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PArT I. EMBEDDING AN ORDERED GROUP IN A DIVISION RING

1. Introduction. The investigation of geometries with certain incidence
and order properties but lacking others(!) leads to the study of (fully)
ordered division rings. The best-known example of such a division ring is that
due to Hilbert [6, §33](?). The problem of constructing more general types
of ordered division rings was attacked by Moufang [8], who embeds the
group algebra of the free metabelian group of two generators in a division
ring and shows this can be ordered; and then constructs a variety of related
division rings. Moufang also raises the question whether the group algebra of
the free group of two generators can be embedded in a division ring(3). We
shall obtain, as a by-product of the first part of this paper, an affirmative
answer to this question.

The semigroup algebra of the semigroup G over the ring(*) P is an algebra

Presented to the Society, February 28, 1948; received by the editors March 26, 1948.

(*) Satisfying “Desargues” but not “Pappus.”

(2) Numbers in brackets refer to the bibliography at the end of the paper.

(3 Ordered or not [8, pp. 203, 208].

(*) Usually the ring P of coefficients is assumed to be a division ring or even a field; and G is
commonly assumed as a group.

202



ON ORDERED DIVISION RINGS 203

over P whose base elements are (in 1-1 correspondence to, or identified with)
the elements of G in such a way that their multiplication in the algebra coin-
cides with their multiplication in the semigroup. The elements of the algebra
can then be written as finite sums

Zgipi giEGypiE P’

with addition defined in the obvious manner, and multiplication by (%)

(Zoo)(Zhm) = Z4( 2, oor)

Here the coefficient of any one k is a finite sum in the coefficient ring because
there are only a finite number of g; and #;, thus a fortiori only a finite number
of pairs of them, for which g;k;=k.

Hence if we wish to embed the semigroup algebra in a ring in which cer-
tain infinite sums Zg;p,- are also admitted, we have to take care that the
equation g;k;=Fk has always only a finite number of solutions g;, ;. This can
be done, provided the semigroup is (fully) ordered, by means of an idea due
to Hahn [4]: one admits only such infinite sums Y gp;: in which the g;,
taken in their semigroup order, are well-ordered(%). In this way one obtains
an extension of the semigroup algebra which is called a ring of formal power
series.

If P is a field and G an abelian (ordered) group, then this ring is itself a
field (Hahn, loc. cit.); and if moreover P is ordered, then the formal power
series field can also be ordered. The case of a noncommutative ordered group
G has received some attention recently. Schilling [11] sketches a proof that
the formal power series ring is then a division ring; but this sketch omits to
establish the existence of an inverse to every nonzero element(?). It has been
remarked that Hahn's original proof can be adapted to the noncommutative
case; but nobody seems to have done it yet, and it is a formidable proof even
in the commutative case. ’

[Added in proof, July 1949.] Dr. Daniel Zelinsky has, however, kindly
communicated to me a formal proof along the lines of Hahn's proof, using
neither commutativity nor associativity.

In the first part of the present paper we give, therefore, an independent
proof that the formal power series ring of an ordered group over a division
ring is itself a division ring; this can be ordered if the coefficient division

(5) More generally one can introduce factor sets, and so on, into this multiplication.

(%) Following Hahn [4] one can restrict the cardinal of these sums to be less than some
arbitrarily given infinite cardinal.

(") Cf. [11, p. 302]: “Observe that each sequence . . . has a limit. . . . ” The essence of this
observation occupies §§2, 3 of the present paper. Cf., however, also footnote 8.
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ring is ordered. The central fact is the existence of an inverse to every nonzero
element; and it suffices to establish the existence of an inverse to every formal
power series beginning with e-1 (e the group unit, 1 the coefficient unit(?)),
and thus involving after this first element only a sum of g;p; with g;>e in G.
The elements g>e in G form an ordered semigroup G*, and it is with this
rather than with G that we operate in the first three sections. There is a
certain gain in generality, because we do not at first assume Gt embedded or
even embeddable in a group; but all the same connect a group with it, cor-
responding to that of the formal power series beginning with e-1.

The proof then that every ordered group can be embedded in an ordered
division ring presents no further difficulty. Now it has been shown else-
where(?) that the free group (of any number of generators) can be ordered,
thus Moufang’s question (cf. above) finds its answer.

The division ring in which we thus embed a free group of, let us say, two
generators is a formal power series ring and therefore of the cardinal of the
continuum even if the coefficient field is denumerable(1?); it is, in a sense,
wastefully large. The group ring of the free group over the field of rationals,
say, is denumerable; and so then is the division ring generated by this group
ring, in ary division ring in which it may be embedded. It is, therefore, nat-
ural to ask if a different construction would not embed the group ring, less
wastefully, in the division ring it generates. It is also natural to look to the
known sufficient criteria which tell one what rings possess a division ring of
(left or right) quotients (Ore [10], Dubreil [3, chap. 5]).

But these criteria fail in our case; and we end the first part of this paper
by showing that there are elements in the group ring of a free group which
have no common left multiple. This provides an illustration of the fact(!?)
that Ore’s sufficient criterion is not necessary('2).

2. Archimedean classification in an ordered semigroup. Let G* be a
semigroup, that is, a system which is closed with respect to an associative
multiplication. Elements of G* will be denoted throughout by 7, s, ¢, %, with
affixes where required. Let G* be fully ordered, so that for any 7, s either
r<sorr=sorr>s,and notwo of these take place simultaneously. We further
postulate:

(2.1) For all , s, ¢, if »<s, then rt<st and & <ts.

() I should like to emphasize that the argument in §§2-5 of the present paper follows closely
the pattern of Schilling’s proof sketch referred to above.

(%) [9] and the reference to G. Birkhoff and A. Tarski there.

(%) The last sentence of [6, §33] is erroneous. A similar error occurs in [12, top of p. 36].

(1) Probably well known.

(12) I learn from the referee that the results of this part have been “batted around in
conversation on this side of the Atlantic.” I wish, therefore, to disclaim any originality in this
part. [Added in proof, July 1949.] A recent paper in Russian [17] appears to anticipate results
and methods of this part. Also [18], [19] contain the result for which [9] is here quoted. Other
references in [20].
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(2.2) For all r, r<r2.
The first of these entails the cancellation laws: if 7¢=st, then r=s; if tr=ts,
then 7=s5s. The second condition excludes idempotent elements from G*; in
fact it does more: it ensures that a product always exceeds each factor.

(2.3) LEMMA. For all r, s,

r<rs and s<rs.

Proof. If r=rs then rs=7s* by (2.1); but s<s? by (2.2) and rs<rs? by
(2.1). Hence r Zrs is impossible. Similarly, if s =7s then rs=72%s; but » <72 and
rs<r2s. Hence s=rs is also impossible, and the lemma follows.

We now classify the elements of G+ according to their “Archimedean”
character. If »*<s for n=1, 2, - - -, we call 7 infinitely smaller than s and
write 7<s. We also call s infinitely greater than r.

(2.4) LEMMA. (i) If r<s then r<s, and r#*s.
(1) If r<s and s<t then r<t.
(iii) If r<s but not t<s, then r<t.

The proof is obvious and omitted.

If 7 is neither infinitely smaller nor infinitely greater than s, we call 7 and s
“relative Archimedean.” This is an equivalence relation. The set of all ele-
ments relative Archimedean to 7 is called the Archimedean class of » and
denoted by 5(7).

(2.5) LemMA. (i) The statements sEq(r), rEn(s), n(r) =n(s) are equivalent.
(i) If r<s<tand n(r) =q(t) then n(r) =n(s).
(i) (™) =n@) forall r,and n=1,2, - - ..

The proof is obvious and omitted.

The Archimedean classes can themselves be fully ordered. We put 5(r)
<9(s) if and only if r<s. The usual order properties are confirmed without
difficulty.

(2.6) LEMMA. The Archimedean class of a product is the class of the greatest
Jactor:

(2.61) 7(rs) = max (n(r), n(s)) = n(max (r, 5));

(2.62) 2(]1r,) = max n(r,) = n(maxr,).
») )

Proof. The lemma is obviously true for any finite number of factors if it
is true for two factors. Now if r <s then s <rs<s? by (2.3) and (2.1), hence
7(rs) =n(s) by (2.5). Similarly if »>s then r <rs <% and 9(rs) =5(r). In any
case the lemma is established.

We may therefore look upon the Archimedean classification as a valua-
tion of the semigroup.



206 'B. H. NEUMANN [July

3. Well-ordered sequences in an ordered semigroup. We consider sets
of elements of G+ which in the order of Gt are well-ordered; such sets we shall
call WO-series.

DEFINITION. A set S=Gt iscalled a WO-series if every non-null subset of
S contains a least element.

If G+ is nondenumerable one can modify this definition by admitting
only subsets whose cardinal does not exceed a given N,. The null-set N is a
WO-series, and all results we prove for WO-series apply in particular to N.
But to avoid trivial distinctions we shall tacitly assume non-null series where
convenient.

(3.1) LEMMA. (i) S 2s a WO-series if and only if every sequence si, sz, - + - of
elements of S contains a nondecreasing subsequence S,y <Sun = -+

(ii) Sisa WO-series if and only if every nonincreasing sequence sy =s2= - - +
of elements of S is ultimately constant, that is, for some n, sp=Ssp1= *

The proof is obvious and omitted.
(3.2) LEmMa. If S, T are WO-series then U=ST is a WO-series.
Proof. Let

%1 = Sib1, Uz = Sale, * - ¢ (,E€S8;t,€T)
be an arbitrary sequence of elements of U. There is a nondecreasing sub-
sequence of s;, 3, - -, let us say s,y sy = - - - . The corresponding se-

quence f,qy, L@, - - - in T also contains a nondecreasing subsequence, let
us say Loay Stoen = -+ -+ . Then u,pq) S0y = - - - is a nondecreasing
subsequence of the sequence #;, s, - -+ - . Hence, by 3.1, U is a WO-series.

(3.21) CoroLLARY. If S, T are WO-series then for any fixed u ST the
equation u=st has only a finite number of solutions, s€S, t&T.

(3.22) CoroLLARY. If Sy, S, « « -, Sa are WO-series then S1S; - « - S, s
a WO-series. ’

(3.23) CorOLLARY. If S is a WO-series then so is S* for any n.

(3.3) LEMMA. The union of a finite set of WO-series is a WO-series. Any
subset of a WO-series is a WO-series.

The proof is obvious and omitted. Note that the union of an infinite set of
WO-series is not necessarily again a WO-series.

(3.4) THEOREM. Let S be a WO-series and denote by S® the semigroup gen-
erated by S, that is, the union of all S*, n=1,2, - - - . Then S* is a WO-series.

Proof. Assume S¢ is not a WO-series. Then:
(3.41) There is a properly decreasing infinite sequence #;>u;> - - - of
elements of Sv.
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Let
#u1 = Sus12° Sy

Uz = S21522° * * * " San(2)

Up = Sp1Su2° * * * SuiAu)y

......

C
where all 5,,ES. Denote by s.* the greatest s,,, v=1, - - -, N(u):

s = max s,,.
»

Then by (2.6)

(1) = n(s1*),
n(ug) = n(ss*),

n(u,) = ﬂ(sn*)s

Amongst si*, s - - - there is a smallest; hence amongst 5(s*), 7(s*), - - -
there is a smallest. But as #;>u,> - - -, we have n(u) =9(u)= -
Hence from a certain term on all 7(u,) are equal; let us say

—~

N(ha) = N(thny1) = - - - = "
If we consider different decreasing sequences

ul Sud > ul’ >ul’ >-

~_ ) ~_I

we are led to possibly different classes ~5’, 7'/, - - - . But amongst all these
there must be a smallest; for ™3, ~9’, 7'/, - - - are Archimedean classes be-
longing to certain elements of S, amongst which there must be a least. We
may therefore assume, without loss of generality, that:

(3.42) The sequence u;, %z, - + - in (3.41) is chosen so that "7 is as small
as possible.

Possibly omitting a finite number of terms from the infinite sequence, we
may also assume that already #,E ™, and therefore

-~

n(u1) = 9(ug) = -+ - = "

There are elements of S in the class ™, for example s/*, s:*, - - -; denote by
s the least element of S in 7. Then

U = si¥ = s,

But as 5(u1) =9("s), there is a natural number p such that
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Uy é AS",

and as u, <u; for all p,
uy, < TSP,

We may assume that:
(3.43) The sequence u;, %,, - - - in (3.41) is chosen so that, subject to
(3.42), p is as small as possible. Then

(3.44) sl < uy < s w=12--..

