx,EB. If in particular ¢ =¢, we omit the phrase
“relative to @,” and write the Borel field of X as B(X).

The usual notations of set theory are employed for subsets of E (or of
other sets), the union of X and Y being written X\UY, and their intersection
XNY, and so on. The empty set is denoted by 0. The cardinal number of a
set X is written | X|.

Greek letters are generally used as follows: «, 3, and so on, are ordinal
numbers; N is an abstract measure, and u is an ordinary numerical one; 6,
¢, ¥, are mappings; p, 7, 7, are non-negative real numbers not exceeding 1, p
usually being rational; and e is a positive number less than 1.

Sequences (indicated by the notation {x,}) can usually be either finite or
(countably) infinite, except where the distinction is emphasized (for example,
by writing n=1,2, - - -+, to «).

Where the abstract measure or equivalence relation intended is clear, we
often write (E, N\) or (E, ~) simply as E.

2. Postulates.

2.1. Since the equivalence relation ~, rather than the abstract measure
N\, will be used in what follows, it is simpler to state our postulates in terms
of ~. (It would be easy but tedious to deduce them from “reasonable”
postulates on A(%); and conversely the main theorem of this paper, stated in
3.1(f), will show that every equivalence relation satisfying our postulates is
in fact induced by such a “reasonable” A.) The postulates for the abstract
measure algebra (E, ~) are:

(0) E is a Boolean c-algebra satisfying the countable chain condition, and
~ is an equivalence relation on E.

(1) If x=Vx,, y=Vy,, where xnx,=0=yny, (m#=n; m, n=1, 2, - - -),
and if, for each n, x,~%,, then x~y.

(I1) If x~x’, and if y<x is given, there exists ¥’ <x’ such that y~y’.

Before stating the last postulate, we need the following definition. An
element x is bounded if, whenever y =x and y~x, we have y=x.

(IIT) If x~v there exist bounded elements x,, ¥y, (=1, 2, - - - ) such that
x=Van, ¥=VY,, XnXn=0=Yny(m=n), and x,~.,.

() The set of values taken by A would be, for example, a lattice-ordered Abelian semi-
group. Postulate I, for example, would be replaced by the requirement that X be countably
additive. One could deduce from [6, Theorem 10] that there is no loss in assuming the values
of A to be equivalence classes of numerical functions; but we shall derive independently a more
precise result than this. For the device of replacing A by ~, cf. [10] and (though with different
objectives) [4] and [12, Ch. VI].
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2.2. Numerical case. To illustrate the meaning of these postulates, con-
sider a “numerical measure algebra” (E, u), in which ~ is induced by an
ordinary countably additive numerical function u, taking non-negative real
values and possibly the value «. Suppose that there exists x>0 for which
u(x) < oo. If the postulates 0-III are satisfied it readily follows that the
bounded elements are precisely those of finite measure, and thence that u is
o-finite (that is, e= Ve, where u(a,) < ). Further, 4 must be “reduced”
(that is, vanishes only for 0). Conversely, if u is a numerical countably addi-
tive measure on E, reduced and o-finite, and if II holds, then elements of
finite measure are certainly bounded, and postulates 0, I and III readily
follow. Postulate II, though not automatically satisfied, can easily be seen
to hold if either (i) E is non-atomic (%), or (ii) E is generated by a number of
atoms all of equal measure (§). One would thus not expect II to be unduly
restrictive in practice (7). There are, of course, important numerical meas-
ures which satisfy neither 0 nor III—for example, Hausdorff m-dimen-
sional measure in Euclidean n-space (n>m) (). In what follows, the phrase
“numerical measure algebra” will mean (except where the contrary is ex-
plicitly stated) one in which the postulates are satisfied, and in which the
measure takes at least one finite nonzero value.

We note that, for numerical measure algebras, isomorphism implies
isometry, to within a nonzero constant numerical factor.

REMARK. It might seem preferable, in the interests of simplicity, to re-
place postulate III by the stronger requirement that all elements be bounded
—corresponding in the numerical case to the restriction that u(e) < . But
this would be undesirable, apart from the loss of generality, since it turns out
that even then it would be necessary to introduce numerical measure algebras
in which some elements have infinite measure and are therefore unbounded.

2.3. Elementary properties. The following properties of an abstract meas-
ure algebra are easy deductions from the postulates.

(1) e=Va,, where the elements a, are bounded and disjoint.

(2) If x is bounded and y=<x, then y is bounded.

(3) o is bounded; conversely, if x~o0 and x is bounded, then x=o.

(4) If x~o, then x=o0. (From III, (3) and I.)

(6) An afom is an element *& E such that (i) x>0, (ii) if 0 <y <x, then y=x.

(%) Conversely, it is easy to see that a numerical measure algebra which satisfies the postu-
lates is of one of the following four types: (i) non-atomic; (ii) generated by R, atoms of equal
measure; (iii) the direct sum of a non-atomic algebra of finite total measure and of an algebra
generated by a finite number of atoms; (iv) entirely generated by atoms and of finite total
measure—the possibilities in this case can be further analyzed.

(") Postulate II can be omitted if the values of the abstract measure A are assumed to lie
in a vector o-lattice, for it can then be shown that the abstract measure algebra can be im-
bedded in one which satisfies all the postulates.

(%) Examples of abstract measures not satisfying the postulates are: Choquet’s [4; 5], and
Léwner's measure in Hilbert space (Ann. of Math. vol. 40 (1939) pp. 816-833).
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(5) Two given elements have maximal equivalent sub-elements. More pre-
cisely; given a, bEE, there exist x Za, ¥y £b such that (i) x~y, (i) if hSae—x,
E<b—y, and h~k, then h=k=0.

(The elements x and y are constructed by a transfinite induction argument
—or equivalently by using Zorn's lemma—the transfinite induction neces-
sarily terminating countably because of the countable chain condition. This
type of argument is often called the “method of exhaustion.”)

3. Fundamental examples.

3.1. We shall here define some particular abstract measure algebras which
will play a fundamental part in the sequel.

(a) A numerical measure algebra (J, u) (cf. 2.2). In particular, important
measure algebras satisfying the postulates are: the measure algebra I!
(=%, u)) of Lebesgue measurable sets, modulo null sets, in the unit
interval (0, 1); and the direct product I™ of m copies of I* (cf. [8, p. 419)),
m being any cardinal number. If m=N,, I! and I™ are well known to be iso-
metric. Other measure algebras which will arise in the sequel are: K, the alge-
bra generated by N, atoms all of measure 1, and L, consisting of just two
elements of measures 0 and 1 respectively.

(b) A “trivial” abstract measure algebra, U. By definition this is one in
which #no two distinct elements are equivalent(®). Obviously any algebra U
satisfying the countable chain condition can be regarded as a trivial abstract
measure algebra.

(c) If (E, ~) is any abstract measure algebra, so is the relative algebra
(principal ideal) E(a) (cf. 1.3), in which the equivalence relation is defined in
the “natural” way; x~vy in E(a) (where x, y=<a) if and only if x~y in E.
The same is true, more generally, of any relative sub-algebra, provided that it
satisfies postulate II.

(d) If (E;, ~) and (E,, =) are abstract measure algebras (satisfying our
postulates, as always), then so is their “free direct sum.” This is defined as
follows. The algebra is the “direct sum” E,@ Ey—that is, the set of ordered
pairs (x;, x3) with x,EE;, x,&E,, the ordering relation being given by:
(%1, x2) < (31, ¥2) if and only if we have both x; =y, and x;<y,. The equiva-
lence relation in the direct sum is then given by: (x1, x;) and (3, y.) are
equivalent if and only if we have both x;~9y; and x;=y,.

ReMARK. This “free direct sum” is to be distinguished from the ordinary
“direct sum” of two numerical measure algebras. There the algebra is the
same (E, ® E;), but the equivalence relation is different, being induced by the
measure u, where u(x:, x2) =pu1(x1) +p2(x2), w1 and ue being the measures in
E; and E,.

(e) A more complicated example is the “direct product” J® U of a numer-
ical measure algebra J=(J, u) (of type (a) above) and a trivial algebra U (of

(®) A numerical measure algebra can be trivial in this sense, though only if it is generated
by atoms. Examples: L, and the algebra generated by a sequence of atoms of measures 3.
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type (b)). This may be characterized as follows. Suppose (E, M) is an ab-
stract measure algebra in which the values of the abstract measure M are
non-negative numerical functions on some set, modulo some class of null
functions (for example, continuous functions on some space modulo functions
which vanish except for sets of first category). Suppose E contains two sub-
algebras J, U, such that:

(i) E=8BJUU).

(ii) If x&€J, M(x) is a constant function, =u(x) say.

(iii) If x€U, M(x)=pu(e) times the characteristic function of some set

(with the convention that « -0=0).
(It is further supposed, of course, that M is countably additive in the obvious
sense, and that postulates 0-III are satisfied.) Then the sub-algebra (J, M)
is clearly isomorphic with a numerical measure algebra (J, 1) (1%); and it is not
hard to show that the sub-algebra (U, M) is trivial. It further follows that,
for any x&J and uE U, M (xu) =u(x) M(x). We say that (E, M) is the direct
product of (J, u) and U.

It will be proved in the next section that two given algebras (J, u) and U
always have a direct product. This product is moreover unique to within
isomorphism; we shall not prove this explicitly, but it follows by essentially
the same arguments as in §17.

(f) Finally, it is evident that a principal ideal (that is, relative algebra)
in the free direct sum of two direct products of type (e) will be an abstract
measure algebra. Our main theorem is that the converse is true; every abstract
measure algebra is isomorphic to one of this type. (In fact, every abstract
measure algebra is isomorphic to a principal ideal in a single direct product
J® U of type (e) except that J and J® U need not satisfy postulates IT and
IIT above.) Thus the four concepts (E, N), (E, ~), abstract measure algebra of
type (f), and (E, N) in which the values of N are numerical functions (modulo null
functions), are all equivalent to within isomorphism.

We shall also be able to deduce some simpler characterizations in some im-
portant special cases (§20). ‘

4. Construction of the direct product J® U.

4.1, In this section we show that a given numerical measure algebra
J=(J, u) and a given trivial abstract measure algebra U (satisfying our
postulates) always have a direct product in the sense of 3.1(e). To save the
trouble of proving explicitly that the direct product in the sense of 3.1(e) is
unique (to within isomorphism), we shall use the unqualified term “direct
product” in the rest of the paper to refer to the particular direct product to be
constructed in this section. As the construction will depend on the notion of
the “representation space” of an algebra, we begin by outlining the relevant
properties.

4.2. Representation spaces. Let E be any Boolean o-algebra, with or with-

(19) Provided u is not always 0 or «.
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out a measure. Then(!!) there exists a compact (=bicompact) totally dis-
connected Hausdorff space R, the representation space of E, such that E is
isomorphic to the Boolean algebra formed by the “open-closed” (=simul-
taneously open and closed) subsets of R. Let x* denote the open-closed subset
of R which corresponds to x €E in this isomorphism. Then we have

(1) The sets x* form a basis for the open sets of R.

We note that for finite operations the “expected” relations hold; that is,
0*=0, e*=R, (—x)*=R—x* x=y2x*Cy* (xVy)*=x*Uy* and (xy)*
=x*"\y*. For infinite operations the correspondence is more complicated, but
it is easily seen from the laws for finite operations that

(2) (Va)* = Uz} U 3, (Ax)* = Nt — ¢,
where z and ¢ are nowhere dense closed subsets of R (and are thus of the first
category).

The Borel field B(R) of R is defined (cf. 1.3) to be the smallest family B’
of subsets of R such that (i) B’ contains all open-closed sets, (ii) if XEB’,
R-Xe&®, (iii) if X,&€B’' (n=1, 2, - - -), UX,EB’. We have:

(3) Any given X € B(R) can be written in one and only one way as X =x*
+,2, where x* is open-closed and z is of the first category(1?).

For from (2) it is clear that the family B’ of all sets so expressible as x* 43
satisfies (i), (ii) and (iii) ; hence it contains B(R) .To see that the expression is
unique, we note that if x*+.3=9y*+4,¢ (where x*, y* are open-closed and z, ¢
are of the first category) then z-+.=x*+,y* an open set; and since a non-
empty open set is not of the first category we must have 243t =0 =x%45y%,
that is, z=¢ and x* =y*,

Now assume that E satisfies the countable chain condition, and is thus
complete. From (1) and (2) it now follows that

(4) If G is an open subset of R, so is its closure G. As a corollary,

(5) If Gy, G are disjoint open subsets of R, so are G, and G..

We shall be interested in numerical functions f on R whose values are be-
tween 0 and o« inclusive; for brevity we refer to them simply as “functions.”
The continuity of functions is defined in the obvious way(*®), and a function
f is said to be continuous on X CR if f, considered only for the points of X,
is continuous relative to the subspace X.

(6) LEMMA. Given a function f on R which is continuous on R—H, where H
is of the first category, there exists one and only one function g, continuous on R,

such that g(p) =f(p) for each p&R—H.

Given p€ H, we assert lim sup f(¢) =lim inf f(g) as ¢—p through points

(1) See [15, Theorem 67].

(%) Thus E is e-isomorphic, in a natural way, to the algebra formed by B(R) modulo sets
of first category—proving the known theorem (cf. [9]) that the notions “Boolean o-algebra”
and “o-field of sets modulo a ¢-ideal” are equivalent.

() If f(p) = =, continuity of f at p means that, given any #, there exists a neighborhood
of p throughout which f>n.
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of R—H(*). For if not, there exist (finite) real numbers p, ¢ such that
lim sup f(g) >p>c>lim inf f(g). Define K;={q|¢ER—H and f(q)>p},
K,=[g|¢gER—H and f(q) <o }. From the continuity of f, K, and K, are open
relative to R—H; hence K;=G,N\(R—H) where G; is open in R (=1, 2).
Since KiMNK,;=0, we have Gi\G.CH; and since a non-empty open set is
not of the first category in R, it follows that GiMNG:=0. Hence (by (5))
GiN\G, =0, contradicting pEKiNK,CGiNGo.

Define g by: g(p)=f(p) for p€R—H, and g(p)=lim f(q) for pEH
(where ¢—p in R—H). It is easy to see that g is continuous on R. Thus the
required function exists; and its uniqueness is immediate.

(7) LEMMA. Let { f,.} be a given sequence of continuous functions on R such
that, for each pER, fi(p) Sfe(p)< - - - . Then there exists one and only one
continuous function f on R such that f(p) =1lim f,(p) for each pER — H, H being
a set of the first category.

Let f/(p) =lim f,(p); from the previous lemma it is enough to show that f’
is continuous on R— H where H is of the first category. We can suppose that
fa and f’ are all uniformly bounded (on replacing f. by fa/(14+fa)).

For each positive integer &, let {x,‘c‘i} (¢z=1, 2, - - - ) be a maximal dis-
joint collection (necessarily countable) of nonempty open-closed subsets of R,
each having the property that there exists an integer n=n(k, ¢) such that
f'(p) Sfa(p) +1/k whenever pExp. Write G =Uxy; clearly G is open. We
assert G, =R. For suppose not. Define F,; to be the set of all points pER
such that f.(p) =f.(p)+1/k whenever m=n; evidently F,, is closed, and
U,.F.:=R. Hence one of the sets (R—Gy)\Far (n=1, 2, - - - ) must be some-
where dense, and so (from (4)) must contain a nonempty open-closed set
y&. But y* is disjoint from every xz; (i=1, 2, - - - ), and yet satisfies the re-
quirement which was imposed on the sets x};; and this contradicts the maxi-
mality of the collection {xf}.

Since G =R, the set H=U;(R—G4) is of the first category. Suppose p&EH;
then, for every k, p belongs to some x§;. Writing n for n(%, 1), we see from the
continuity of f, that there is an open-closed set ¥* such that pE&y*Cxj and,
whenever ¢E&y*, lf,.(q) —f,,(p)I <1/k. Thus ]f’(q) —f'(p)| <3/k for all
g€ y*. That is, f’ is continuous at every point of R—H, and is a fortiori con-
tinuous on R—H. Q.E.D.

REMARK. Arguments similar to the foregoing—which is evidently anal-
ogous to the proof of Egoroff’s theorem—will occur again; we shall refer
to them as “Egoroff arguments.”

4.3. Now let (J, u) be a numerical measure algebra, and let U be a trivial
abstract measure algebra. (It is assumed that neither J nor U consists of o
only.) Let R and .S be the representation spaces of J and U respectively, and

(4) Convergence is in the sense of Moore and Smith; cf. [3].
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let T=RX.S (the space formed by the ordered pairs (7, s), r&ER, s&.S, with
the obvious definition of the topology). Define the restricted Borel field B,(T)
to be the Borel field generated (in the algebra of subsets of T) by the “rec-
tangles” x* Xu*, x* and #* being open-closed subsets of R and .S respectively.
For each restricted Borel set HE®B,(T) and for each s&S define K(H, s)
to be the set of all points #&R such that (r, s) EH. It is easily seen that
K(H, s)EB(R) (as follows, for example, by the same reasoning as in 8.5
below). Hence (from (3) above) each K(H, s) can be uniquely expressed as
x*+,2, where x* is open-closed in R and z is of the first category in R. The set
x* corresponds to a unique element x&.J, with measure u(x). Thus we can
define a function My on S by setting

(8) My(s)=p(x), where x*+2=K(H, s).

We next show that

(9) There exists a function My, differing from My on a set of first cate-
gory (at most) in S, and continuous on S. (Obviously My will then be unique.)

Let {a,,} be a disjoint sequence of elements of J such that u(a,) < « and
Va.=j, the unit-element in J. (The existence of such a sequence follows from
the fact that J satisfies our postulates; cf. 2.3(1).) For each HEB,(T), de-
fine H,=HN(ay XS); thus the sets H, belong to B,(T), are disjoint (for
fixed H), and their union is H—a set of first category (from (2)). Hence
Mp= Y .Mf,. By (7) it will thus suffice to prove that, for each n, Mj,
differs from a continuous function only on a set of first category in S. Consider
the family B’ of those sets H& B,(T) for which this is true. Clearly B’ con-
tains the “rectangles” x* Xu*; also if H' DH’' and H’, H''& B’ then H'— H''
€B’ (for My_gn,= My, — My’ since these functions are finite); and finally
if { H"‘} is a disjoint sequence of sets in B’ it readily follows from (7) again
that UH»E B’. Hence B’ D B.(T), and (9) is established.

We now define J® U to consist of the algebra B,(7°) modulo “null sets”—
those for which My=0. Formally, we write H=H' to mean that H,
H'&B,(T) and Muy,n=0 for every s&S—that is, that, except for a first
category set of s’s, each set K(H, s)+2, K(H’, s) is of the first category in R—
and write {H} =set of all sets H’ such that H’= H. Algebraic operations on
the equivalence classes {H } (HEB.(T)) are defined in the obvious way; it
is easily seen that they form a Boolean ¢-algebra. On this we define an ab-
stract measure by setting M{H} = My (which also= My if H'=H); thus
the values of the “measure” are continuous functions on .S. This measure is
evidently countably additive, provided that we define Z:_HW{H,,} to
mean not the ordinary sum of these functions, but the continuous function
which differs from this sum on a set of the first category (at most).

