WEAK TOPOLOGY AND NONLINEAR
INTEGRAL EQUATIONS

BY
E. H. ROTHE

To the memory of A. Hammerstein

1. Introduction. A. Hammerstein was the first to develop a systematic
theory of nonlinear integral equations in the large(!). He proved existence
and uniqueness theorems for the equation(?)

(1.1) y@+ﬁ}@mwwmmo

in the case of a symmetric and positive definite kernel K (s, ¢). M. Golomb(?)
discarded the assumptions of symmetry and definiteness by somewhat
strengthening Hammerstein’s hypotheses in other respects. He also treated
systems of equations.

In the present paper an attempt is made to develop the theory of exist-
ence(*) of solutions of nonlinear integral equations from the point of view of
the “weak” topology in a suitable function space. More specifically the results
will be based on the following theorem.

THEOREM 1.1. Let E be a reflexive Banach space and V the solid sphere
||| <R where ||x|| denotes the norm of the element x of E, and R is a positive
number. Let I(x) be a scalar (that is, a real-valued function) defined in V and
having a completely continuous Fréchet differential(®) D(x, h) in every point x of
V. Then I(x) reaches ar absolute maxitmum and an absolute minimum tn V.
Moreover the scalar

(1.2) i(#) = ||«f|/2 + 1(x)
reaches an absolute mintmum in V.

This theorem was proved in a former paper [9, Theorems 4.1 and 4.2]
by combining a well known theorem by Alaoglu [1, Theorem 1.3] with the

Presented to the Society, April 17, 1948; received by the editors February 17, 1948,

® [6]. The ramification theory of E. Schmidt [11] deals with problems in the small.
(Numbers in brackets refer to the bibliography at the end of the paper.)

(?) D is a domain in the Euclidean r-space, and s, ¢ denote points in D.

() [3], [4]. Golomb was also the first to derive existence theorems for nonlinear integral
equations by the use of extrema of certain functionals in abstract spaces [3, §§6, 7], a method
systematically used in the present paper.

(*) Questions of uniqueness are not treated in this paper.

(5) For the definition of complete continuity of D(x, k) see [9, Definition 3.1].
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fact [9, Theorem 3.2] that the assumptions of Theorem 1.1 imply the “weak”
continuity of I(x).

In the present treatment two scalars 7(x), 7*(x) of the form (1.2) will play
a central role (Definition 3.1). They will be referred to as “Hammerstein
scalars” since they are essentially an extension of the double integral

-;— f ) f | K(s, Da()s()dsde + f F(t, f K, s)x(s)ds)dt,
) D D

(1.3 .
F,3) = [ 1 wan
0

with which Hammerstein dealt repeatedly(®). He proved (under certain con-
ditions) the existence of a y(¢) minimizing (1.3) in case of a symmetric and
positive definite kernel K (s, ¢). Without any assumptions concerning definite-
ness or symmetry it will be shown in the present paper that the scalars I(x),
I*(x) (Definition 3.1) satisfy the hypotheses of Theorem 1.1 (see Theorem
3.2) which implies immediately the existence of a maximum and minimum
for I(x), I*(x) and of a minimum for 4(x), 2*(x) in any sphere V (Theorem
3.3).

So far nothing prevents the points x in which these extrema are taken
from being on the boundary of V. If however one adds the generalized Ham-
merstein condition (3.38), an easy estimate shows that for a large enough V
the minimum of 7(x) can not be taken on the boundary. Thus the existence
of a minimum taken in an interior point of V is proved (Theorem 3.4).

In such a point x the Fréchet differential d(x, k) of ¢(x) must be zero for
all k. Therefore the Theorem 4.1 concerning the existence of a solution of the
nonlinear integral equation system (4.6) follows nearly immediately since—
speaking crudely—the differential d(x, %) can be written as a scalar product
(cf. (4.7)) one factor of which is an “arbitrary” function #*(¢) (corresponding
to the arbitrary element %) and the other factor is the left member of the equa-
tions (4.6). In the special case of symmetric and definite kernels Theorem 4.1
yields immediately the Theorem 4.2, a theorem proved first by Golomb [4,
§1] under somewhat stricter hypotheses. Specialized to the case of one equa-
tion Theorem 4.2 contains the theorem about existence given by Hammerstein
in [6](?) as will be shown in §5.