(as u,=s5*¥="s, p=2: hence ~s*~!in (3.44) has a meaning in G+). We now
represent each u, in one of four forms, namely,

(3.45) Uy = 5,5,

(3.46) w, = uls¥, ! € S¢,
(3.47) wu, = sFul’, w' € S,
(3.48) w, = u)s¥ul', wl, w/' € S

Only a finite number of %, can be of the first form, for the s.* lie in S and
can not form a properly descending infinite sequence. There is then an infi-
nite sequence of %, of one of the other three types; let us assume they are all
of the form (3.48). Then amongst the ,, or amongst the %,’, there must be a
properly decreasing infinite subsequence. But from (3.44) and s*="s we
see that

u < sl wl' < TsPL
Thus this new decreasing sequence has the same ~5 but a smaller p in

(3.44), contrary to (3.43); or a smaller ™9, contrary to (3.42). In any case
(3.41) leads to a contradiction, and the theorem follows.

(3.5) THEOREM. With the notation of (3.4), any element of S* lies in only a
finite number of the sets S, S?, S8, - - -,

Proof. Let U denote the set of all elements #&.S* which lie in an infinite
number of sets S, 52, S3, - - - . If Uis not the null-set it has (as subset of the
WO-series S¢) a least element ~~%, say. " has an infinity of product repre-
sentations, of increasing lengths:

U = suSiz- * * S

= 521322. DRI 'sﬂ(ﬁ)
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with A(1) <A(2) < - - - and all 5,ES. Put

(3.51) Tu = Suty = Salle = ¢ = Sl = - ¢

where

(3.52) Uy = Spz-  +* Sy € SN

The sequence sy, sa, * * - contains a nondecreasing subsequence s,ay.1
Ssuma= - - - (by 3.1), and the corresponding subsequence wu,q), #uc2), * *

must be nonincreasing. But as all its terms belong to the WO-series S¢, this
subsequence is ultimately constant. There is, therefore, an element

' _ — —_
U = Upn) = Up(n+1) = °

From (3.52) we see that #' lies in an infinite number of sets S, and thus in U;
but (3.51) shows that #’ <% contrary to the assumption that ~u is the
smallest element of U. Hence U must be the null-set, and the theorem is
established.

4. Formal power series over a ring. Now let P be a ring with a set
Q of operators. Elements of P are denoted by p, o, 7, with affixes where re-
quired; the zero of P is denoted by 0; the unit element, if P has a unit ele-
ment, by 1. The operators are denoted generically by w, the identical oper-
ator by e; operators are written as exponents.

DEFINITION. A function ¢ defined on G* with values in P will be called a
FP-series (formal power series) if there is a WO-series S=S(¢) such that
¢(s) #0 implies sES(¢). The set of all FP-series will be denoted by II.

In II we define addition and (right) scalar multiplication in the obvious
manner: if ¢E1II, xEII, pEP, then

v=9¢+ x, V¥ = ¢p,

where
(4.11) Y(s) = ¢(s) + x(s),
(4.12) ¥'(s) = ¢(s)p.

(4.2) LEmMA. II s closed with respect to this addition and scalar multiplica-
tton. 11 is a P-module with respect to this addition and scalar multiplication.

The proof is obvious and omitted.

In order to define a multiplication in II we first introduce factor sets.

(4.3) DEFINITION. A pair of functions v, w is called a factor set on
{G"“, P, Q} if v is defined on G+, G* with values in P and w is defined on G*
with values in @, and if they satisfy

4.31) Y(r, 5)peMe® = pulray(y s),
(4.32) y(rs, Dy(r, ) = ~(r, s)y(s, t)
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identically in 7, s, t (EG*) and p (E€P)(3). If y=0 we call the factor set de-
generate.

We now choose a factor set(4), and define a multiplication in IIL.

(4.4) DEeFiNITION. If ¢ €11, X €11, we define the product ¢ =¢x by
(4.41) V() = 2 v(r, 5)o(r)*x(s).

rs=t¢
The usual power notation is used for iterated multiplication(5):
o9 = ¢?, dp™ ! = $™
Observe that if S(¢) =R, S(x) =S, RS=T, then ¢(¢) =0 unless t&T; and

when (€T, then the right-hand side of (4.41) has only a finite number of
nonzero terms (cf. 3.21). Hence we have the following lemmas.

(4.5) LEMMA. II is closed with respect to the multiplication (4.4).

(4.6) LEMMA. II ¢s a ring with respect to addition and multiplication as de-
fined.

Associativity of multiplication follows as usual from the factor set identi-
ties (4.31)—(4.32). Distributivity is obvious. The zero element of II is the FP-
series which vanishes identically on Gt. We denote it by 0. There is no unit
element in II.

(4.7) THEOREM. If ¢ EIl and p.EP, n=1, 2, - - -, then the power series
(4.71) o* = iqb" n
is meaningful and E€II. The power series
(4.72) F=X e

(with an arbitrary sequence of signs) is also meaningful and SII('S).

Proof. If S(¢)=.S, then clearly ¢*(t) =0 unless t€S¥. By (3.5), if t&Se,
then ¢*(t) =0 except for a finite number of values of #. Hence for any t&G™*
the right-hand side of (4.71) is a finite sum of nonzero terms only; thus ¢*
has an obvious meaning. By (3.4), S¢ is a WO-series; hence ¢* is a FP-series;

(13) Note that three different multiplications enter (4.31), (4.32): those in G*, P, and .
They are all denoted by juxtaposition.

(%) We shall later assume it nondegenerate. If P contains the unit element 1, and if @
contains the identical operator ¢, then there certainly is the trivial (nondegenerate) factor set
y=1, w=e

() Functional iteration does not apply to elements of II, as they have different domain and
range.

(18) (4.72) is a special case of (4.71) if P contains a unit element.
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similarly for &.
(4.8) DEerFINITION. With each element ¢ EII we associate a symbol

14 ¢.

The set of all 1+¢, for ¢ 11, is denoted by I'. In I' we define a multipli-
cation by

(4.81) I+ +x)=1+(+x+¢x)

(where addition and multiplication in the brackets on the right-hand side
refer to the ring operations in II).

(4.9) THEOREM. I' is a group.

Proof. T' is obviously closed with respect to multiplication. One confirms
easily that multiplication is associative. The neutral element of multiplica-
tion is 140 which we shall abbreviate to 1. If

a=§<—¢)"

then 1+4@ is the inverse of 14¢, and by (4.7) is contained in I

(4.91) CorOLLARY. If P contains (a subring isomorphic to the field of) all
rationals, and if the factor set vy, w is trivial(\"), then T' is a complete group,
that is, every element of ' is an nth power in I' for every positive integer n.

This follows from (4.7), using the binomial expansion for roots.

5. Formal power series division rings. We now have all the tools to carry
out the construction of the formal power series division ring.

Let G be a fully ordered group with order relation < and unit element 1.
Denote by G* the semigroup of all elements » with 1 <r. Then G+ satisfies the
assumptions of §2. Let P now be a division ring. The operators w are then
automorphisms of P(%).

The definitions of WO-series, factor sets(?), F P-series, addition and multi-
plication of FP-series can be extended without difficulty to apply to G instead
of Gt. We now assume that the factor set entering the definition of multipli-
cation is nondegenerate, and that for all »EG,

(5°1) 7(1’ 7’) = 7("’ 1) =1, w(l) = 6(20)'
The analogues of (4.2), (4.5), (4.6) are again proved without difficulty.

(17) That is, v=1, w=e.

(%) We exclude the degenerate operator which maps all P on 0.

(*?) Not every factor set on {G"’, P, Q) can be extended to a factor set on {G, P, @}. Thus,
for example, if ¥ vanishes for any arguments in G it must vanish identically.

(29) This entails no loss of generality, as one can show without difficulty; and it cuts out
some unnecessary complications.
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We denote by w, the special FP—series. defined by
(5.2) m(r) = 1, (s) =0 when s 5 7.
Their multiplication is described by
(5.3) Ts = Ty (7, ).

w1 is the unit element of multiplication, and the scalar multiples of 7; form a
division ring isomorphic to P(2!). If ¢ is a FP-series we further introduce ¢* by

(5~4) Oms = mep°.
One can easily calculate ¢* explicitly:
(5.5) ¢°(2) = (s, ) y(sts™?, s)g(sts1)®.

Now any nonzero FP-series on G can be related to the FP-series on Gt, or
rather to the elements of the group I', by representing it in the form

(5.61) = mo(1 + ¢), reG e P 1+¢cT.

If similarly

¥ = mo(l 4+ ¢¥),
then their product is found to be
(5.62) BY = mrx(r, )p*Wo(1 + o7i¢% + ¥ + o=Igay).

By choosing s=71, = (y(r, s)p*®)~1, and 1+¢y=(1+40"%)"1'in G, P, T
respectively, we obtain the inverse of ®. Hence we have the following
theorem.

(5.7) THEOREM. The FP-series on G with coefficients in P form a division
ring 2.

It may be remarked that the mapping
-7
is a valuation(??) of Z. We now assume further that P is an ordered division

ring, with order relation <; that the operators w apply to the order of P as
well as to the algebraic operations; and that the factor set is positive valued:

y(r,s) >0 forallr, s €G.

Then we can order the FP-series by putting
(5.81) >0 if and only if p>0.
One easily satisfies oneself that in this way 2 becomes on ordered division

(®) If mp is identified with p then pr,=wp®®); in conjunction with (5.3) this determines
the multiplication completely. In (5.62) (below) we write ¢~ ¢ instead of (mo)~1(¢%), and so
on.

(22) Noncommutative if G is noncommutative. Cf. Schilling [11].
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ring. It is also seen without difficulty that
(5.82) m.<m, in 3 if and only if r>s in G.
Finally we observe that if the trivial factor set y=1, w=c¢ is chosen, then
the mapping
re

is an isomorphism (cf. 5.3). Thus we have the following theorem.

(5.9) THEOREM. Every ordered group can be embedded in an ordered division
ring(®).

6. Appendix. A theorem on the group ring of a free group. We have as a
corollary of our results that the group ring of a free group can be embedded
in an ordered division ring. We now show that the Ore criterion (Ore [10])
does not apply to the group ring of a free group of, let us say, two generators.

Let F then be the free group generated by two elements @, b; for the pur-
pose of this section it need not be ordered. We use the “length” of an
element of F (and thus a partial order): if

g=Ha¢pbﬂv (av;ﬁo,y:17"'y”;ﬂv7£0,”=0»"°v”—1)

then
M) = 2|+ 28]

is called the length of g. The unit element has zero length. We denote it here
by e. We denote complexes (that is, subsets of F) by X, ¥, and soon. X+Y
denotes the set theoretical sum of X and Y; XY the complex formed of all
products xy, x€X, yEY; and the element x and the complex whose only
element is x will not here be distinguished.

(6.1) LEMMA. Let X, Y be complexes in F, not both empty, and let
(6.11) X+ Xe—XNXa=sY + 71,
(6.12) Y+Y6—YNYb=< X+ Xa.

Then X or Y is infinite(?4).

Proof. We may assume X finite but not empty. Then X+ Xa is also
finite and not empty. Let g be an element in X+ Xa of maximal length, and
consider the elements

(#%) We have actually reversed the order of the group in the embedding process: but that
is obviously immaterial.

(*%) In other words: if every element in X or in Xa but not in both is also in Y or in Vb,
possibly in both; and if every element in ¥ or in Y5 but not in both is also in X or in Xa,
possibly in both; then both X and Y are empty, or else at least one of them has infinitely many
elements.
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(6.13) g1=ga,  ga=gal

As g liesin X or in Xa, g lies in Xa, or g, lies in X : in any case one of the two
lies in X+ Xa. Hence

Ag1) = Mg) or Ag2) = Mg)-

However, the definition (6.13) shows that A(g;) =A(g) +1, the negative sign
applying only when the last generator of g is cancelled by the a*!. Hence g
must end in a (positive or negative) power of a.

