A GENERALIZATION OF MEYER’S THEOREM®

BY
IRVING REINER

1. Introduction. This paper is concerned with a generalization of the fol-
lowing theorem:

Every properly primitive binary quadratic form represents infinitely many
primes in any preassigned arithmetic progression Mx+ N consistent with the
generic character of the form, where M and N are relatively prime.

Dirichlet [1](?) conjectured this result in 1840, and sketched a method of
proof. Weber [4] gave a complete proof for the special case where the words
“in any preassigned arithmetic progression - - - ” are omitted, and the
theorem as stated was finally proved by Meyer [3] in 1888.

The generalization consists of replacing the set of classes of properly
primitive binary quadratic forms of given determinant D, which forms a
group under composition, by an abelian group H whose elements we denote
by 6. A correspondence is assumed between H and the set G of numbers m >0
which are prime to M and of which D is a quadratic residue. In §§2 and 3, the
structures of G and H are examined, and in each case a basis is set up from
which all elements may be generated. §4 then gives the specific details of the
correspondence between G and H; these details parallel results about the rep-
resentation of numbers by quadratic forms. Conclusions are then drawn from
the correspondence which connects certain of the characters mod M set up in
§2 with the group characters constructed in §3.

In §5, the basic Dirichlet series is first defined as

Lix, 159 = 25 25 an(@)x(8)7(mym™,
0;in H min G
where 7(m) is a character mod M, x(6:) a group character, a..(0;) is determined
by the correspondence, and where the double summation extends over all
elements of G and H. A few of its properties are discussed here, and in §6
sufficient conditions are found for the identity of two such series.

The series are then divided into three different types in §7. Those of the
first type become infinite as s—1+, while those of the second and third types
are finite and different from 0 for s=1. The proof of the latter part of this
statement is rather involved, and is given in §§7 and 8 after some additional
conditions are imposed, without which the theorem fails to be true.

Presented to the Society, September 3, 1947; received by the editors August 6, 1947.

(*) The material of this paper comes from a thesis written under the direction of Professor
Burton W. Jones.

(2) Numbers in brackets refer to the bibliography at the end of the paper.
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In §9, the theorem is finally stated and its proof is completed. §10 is con-
cerned with the additional conditions referred to in the preceding para-
graph, and is devoted to proving a sufficient condition under which they hold.
After a brief discussion of Meyer’s results in §11, we conclude with an example
showing that the new theorem is more general than the original theorem.

We shall use the following notation:

(a, b) denotes the greatest common divisor of ¢ and b.

(a/b) denotes the Jacobi symbol (3).

¢(n) is the Euler ¢-function.

a|b means a divides b.

a{b means a does not divide b.

2. The set G and characters mod M. Let G be a set of positive integers
which is closed under multiplication, with a basis consisting of the set of all
primes f satisfying

@) (f, M)=1, where M=2¢]];., p? and the p; are distinct odd primes
and where s> 3.

(b) (D/f) =41, where D=27]]t., p5 with k<7, ¢<s and B;<a; for

i=1,---, k. Let g; be a primitive root mod p? for i=1, - - -, r; then, for
every m in G, there exist integers «, 8,1, - - - , - which are unique mod 2, 252,
(P, - - -, d(pr) respectively, such that
M m=(=D%med2), m=g@mod ) G=1,---,1.
Letd, 9, p1, + + -, pr be defined by
8—2 (P?l)

@ =1, 2 =1 s =1 (=17,
and set

! @B yy i
(3) @ n; 01,0, prym) =7(m) =3 ]]pi.

. i=1

We shall call the number-theoretic function 7(m) a character mod M. Two
characters 7 and 7’ are said to be the same only if their corresponding ¢, 7,
p1, + * +, p,'s are the same. It may well happen that 7(m) =7"(m) for all m in
G without 7 and 7/ being the same character. The set of values which 7(m)
assumes for a fixed m as 7 varies over the complete set of distinct characters
is called the total character of m. Two numbers have the same total character
if and only if they are congruent mod M. In virtue of (2), the number of
distinct characters is

2.2 I_I1 #(p:") = ¢(M).

We define the principal character 7 to be (1, 1; 1, - - -, 1; m). By an
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ambiguous character v, we shall mean v(+1, +1; +1, - - ., +1; m), where
any combination of signs is permitted. All other characters are imaginary.
The complex conjugate of (&, 7; p1, * + - , pr; m) is clearly 7(3~2, 9~ ; 07, « - -,
o7t m).

