A THEORY OF TRANSFINITE CONVERGENCE

BY
L. W. COHEN AND CASPER GOFFMAN

The classical theory of convergence, resting as it does on the properties of
the real numbers, is intimately connected with the notion of denumerability.
As examples of what is meant we recall that a sequence is a function defined
on a denumerable set and that category is a property relative to a sequence of
sets each having a certain topological property. An early abstract formula-
tion of this fact was made by Hausdorff in his two denumerability axioms.
The general problem of extending the methods of analysis beyond this
cardinal number restriction has been studied on the topological side in terms
of the concept of uniform space [1, 2](!) and on the algebraic side in terms
of non-archimedean number fields [3, 4, 5].

In this paper we consider a class of ordinal numbers £* and corresponding
uniform topologies in terms of which certain fundamental theorems in
classical analysis find natural extensions. The theory contains the theorem
that a complete space is of the second category, both concepts being defined
in a manner appropriate to the ordinal £*. It also contains extensions of the
covering theorems of Lindeléf and Borel-Lebesgue [6]. The relation of the
theory to non-archimedean order fields is indicated by an example. It is shown
that there is a related class of uniform topologies which are complete and of
the first category.

The ordinal £* and the space S. The topology of the space S to which the
theory applies is defined in terms of an ordinal number £* having the proper-
ties of w, the first transfinite ordinal, which play a role in convergence theory.
By £* we mean a limiting ordinal such that if n* <£* and &, is a single-valued
function on 7 <79* to £ <¢* then the least upper bound of &, is less than £*:

™ sup [6|n < n*] <

We note that £* is the initial ordinal of its cardinal Z*. Otherwise, there is an
ordinal #* <¢* which is the initial ordinal of Z*. Let C=[c] be a class of
cardinal Z*. Then C can be well-ordered as ¢, £ <£*, and as ¢,, n <n*. Since
each ¢€C occurs once and only once in each well-ordering, there is a 1-1
mapping £=£(n) of n <n* onto £ <£*. This contradicts (*). If w, is a regular
initial ordinal [7], then w, satisfies (*). For: w,, being regular, is not cofinal
with any #* <w,. Hence any single-valued £, on 7 <%* to { <w, satisfies (*).
Every transfinite ordinal w, whose index is not a limit number is a number £*.

The space S is a set of elements %, ¥, 3, - - - in which a set U= [Us(x)],
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E<t* and xES of subsets of S, is defined so that the following axioms are
satisfied:

1. Ne<ee Ue(x) = [x], the set consisting of x alone.

2. If & <& <E* then U (x) D Up(x).

3. If n <&* there is a £(n) such that n=<£(y) <&*, and Uy (v) N Ugm (x) #0
implies Ugey () CUy(x).

4. If 9* <&* and Uy,(x,), n <n*, are such that n <7: <n* implies Uy, (xy)
D Ugy,(x4,) then Ny<yr Ug,(x,) is 2 non-empty open set.

A set GCSis open if for each x €G there is a U(x) CG. It is convenient in
applying axiom 3 to refer to £(n) as “the ordinal of axiom 3.” It is clear that
metric spaces are space S for which £* =w. We shall give examples of spaces .S
for every £*>w.

We state two simple properties of spaces S.

THEOREM 1. S is a regular hausdorff space.

Proof. That S is a hausdorff space in terms of the neighborhoods Uj(x)
is an immediate consequence of axioms 1, 2, 4 and the fact that £* is a limit
number. From axiom 3 it follows that the closure(2) TUg,(x) C U,(x) for all
7 <£* and xES. Hence S is regular.

THEOREM 2. If G,, n<n*<E*, is an open set in Sthen N,<y G, ts 0pen(®).

Proof. Suppose xE(,<+G, For every n<n* there is a £, such that
Ue,(x) CG,. For no<n* let {(n,) =sup [E,,|77<170]. From property (*) it fol-
lows that {(n0) <¢*. By axiom 2, Us(y, (%) C Uy, () TGy, If m<n2<n* then
§(m) =¢(n2) and, again by axiom 2, U (%) D Uiy (x). The family of
neighborhoods Up,(x) satisfies the condition of axiom 4 and so there is a
Ue(x) CNa<o Usn (%) CNy<yr Gy Thus Ny<ye Gy is open.