Also either

Me) =Me) +1 or Ag) =g +1,

so that either g; or g» does not lie in X+ Xa. Hence g cannot lie in both X and
Xa, and we see that '

gE X+ Xa— XN Xa;
thus by (6.11) also
gEY + Vb

Therefore any element of maximal length in X+ Xa ends in a*! and also lies
in Y+ Yb. The symmetry of the assumptions then shows that such an ele-
ment cannot be of maximal length in Y+ Y5, because it does not end in
b*1; and no longer element can be of maximal length in Y+ Yb because it
could not lie in X+ Xa; Y+ Yb has no element of maximal length, but is not
empty either. Therefore Y+ Yb is infinite, and so then is Y.

(6.2) THEOREM. Let P be a field, F the free group of two gemerators a, b,
and Pr the group ring of F over P(?°). Then the elements

(6.21) a=¢l4+a1 and B=c1+5b-1
have no common (nontrivial) left multiple in Pp.

Proof. Assume that
(6.22) ta=nB =g,

where
E=glpl+"‘+gmpmp 17=h10'1+"‘+hno’,,

are elements of the group ring, and so is
C=kimi+ -+ ko
We may here assume all p, o, 77%0. Denote the sets of components of &, 9, { by

(%) The theorem can be considerably generalised by weakening the assumptions.
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X=(g1»"'!gm)a Y=(h1""yhn)v Z=(k1v"',kp)~
Then clearly
X4+ Xe—XNXa=2Z=X+ Xa

and also
Y4+Yb—-—YNYb=ZZY+Y7b

Hence Lemma (6.1) applies; and as X and Y are finite, they must be empty.
Then £=%=0, and (6.22) can only be trivially satisfied. This proves the
theorem, and shows that the Ore criterion does not apply to the group ring
(over any coefficient ring) of the free group.

Thus we see that if we introduce quotients into the group ring Pr(?%), the
resulting system will be closed with respect to multiplication and division
(by elements #0), but not with respect to addition; if we now introduce
(finite) sums, we presumably lose again the multiplicative group property.
Thus we can alternately close the system with respect to multiplication and
(nonzero) division, and with respect to addition(?”). In this way we get a
“tower” of systems, all in any division ring which contains the group ring.
Adaptation of the classical Steinitz argument (Steinitz [13]) shows that the
union of the tower systems is the division ring generated by Pp. It is still an
open question whether the tower is finite or not; but it seems reasonable to
conjecture that the tower must be infinite.

ParT II. EMBEDDING THE REAL NUMBERS IN AN ORDERED DIVISION RING

7. Introduction. The second part is independent of the first, and deals with
a different problem. It is well known that every ordered field can be embedded
in an ordered field enjoying certain completeness or continuity properties(?%);
in particular every ordered field can be so extended as to contain (a subfield
order-isomorphic to) the field of all real numbers(??). The main result we
prove here is that this remains true for ordered division rings. The methods
required to establish this are, however, much more elaborate than in the
commutative case.

Following the classical Steinitz procedure we adjoin elements singly. The
elements we adjoin are characterised by their algebraic relationships to “real

() This is certainly legitimate, Ore criterion or no, as the group ring can be embedded in
a division ring. :

(2") Subtraction looks after itself, because —1 is already present in P.

(28) Cf. Hahn [4] for a discussion of Hilbert completeness and Veronese continuity; Artin
and Schreier [2] for the algebraical theory of ordered fields.

(2) This latter fact is not well known. Completion of an ordered field (for example, by
means of Cauchy filter bases) does not in general complete a subfield with respect to the order
topology of the subfield. This fact has been repeatedly overlooked. The result quoted in the
text follows, for example, from results of MacLane [16]; his method is not available in the non-
commutative case.
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numbers” already present in the division ring, and by their order relations
with respect to them(3?). Accordingly we have to prove two things: Firstly,
that the adjunction of a certain element is algebraically possible; secondly,
that then the resulting extension can be ordered so as to continue the order
of the given division ring and at the same time allocate to the newly ad-
joined element just the “right” order relations with respect to the real
numbers already present.

After some preliminaries (§8) we prove (§9) that the adjunction of every
element required in the process is algebraically possible. The adjunction of
elements which are transcendent over the field P of real numbers already
present is almost trivial. Not so the adjunction of algebraic elements over P;
for it is well known that in the case of division algebras of finite degree over
their centre certain algebraic extensions of the centre are impossible(3?).

In §10 we show that a simple transcendent extension of an ordered divi-
sion ring can be ordered so as to place the adjoined transcendent in its
“proper” place relative to the real numbers already present. This can in
general be done in many different ways; only the “macroscopic order”—
placing rational functions of the transcendent in relation to real numbers—is
uniquely prescribed.

Ordering a simple algebraic extension requires very elaborate preparation;
at any rate if the element 6 to be adjoined is going to be “infinitely near” to
elements { already present in the division ring(3?). The fundamental idea—
very roughly speaking and under certain restrictions—is to show that a poly-
nomial which does not vanish at 8 does not change sign in a sufficiently small
neighbourhood of 8; so that its sign at 6 can be defined as its sign near 6. But
“a sufficiently small neighbourhood of 8” has no obvious meaning before 6
has been placed relative to the elements {; and the idea here sketched will
be hardly recognisable when the details are filled in (§§11-16, especially
§15).

Once all transcendent elements and all algebraic elements infinitely near
to elements already present have been adjoined, and the resulting extensions
ordered, there remain only algebraic elements which are not going to be infi-
nitely near to any elements already present in the division ring. They pre-

(3%) What we mean by the real numbers already present in the given division ring will be
described more precisely in §8. Amongst them are in particular the rational numbers, that is,
the elements of the prime field of the given division ring; and all real numbers can of course
be distinguished from each other (though not necessarily from other elements of the division
ring) by their order relations relative to the rational numbers.

(%) That is, introduce proper zero divisors; cf. Jacobson [7]. Of course such division alge-
bras can not be ordered (cf. Wagner’s Theorem 18.7). This then is the point where the fact
that our division rings are ordered has algebraic consequences.

() By this we mean that there are (of necessity infinitely many) elements ¢ in the divi-
sion ring which have precisely the same order relations to the real numbers as  will have to
have.
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sent no further problem, macroscopic order being all that is required in their
case (§17).

8. Preliminaries and notation. We denote by ~P* the field of real num-
bers in their natural order; by P, the prime field of rational numbers con-
tained in it. Subfields of ~P* and elements of ~P* (that is, real numbers) will
be marked by the same accent ™, where they are used for purposes of com-
parison. Thus 70, ™1 are the zero and unit element of ~P*; but suffixes, ex-
ponents, and so on, are written without accents.

Let 2 be an ordered division ring, Z its centre, Py the prime field of Z.
Then Py=Z, and P, is order-isomorphic(®¥) to ~Py. The aim of this part is
to show that Z can be extended to an ordered division ring 2* =2 which
contains in its centre Z* a subfield P* order-isomorphic to ~P*,

Following the method of Steinitz [13] we adjoin new elements one at a
time, first the transcendent elements, then the algebraic elements. In fact
we describe only simple extensions: the usual well-order and “tower”
arguments are omitted.

The order-isomorphism (%) between Py and ~P, sets up a “natural” map-
ping

cg— "o

of 2 into the compact system obtained from ~P* by adding two elements
47w and — " with the usual algebraic and order conventions. Thus if
&2 and if o>p for all pyEP,, then we put “o=+"w; if ¢ <p, for all
poEPy, then we put o= —"w. If neither of these two cases obtains, then
those pyEP, which are greater than ¢ on the one hand, and those which are
smaller than ¢ on the other hand, define a Dedekind section in Py, and thus
a Dedekind section in ~Py. This in its turn defines a unique real number
o &7P*. This mapping will be used throughout.

(8.1) LEMMA. If ¢ >7 then "o ="7.

(8.2) LEMMA. If 0’162, 0’262, ’\UIEAP*, AO’zEAP*, and o1to=711,
0102 =", then

1 € TP* and T = "o+ oz
A‘rz E AP* and Afz = ’\01/\62.

The proofs are obvious and omitted.

It follows that those elements of £ which are mapped onto elements of
~P* (that is, the elements not infinitely large compared with the unit ele-
ment of Z) form a ring, which we denote by R. The mapping of & into ~P*
is a homomorphism. The kernel of this homomorphism consists of the ele-

(®) We distinguish between “isomorphism,” relating to the algebraic operations, and
“order-isomorphism,” relating to the order as well.
(%) There is only one.
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ments mapped onto the zero 70 of ~P* (that is, the elements infinitely small
compared with the unit element of 2); it is a (two-sided) maximal prime ideal
in R which will be denoted by PB. We shall sometimes refer to the elements
of Z—R, N, P simply as “infinite,” “finite,” “infinitely small” elements.

(8.3) LEMMA. The map "R of R in "P* is a field.

The proof is obvious and omitted. % may, of course, coincide with ~P*
or with Py,

We denote by P an arbitrary subfield of ZNR. That there are subfields of
ZNR is obvious: Py is one of them. The mapping R—"R maps P onto a sub-
field 7P of "P* This mapping, being a homomorphism between two fields,
must be an isomorphism; we shall repeatedly use the fact that the step from
elements of ™P back to elements of P is unique.

Amongst the subfields P of ZNR there are maximal subfields; for the union
of an increasing chain of such fields is again a field, and again in the centre
Z, and again in R. The maximal subfields of ZNR are not in general uniquely
determined; they need not even be isomorphic. We denote one of these
maximal subfields by Pmax.

We may of course assume that “Ppa.7 P*—otherwise no extension
would be required. It is then possible to adjoin to ~Pun.x an element ~9& ~P*
— "Prax; the corresponding adjunction of an element 6 to Pnax, and thus to
Z, forms the subject of the following paragraphs. We have to distinguish
various cases, for example, according as 76 is transcendent or algebraic over
“Puax- In much of what follows the maximality of Pn.x is not essential, and
we operate with an arbitrary P.

We shall make extensive use of the polynomial domains Z[x], ®[x],
B[x], P[x], “P["x]. The variable will throughout be assumed commutative
with the coefficients. Following Albert [1] we call a polynomial “monic” if its
highest coefficient is 1.

Finally we mention two simple facts which will be found useful:

(8.4) LEMMA. If pER, ¢ €Z, p' =0"p0, then ~p'="p.

Proof. The mapping p—p’ is an order-automorphism of Z. Elements of the
centre, and in particular elements of Py, are left invariant by it. Hence p and
p’ define the same Dedekind section in Py, ~p and "p’ define the same Dede-
kind section in ~P,, and are therefore the same real number.

(8.5) COROLLARY. If pER[x], ¢ EZ, p'=0—'pa, then ~p'=""p.

9. Algebraic adjunction of an element. The process of adjoining an ele-
ment @ to 2 naturally divides into two parts: Adjoining 8 algebraically, that
is, forming a division ring Z(8), not yet ordered, which contains, and is gen-
erated by, = and 6; and then ordering Z(#). In this paragraph we deal with
the first step.
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We say that “0 can be adjoined to 2” or that the adjunction of 8 to 2 is
“possible” if the result of such an adjunction is again a dsvision ring. If the
division ring of real quaternions is extended by the algebraic adjunction of
(—1)¥2 to the centre, the extension which results (namely, quaternions with
complex coefficients) is no longer a division ring; we should, therefore, say
that (—1)Y2 cannot be adjoined to the real quaternions (so as to lie in the
centre).

Let 70 be chosen in ~P* but not in "P(%*). If 70 is transcendent over P,
we have to adjoin a transcendent 6 to P: we do this by adjoining a transcend-
ent to Z.

(9.1) LeEMMA. A (commuitative) transcendent 8 can be adjoined to any(*)
division ring 2.

Proof. We first form the polynomial ring Z [#] of a variable 8, commutative
with all coefficients, and then the left-quotient division ring 2(f). That this
exists follows directly from results of Ore [10](®7).

Now let 76 be algebraic over ~P, and let

(9.21) ’\f("x) = Txn + ’\a,,_l’\x"“ + e v + Aao, Aav E AP’

be the irreducible monic polynomial with coefficients in P of which 70 is a
root:

(9.22) ~f(—6) = 0.
Then correspondingly
(9.23) f(x) = 2" 4+ @pax®™ 1+ - - - 4 ay, a, € P,

is the irreducible monic polynomial with coefficients in P a root of which we
have to adjoin to P(%¥). Note that (9.23) is uniquely determined by the iso-
morphism between P and ~P(3?).

(9.3) LEMMA. If f(x) is irreducible over Z, then a root 8 of f=0 can be ad-
joined to 2.