3. The group H and group characters. Let H be a multiplicative abelian
group with generators 0y, - - -, 0,; let n; be the degree of 6;, that is, the small-
est positive exponent r for which 6; is the identity element 6y. Every 6 in H
can then be written as

) 6 =116,
=1
where s; is uniquely determined mod #; (¢=1, + - -, »). The number of ele-
ments in H is b= ]]}-, n:. Let X be defined by
(5) %y, -+, Mr—1 areeven, m, ---,n, areodd.
Define w; by
(6) w:“.=1 (i=1"°’y")’
and define
(7) x(wly c ot , Wy 0) = X(o) = w'ii-

1=1

Similar definitions hold for the x(f) as held for the 7(m) above. The
number of ambiguous characters x, is then 2*-1,

DEFINITION. An element 0 in H is ambiguous if 2=0,. The number of
ambiguous elements is then 2*1, and these are representable as

o nif2, €5
(8) IIl(oi )

where each ¢; may be 0 or 1.
DEFINITION. A genus is the aggregate of all elements

M seites oy 0
9 ITe: ™ 11 6;

§=1 =\
obtained by letting s1, « + -+, $x—1, S, * * +, S, range over complete residue
systems mod #1/2, - - -, ma_1/2, m\, - - -, n, respectively, where €, + + -, ex11

are all fixed and are 0 or 1. The number of genera is seen to be 21,

4. The correspondence between G and H. We assume that there is a
correspondence between G and H such that

(a) Every element of G corresponds to at least one element of H, and
conversely.
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(b) If m in G corresponds to 6 in H, then 8 corresponds to m, and con-
versely.

(c) If my, me in G correspond to 6., 6; in H, then mm. corresponds to
6.0,

(d) If my, main G correspond to 64, 02 in H, and if me=n?m; (mod D) for
some integer 7, then for all xa4, Xa(01) =Xa(02).

(e) If 6,,0:in H correspond to mi, mqin G, and if for all xa, Xa(01) =x4(02),
then there exists an integer # for which me=n%n, (mod D).

(f) For every prime f in G, there exist two elements 6; and 6;' in H,
whose product is 6, to which f corresponds. (The possibility §;=6;" is not
excluded; indeed, this relation will hold for any ambiguous 6;.)

It is clear that the total ambiguous character of m depends only on the
quadratic character of m (mod M), where by the total ambiguous character
of m we mean the set of values which 7,(m) assumes as we keep m fixed and
let 7, range over all ambiguous characters. Among these 7,, there will be some
whose value depends only on the quadratic character of m (mod D); call the
set of these characters 2. By the 2Z-character of m we shall mean the set of
values of 7,(m), where m is kept fixed and 7, ranges over all characters in 2.

If we denote by x; that ambiguous character obtained by setting w;= —1
and w;=1 if j>£1¢, then these x; (for 4=1, - - - , A—1) are A—1 independent
characters in the sense that x1(8), « - -, xa—1(f) may be any sequence of +1's
and —1’s (depending, of course, on the choice of 8), and indeed every such
sequence can be obtained by choosing 6 of the proper genus. In fact, if the
€'s are as in (9), the sequence xi(0), - - -, xa—1(8) is simply (—1)9, - - -,
(—1)a-1, Thus, to specify the values of these A—1 characters is equivalent
to fixing a unique genus. This in turn means that the quadratic character of
m (mod D) is determined, where m corresponds to some 6 of the genus. Con-
versely, if we specify the values of

(10) (—1/m) and/or (2/m), or (—2/m), and (m/p;) (z=1,---,%k),

where the p;are given in §2, (b), then the quadratic character of m (mod D) is
uniquely determined, and so are the x,(6), where 6 corresponds to m. Here,
the characters in (10) other than the (m/p:) are to be chosen according to
the following scheme:

D = 3 (mod 4):(—1/m),
D = 2 (mod 8):(2/m),
(11) D = 6 (mod 8):(—2/m),
D = 4 (mod 8):(—1/m),
D =0 (mod 8):(—1/m) and (2/m).