At this point we remark that Theorem 2 does not require the full force of
axiom 4. The result follows if, in 4, one puts x,=x for n <n*. However in this
case the classical relation between completeness and category is lost. The
existence of complete spaces of the first category which satisfy axioms 1, 2,
3, and 4 modified in the manner just described is established in the section of
this paper devoted to examples.

Convergence, completeness, category. A sequence is a single-valued func-
tion x; on £<£* to S. A sequence x;, £ <£*, is called fundamental if for each
7 <§&* there are ¥,ESand {(n) <&* such that if {(9) SE<E* then x: € U,(y,).
A sequence x; has a limit x, we write lim; x; =x, if for each 7 <£* there is a
¢(n) <&* such that if {(n) SE<E* then x;E U,(x). We state three elementary
theorems on convergence.

(®) An element x& .S is a limit point of a set EC.S if every E/MN\ Ug(x) contains a y& S,
y5#x. The closure E of E is the union of E and the set of its limit points.

(®) From this theorem, axiom 2, and property (*) it follows that x is a limit point of E
if and only if the cardinal number of EM Ux(x) is at least =* for every £<£*.
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THEOREM 3. If x; has a limst, it is unique.

Proof. Suppose x and y are limits of the sequence x;. For n <£* let £(n) be
the ordinal of axiom 3. There are &/, £/ <&* such that x;&€ Ugy(x) if
g <E<£*and 5 € Uy () if £/ SE<EX If fo=max [¢', £], then & <E* and
%, € Ut () N U (). By axioms 1, 3, y& Ugn (y) CU,(x). This being the
case for all n <£*, we have y =x by axiom 1.

THEOREM 4. x; is a fundamental sequence if and only if for each n <&*
there is a {(n) such that n =¢(n) <E* and if $(n) SE<LE* then x:E Uy(xp(ny)-

Proof. The sufficiency of the condition is evident. Suppose now that x;
is a fundamental sequence and that n <£* is given. Let £,=£(n) be the ordinal
of axiom 3. Since x; is a fundamental sequence there are a & (&) <£* and a
¥ &S such that if &(&) SE<E* then x:E Uy, (y0). Clearly we may choose
£1(8o) 2 n. Since xg,¢0 € Ugo(¥0)M Uty(xe,¢9) we have, from axiom 3, Ug,(yo)
CU,(x5,¢9). Hence x:E Uy(x,¢00) for Ei(k0) SE<EX. This establishes the
necessity of the condition since £1(&0) =&(E(n)) =¢(n) = .

THEOREM 5. If limg x;=x then x; is a fundamental sequence.

Proof. If we put x =y, for each 5 <£*, it is an immediate consequence of
the definitions that if x; has x as the limit it is a fundamental sequence.

We come now to the concepts of completeness and category. The space .S
is called £*-complete if every fundamental sequence has a limit in S. The space
S is said to be of the first £*-category if it is the union of a sequence of sets
N;, £<£*, each nowhere dense in S. If the space S is not of the first £*-cate-
gory it is said to be of the second £*-category. In order to establish the
theorem that if S is £*-complete then S is of the second £*-category, we find it
convenient to formulate the concept of a well-pinned sequence of sets. A
sequence of sets Eg, £ <£*,is said to be well-pinned if for every n <£*,N <y E:#0.

THEOREM 6. S s £*-complete if and only if every well-pinned sequence of
neighborhoods Ug,(x,), n <&, <E*, has the property (\p<p Ugy(x,) #0.

Proof. Suppose that the condition is satisfied and let x; be a fundamental
sequence in S. By Theorem 4, for each n <£* there is a { () such that n <{(n)
<&* and x;E U, (x;en) if §(n) SE<E*. Now if § <&, fo=sup [¢(n)|n<¢]<t*
by (*) and x;, ENy<r Uy(xpm) since $(n) 5o <E* for n <. Therefore U, (%)
is a well-pinned sequence of neighborhoods with &,=7%. Hence there is an
LENg<tr Uy(xn). Now for each 7 <£* let £(n) be the ordinal of axiom 3.
Then Uy (#) N\ Ugn (Xzy) #0 and so x:€ Uiy (Rrceeany) C Un(x), if $(E(n))
<t<E* by axiom 3. Hence lim; x;=x and the sufficiency of the condition is
established.