The generalizations by M. Golomb to the nonsymmetric case referred to
in the first paragraph of this section deal with systems (4.9) without the as-
sumptions of symmetry and definiteness (and also without the assumption
(3.4) about the f,'s). The generalization to the nonsymmetric case treated in

) [5]and [6, §6]. In case that K(s, ¢) is a Green’s function (1.3) is the Dirichlet integral
connected with the corresponding boundary value problem, cf. [6, p. 126].

(*) The theorems of [6] concerned only with existence problems for integral equations
are the theorems 1, 2, 3 of which 3 is a consequence of Theorem 2.
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the present paper, that is, the generalization from Theorem 4.2 to Theorem
4.1, goes in another direction; it is of the same type as the generalization of the
theory of the eigenfunctions of a linear integral equation with symmetric
kernel to the Erhard Schmidt theory of the pairs of eigenfunctions of an
unsymmetric kernel [10, §§13-17]. This latter theory is extensively used in
the present paper, especially in §2.

2. The auxiliary mappings & and $*. Let E’ be the r-dimensional Eu-
clidean space and let s, ¢ denote points of Er. It is customary to call a kernel
K(s, t) admissible(8) if its eventual singularities are such that the ordinary
theory of linear integral equations still holds. To make this somewhat loose
terminology more precise we define for the purpose of this paper:

DEeFINITION 2.1. Domains D of Er and kernels K (s, ¢) defined for s, ¢ in
D a]re called admissible if they satisfy the conditions enumerated in [10,
§17].

Let then D be an admissible domain and K(s, £) an admissible kernel in
D. We shall use a complete system of pairs of eigenfunctions ¢,(s), ¢,*(s) and
eigenvalues N\, associated with K(s, ¢). This system first introduced by E.
Schmidt(®) has the following properties: the functions ¢,(s), ¢,*(s) are an at
most countable(?) system of normed functions for which

Mbo(s) = f K(s Do20dt,  Moi(s) = f K, $)o,(0)dt,
2.1) P | P
f 6, (D, (1)dt = f (DX (0)dt = O. b a.
D D

The eigenvalues A, satisfy the inequalities

(2.2) T as f ) f DK2<s, t)dsdt

and
(2.3) M= A2z >0; lim A, = 0.

p—®

(8) “Brauchbar unstetig.”

(®) [10, §§14, 15]. It should be noted that the terminology of the present paper differs
from the one used by Schmidt and also by Hammerstein in that the eigenvalues ), are replaced
by 1/x,.

(1% In what follows the letter p will always denote an arbitrary positive integer if there
are infinitely many eigenfunctions and an integer between 1 and N if there are only a finite
number N of eigenfunctions. Correspondingly the symbol _, standsfor 2_p=1 in the first case,
and for > h; in the second. In this latter case the symbol (xi, %, - - +) is to mean
(%1, %2, + + -, xy) such that in the following definition 2.2, H=H, is a finite-dimensional space.
We shall not in each instance indicate the simplifications possible (like omission of convergence
proofs) or the obvious modifications of the proofs necessary in the finite case.
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DEFINITION 2.2. The Hilbert spaces H and H, are defined in the following

way: H is the space of all sequences x=(x1, s, - + + ) of real numbers for
which
(2.4) S < w
P

with the scalar product (x, ¥) of x with y=(y,, 32, - - - ) and the norm ”x” of
x defined by
(2.5) (%, 9) = prxoyp; “x” = + (x, x)1/2(1).

r

H, is the subspace of H consisting of those x CH for which
(2.6) > x: < o,
r

DEFINITION 2.3. L. is the Hilbert space of those functions y(¢) defined in
D for which [py%(t)dt < « where the integral is taken in the sense of Lebesgue.
N is the subspace of those functions #(t) of L, which are characterized by each
of the following two equivalent conditions

2.7) fD n(t)K(, s)dt = 0, -fo n(t)¢,(¢)dt = 0 for all p(12),

M is the orthogonal complement to NV in Ly, that is, the space spanned by the
¢,(s). The spaces obtained by substituting ¢,*(s) for ¢,(s) and K(s, ¢) for K(¢, s)
in the definitions of N and M are called N* and M* respectively.

It follows easily from these definitions together with the Fischer-Riesz
theorem that to each y = (31, ¥2, - - - ) CH, there exists a uniquely determined
() C M and a uniquely determined y*(¢) C M* such that for all p

(2.8) = [ JECTC P PO

(2.8%) Yo = f ¥ erat, > =yl

DEFINITION 2.4. The obviously linear mappings which map the pdint ¥ of
H, into y(t) CM and y*(¢) CM* according to (2.8) and (2.8*) are called &,

and $* respectively. ®, is the mapping which maps the point x = (x;, x5, - - - )
CH into the point y=(y1, s, - - + ) of H; with :
(2.9) Yo = Mo, (*3).