An alternative procedure would be to redefine the “measure” of { H} to be
the set of all functions which differ from M{H} on an at most first category
subset of .S; addition would have then have its natural meaning. This is in
fact the procedure which was used in the formulation in 3.1(e); however, the
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choice of M{H} to be a single continuous function is more convenient in
proving that J® U has the desired properties.

4.4. It is easy to see that J® U (assuming it for the moment to satisfy
our postulates) is in fact (to within isomorphism) a “direct product” of (J, )
and U in the sense of 3.1(e). For J® U contains a sub-algebra J’ consisting
of all elements of the form {x*X.S } (x* open-closed in R), and a sub-algebra
U’ consisting of the elements {RXu*} (u* open-closed in S). The function
M{x*X S} has evidently the constant value u(x), and similarly M{R Xu*}
has the value u(j) for s&cu* (where j denotes the unit element of J) and the
value 0 for s&€S—u*. Thus (J’/, M) is isomorphic to the given measure
algebra (J, u), and (U’, M) is isomorphic to the given trivial algebra U. All
that remains to be verified is that J® U=B(J'\JU’). To see this, consider
the family B’ of all sets HEB,(T) for which the elements {H } belong to
B(J'\JU"). Clearly B’ contains the “rectangles” x* X%*, and contains T —H
and UH, if it contains H and H, (=1, 2, - - - ). Hence B"DB.(T), and so
B’=B,(T), from which it follows that B(J'VU)=JQU.

4.5. We must now verify that J® U satisfies our postulates (2.1), “~7”
being, of course, the equivalence relation induced by the abstract measure M.

(0) All that has to be proved here is that J® U satisfies the countable chain
condition. Suppose there exists an uncountable disjoint collection of elements
{Ha}, all different from the zero element. As in the proof of (9) (4.2), we
choose a disjoint sequence {a,,} in J with u(a,) < © and Ve,=j. For some #,
there will be uncountably many nonzero elements { H.M\(a.*XS) }, and from
these we obtain a transfinite sequence of strictly increasing elements { L,g},
B<wi, {Li}<{L}< -+ <{(a*xS)}. For each f<wi, we have M{Ls}
<M (L5+1} for at least one s&.S; and since these functions are continuous
there exists a nonempty open-closed set #*C.S such that M {Lﬁ} <pp<og
<M { L5+1}, where pg, o4 are fixed positive numbers, for all s&ug*. For some
positive integer m there will be uncountably many values (say) v of 8 for which
os—ps>u(a,)/m. Thus no s&Uu.* can belong to more than m sets u,*. Let
v*(s) denote the intersection of all sets %,* containing s; thus v*(s) is open-
closed in S, and distinct sets v*(s) are disjoint. Since U satisfies the countable
chain condition, the distinct sets *(s) must be countable in number; and since
each v*(s) is contained in % for at most m values of v, the v’s are countable—
a contradiction.

(I) This is trivial here, since M is countably additive.

(I1) Given {H}, {H'}EJ®U such that M{H}=M{H'}, and given
L'EB,(T) such that {L’} < {H'}, we must show that there exists LEB,(T)
such that LCH and M{L}=M{L’}. The proof is built up by first consider-
ing two special cases.

(1) Suppose J has no atoms. We need the following lemma:

(10) Given HE®B.(T), and given any continuous function ¢ on S, not
identically zero, such that 0S¢ = M {H } (for all s&.S), there exists L& B.(T)
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such that L,CH, {L}#0, and M{L,} <¢.

For, from the continuity of ¢, there exists a nonempty open-closed set
#*CS and an €>0 such that ¢(s) =€ whenever s€u*. Let {c.} be a maximal
disjoint collection of nonzero elements of J each of measure less than ¢; since
J is non-atomic, it is easily seen that Vc,=j. Write L*=HM(c.* Xu*). Since
S M{L"}=M{H}2¢ (except on a first category set), there exists an z for
which M{L*} is not identically 0, and we have only to take L,=L".

The usual “exhaustion” argument now shows that, under the hypotheses
of the lemma, there exists LEB,(T) such that LCH and M {L} =¢. (Take
L to be a maximal L;, modulo null sets; if the function ¢’=¢—M{L} were
not identically 0, with the convention % — » =0, the lemma applied to the
set H—L and function ¢’ would enable L to be enlarged.) In particular, on
taking ¢ =M {L’}, we see that II is established in this case.

(i1) Suppose J is generated by a number of atoms, all of equal measure.
The proof proceeds as in case (i), the only difference being that we now re-
strict the continuous function ¢ to have only integral multiples of the meas-
ure of each atom (or «) as values.

(iii) In the general case, there are at most Ny atoms in J; let the distinct
values of their measures be enumerated as ui, us, and so on. Write b, =su-
premum of all atoms in J of measure u,, and by=j — Vb,. For each X& B.(T)
write X*=XMN(b*X.S). It is not hard to see, from the fact that J itself satis-
fies II, that if M{H}=M{H'} then M{H}=M{H'*} for each n
(n=0,1, -+ -)(). Now, given {L'} < {H'} , we apply the argument in case
(i) to obtain L°CH?" such that M{L°}=M{L"}, and similarly apply the
argument in case (ii) to obtain L*C H" such that M{L"} =M{L'”} (nz1).
Write L=UL"® (#20); evidently II follows.

(I1I) Given H, H'E€®B,(T) such that M{H}=M{H'}, we decompose
them into equivalent bounded elements as follows. As before, let {a,} be a
disjoint sequence of elements of J such that u(a,) <« and Va,=j. Write
X.=HN(aFXS), Y.,=H'N(a;}XS). Define H;=X,. From postulate II,
there exists H{ CH’ such that M{H{ }-= M{H,} <u(a.); hence M{H—H,}
=M{H'—H{}. Define H{=Y\"\(T—H{); from Il again there exists
H,CH—H, such that M{H,} =M{H{}<w®, so that M{H—(H\JHy)}
=M{H'— (H{\JH{)}. Define Hy=X,"\(T— (H,\\JH,)); and so on. We thus
obtain disjoint sequences {H,}, {H, } such that H=UH,, H'=UH,/; and
M{H,} =M{H!} <, so that the elements {H,}, {H.} are bounded, as
required.

ReEMARK. The construction of J® U will apply even if J=(J, u) is an
arbitrary numerical measure algebra in which u is o-finite. Naturally, if J does
not satisfy the postulates, J® U need not either.

() Let K(H, s)=x*+3, K(H’, s)=x"*+32’; then (ignoring a first category set of s's)
u(x) =p(x’). If x= an atom of measure y;, ' = an element of J of measure p1, which must also be
an atom. Iteration of this argument gives u(bax) =u(bsx’) (=0, 1, - - - ),and the resultfollows.
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4.6. We conclude this section by noting, for future use, that the elements
of JQU are (roughly speaking) approximable by countable sums of rec-
tangles. More precisely:

(11) LeMMA. Suppose u(j) < . Then, given HEB,(T) and €>0, there
exist sequences x5, uy of open-closed subsets of R and S respectively, such that
(i) the sets u.¥ are disjoint and cover S except for a set of first category, and (ii)

we have
M{H +, U(xr X u:)} <e (for all s € S)(*9).

Consider the family B’ of sets HE B,(T") for which this is true (for every
€). Clearly B’ contains the “rectangles” x* Xu*. It is also easy to see that if
H, H'&B’ then so do T—H and HUH’; thus B’ is a finitely additive
field, and to prove B’=®8B,(T) it will suffice to prove that if H,&EB’ and
H\CH,C - - -, then UH,E®’. This follows by an “Egoroff argument” (cf.
the proof of 4.2(7)).

5. Invariant elements.

5.1. DEFINITION. Returning now to an abstract measure algebra (E, ~)
satisfying the postulates of 2.1, we define an element u to be snvariant if,
whenever x~u, we have x Su. (Thus if % is invariant and bounded, we have
further x =#.) Clearly no two distinct invariant elements can be equivalent.
(The term “invariant” will be justified in 20.4(1).)

The invariant elements will play a fundamental part in the analysis of the
structure of (E, ~). In fact, if £ were a non-atomic numerical measure alge-
bra, the only invariant elements would evidently be o and ¢; and this suggests,
as is in fact the case, that the “trivial” factors in the desired “product” rep-
resentation of E (cf. 3.1(f)) in the general case, will be formed from invariant
elements.

The set of all invariant elements of E will be written U.

5.2. If u is invariant and x~x' Zu, then x S u.

Write y=x—u; by II(2.1) there exists y'<x’ such that y~9’. Now let
z=(u—y")\Vy. From [(2.1) s~(u—7y')\Vy'=u; hence, from the definition of
invariance, z<u. A fortiori y=<u, and so y=0 and x=u.

5.3. If u is not invariant, there exist nonzero x, y such that x<u, y< —u,
and x~y.

For there exists x;~u such that x;—uso0. Define y=x;—u. By 1I(2.1)
there exists x <u such that x~y (for y Sx1~u).

5.4. The invariant elements form a complete Boolean sub-algebra of E.

It is trivial that o and e are invariant (2.3(4)). Thus we have only to
prove (a) if  is invariant so is —#, and (in view of the countable chain condi-
tion) (b) if u, is invariant (=1, 2, - - - ) then so is Vu,. Now (a) is an im-
mediate consequence of 5.3 and 5.2. To prove (b), let «= Vu,, and suppose

(%) This lemma can easily be modified so as to apply even if u(j) = <. Both lemma and
proof can also be reformulated in terms of the properties given in 3.1 (e).
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that « is not invariant. By 5.3, there exist x, ¥ such that x <#, y< —u, and
x~ys0. For some # we must have xu,>0, and from postulate II we then
have that there exists y' <y such that y’~xu,. From 5.2, y'<u,=<u; but
y'£y=< —u, and so y' =o—that is, xu, =0 (from 2.3(4)), a contradiction.

5.5. DEFINITION. For each x&E we can (from 5.4) define the invariant
closure % of x to be the smallest invariant element containing x. To simplify
the printing of complicated expressions, we shall sometimes also write
Cl(x) instead of . This closure operation will then have the usual properties
familiar in topology (6=0, é=e, Cl(Cl(x))=Cl(x)=x, Cl(x)VCl(y)
=Cl(xVy), and x is invariant if and only if £=x), as well as some others,
notably:

5.6. For any collection of elements {x.}, Cl(Vxs) = V..

For it is trivial that CI(Vx.) = Vi, while conversely Vi, is invariant
(5.4) and greater than or equal to Vx., and so greater than or equal to
Cl(Vx.).

5.7. For any x, &=V {y|y~y'<«}.

Let x* denote the element on the right. Any invariant # =x will satisfy
u=x* (from 5.2), and so £=x*. All that remains to be proved is that x™* is
invariant; for clearly x*=x. If x*& U, then (5.3) there exist 2, ¢ such that
g=<x* t< —x*, z~t, and z7#0. Hence for some y~y'<x we have zy>o0; and
postulate II(2.1) then gives the existence of p=<¢ and ¢=y’ such that
p~zy~q. Since ¢=<x, this shows that p <x*; but p<{< —x*, and so p=o.
That is (2.3(4)), zy=o0, a contradiction.

5.8. If x~x', then Cl(x) = Cl(x’).

This is immediate from 5.7 and postulate II(2.1).

5.9. £ =ox2whenever %, k are such that Z=<x, K<y, and h~k, then
h=k=o0.

The implication =~ is trivial, since 2<% and also 2<j (5.7). Conversely,
if nonzero &, k exist such that 2<x, k<y, and h~k, we have, on writing
u=h=F (from 5.8), u <zj.

5.10. If u is invariant, Cl(xu) = Cl(x)n.

Trivially Cl(xu) =Cl(x)u. Write p=Cl(x)u—Cl(xu), and suppose
p#o. Since p=<%, 5.7 shows that pys£o for some y~y’'=<x. Write ¢=2py;
then, by postulate 1I, there exists ¢’ =x such that g~¢q’. Since ¢'~¢=<p=u,
5.2 shows that ¢'=<w; thus ¢'<xu, and so (5.7) ¢=Cl(xu). But ¢=p
=< —Cl(xu), so that ¢=o0, a contradiction.

6. Bounded elements. In this section we develop further fundamental
properties of the invariant and other elements of (E, ~) which depend on
the notion of boundedness. (One example of the way in which this property
is of service has already been furnished by the proof of 2.3(4).)

6.1. (“Cancellation law”). If a, a’ are both bounded and equivalent, and if
b=Za,b' Za’, and b~b’, then a —b~a'—b’.

REMARK. As will be proved later, it suffices that a be bounded; for the
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boundedness of a’ will then follow from a’~a (6.4).

From 2.3(5) and 5.9, there exist x<a—b, y<a'—b’, such that (i) x~y,
(ii) on writing p=(ea—b) —x, ¢=(a’—b') —y, we have pG=o0. We shall prove
p=o0; a similar argument will then show that ¢=o0, whence the result will
follow.

Write h=pa’; thus hg=o0, and accordingly (since the elements b, v, ¢
are disjoint and 3'VVy\Vg=a') h=2b'\/y~b\/x. Thus (postulate II, 2.1)
there exists £<b\/x such that k~h. Since p\VVk=<a~a’, there exists m <a’
such that m~p\Vk. Now, 2<p (from 5.2, since k~h=<p), and therefore
A\V/E=<p; and since p is invariant, it follows (from 5.2 again) that m < 5.
Thus m <h~k, so (from II again) there exists # =k such that n~m~k\/ p.
But 2\/p is bounded (from 2.3(2), for a is bounded). Hence n=%\/p, so that
EN/p=k; and since kp=o0 (for k<b\/x) it follows that p=0; Q.E.D.

6.2. Given y~x=\x,, where the sequence {x,} is disjoint, there exists a
disjoint sequence { y,.} such that y=\VNv, and y,~x, (n=1,2, - - - ).

First assume that x and v are both bounded. In this case, postulate II gives
the existence of ¥ =< such that y;~x;; and from 6.1 we have x —x;~y—y,.
A straightforward induction, repeating this argument, gives a disjoint
sequence of elements y,<(y—MV»V *** Vyna)) such that y,~x,.
Write y’=Vy,; thus y'<y and (from postulate I) y’~x~y. Since y is
bounded, we have y'=y, and the result is established in this case.

In the general case, we apply postulate III (2.1) to write x= Vf,, y=Vg,,
where f,~g, and the sequences {f.}, {g.} are each disjoint and bounded.
Write Amn=2%nfs. The case already established enables us to write g,= Vukmas
where Emp~hn, and Eppkmin=0 (m#m'). Define ¥ = V.kns; from postulate
I we have Y~ Vulhms=%n; the elements y, are clearly disjoint; and finally
Vym = vm,nkmn = Vgn =Y.

6.3. A necessary and sufficient condition that x be unbounded is that
there exist an infinite disjoint sequence {zn}, with z,=Zx, 2,70, and 21~z
~ e ~ga~ e

The sufficiency is trivial, since V{z.|]z=1} and V{z.|nz2} are (from
postulate I) equivalent, so that Vz, (and so, a fortiori, x) is not bounded.

Conversely, suppose x is unbounded; then there exists 21 <x such that
2170 and x~x—z;,. The elements z, are now defined by induction. When 2z,
has been defined, in such a way that z,~z1, 2. 2x— (z21\V * * * V24a1) =Yn-1,
say, and y,~x, we apply 6.2 to the decomposition x=2,\/y; to obtain an
“equivalent” decomposition ¥,=2,11V¥n41 such that z,41Yn41=0, Zap1~a1,
and Yy, ~y1=x—2z~x. Thus the inductive hypotheses are maintained,
and the desired sequence {z,} is thereby constructed.

6.4. If x~x' and x is bounded, then so is x'.

This follows from 6.3 and 6.2, since if ¥’ were unbounded, the decom-
position x’ = Vz,V (¥’ — \/z,) given by 6.3 could (6.2) be imitated in x, contra-
dicting the boundedness of x.
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REMARK. From these results one can show that if x, ¥ are both bounded,
then so is x\/y; we omit the proof, since the result will not be needed.

6.5. Let {x.} be a sequence of bounded elements whose invariant closures
are disjoint (that is, #m#&, =0 if m%n). Then Vx, is bounded.

Suppose Vx,=x~x—y for some y <x; we must prove y=o0. Now, for each
n we have x, Sx~x—y; hence (postulate II) there exists x,; <x—y such that
x,) ~x,. Now if m #n we have x,! x, <%, (from 5.7), and also x,) Xn S X < %m;
hence x,/ xn=0 (m=~n). It follows that x,/ =x,, and so (since x, is bounded)
X, =x,; that is, x,y =0 for each #», so that y=xy=o.

6.6. If u is invariant and x~y, then ux~uy.

First suppose x and y are both bounded. Then (postulate 1I) there exists
2=y such that z~ux. From 5.2, 2=u, so z=<wy. Similarly there exists { Sux
such that t~uy. By II again, there exists t' =z such that t/~¢~uy. But uy
is bounded (2.3(2)), so t’~uy; and consequently z=uy, whence the result.

The extension to the general case now follows from postulate III; we have
%= V., ¥ = Vy,, where each of the sequences {x, 5 { .} is disjoint, and where
Xn, ¥» are bounded and equivalent. The preceding case gives #x,~uyn.;
whence (from postulate I) ux~uy.

7. Equivalence classes.

7.1. Notation. We write [x] for the “equivalence class” {x’|x’~x}, and
write [x]=<[y] (or [y]=[x]) to mean that there exist x’E [x] and y’'E [y]
such that x’<y’. Thus (from II, 2.1) there will then exist, for eack y'E [y],
an x’'€ [x] such that x’<y’(*7). It follows immediately that if [x]=<[y] and
[v] < [2] then [x] < [z] (so that < is in fact a partial ordering of the equiva-
lence classes), and that if [x]<[y]=<[x] and x is bounded then [x]=[y].
(This holds even if x is unbounded; but this fact will not be needed.) We
further write [x] <[y] (or [y]> [x]) to mean that [x]<[y] and [x]#=[y](®).
Of course, two given equivalence classes will in general be incomparable.

Note that [x]=<[y] implies #<5 (from 5.8). (The converse is false, in
general.)