To establish the necessity of the condition let Ug,(x,), n =&, <£*, be a well-
pinned sequence of neighborhoods. We show that x,, n <£*, is a fundamental
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sequence. For 7o <£*, consider £,, and let 71 =£(£,,) be the ordinal of axiom 3.
Since Uy,(x,) is well-pinned, N,<r+1 Ug,(x,) #0 for each { such that g = <&
Hence Uy, ()M Ugg (o) #0 if m =¢ <E*. Now since 7 =&, for every n <£* we
have, by axiom 2, U, () O Ut (5) C U, (en) O Us() C Upy(0) N\ Uy () 20
for ;m={<&*. By axioms 3, 2 we have U,,(x;) CUs,, (x,,) CUy,(x,,). Hence
for m =¢ <&* we have x;&E U,,(x,,). Since 7o is any ordinal less than £* it
follows from theorem 4 that x,, n<£*, is a fundamental sequence. By hy-
pothesis .S is £*-complete and so lim, x,=x&.S.

We show that x €<z Ug,(x,). Consider any 7o, £o <£*. Let & =£(£o) be the
ordinal of axiom 3. Since x is the limit of x, there is an 7, ={(£1) <£* such that
if mSn<E*, x,E U (x). Let {=max [£, &, m]. Then {+1<E* and since
the Ug,(x,) are well-pinned, Ny<t41 Ug,(x,) #0. Hence there is a yo& Uy, (x,,)
MUg(x;) since 1o =§,,={. Since §1 ¢ =&, Ugr(xy) C U (x;) by axiom 2 and
80 Yo & Uy, (x¢). Since m =¢, x:E U, (x) and so U, (x) N Uy, (x¢) #0. By axiom 3
Uty (xr) CUg(x). Hence yo& Ugy, (x4,) M Us,(x). Since & is any ordinal less
than £*, xEUg, (x,,). Since 7o is any ordinal less than £*, xEN <z Ug,(x,).
This established the necessity of the condition.

THEOREM 7. If S is £*-complete then S is of the second £*-category.

Proof. Let N £<£* be a sequence of nowhere dense subsets of S and
let T=U;<;*N;. We show that T is a proper subset of S. For any U,(x:)
there is a Ug,(y1) C Ui(x1) such that Tg,(y1))N N, =0 since N, is nowhere dense
and S is regular. Suppose that for n* <&* there are neighborhoods U,(y,),
7 <n*, such that

(@) n=E, <& if n<E&,

(b) n1<na<n* implies Us, (¥,) D Uy, (),

(c) n<n* implies (Ur<y Ne)N\TUgy(ys) =0.

The U, (y,) satisfy the condition of axiom 4. Hence there is a Ug(y)
CNy<r Ugy(yy). Since N+ is nowhere dense in the regular space S there is a
Us(y,+) with TUi(yy) CUe(y), such that Ti(y,) N, =0. Since n* <¢*

g = max (¢, %, sup [&] 7 <n*]) <

By axiom 2, Uty (¥) CUs(¥5*) CNacor Uy(y4). Now the family Ug,(yy), n=19*,
satisfies (a) if n <73, (b) if ;1 <n <7* and (c) if =<n* Only (c) warrants an
explicit argument: Uy ) Ny CU;(y)N,=0 and Ty () N\N;
CUg(y)) Ny =0 for { <n* yield the result. By transfinite induction it fol-
lows that there exists a sequence Up,(y,), 7 <£*, of neighborhoods such that

(A) n=§,<¢* for n<E*,

(B) m <72 <£* in'lplies Uf»,(y'uz_D Uiﬂz(yﬂg)’

(C) n<&* implies (Urs, Ne)N\ Ty (y,) =0.
From (B) and axiom 4 it follows that Ug,(y,), n <£*, is a well-pinned sequence
of sets. Since S is £*-complete and (A) holds it follows from Theorem 6 that
Nu<t* Tey(v,) contains an xES. From (C) it follows that x is not in any N,
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£<&* Hence T is a proper subset of S and so S is of the second £*-category.