(We assume hereafter that D#1 (mod 4), and that D is not a perfect square.)
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Suppose that there are \; symbols in (10); since there is exactly one rela-
tion connecting them, namely (D/m) = +1, it follows that \;—1 of them are
independent. In virtue of the relation between the symbols (10) and the A—1
(multiplicatively) independent characters xi, - - -, xa—1 defined above, it fol-
lows that \;—1=A—1, or \;=A\.

We further observe that each of the symbols (10) is an ambiguous char-
acter mod M; their 2*! products are clearly then the same as the subset Z.
However, even more significant is the fact that these A—1 independent sym-
bols (10) are functions of the element 8 to which 7 corresponds (in virtue of
condition (e) in this section), and hence are also ambiguous characters x,. The
221 products of these symbols must therefore be the same as the set of am-
biguous characters x,. Thus, every x,(0) may be written as

(12) Xal6) = BCmDI2. =018 (m/Qu),

where m corresponds to 8, 6= 11, e==+1, and Q, is an odd divisor of D. By
the quadratic reciprocity law, this can be written as

(13) xa(6) = (Q/m),

where Q is a squarefree divisor of D, where m corresponds to 8, and where Q
is even only if D is even; Q may, however, be negative. In any case, Q is de-
termined by x, and does not depend on 6.

We may similarly write

(14) ra(m) = SmDILp(WDIS. (1) P),

where P; is the product of all those odd primes p; which divide M, for which
p;=—1. As above, we then have

(15) 7o(m) = (P/m),

where P is a squarefree divisor of M, and where P is determined by the char-
acter 7, and does not depend on m.
5. L-series. We define

L9 = IT {1+ [x®) + x@D1r(Hf~"

(16) f/in @
+ [x@) + x@O I+ -}
1 — o(f2)f-2

17 = .
an sme [1—x62r (D111 — x(6) (]

Then if we set

(18) K=1II [t - ~(/f>]

fin @

we may write
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I ! .
rine [1—=x@)r(NfF11 — xE7)r(f]

(19 L=K

From (16) we have

(20) L= 2, 2 an(0)x()r(mym=,

0iinH min G
where a(0:) is the number of products J]sm, so+1ym (65%) which are the same
as 0;. Clearly

(21) 2 am(8) = 27(m,

0¢ in H

where »(m) is the number of distinct prime factors of m. From (19) we obtain

22) gl = 3 [x@) + x6)1()

K tine m rfre

for a properly chosen value of log L/K. All of the results stated so far hold for
s>1.

6. Identity of L-series. We shall write L(x’, 7’; s)=L(x"’, 7"’; s), and call
the two L-series identical, if corresponding terms m—* in (20) have equal
coefficients, that is, if

(23) X' (0)7'(m) = x"(6)7"'(m)
for all m and their corresponding 6’s. Define x and 7 by
(24) x" = xx, =77,
Then (23) holds if and only if for all m and their corresponding 's,
(25) x(0)7(m) = 1.
In virtue of (3) and (7), (25) may be written as
(26) ' Tuio IIel = 1,
=1 =1

where the correspondence between the s; and «, 8 and the ¥; is determined
by the correspondence between 7 and 6.
Let 8=0,. Then for all m corresponding to 6,

(27) o [L ot =

=1

But for all primes f, conditions (c) and (f) of §4 imply that f2 corresponds to
0s-0; ' =0,. Hence, if we choose one of the indices &, 8, v1, * * *, ¥r, say I,
then we can find an m corresponding to 6, all of whose indices are 0, except for
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I which has the value 2. Therefore
=1 =1 pi=1 (i=1,---,7, orr=ra
Next, set 0=07 (¢=1, - - -, v). If 0; corresponds to m, then 67 corresponds
to m?, and all indices of 7 can be made even. Therefore w?=1fori=1, - - -,»,
or X =%Xa. (23) thus holds if and only if

(28) (@/m)(P/m) = 1 for all m in G,

where P and Q are given by (15) and (13) respectively. Since m may be any
integer prime to M for which (D/m)=+1, (28) implies either

(292) P=0Q
or
(29b) - P = ((QD)),

where ((x)) denotes the product of all prime divisors of x which occur to an
odd exponent in the factorization of x.