7.2. If x12%2= - - - 15 a decreasing sequence of bounded elements such that
[x.]= [y] for all n, then [Ax,]=[y].

Since [x:]=[y], there exist x{~ux;, y'~y, such that x{ =3’. Now ele-
ments x5, x4, - - -, such that af =%/ = - - - =y’ and x, ~x,, are defined
by induction, as follows. When x,/ has been defined, postulate II gives the
existence of y"*!<x,;, such that y*tl~y~+v’; and (from 6.4 and 6.1) x,/ —y’
~x,—y" 1 2%, —x,11. Hence (II) there exists z,;1=x. —y’ such that

(17) There will also exist, for each x’< [x], a € [y] such that x’ £y’; but the proof is not
easy, except in the case in which y is bounded.

(*8) One could go on to make [x] play the role of an “abstract measure” A(x), by defining
addition, and so on, suitably, along the lines of [12]; cf. also §12. We shall not use this pro-
cedure, since a much more specific abstract measure will be constructed later.
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Znp1~%n—%np1. Define X, =%, —2,41; thus x, 2x,,,2y’, and (from 6.1)
X 41~%n — (Xn—Xnt1) =Xnt1.

Now ! —Ax) =V(x! —xp11)~V(xn—%p41) (from I)=x;—Ax,; hence
(6.1 and 6.4) Ax,~Ax, =Zy’~y; and the result is proved.

7.3. If £, Sx2 < - - - is an increasing sequence such that [x,] < [y] for ail n,
and if y is bounded, then [Vx,] < [y].

This is proved by an argument similar to the preceding(*?).

7.4. If [x]=Z[y], and wuE U (the set of invariant elements), then [ux]
= [uy].

This is an immediate consequence of 6.6.

7.5. Given a, b €L, there exist “maximal” equivalent elements x <a, y =D,
such that (i) Cl(a—x), Cl(b—y) =o, (ii) given any other equivalent elements x’ < a,
y'<b, we have [x'] < [x] and [y'] = [y].

The existence of x<a and y=<b such that x~y and (i) holds is given by
2.3(5), in view of 5.9. We prove that they satisfy (ii). Write z=x Cl(x’—x)
and t=x'z\/(x"—x); thus :<x’ Cl(x’'—x). Since ¢<x’~7’, there exists s~
such that s<y’<bh. But s= Cl=Cl(x’'—x)=Cl(a—x), so s(b—y)=o,
and therefore s=<y. Thus s=yCl(x'—x)~xCl(x’—x) (from 6.6)=z, so
that there exists s’=<z such that s’~s~i¢. From postulate I we now have
x'=1\/x'(x—z)~s'\Vx'(x—2) <x, and so [x'] < [x]. Similarly [y’] = [y].

7.6. Given elements a, bEE, of which at least a is bounded, there exists u< U
such that (i) [au] < [bu], (i) if v is a nonzero invariant element disjoint from
u, then [av]> [bv].

Let x, y be the elements given by 7.5. Write u= —Cl(e —x); thus % is
invariant (5.4). Further, ua =ux~wuy (from 6.6) Sub, establishing (i). Finally,
if v is invariant and 4y =0, we have v <Cl(e —x) and therefore v Cl (b—y) =o0;
hence by=yv~xv=<av, which shows that [bv] < [av], and that if [bv]= [av]
then xv~av—that is, v(¢ —x) =0, since a is bounded. But this would imply
0=Cl(v(a—x)) =vCl(a—x) (from 5.10)=v. Hence if 970 we must have
(9] < [av].

8. Relativization.

8.1. Given any aEE, it was pointed out in 3.1(c) that the “relative alge-
bra” (E(a), ~), where E(a) consists of all elements x <a, satisfies our postu-
lates. We shall here derive, for later use, some relations between this relative
algebra E(a) and E.

An element v <a which is invariant in E(a) (that is, in (E(a), ~)) will be
said to be snvariant relative to a, and the set of elements invariant relative to
a will be denoted by U,. For the other notations used in this section, we refer
to 1.3.

8.2. A necessary and sufficient condition that an element v <a be invari-
ant relative to a is that there exist & U such that v=au. Further, % can be

(1) The restriction of boundedness can be removed in 7.3, but not in 7.2—just as in the
familiar numerical case.
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chosen so that # <é; and if this is done, the correspondence between % and v
is 1-1.

The condition is sufficient; for if v=au, where ¥ U, and if v~v’'=Za,
then v’ <% (from the invariance of %), and so v’ <v—that is, v&E U,.

The condition is necessary. For if v& U,, define »=49. Trivially v<awu;
let w=au—v, and suppose ws<o0. Then, since w =%, 5.7 shows that, for some
x~x'=<v, we have wx=y (say) #0. From II, there exists ' <x’ such that
y~v’; and since ¥’ Svand ySw=a, 5.2 applied to E(a) shows that y <v. But
y=w= —v; hence y =0, a contradiction. Thus v =au, where # =39, so that u & U
and v <a.

To show that the correspondence is 1-1, we must show that if au; =au,
(where u;, u2& U(d)) then uy=u,; and, writing u=u;+u,, it will suffice to
show that if au=o0 (where, from 5.4, ¥ U(d)) then u=0. But we have
0=Cl(au) =Cl(a)x (5.10) =u.

The result just established can be restated as:

8.3 CorOLLARY. The algebra U,=aU, and is isomorphic to the principal
tdeal U(a) (of all elements of U which are =<a) wunder the correspondence
YU =17, UV =au.

8.4. An element of E(a) is bounded relative to ¢ (that is, in E(a)) if and
only if it is bounded.

This is trivial from the definition of boundedness.

8.5. For any set PCE, the Borel field relative to a generated by aP (in
symbols, Bs(aP)) is a B(P).

Write B'=aB(P)=set of all elements ax, where x&B(P). Clearly
B’DaP; and if y and y, belong to B’, then so do a—y and Vy,; hence,
B’ DB,(aP). Now write B’ =B,(aP)\VVE(—a)=set of all elements ex-
pressible as y\/z where yEB4(aP) and zEE(—a). It is easy to see that
B’ DP, and that if x and x, EB’’ then so do —x and Vx,. Hence B’' DB(P);
so aB(P)CaB'’' = Bs(aP), completing the proof.

9. Indecomposable elements.

9.1. Definitions. An element x is decomposable if there exist y;, ¥z such that
0<y;=x (=1, 2), yi~y., and yy.=0. Otherwise x is said to be ndecom-
posable. Clearly o is indecomposable, and so is each atom of E; there may, of
course, be other indecomposable elements. The indecomposable elements are
the easiest to deal with, and we shall dispose of them in this section; this
will in effect reduce the problem of representing E to the case in which all
nonzero elements are decomposable.

9.2. The following properties are easy consequences of the above defini-
tion.

(1) If x is indecomposable, and y <x, then ¥ is indecomposable.

(2) Indecomposable elements are bounded. (From 6.3.)

(3) If x~x’ and x is indecomposable, then so is x’. (From 6.2.)
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(4) If x is indecomposable, and y =<x, then y=x7.

For trivially yExjy. Write z=xj—v; if 2520, 5.7 shows that zy’>0 for
some y'~v’’ <y, and then II gives the existence of z; =z and y, =y such that
z1~zy’~y;. The definition of indecomposability gives z; =0, whence 2y’ =0, a
contradiction.

(5) If x is indecomposable and y,\V/y: <x, and if y1~y,, then y,=4y,.

For, from (4) and 5.8, y1=x§1=x§2=17,.

(6) If x is indecomposable, y\/z=x, and yz=o0, then 32=0. (From 5.9.)

9.3. Let {x,} be a sequence of indecomposable elements such that
Zm%n, =0 whenever m>~n. Then Vx, is indecomposable.

Let yVV2z = Vx,, and suppose y~z and yz=o0. (We must prove y=o0.) Let
Yn=9%%,; thus the elements y, are disjoint, and Vy,=y. Hence (6.2) we can
write 2= Vz,/, where the elements 2,/ are disjoint and 2/ ~v,. Let 2,mn =23, %m;
from 6.2 again we can write ¥, = V,ym, where ¥um~z.m. Now, if m=n, we
have yum =%, (from 5.7, since Yma~Zmn=%m), and SO Yum =%.%m=0. And if
Mm=2n, Yo\ Znm =%m, which is indecomposable; hence again y,,=0. Hence
y= Vm.nynm =0.

9.4. If by=bs = - - - is an increasing sequence of indecomposable elements,
then Vb, is indecomposable.

Write x1=01, %,=b,—b,_1; thus x, is indecomposable (9.2(1)), and
XmXn =0 If m5#n. Since Xn\/%y =< bmyn, which is indecomposable, 9.2(6) shows
that Z.&,=o0. So Vx, is indecomposable (9.3); and Vx,= Vb,.

9.5. Given any collection C of indecomposable elements, there exists an inde-
composable element b such that (i) b=<V{c|cEC}, (i) for each c€C, [¢] = [b].

By transfinite induction, using 9.4, we see that there is a maximal inde-
composable b satisfying (i). We prove that b satisfies (ii) also. In fact, given
¢EC, there exist (7.5) elements b; <d, c1=c, such that & ~¢; and Cl(c—¢1)
-Cl(b—by) =0. Also (9.2(6)) Cl(c))Cl(c—c1) =0, and bi=é& (5.8), so that
Cl(51)Cl(c—¢1) =o0. Again, from 9.2(6), we have Cl(b)Cl(b—b1)=0.
Hence 9.3 shows that the element p=Cl(b;) \VCl(6—b:,)VCl(c—c1) is inde-
composable. But b=<p = V{cl cEC}. Hence b=p, proving that ¢ —¢; =0, that
is, that ¢~b:=b, Q.E.D.

9.6. Notation. Let e° denote the supremum of all the indecomposable
elements. (Naturally, e° may be 0, and also need not itself be indecomposable.)

THEOREM. There exists a disjoint sequence {b,.} of indecomposable ele-
ments, such that (i) Vb,=e°, and (ii) for each m, n, either [bn] < [b.] or [ba]
< [bm]. Further, (iii) e° is invariant.

We first define a transfinite sequence {ba.} of disjoint indecomposable ele-
ments, as follows. From 9.5 applied to the collection C; of all indecomposable
elements, there exists an indecomposable element b; <e° such that [¢] < [5:]
for every indecomposable ¢. When b has been defined for all 8 <e, we define
C.=set of all indecomposable elements ¢ satisfying ¢ <e°— Vs<a bs. By 9.5,
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there exists an indecomposable b, <e°— Vg<. bg such that [¢] < [b.] for every
¢E C.. From postulate 0(2.1) we have b., =0 for some oo <wi, and the process
is terminated. C., must then consist of o only, so that the element d=e°
— V<, ba must be o (for otherwise, since d <e°, there would exist an inde-
composable ¢ such that ¢d#0; and, from 9.2(1), cd €C4,). On renumbering
the elements b, (@ <ao) into a simple sequence, we see that (i) and (ii) are
satisfied.

To prove (iii), suppose y~ux <e°; it will suffice to prove y<e°. From (i),
%= Vxb,; hence (6.2) we can write y=Vy, where y,~xb,. But xb, is inde-
composable, since b, is (9.2(1)); hence so is y, (9.2(3)), so that y, =e° for each
n. It follows that y=<e°.

9.7. Let K (as in 3.1(a)) be the numerical measure algebra generated by
Noatoms p, (n=1, 2, - - - ) each of measure 1; that is, the elements of K are
the subsets of U(p.), and the measure of any such set is the number of ele-
ments p, in it.

TureoreM. The relative algebra (E(e°), ~) is isomorphic to a principal ideal
in the direct product KQ® U(e°).

(Here U(e®) denotes, as usual, the principal ideal in U of e>—which be-
longs to U, as just shown.)

Let R, S denote the representation spaces of K, U(e), respectively (cf.
§4). The open-closed subset p} of R which corresponds to p,E K is now easily
seen to consist of a single point (say) g.. Write Q=R—U(gn); thus (from
4.2(2)) Q is of the first category in R.

Now let b, be the sequence of indecomposable elements given by 9.6.
For each x <e¢°, define ¥(x) to be the subset Up.; (g., (Cl(x0,))*) of T=RXSS;
clearly ¥(x) €B,(T). And define 6(x) to be the element {¥(x)} of K® U(e?),
that is, the class of all sets HE B,(T) such that M{H+(x)} is identically
0, M being the continuous-function-valued “measure” defined in §4. We shall
show that @ is the desired isomorphism.

(1) For any sequence {x,,} with x,=Ze°, 0(Vx,) = VO(x,).

For we have Cl (Vpxnb,) = Vi Cl (x0,) (5.6), and so (4.2(2)) (Cl (Vmxnba))*
=U, (Cl (%nb,))*+2Y,, where Y, isof the first category in S. Hence ¥(Vxn)
=Uy(xn) +2U(gn, Vn), so that (the sets (gn., ¥») being null) 6(Vx.) = VO(xn).

(2) If x=<e°, 0(e°—x) =0(e°) —0(x).

For we have Cl ((e2—x)b,) Cl(xb,)=0 from 9.2(6); and trivially
Cl ((e°—x)b,) \VCI (xb,) =Cl (b,). Hence

¥(e?) — ¥(x) = U(gn, (C1(Bn))*) — U(gny (Cl(xb,))*)
= Ulgn, (CI((e* — 2)B))*) = (e — ),

and (2) follows.
(3) If x, y<e° and 6(x) =0(y), then x=1.
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From (1) and (2), it will suffice to prove (on writing z=x-,y) that if
0(z) =o then z=0. We are given, then, that M {U(q,, (Cl(zb,))*) } is identically
0; hence, for each #, M{(qa, (Cl(2b.))*)} =0, and since this function is 1 for
each s& (Cl(zb.))*, it follows that (Cl(zb.))*=0. That is, Cl(2b,) =0 for each
n. Thus z=Vzb,=o0.

4) If {H} EKQU(e?) and {H} =0(e°), there exists x=<e° such that
0(x)={H}.

We first note that, given any HEB,(T), there exists H'& {H } and ex-
pressible as H'=U(gn, %) (u; open-closed in S). (This is substantially the
result of 4.6 in the present case, and follows by the same reasoning applied
here.) Now if {H} =<60(e?)={U(gn, 8%}, the corresponding H’ must satisfy
%, =b, for each n. Define x= Vb,u,. Then x <e°, and (since the elements b,
are disjoint) we have Cl(xb,)=Cl(b,u,) = (Cl(b,))u, (5.10) =u,. Thus ¢¥(x)
=H', so that 6(x) = { H}.

Properties (1)—(4) show that 0 is an algebraic isomorphism between E(e°)
and the principal ideal of 8(e°) in K ® U(e®). All that remains is to show that 6
is equivalence-preserving (both ways).

(5) If x, y<e° and x~y, M{0(x)}=M{0(y)}.

First suppose x=b,, y<bn. We have =9=u, say (5.8); and clearly
Y(x) =U(qs, uy) where up=o0 if k#n, and u,=u. Hence, from the definition
of M, M{B(x)} =M{¢(x) } =0 for sdu, and 1 for s&u. The same applies to
M{8(y)}, which thus equals M{6(x)}.

In the general case, 6.2 shows that we can write y=Vy,, where the
sequence ¥, is disjoint and y,~xb,. Now write Ynm =¥.bm; by 6.2 again we can
write xb,= Vux,» where the elements x,. are disjoint and %,m~%.m. Since
Vam Sbm and %.m <b,, the case already established shows that M {6(x.m)}
=M{0(Yam)}. But Va,» Xma=2%, and Vm.. ¥ma.=7; hence, from the countable
additivity of M, M{0(x)} =M{6(y)}.

(6) If », v=e°and *M{G(x)} =M{0(y)}, then x~y.

First suppose 0(x) < { (g, &%)} and 8(y) < {(gm, 8%)}. Then xby=0 unless
k=mn, so that x £b,; and similarly y <b,,. The equality of the measure func-
tions now gives £=7. Now (9.6) we can assume without loss of generality
that [b,] < [bn]; and, on applying postulate II, we obtain x~x’<b,,. Hence
x'=%'b, (from 9.2(4)) = %b,, (from 5.8) =b,, =7y (from 9.2(4) again). That is,
y=x'~x.

The extension to the general case now follows by an argument similar to
that used in proving (5). (We apply 6.2 to K® U(e®).) The proof of the
theorem is thus complete.

REMARK. In the present case, the direct product (as constructed in §4)
can be simplified. It is not hard to see that the abstract measure-algebra
K®U(e) is isomorphic with the algebra of sequences {u,,} (uEU(e%), in
which the algebraic operations are defined “coordinatewise” (cf. 3.1(d)), but
in which the equivalence relation is induced by the continuous numerical
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function M{u,} on S, defined by: the value of M{u,} at s€S is (except for
a first category set of s’s) the number of values of # for which s€uy.

10. Reduction to the bounded case.

10.1. The ideal E(e°) having been disposed of by the theorem just estab-
lished, we next study the ideal (that is, relative algebra) E(—e¢°), in which
(from the definition of €°) no nonzero element can be indecomposable. In
effect this means that the indecomposable elements have been eliminated.
In the present section we shall make a further reduction which will in effect
eliminate the unbounded elements.

10.2. DerFINITIONS. We write ¢’ to denote the supremum of all bounded
invariant elements in E(—e°), and write ¢’’=(—e¢°) —e’. Thus ¢°, ¢’ and e’
are disjoint, and e°\Ve'\Ve' =e.

10.3. THEOREM. e’ is bounded and invariant.

That e’ is invariant follows from 5.4. Further, the countable chain condi-
tion (postulate 0) gives e’ = Vu, for some sequence {«,} of bounded invariant
elements. Define vy=u;, v,=u,— V™! u;; thus e’= Vv, where each v, is
bounded (2.3(2)) and invariant (5.4), and where the sequence {vn} is dis-
joint. Hence e’ is bounded, from 6.5.

10.4. LEMMA. There exists a sequence {zn} (n=1,2,--:to ©) of disjoint
equivalent bounded elements such that e'’ =2, for each n.

We can obviously assume e’/ 0. Then since e’/ is invariant (from 9.6(iii)
and 10.3) and disjoint from e’, ¢’’ is unbounded, and consequently (6.3)
there exists an infinite sequence of disjoint equivalent nonzero elements (say)
t,<e'’. From postulate III (2.1) there exists pn1 <# such that p; is bounded
and nonzero; and then from postulate II there exists p1, =, such that p1.~pu.
Thus the elements pi, are disjoint, equivalent, bounded and nonzero, and
Vpi.Ze'’. Write g2=Cl(Vp1,) Se’’; thus e’’—g¢, is invariant and therefore
unbounded (unless it is 0). Thus we obtain (by repeating the argument) a
disjoint sequence { pg,.} of bounded equivalent nonzero elements less than or
equal to '’ —gs. The argument is repeated transfinitely; when pg, has been de-
fined for all » and all <, we set ¢a=Cl(Vps.) (B<e, n=1, 2, --); if
e’ —g. is not o, it is invariant and unbounded, and so there exists a disjoint
infinite sequence {pa,.} of bounded equivalent nonzero elements less than or
equal to ¢’ —q. The process must terminate countably; and, on defining
2, = Vapan, the elements z, are disjoint, equivalent (postulate I), bounded
(6.5), and satisfy Cl(Vz,)=e’’. But Cl(Vz,)=VCl(z,) (5.6)=Cl(z,) for
each » (from 5.8). '

10.5. LEMMA. Given u S U such that o<u=e’'’, there exists v& U such that
0<v=u and v=\s,, where the elements s, are disjoint, equivalent, and bounded
(n=1,2,+::,t0o o).
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Let { z,,} be the sequence given by 10.4. Then the elements uz, are dis-
joint, equivalent (6.6) and bounded; also they are nonzero, since Cl(uz,)
=uCl(2,)(5.10) =u 0. The collection {uz,} can thus be extended to a
maximal collection of disjoint equivalent (and thus also bounded and nonzero)
elements less than or equal to #; and this collection (from postulate 0) will
consist of exactly Ny elements (say) ¢, (=1, 2, - - -, to »). Let y;, ¥’ be
maximal equivalent elements such that y; <# and y'<u— V¢, so that (7.5)
Cl(ti—v1) Cl{u—Vt,—y')=0. Define v=Cl(t;—7y,); we shall show that v
has the required properties.