Separability and compactness. In the system of real numbers the con-
cepts of compactness and separability are related by the theorem that every
nondenumerable set has a limit point, the proof resting on the density of the
denumerable set of rationals. This leads us to formulate the axiom 5.

5. There is a set D= [x¢| £ <£*] of distinct points xS such that D=S.

It might be useful tocall S E*-separable if it satisfies axiom 5. A set ECS
is called Z*-compact if every subset M CE of cardinal =* has a limit point
in S. In this section we shall state covering theorems analogous to those of
Lindelsf and of Heine, Borel, Lebesgue. The omitted proofs may be supplied
by the reader.

THEOREM 8. The set D= [Us(x,) ], £<&* and x,ED, is equivalent to the set
of all neighborhoods of S (Lindelif).

LemMa. If G=[Gr], N<\*, is a family of open subsets of S, then there is a
family se=[H,|CG, p<p* of cardinal number not exceeding E* such that
U,,<,"H,, = U)\<)\-G)‘.

LeEMMA. If F;, £<E*, is a sequence of decreasing, closed, non-empty sets and
Fi is B*-compact, then Ne<e F: 0.

THEOREM 9. 4 set EC.S s closed and E*-compact if and only if for every
G=[G\], N<\*, whose union contains E there is a subset 3XCG of cardinal
less than E* whose union contains E (Borel-Lebesgue).

=%

Proof. Suppose that E is closed, E*-compact and that ECNrGr
There is 3¢=[H,]CG, u<p*, of cardinal not greater than E* whose union
contains E. Suppose that the cardinal of 3¢ is *. We may take p* =§* since
£* is the initial ordinal of E*. Let 0,=U,, H,, v <£* and let O, be the comple-
ment of O,. Then F,=ENO, is a sequence of decreasing, closed, Z*-compact
sets. If no F, is empty then there is an x&EN,«F,. But now x&E,
x&U,cp00,=UucpoH,, which contradicts ECU,«yH,. Hence some F,=0
and so ECU,«,H, where v<£*. Since £* is the initial ordinal of E*, the
cardinal of 3¢*= [H, ], u <v, is less than E*.

Now let E be a set for which the condition of the converse holds and
which is not both closed and Z*-compact. Then there is a set M = [x,| 9 <§*]
CE in which the x, are distinct and without a limit point in E. It follows that
for each yEE there is a Uy () such that MN U, (¥) =0 or [y], the set
consisting of y alone. Any subset 3¢ of G'=[Usq)(y)|yEE], whose union
covers E, contains all Uy, (x,), 7 <t*. Since £* is the initial ordinal of =¥,
the cardinal of 3¢ is at least Z*. This contradicts the hypothesis and the con-
verse is proved.

Examples, relation to non-archimedean fields. As an example of a space
S satisfying axioms 1-4 we construct the order closure K of a non-archimedean
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field K as follows. Let u;, £ <£*, be the basis of a set T of forms

n
a = Z Tilhg,
1
where the 7, are real numbers and & >&> - - - >§£,. We define a=a1t a2
where
m n
ay = Z il ay = E s;u.,j
1 1
by

P
a =2 g,
1

where the union [{;]=[£:]\U[5;] is ordered as decreasing function of % and
te=ri, tsj, rits; according as {x=&€E [n;], Ce=n;E [&], Cx=&=n; In this
way I' is an abelian group whose identity is the form with all »,=0. Order
in I is defined by: >0 if r; >0; oy > if oy — s >0.

The elements of the field K are the forms

x = Z a,t%

p<o

where ¢ is an ordinal number, g, is real, o, €T and «a,, >a,, if p1 <p: <o. The
field operations in K are defined by the rules for the addition and multiplica-
tion of formal power series [4, 5]. Order in K is defined by: x>0 if for some
po<0, a,,>0 and a,=0 for p <pg; x1>x2 if x1—x2,>0.

" We shall use the following lemma.

LEMMA 1. If x>0 then for some £ <E*, x >t7%.