(1) It follows easily from (2.4) and the Schwarz inequality that the sum defining (x, y)
converges absolutely. i

(12) For the equivalence of the two conditions see [10, §16].

(1%) That yC H, follows from (2.3) and (2.4) since D ,y8= D A2 <A D A2 < 0,
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Finally the mappings ® and ®* are defined as the obviously linear mappings
®(x) = By (P2(x)) and D*(x) = P*(P2(x)). For fixed x the two functions y(¢) =¢(x),
y*(t) =P*(x) are said to be conjugate.

LEMMA 2.1. The mappings ¢ and ¢* are bounded with the bound N/,
Proof.

()" = f ) Y(Hat = Xy = Zhm = M A% = Ml
P P 14

and for x=(x1, 0,0, - - - ) we have the equality sign. The proof for ®* is
analogous.

LeMMA 2.2. The mappings ® and $* are completely continuous.

Proof. By Lemma 2.1 the mappings are continuous. To prove the com-
plete continuity of ® it will be sufficient [7, Lemma 5.2] to show: if V is
the sphere ||x|| < R there exists to each positive € a finite-dimensional subspace
L of L; and a mapping &(x) such that for xCV '

() 3(x)CL,

Qi) [|®x) —B()|| <e.

To construct such an L and § we choose an integer N such that Ay, <e?/R?
which is possible because of (2.3). We define L as the subspace of L, spanned
by ¢1(s), + - -, ¢n(s) and set B(x) = >N, Nixipi(s). Then §(x) CL and

@) — 8@)|" = 3 Nows < Awgr 2 Aers < A} 2l|” S AwsaR
i=N+1 t=N+1
which because of the choice of N proves (ii). The proof for ®* is analogous.
LeEMMA 2.3. For x CH,, let y(¢) =®(x), y*(t) =P*(x) and x(t) =Pi(x), x*(¢)
=®*(x). Then
(2.10) y(2) =f K(, s)x*(s)ds, y*(8) =f K (s, t)x(s)ds.
D D

Proof. By (2.9), (2.8*), by the definition of ® and by (2.1) we obtain

90 =N, =, [ | (9et(e)ds = f 20 f Kt 9 )dtds

- f D¢,(t){ f K s)x*(s)ds} at.

This shows that like y(¢) = ®(x) the function



80 E. H. ROTHE July

y(2) =fDK(t, s)x*(s)ds

satisfies the equations (2.8). Therefore we shall have proved y(f) =§(¢), that
is, the first equation (2.10), once we have shown that both functions are in
the subspace M of L,. But y(¢) CM by definition, and that also 3(t) CM is
seen immediately from the fact that by the Schmidt expansion theorem [10,
p. 465] this function can be developed according to the eigenfunctions ¢,(s).
This proves the first equation (2.10) and the second one is proved corre-
spondingly.

3. The Hammerstein scalars i(x) and s*(x). Let D, be an admissible
domain of the r-dimensional Euclidean space E’, and Ki(s, ¢) (¢, j
=1, 2, - - -, n) n admissible kernels in D,. We choose a point do in E" of the
following property: if D; denotes the domain of all points(') s44d, where s
ranges over Dy, then the domains D,, D, - - -, D,_; are mutually disjoint.
The union D of these domains is an admissible domain and by setting

K(S, t) = K¢+1,,‘+1(S - ido, t — jdo) for sC D, tC D,‘

3.1
3-1) (,j=0,1,---,n—1)

we obtain an admissible kernel in D. Correspondingly, for any ordered #n-tuple
of functions ¥(s), y2(s), - - -, ¥x(s) with domain D,, we define a function
y(s) with domain D by setting

(3.2) ¥(s) = yipa(s — ido) for s C D; (t=0,1,---,n—1).
Conversely, a given function y(s) with domain D defines by (3.2) uniquely
an ordered n-tuple of functions ¥i(s), ¥a(s), - - -, ¥a(s) with domain D,.
The two n-tuples y(s), - - -, ¥.(s), and ¥*(s), « - -, ¥.5(s) are called con-
jugate if the corresponding functions y(s), y*(s) are conjugate (see Definition
2.4).