Trivially, v is invariant and v £, S u. Also, v>0, since otherwise £, =y, ~7v’,
contradicting the maximality of the collection {t,,} (for ¥’ could then be
adjoined to it).

Now, from postulate 1I, there exists v, =<t?, such that y,~v;, and (since
then y,~9’) there exists x,=<7v, such that x,~y'v. Define s;=9"2\/ (t, —y)
and (if #>1) s,=%,1\V (t,—y.); thus the elements s, (=1, 2, - - - to =)
are disjoint and equivalent (from 6.1 and postulate III). Further, s,~x,
V (¢n—¥») =ta, so that s, is bounded (6.4). We have ¢, —v, =<9, from 5.7, and
%, <v, from 5.2; thus Vs,<v. On the other hand, v(x— V¢,—%") =0, so that
v= Vt,\/y’, and therefore v £y'0\/ V{ (£, — )V (¥n —%,) V2, }v; but (y,—x,)v
~(y'—y"v)y (from 6.6) =0, and it follows that ¥ =< Vs,. Thus v=Vs,, as re-
quired.

10.6. THEOREM. We can write ¢''=Nf* (n=1, 2, - - - to =), where the
elements f* are disjoint, equivalent, bounded, and satisfy Cl(f*)=e’’ for each n.

Let {v.} be a maximal disjoint (and thus countable) collection of nonzero
invariant elements less than or equal to ¢’’/, each of which can be written as
U= V$mn (=1, 2, - - - to ), where the elements s, are, for each m, dis-
joint, equivalent and bounded. Let # =e’’— Vu,,; then u is invariant (5.4), so
that if # 0 an application of 10.5 would at once contradict the maximality
of the collection v,.. Hence Vi 2Smn= Vv.=e'". Now define fr=V,, sn.; thus
Vfr=e’, and the elements f* are disjoint, equivalent (postulate I) and
bounded (from 6.5). Lastly, e¢’’= VCI(f*) = CI(f*) for each %, from 5.8.

CoROLLARY. For each n, the algebra U of invariant elements relative to
f* is isomorphic to the ideal U(e'’).

(From 8.3.)

10.7. Convention. The considerations in what follows (till §19) are going
to be applied to the relative abstract measure algebras E(e’) and E(f*). Thus
we shall assume, throughout §§11-18, that all elements (except o) are decom-
posable), and that all elements are bounded.

11. Decomposition into homogeneous parts.

11.1 Before the desired direct product representation can be obtained,
two further reductions are necessary. In this section we carry out the first
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of these, which will have the effect of enabling us to assume that E is, in a
sense to be defined, “homogeneous” with respect to its invariant elements.

DEeFINITIONS. Given xE€E, and given any nonempty subset PCE, con-
sider all sets QCE such that E(x) CxB(PUQ)—so that (8.5) E(x)
=xB(PUQ) = B,(xPIxQ). The smallest cardinal m of such a Q is called the
order of x over P. (Thus, for example, the order of 0 over any P is 0.) If x50,
and every y such that o<y=<x has order m over P, x is said to be homo-
geneous of order m over P. Clearly, if 0o <y=<x and x is homogeneous of order
m over P, then so is y.

11.2. If x has order m over P, and y =x, then the order of y over P is not
greater than m.

For E(x)=xB(P\JQ), where IQ[ =m. Given 2=y, we have zEE(x),
and so z=x¢ where :&B(P\JQ). Hence z=y¢; and thus E(y) CyB(PUQ).

11.3. If x is homogeneous of order m over P, where m is infinite, and if
a=x, then x is homogeneous of order m over aP, and further there exists a
set QCE(x), with | Q| =m, such that E(x) =xB(QUaP).

We have E(x) =xB(P\UQ’) for some Q' CE with | Q’| =m. Write Q=xQ’;
then xB(PUQ’)=xB(Q\JaP), by 8.5, since both equal B,(Q\UxP). This
proves the last part of the statement, and shows that x has order not greater
than m over aP. To complete the proof, it will suffice to show that if o <y=x
than the order of ¥ over aP is not less than m. Suppose not; then there exists
Q"'CE, with |Q""| <m, such that E(y)=yB(Q""\UaP) CyB(Q""UPU(a)).
The homogeneity of x over P now gives ] Q'"'U(e) , =m; and since m is infinite
this is a contradiction.

11.4. If m is an infinite cardinal, and if x, is homogeneous of order m over
P(n=1,2,- "), then sois Vx,.

Let Vx,=x; we must prove (i) x is of order not greater than m over P,
and (ii) if 0 <y =x, v is of order not less than m over P.

We have E(x,) =x,B(P\JQ,) where | Q.| =m. Let UQ,UU(x,) =Q; thus
lQI =m also. Given y=<x, write y,=yx,EE(x,); thus y,=x,3, where
2, EB(PJQ,) CB(P\JQ). Since x,EQCB(P\UQ), this gives that each y,,
and thus also y= Vy,, belongs to B(P\JQ), which proves (i).

For (ii), we again write ¥, =9x,; then for some #» we have y,#o0. If y has
order less than m over P, then so does ¥, (11.2); but this contradicts the
homogeneity of x,.

11.5. If x is a nonzero element of finite order over P, there exists a nonzero
element y <x of order O over P.

We have (say) E(x)=x‘B{PU(a,)U(a2)U «+ - \U(a.)}. Consider the 2=
elements of the form bybs - - - b,, where each b; is either ¢; or —a;, and all
combinations are taken; enumerate them as &, f,, - - -, iy (N=2"). Let B’
denote the set of all elements expressible as V¥ x;t; (x;EB(P)). It is easy to
verify that B’ contains, and thus coincides with, B{PU(a))J - - - U(a,) ).
Thus E(x) =xB’. so for at least one j we have xt;=y, say, 0. Now if zEE(y),
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we have zEE(x) =xB’, so z= VY xit:ix (x;EB(P)); but 2=y =t;, and tit;=0
unless ¢ =3;. Hence z=xjt;x=x;v; and this proves that E(y) CyB(P)—that is,
y is of order 0 over P. )

11.6. If y is of order O over U, then y is indecomposable and therefore zero.

If y were decomposable, there would exist (9.1) 21, 2, <y such that z;~z,,
z122=0, and z;70 (i=1, 2). Since E(y) =yU, by hypothesis, we have z;=yu;
(v:€ U). Thus yz;=y(ju;) (from 5.10) =yu; =2;, so that z;=yz; =y2; (5.8) =2,,
whence a contradiction. Since all nonzero elements are decomposable (in
accordance with the convention introduced in 10.7), y=o.

COROLLARY. Every nonzero element has infinite order over U.
(From 11.5 and 11.6.)

11.7. THEOREM. There exisls a disjoint sequence {a,} (finite or infinite)
such that Na,=e and each a, is homogeneous of infinite order over U(*°).

Let m; be the smallest of the orders of nonzero elements x over U; thus
m, is infinite, as just shown, and from 11.2 each x of order m; over U is homo-
geneous. Let a,=V{x|x is of order m;, over U}. The countable chain condi-
tion shows that a; is the supremum of a countable set of such elements x;
and 11.4 then shows that a; is homogeneous of order m; over U. The con-
struction is iterated transfinitely, a, being defined as the supremum of all non-
zero elements less than or equal to — Vgcqag (if any) having the smallest
possible order m, over U; as before, a, is homogeneous of order m. over U.
The construction terminates for some o <wi, for the elements a, are disjoint
and nonzero, and we have e= Vacq, ao. All that remains is to reorder the ele-
ments a. (e <ap) into a simple sequence.

12. Scalar multiplication of equivalence classes.

12.1 We could now consider the relative abstract measure algebras E(a,),
in which all nonzero elements are now decomposable, bounded, and (from 11.3
and 8.3) homogeneous over the algebra of relatively invariant elements.
However, though it would be possible to prove a representation theorem for
each E(a,), it would not be easy to extend the representation to all of E;
this is because (roughly speaking) the elements a, are not related in any
convenient way to their invariant closures in E. In the next section we shall
replace them by elements which are “comparable,” in the desired way, with
their invariant closures in E. Here we shall define and develop the necessary
properties of this comparability. It would be possible to elaborate these
notions further into a systematic arithmetic of equivalence classes (cf. foot-
note 17), but we shall confine ourselves to the properties actually needed in
the sequel.

12.2. Given x30, and a positive integer #, there exist z disjoint equiva-

(2%) This theorem generalizes the decomposition of a numerical measure algebra into homo-
geneous parts; cf. [11].
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lent nonzero elements y;<x (¢=1, - - -, n).

For x is decomposable (cf. 10.7), so there exist 21, 2o <x such that z;7o0,
#1223 =0, and z~2.. Since z is decomposable, there exist z1, 212 =<2 such that
21: 70, 2n21=0, and 2;1~212; and from 6.2 there exist disjoint elements 2,
292 = 2; such that zs~2s~21;. Proceeding in this way we obtain, for each m,
2™ disjoint equivalent nonzero elements less than or equal to x; and the result
follows.

12.3. In 12.2 we can further suppose Vy,;=x.

This follows from 12.2 by the usual “exhaustion” argument.

12.4. If 3, 9,3, * + -, ¥, are disjoint equivalent elements, and if 2, 2o, « + -,
2, are disjoint equivalent elements such that Vy;~Vsz;, then y;,~z..

Let p:, ¢: be maximal equivalent sub-elements of y;, 2; (7.5). Since all ele-
ments are now bounded (10.7), it readily follows from 7.5(ii) that the 2z
elements p;, ¢, are all equivalent. Write k;=1y;— p;, k; =2;—qi; thus k:k;=o,
and (6.1) we have hy~hy~ - - - ~h,, ki~ky~ -+ - ~k,, and Vh~VEk..
Thus (from 5.6 and 5.8) Cl(k;) =CI(Vk;) =Cl(Vk;) =Cl(k,); and the relation
hiki=0 now gives hi=o0=Fk,;. Thus y;=pi~q;=z.

12.5. DEerFINITIONS. Given any x and any positive integer #, 12.3 shows
that, for each x’& [x] (that is, x’~x) we can write x’ =V} y; where the n
elements y; are disjoint and equivalent; and 12.4 then shows that the equiva-
lence class [y1] (=[y:]) is uniquely determined. We write [y:]=(1/7)[x],
and more generally [y1\V:V « -+ Vym]=(m/n)[x], for each m <n. Thus
(m/n) x is uniquely determined by the equivalence class x and the integers
m, n (0Sm=<n21). Clearly (0/n)[x]=0, (n/n)[x]=[x], (m/n)[o]=[o].

The following properties follow easily from this definition, together with
the results in §7.

(1) If p=21, n=1, and 0Sm <n, then (mp/np)[x]=(m/n)[x].

Thus (m/n) [x] depends only on [x] and the value of the proper fraction
m/n. If m/n=p, we write (m/n)[x] as p[x]. In the following statements, p,
p1, and so on denote non-negative rational numbers not exceeding 1.

(2) If p1<ps, then p,[x] Zp.[x], with equality only if [x]=o.

(Immediate on writing p; and p; with a common denominator.)

(3) If [x]<[y], then p[x]=p[y], with equality only if p=0.

4) If [yl=p[x] and [z] =p:[x], where y\/2<x, x5%0, and yz=o0, then
pr+p2=1 and [yVz]=(o1+p2) [x].

(5) If [y.]=p[x.], where the elements y, are disjoint, and the elements
%, are disjoint, then [Vy,]=p[Vx.].

(6) If [y]=pilx], then ps[y] = (pwp2) [].

The next step will consist in extending this definition of “multiplication”
of equivalence classes by (rational) scalars, to allow the multipliers to be
irrational. Several lemmas are needed.

12.6. If [x] <p[e] for arbitrarily small values of p, then x =o.

For, from (2) above, we have [x]<(1/2")[e] for every n. Now (12.3) we
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can write e=f;\/ g where fi, g1 are disjoint and equivalent. Similarly, g1=fa
Vg where f, g, are disjoint and equivalent; and so on. The disjoint sequence
{fa} is such that [f.]=(1/2")[e]; hence there exists x, <f, such that x,~x.
Then Vi x,~V; x,; but all elements are now bounded (10.7), and so x;=o,
whence x=o.

12.7. If [y.]=(1/2"[x] (n=1, 2, - - -) then [Vy,] = [x].

This is proved by essentially the same argument as in 12.6, since there is
no loss in assuming the elements v, to be disjoint.

12.8. Suppose x and y are such that, for each positive integer #, there
exist pn, ¢« E€E such that [p,]=(1/27)[e], g.<(1/27)[e], and [x—p,]
=[yVgn]. Then [x]=[y].

There is no loss in assuming p,=<x. Then there exist x,~x and 7,~p,
such that 7,=x, and %,—7.=<yV¢ga. Thus %,=y\Vr.\Vg.<y\/fs, where
Fa=V{raVam|m=zn}. Now [raVVg.]=<(1/27)[e], from 12.5(4); hence
[fa] = (1/2%1)[e], as readily follows from 12.7. Thus (12.6) Af,=o0. But (7.2)
we have [x]<[A(Vfa)]=[yVAf]=[y].

12.9. Given x€E and a real number ¢ such that 0=<¢=<1, there exists
y&E having the following property: Given any positive rational number
e€<1, there exist (i) a rational number p (0=<p=1) such that Ip—a] <e, (ii)
an element dE€E such that [d]<e[e] and [y+4:d]=p[x].

As in the proof of 12.6, we construct a disjoint sequence of elements
f+<x such that, on writing g.=x—V{fu|m=n}, we have [f.]=[ga]
=(1/2") [x]. Expand ¢ as a binary decimal, say o= D _; m,/2", where each
m, is 0 or 1, and define ¢, =f, if m,=1, and ¢,=0 otherwise. Write y= V¢,.
To satisfy the requirements, we have only to choose # so that 2" <e, and
take d=V{t,,.|m>n} and p= D7 m/2% Clearly |p—a[ <2-* and (from
12.5(4)) [y+:d]=p[x]. Finally, the fact that [d]=<(1/2")[e] follows from
12.7.

REMARK. The proof shows that a little more is true than was stated; we
can further make d<y, p=<o, and [d]=Ze[x].

12.10. Given xE€E and ¢ (0=¢=1), suppose that y’ also has the same
property as ¥ in 12.9; then y'~y.

For each n» we can write

[y +2 dn] = Pn[x]y l Pn — 0'| < 1/2n+2, [dn] = (1/2n+2) [e_lv
[v +2d.] = pd [2], |pd — o <1727, [d)] = (1/27)[e],

and can suppose without loss that p,/ =p, for infinitely many values of #.
Thus we find d,/’ £y’+.d. such that [d)’]= (o —pa) [x] = (1/27)[e], and
then have (6.1) [(y'+od) —d.!’ | =p.[x]. Hence (y'+2d) —dl' ~y+:d. for
arbitrarily large n; and from 12.8 it readily follows that [y]<[y']=[y].
Since y is bounded, we obtain [y’]=[y].

12.11. DEFINITION. If %, o and y are related as in 12.9, we write [y] =0 [x];
from 12.9 and 12.10, this relation determines one and only one equivalence
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class [y] when [x] and ¢ (0<¢=<1) are given. Further, if ¢ is rational this
definition reduces to that of 12.5, since in 12.9 we can then take d=o0 and p=o.

Throughout the rest of this section, o, 01, and so on will denote real num-
bers between 0 and 1 (inclusive), and e denotes a real number such that
0<e<1. Most of the proofs will be omitted, since they involve no new ideas.

12.12. If y<x and [y]=0c[x], then [x—y]=(1—0)[x].

This is immediate from the way in which ¥ was constructed in 12.9, if
we note that Vf,=x there (since Ag,=o0, from 12.6).

12.13. If [y]=0[x], and u is invariant, then [uy]=o[ux].

Immediate from 6.6 and the definitions—12.5 and 12.11.

12.14. If 0150y, o1[x] Saax].

This follows from 12.8 by an argument similar to that in 12.10.

COROLLARY. If 01<0y, 01[x] <az[x] unless x=o.

For we can choose rational p;, p; such that o, <p; <p:<o:; the corollary
now follows from 12.14 and 12.5(2).

12.15. If [p]=ai[x], [g] =0:[x], pg=0, p\Vg¢=<x, and x50, then o1 +02=1
and [pVg]=(o1+02) [x]

That g, =1 —a; follows easily from 12.12. The remainder of the assertion
follows from the definition of (¢1+02) [x] and from the rational case (12.5(4)).

12.16. If {y,} isa disjoint sequence such that y,<x>0 and [y,]=0.[x],
theno= > 0,<1, and [Vy.]=0[x].

An easy induction based on 12.15 gives > .7 0,=<1, for each m, so that
e =1. It also gives [V y.]=(2.7 o.) [x] So[x] (12.14), for each m; hence
(7.3) [Vy:] o [x]. On the other hand, we can assume o >0; let € be any posi-
tive number less than ¢. If N is large enough, we have (on using 12.15 and
12.14) [Vy.1Z [VY y.]=(22Y 0.) [x] = (60 —¢€) [x]; and it readily follows from
12. 8[ t]hat [Vy.]=c[x]. Thus, since all elements are now bounded, [Vy.]
=c|x].

12.17. If {y,} and {z.} are two sequences, each disjoint, such that
[ya]=0l2.] (n=1, 2, - - -), then [Vy,]=0[Vz.].

We may suppose y.=2,. Given any rational ¢>0 (and <1) we choose a
rational number p so that ¢ —e<p<o, and then (12.9, Remark) choose
d.<9, so that [d,] < (e/2")[e] and [y,—d.] =pn[2.], where p<p, <o and p,
is rational. The rest is routine.