Proof. x =a, %0+ - - -, a,,>0. If a,, 20, then a,,> —u; for all £<E*. If
0,,<0, then uz+a,, >0 for all £ such that § <& <&* where o,y =r1uy+ - - -,
71 <0. Since £* is a limit number, there is a £ <&* such that a,,> —u;. Hence
X—t=a,d%+ - -+ +at™%+ - - - >0and so x>1%.

We now construct the order closure of K. This is the set K of sets X CK
such that [8]:

1. X0, K.

2. If x&€X and y<x then yEX.

3. If x&€ X there is yE X such that x <y.

In order to prepare for the introduction of neighborhoods in K, we shall
derive some of the needed properties of K.

LEMMA 2. If Xl, XzET{-, then j‘ll«St one 0f X1CX2, X1=X2, XzCXl holds.
Proof. Suppose X, X;. There is x,E X;— X,. Now xE X, implies x < x,.
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Otherwise xo <x and x,&E X, which is false. Since xo & X1, X.CX:.
We define X; <X, in K if X;CX,, X15#X, in K. From Lemma 2 we get
the following lemma.

LeEMMA 3. K is simply ordered by the relation X, <X,.
By a direct application of the definitions we have the following lemma.
LemMA 4. If ECXK s bounded above, then

sup E = lél XeRk.

If ECK is bounded below and M =g X, then
inf E=M — [max M] € K
where the set [max M) is empty if M has no maximum.

For X€K and yE€K we define X+ as the set of x+y for all x <X. We
have the following lemma.

LEMMa 5. X+yEK. (X+9y)+z=X+(y+2). y<0 implies X+y=X.
X1 =2 X, implies X1 +y=X2+y.

We note that the set X, of x &K such that for some real ¢ =a(x), xEat’
has the properties X+ = X,E K. The set X (xo) of x € K such that x <x, has
the properties X (xo) +y 7 X (x0) EK if y7%0. We call X singular if for some
y#0, X+y=X. We call X regular if it is not singular. From Lemma 5 we
have the following lemma.

LeEMMA 6. If X is singular then for all zEK, X+2 is singular.
LEMMA 7. X 45 singular if and only if there is a £ <E* such that X+t =X.

Proof. The sufficiency is evident. To establish the necessity, suppose X
singular. Then there is a ¥7#0 such that X+4y=X. Suppose y>0. Then by
Lemma 1 there is a £ <£* such that y>¢—4>0. Now by Lemma 5, X =Xy
2X++«=X. Hence X=X+t If y<0, X=X —y, by Lemma 5, and the
lemma follows.

LemMma 8. If X1 <X, there are &, E<E* such that X, =X i+t <X,
— < X,.

Proof. Since X,;<X,, there is € X,— X,. Since X, has no maximum,
there are y,;, y;& X, such that ¥, <y.<y;. By Lemma 1 there are &, & <&*
such that 0 <=4 <ys—y;, 0 <t *2<y;—y:. Now for all xE X,

s<2+trm<y+rm <y <y—te<ye X

Hence Y2 & (Xo—t42) — (X1 +¢"&) and the lemma follows. As a corollary we
have the following lemma.
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LEMMA 9. Sup [X —t—¢|§<E*]=X =inf [X +1—|E <t*].
We define the neighborhoods in X by:

V]| X —r4u<¥V <X+t if X is regular,

Uy(X) =
«X) {[Y| X—t%<V <X+t if X is singular.

LemMA 10. If X is singular then for some £ <£¥, Ug(X)=X.
Proof. This follows from Lemmas 6, 7.

THEOREM 10. The space K with the neighborhoods Uy(X) satisfies axioms
1-4.

Proof. That axiom 1 holds follows from Lemma 9. That axiom 2 holds
follows from the fact that & <& <£* implies 0 <t*2 <f~*& and Lemma 5.