Thus, we may choose for x(6) any ambiguous x,, and then use either (29a)
or (29b) to determine a character 7, which satisfies (25); in other words, if we
start with a fixed L(x’, 7’; s), there will be 2* series identical with it:
L(xax’, Ta7’; 5), where x, and 7, are any two ambiguous characters satisfying
either (29a) or (29b). Thus the k-¢(M) series L(x, 7; s) fall into sets of 2*
identical ones.

Nonidentical series may (and, as we shall show, sometimes do) have the
same value. However, exactly 2* series have the value

(30) Li = Li(xo, 70;8) = 2, 2 an(@)m— = D, 2°(mm—s,

6;in H min G m in G

since if L(x, 7; s) =Li1, we would have x(6)7(m) =1 for all m and their cor-
responding @’s, and the previous discussion shows that this has exactly 2*
solutions. :

7. L-series of the first and second kinds. We divide the L(x, 7) into three
kinds:

First kind (L,): any L series identical with L(x, 7o);

Second kind (Lg): any L(xa, 7s) not identical with L(xo, 7o);

Third kind (L3): all other L series.

No Lz=L.; for Lo(x’, ')=Ls(x’’, 7'’) would imply that x’/x’’ and 7’'/7"
would both be ambiguous, whence so would both x’’/ and 7'/, and this is im-
possible.

We next show that lim,.i+ (s—1)Li(s) exists and is not 0. We have

Ly= D 27tmype,
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where )_,, extends over all m >0 for which (m, M) =1 and (D/m)=1. Set

My = > 2,
m>0,(m,2D)=1,(D/m)=1

Then
Mi=L- ]I [14+2f 42724 -]

fIM,f12D,(D/f)=1

It therefore suffices to show that lim,.1; (s—1)M,; exists and is not 0. This,
however, follows from Dirichlet [2; paragraphs 89 and 96]. Thus

(31) lim (s — 1)Ly(s) = 4 = 0.
s+

Next, we have

(2) Li= 2 X an)(Q/m)(P/mym = 3 2™ (PQ/m)ym,

8sin H min G min @

where P and Q are given by (15) and (13) respectively, and neither (29a) nor
(29b) holds. We shall prove that L(s) exists and is not 0 for s=1, by use of
the result of Dirichlet [2; paragraph 101] that Y . (.2p=1 (D/n)n—* exists
and is not 0 for s=1, provided that D is not a perfect square.

Now, from (32) we obtain

Lo LT
fime 1 — (PQ/)f
R R
rime 1— (POMYDf
where in each case [];in ¢ extends over all positive primes f such that

fIM and (D/f) =1. Set PQM?=D- Dy; then D; is not a square because neither
(29a) nor (29b) holds. Then

(33)

1+ DDA I 1+ (DDy/p)p~ ,
f.¢.2pDp=1,in=1 1 — (DDy/f)f~* » 1—(Di/p)p

where ][], extends over all primes >0 such that p12DD,. Therefore

1 1
Lg:l}(l_" ) I,,I 1— (DDy/p)p 5 1— (Ds/p)p"

Y (DDy/myn—*- 3 (Dy/m)n—*

Lz=

(34)

b

Z n—23
n

where in each case En extends over all postive # for which (z, 2DD;) =1.
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The denominator of the right-hand side of (34) is positive for s>1/2; the
first factor in the numerator of the right-hand side of (34), by Dirichlet’s
theorem quoted above, is finite and not 0 for s=1. We need only prove the
same for the second factor >_.(Di/n)n~*. Now clearly