12.18. If x=y=3, and x50, and if [y]=01[x] and z=0;[x], then 0,20
and [y—z]=(s1—02)[x].

12.19. If 1<y, < - .- =x, and if [y,]=0.[x] and x50, then 51 <0,
< --- =1,and [Vy.]=(limn.w 0.) [x].

(From 12.16 and 12.18 applied to the relation Vy,=V(¥n—yn_1).)

A similar result holds for decreasing sequences.

12.20. If [y]=a[x], then a:[y] = (0102) [x].

This will be needed only in the case in which o, is rational, when it fol-
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lows fairly easily from 12.5(6) and the definition (12.11). The extension to
the general case can then be derived, though with more trouble.

13. Decomposition into parts comparable with their closures.

13.1. We begin with a fundamental result which, roughly speaking, as-
serts that the abstract measures can be approximated by “step functions.”

THEOREM. Given xEE and a positive inleger n, there extist n disjoint in-
variant elements uy, us, - - - , w, such that (i) Vu,=e, and (i) ((1—1)/n)[u]
S [xw] = @/m) [ui] 1 sisa).

By 12.3, we can write e=4\/t\ - - - \/t,, where the elements ¢, are dis-
joint and equivalent. For each , consider the elements x and 4,V 6V - - - Vi
from 7.6 there exists w;& U such that

(@) [xw:] S [wit,V - - - Vt)], (b) if v€EU(—w;) then [xv]g [v(t,\/ c e
Vt:) ], with equality only if v=0. Now [t,\V - - - Vt:]=(i/n)[e], by defi-
nition; hence, from 12.13, properties (a) and (b) may be restated as:

(@) [rw:] £(@/n)[w:], (b)) if v€E U(—w;) then [xv] > (i/n) [v] unless v =o.

We assert: oSw Sw, < - - - Sw,=e. For suppose ¢ <j and let v =w; —w;;
if v0, we have at once from 12.13 that [xv]>(j/n)[v]>(/n)[v](12.5(2))
2 [xv], a contradiction. Thus v =0 and w; Sw;. The fact that w, =e is immedi-
ate from (b’).

Write wo=o0, and define u;=w;,—w; ; (1=¢=n). Thus the elements
#1, * * -, 4, are invariant and disjoint, and Vu;=e. From (a’), (b’) and 12.13
we have ((6—1)/n)[u;] < [xu;] < (¢/n) [u:] as desired; and have in fact more
—that ((1—1)/n) [u:] < [xu;] if i<n, unless u,=o.

13.2 LEMMA. Given xo, there exists yEE such that o<y=<x and [y]
=p[§] for some rational p (0<p=1).

We apply 13.1, and note that if #z is large enough u,e, since otherwise
[x]=(1/n)[e] for arbitrarily large #, which is impossible (12.6). Thus for
some i>1 we have wu;50; and since ((1—1)/n)[u:]<[xu:] there exists
y=<xu; such that [y]=((¢—1)/n)[u:]. Since :>1 and u.;>0 we have yso;
and, from 12.13, [yy]=p[yu:] (where p=(i—1)/n), that is, [y]=p[7].

13.3. THEOREM. Given x50, there exisis a sequence {z,} (finite or infinite)
of disjoint nonzero elements such that (i) Vz.=x, (ii) [2.]=p.[2.], where
0<p.=1 and p, 1s rational.

Let {z.} be a maximal disjoint collection of nonzero elements <x satis-
fying (ii). From 13.2 it readily follows that Vz,=x, proving the theorem.

REMARK. The theorem also holds if x =0 provided we adopt suitable con-
ventions about “empty” sequences.

13.4. THEOREM. There exists a disjoint sequence {en} (finite or infinite)
such that (i) Ve,=e, (ii) each e, is homogeneous of infinite order m, over U,
(iii) for each n, [e,]=pn[é.], where p, is rational and 0<p,=<1.
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From 11.7 there exist disjoint (nonzero) elements a, such that Va,=e
and a, is homogeneous of infinite order over U. Applying 13.3, we write
@n= Vné.m where (for each #) the elements e,, are disjoint, nonzero, and
[¢xm] =pum[éxm]. From the definition of homogeneity (11.1), each e.n is
homogeneous of infinite order over U. We have only to renumber the ele-
ments e, into a single sequence {e,}.

This theorem provides the desired decomposition of e (=e’ or f*; cf.
10.7). In the next sections (§§14—17) we shall consider the relative algebras
{E(e.), ~}, showing that each is isomorphic with the direct product of a
numerical measure algebra with a trivial abstract measure algebra. It will
then be relatively easy (§§18, 19) to derive a product representation for all
of E.

14. Structure of E(e,); separable case.

14.1. Let e, be one of the elements in 13.4, and suppose that its order
over U is exactly Ny. In this section we shall analyze the structure of the
relative algebra E(e,); and, as all considerations here will be relative to e,, we
shall write E(e,) simply as E, e, as ¢, and the relative sub-algebra of relatively
invariant elements, U.,, as U. From 11.3 and 8.3, we can thus assume that
every nonzero xS E has order Ny over U, and is also decomposable and bounded
(10.7). We shall deduce the following theorem:

THEOREM. There exists a sub-algebra P of E such that

(i) E=8B(PUU),

(ii) (P, ~) s naturally isomorphic to a numerical measure algebra (P, u),
in such a way that, for each pEP, [p]=u(p)]e],

(iii) (P, ) s isometric to I' (cf. 3.1(a)).

14.2. Since the order of e over U is now N, there exists a countably in-
finite set B = {b,,} (n=1, 2, - - - ) such that E=B(BUJU). The first step in
the proof consists in replacing the elements b, by others with improved
properties; and this is done in two stages.

14.3. The elements c¢(t). Let T denote any fraction of the form ¢/4" (n =0,
0=<7=4"). We define ¢(v) by induction, as follows: When n =0, we set ¢(0) =0
and ¢(1) =e. When ¢(2/4") has been defined (for a particular # =0 and for all
¢+ such that 0=<:=4"), we choose elements f(z/4"), g(¢/4"), such that
F@/4") Sbapi{c(i/4m) —c((G—1)/4") } =h(i/4"), say, g(i/4") < (—baui1) {c(i/47)
—c((i—1)/4%) ) =kG/4"), and [f(i/47)]=(1/2) [B(G/4M)], [2(/4") ] = (1/2)
[£(:/4") ], using 12.3, and then define (for 1 <7=<4")

(48 — 4)/4) = o((G — 1)/47),
o((45 — 3)/4") = o((i — 1)/4") V f(i/4"),
c((4s — 2)/41) = o((i — 1)/4) V h(i/4),

and

c((4i — 1)/4) = c((42 — 2)/4™) V g(i/47).




308 DOROTHY MAHARAM [March

It readily follows by induction that
(1) If 71 =7, then ¢(m1) Sc¢(73), and that
(2) [c(5/4™) —c(G—1)/4"] = (1/2%) [e].
Again, we have
S/ {e((4i — 2)/4) — o((4i — 4)/4™1)} = Vh(i/4")
= basaV{c(i/4") — o((i — 1)/4%)}

= bn+1;

hence, on writing C=set of all elements ¢(r), we have BCB(C), and there-
fore

(3) E=8(CUU).

14.4. The elements d,. Now let p be any rational number such that 0<p <1.
Choose any y, such that [y,]=p[e]; an application of 7.6 to the elements
¢(7), ¥, then gives an invariant element #,, such that (on using 12.13)

4) [c(r)u]=p[u] whenever uEU(u,,), and [c(r)v]>p[v] whenever
vE U(—#,,), unless v=o0. :

It readily follows (by the same argument as in 13.1) that

(5) UrypZthrg if T1=72; Ugy=0¢; U1, =0 unless p=1; and u;; =e.

Similarly

(6) Wrpy = Uspy U p1 = po; c(r)ttrg = 0; and u, = e.

Now define, for each #,

don = V{c(r)thsp| 7 = /47, 0 < i < 47},
and define
dp = V{c(?)thrp, all 7}.

It readily follows that dy=<dp.< -:-, and V, d,n=d,. Further, from
(6) we have

(7) dPl é d,,g if P1 =< P2; and do =0, dl = ée.

We next show that
@ (2] = plel.
Since ¢((¢+1)/4") =c(¢/4*), we have (on writing u,,=o0 if 7>1, so that
(5) still holds)
4ﬂ

don = V c(i/4")0pni, Where vpmi = Uipamy, — U((it1) /8
=0

From (4) and 12.5(5) it follows that [d,.] <p[Viv,n:]=p[e]; and therefore
(7.3) we have [d,] <p[e].
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To obtain the opposite inequality, we note that (from (7)) we may as-
sume p <1, so that now u;,=o0; thus 9,,4 =0, so that

L)
dpn = V o((4 + 1)/4™)0pni = gon, say.

=0
But gpn—dpn = Vi=o' [c((G+1)/4") —c(3/4") }¥,ni; and from (2) and 12.13 it now
follows that [q,m dpm] £(1/2") [Vivpni] =(1/2%) [e]. A fortiori, therefore,
[gon—d,]1 = (1/2%) [e]. But from (4) we have [c((s+1)/4")¥,n;] Zp [0,0¢], whence
[gon] Zp[e]. 1t readily follows from 12.8 that [d,] =p[e]; and thus [d,] =p[e],
Q.E.D.

Let D denote the set of all elements d,, We shall now prove that
CCB(D\JU). For convenience, we define d,=0 for p<0, and d,=¢ for p>1;
thus (7) is still maintained.

By 13.1 there exist, for each 7(=j/4™) and each #» >0, » disjoint invariant
elements w,,; (1 <4=<#) such that

9) V Wrni = €,
and
(10) (6 = 1)/m) [wens] £ [c(7)wrns] £ (i/7) [wrns] I=sismn).

From 12.13 and (4) we see that, on writing p=(¢—2)/n (where it is as-
sumed for the moment that £=2), we have w,,:%,,=0, and therefore (from
(S)) Wrnilhr'p =0 if T’>T Hence

d,,'wmi = V C(T )wrniur’p = V ((TI) C(T)’

7’ 7' =7
so that
(11) dpWini < ¢(T)Wrniy, where p = (i — 2)/n,
a result which holds for all £= 0 since d, =0 if p <0. It follows that
(12) (1) 2 Vdwmi (p=(G—2)/n1=i=n).

To obtain the reverse inequality, let ¢’(7) denote the element on the right
of (12). Since [c(T)wrni] £ (i/n)[w.mi] (from (10)), while if =2 [dwini]
= ((1—2)/n) [wni] (from (8) and 12.13), we readily obtain [c(T)Wrni — dptwrns]
= (2/7) [w.ai), a result which also holds (trivially) for £=0, 1. Hence, on sum-
ming over ¢, we obtain (using (9) and 12.17)

@/mel 2 [er) = V dywnmi] 2 [e() — ¢()];

and from 12.6 it follows that ¢(7) —¢’(r) =0. Thus ¢(7) =c¢'(r) €EB(DIU);
and (3) now gives
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13y E=8DVYU)=8P\JU), where P = B(D).

14.5. The finitely additive algebra generated by D. Consider the set F of all
elements x expressible as

X = (dm - d%) Vv (dﬂs - dm) V-V (dﬂzn—x - szn)’

where 12p12p,= - -+ 22,20, and the numbers p; are rational. It is easy
to see that, if x and y EF, then so do x\/y and —x; thus F is a finitely addi-
tive sub-algebra of E. Clearly B(D)DFDD (for do=0—(7)).

From (8), 12.18 and 12.16, we obtain

(14) If xE€F, [x]=p[e], where p= D_7 (psi_1—p2:) (the numbers p; arising
from any expression of x as above, so that p is rational and 0<p <1). Note
that (from 12.14) the number p in (14) is determined uniquely by x—unless
e=o0, which we shall assume not to be the case.

14.6. The o-algebra P’. Now consider the set P’ of elements ¥ which have
the following property: For each € (>0 and <1) there exists & E such that
y+2EF and [z] <e[e].

It is easy to verify that, if ¥ and y; (1 =7=<#n) belong to P’, then so do—7y
and Vy,; thus P’ is at least a finitely additive sub-algebra of E. Now, we have

(15) If yEP’, there exists ¢ (0S¢ =1) such that [y]=c[e].

For there exist elements z, such that y+.:2,EF and [2.] Ze.[e], where
€.=1/(n+1). Thus, writing x,=v+12,, we have (14) [x.]=p.[e], where p,
is rational. Further, since x.x,&F, we have [%nX.]|=pmn|e], say. Thus
[0 —%m%n] = (0n—pmn) [e], [¥m—%mXn] = (om —pma)[e], and so [xn+sxa]
= (om+Pn—20mn) [e]. But [xm4ox.]=[2n+22.] S [2nV2.] £ (en+€) [e], and
$0 (pn—pPmn) + (0m—Pmn) S€nt+e€, (12.5(2)). Thus, since each term on the
left is non-negative, we have pms, <0 S pmnt €n+ €, and pmn < pm S Pmn+ €m+ €,
whence |pm—pn| Sente.. The sequence {p.} thus converges to a limit
o (0S0=1) as n—; and the definition of o[e] (12.11) shows at once that
[y]=cle].

To prove that P’ is a o-subalgebra of E, we have only to show that if
y.EP" and y, Sy, < - - -, then Vy,=y, say, €P’. Now from (15) we have
[v.]=0.[e] and so (from 12.19) y=c[e] where ¢=lim ¢,. Thus, given e,
there exists z such that [y—y,]=(c—0,)[e] <(e/2)][e]. Since y,EP’, there
exists z such that [z]=(e/2)[e] and y,+:2EF. Let 2’ =y+4yy,+»2; then,
since y+.2’ € F and [z'] <¢€[e], we have yEP'.

14.7. Since P'DF, we have P’ DB(D) =P (in fact P’=P, but this is not
needed); and (15) then shows that to each y& P corresponds a unique real
number u(y), such that 0=u(y) <1 and [y]=u(y) [e]. Properties 12.16, 12.14,
show that u is a countably additive numerical measure on P, vanishing only
for o, and such that u(y:) =u(y:) (where y;, y2.&P) if and only if y1~y..
That is, the sub-algebra (P, ~) of E is naturally isomorphic to the numerical
measure algebra (P, u). We have already shown (13) that E=8(PUU).
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Finally, it is not hard to see that (P, u) is isometric ‘with I, the algebra of
Lebesgue-measurable sets modulo null sets in the unit interval; one makes the
interval (0, p) correspond to the element d,, and extends this correspondence
in succession to F and P. (We omit the details.) Thus the theorem stated in
14.1 is now proved.

15. Structure of E(e,); inseparable case.

15.1. Now let e, be one of the elements in 13.4 which has uncountable
order over U; we analyze the structure of the relative algebra E(e,). As in the
previous section, all considerations will be relative to e,; thus we write
E(e,) as E, e,U as U, and so on, and can now assume that every nonzero
element of E has order m>N, over U, and is also decomposable and bounded.
The fundamental theorem is the same as in the separable case (14.1), except
that the measure-algebra is different.

THEOREM. There exists a sub-algebra P of E such that

(i) E=8(PUU),

(ii) (P, ~) s naturally isomorphic to a numerical measure algebra (P, u),
in such a way that, for each pEP, [p]=u(p)|e],

(iii) (P, w) ts isometric to I™ (cf. 3.1(a)).

15.2. We shall require the following lemma.

PriNcIPAL LEMMA. Let S be a subalgebra of E such that (a) SD U, (b) every
nonzero element of E is of infinite order over S. Then, given any xS E—S,
there exists a sub-algebra Q of E such that (i) x &€ B(Q\JS), (ii) (Q, ~) is naturally
isomorphic to a numerical measure algebra (Q, p), in such a way that, for each
gEQ and sES, [gs]=r(q)[s], and (iii) (Q, u) is isometric to I

This lemma will be proved in §16. Taking it for granted, we now deduce
the theorem.

15.3. There exists a set ACE, with | 4| =m, such that E=8(4UU).
Well-order the elements of 4 as a., 1 Sa<Q, where Q is the first ordinal of
power m. From the lemma (applied with S=U and x=a,), there exists a
sub-algebra @, such that a;EB(Q,\J U) and for each ¢&Q, and #E€ U we have
[gu] =mi(g) [#]; further (Qi, m1) is isometric to I'. Now suppose that sub-
algebras Qg have been defined for all § <a (where <), in such a way that:

(i) as€B(Uys5 QI U);

(ii) (Qs ~) is naturally isomorphic to a numerical measure algebra
(Qs, mg) in such a way that, on defining Sz=B(U,<«s Q,\JU), we have
[6c] =us(d) [¢] for all bEQs and ¢E Sg; and

(iii) Qg is isometric either to I! or to the trivial measure algebra L con-
sisting of 0 and e only (these elements having measures 0 and 1 respectively).

Define Q. as follows: If a,&S., take Q. to consist of the elements o0 and e
only, with ua(0) =0 and ua.(e) =1. The properties of the transfinite sequence
are clearly maintained.
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If a.&S., we first note that every nonzero element xEE is of infinite
order (and in fact of order m) over S,; in fact, if E(x) =xB(X\US.), there
exists an at most countable subset 4z of Qs such that Q= B(4s) (from the
fact that Qs is isomorphic to I' or L), and we have E(x) =xB(Up<oe 45\J UUX)
so that |Usca 45\JX| Zm and therefore | X| =Zm. Hence the lemma (15.2)
can be applied, taking S=.S, and x =a.; the sub-algebra given by the lemma
is taken to be Q..

Thus Q. is defined for all « <Q; and since ¢.&S.41 we readily obtain

(1) E=B(Sa\JU), where Sqg=B(UQ.).

It follows (by the same order argument as before) that Q, is isometric to
I' for m values of «.

Suppose *EQuMNQp (a7p). Since [x]=pa(x)[e] and also [x]=ps(x)[e],
we have (12.14) pq(x) =pg(x); hence we may omit the suffix «, and write
Ma(x) =p(x). Again, we may suppose B<a; then xE.S,, so that (15.3(ii))
[x] =u(x) [x]. By 12.14, either x=0 or u(x)=1; in the latter case [x]=[e],
and so (e being bounded) x=e. Thus:

(2) fap 0.0 = {o e}

15.4. The desired sub-algebra P of E will actually be Sg; but it is more
convenient to define it in another way. Let

D =set of all elements d expressible as d =01, + + + b, where b;EQ,, and
a>oe> s >oy;

F=set of all elements f expressible as f=d,\/d.\V - - - \V/d,, where d;&ED
and the elements d; are disjoint;

G={glg=Vd;, d: ED} (i=1,2,---);

P=1{plo=Nem 8 €GC 12 g2 - }.

Clearly DCFCGCP. The first step consists in proving:

(3) If x€P, x=pu(x) [e] for some real number u(x) (0=u(x) £1). (u(x) is
then unique—from 12.14, Corollary.)