We identify the domain D and the kernel K(s, ¢) just defined with the
domain D and the kernel K(s, ¢) of §2. For later use we note the following
inequality: if A= (hy, ks, - - - ) is an element of the space H (Definition 2.2)
and if k(s) =®(k) (Definition 2.4), then

2 id 2 2 2 .
(3.3) kidt = 32| kyar = [k@| = M[H]T G=1,2---, ).
Dy =1v D,

Indeed one sees easily from (3.2) that

id 2 2 2

> [ Eoa = [ Ko =k

1=0¢ Dy D
which on account of Lemma 2.1 proves (3.3).

(1) s+¢ denotes the point of Er whose coordinates are the sum of the coordinates of s and ¢.
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Let now fi(¢, u1, %2, - + +, #n) (¢=1,2, - - -, n) be n functions defined and
continuous in all points of the product space whose points are the pairs (¢, U)
where ¢ denotes a point of Dyand U the point with coordinates u, #s, - + « , u,
of the Euclidean n-space E*. We suppose that Y, fidu;is a total differential,
in other words that the line integral

n
Zfi(t, Uy, Ug, © + vy Un)dU;

i=1

U

(3.4) F@t, U) =

0

is a function of ¢t and U alone.
We then define the Hammerstein scalars 4(x) and ¢*(x) in the following

way:

DEeFINITION 3.1. Let x be an arbitrary point of the space H (Definition
2.2). Let y(¢) = ®(x), y*(t) =P*(x) (Definition 2.4), and let, for each tCD,,
Y(t), Y*(t) be those points of E* whose coordinates are the values of the
n-tuples of functions y;(¢), y*(¢) (¢=1, 2, - - -, n) associated with the func-
tions y(¢), y*(¢) respectively by means of the rule (3.2). We then set

5.9 I(x) = DoF(t, Y(§)dt, — I*(x) = DoF(t, Y*(5))dt,

i(x) = |22 4+ (),  *(x) = [|al|2/2 + I*(x).

The integrals (3.5) will certainly exist under the conditions of Theorem 3.1.
This is obvious for condition (B); for condition (A) it follows from Lemma 3.1.

THEOREM 3.1. Let the functions fi(t, ui, us, + + -, u,) satisfy the conditions
siated above and let the kernels K;;(s, t) (1,j=1,2, - - -, n) be admissible in the
domain Dy. Let y(t), y*(£), yi(t), y¥(t) have the same meaning as in Definition
3.1. Finally let the functions ki(t), k*(t) be derived from the element h of H in the
same way as the functions y:(t), y*(t) are derived from the element x of H.
then:

(i) in order that I(x) have a continuous(¥®) Fréchet differential D(x, h) given

by

(3.6) ‘ D(x, h) = i k(D) f:(¢, y1(D), - - -, ya(8))dt

=1 Dy

each of the following two conditions (A) and (B) s sufficient:
(A) there exists a constant C independent of s such that

(15) The terms continuity, complete continuity applied to D(x, k) are meant in the sense of
the definitions given in [9, §3], that is, D(x, k) is considered as a mapping which maps the
point xC H into the point I, (k) =D(x, k) of the space H* conjugate to H, and the terms con-
tinuity, complete continuity refer to the corresponding properties of this mapping. The cor-
responding remark holds for D*(x, k).
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(3.7) Y M) sC for all s C Do(15).

(B) there exist constants a and b, both independent of s and the u., such that
for all sCDoand all ui(— o <u; <+ »;4=1,2, .-, n),
(3.8) | fils, wr, ua, -+, )| <@+ b( | +|wa| + -0 | ual).

(ii) 2n order that I'*(x) have a continuous Fréchet differential D*(x, h) given
by
(3.6%) D¥(x, b) = 2 | kX0t y¥), - - -, yX(®))dt
i=1¢ D
each of the conditions (A*) and (B) is sufficient where (A*) is obtained by sub-
stituting o.*(s) for ¢,(s) in the condition (A).

Proof. It will be sufficient to prove (i). Because of the condition (3.4) and
the linearity of the mapping & we have

I{x+ k) — I(x) =f {f:UHKU) if;(t, Uy, Uz, * ¢ -, u,,)du.-} at

Do (O] =1
(3.9) 1
~[ [ r086 310 + 080, -, 50
Dy 0 i=1
+ 0k, (¢))dodt
where Y(#) has the same meaning as in Definition 3.1 and correspondingly
K(t) denotes the point of E® with coordinates ki(¢), - - -, k.(¢). If D(x, k)
is given by (3.6) and if
R(x, b, 0) = | 22 k) {fi(t, 3:1(8) + 0ks(9), - - -, ya(t) + Oka(0)
(3.10) Dy =1