Proof. In the polynomial ring Z[x] (of the commutative variable x),
f(x) generates a two-sided principal ideal without right-ideal divisors; the
residue class ring with respect to this ideal is the division ring Z(8) (4°). Note
incidentally that 8 lies in the centre of Z(8).

(%) Not assumed maximal.

(*) Not necessarily ordered.

(*7) Alternatively one can form the power series division ring by means of the free abelian
group of one generator 6 in the obvious order (cf. first part of this paper), then pick out the
division ring generated by 6. Cf. also Dubreil [3, chap. 5] and Jacobson [7, chap 3].

(*%) Such a root may or may not be present in T already.

(®®) The notation (9.2), especially (9.23), will remain in use throughout.

(49) Cf., for example, Jacobson [7, chap. 3]. Z need not be ordered for this.
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(9.4) LEmMMA. If f(x) s reducible over Z

(9.41) f(x) = g(x)- h(x)

and if g and h are monic, then all coefficients of g and h lie in R(4Y).
Proof. Let

(9.42) g(x) = xF 4+ Br_yx¥t 4 - - - 4 By,

(9.43) h(x) = & + vzt 4 - - -+ v,

and assume that not all 3.&®R. Let « be the greatest suffix for which g, is
not in R (that is, infinite). Consider the coefficient a,;; of x**! in f(x)

et = B + Ber1vi-1 + Beyevie + - - - .

As a4 is finite, and so are B.41, Buy2, * * + , at least one of the v, must be
infinite.

Now let
ﬂ -_—maX(lﬁoI, lBll) ¢t )Iﬂk-—ll )1 Y = max (I 70]1 I'Yllv R 1I7l—l')r
and put

g=v"%, HK=x"h

Then the coefficients of g’ and %’ all lie between —1 and +1, and therefore
certainly in R. Also both g’ and 4’ have at least one coefficient equal to+1,
so neither of them lies in $[x]. Hence their product g’h’ does not lie in
P [x] either(®?). But then, as 8 and ¥ are infinite,

J(2) = Bre'(2) W (x)

has at least one infinite coefficient, which is absurd. Hence g can have no
infinite coefficient; similarly for %, and the lemma is proved.

(9.44) CoROLLARY. If 0EZ is algebraic over a field PSZNR then 0CER.

For f(x) (given by (9.23)) then has x —#8 as left factor in T [x] (cf. Jacob-
son [7, chap. 3]):

f(x) = (x — 0)h(x),
and the lemma applies.
(9.5) LEmMA. If f(x) s factorised in two ways into monic factors
(9.51) f=gh=2gW
() This is analogous to Gauss’ lemma. The absence of commutativity is seen to make
little difference to the proof.

(#2) Mapping R[x] onto “R["x] we have g’ 0, "k’ 0, hence " (g’h’) = 0. Or
else: as P is a prime ideal in R, B[x] is a prime ideal in R[x]. :
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and if g and g’ differ infinitely little:

(9.52) = ¢ (mod B[=])
then they are identical:
(9.53) te=4g, h=FH.
Proof. Let g, & be given by (9.42), (9.43) and
(9.59) (%) = &% + Beaat 4 - - - + By,
(9.55) B(x) = o 4+ vl a1+ - -« + 0.
By (9.4) all coefficients S, v», B., ¥{ are in R. Now by (9.51)
(9.56) gh— gk =(@g—g)h+¢(h—HK) =0,

identically in x. Here g—g’is a polynomial of degree at most £ —1. Assume
now that it is not identically 0, and let

5=m3x(lﬂo—l36ly"', lBk—l"‘ﬁ;c—ll) #= 0,
Put
g =(g—g)o, K =shrt, K= (h— K
Then (9.56) leads to
9.57) &K+ gH" = 0,

From its definition, g’/ has coefficients between —1 and +-1; at least one of
them is equal to +1; hence

/\gll # /\0.
Also &'’ is a transform of %; hence (by 8.5)

K’ = "h.
Moreover, from (9.52)

/\gl = /\g'

Finally, as g’, &'/, g’ all have finite coefficients and g’ is monic, one sees
from (9.57) that &’’’ also has finite coefficients, and ~A’’’ is meaningful in
~P*[~x]. Thus, mapping (9.57) into ~P*[~x], we obtain

(9.58) /\g/'/\h + /\g/\h", = /\0.

But the degree of g’/ is at most k—1, that is, less than the degree % of Tg.
Hence g and ~/ must have a nonconstant common factor, and ~f=""g"k
has a multiple factor. But this it cannot have, as it is irreducible over a
(trivially) separable field. Thus the assumption that g—g’ is not zero leads
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to a contradiction, and the lemma is proved.

(9.6) THEOREM. If f factorises in Z[x] into monic factors, then these factors
lie in Z[x].

Proof. Let f=gh, g and & monic, and let ¢& 2 be arbitrary. Then
f=0Yo = o7'go -0 ho.

Putting 6~'go=g’, 0~ ho =h’, we see from (9.3) that g, k, g’, &" all lie in R[x],
then that g’ and A’ are also monic, from (8.5) that g’ differs infinitely little
from g, from (9.5) that g and g’ are identical. Hence gg=go, that is, gis a
centre polynomial. So then is %, and the theorem is proved.

(9.71) CoRrOLLARY. If 0EZ is algebraic over a field P<ZNR, then 0EZ.
For f(x) (given by (9.23)) then has x —#8 as left factor in = [x](%):
f(x) = (x — 0)h(x),

and the theorem applies. This fact should be contrasted with the situation in
division algebras (of finite degree) over a real number field; it illustrates the
(well known) transcendental character of ordered properly noncommutative
division rings. One naturally expects that the restriction to a field in ZNR is
too stringent, and that in fact every algebraic element over the centre lies in
the centre. This is indeed true, and can be proved very simply and ele-
gantly(#) by an argument used by Albert [15] to prove a theorem of
Wagner [14].

(9.72) CoroLLARY. If 06X is algebraic over a field P<ZNR, then P(6)
SZNR.

For every element of P(8) is algebraic over P; so (9.44) and (9.71) apply.

(9.73) COROLLARY. If Puax ts maximal in ZNR, then Z contains no alge-
braic elements over Ppox outside Prax.

(9.8) THEOREM. If fCPumex [x] is irreducible there then f is irreducible in
Zx].

Proof. If f factorises in Z[x] then by (9.6) it factorises in Z[x]; hence
commutative algebra applies. In particular the coefficients of any factor of f
in Z[x] are algebraic over Puax, hence lie in Ppax by (9.73). But then f fac-
torises already in Pmex [x]. Thus the theorem is established.

(9.9) CoROLLARY. If P is chosen as a maximal subfield Pnox SZNR, then
no algebraic element over Puox is contained in Z; but the adjunction of any such
element to T (and 5o {0 Pnax) is possible.

(*3) Cf. (9.44) above.
(#) The author wishes to thank the referee for pointing this out.
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This follows immediately from (9.73), (9.8), (9.3).

10. Ordering a simple transcendent extension. We now have to show
how an extension Z(f) of £ can be ordered. We are interested only in such
orderings of Z(6) which continue the given order of 2 and at the same time
allot the same order relations to 6 with respect to elements ¢ €2 as ~9 has
with respect to the corresponding ~¢; and this is implied when we say that
Z(0) can be ordered. In fact the requirements upon the order relations of
0 and the elements ¢ €2 will evidently be satisfied as soon as 6 has the
“correct” order relations with respect to the rationals, that is, if

(10.1) “p1 < 70 < “pg implies p; < 0 < ps

when p;, p2 &Py, and “p3, “p: are the corresponding elements in “P,.

In this section we deal with the case that ™0 is transcendent over ~P
or, what amounts to the same (§9), that 8 is transcendent over Z. The ele-
ments of Z(0) are of the form (cf. (9.1)) Q—'P where PEZ[0], Q€=[0] are
polynomials in 8. We first order Z[8]; the ordering of =(f) will then follow
easily. In fact we begin by ordering only those polynomials whose coefficients
are finite but not all infinitely small.

Let

(10.21) p=3 or € R[] — 0]

be a polynomial in 8, and put
(10.22) ~p(Tx) = ~py %"
(]
Then ~p(70) is the element of ~P* onto which pis to be mapped by the map-
ping 6—70(“). Hence we define (as we have to, by (10.1))

(10.31) p>0 when ~p(76) > 0,
and correspondingly
(10.32) p<0 when ~p(76) < 0.

This we shall refer to as the “macroscopic ordering” (4) ; it allocates a sign to p
whenever ~p(70) = "0.
If 70 is algebraic over ~R(#7), denote by

(10.41) ~g("E) = “wk A+ B wh e+ By

(%) Observe that to any pER[6] —PB[6] there corresponds a unique polynomial ~p("x)
and a unique real number ~ (" 6).

(48) It is (in general) a partial ordering only.

(47) 79 is transcendent over P, but may be algebraic over "R (2 P).In fact T9E TR
is not ekcluded. In this case " g is linear.
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the monic irreducible polynomial in “R[~x] of which 78 is a root:
(10.42) ~g(76) = 0.

Then to ~p("x) (given by (10.22)) we can find a number A =0 and another
polynomial ~¢(™x) €~ R[] such that

(10.43) ~p(Tx) = (Tg(C)N"g(Tw), ~g(™6) # 0.
We now define

(10.51) p>0 if ~¢(—6) > 70,
(10.52) <0 if ~¢(™6) < 0.

This contains the macroscopic ordering (10.3) as a special case, namely, A =0.
There is a certain arbitrariness in this definition. Thus, for example, if

g=0"+Bra6* 1+ -+ Bo

is any polynomial(4®) in 6 whose coefficients map onto those of ~g("x), then
(10.5) decrees that g>0. One could equally well make g <0 by defining

? 2 0 accordingas (—"1)>¢(™6) 2 ~0;

and other, more complicated, ordering conventions can also be devised,
unless "6 is transcendent over "R, when the macroscopic ordering already
exhausts all possibilities.

The ordering of Z[8] and Z(6) is now automatic. If PEZ[0] is any non-
zero polynomial, denote by 7 the greatest of the absolute values of its coeffi-
cients, and put

P = xp.
Then the coefficients of p are finite because they lie between —1 and 4-1, and

they are not all infinitely small because at least one of them is +1. Hence
(10.5) applies to p, and we put

(10.61) P20 according as p 2 0.

Finally if Q—1P is any element of Z(6), we define

(10.62) QP20 according as QP 2 0(49).
We now have to show that we have in fact defined an order in Z[8]. For

the remainder of this section p, p1, - - -, @, @i, * + - are polynomials with

finite coefficients not all infinitely small(%°), that is, in R[0] —P [0]; P, Py, -

Q, O, - - - are polynomials with arbitrary coefficients, that is, in Z[8], and

(*8) g is not uniquely determined by (10.22), but only modulo B[6].

(#) It is evidently sufficient to define what is to be positive and what negative; then any
two elements can be compared by the sign of their difference.

(5°) Except in the proof of (10.83).
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the elements of Z(f) are represented in the form Q—1P.
(10.71) LEMMA. If p1>0, p2>0, then p1+p.>0 and p1p:>0.
Proof. Introduce (asin (10.43)) N\, u, ~¢1 ("x), ~¢q("x) by
Tp(Tx) = (Cg(CA)P ("), ~q:i(70) > 70,
Tp(Tw) = (Tg(T X)) "), ~g2(70) > 70,
and similarly v, ~¢("x) by
T(Tx) + Th(Tw) = (Tg(T))Te(Tx),  Te(T0) # 0.
Then y=min (A, u) and
~g(™0) = "gx(76) or 7g(™0) = "ga(6) or ~g(T6) = ~qi(70) + "ga(70),

according as A <u or u <\ or A=u. Hence in any case ~¢("0) >0, and p1+p2
>0 follows. Moreover

(T x)Tpa(Tx) =(Tg(T X)) (T E) Tga(Tx)
and
“q:(T0)"ga(70) > 0.
Thus also p1p2>0, and the lemma follows.
(10.72) LEMMA. If pr=p. (mod B[8]), and p1>0, then p»>0.

Proof. As corresponding coefficients of p; and p, differ only infinitely
little, the corresponding real polynomials coincide:

“h(Tx) = Tpa(Tw).
Hence also
~q(T2) = Tqa(Tw),
and
~g2(70) = "q(76) > 0.
(10.73) COROLLARY. If 6 €2, and p >0, then o= 1po >0.
This follows from (10.72) and (8.5).