(35) T (Dy/ng)(ng)~* = T (Du/w) ('),

where g ranges over all divisors of D which are prime to 2D, and »’ ranges
over all numbers prime to 2D;. However, the left-hand side of (35) is

2 (Dy/myn=*- 3 (Di/g)q,

the second factor of which is merely

1
1 D 8 D 2 28 [N = —_——
ITI[ + (Do/r)r= + (D1/rH)r~? + ] I:Il——(Dl/r)r-‘
where ][], ranges over all primes >0 for which rl D and 7{2D,. Therefore
(36) 2 @y/mym = I [t = (Dy/r)r]- 22 (Dy/n))(w))~.

n r n’

Since both factors on the right exist and are not 0 for s=1, the same is true
for the left-hand side. This completes the proof that Ls(1) exists and is not 0.

8. L-series of the third kind. To prove a similar result for Lj(s), we begin
by summing (22) over all ¢(M) characters 7, and use the result

S (a) = {¢(M) if ¢ =1 (mod M),

37
(37) 0 otherwise.

(We sketch a proof of this result:

If a=1 (mod M), the result is clear; if a1 (mod M), then there exists
a character 7’ for which 7/(a) #1. But as 7 ranges over all characters, so does
7r’. Hence Y .(a) =D .77'(a) =7'(a) - 2_,7(a), whence »_,7(a) =0.) We then
obtain

s0{ T x0) + X0
(38) f.f=1(mod M)

1 2 —2 o —2s L
+— T 6+ xS +--~}=Zlogf-

2 7, 2=1(mod M)

Now, from (18) it is clear that K= K(r; s) exists and is not 0 for s>1/2, and
is indeed continuous in that range. If 7=7,, K is real and positive; if tis
imaginary, K may also be imaginary. However, if z denotes the complex
conjugate of z, we have K(7; s)=K(r; s). Similarly L(x, 7; s)=L(x, 7; )-
The terms on the right-hand side of (38) may thus be grouped in pairs of
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conjugates

LL

KK

(0} + lo (o]

Suppose now that x =x.. If f=1 (mod M), then 0, is in the same genus as
0o, whence xq(65") =1. (38) then becomes

(39) 2¢<M){ S e S e } - S log =

£.0=1(mod M) 2 f.r=1mod M) v K
Since for each x there are two characters 7 for which two L series are identical,
and in particular for each x, there are two 7, for which L = L,, it follows that
on the right-hand side of (39) each L occurs in two terms corresponding to the
same x but having two different 7’s. Keeping only one of these in each case,
we have

L

(40) s00{ T et} Tl

f.f=1(mod M) - K

Suppose now that we know that Li(s) and Ls(s) are finite and continu-
ous for s=1, with finite and continuous derivatives for s=1. If we set

(41) L(s) = fus) + ife(s),
where fi(s) and fa(s) are real functions of s, we have for L; and Ls

L(s) = L(1) + (s = D[A'@ls — 1)) + if/@els — 1)],

(42)
0<th <1,0<8, <1,

where fi(s) and f! (s) (¢=1, 2), are continuous for s=1.
We may deduce from this that L;(1) 0. If this is not the case, (42) im-
plies

(43) Ly(s)-Ls(s) = O((s — 1)) ass— 1 +.

We assume to begin with that Ls(xs, 7; 1) =0, where x4 is some particular
ambiguous character. On the right side of (40) there occurs a corresponding
term log (s—1), so that as s—1* the right side cannot become positively un-
bounded. By Dirichlet [2; paragraph 137], however, the left side of (40) be-
comes positively infinite as s—1+. Therefore L3(xa, 7; 1) #0.