— filt, (D), - - -, ya()) }at,

the use of the mean value theorem of the integral calculus shows that (3.9)
may be written in the form

(3.11) I(x + k) — I(x) = D(=, k) + R(=, h, 6%

for some 6* between 0 and 1. Clearly the theorem will be proved if we can
show: to given positive e there exists a positive number %, such that

(3.12) | R(x, 1, 0) | < ¢||#]

(1) Obviously (A) will be satisfied whenever the so-called bilinear series Z, Moo (5)Po(2)
converges uniformly. A number of sufficient conditions for this to be the case are known in
the case of a symmetric kernel K(s, t). If K(s, t) is positive definite and symmetric it will be
shown in §5 that (A) is certainly satisfied whenever K(s, ¢) is in addition bounded and admis-
sible.
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provided that the real number # and the element % of H satisfy the inequalities
(3.13) 0<0=<1, |4 = k.

We take up first the case that assumption (A) is satisfied and state the
following lemma.

LeEmMMA 3.1. Under the assumption (A) the function y(t) =P(x) (Definition
2.4) is a continuous function of t. Moreover

(3.14) | 39| = [lll-c.
Proof. Let x =(xy, x2, - - -+ ) and ¥y, =A,x,. It is easily seen from the defini-
tion of the mapping & that if the sum
(3.15) Z ¥o95($)
P

converges uniformly in D, then this sum will be y(¢), and then y(¢) will be of
course continuous. To prove the uniform convergence of (3.15) we note that

for any two integers p <g by virtue of the Schwarz inequality and the assump-
tion (A)

l 5"; yibi(s)

L i=p

< 3 1) = S| rws)]

i{m=p

§.. ( i kfxi)llz( im’?@))l/z =C ( i Mxi)m.

i=p i=p t=p

(3.16)

Because of (2.4) this proves the uniform convergence of the sum (3.15). At the
same time since this sum equals y(f) we obtain also (3.14) from (2.5) and
(3.16) by letting p=1 and ¢ approach .

We continue with the proof of (3.12) and denote for any measurable subset
e of Do the measure of e by u(e). Since the functions f;(f) are continuous,
there exists to the given e an 7>0 such that

‘.t, t y Tty nt n) — itr t'...’ nt <_
(317)|f( () +m ya®) + na) — filt, mi(8) ya(®) | DY
) for [n;| <mo (4,7 =1,2,++-, ).

€

Since on the other hand by Lemma 3.1 | k:(¢)| < CJ|4||, we have for 0=6=<1
|ok(t) | < | ki(t) | = CllA]| = mo for ||A|| < no/C.

Using this we see easily from (3.10) and (3.17) that (3.12) is true if only
(3.13) is satisfied with hy=19/C. This finishes the proof of Theorem 3.1 in
case of the assumption (A).

We turn now to the more complicated case of assumption (B) and prove
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first the following lemma.

LeEMMA 3.2. Let y:(t) and ki(¢) have the same meaning as in the statement of
Theorem 3.1. Let e be a measurable subset of Dy and as usual let u(e) be the
measure of e. Under the assumption (B) we have then for 0S6=1:

}";1 B it 31+ 0Fs0), - - -, 3alt) + OFa(9))

e

(3.18) = filty :1(®), - -+, ¥ () }dtf

< {2a<u<e>>m+2bi( f‘yf-a)dt) o 6o -]

j=1

Proof. By the use of the Schwarz inequality and of the assumption (B)
we see that the left member of (3.18) is not greater than

lflk(ol{2a+2b~i|y,-<t)l+abilk,wl}dt

=1 =1

<23 woye( [ ekf(t)dt)m

+ 2b§_)l ’g( f y,(;);u>m( f ‘kf(t)dt)llz

R B( o) ([ o)
Since by (3.3) |

.-1< f k; (t)dt) = _l( f Dokﬁ(z)au)mg mr ||,

(3.18) follows.
We resume the proof of (3.12). Let ¢>0 be given and

(3.19) a= Z y,(t)dt.

fm=1

1) Sl

tends to zero as u(e) approaches zero, there exists a i >0 such that

Since
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n P 1 € 2 .
(3.20) > [ sioa<— () it () < B
=1 e 1
We set
5.2 o o 3o |
(3.21) w = min B, 18an
and
(3.22) M = 2(a/p)2
We now split Dy into Do=e’+e¢’’ such that
LIPS > (M/2)2 fort Ce,
3.23 (2
(3.23) 2 ){é (M/2)" for £ C o,