(10.74) LEMMA. If pER[0] —B[0] then either p>0 and —p <0, or p<0
and —p>0, but not both.

The proof is obvious and omitted.

(10.81) LEMMA. If PEZ[0] then either P=0, or P>0 and —P<0, or
P<0 and —P>0, and these three cases are mutually exclusive.
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The proof is obvious and omitted.
(10.82) LEMMA. If ¢ €Z, and ¢>0, then o P 20 according as P20.

For if the maximum of the absolute values of the coefficients of P is =,
then that of oP is om.

(10.83) LEMMA. If P,>0, P;>0, then Pi+P3>0.

Proof. Denote by 7 the maximum of the absolute values of all the co-
efficients of Py, P,, and P;+ P, and put

Py = xpy, Py = wpo.
Then also
Py + Py = 7(p1 + p2).

Now ;>0 and p;>0 by (10.82), and it suffices to show that p;+p:>0. Also
b1, P2, and p1+p, all have finite coefficients, and at least two of them have
coefficients not all infinitely small. If p,ER[9]—B[0] and p.ER[0] —B[6],
then (10.71) shows that pi4p,>0; if HER[]—B[0] but p.&B[8], then
(10.72) applies, and the lemma follows.

(10.84) LEMMA. If 0 €2, and P>0, then ¢—1Pg>0.

Proof. Let P=mp, #>0, pER[0]—-B[0]. Then ¢-'Ps=0"70 07 po’
o~'r¢ >0 and o-1pc R [0] — P [0]. Hence (10.73) and (10.82) apply, and the
lemma follows.

(10.85) LEMMA. If P,>0, P:>0, then P1P;>0.
Proof. Let again
Py = mipy, x>0, py ER[6] — L],
and
P3 = mop, 7 > 0, po € R[0] — B[6].

Then P,Py=mimws-wa~1pyme- p2, mm2>0, and wgipimre-p2>0 by (10.73) and
(10.71), hence P;P:>0 by (10.82).

(10.86) COROLLARY. If P1Py5#0, then of Py, Py, P1P; just one or all three
are positive.

(10.91) LEMMA. If Qi 'Py=Q:"'P; and Q;"1P1>0 then Q1P >0(%).
Proof. As Q;'P;=Q,~!P;, there are two polynomials R;, R; €Z[8] such

() The order convention (10.62) does not depend on the element of Z(6) only, but also on
its representation as a left-quotient of polynomials. The lemma shows that the ordering is in
fact independent of the representation.
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that
R1P1 = Rsz, R1Q1 = RzQQ, Rle # 0.

As P,0:>0 by assumption, P; and @ are both >0 or both <0 by (10.86);
hence R,P; and R,Q; are both >0 or both <0, and P, and Q; are both >0
or both <0, all by (10.86). Thus again P;Q.>0, and the lemma follows.

(10.92) LEmMA. If Q—1P1>0, Q~'P;>0, then QP14+ Q~'Py>0.
(10.93) LEmMMA. If Qi 'P1>0, Qi P2 >0, then Qi P14+ QP> 0.
The proofs are obvious and omitted.
(10.94) LEmMMA. If Qi 'P1>0, Qe~1P2>0, then (Qi~'P1)(Q:1P;) >0.
Proof. There are polynomials Ry, R, such that

(10.941) Ri1Py = R:Q:

and with any such pair Ry, R,

(10.942) (Qr1P)(Q71Py) = (RiQ1)"H(ReP).

By assumption P;Q;>0, P2Q.>0; hence P; and Q, are simultaneously SO0,
and so are P; and Q; then also R,P; and R, are simultaneously S0, and
so RyP; and R,Q,. Then, because of (10.941), R,Q: and R.P; are simultane-
ously £0, and thus (R,Q;) (RzPz) >0. This combines with (10.942) and (10.62)
to give the lemma.

(10.95) LEmMA. If Q-'1PEZ(®), QEZ[0], PEZ[6], then either P=0, or
Q1P>0, or Q7P <0, and these three cases are mutually exclusive.

The proof is obvious and omitted.
Combining all these facts we have now the following theorem.

(10.10) THEOREM. The transcendent extension Z(0) ts ordered by the con-
ventions (10.5), (10.6); its order continues that of Z, and (10.1) is satisfied.

We have given the proof in some detail here; in §17 we shall meet with
an analogous situation and shall then refer back to this argument. We note
that all lemmas (10.8) follow from (10.61) and (10.7) without further refer-
ence to (10.5), and all lemmas (10.9) follow from (10.62) and (10.8) without
further reference to (10.5), (10.61), or (10.7). One easily shows in the same
way':

(10.11) CorOLLARY. If a ring is ordered and if any two elements have a
(nontrivial) common left multiple, then the division ring A of its left quotients(52)
can be ordered uniguely so as to continue the order of the given ring.

(®*) An ordered ring can have no proper divisors of zero; hence the existence of A follows
from Ore [10].
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11. Relative orders of magnitude and alternators. Ordering an algebraic
extension of 2 requires rather more preparation(%). It is convenient to intro-
duce a sort of Bachman-Landau notation(®): If o, 7EZ, we write

(11.11) e = 0(7) if ¢ = p7r with p ER,
(11.12) o = o(7) if o = xr with # € B;

and we use these symbols in conjunction with addition and multiplication in
the customary manner. We also use as abbreviations

(11.13) O(r1V 1) = O(max (| n1|, | 72])),
(11.14) O(r1 & 73) = O(min (| 71, | 72| )),

and similarly o(r,\/72) and o(r; & 73). Thus, for example, ¢ =0(71\/72) means
that ¢=0(r,) or ¢ =(r2); and all the following formulae are equivalent:

(11.21) 11— T2 = 0o(11 \V 72),

(11.22) T2 = 71 4+ 0o(71),
(11.23) e = 11(1 + o(1)),
(11.24) 72 = (1 4+ o(1))7y,
(11.25) 1= 1o+ o(r2) = 72(1 + 0o(1)) = (1 + 0o(1))7s,
(11.26) 1 — 72 = o(r1 & 72)(%).
We also use the “alternator” (%)
(11.31) A,7 = o1 — 70.
The following (familiar) properties of the alternator are easily confirmed.
(11.32) A0 = — A7,
(11.33) As(r1+ 12) = A1 + Aoro,
(11.34) Ao (1172) = (Aom1)T2 + 714072,
(11.35) Agm = 3, (A7)

Bt y=m—1
(11.4) LEMMA. If 0 =0(1), r=0(1), then
A, = o(c & 7).
Proof. Because of the antisymmetry (11.32) it suffices to show that

(%) If 79, the algebraic element to be adjoined, does not lie in %R, the procedure can
be very considerably simplified. §§11-15 pave the way for ordering Z(8) when ~ & R.

(%) Cf. Hardy [5, p. 5] for the references.

(%) The whole symbolism of “orders of infinity” can be easily, and not unprofitably, ap-
plied toany non-Archimedeanordering. Thus, for example,one could add r;~; as another equiv-
alent formulation,

(%) “Inner derivation”—Jacobson [7, p. 102]. Many of the formulae derived here and
later are well known.
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Ag=o0(7). If =0, then the result is trivial; so we may assume 70. As
0=0(1), ¢ defines a Dedekind section of the rationals. If p;, p;EP; and
p1<0 <ps, then also p; <7~loT <p2; hence r~lor defines the same Dedekind
section of the rationals as ¢. Thus

77lor — o = 0o(1),
whence 7 —70 =0(r), and the lemma follows.
(11.51) LEMMA. If 6 =0(1), 7=0(1), m a positive integer, then
om—1m= Y gr’(c — 1) + o — 7).

ptr=m—1
Proof. One has
om—mr=gm— g™l o™l — g™l o — o gyl — g
=¢"No—1)F+ 0" Ho—=7)7+ -+ + (6 — 7)rm!
= ("4 o™+ - +orm 41" (o — 1)
+ 0" Aost + 040t + o - + Aoy

But all the alternator terms are o(c —7) by (11.4), and the lemma follows.
When ¢ and 7 are infinitely close to each other, one can say more.

(11.52) LEmMmA. If 6=0(1), 7 =0+0(0), then
o™ — 1™ =me™ Yo — 1) + 0(c — 7).
Proof. We may assume o70. Put
=701~ 1,
Then 7r=0(1) and 7=0(1+47); also
=01+ #))=0¢"0V1+x)0" eI + 7)o" 2 -+ (147
= a'IoI (1 + o~*70").

-1
But o—me*=0(1) and ]| (140(1)) =140(1); hence 7*=¢"(1+0(1)). (11.51)
then gives
o™ — 1™ =moe™ (1 + o(1))(c — 7) + o(c — 7)
and the desired result follows immediately(57).

(11.53) LemMA. If 6 =0(1), 7=0(1), and o and T are permutable with each
other, then

(57) When o=0(1), both (11.51) and (11.52) become trivial and useless. For then both
terms on the right-hand side are o(¢—7), and the second term may not be negligible com-
pared with the first.
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o™ — 1™ =mo™ o — 1) + O((¢ — 7)2).

The proof is obvious and omitted. The fact is, of course, quite useless
unless 7 =0+0(0).

12. Rate of change of a polynomial and approximations of roots. We now
study a polynomial with coefficients in R for arguments in R; and in particu-
lar for “infinitely small changes of argument.” Let

k
(12.11) p(2) = 2 per’ € Rx].
0
We then define, when £€2,
k
(12.12) pE) = 20 put~.
0

This notation should not be looked upon as a trivijal application of the custom-
ary convention; for in (12.11) x commutes with the coefficients: x is by defini-
tion in the centre of R [x]. But in (12.12), £ need not commute with the coeffi-
cients: neither £ nor the p, need be in the centre of Z. Thus we do not have to
distinguish between px and xp; they are the same element of R [x]. But p¢
and £p may well be different. It should be observed then that (12.12) is not
the most general polynomial expression in £ (though (12.11) is the most
general polynomial expression in x) (58).
We further introduce the “derivative”
k

(12.21) P'(x) = D kpex=l,

1

and correspondingly
k

(12.22 - P'(E) = 20 ko,

1
Obviously then ~p’("x) is the derivative of ~p("x) in R [x].
(12.31) LEmMMA. If £6=0(1), £2=0(1), then
p(&) — p(k2) = O(k1—£a).

This is an obvious corollary of (11.51). Similarly (11.52) and (11.53) give
immediately:

(12.32) Lemma. If £=0(1), &a=51t+0(%1), then
p(E) — p(&) = P'(E)(Er — &) + 0(‘61 - Ez)
(%) In §§9, 10 we have sometimes substituted an element 8 of Z, or of an extension Z(6)

of Z, for x in a polynomial p(x)& =[x]. But then we either knew (§10) that the element 6 was
in the centre of Z(8), or we knew (§9) that the coefficients of p(x) were in the centre of =.
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(12.33) LeMMA. If £, =0(1), £2=0(1), and & and & are permutable with
each other, then

p(81) — p(&) = p'(E1)(6r — &) + O((&1 — £2)%).

Note that we need not here assume §; or £2 permutable with the coefficients
of the polynomial.

(12.4) CoRrOLLARY. If £,=0(1), &2=E+10(&), and p’' (&) #0(1), then

(12.41) p(&1) — p(&2) = p'(E1) (51 — &E2)(1 + 0(1)),
and also
(12.42) £1— & = 0(p(&) — p(&2)).

(12.32) and (12.33) suggest some simple applications of Newton’s ap-
proximation method:

(12.5) Lemma. If pER[x], £=0(1)

(12.51) £ 5 o(1)(®),
(12.52) p(&) = o(1),
(12.53) ' #~ o(1),
then there is a £1ER such that
(12.54) p(&) = o(p(8)),
(12.55) p'(£1) %= o(1).

Proof. We put
(12.56) B=§—p(Op().

Then & =£+0(£) and we can apply (12.32). Thus

p(§) — p(&r) = /() ' (©)7'p(8) + o(p'(O)p(8)) = p(&) + 0(p(%)),

and (12.54) follows. (12.55) follows easily from (12.31) (applied to p’ instead
of p).