Next, suppose that Ls(x, 7; 1) =0 for some imaginary x. Summing (38)
over all characters x and using the result

.
(44) > x0) = {" Ho=5

0 otherwise,

we obtain
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woon{ X prao B pmged
7.F=1(mod M) ,f<>0, 2 5. =1(med M), 20,

(45)
= 10 —
Z gK

where f<—0, means that f corresponds to 8y, and so on. On the right-hand side
of (45),log L occurs exactly 2* times. However, for each Ls(x, 7; 1) which is 0
there are 2* such L3(xXa, 774) (including the original L;(x, 7)), where x, and
7, are related by (29a) or (29b). Now Li(x, 7) =0 implies Ls(x, 7) =0; if this
Ls(X, 7) is not included in the above 2* L;’s, there are at least 2241 terms on
the right-hand side of (45) each of which contributes the term log (s —1); this
is enough to counterbalance the contribution of —2* log (s —1) from the 2* log L,
terms. As a result, the right-hand side of (45) becomes negatively infinite
as s—14, while the left-hand side of (45) is non-negative. We thus have a
contradiction in this case.

On the other hand, suppose that L;(x, 7) is included in the 2* Ly's previ-
ously mentioned; then for some x, we have X =xx., whence x*=x2=1 for all
0. We shall now show that in this case there is another L; which is 0 and
which is not included in any of the previous 2* Ly’s. This will then establish
the result that Ls(x, 7; 1) 0.

Since x*(@) =1 for all 8, and since x is imaginary, at least one of the roots

wy, * * +, w1 must be +¢, and also wx= : - -+ =w,=14. Suppose then that
w1, *, WR areall 4+ (R=1),
WRt1, * ¢+ ,wa—1 areall +1,
Why v, Wy areall 1.

This implies that #n,, - - -, ng are all multiples of 4. In the series L(x, 7),
the sum of those terms for which x(6;) = +¢ has the value 0, since the terms
occur pairwise with opposite signs corresponding to inverse elements 8; and
6;7" [using the fact that a,.(0;) =an(8; ") ]. Next, consider the remaining terms,

that is, those for which x(8) = 1. Since x(0)= (%) - - - (L1)r(L1)%n
c - (£1)n-1=11,wehave 2| (si+ - - - +sg). Let (P"’/m) be that ambigu-
ous character x, obtained by lettmg w= -+ =wgp=—1, wpp= -

=w,=1. Then for all those 6’s for which x() = +1 we have (P"/m)—l
where 0 corresponds to m, and where P’/ is neither ((D)) nor 1. Hence L(x, 7)
has the same value as L(xxd, 7), which is not one of the 2* series L(XXa, 77a)
mentioned above, since if it were Xo=Xa4, Ta=To, and then neither (29a) nor
(29b) could hold. This completes the proof that Ls(x, 7; 1) #0.

9. Completion of proof and statement of theorem. In the proof that
neither L(1) nor L3(1) is 0, we needed the fact that Ly(s), Ls (s), Ls(s) and
L (s) are all finite and continuous for s=1. We shall postpone the discussion
of this to §10, and for the present follow the main line of the argument.
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Let (N, M)=1. Multiplying (22) by 7~}(N) and summing over all char-
acters 7 gives (from (37))

¢(M>{ Y @)+ x@OI

f,f= N (mod M)

1 2 —2 . —2 -1 L
oY @)+ @) +-~}=Zr (W) log -

2 s.2=NmodM)

(46)

If we now multiply (46) by x(8,) and sum over x, we obtain

1
a{ T e D gy
.55 N (mod M), f¢>0; 2 f,/2= N (mod M), /2>6;

(47) T
= 20 2 x0T () log

where e=2 or 1 according as 6; is ambiguous or not. On the right-hand side
of (47), the term log L, occurs exactly 2* times, namely twice for each

(48) xa(6) = (Q/m), m >0,
in combination with 7, given by
(49) Ta(m) = (Q/m) or to(m) = (QD/m),

as can be seen from (29a) and (29b). The coefficient of log L, on the right-
hand side of (47) is therefore

(50) 2 Xa(0)7a(N),
since 7, '(N) =7.(N), and this in turn is
(51) g ©/m)[@/N) + (@D/N)], mi 0,

and this is equal to

(52) (1 + (D/N)] % (Q/Nmj),

where Y ¢ is such as to make (Q/Nm;) range over all ambiguous characters
74 in Z. This sum will be 0 except when N and m; have the same 2-character,
in which case it will be positive. Thus, the right-hand side of (47) becomes
positively infinite as s—1- when the correspondent of N is in the genus of
0;. This leads to the theorem:

If N is prime to M and corresponds to an element of the same genus as 6;,
then there are infinitely may primes f which correspond to 8; for which f=N
(mod M), provided that conditions (a)—(f) of §4 hold, and that Li(s) and L! (s)
(t=2, 3) (see §7) are continuous for s=1.