Then by (3.19)
we)M/22 s Y | yidt =
=1 ¢’
therefore by (3.22)
(3.24) ue') = p,
and by (3.20) with e=e¢’

(3.25) > ywas i(—e—- B
=1 & ~ M \18ud

We now write

(3.26) R(x, h,6) = R + R"

where R’ and R’/ are the integrals with the integrand of (3.10) extended over
e’ and e’’ respectively. Applying Lemma 3.2 with e=e’ we obtain from (3.18),
(3.24), (3.21) and (3.25)

| R7| = {2¢/9 + bnni]| ]| [ 4]

that is, we shall have

(3.27) | R'| < ¢||n]|/3
if only
€
.2 B| < = .
(3.28) 1] = 5y =

To estimate R’/ we note that in e’/ the y;(¢) are bounded by M/2. Since
the fi(¢, #1 - - - u,) are uniformly continuous if the u.'s are bounded it fol-



86 E. H. ROTHE July

lows that there exists an 7>0 independent of ¢ such that for t<e’’

Ifi(t’ yl(t) + ny yﬂ(t) + nn) - f(t, yl(t)r Tty yn(t))l
(3.29) €

<m (t=1,2---,m)

if
(3.30) [ il <mo (G=12---,2).
We now write ¢’ =¢{'+e;’ where e/’ and e}’ are such that
< ,
(3.31) Zk(){ no fortCe |,
=1 = 770 fort C ed’.

Correspondingly we write
(3.32) R” = R{! + R’/

where R}’ and R;' are the integrals wnth the integrand of (3.10) extended

over e, and € respectlvely
We estimate first R{’. If we set n;=0k:(t) with 0=0=1 the inequality
(3.30) is satisfied for ¢Ce/’ and we obtain from (3.29) and (3.10)

IR | s — > k)| e

3n(Am(De))*? 521

g 2 1/2
= mg( f o ke(t)dt) (u(er )2,

Since ef’' CD, we see from (3. 3) that a fortiori
(3.33) R{"| < || hl|e/3.

It remains to estimate R;’. From (3.31) and (3.3) we see that

2
5.5 nuled') 5 2 f kit < M)A

uled’) = “h“ )‘l/’lov

and from (3.23) since e;' Ce’’
(3.39) [ s s 01/2uei’y < nll| /200"

Applying Lemma 3.2 with e=e;’ we obtain easily from (3.18), (3.34) and
(3.35)

| R¢" | < (2a/m0 + bMn/no + bu)hi|| |2



1949] WEAK TOPOLOGY AND NONLINEAR INTEGRAL EQUATIONS 87

that is,

(3.36) | R | < ||Alle/3

if only

(3.37) 4] = o = k.

~ 3\(2a + dMn + buno)

Since R(x, k, 6) <|R’| +|R{’| +|R{’| we see by adding (3.27), (3.33) and
(3.37) that (3.12) is true whenever (3.13) is satisfied with ko=min (¢, k')
where k¢, ko’ are defined in (3.28), (3.37) respectively.

THEOREM 3.2. Under the same assumptions as in Theorem 3.1 the dif-
ferentials D(x, k) and D*(x, h) are completely continuous(17).

Proof. The mapping which maps the point x of the space H into the point
1.(h) =D(x, k) of the space H* of linear functionals /(%) is the product of the
mapping ® which maps x CH into y(¢) CL; and the mapping which maps
y(¢) into l.(k) = D(x, k) given by (3.6). The latter is continuous as an examina-
tion of the proof of Theorem 3.1 immediately shows, and the mapping ® is
completely continuous by Lemma 2.2. The product mapping is therefore
completely continuous which proves the theorem for the differential D(x, k).
The proof for D*(x, k) is analogous.

THEOREM 3.3. Let Vg denote the sphere ”x” =R of the space H. Under the
assumptions of Theorem 3.1 the scalars I(x) and I*(x) (Definition 3.1) take a
maximum and a mintmum in Ve, The Hammerstein scalars i(x) and 1*(x)
take a minimum in V.

Proof. Because of the Theorems 3.1 and 3.2 the assertion is an immediate
consequence of Theorem 1.1 since H is a reflexive Banach space.

THEOREM 3.4. In addition to the assumptions of Theorem 3.1 we suppose
that

k n
(3.38) meg—72£—a
=1

where F(t, U) s the function defined in (3.4) and where C, and k are constanis,
the latter subject to the condition

(3.39 0= k<1/M.

Then there exists an R such that for R > R, the Hammerstein scalars i(x), i*(x)
take a minimum in an interior point of the sphere V.