(12.6) LEmMA. If pELZ[x]"\R[x], that is, if p is a polynomial with finite
centre coeffictents, and if £=0(1),

(12.61) £#0(1),
(12.62) p(&) = o(1),
(12.63) P'(®) #= o(1),

then thereis a £, ER with £y=E+0(£) and

(*%) One can omit the assumption ¢50(1) if one strengthens the next one to p(§) =o(£).
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(12.64) (&) = 0(p(8)?),
(12.65) P’ (&) = o(1).

Proof. We again define £, by (12.56) and notice that it is then permutable
with £ Hence we can apply (12.33) to give us (12.64). (12.65) follows as
(12.55) before.

13. Product polynomials and higher alternators. We now study the con-
nection between the value of a product of two polynomials for an argument
¢£€3, and the product of the values of the polynomials for the same argument.

Let p(x), g(x) be two polynomials in % [x] and put
p(%) + (%) = r(2),
(1310 pa)(x) = s(2)

Then we define

(13.12) (®+ 9@® =r®,
(13.13) (p9) (&) = s(¥).
Obviously then

(13.14) (®+ 9@® = p(®) + q(®),

but (pq) (£) may be different from p(£)g(£). How much (or how little) is shown
by the following lemma.

(13.2) LEmMA. If £=0(1) then
(#9) (&) = p(B)q(®) + o(g(?) & &).
Proof. If p(x) = D . pcx*, g(%) = Droaa®, then
(29 (%) = 2 pera=™,

[N

Thus
p©9® — POE) = (}: w)( S o) = ot

A

= g (bt — pur™)

= Z p.( ; (g — UxE*E‘;))

- Zr( Taeon)

= Tote( T o#) = Toteat
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or

(13.21) (29)(8) = p(®)q(®) — 2 pedxq(®),

and the lemma follows from (11.4).

The lack of symmetry in (13.2) is not fortuitous. It arises from the un-
symmetry of the definition (12.12). It is not difficult to show by an example
that p(£)g(€) — (pg) (§) need not even be an O(p(£)). We shall, however, re-
quire a better estimate later, under more stringent assumptions. To obtain
this estimate we first elaborate our alternator technique (§11) (see footnote
56).

The alternator 4,7 is used as left operator, and its iterates are written as
powers

(13.31) At = 4,450,
Then (11.33) leads immediately to
(13.32) Ag(ry+ 12) = Aurs + Airs,

and (11.34) leads to a “Leibnitz formula” for higher alternators of products,
which we shall not require. We only need that (%)

(13.33) Ay(c'1) = o Agr.

The definition (11.31) of the alternator can be rewritten as
(13.34) 10 = (¢ — A,)7.

Repeated application gives

(13.35) T0* = (0 — A,)*r.

The power on the right-hand side can be evaluated by the commutative
binomial formula, because of (13.33). Then

(13.36) e’ = (a‘ -3 (—1)““‘0,,,,«‘““A'$) .,
=1
which gives (directly or on comparison with (13.34))
(13.37) Ager = ( > (-1)““0‘,“6""AZ) T
p=1

Now let again

p(x) = 2 per, q(z) = ; o,

(*®) ¢” can be replaced by any p which is permutable with ¢; and right-multiplication by
p also permutes with alternation.
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so that (see (13.21))
(P9 = p(®)e®) — 2 peAreq(d).

Expanding the alternators by means of (13.37), this gives

(p9)(}) = p(B)q(®) — 2 pe(—1)

p—1

Ceuk

k—p

A(®).
The coefficient of 4§g(£) is easily seen to be (apart from a numerical factor)

a higher derivative of p at £&. With the usual notation, p® for the uth deriva-
tive, we have then the following identity.

(13.4) LEMMA(®Y). If the degree of p is k, then
k » 1 B »
(b0)®) = 209® + 2 (=) ;p‘ "©4%®).

(13.41) CoroLLARY. If p, gER[x], £=0(1), then

(13.42) (P9)(®) = p(e(®) — PO Aq(®) + O(4g(®),
or more simply
(13.43) (#0)(®) = p(B)a®) + O(4q(®).

We get better extensions of (13.2) by comparing with a finite centre
polynomial.

(13.5) Lemma. If fEZ[x]NR[x], &, r=0(1), then

A7 = [/ 4er + 0(43).
Proof. In (13.41) we assume p in the centre so that it is permutable with ¢
(13.51) ?q = ¢p.
Also p(£) is then permutable with £, so that 4;p(£) =0 and by (13.4)
(13.52) (g9)(®) = ¢(®)p(8).
Combining (13.51), (13.52), and (13.42), we obtain
(13.53) OB — 4®P® = P'©O49® + 0(4e4(®)-

Here we identify p with f, and specialise ¢ to be the constant 7, and the
lemma results.

(13.6) CoroLLARY. If fEZ[x]NR[x], & 7=0(1), and f'(£) =0o(1), then

(®) This identity is true in any ring which contains the rationals; or in any ring whatsoever
if (1/u!)p(® is understood as a single, integrally defined symbol.
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(13.61) Ay = 0(4;7).

For Afr=o0(d4;r) by (11.4).
The significance of the following refinement of 13.2 will not become ap-
parent until later (§16).

(13.7) LEMMA. Let p, ¢ER[x], £=0(1), and assume the existence of a
finite centre polynomial

(13.71) fE€ zlx] N R[x]
with the properties
(13.72) (& = 0((29)(¥)),
(13.73) (&) = o(1).

Then
(13.74) (29)(§) = p(B)e(®)(1 + o(1)).

Proof. We apply (13.6) with g(£) in the place of 7 to obtain first

Ag(8) = 0(4s4(8)),
then (11.4) to the right-hand side of this to see that
Ag(®) = o(f(%)).
Then (13.72) gives
Aq(®) = o((29)(8)),

and this in conjunction with (13.43) gives

(29)(&) = p(£)q(§) + o((#9)(8)),

from which the lemma is obvious.

14. Degree of approximation to a root. We have seen in §12 that if we can
solve an algebraic equation (with coefficients in R, or in ®MNZ) approxi-
mately (in R), then we can improve the approximation; in this paragraph
we investigate (roughly speaking) just how near one can get to an exact solu-
tion.

Let T0&€"R (cf. footnote 53) be algebraic over P, of degree n>1. There
are then elements in i which map onto 7. We denote them by ¢, with suf-
fixes where required (%?):

(14.11) ~t = 8.
Denote by ~f the irreducible monic polynomial €~P[~x] of which ™0 is a

(%*) We reserve the letter 0 for the element corresponding to @ and algebraic over P
which we wish to adjoint to Z; it will not come into this section at all,
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zero; and by f the polynomial €P[x] which corresponds to ~f (uniquely)
by virtue of the order-isomorphism of ~P and P. Then f is also irreducible
over P, and monic. Translating from R into R, we see that for all ¢

(14.12) ¢ #o(1) because 6 = 0,
(14.13) ) = o(1) because ~f(70) = 0
(14.14) f(@) # o(1) because ~f'(76) #= 0.
Also:

(14.15) If g€P[x] and g(¢) —0(1), then g=f g, &1 EP[x].
For ~g(™8) =70, hence ~f divides ~g in “P["x], and the isomorphism
between ~P and P does the rest.

(14.2) THEOREM. Let p(70) denote the set of those (and only those) elements
T ER which satisfy

(14.21) T = 0(g(¢))

for all gEP[x], g#0, and all ¢ (defined by (14.11)). Let p:(7™0) denote the set of
those (and only those) myER which satisfy

(14.22) m1 = O(f(¥))
for f and all ¢ defined by (14.1). Then
(14.23) p1(76) = p(790);

(14.24) p(70) is a two-sided prime ideal in R.

Proof. If #€p(0) [mEpy(70) ] and 7’ = O(x) [r{ = O(mr1) ], then 7’ =0(g(¢))
[F1=0(f©))] for all g0 [for f] and all ¢, hence 7' Ep(7 ) [riEM(T)].
Therefore p(78) [p1(78) ] is a two-sided ideal in R.

Next let pER, p£0 (mod p;(76)). Then there is a { which satisfies
(14.11)-(14.14) and

J&) = o(p).

We apply (12.6) to f and {, and see that there is a §‘1 which also satisfies
(14.11)-(14.14), and

f&1) = 0(f(§)?) = o(o?).

Hence also p25£0(mod p1(79)). If now s ER, 020 (mod p,(70)), and |p| =< Ial ,
say, then p?=< |p¢rl , hence p2=0(pc), hence po#0 (mod p;(78)); thus p,(70)
is a prime ideal in R. :

The elements of p(T6) have to satisfy, inter alia, (14.22); obviously then

(14.25) p(70) = pi(70).
Now let pER, p#£0 (mod p(78)). Then there is a gEP[x] and a ¢ such that
g() = o(p).
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By (14.15) g is divisible by f. Let
g=h  hEPs]
k not divisible by f. Then k(¢) =0(1). Also(%)
8(&) = (FEON*- ().
Hence if we put f({) =0, then
o = o(p).

Thus p=0 (mod p,(76)) would lead to ¢*=0 (mod 1 (79)), hence =0
(mod p;(786)); but this is impossible, as for suitable {;

@) = o(f§)) = o(0).
We see therefore that p£0 (mod p(™8)) entails p5#20 (mod p;(76)), in other
words
(14.26) p1(76) = p(T6).
This combines with (14.25) to give (14.23), which completes the proof of the

theorem.

(14.31) COROLLARY. p(70) conmsists of those (and only those) elements
7 ER whick satisfy

(14.32) 7 = 0(g(£))

for all g0, g&P|x], and all {. p(78) also consists of those (and only those)
elements 1 ER which satisfy

(14.33) T = o(f(§))
for fand all §.
(14.34) COROLLARY. If 6 EX then
o~ p(™0)o = p(70).

For if #€&R then o~weER; if w=0(f({)) then o~ 'wo=0(c"Y({)o)
=o0(f(e~%0)) because the coefficients of f are in the centre. Also, when {
ranges over all eléments with 7¢="0, then o~{o also ranges over all these
elements; hence o~ =0(f({)) for all {. This shows that o~1p("0)o <p(70).
Replacing ¢ by ¢~ and combining the results, one obtains (14.34).

We have defined p(™8) only for elements 76 which lie in ™R, do not lie
in P, and are algebraic over ~P. None of these restrictions is essential. For
elements outside "R one would have to replace “all { such that ~¢="9"
(of which there are then none) by “all { of an interval p <{ <¢ such that the

(%) (12.6) need not be applied, as here all polynomials have coefficients in P, therefore in the
centre.
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corresponding interval (Tp, ~¢) contains 70 but no real algebraical con-
jugate of 70”; but one then has to restrict g in 14.21 to polynomials such
that ~g possesses no root in that interval except (possibly) ™0 itself. For
transcendent elements over —P and for elements in —P the definition
(mutatis mutandis) also applies. One satisfies oneself without difficulty
that p(78) =P if 70 is transcendent over P, or if 70 is outside "R; in all
other cases, that is, if 78 is algebraic over “P and&€™R, p(70) <B; and
p(70) =(0) if (but not necessarily only if) T & " Prax(®).

Now let p be an infinitely small(®) prime ideal in &, and denote the residue
class ring modulo p by

(14.41) P = R/».

Then by forming (left or right) quotients in &, one can embed it in a division
ring 2. The order of R induces an order in R, and this in turn leads to an
order relation for Z; (cf. (10.11)). Hence the results we have already derived
can be applied to Z;.

The ring of elements which are O(1) in 2, is of course just K. The ideal of
o(1) in R, is

(14.42) B: = B/y.
The homomorphic mapping of R, into the real field ~P* gives
(14.43) R = "R

If Z, denotes the centre of Z;, then Z;\R, contains a field P, which is mapped
on P
(14.44) ~p, = ~P,

and therefore is order-isomorphic to P. But now Z;/\®, may contain bigger
fields then P;; and that even if P is a maximal field Pupax in ZNR.

(14.5) THEOREM. If ~9E~R is algebraic over P, and if p=(0), then a
necessary and sufficient condition for the existence of an element 0, R, with

(14.51) . 0, = 79,
(14.52) Pi(6) < ZiN Ry,
s that

(14.53) p(—o) < p.

Proof. If (14.53) is satisfied there is a #=0 (mod p), m##0(mod p(70)).
Hence there is a { ER, ~¢="0 for which

(%) p("0) = (0) characterises those elements which can be obtained by completing Z with
respect to its order topology.
(%) That is, one contained in P.
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(14.54) f§) = O(x) = 0 (mod p).