We shall discuss this latter condition in the next section.
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" 10. Sufficiency conditions. We shall now prove that Li(s) and L/(s)
(¢=2, 3) are finite and continuous for s =1, provided that our correspondence
established in §4 satisfies certain conditions. If we define
(s3) R(mo, 055) = 2 an(®)m,

m,m= mg(mod M)
we see that R(mo, §) =0 unless m, corresponds to an element in the genus of 6.
Furthermore, by use of (20), we obtain
(54) L(x, 7) = 2 (mao) 2 x(6:) R(mo, 8:),
mgy 05
where D ., ranges over a reduced residue system mod M and D, ranges
over all elements of H. We now impose the conditions:

(A) R(my, 05 5) = A1/(s — 1) + Bi(my, 0;; s),

if mo corresponds to any element in the genus of ;, where 4, is a constant
(#0) independent of m, and 0;, and Bi(m,, §;; s) is continuous for s=1.

(B) R'(mo, 055 5) = As/(s — 1)* 4 Ba(mo, 05; 5),

if m, corresponds to any element in the genus of 6;, where A4, is a constant
(##0) independent of m, and 6;, and Bz(m,, 0;; s) is continuous for s=1.

To prove that L;(s) and L{(s) (=2, 3) are finite and continuous for s =1,
in virtue of (54) and (A) and (B) it suffices to show that

(55) P(x,7) = 2. t(mo)x(6:)

mo,04
is 0 provided that 7 and x do not satisfy (25) for all m and their correspond-
ing 0’s. We may write

(56) Poor) = Ex®{ Zetma,
mo

where Y., extends over all m, which correspond to elements in the genus of
0, and then Z,; extends over all . Further, the choice of the reduced residue
system mod M to which the m belong has no effect on the value of P(x, 7)
because two numbers congruent mod M correspond to 8’s of the same genus.

Let f be any prime in G; then, as m, ranges over those elements of a re-
duced residue system mod M which correspond to elements in the genus of 6,
so does f*m,, because fmo=f*m¢ (mod M) holds if and only if mo=md
(mod M), and f*m and m, correspond to elements in the same genus. Hence

(57) Pl ) = % xw){ > f(fzmo)} = ()P 7).

mo

Hence P=0 unless 7(f2) =1 for each f in G; this in turn is true if and only if
T is an ambiguous character. But in virtue of (13) and (15), every ambiguous
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character 7, is also an ambiguous character x,. Hence

(58) P(x, 1) = ; x(6) 2_ xa(6),

where m, corresponds to elements in the same genus as 8. Now it is clear that
the same number of elements in a reduced residue system correspond to each
genus, since if m, corresponds to a genus containing 8, so do all of the num-
bers mn? obtained by letting # range over all numbers prime to M which
give incongruent values of #2, and conversely. The number of m, correspond-
ing to elements in a given genus is thus ¢(M) divided by 2*-1. Call their
quotient ¢g. Then

(59 P(x,7)=¢q ; x(0)xa(6) = q§3 xxa(0)-

Therefore P(x, 7) =0 unless xXxs=2Xo, that is, unless either (29a) or (29b)
holds. This completes the proof that L;(s) and L/ (s) (¢=2, 3) are finite and
continuous for s=1.