To verify axiom 3 we consider U, 1(X1) N U,y11(X2) #0. Suppose X; < Xo.
Then X,—t»1m1 <X, +¢*1+1, Since for all real a, a1+ <g~u1, X,44#1+1
§X1+3t_“"+1§X1+t—"”. But X]—t—u"éXl—t_“'”"ng—t-“"'H. Hence X1
S X, —tmn X4t S X4t Now if VEU,(Xe) and YV is an
end point of U,(X;), then it is an end point of U,;1(X:). Hence X, and
Y =X, + 1+ are singular; but Y= X, +¢*7and so X is singular by Lemma
6. Hence YE U,(X,). A similar argument holds if X, <X;. Hence U,1(X,)
C U,(X1) and &(n) =n+1 serves as the ordinal of axiom 3.

To verify axiom 4 we consider n* <£* and neighborhoods Uy, (X,) which
decrease on n<7*. Let E=4<yUs(X,), X;=X,—t7"n X;'=X,+t "
We have for 1 <n;<79* X; X, <X, <X, Hence

m=

X' =sup [X/|n<m*] €K, X'=inf[X!"|n<n*]E XK, X =X".

We show that X’&€E if and only if X’ is singular. First suppose X' is singular.
For n<n* X,; =X'=X,’. If either equality holds, X,+¢ %, and so X,, is
singular by Lemma 6. It follows that X’'& U, (X,) and so X'€E. Next sup-
pose that X'€E and that X’ is regular. Then X' X, —¢~", since if U (X,)
contains an end point, X, and X, —{“y are singular. It follows that X} <X’
for n<n*. By Lemma 8 and the regularity of X’ there is £, <&* such that
X, <X'—tt<X'. By (*) Co=sup [{y|n<n*]+1<E*: Since ¢, <o, t=%o
<t~y and X, <X'—t“4y<X'—t"4<X' for n<n*. This contradicts the
definition: X’=sup [X,|n<n*]. Hence X' is singular. A similar argument
shows that X'/&€E if and only if X'’ is singular.

Now suppose X’'=X’'=X. Then X is singular. Otherwise, X is regular.
By (*) & =sup [E,,ln<n*]+1 <¢£*. There is an 7 <7n* such that, since X is
regular,

X—t"wm<X,—t%msX,+t% < X+ t 4.

By the definition of order in K there are x€ X, x,&X, such that
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=% < Xy — % < Xy %, < 2+ %

Hence ¢~y <t~ which is false since £, <§o. Therefore X is singular, X€E,
and X is an inner point of E by Lemma 10. Since X’'=X""=X, X is the only
point in E. Hence E =(,<, U, (x,) is a non-empty open set. Finally suppose
that X’ <X''. Let I=[Y]| X'SYEX"), I= [YIX’< Y<X’]. Then IDE
DI,#0. By Lemma 10, if X’ or X’/ belongs to E, it is an inner point of E.
Hence <, U, (X,) =INE is a non-empty open sct.

THEOREM 11. K 45 £*-complete.

Proof. Suppose that Ug(X,), n= E,,, is a well-pinned sequence of neighbor-
hoods in K. Then for §‘<£* there is Y;EK such that X,—t s V;<X,
+t~4s for n<{. Hence for {<¢*, Xi—t~a<V;<X,+t and [V;] is a
bounded set. It follows that

Zy=sup [l NS¢ <#]E K, <&,
Z)\l éZXp >\2 < x1)
=inf [Z\|A < #] € K.

For all n<&*, X,—t S X < X,+t s Hence XEN < Us(X,). It follows
from Theorem 6 that K is £*-complete.

Further examples arise from function spaces in which the functions have
values in a space S satisfying axioms 1-4. Let P=[p] be an arbitrary set.
We denote by Sr the set of functions f on P to S. We define V(f) as the set of
functions g such that g(p) EU:(f(p)) for all pEP where the U; are the
neighborhoods in S. It is clear that S satisfies axioms 1-4.

We now remark that axiom 4 cannot be weakened by putting x,=x for
all 7 <9*, without losing the theorem that the £*-completeness of S implies
that S is of the second £*-category. To establish this we consider axiom 4’.

4'. If 9* <&* then Ny« Ugy(x,) is an open set.

THEOREM 12. For every £* > w there is a space S’ satisfying axioms 1, 2, 3, 4’
which is £*-complete and of the first £*-category.