Denoting by 6, the element of R, onto which { is mapped when R is reduced
mod p, we see that in R,

(14.55) ~ f1(6y) = 0.

Here fi is the (monic and irreducible) polynomial with coefficients in P, which
corresponds to f and ~f under the order-isomorphism between P;, P, and ~P.
(14.51) is obviously satisfied, and (14.52) follows from (9.72).

Conversely (14.51) and (14.52) lead to (14.55) in $R;. Translated back
into & this means that for any {ER which is mapped onto 6, (mod p) we
have

(14.56) f(&) = 0 (mod p).

Now either f({) =0, then clearly p(76) = (0) #p, and (14.53) is trivially satis-
fied; or f({)0, and then f(¢) 0 (mod p(7™8)) by (14.3). Hence (14.53) fol-
lows, and the theorem is proved. The theorem can be interpreted thus: The
irreducible polynomial fEP[x] has a zero modulo p, corresponding to the
root 0 of ~f=""0, if and only if p properly contains p("8). Note that zeros
in other positions lead to (possibly) different left-hand sides in (14.53).

(14.6) LEMMA. If “0E "R is algebraic over P, and if

(14.61) ~¢' € ~P(70),
then (%)
(14.62) p("0") = p(0).

Proof. If TOE "Pnax then also 6’ E  Puax, and p(70) =p("0¢") =(0). If
0" Prax put p=p("0’) and apply Theorem (14.5). Then Z,N\R, contains
no subfield Py(8/) with 70/ ="0’, hence a fortiori no subfield P,(6;) with
~8,=""6. Hence p("0) <p("0’), and the (obvious) linear order (by inclusion)
of the ideals entails (14.62).

(14.63) COROLLARY. If ™0’ and ~0 generate the same algebraic extension of
“P, then

p(0") = p("6).

Thus the prime ideal p(™0) depends on the extension ~P(™6) of ~P
rather than on 79 itself.

(14.7) LEMMA. If 70’, 76!, 70 are algebraic over ~P and
(14.71) ~P(¢, ~6") = ~P(T6),

(%) If =6 is not in ~R, or transcendent over P, then p(0) =P, and (14.62) becomes
trivial.
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then

(14.72) p(76) = p("0") V p(70").
Proof. Application of (14.6) gives immediately

(14.73) p(70) V p(T8") < p(70).

On the other hand, if p is a prime ideal in R such that

(14.74) | D)V B0 <,

then we apply (14.5) and see that (in the notation there used) Z; R, contains
P,(#/) and P,(6!'), therefore also P1(6{, 8{") =P,(6;). Then

(14.75) p(o) < p.
As (14.74) implies (14.75) for any p, then
(14.76) p(78) = p(70") V p(70"),

which together with (14.73) completes the proof of (14.72).

15. Comparison of polynomials near a root. We can now introduce a
property of certain algebraic elements which will play an important réle
when we define the order relations in algebraic extensions.

(15.1) DEFINITION. Let ~0 &R be algebraic of degree greater than 1 over
~P, ~f(™0) =70 its irreducible monic equation over P, fER [x] the corre-
sponding polynomial with coefficients in P. Then 0 will be said to possess
“property (15.1)” if and only if f is irreducible modulo p(™8).

Of course this property depends upon the field P. An element which
has the property with respect to P may possibly lose it when some other ele-
ment is adjoined to P; and elements not possessing the property will acquire
it after certain extensions. We shall, however, show presently that there are
always elements with property (15.1) as long as there are algebraic elements
in TR.

(15.2) THEOREM. If ~R contains an algebraic element (of degree greater than
1) over P, then it contains one which enjoys property (15.1).

Proof. Let ~0'& ™R be algebraic over ~P; denote by ® the normal exten-
sion(%7) of P generated by 7@ and all its algebraical conjugates over ~P. Put

(15.21) ~F =N R
Let all the different subfields of ~™¥ which contain ~P properly be,
(15.22) ~P(~6), ~P("0y), - - - , “P("6y).

Clearly ™V is a finite extension of P and so are all its subfields over ~P;
there are only a finite number of them. We may then assume they are so

(¢7) In —~P*(—1)12, the field of complex numbers.
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arranged in (15.22) that
(15.23) p(70) = p(70) = - - - = (7).
We shall prove the theorem by showing:
(15.3) LEMMA. 70 has property (15.1).

Proof. If p("™8) =(0), then (15.3) is trivial. Assume then p(™0)>(0). Let
f be again the irreducible monic polynomial with coefficients in P defined by
~f(T6) ="0. Let

(15.31) f =gk (mod p("6)),
where
(15.32) g(x) = x™ + Bmorx™ 1 + - - - + Bo (mod p(76))

is irreducible modulo p(™8), and ~g(™0) ="0. The coefficients “Bp_y, * - -,
“Bo of g all lie in "R and (being certain symmetric functions of certain
algebraic conjugates of 70) also in ®, hence in ~¥. Applying (14.5) to each
“B.in turn, with p(7™0) as the prime ideal modulo which R, and Z, are defined,
we see then that

(15°33) p(Aﬁﬂ) < p(Ao)) =0+, m—1

But then no ~P(78B,) can occur in 15.22, that is, no “P(7™B,) can contain
P properly. Thus

(15.34) ~B, € P, p=0,+-+,m—1.

Then ~g=", g=f (mod »(78)), and the lemma follows. This also completes
the proof of theorem (15.2).

In order to exhibit the significance of property (15.1), we now study the
behaviour of a polynomial with coefficients in R for arguments for which a
polynomial with coefficients in P nearly vanishes. We use again the notation
of the beginning of §14, especially (14.1).

(15.4) LEMMA. Let q(70) denote the set of those (and only those) polynomials
gER[x] which satisfy

(15.41) q(8) = O(f(¥))
for fand all ¢ defined by (14.1). Then q(70) is a left ideal in R [x].
Proof. Let ¢1€q(70), g2<q(™0). Then
(g1 + ¢2)(¥) = 1) + ¢2(¥) = O(S(¥)),
hence g1 +¢:€q(70). Let ¢€q(78) and pER[x]. Then by (13.2)
(29) () = p(§)g(¥) + 0(g(£)) = 0(g(£)) = O(f()),
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hence pgE€q(™0). This proves the lemma.
(15.42) CoRrOLLARY. The constants in q(70) are

(15.43) a(~0) N R = p(0).
Also
(15.44) R[x]p(0) V R[x]f = a(70).

Both are immediate from the definitions of p(™8) and ¢(™6), and the
obvious inclusion
f € a(0).

The left-hand side of (15.44) is a two-sided ideal in R[x], for p(79) is a two-
sided ideal in ®, and f is in the center of ®[x]. More accurately we can de-
scribe the situation thus:

(15.5) THEOREM. Let gER[x] be the monic irreducible factor of f modulo
p(70) which belongs to 0, that is,

(15.51) f = hg (mod p(™9)),

(15.52) ~g(—6) = 70,

and g irreducible modulo p(™0). Then(%%)

(15.53) a("6) = R[=]p(~0) V R[x]e.
Proof. Let

(15.54) f=hg+r,

where rER [x] has coefficients in p(™8). Then for all ¢
() = o(f§)),

and by (13.2)

() = h()g) + o(g()) + o(f(£));
but £({) 20(1) because “h(76) # 0. Hence
, g(&) = 0(f(¥))
for all {, that is, g&q(780). This shows (using (15.44)) that
(15.55) a(70) = R[x]p("0) V Rx]e.
On the other hand let pE?R[x]

(%8) g is not uniquely defined as an element of % [x], but only modulo p(—6); but the right-
hand side of (15.53) is independent of the representation of g within its residue class modulo
p(o).
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(15.56) # # 0 (mod R[x]p(~0) V R[x]e).

Then p and g are relatively prime modulo p(™8), and there are uER[x],
vER[x], pER such that(*?)

(15.57) up + vg = p # 0 (mod p(79)),
or
(15.58) up + vg =p s,

where sER [x] has coefficients in p(™8). Then for all ¢
s(§) = o(f(§)) = O(f (),
(vg)(§) = v(£)8(¢) + 0(g(5)) = 0(g(¥)) = O(S(¥)),
but for suitable {;,
p # O(f(§1)).
For such {; then (15.58) gives
(#p)(§1) = w(¥)p($1) + o(p(F1)) = O(f(51)),
hence
(&) # O(f(54)),
that is,
p # 0 (mod q(79)).
This shows that
(15.59) a(™6) = R[=zlp(~0) V R[x]a
and combined with (15.55) completes the proof of the theorem.
(15.6) COROLLARY. Necessary and sufficient condition for
(15.61) a(~0) = R[x]p("0) V R[x]S
is that 70 possess property (15.1).

(15.62) COROLLARY. If ~0 possesses property (15.1) then q(79) is a two-
sided prime ideal in R[x].

For R [x]p(79) is two-sided because p(™9) is two-sided in R, and R [x]f is

(%°) This can be seen thus: Using the notation of (14.4) with p=p(-0), we put R =R/p(—0),
p1and g, the polynomials onto which p and g are mapped. Z; is the division ring of left quotients
in Ry; then Z;[x] is a principal ideal domain. As p; and g, are relatively prime, there are Uy, V3
in Z1[x] such that in Z1[x], Usp1+Vig1=1. Let o * denote the coefficient of greatest absolute
value in Uy, V3, and put %y =p,Us, v3=p, V1. Then u,, vy are in %1 [x], and 4,91 +v18, =p, leads
to (15.57). »
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two-sided because f is in the centre. Also f is irreducible modulo p(™8), which
is itself prime in R.

One can also show without great difficulty that q(70) is always a two-
sided prime ideal, whether ™8 enjoys property (15.1) or not; but the fact will
not be needed.

(15.7) CoROLLARY. Let 70 have property (15.1), let pER[x] have at least
one coefficient not in p(70), and let p be of smaller degree than f. Then there is
a tER, ¢=70, such that

(15.71) J©) = o((5)).

For clearly p cannot lie in g(76).

Finally we study the behaviour of p for arguments where f is infinitely
small compared with it; and also the behaviour of two such polynomials p,, p;
for such arguments.

(15.8) LEmma. If

(15.81) (&) = o(p(s1))
and

(15.82) J(§2) = O(f(51)),
then also ’

(15.83) f(§2) = o(p(s2)).

Proof. We apply (12.31) to p, and (12.42) to f:
p(E2) — p(51) = 02 — &)
= 0(f(2) — f(§1))
= 0(f(£1)) = o(p(£1)).

Hence
(15.84) p($2) = p(¢1) + o(p(50),
and
&) = 0(f(§1)) = o(p(£1)) = o(p(52)).
(15.91) CoroLLARY. If
@) = o(p(t1),  f(&2) = o(p(52))
then
p(E2) = D1 + o(1)).

This is immediate from (15.84), observing that it is symmetric in {; and
{2, so that we may assume (15.82) without loss of generality.
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(15.92) CoroLLARY. If
f€) = o(1(§0),  f(§2) = o(pa({2))

then for ¢ ={1 or § =0,
F&) = o(p:1(6) & p2(5)).

For if f(¢2) = O(f(¢1)), say, we choose { ={2 and apply (15.8).

16. Ordering a simple algebraic extension (in ~R). We now have all the
tools for defining the order in an algebraic extension Z(f) of Z. Throughout
this section we assume that P is a maximal subfield Ppnox SZNR, and that
&R is algebraic over TP and has property (15.1). We know that the
algebraic adjunction of 8 to X is possible (§9), and only have to define when
an element of Z(6) shall be positive.

(16.1) DEFINITION. Let p be a polynomial with finite coefficients not all
in p(70), that is, pER[x] — R [x]p(78), and let p be of smaller degree than f.
Let {ER be chosen such that ~¢="6 and

(16.11) F@&) = o((5)).
(Such ¢ exist by (15.7).) Then we define
(16.12) #(6) 2 0in =() according as p(¢) 2 0in Z(79).

(16.2) DEFINITION. Let PEZ[x] be of smaller degree than f; and if
P=0 let T€Z, pER[x]—R[x]p("8) be chosen such that

(16.21) P = 7p.
Finally let { be chosen as in (16.1). Then we define
(16.22) P(f) S 0inZ(6) according as P({) S 0inZ.