11. Meyer’s theorem. A. Meyer [3] proved this theorem for the special
case where H is the set of classes of properly primitive binary quadratic
forms of determinant D, which forms a group under the operation of composi-
tion. In that case, it is known from the theory of quadratic forms that all of
the conditions (a)—(f) of §4 hold, where the 0; are the classes of forms of
determinant D, and m corresponds to those classes § which represent m. The
crucial (and most difficult) part of the proof is to show the correctness of (A)
and (B). Meyer proved this (or results equivalent to this) by using some
theorems of H. Weber [4] who considered the simpler problem of representa-
tion of primes by quadratic forms (without considering the arithmetic pro-
gressions in which they lie). Weber’s results were established by use of
J-function identities; simpler proofs for equivalent results are to be found
(for suitably restricted values of D) in Landau, Neuere Fortschritte der addi-
tiven Zahlentheorie, pp. 87-90.

12. An example. We conclude with an example to show that this theorem
is more general than the original theorem. We shall use the result of Dirichlet
[2; p. 359] that D, f~—(1/¢(M))In(1/(s—1)) is analytic for s>1/2, where
> s extends over all primes f=N (mod M), and where (N, M) =1.

Set D= —20, M= —80. G has a basis consisting of all primes f=1, 3, 7
or 9 (mod 20). Let H be the group {6, 6,} with §2=6,. Since there are four
reduced (nonequivalent) forms of determinant — 20, this means that we are
not working with quadratic forms in this case.

We establish the correspondence

flnyHBO’ fS’f7H01

where f;=j (mod 20). Define
(60) Rl = R(l, 00), Rg = R(g, 00), R3 = R(3, 0), R7 = R(7, 0).
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We shall prove that (A) and (B) hold, simply by proving (A) and showing
that the function Bi(s) is analytic for s>1/2. All other conditions of our
hypothesis are automatically satisfied in this case.

If me0;, then a,(0;) =27, Since we are working here with m (mod 20),
we shall restrict ourselves (in this section) to those characters 7 whose value
does not depend on the exponent 8 in (1), that is, those for which 7 in (2) is 1.
Then we have the following table:

m (mod 20) a ¥
1 0 0
9 0 2
3 1 3
7 1 1

For any character for which 7 =1, we have by setting x =xo in (17)

- e
7(mo) R(my, 0:) = e’
(61) m«z—:m (ma)Riomo, 69 f.(—‘A’I}f)-l 1= (Hf)?
or
L+

(62)  T(1)Ri+ 7(9Rs + 7(3)Rs + (R = ]I —
fozopn=1 1 — 7()f*

We shall choose four characters for 7, thus getting from (62) four equations
from which we may find the R;. Let 7 =70, 71, 73, 73 successively, given by:

J n P
To 1 1 1
T 1 1 -1
T2 1 1 1z
T3 1 1 —1

Let P.= [I,, Q+i%/Q—=F°) (E=1,9, 3, 7). We then obtain from (62):
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Ry 4+ Ry 4 Rs + Ry = P1PyP3P7 = &,
11

R1+R9—R3—R7=P1P9P8P7=£2:

1y 1 — ifs 1+ if7
63) Ri— Ry — iRy + iR; = P,P
(63) 1 9 3 7 lg];}l-i—if{’gl—’tf—

o iy Lt ife o 1=
Rl—-R9+zR3-—zR7=P1P9£I _%_I} 1+if7_,=z4.
Thence
(64) Ri=G+Ea+EBE+E)/4 R=G+6E—6-8)/4
= (b — b+ ik —it)/4, Ri= (5 — & — ik + it) /4
Now

2f;
In P; = In (1+-——;)
=% L—f7

_ 7R A

(65) Z{ 1—f 2<l—f,-“>+ }
+ZH%0+L )=
—+22f] ;0(%

By Dirichlet’s result, it then follows that

(66) lnP,~——l—ln< ! )

s—1

is analytic for s>1/2. Thus & =56/(s—1), where b is analytic for s>1/2; simi-
larly, & itself is analytic for s>1/2. In order to prove (A), it thus suffices to
prove the analyticity of

1—ify’ o 147
n 1+ Tn 1—af”

(67)
for s>1/2. Now

_ _ 2ifs _ _ 2ifs
68) Z = exp {%:ln(l ——l+if§"’) %:ln (1 —1+if7—’)}
=exp {2 fs — 2iY. f1 + remainder},

where the remainder is analytic for s>1/2. The result then follows from
Dirichlet’s result quoted above.
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