For suppose first x=d&D, say x=bib; - - - by as above. Then, since
by - BESu, [A]=p(®)[bs - - ba] (from 15.3(i)) =p(b)u(®) [bs - - - bi]
=pu(b)u(bs) * - - u(ds)[e], similarly; thus (3) holds in this case, with u(d)
= fﬂ(bi)-

Next, suppose x =fE F. Then f= V}d;, where the elements d; are disjoint
and belong to D; by the preceding, [d:]=u(d:)[e]; and then (12.16) [f]
=u(f) [e] where u(f) = 2.7 u(dy).

Before considering G, we note that F is a finitely additive algebra. In fact,
it is clear that if di, d;ED, then did:&D; and it readily follows that if f,
f'EF, then ff'&F. Again, given d&ED, we see that —dEF as follows: We
have d =b1b; - - - by, say, where b, Q.,; consider the 2* elements d; (1 =<7 <2%)
of the form cic, « + - ¢, where each ¢; is either b; or —b;. They are disjoint, and
we may suppose d =d;, say; then —d=Vd; (2 <¢=2*), showing that —dEF
if d&D. From the fact that F is closed under (finite) infima, it now follows
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that —fEF if fEF; for we have f=Vd; (d;€D), and consequently
—f=A(—-d;)EF.

It follows that each g&G is expressible as g= Vf,, where f,EF and the
elements f, are disjoint. (For if g=Vd;, d;ED, we take f,= Vid;— Vi 'd..)
From the preceding, we have [f.] =u(f.) [e], and therefore (12.16) [g] =u(g) [e]
where u(g) = 27 u(fa)-

Finally, given p& P, we have p=Ag,, where gi=g,= - - -, and, as just
shown, [g.]=wu(g.)[e]. By 12.19, [p]=u(p)[e] where u(p) =lim, .. u(g.).

Next,

4) If p,€P (n=1,2, - - -), then Vp,EP.

For, from the definition of P, we have p,=Amn g, Wwhere g, =gu= - - -
and g.».EG; and it has just been shown that u(p,) =liMm.e u(gam). Hence for
each k& we can choose m=m(k, n) so that (i) u(g.m) Su(p.)+1/27%, (ii) for
each k and 7z, m is the least such number. Write A= V.gsm ¢.»; then
b= Vpa, &G (from the definition of G), and (from (ii)) A=he= - - -.
Further, 12.7 gives that [h— Vp,] < (1/k)[e], and so (12.6) Vp,=Ak. Thus
Vp.EP.

Again,

(5) If pEP, then —pEP.

For we have p=Ag,, where g1=2g,= - - - and g,EG. Thus —p=V(—g,),
and by (4) it will suffice to prove that —g, &P, for each n. But g,=V; dn;,
say, where d,;&D. Hence —g,=A;(—dn)=AnXnm, where xmm=A(—d;)
(1=2=m). Thus X, Z%x,= -+ -, and x,;EF (for F is finitely additive) CG,
so that —g,E P by definition.

(4) and (5) show that P is a (o-) sub-algebra of E; and (3), together with
the properties in §12, shows that u is a countably additive measure on P,
(P, u) being naturally isomorphic to (P, ~). Since PODDUQ. (1) gives
E=8(PUU). Finally, the fact that (P, u) is isometric to ™ is an immediate
consequence of the way in which the values of u were derived successively
on UQ., D, F, G and P; this shows (virtually by definition) that (P, u) is (to
within isometry) the direct product of @/l the measure algebras Q., and those
Q.'s for which Qo=L can obviously be disregarded.

16. Inseparable case continued; proof of the principal lemma.

16.1..Let S be a sub-algebra of E (=E(e,), as in §15) such that (a) SDU,
(b) every nonzero element of E is of infinite order over S. The first part of the
proof of 15.2 (16.2-16.13) consists essentially in showing that .S has properties
similar to those of U. Once this is done, the desired numerical measure algebra
is constructed in much the same way as in the “separable case” (§14).

16.2. Notation. For any XCE, write X'=X—(0). Thus, if 2&.S5’, S'(3)
denotes {ylyES and o<y=<z}.

Throughout 16.2-16.10 we suppose a fixed element & E to be given, and
we define, for each z&.5’,

~




314 DOROTHY MAHARAM [March

o(z) = inf {’1|0§77 =<
7(3) = sup {7|0=n <1 and 7z
Thus (from 12.14 and 12.19) we have
a(2)[z] = [bz] = 7(2)[3]
and
0=<7(3) So(z) =1

In the next few paragraphs, we derive some properties of the function ¢;
similar results and arguments will hold throughout for 7. (The immediate
goal is 16.7.)

16.3. If 2,&S’ (n=1, 2, - - ), and the elements z, are disjoint, then
a(Vz,) Ssup a(z,).

For otherwise ¢(Vz,) >720(z,) for all #; and then 5 [z,] = [b2.], whence
n[Vz.] = [6(Vz,)] and therefore n=0¢(Vz,)—a contradiction.

16.4. If 2&S’ and o(z) >n=0, there exists 20&.S5’(z) such that, for all
yE€S'(20), o(y) Zn.

For if this is false, transfinite induction gives a countable set of disjoint
elements z, such that Vz.=z and ¢(2.) <7. From 16.3, ¢(2) <9—a contradic-
tion.

16.5. Given z0&S’ and €>0, there exists y&.5’(3) such that, whenever
¥, y2ES5'(y), we have

|o(y) —o(3)| <e and [r(y) = r(32)] <e

Write n=sup {a(z)leS'(zo) }, and choose zES’(z0) such that o(z)
>n—e. We can suppose 7#0 (else we merely take y=z,), and thus that
n—e>0. On applying 16.4 to z;, we obtain (say) y'ES’(z1) CS’(z0) having
the desired property as far as the function o is concerned. An “exhaustion”
argument then gives zo= Yy, where y*<.5’(30) and Ia(yl) —a(y2) |< e whenever
1, ¥2ES8’(y"). An entirely similar argument applied to the function 7 will
give go= Vi, where "€.5’(3)) and lf(yl) —‘r(y2)l < e whHenever y;, y.E8'(t").
Since z9= VYm,» y™", at least one of the elements y™" is nonzero, and gives
the desired element 7.

16.6. Given z0ES’ and €>0, there exists 2E&S'(20) such that Ia(yl) —-r(yz)l
<€ whenever y1, y.E€S'(z).

By 16.5, there exists y&.S’(z0) such that, whenever y;, v.€S5'(y), ]U(yl)
—a(yz)l <e€/3 and If(yl) —-r(yg)l <e€/3. We can suppose yb#o (for otherwise
we merely take z=7y). Now (13.1) there exist, for each positive integer #, n
disjoint invariant elements u,; (1 <¢<#)& U such that Vu,;=e and

(1) (GG = 1)/n) [tns] S [9bthni] S (8/1) [ni];

and similarly there exist # disjoint elements v,;EU (1 <j=<n) such that
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Vv.;=e and
(2) (G = 1/0) [va;] = [yvai] = (/n) [vai].

There will exist integers 7o and 4o, with 7021722, such that u,,,#0; for
otherwise [yb]<(1/n)e] for all #, and thus (12.6) yb=o, contrary to our
supposition. Choose a positive integer p so large that p(sp—1) >24+6/e.

Write N =mn.p, and consider the elements uy; (1 <4< N). At least one of
them, say #n:, meets #,;, (for Viuni=e); and from (1), 12.13 and 12.14 we
have k/N = (40— 1)/no, and so k>246/¢. Similarly uy: meets some vy;; write
unwnj=u, and uy=g. Thus 2&€S and 2=y =<3z From (1), (2) and 12.13 we
have

((k = 1)/N)[u] < [20] < (B/N)[u]
and
(G — 1)/N)[u] £ [z] = (G/N)[u].

Since u#o0, it follows (12.14, Corollary) that j=k—1>146/e. Thus z5%0.
Further, on using 12.5(6) we obtain ((k—1)/j)[z]<((k—1)/N)[u] = [28],
so that (k—1)/j=7(2). Again, ¢(2) =k/(j—1); for this is trivial if k>j—1,
and otherwise we have [20] < (k/(G—1))((G—1)/N)[u] 2 (/(G—1))[z]. Thus
0=0(2)—7(z)=k/(j—1)—(k—1)/j<e/3 (from the choice of p). Finally, if
y1, ¥2E8'(z), we have y;, 2&8’(y) and so Ia(yl) —O'(Z)l <e€/3; similarly
Ir(yz)—r(z)l <e/3, and the result follows.

16.7. Given €>0, there exists a disjoint sequence {z,._} such that z, &S/,
Vz,=e, and ]a(yl) —T(y2)| <e whenever y;, ¥v.ES5'(z,).

This follows from the preceding by “exhaustion.”

16.8. Given a real number 7 such that 0 <75 <1, there exists z&.S such that
7yl = [by] for all yES(z), and n[t] = [6¢] for all tES(—2).

On applying the preceding result, with e=1/#, we obtain elements 2,; &S’
such that z,g.;j=0 if i#j, V.z..=e, and |a(y1) —7(y2)| =<1/n whenever
Y1, ¥2E8’(20:). We can further suppose that each z(,41; is less than or equal
to some z,;, since otherwise we replace (for each #) the elements z,; by all
the nonzero elements of the form 21;,20:, * * * 2as,. Now let I,, denote the set of
values of 7 (possibly empty) for which it is true that o(y) =% whenever
yES(24:), and define

So = 0, Sn=V{Zm‘|i€In}-

Let 2= —Vs,. Thus 5,ES, zE€S, and 5; <5, < - - - . Hence if t&S(—32), we
have t= V¢, where t,={(s,—5$,-1) (n=1, 2, - - - ); thus ¢(¢,) <7, and there-
fore (16.3) a(¢) <7, so that n[t] = [bt].

On the other hand, if y&S(z) then ys,=o0 for each #, and therefore
y= V{yzni|iGEI,,}. For each z,; occurring here, there exists (say) 7,:&S(2.:)
such that ¢(r,:) >7. Hence 7(y2,:) >n—1/n, and therefore (from the property
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of 7 analogous to 16.3) 7(y) Zn—1/n, so that 7(y) 27 and n[y] < [by].

16.9. There exists a greatest 2z having the properties stated in 16.8.

Let zo be the supremum of all z’s for which 16.8 holds. Then, from the
countable chain condition, we have zo=Vz, (=1, 2, - - - ), where 16.8 holds
for each z,. If y&S(z0), we have y=Vy, where yi1=yz and y,=y(z.
—(zV -+ *\V2a)). Thus 5[y.] < [by.], and it readily follows (cf. 12.17)
that n[y] £ [by]. If tES(—2), then t&ES(—21), and so n[t] = [6¢t]. Thus 16.8
holds for 2.

16.10. For each positive integer n, there exist n disjoint elements sy, s2, + * +,
2 ES such that (1) Vsi=e, (ii) whenever zE S(s:), ((—1)/n) [2] = [26] = (i/n) [3]
(1=1=n0).

(Compare 13.1.)

Using 16.8 and 16.9, define z; to be the greatest element of .S such that
(/n)[y] £ [by] whenever yES(z:), and (i/n)[t] = [bt] whenever & S(—z:).
Thus if i<j we have (i/n)[z;—2:]2[b(z;—2:)]1=(i/n)[z;—2:], so that
2;—z;=o0; that is, e=21222= + -+ =2,. We have only to define s;=—z,
si=2;3—2; (1<¢<m), and s, =2,_1.

(The maximality of z; has not been used, but will be convenient in the
next paragraph.)

16.11. Given ¢, dEE, there exists 20ES such that [cy]<[dy] whenever
yES(20), and [ct] = [dt] whenever tES(—zq).

(Compare 7.6.)

Write N=27; then, for each n (=1, 2, - - - ) the preceding (applied with
b=c) gives N disjoint elements s,; (1<¢<N)ES such that e=V,s,; and
(6—1)/N)[2] = [2¢] £(G/N)[z] for all 2ES(sn). Similarly there exist 2°
disjoint elements f,; (1<j<N)ES such that e=V,t, and ((G—1)/N)[z]
< [2d] £(j/N)[z] for all 2ES(¢n;). The method of construction used in 16.10
further shows that si1),i—1) V Statn),2i =Sni, With a similar result for the ¢'s.
Thus, on writing f,.=V{sM-tnj|jgi}, we have fi=f,= - .. Now define
20=NMAf.. It is not hard to verify that z, has the desired properties.

16.12. Given bEE’, there exists yEE'(b) such that, for each 3€S, [yz]
< [b2]/2.

(Here we use for the first time the assumption that every element of E’
has infinite order over S.)

Since b is not of order 0 over S, there exists # =<b such that A&bS.

Applying 16.11 to ¢=h, d=b—h, we obtain z0&S such that [sh]
=< [s(6—n)]if sES(20), and [th] = [t(b—h) ] if t&S(—20). Thus [sh] < (1/2)[sb]
and [t(b—h)] < (1/2)[tb]. Define y =zoh\/ (—20)(b—h). Thus clearly y <b;and
also y#o0, since otherwise we obtain b —zy=h—2zo and hz¢=0, whence h=>b—z,
&bS, a contradiction. Finally, given z&S, we can write yz2=sh\/t(b—h)
where s =22 and t=2z—z,. Hence [yz]=(1/2)[sb\/tb] < (1/2) [bz].

By iteration we now obtain:

16.12’. COROLLARY. Given bEE’ and n>0, there exists y, such that o<y,
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<b and, for each 3ES, [y.z] <(1/27) [bz].

16.13. Let bEE, €S, and 1 (0<7n<1) be such that [by] =9 [y] whenever
yES(z). Then there exists b’ <zb such that [6’y] =7[y] whenever y & S5(z).

We can clearly suppose z7£0; thus bz#0, and so (16.12") there exists
cEE'(b2) such that, for each y&.S, [cy] <n[by]. Thus ¢ certainly satisfies:
(i) 0<c=bs, (ii) for each y&S5(2), [ey] =n[y]. An easy “exhaustion” argu-
ment now shows that there exists a maximal c, say b’, satisfying (i) and (ii).
Then b’ is the desired element. For suppose not; then there exists y&.S(z)
such that [5’y] <n[y]. From 16.10 we obtain, for each 7, # disjoint elements
5 ES (1 £4=n) such that V;s,;=e and, for all s&S(s,.),

(G = 1/m)[s] = [sv'] = (i/nm)[s].

Suppose first that, for every #, we have ys,;=0 whenever (1+1)/n<79. It
readily follows that [b’y] = (n—2/n)[y] for every #, and so [b’y]=7[y], con-
trary to hypothesis. Thus we may choose # and ¢ so that (¢+1)/n <% and
ysai=t,say, #o. Then,forevery s&€ S(¢), we have [sb'] < (i/n) [s] < (n—1/n) [s],
whence [s(6—b")]=(1/n)[s].

It follows that £(b—d’) #0, so that (16.12’) there exists dCE’'(t(b—b"))
such that [ds] < (1/n)[t(b—b")s] < (1/n) [ts] whenever sES. Define ¢’ =b'\/d;
thus 0<c¢’=£b. Further, given any y'€S(z), we have ¢y’ =b'y't\/b'y'(—1t)
\Vdy't, a supremum of three disjoint elements in which

[B'y'e] = (n — 1/m)[y't],
10’y (—=9] < nly'(—=£)]  (from property (ii) of ¥"),
and

[dy't] < (1/n)[y"t],

from which we obtain [¢’y’] <9[y’], for all y’ES(z). But this contradicts the
maximality of &’.

16.14. Given x&S, there exists elements b(p)EE (p=1/2", 0=:=2n",
n=0,1,2, - ) such that

(i) [b(p)2]=plz] whenever zES.

(i) b(p1) £b(p2) if pL=p2; 6(0) =0, and b(1) =e.

(i) xEB(S\UB), where B=U(b(p)).

For each p=1/2" (0£4=2", n20), we define s(p) (using 16.9) to be the
greatest element of .S such that

[25] = p[z] whenever 2z & S(s(p)), and

) [xz] < plz] whenever z &€ S(—s(p)).

Thus (cf. 16.10) we have
(2) If pr=ps e=5(0) Zs(p1) =s(p2), and s(1) <x.
The elements b(s/2") are defined by induction over #, starting with
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b(0)=5b(0/2% =0, and 5(1)=b(1/2% =e. Suppose that n =1, and that b(s/2™)
has been defined for all m <n and 7= 2" in such a way that properties (i) and
(ii) (of the statement of the present proposition) hold, and so that, in addi-
tion, we have

(3) b(p)s(p) = x, and x — s(p) = b(p)

for all p=1/2™, m <n. (This will trivially be the case when n=1.) We define
b(2k/27) =b(k/27 1), so that the definition is consistent. The definition of
b((2k—1)/2") is more troublesome, and in giving it we suppose (to save
suffixes) that k2 and » are fixed (1=<k=<2""!), and write p—=(k—1)/2"1,
p°=(2k—1)/2», and p*=k/271. We use s1, s; and s;3 to denote (arbitrary)
elements of S(—s5(0%), S(s(p?) —s(p*)) and S(s(p*)), respectively.

First we show

4) 1 — b(o7)] = (1/2%)[s1].

For s;=2"\/z"' where z'=s5,—5s(p™) and z"=sl{s(p")—s(p°)}. Now [z'x]
<p[2""] from (1); [s"xb(s~)] = [s'b(s™) | =p=[s"'] from (3) and (i); and
2’x—b(p~) =0 from (3). (4) now follows easily.

A fortiori, [suc{b(p*) —b(p)}]1=(1/27)[s1]; and since [s:{b(p*)—b(0o7)}]
= (1/2*)[s.] (from (i) and (ii)), we have [si(—x) {b(o") —b(p7) } 1 = (1/27) [s1].
Here s; is any element of S(—s(0%). Thus, from 16.13, there exists yo=<
(=x) {b(p*) —b(p™) } —s(o°) such that [yes;] = (1/2%) [s1] for all s, (ES(—5(p°))).
Write y; = {b(o*) —b(p7) } (—5(p%)) — 0. Thus for all s; we have (on using (i)
and (ii))

©) Lyssi] = (1/27) [s1].

Similar arguments prove the existence of y,<x{b(p*) —b(p7) } {s(p")
—s(p+)} such that

(6) [yssa] = (1/27)[s2] (52 € S{s(p®) — s(6M)}),
and of y3< {b(p*) —b(p™) }s(p+) =« such that
(7) [yass] = (1/29)[ss] (55 € S(s(o™)))-

Define y=91\VV¥:VV 3, and b(p®) =b(p~) \Vy. Clearly property (ii) is main-
tained. To establish (i), it will suffice to verify that [ys]=(1/2%)[s] for all
sES. But we can write s=s;\/s2\/s3; and it is easily verified that ys;=1y;s;
(¢=1, 2, 3). Since the elements s; are necessarily disjoint, the desired relation
follows from (5), (6) and (7). Property (3) can likewise be verified, and the
inductive definition of the elements b(p) is complete.