Proof. We prove the theorem for 4(x). Since by Theorem 3.3 a minimum
(*7) Cf. footnote 15.
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is taken in any sphere Vg, we have only to prove that for large enough R
the minimum cannot be taken on the boundary of V. In fact we shall show: if

2 I(0) + Cw(Do)

3.40 Ry =2

(3.40) ° 1— E\

then

(3.41) i(x) > i(0) for || || > Ru.

We have indeed from (3.4), (3.5) and (3.38)

_fpo[_’izn: yi(d) +C1] dt = — —i—}; ¥» — Cus(Dy)

I(x) 7 &

(1%

k k
=-5Z A, — Cuu(Do) 2 — M M — Cau(Do).
P I}

Therefore by (2.5)
i(2) = [|#]|/2 + I(=) = (||=]|/2(1 = BA) — Cun(D0).
Since 1 —%\; >0 by (3.39), we obtain

i(%) > Ro(1 — E\1)/2 — Cu(Do) for ||«]| > R.
Substituting the value (3.40) of R3 yields (3.41) since I(0) =1(0).
4. Application to nonlinear integral equations.

LemMA 4.1. If b is an element of the subspace H, of H (Definition 2.2) and
if h(t) =Di(h), k*(t) =¢*(h) (Definition 2.4), then the differentials D(x, h) and
D*(x, h) of Theorem 3.1 may be written in the form

(4.1) D(x, h) = Z":hﬂ»{ > Kuslt, /it yl(t),--',yna))dt}ds,

Dy j=1 Dy =1
@.)D*=x k= 2 h,-(s){ 2 Kals, 0fut, y¥@, - - -, y,,*(t))dt}ds.
Dy j=1 Dy 1=1
Proof. From (3.1), (3.2) and Lemma 2.3 we obtain easily
ki(f) = > Kii(t, s)h*(s)ds (i=1,2---,n).
Dy j=1

Substituting this expression for k;(¢) in the Definition (3.6) of D(x, &) yields
(4.1); (4.2) is proved similarly.

LEMMA 4.2. Let x = (x1, %2, - - - ) and b= (hy, ho, - - - )be arbitrary elements of
H, and y=(Mx1, N, - - + ). Let y(¢) =P1(y) =P(x) and y*(t) =P*(y) =B*(x).
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Finally set
1 1
(4.3) L(x=— X Moy = — |||,
. 2

Then I ,(x) has a Fréchet differential Dy(x, h) given by
(4.4) Di(x, ) = 2 Nx,h,.
P
If, especially, hC Ha, the differential D:i(x, k) may be written as
4.9) Di(x, b) = 20 | yi®)hi(s)ds = 2 | yFo)h}F(s)ds

j=1v Dy j=1¢ Dy

where h(s) =®,(h), h*(s)=¢1(h) and where the n-tuples y;(s), y;(s), hi(s),
;(s) are associated with the functions y(s), y*(s), k(s), h*(s) respectively by
means of the rule (3.2).

Proof. (4.4) follows from the identity
I(x + k) — I(x) = Z Mook, + 71 || 4|2
Moreover we obtain from (4.4), (2.8) and (3.2)
Dt 1= St = [ w0yt = 3 [ mosioa

which is the first part of (4.5). The second part follows the same way.

THEOREM 4.1. Under the assumptions of Theorem 3.4 the following two sys-
tems of nonlinear integral equations for the conjugate n-tuples (see Definition
2.4 and the end of the first paragraph of §3) vi(s), y*(s) and %;(s), §*(s)
(G=1, 2, - - -, n) have at least one solution

26+ [ X Keilt, )ity 1), - -+, ya()de = 0,

Dy =1

yi(s) + i Kii(s, 0f:t, 5@, - - -, §X()dt = 0.

Dy =1

(4.6)

Proof. By Theorem 3.4 the scalar i(x)=||x”2/2+I(x) takes a minimum
in some interior point of the sphere Vg if R is large enough. In such a point
x the Fréchet differential D;(x, ) +D(x, k) of 4(x) must be zero for all A C H(18).
We apply this especially to elements % of the subspace H, of H. For such &
we may use Lemmas 4.1 and 4.2 and write the equation Dy(x, k) +D(x, k) =0

(18) That the Fréchet differential of a scalar must vanish in an interior extremum point is
easy to see. For a proof see, for example, [8, Lemma 2.4 and remark to Lemma 2.4].
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in the form

(4.7) 20 B (s) [3’5*(5) + 2 Kty )fst, ma(®), - - - ,yn(t))dt:l ds =0,
Dy =1 Dy i=1

where y;(s), ¥*(s) are the n-tuples of functions associated with y(s) =®(x),
¥*(s) =®*(x) respectively by the rule (3.2). We set for a moment f;(f)
=fi(t, (), - - -, ¥a(t)). By the use of (3.1), (3.2) equation (4.7) may then
be written in the form

(4.8) f i) [y*(s) + f K(,) f(t)dt] ds = 0.