Proof. Consider a denumerable set Po=[p.|7n<w] and the function
space Sp, with neighborhoods V;(f) as defined above. Let 8 be a fixed element
of the £*-complete space S which is the value domain of the functions f(p).
We assume that every neighborhood U¢(8) of 6 contains at least two elements.
For S=K, 6 may be taken as any regular element of K. Let S’ be the set of
those fE€Sp, such that f(p) =0 except on a finite set E(f) CP,. For each fES’
let Wi(f) = Ve(f)MS’. The space S’ with neighborhoods W(f) satisfies axioms
1, 2, 3,4'. For: If g#fin S’ then for some n, g(p.) #f(p.) and there is £ <&*
such that g(p.)& Ue((fp»)) in S. Hence g Wi(f) = V(f)NMS’. Thus axiom 1
is verified. If & <& <&*, then for fES’, n <w, Ugx(f(pn)) C U (f(pr)). Hence
We,(f) CWe,(f) and axiom 2 is verified. The ordinal of axiom 3 for S serves



74 L. W. COHEN AND CASPER GOFFMAN

as the ordinal of axiom 3 for S’. Now consider n* <£&* and W, (f) which de-
crease on 7 <n* Since S satisfies axiom 4, My« Ug(f(pn)) contains some
Ui, (f(pn)) for each n. By property (*) and the hypothesis w<§¥,
¢=sup [{.|n<w]<t* By axiom 2 for the space S, U;(f(p.)) CUs,(f(pn))
CNa<rt Uro(f(pn)) for all n. Hence Wi(f) CNa<y Wey(f). Hence S’ satisfies
axiom 4’.

We show that S’ is £ -complete. Suppose that f;, £ <£*, is a fundamental
sequence in S’. Then f; is a fundamental sequence in Sp,. Since Sp, is £*-com-
plete, there is an f&Sp, such that lim; fi=f in the topology of Sp,. Let
ECP, be the set on which f(p,)#6. If E is not finite, E= [pn,| k<w]. For
each & there is ) <£* such that 8¢ Us,(f(p4,)). Now by (*) ¢ =sup [i'kl E<w]
+1<£*. By axiom 2, 0& Ue(f(pn,)) for k<w. Since lim; fy=f in Sp, there is
an n; <£* such that, for all k<w, fi(pa,)) € U(f(pn,)) if 7y <E<E* Hence
fe(pny) #0 for k<w and 7y <E<E*. This is false since /i ES’, £ <t* Hence E
is finite and fE.S’. It follows that lim; f; =1 in the topology of S’ and so S’ is
£*-complete.

But S’ is of the first £*-category. For: Let E, be the set of f& S’ such that
f(pr) =0 for k>n. Clearly S’ =U, E.. For each n and W;(f) there is a g& W¢(f)
such that g(pnq1) #0 since every U(f) in S is assumed to have at least two
points. Hence there is W,(g) CW(f) such that W,(g) NE,.=0. It follows
that each E, is nowhere dense in S’ and so S’ is of the first £*-category.

BIBLIOGRAPHY

1. A. Weil, Sur les espaces d structure uniforme, Paris, 1938.

2. L. W. Cohen, Uniformity properties in topological space satisfying the first denumerability
postulate, Duke Math. J. vol. 3 (1937) pp. 610-6185.

3. H. Hahn, Uber die nichtarchimedischen Grissensysteme, Sitzungsberichte der Kaiser-
lichen Akademie der Wissenschaften, Vienna, Section II a, vol. 116 (1907) pp. 601-653.

4. A. Gleyzal, Transfinite numbers, Proc. Nat. Acad. Sci. U. S. A. vol. 23 (1937) pp. 281~
2817.

5. S. MacLane, The universality of formal power series fields, Bull. Amer. Math. Soc. vol.
45 (1939) pp. 888-890.

6. A. Appert, Propriétés des espaces abstraités les plus généraux, Actualités Scientifiques et
Industrielles, no. 146, Paris, 1934.

7. F. Hausdorff, Mengenlehre, New York, 1944.

8. H. M. MacNeille, Partially ordered sets, Trans. Amer. Math. Soc. vol. 42 (1937) pp.
416-460.

QuEENs COLLEGE,
FLusHING, N. Y.
UNIVERSITY OF OKLAHOMA,

NoORMAN, OKLA.