Finally, to prove (iii), we show

(8) x = Vx,, where =z, = V b(i/2")s(i/2").

From (3), x Zx, for every n. Now
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x— %, S x— x{zglb(i/Z"){s(i/Z”) — s((z + 1)/2")}}
=0

2"—1

=V {x — (/27 } {s(/2%) — s((G + 1)/27)}

0
(since x = V x{s(3/2") — s(i + 1)/2%})
= V¢, say. )

Butfrom (1), [x{s(i/2") —s((i+1)/2") } | S ((G+1)/2%) [sG/2") —s(G+1)/29];
and, from (3) and (i), [xb(:/27) {s(i/Z") —s((z+1)/27) } 1=G/2") [s(@/2%)
—s((64+1)/2m)]. Hence [t:]<(1/2%) [s(5/2%) —s(GE+1)/27)], and so (12.5(5))
[x—=x.]=(1/2") [e]. That is, [x— Vx,] < (1/2")[e] for every #; and therefore
(12.6) x = Vx,, completing the proof.

16.15. The “principal lemma” (15.2). In 16.14, l2t Q= B(B); then (Q, ~)
is naturally isomorphic to a numerical measure algebra (Q, 1), in such a way that,
for each q€Q and s€S, [gs] =u(q) [s]. Further, (Q, ) is isometric to I'.

This following from 16.14 by essentially the same arguments as in the
“separable case” (14.5 and 14.6), the elements 5(¢/2”) here playing the role
of the elements d, in §14.

17. E(e.) as a direct product.

17.1. As in §§14, 15, we consider the relative algebra E(e,), e, being any
one of the elements of 13.4. The theorems of 14.1 and 15.1 show that, in
every case, E(=E(e,))=B(P\JU), where P is a (relative) sub-algebra
naturally isomorphic with I' or I™, in such a way that (from 12.13) we have
the fundamental relation:

[pu]=u(p) [u] whenever p€P and v U.

We shall now deduce that E is isomorphic to the direct product PQ® U (cf.
§4).

17.2. DEFINITIONS. Let R, S denote the respective representation spaces of
P and U; as in 4.2, we use p*, u* to denote the open-closed subsets of R, S
respectively which correspond to pE P, u < U. Let Q* denote the class of all
subsets ¥ of R X.S which are expressible in the form ¥ =U(p#* Xu*), where the
(open-closed) sets #* are disjoint and their union is residual in S (that is,
S—Uu* is of first category). Similarly let Q denote the class of all elements
yEE expressible as y= Vp,u;, where p,EP, u;& U, the elements u; are dis-
joint, and Vu;=e.

We observe that Q is a finitely additive sub-algebra of E. In fact, if
Y1, yzeQ and y,-=V,~ Dijui; as above, then —Nn= V(—Pu)uﬂEQ and yl\/yz
=V (Pa Vi) (atr) €Q. Similarly Q* is a finitely additive field of sets.

If y&Q is expressed as above in two ways, say yv= Vp.u;= VYqv; (where
piy GEP; uiy, u;EU; Yu;=e= Vv;, and each of the sequences u;, v;, is dis-
joint), then the “corresponding” sets U(p¥*Xu*) and U(g¥* Xv¥*) in Q¥ are
equal. For we have (p;+.¢;)uw;=(y+2y)uw;=0, so (from the fundamental
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property of P) u(pi+sg;) [uw;j]=0, and therefore p;=g; whenever uv;#o.
Thus p¥* =g whenever #*Mv*3£0, so that

Upr X i) = U i X (i Nw3) = U g X (i Noj) = U g X ;.
7 A T¥] 7

Hence we may define a mapping ¢:1 of Q in Q* by setting ¢(Vpiu:)
=U(p*Xu*). An argument similar to the preceding shows that ¢, is 1-1;
and ¢, is evidently a finitely additive algebraic isomorphism between Q and
Q*.
We have (M denoting the continuous-function “measure” in P® U—cf.
4.3)

(1) If Y=¢:(3) (3E€Q, YEQ¥), then [y]Se[e]eM |V} <e (0<e<1).

For suppose y= Vpu; in “normal form,” as above. Then if [y]<e[e] we
have (12.13) [ugy]<e[u:]; but [uy]=[uip:] =u(p:) [u:], and thus (12.14)
u(p:;) Se whenever u;>0. Thus M{YV}<e (for each s€S). The converse
implication is proved similarly.

17.3. The desired isomorphism between E and P® U is now obtained by
“extending” ¢y, as follows. Suppose two elements xEF and XEP® U are so
related, that to every €>0 (and <1) there correspond y&Q and Y& Q*
such that [x+yy]=<ele], M{X+:{V}}<e¢ and Y=¢:(y). We then write
X =¢(x). It is easily seen from (1) that this relation is 1-1 (where it exists);
and clearly if x€Q then ¢(x) exists and equals {¢,(x) }. Before proving that
¢ is defined for all x €E, we need some lemmas.

17.4. Let y=Vy,, where y,&€Q (z=1, 2, - - - ). Then given ¢>0 (and
<1), there exists 2&Q such that [y+.3] <e[e].

We may suppose that 91 <y, < - - - (onreplacing y, by V} y:). By 7.6 there
exists for each # an invariant element w, such that (i) [(y —v.)w.] <e€[w.],
(ii) if v is a nonzero invariant element less than or equal to —w,, [(y —y.)7]
>e[v]. It readily follows that wy Sws < - - - ; further, Vw, =e, since if e— Vw,
=190, wehave [y —v,]Z [(y —y.)v0] Z €[vo ] for every n, whence (7.2) [0] = €[vo],
and so (12.14, Corollary) vo=0. Now write vy=w1, V,=w,— W, (n22), so
that the elements v, are disjoint and Vv,=e; and define z= Vy,v,. Then
y422=V(+2.)v.= V(y—¥.)v. where, since v,=<w,, we have [(y—y.)v.]
<e€[va]. Thus (12.17) [y+:2]<e[e]. Finally, since y,E£Q, we may write
Yn=Vipaiths: in “standard form”; and then z=V,, ipn:(Uni0.) EQ.

17.5. Given xEE and €>0 (and <1), there exists y&Q such that [x+2y]
<ele].

Let B’ be the set of those elements x € E for which the above statement is
true (for all €). Evidently B’ DQDPUU; also if x&B’ so does —x, and if
x, & B’ then Vx,EB’, as readily follows from 17.4. Thus B’ DB(PJU)=E.

17.6. If y.€E and [ym~+2y.] < (1/2%) [e] whenever m Zn, there exists yEE
such that [y+qy.) S (1/272)[e] for all n=2; further, this y is unique, and is
given by y=NA,Viz,y: (=lim sup ).
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REMARK. On complementation we obtain that y is also given by
y=A.Viz.yi=lim inf y;; thus the assertion is, roughly speaking, that
“Cauchy sequences” converge.

Write  ta=¥at2Viza¥i = Viza(¥i—9n) = Viza (Vi1 — ¥i¥i1) £ Viza(yin
+2v:). Thus (12.7) [t.]=<(1/2»')[e]. Now define y=A,Viz.y:. Then
¥=AnrzvVizn ¥i=Anzy (Yatat.) so that, for each N, yv+y<{yxVA.s»
@Vt } = {9 ANwzvOa — 1)} S [yxV Vazwta} — {yv — Vaznta} = Vazuta.
Hence (12.7 again) [yy+2y] <(1/2¥-2)[e] for all N>1. Finally, y is unique,
since if z also has the same property we have [y-+i2]<(1/23)[e] for all
n=3, and so (12.6) y=z.

17.7. ¢ is a finitely additive algebraic isomorphism between E and P® U.

Given x & E, we first show that ¢(x) exists. From 17.5, there exists a se-
quence y,EQ with [x+4:y,] < (1/27+2) [e]. By 17.2(1), the corresponding sets
Y,EQ* (that is, Y.=¢1(3.)) satisfy M| Y,,.+2Y,,} =1/2" whenever m =n.
Hence, by 17.6 applied to the algebra P® U, there exists X € P ® U such that
M{X+:{Y.}}=1/272 Clearly X =¢(x), by definition (17.3).

A similar argument (starting from 4.6) shows that ¢—(X) exists for every
XEPQ®U. Finally, it has already been pointed out that ¢ is 1-1, and the
relations ¢(—x) = —¢(x), ¢(x:1Vx2) =¢(x1) V(x2) are obvious.

17.8. If y,€0Q, ¢(Vya) = Vo (yn).

It will suffice to prove this assuming y1<y,< « - - . Given €>0, consider
the element zE(Q constructed in 17.4. Thus [y+2] <e[e], where y=Vy,;
further, the construction shows that z= Vy,v,, where v, EU, Vv, =e, and the
elements v, are disjoint. Thus 22, <y, Now write YV,=¢1(y.), Z=¢1(2); we
have ZN(RXv.*)CY,, so that ZCUY,\J(RXH) where H is of the first
category in .S.

Now, we have from 17.4 that [yv,—2v,]<e€[v,]; a fortiori, therefore,
[Ymtn—2v.] S€[v,] when m=n, so that (17.2(1)) M{(Y.N(RXz.*))
—(ZN(RXv¥)} <eM{RXuv*}. The countable additivity of M then gives
(on summing first over m and then over #)

M{UY,~Z} <

Thus M{U¥,+:Z} <¢; and so ¢(y)={UV,} from the definition.

17.9. If x,&E, ¢(Vx,) = Vo (x,).

As before, we may suppose that x; <x,< - - - . Let € be given, and choose
¥.€Q so that [xu+2yn] =(e/27) [e] and M{¢(xn)+2¢’(yn) } Z¢/2" (using the
definition of ¢). Write x=Vx,, y=Vy.. It is easily verified that x4,y
SV(xat2ys), so that [x+sy]=ele]. Similarly M{X+,V}<e¢, where
X=V¢(x,), Y=Vé(y,). But 17.8 shows that Y =¢(y); hence there exists
3€Q such that [y+:2]Sele] and M{V+,{Z}} <¢, where Z=¢,(z). Thus
[x+22] < (2¢) [e] and M{X+,{Z}} <2¢, showing that X =¢(x).

This completes the proof that ¢ is an algebraic (¢-) isomorphism be-
tween £ and J® U. To prove that ¢ is an isomorphism of the abstract meas-
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ure algebras, we must show that ¢ is “measure-preserving” both ways.

17.10. If xy~xs, M{d(x1) } = M{p(x) }.

Given €>0 (and <1), we choose y;€Q (2=1, 2) so that [x,+2y,]<e[e]
and M{X +2{ } } <e¢, where X;=¢(x;) and V;=¢:1(y:). Let y,=Vp,u,,
¥2=Vg.v,, where (as usual) p., ¢g.EP, u,, v,EU, Vu,=e=Vv,, and the
sequences {u,.} s {vn} are each disjoint. We can further suppose #,=v,70 (on
replacing both sequences %,, v. by an enumeration of the nonzero elements
UnUm)-

First we show

(1) w(pn) £ wlgn) + 2e

For we can suppose u(g.)+2e=1, else there is nothing to prove. Now,
since x;~x,, there exists ¢{=x; such that t~=xy;.. For each » we have
[unxlyl] = [unt] = [uny2vun(x2_y2) ]7 where [unyZ] = [ungn] =M [(qn) [un]: and
[#n(22—7y2) ]| S €[n]. Thus [#x191] S (u(gn)+€) [#a]. Since further [u,(yi—x1)]
= e["4n]y we have [unyll = (u(gn) +2¢) [u.]. But [unyl] = [tnpn] =1(p) [#a];
and (1) follows.

A similar argument applies with p, and ¢, interchanged. Thus we evi-
dently have

(2 | M{v,} — M{T>}

| < 2
But M{X}=M{X:{V}}+M{X. {Y}} MYV} - M{{Ve) - X}
-:ill{Xii—tl{lYi}f},sothatlltf{ i} = { i} Se HencelM{Xl} M{X.}|

M{X\}=M{X.,}.

17.11. If M{¢(x1)} = M{¢(xs) }, then x1~x,.

Given € (0<e<1/9), we take v, ¥.€Q so that [x;+.y:;]<e[e] and
M{X,+,{V:}} <S¢, where X;=¢(x:) and Y;=¢:1(y:), =1, 2. Asin the previous
argument, We can suppose yi= Vputhn, y2=Vgqatn, where p,, ¢.EP, u, U,
u,7#0, and the sequence u, is disjoint. As at the end of 17.10, we have
| M{X;}—-M{Y. ;}| Seand therefore | M{ V1} — M{Y.}| <2¢; and it readily
follows that IM(Pn) /.L(g,,)| =<2 for each n. We may therefore choose
pi EP(pa), g2 €EP(gn) so that u(ps) =u(gs), u(pn) .u(Pn)<26, and u(g.)
—u(ga ) <2e. Define y{ =Vp,! u, and y7 = Vg un; thus y{ ~y{, y! <y;, and
lyi—v! ]<(26) [e] Hence [wi42y! ]<(3e) [e].

Since y{ ~y{ ,we can write v5 =t\/z;, where {~xy{ and z;~y{ —x;, so
that [z ] < (3¢)[e]; and we then have y{ =txyys /2, where z2=21\V((y5 —x2),
so that [22] < (6€) [e]. Now tx2y{ is less than or equal to x., and is equivalent to
a sub-element of x; (for ¢ is); hence if 41, k2 denote maximal equivalent sub-
elements of x,, x., respectively, 7.5 shows that there exists k2 <%, such that
txgyd ~ks. Then we have wxy—hy Sxs—ke~x2—tx2y7 < (%2—7¥:) V2, so that
[xg—h2]§(9e) [e]. This holds for every e sufficiently small, so that x,=#h,.
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Similarly x;=%,, and therefore x;~x,.

The isomorphism between (E, ~) and P® U is now established(*).

18. Imbedding of E(e¢’) in a direct product.

18.1. Having fully considered the relative algebras E(e,), we turn now to
E(e’), where ¢’ is the greatest bounded invariant element disjoint from all
indecomposable elements (10.2, 10.3). It was shown in 13.4 that e’= Ve,
that the elements e, are disjoint, and that [e,]=p,[é,] for each n (where p, is
rational and 0<p,=<1). In the preceding section it was shown that each prin-
cipal ideal (Z(e,), ~) is isomorphic to the direct product (say) P,Q® Un,,
where P, is a (relative) sub-algebra of E(e,) which is (to within isomorphism)
a numerical measure algebra (I!' or I™), and U, is the (relative) algebra of
relatively invariant elements in E(e,). Since U,=e,U is isomorphic, in a
natural way, to the principal ideal U(é,) (8.3), we have an isomorphism ¢,
mapping (E(e.), ~) on P,Q U(&,).

To combine these ¢,’s into an isomorphism of E(e’), we first define a
numerical measure algebra J’ as follows: J’ is the direct sum of the measure
algebras p, P, obtained by multiplying all measures in P, by p.. That is, J' is
the set of all sequences x = (x,), x,&P,, in which algebraic operations are
defined in the obvious way (for example, (x,.)\V (¥.) = (x.\VV¥.)), and in which
a (numerical) measure is defined by: u’(x) = D_puun(%n), . being the measure
in P,. It is easy to see that J' (=(J’, u’)) is a non-atomic numerical measure
algebra in which the measure is at most countably infinite, so that it satisfies
our postulates. We use j’ to denote the unit-element in J’ (that is, the se-
quence (e,)), and j, to denote the element of J’ whose “nth coordinate” is
e, and whose other coordinates are all 0. The ideal J'(j,) is thus isomorphic to
(P,, p.); and to save notation we shall usually not distinguish between
them. Note that they are not isometric, in general; we have, for x&J'(j.),
u'(x) =papun(x). We shall prove that (E(e’), ~) is isomorphic to a principal
sdeal in J' @ U(e’).

All considerations in the present section will be relative to e’, so we write
e’ as e and E(e’) as E in what follows—noting for future use that, since e’ is
invariant, the relatively invariant elements form the ideal U(e’).

18.2. Let R, S be the representation spaces of J’ and U respectively. To
the element j,& J’ there corresponds an open-closed subset j*CR; and it is
easy to see that j.* is homeomorphic to the representation space R, of J'(ja)
—that is, of P,. Thus we can take R,=j*, so that UR, is residual in R.
Similarly, we can take the representation space S, of U(é,) to be the open-
closed subset &* of S which corresponds to &,& U, and have that US, is
residual in S. It is easy to see that the direct product P,® U(e,) is isomorphic

(®) Substantially the same arguments prove that the “direct product” J®U, as char-
acterized in 3.1 (e), is isomorphic to the product constructed in §4. More precisely, the argu-
ments apply provided that J is non-atomic and of finite total measure; and the general casecan
be reduced to this one.
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to the principalideal of { R, XS} in J’® U, and we identify them accordingly.
We write M’{H} for the measure-function on J'® U, and M,{H} for the
measure-function on P,® U(é,), with the natural convention that M, is
always 0 for each s&€S—S,. Thus, if HCj*Xe*, M'{H} =p.M.{H}.

Note that, while the sets R, are necessarily disjoint (for the elements j,
are), the sets .S, are not disjoint in general (for the same is true of the elements
Zn).

For each # we have an isomorphism ¢, between E(e,) and the ideal of
{j*xe*} (={R.XS.}) in J'®U. Define, for each x CE, ¢(x) = Vep.(xen).
It is immediate that ¢ is an algebraic (o-) isomorphism between E and the
principal ideal of V{j*Xe*} in J'® U. We have only to verify that ¢ is
“measure-preserving” both ways.

18.3. If x<e,, &' <en, and x~x’, then M’ {¢(x)} =M'{p(x")}.

If m =n this follows from the corresponding property of ¢,; thus we can
assume m¥*n. Now, as was shown in §17, there exists y=<e, such that (i)
[x+ay] Selen], (i) Ma{da(x)+28.(3)} =¢, and (iii) y=Vpiw: where p:E Py,
;€ U,,=e, U, and the elements v; are disjoint and nonzero. Thus v; =e,u;,
say, where #;E U(E,) (cf. 8.2) and the invariant elements %; are disjoint; and,
since p;<e,, we have y= Vpu;. Similarly there exists ¥’/ <e. such that (i’)
[x'+2y' ] <elen], (i) Mn{dn(x')+26n(y")} e and (ii’) y=Vgmu/, where
¢ E P, uf EU(Exn), and the invariant elements »/ are disjoint. Now enumer-
ate the nonzero elements %%/, #;—ém, u] —&,, into a sequence w;; thus the
elements wy are disjoint and invariant, and we may write y = Vriwy, y' = Vsiwy,
where 7, EP, and s; & P,.