This shows that [ ] is orthogonal to #*(s) =®*(k) for all #CHj, therefore
especially to all ¢*(s)(1?). Since these functions span M* we can conclude
[ 1=0once we know that [ ]C M*. But this is true since y*(s) CM* by defi-
nition and since the integral in [ ] can be expanded according to the ¢*(s)
by the Schmidt expansion theorem [10, p. 465]. This shows that the first set
of equations (4.6) is satisfied since the left member of these equations is the
expression [ ]. The validity of the second set of (4.6) is proved correspond-
ingly.
We consider now the symmetric and positive definite case. The system

(4.9) yi(s) + Z Kji(s, Ofi(t, y1(8), - - -, ya(t))dt = 0 G=12- - n)
Dy tm=1

is called symmetric if the kernel K(s, ¢) defined by (3.1) is symmetric; it is

called positive definite if K(s, £) is positive definite(2?).

THEOREM 4.2. If the symmetric and positive definite system (4.9) satisfies
the assumptions of Theorem 4.1 then it admits at least one solution.

Proof. This theorem is an immediate consequence of Theorem 4.1 since
in the symmetric and positive definite case(?!) we may assume ¢,(s) =¢.*(s),

¥(s) =y*(s), yi(s) =y*(s).
5. Concluding remarks. As stated in the introduction, Theorem 4.2 was
first proved by Golomb under somewhat stronger assumptions(22). If special-

(%) Obviously ®f(%) =¢}(s) if & is the element of H; whose components are all zero except
for the pth one which is 1.

(*9) As is verified immediately from (3.1) this is equivalent to saying that (4.9) is
symmetric if Ki;(¢, s)=Kji(s, t), and positive definite if for all continuous y;(s),
2_i=1 25=1 S0, Jo, Kii(s, )ys(s)yi(8)dsdt 20. CE. [4, p. 54, S5].

(2) Symmetry alone is not sufficient for ¢,(s) =3 (s).

(%) His Theorem 1 in [4] requires in addition to the assumptions of the present paper con-
tinuity of the kernels Kj;(s, ¢) and differentiability of the f;'s. Golomb notices that these condi-
tions are not sufficient to assure uniqueness; by adding a new condition he obtains also unique-
ness results.
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ized to the case of one single equation the assumptions of Theorem 4.2 are
exactly those of Hammerstein [6, Theorems 1 and 2] with the following ex-
ception: the assumption (3.7) of the present paper takes the place of Hammer-
stein’s assumption [6, Theorem 1] of an admissible and bounded kernel.
Therefore to show that Theorem 4.2 actually contains the Hammerstein
results we have to prove the following lemma.

LeEMMA 5.1, Let the symmetric and positive definite kernel K(s, t) be admis-
sible and bounded in the admissible domain D. Then the assumption (A) (that
s, (3.7)) is satisfied(*).

Proof. Let
(5.1) | K, ] = C
and set
Ka(s, ©) = 2 Npa(s)s(?)
=1

where as always the ¢;(s) are the eigenfunctions of K (s, ). Then K(s, ?)
— K., (s, t) is positive definite (cf. [2, chap. 3, §4.2]) and therefore by (5.1)

f ) f | Kuls, (9 y(0dsit f ) fD K(s, £)y(s)y(d)dsdt

co( [, ou)

for all non-negative y(s). To prove (3.7) it will be sufficient to show that
K.(s, s) = C?

(5.2)

for all ». If this inequality were wrong we would have K,(so, so) > C? for some
so, 7. Let then C be such that for such so, %

(5.3) K.(so, 50) > C2 > C2

Since K.(s, t) is continuous we shall have K,(s, ) = C? for all points s, ¢ of D
in a small enough spherical neighborhood U of so. Let now y(s) be a continu-

ous function which is zero outside U, non-negative in U and not identically
zero. Then by (5.2)

e[ [ pou] s [ [ wosomomasc] [ soa]

which implies C?< C? in contradiction to (5.3).

(#) In the case of a continuous kernel this would be an immediate consequence of Mercer’s
theorem.
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