We have [wiy]= [rie,wi] =pa(rs) [eaw:], from the fundamental property
of P,; but [e,]=p.[¢.], and therefore (12.13) [e,wi]=p.[w:] if wi=<é.. If
w; is not £ é,, then w; < —é&,, by construction, so that there is no loss in suppos-
ing 7, =o0. Thus (using 12.20) we see that, in all cases, [wiy]=pnua(71) [ws].
Similarly [wy’]=pmpnm(s) [wr]. But since x~=x’, we have [wpx]=[wwx'];
and by arguments similar to those in 17.10 it follows that Ip,,y,,(rk) —pm,um(sk)]
<2e¢. Thus lp,.M,,{q.’),,(y) } —-pmM,,,{cb,,,(y') }I <2¢, whence lp,.M,,{d),,(x)}
— P M {pm(x’)} [ <4e Thatis, | M'{¢(x)} —M'{$(x")}| S4efor every ¢, so
that M'{¢(x) } = M {p(x") }.

18.4. If x~x', then M'{p(x)} = M'{p(x")}.

From 6.2, we can write x’ = Vx,/ where the elements x,/ are disjoint, and
Xm ~%en. Similarly we can write xen= V,Xn, where the elements xm, are
disjoint and Xma~%n €,. From 18.3 we have M'{qb(xm,.)} = M’{¢(xm’ en) } ;
and the countable additivity of M’ then gives M’{¢(x)} = M'{¢(x")}.

18.5. If M'{¢(x)} = M'{p(x") } then x~x".

By an argument similar to that in 18.4, we see that it will be enough to
prove this assuming x <e, and x’'=<e,. Let y, y’ be maximal equivalent sub-
elements of x, x’, respectively (7.5), and write z=x—y, z'=x"—y'. By 184,
M'{¢(»)} =M"{$(v")}; also here M'{¢(x)} < =; hence the additivity of M’
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gives M’{¢(z)} =M’{¢(z’)}. Now it is clear from the construction in §17
that M’{¢(z)} has the value 0 for all s&.S—2*; similarly M'{¢(z") } =0 out-
side 2z’*. Since 2z'=o0, we have #*\z*=0, and therefore M’{¢(z)}
=M'{¢>(z’)} =0 for all s&S. Since ]l[,,,{cb,,.(z)} =0, we have z2=0; similarly
g’ =0, so that x=y~y’'=x’.

The proof is now complete; but for later use we note the property:

18.6. If uc U, M'{p(u)} is the characteristic function of u*.

We have [e,u]=p,[é,u], and so, since ¢ is an isomorphism, M’{¢(e.u) }
=pnM'{¢t(é,,u) } But M’{¢(e,.u)} =p,,M,,{¢on(e,,u) }, by definition; hence
M {p(2.n) } =M,,{¢,,(e,,u)}. Since e, is invariant relative to e,, the con-
struction in §17 shows that M,,{q&,,(e,.u) } is the characteristic function of the
open-closed subset of S, which “corresponds” to e,u; and since the (absolute)
invariant element corresponding to e,z in the isomorphism of 8.3 is é&,u, we
here have M’{¢(é.u) } =characteristic function of (g.u)*.

It readily follows that M’ {¢(u(é,—& —&— - - - —&,_1)) } =characteristic
function of u*N\(é*—é*—&*— - - - —ér_;); and on summing (and neglecting
a subset of S of the first category) we obtain M’ {qb(u) } =characteristic func-
tion of u*.

19. The representation of (E, ~).

19.1 We begin by imbedding E(e’’) in a direct product, where e’’ is the
element defined in 10.2. It has been shown (10.6) that ¢’’ = Vf#, where the ele-
ments f* are disjoint, bounded and equivalent, and where f*=e¢’’, for each #.
Now E(f*) has, relative to f*, all the properties which were used in studying
E(e’). Hence the imbedding obtained in §18 for E(e’) applies also to each
E(f*). Remembering that the algebra U of invariant elements relative to f~
is isomorphic to U(f*) (8.3)—that is, to U(e’’)—we thus have, for each #, an
isomorphism ¥, between (E(f*), ~) and a principal ideal in a direct product
(say) J*® U(e’’), J* being a non-atomic numerical measure algebra. Let J'’
denote the “direct sum” of the measure algebras J*—that is, J’/ is the set of
sequences x = (x"), x*E€ J*, withalgebraic operations defined “co-ordinatewise,”
and with a (numerical) measure u’’ defined by: u'’(x) = Y _u"(x"), u* being
the measure in J*. We now show that E(e’’) is <somorphic to a principal ideal
in J"'QU(e").

As in 18.1 and 18.2, we can express the unit-element j'/ of J'/ as Vj»,
where the elements j» are disjoint and the principal ideal J’’(j*) can be re-
garded as being J* Also as before, the open-closed subset j** of the repre-
sentation space R of J’/ can be regarded as the representation space R" of
J#; and the principal ideal of {R*XS} in J”’® U(e’’), where S is the repre-
sentation space of U(e’’), can be regarded as being J*"® U(e’’). We use M*
for the measure-function in J*® U(e’’), and M’’ for the measure-function in
J"QU(e"); thus M {H} = > M*{HN(G*XS)}.

We define, for each x=e’’, Y(x) = Va(xf); trivially ¥ is an algebraic
(0-) isomorphism between E(e’’) and the principal ideal of Vy.(f*) in
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J"®U(e’”). All that remains is to verify that ¢ is “measure-preserving”;
and as in doing this all considerations will be relative to ¢/, we may suppose
e’’=ein 19.2 and 19.3.

19.2. If x~y, M"{y(x)} =M" {¢(3)}.

By the same argument as in 18.4, it is enough to prove this when x <
and y=f*. Now from 13.1 applied relative to f™ (so that the “invariant ele-
ments” are of the form wuf", u& U), there exist, for any given integer N,
elements ;& U (1 <4< N) such that fru,u;=0 when ¢#j, Yu;=fm (so that
Vu;=fr=e), and (G—1)/N)[uif"] < [uix] <G/N)[ugf"]. From 5.10 it fol-
lows that the elements u; are actually disjoint. Choose #;<u,x with [¢;]
=(({—1)/N) [uifm], and write z;=ux—t; and z= Vz;. Thus x= Vt;\/z, where
the elements ¢#; and z are disjoint, and (from 12.5(5)) [z] < (1/N) [f=].

Since y~x, we can (6.2) write y= Yt/ \/z’, where the elements ¢/ and z’
are disjoint, ¢/ ~t;, and z’'~z.

Now u;f" is invariant relative to f~; hence (18.6) .M"‘{\I/,,.(u,-f'")} is the
characteristic function of the open-closed subset of .S which “corresponds” to
ufm. Here u;f™ was replaced by u;f"=wu; in the isomorphism between U
and U (= U(e'’)); thus we have M”'{xpm(u,f'”)} =1 for sCuX 0for s€S—u*.
Since ¢, is an isomorphism, the relation [t;]=((t—1)/N)[u;f"] gives
M"{tp(ti) } =(t—1)/Nfors€u¥* 0 for s€S—u¥. Similarly we have M’ {tﬁ(z) }
<1/N for all s.

Again, we have fm~f" and therefore (6.6) wufm~u;f*. Thus [¢!]
=((i—1)/N) [u:f*], so by the same reasoning as before (applied to the iso-
morphism ¥,) we have M”{l[/(t{)} =(@—1)/N for s€u¥* 0 for sES—up,
and M”{y(z")} <1/N.

Thus from the additivity of M'’, we have lM”{t,&(x)}—M”{\,b(y)}
=<1/N; and since N here was arbitrary, it follows that M"{tﬁ(x)
=M"{¥(»)}.

19.3. If M""{Y(x)} =M""{Y(y)}, then x~y.

This follows by the same argument as in 18.5. The desired isomorphic
imbedding of (E(e’’), ~) is thus established.

19.4. It is now easy to extend the imbedding to one of all of E. For con-
venience of exposition, we assume that none of the elements e°, ¢/, e’ (cf.
9.6, 10.2) is zero; the modifications needed otherwise are obvious. We have
from 9.7 an isomorphism 8 of E(e°) on a principal ideal in K ® U(e®), and from
§18 an isomorphism ¢ of E(e’) on a principal ideal in J'® U(e’). We have just
constructed an isomorphism ¢ of E(e’’) on a principal ideal in J"’'® U(e’’).
Further, the elements e°, e’, ¢’’ are disjoint and invariant, and e°\/e'\Ve' =e.

Now form the usual direct sum J=J'@®J" of the numerical measure
algebras J’, J'’; thus J consists of the pairs (x/, x’’) (x'E€J’, x"'&J"’), with
measure u given by u(x’, x’")=u’(x’)4+u''(x"’), u’ and u’’ being the measures
in J' and J''. As a non-atomic algebra of at most countably infinite measure,
J satisfies our postulates. Let € denote the free direct sum (cf. 3.1(d)) of the

|
;
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direct products K® U(e°) and J® U(—e°). To x&EE we make correspond the
pair (8(xe®), ¢(xe’)\/¢(xe'")) in €. (The products J'® U(e’) and J'' @ U(e'’)
are regarded as imbedded in J® U(e’Ve'’) in the obvious way.) This evi-
dently produces an algebraic isomorphism between E and the principal ideal
of the element (0(e°), ¢(e’)\V¢¥(e'")) in E. Further, if x~y, then (since e, e’
and e’/ are invariant) 6.6 gives xe’~ye°, xe’~ye’ and xe’’~ye'’, so that the
corresponding elements of € are equivalent in €. Conversely, if x, yEE cor-
respond to equivalent elements in €, we have xe°~ye® and also M {¢(xe’ )}
+M{t//(xe”) } = ]v[{qs(ye’) } +M{¢(ye") }, M denoting the measure function
in J@ U(—e°). But ]lf{d)(xe') } is a function on the representation space S of
U(—e°) which vanishes outside the open-closed subset e’* corresponding to
e’. Similarly ]ll{tﬁ(xe”)} vanishes outside e’’*. Since e’*Me’’*=0, and
e*Ue'*=S, we obtain M'{p(xe’)} =M {p(ye’)} and M''{Y(xe’)}
=M"{Y(ye’")}, so that xe'~ye’ and xe'’~ye'’. Hence, finally, x~7y, and
the main theorem of this paper is proved: (E, ~) ¢s ssomorphic to a principal
ideal in the free direct sum of KQ U(e®) and J® U(—e°), each of the two sum-
mands being the direct product of a numerical measure algebra with a trivial ab-
stract measure algebra.

19.5. The above argument would evidently also prove that (E, ~) is
isomorphic to a principal ideal in the single direct product (K@ J)® U. This
way of stating the theorem has the drawback that the numerical measure
algebra K @ J will in general not satisfy postulate II (for K has atoms of meas-
ure 1, and J has in general non-atomic elements of the same measure), so
that (K®J)® U will in general not satisfy our postulates. However, it is
immediate from this alternative formulation of the theorem that (E, ~) s
naturally isomorphic to an abstract measure alegbra (E, M) in which the values
of the abstract measure M are equivalence classes of numerical functions (more
precisely, non-negative real-valued continuous functions on the representation
space of U, modulo funciions which vanish outside a set of first category), M
being countably additive in the obvious sense. Incidentally this proves that any
equivalence relation satisfying our postulates (2.1) is induced by a “reason-
able” countably additive abstract measure A.

20. Corollaries and applications.

20.1. In this section we mention briefly some deductions from the preced-
ing general theory. There is, of course, an application to the theory of ab-
stract-valued integration, which will be treated in a subsequent paper. Of
the deductions to be considered here, the decomposition theorem given in
20.4(2) below is probably the most significant. ‘

20.2. Some special cases.

(1) Consider the elements a, given by 11.7; thus they are disjoint, Va,=e¢’
(10.2), and g, is homogeneous of infinite order m, over U. We observe that
the arguments of §§14-17 apply to a, as well as to e,. Thus each principal ideal
(E(aw), ~) is isomorphic to the direct product I™® U(a,).
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(2) In particular, if all nonzero elements of E are decomposable and
bounded (that is, if e=e’), and if E is separable over U (that is, if e is of order
=Ny, and thus of order exactly Ry, over U), (E, ~) is isomorphic to I'® U—
giving a characterization of the direct product of I* with a “trivial” algebra.

20.3. The numerical case.

(1) Characterizations. It is easy to derive characterizations of numerical
measure algebras (satisfying our postulates—notably II; cf. 2.2). From the
remark in footnote 6, it is enough to restrict attention to the case in which E
is non-atomic. We then have the theorem:

If E is a non-atomic algebra, a necessary and sufficient condition that (E, ~)
be isomorphic to a numerical measure algebra is that (E, ~) satisfies the postu-
lates of 2.1 and has o and e for its only invariant elements.

An immediate consequence of this is (cf. [10, p. 423]):

If E is non-atomic, (E, ~) (satisfying the postulates of 2.1) is isomorphic
to a numerical measure algebra if and only if, for every x, yEE, either [x] < [v]
or [y] = [x].

(2) Decomposition into homogeneous parts. From 20.2(1) we have at once
the theorem (cf. [11]):

A non-atomic numerical measure algebra (E, p) (with o-finite measure, of
course) s the direct sum of a countable number (at most) of homogeneous meas-
ure algebras (E(ax.), p); and (E(a.), p) is tsomorphic to I"» (and thus isometric
with I™s, to within a multiplicative nonzero constant).

20.4. Groups of measure-preserving automorphisms.

(1) Equivalence with respect to ®. Let E be a given algebra (satisfying the
countable chain condition), and let a group ® of automorphisms ¢ of E be
given. Write x~gy to mean that there exist sequences {x,}, {¥.}, each dis-
joint, in E, and automorphisms ¢,E®, such that x=Vx,, y=Vy, and
Vo =Pn(%n).

One readily sees that ~¢ is an equivalence relation, and that (E, ~g)
satisfies all the postulates (2.1) except, in general, II1. Postulate IIT will also
be satisfied in at least one important case (cf. 20.4(2)).

It is easy to see that # €E is tnvariant in (E, ~g) if and only if ¢(u) Zu
for every ¢ EP—that is, # is “invariant under ®” in the usual sense.

(2) Decomposition with respect to P.

THEOREM. Let (E, m) be a numerical measure algebra in which m is an
arbitrary reduced o-finite numerical measure (¢f. 2.2; postulate 11 need not be
satisfied) ; and let ® be a given group of measure-preserving automorphisms of E.
Then there exist disjoint nonzero elements ¢, EE, each tnvariant under ®, and
sub-algebras A,, B, of E(c.) and reduced o-finite numerical measures p. on
An, v, on B, such that:

(i) Ve.=e.

(ii) B. consists of exactly those elements of E(c,) which are tnvariant under ®.

(iii) If x, yEAn, pa(x) =pa(y) if and only if x~sy (in E).
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(iv) (Aax, pa) is tsometric Lo one of the following:

(@) I™s (for some cardinal m,; cf. 3.1(a)),

(b) the direct sum of No copies of I™s,

(c) the algebra generated by a finite number of atoms each of measure 1,

(d) K (¢f. 3.1(a)),
and no two of the measure algebras (A ,, p.) are isomorphic.

(v) (E(cn), m) is the “direct product” of (An, wn) and (Ba, v,.); that is,
E(c,) =c.B(4,\IB,) and, whenever xE A, and 2EB,, m(xz) =u.(x)v.(2) (with
the convention 0- © =0= o -0).

REMARKS. Before sketching the proof, we note the following consequences:

(a) For any x, yEA4, we have [un(x) =pa(y) ] [x~ay]—[m(x) =m(y)].
Hence, if for some # the measure m is o-finite on 4, (that is, ¢, = Vx; where
m(xr) < and x,E4,), it follows that u, is then a nonzero finite constant
multiple of m. If further m(c,) < «, the product formula shows that u, and
v, are both nonzero finite constant multiples of m. In particular, this is the
case if m(e) < .

(b) On applying this theorem to the algebra of measurable sets modulo
null sets of a separable measure space, one can derive sharpened forms of
theorems of von Neumann [13 p. 617] and Halmos [7, Theorem 2](%), the
direct sum decompositions there given being replaced (roughly speaking) by
representations as direct products of measure spaces. It is hoped that details
may appear elsewhere.

Proof of theorem. In the present case, (E, ~g) can easily be seen to
satisfy postulate III, so the preceding theory applies to it. We suppose for
simplicity that e=e’ (cf. 10.2). Then (11.7, with a slight change in notation)
e=Vc,, where the elements ¢, are disjoint, nonzero, and homogeneous over
U. It is easily seen that each ¢, is now invariant. Further, in view of 20.2(1),
(E(c,), ~¢) is isomorphic to the direct product 4, ® B,, where B, = U(c,) and
A, = (A4, un) is a sub-algebra of (E(c.), ~&) which is also a numerical measure
algebra (isometric to I™). We define the measure v, on B,, in the present
case, to coincide with 72, which can easily be seen to be o-finite on B,. Thus
we need only verify that m (x2) = u,(x)m(2) for x EA4,, 2EB,, and it will suffice
to establish this in the special case u,(x) =1/, k a positive integer. But then
there exist £ disjoint elements x;, %3, - * +, %% in 4, such that x;=x, Vx;=c,,
and u.(x;) =1/k. Hence x;~4gx, so that (z being invariant) x;2~gx2, and there-
fore m(x:2) =m(xz). Thus m(xz) =m(x)/k, completing the proof.

The ideal E(e’’) (10.2) is disposed of similarly, using 10.6; here the meas-
ure algebras (4., un) Will be of the type described in (iv b) of the theorem.
Finally E(e°) (9.6) provides the measure algebras of types (iv ¢) and (iv d).

(3) The Banach-Tarski theorem. Apply the preceding theorem taking

(22) In view of the fact that in [7] and [13] we have the separable case, in which the alge-
bras 4,, Bs can always be realised as sub-fields of the given field of measurable sets.
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(E, m) to be the algebra of (Lebesgue) measurable sets modulo null sets in
Euclidean space, and ® to be the group of all rigid motions (or even of all
translations). The only invariant elements are o and e, and the algebra E is
separable. Hence we here have ¢;=e and E=A4,. Property (iii) of the theorem
(see remark (a)) then gives: m(x) =m(y) ¢f and only if x~gy (m denoting
Lebesgue measure)—a well known theorem of Banach and Tarski [1, p. 277].

One can go on to obtain such generalizations as the following: For any
measurable subset X of the plane, and any real number a, let mx(a) denote
the (linear) measure of the intersection of X with the line x=a. Then if
mx(x) =my(x) for almost all x, we can write X=2ZUUX,, Y=TUUY,,
where Z and T are of (plane) measure zero, each of the sequences {X.,},
{ Yn} is disjoint, the sets X, and Y, are all measurable, and where for each
n the sets X,, Y, correspond under some translation parallel to the y-axis.
(For let E be the algebra of plane measurable sets modulo null sets, and let
® be the group of translations parallel to the y-axis; it is not hard to see that
the abstract measure function M{X}, in the representation of (E, ~¢)
given by the theorem of 19.5, is in effect simply the function mx(x).)
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