(16.3) LEMMA. By virtue of definitions (16.1), (16.2) every element of Z(6)
is either >0, or =0, or <0, and no two of these simultaneously.

Proof. The elements of Z(8) can be represented uniquely as the poly-
nomials in 8, of smaller degree than f, with coefficients in Z. If P() #0 is such
a polynomial, 7 a coefficient of P of greatest absolute value, and p=7"1P,
then the coefficients of p are all finite, but at least one of them is +1; hence
pER[x]—R[x]p("0). The existence of a suitable { follows from (15.7).
P(¢) =0 would entail p(¢) =0, contrary to (16.11). Hence (16.2) allocates a
positive or negative sign to P(f). This proves the first part of the lemma.

Let now {1ER be chosen (differently from ¢) such that ™ =""0 and

J@&1) = o(p(¢1)).

(") This definition contains the macroscopic order (when p(6) %0) as a special case.
It is, itself, only a special case of definition (16.2), but has been included to show more clearly
the underlying principle (cf. the introductory remarks, §7) and to underline the analogy with
the situation in §10 and §17.
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Then by (15.91)
p(E1) = p()(1 + o(2)).

Hence p({1) 20 according as p(¢) 20 and (multiplying by =) also P({1) 20
according as P({) 20. Hence a different choice of the ¢ in (16.1) does not
affect the sign allocated to an element by the definitions.

Finally let mEZ, pER[x]—R[x]p(70) be chosen (differently from =, p)
such that

P = mp
and let {;ER be such that ~¢ =" and
f(§1) = o(p1(81)).
Then by (15.92) we may assume without loss of generality that also
JG1) = o(p(51)).

Hence the sign of P(6) according to (16.2), using 1, p1, {1, is the same as that
determined in terms of , p, {1, and therefore also the same as that defined in
terms of m, p, {. Thus a different choice of m, p in (16.2) does not affect the
sign allocated to an element by the definitions, and the proof of the lemma is
completed.

(16.4) LEMMA. The sum of two positive elements of Z(0) is positive.

Proof. Let P, P,&Z[x], P=Pi+ P,;, and Py(0)>0, Py(0)>0. If m, m,
p1, p2 are chosen according to (16.2) so that

Py = mipy, Py = mwop,

and then ¢ according to (15.92) such that (16.11) is satisfied simultaneously
for p; and p., then

(16.41) PE) = (P1+ P)(§) = Pa§) + Pa($) > 0;

therefore P is not identically zero. Clearly also P is of smaller degree than f,
hence P(0)0, and we can apply (16.2) to it. Assume now without loss of
generality that 7 2m2:>0, and put

T = T, P = P14 wailmep,
so that
P = wp.
Then pER[x]. Also 7 'map2(¢) >0, whence p(£) > p1(f) >0 and
@) = o(p(5)).
‘This shows that p&ER[x]p(79), and also that P(¢) >0 (cf. (16.41)) entails
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P(@) >0. Thus the lemma is proved.
(16.42) CorOLLARY. If P(6) >0 then — P(0) <0, and vice versa.

In order to show that the product of positive elements is again positive
we first have to extend (16.2) to the case of polynomials of degree no smaller
than that of f.

(16.5) LEMMA. Let P, Q, REZ[x], R0 of smaller degree than f, and

(16.51) P=0Qf+ R
Let also, if possible(™), n€Z, pER[x]—q(™0) be chosen such that
(16.52) P = xp,
and {ER such that ~¢="0 and
(16.53) f&) = o(p(¥)).
Then
P@ =R®6) 20 according as P(¢) 2 0.
Proof. Put 7'Q=g, 7 'R=r. Then
(16.54) p=qf+r

and consequently ¢ER[x], rER[x](™). Also
r = p # 0 (mod 4(76));
thus 7ER[x] — R [x]p(78). Moreover, from (16.54), (13.2), (16.53)
() = (2 — ¢)(§) = (&) — (€N ()
= p(§) — ¢ Q) + o(f(¥)) = p(¥) + O(f(5))
= p(§) + o(p(¥))

or
(16.55) 7(§) = p()(1 + o(1)),
and also

@) = o(r()).
Hence (16.2) can be applied to R, =, 7, {, to show that R(9) 20 according as
R(¢) 20. But using (16.55),

(™ This can be done only if the coefficients of R are not too small compared with those
of P.
(®) If ¢f or r had an infinite coefficient, left-multiply by the reciprocal of the absolutely
greatest coefficient and consider the result modulo PB: Then ~g~f+"r,="0 with ~7; of
smaller degree than —f, and not both ~~¢, and 7, vanishing, which is absurd.
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R(§) = 7r(¥) = mp($)(1 + o(1)) = P()(1 + o(1)).
Hence P({) and R(¢) have the same sign, and the lemma follows.

(16.6) LEMMA. If PEZ[x] is of smaller degree than f, and ¢ EZ, then
o 'P(0)c and P(6) have the same sign.

Proof. 01 Po is the polynomial obtained from P by transforming all
coefficients by o. For brevity we put, when £E€2(8),

oo =&,
and for polynomials PEZ[x]
¢ 1Pg = Pe,
Then obviously
o71P(§)e = Pe(¥).
Also, as f has coefficients in the centre of Z,
=15
and as 0 lies in the centre of Z(6),
6 = 6;

hence
¢ 1P(6)e = P°(0).

Let now =, p, ¢ be chosen according to (16.2). Then
(16.61) Pr = gopo
because P=p, and
(16.62) ° € R[] — R[x]p("0),
because pER[x] —R[x]p(70), using (14.34). Transforming
J©&) = o((5))

by o, we get on the left-hand side

(e = fo(¢) = f&),
and on the right-hand side

o~to(p($))e = o(e™1p($)0) = o(p°(¢7))-

Hence
(16.63) J§) = o(p7(¢)).
Now (16.61)-(16.63) and (16.2) (applied to Pe, 7°, p°, {°) show that ¢—1P(f)c
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=P7(0) 20 according as P7({?) 20; but P?({°) 20 according as P({) 20 be-
cause they are conjugate in Z; and P({) 20 according as P(0) 20 by (16.2)
(applied to P, w, p, {). This establishes the lemma.

(16.7) LEMMA. The product of two positive elements of Z(0) is positive.

Proof. Let P;, P,&2 [x] be of smaller degree than f, and P;>0, P;>0.
Put P=P,P,. This need not be of smaller degree than f. Put

P =0Qf+ R,

where R is of smaller degree than f. Then R0, for R(6) =(P.P,)(0)
= P,(6) P2(6) #0. Put also

P, = mpy, Py = mops
with T, €2, p.ER[x]—R[x]p(70); finally put
T = T 7P = p; 710 = ¢; 7 IR =r.
Then
(16.71) p = wilpimse- pa.
As
w5 ipims € R[x] — o(70),
p2 ER[z] — a(0),
and q(79) is a two-sided prime ideal in R[x] (by (15.62)), it follows that also
» ER[z] — a("0).

Therefore (16.5) can be applied. Thus we have to show only that P({) >0 if
¢ is chosen according to (16.53).

We may assume that m, and =, are positive. Then >0, and P({) has the
same sign as p({). We chose { according to (15.7) and (15.92) so that simul-
taneously

(16.72) J@&) = o(p(§) & wiprma(§) & pa(£)).

Then we can apply (13.7), with 75 pims, p2, {, f, p in the place of p, g, &, f, pq
respectively. We get then

(16.73) . p(&) = w1 pima($) - p2() (1 + o(1)).

Now 75 'pima(¢) >0 because p1(6) >0, using (16.6). Also pa({) >0 because
$2(0) >0. Hence, by (16.73), p(¢) >0, and the lemma follows.

(16.81). LEMMA. If # €2, then w has the same sign qua element of Z(0) as
qua element of 2.

The proof is obvious and omitted.
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(16.82) LEMMA. If ~p1 <0< "ps with ~p1, ~p2& Py, then for the corre-
sponding elements py, ps of Po also

P1<0<pz.

The proof is obvious and omitted. Combining all these facts we have now
the following theorem.

(16.9) THEOREM. If ~0 has property (15.1), then the algebraic extension
Z(0) of = is ordered by the definitions (16.1), (16.2); its order continues that of
Z, and (10.1) is satisfied.

17. Ordering a simple algebraic extension (outside ~R). We have so far
dealt only with the cases that 70 is transcendent over ~P (§10) or con-
tained in ~R (§§11-16). If ™9 is algebraic over ~P but outside ~R the order-
ing procedure is rather simpler(*®); in particular if we may assume “P="%.
In fact we then have only to order the extension macroscopically.

Let then “P="%R. Then P is obviously a maximal subfield Py.. SZNRK.
Hence if fEP[x] is irreducible, then f is irreducible in =[x] (cf. (9.8)). We
assume 0 algebraic (of degree >1) over ~P, f again the monic irreducible
polynomial €P[x] defined by ~f(76)=""0. The elements of =(f) are the
polynomials in 0 of smaller degree than f, with coefficients in 2.

(17.1) DeFINiTION. Let pER[x]—B[x] be a polynomial with finite
coefficients not all infinitely small. Then we define

(17.11) p0) 20 according as ~p("6) 2 0.

(17.2) DEFINITION. Let PEZ[x] be a polynomial, and let r€Z, pER [x]
—B[x] be such that #>0 and

(17.21) P = 7p.
Then we define
(17.22) P@) 20 according as p(6) 2 0.

Note that we do not here restrict the degree of p or P; but that (17.11)
does not cover the case that ~p(70) ="0.

(17.3) LEMMA. By virtue of definitions (17.1), (17.2) every element of Z(8)
is either >0, or =0, or <0, and no two of these simultaneously.

Proof. Any element of Z(8) can be represented in the form P(8), where
PE&Z[x] has smaller degree than f. If P>0, let = be the greatest of the ab-
solute values of the coefficients of P, and p=n—1P. Then pER[x]—B[x],
p5#0, and the degree of p is smaller than that of f. Hence ~p(™0) =70, and

(8) With a few appropriate changes in the formulation of the definitions (in particular
(76), q(—6), and property (15.1)) this case could have been subsumed under the algebraic
extensions already dealt with. But any gain in conciseness would have been only slight.
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(17.1) allocates a sign to p(8), (17.2) the same sign to P(#). This proves the
first part of the lemma.

If mEZ, pER[x]—PB[x], m>0, and P=mp, is a different representa-
tion (17.21) of P, we put m~'wr =p. Then p1=pp, and pER — PB; hence ~p="0.
In fact p>0, and thus ~p>"0. Therefore ~p("0) and ~p(™0) are both
positive or both negative, and (17.2) allocates the same sign to P(f), what-
ever the representation (17.21).

Finally let P;(0) = P(@) be two different representations of the same ele-
ment of Z(6), with P (but of course not P;) of smaller degree than f. Then
P,=Qf+P. Let also mEZ, pER[x]—B[x], m >0, and Py=mp1, and put

mQ =g, ailP =7,

Then
(17.31) pr=qf+r
Clearly rER[x]. If r&€R[x]—B[x], then (17.1) and (17.2) (applied to P, m,
r) imply that

i P@) 20 according as ~r(76) 2 0,
and ~7(70)=""p("0) by (17.31), and then (17.1) and (17.2) (applied to
-Ply Y Pl) give

Pi6) 20 according as ~p,(76) 2 0.

Hence in this case P(f) and Py(f) are allocated the same sign by the defini-
tions. If, on the other hand, r&EP [x], then (17.31) shows that ~p,(76) ="0;
hence in this case (17.1) and (17.2) (applied to Py, w1, $1) are vacuous, and no

other sign is allocated to P;(f) than to P(f). This completes the proof of the
lemma.

(17.4) THEOREM. If "P=""R and 70 is algebraic over "P, then the alge-
braic extension Z(0) of Z is ordered by the definitions (17.1), (17.2); its order
conttnues that of Z, and (10.1) is satisfied.

The proof follows, with the appropriate (and obvious) simplifications, the
line of argument in §10 (or §16), and is omitted.
Finally we can now establish the main result of this part.

(17.5) THEOREM. An ordered division ring Z can be extended to an ordered
division ring Z* (containing 2 and continuing its order, and) containing in its
centre a field *P order-isomorphic to the field ~P* of all real numbers.

Proof (74). The algebraic adjunction of the required elements has been de-
scribed in §9. Following the Steinitz [13] procedure we first adjoin, step by

(™) We present a proof sketch rather than a formal proof. Note that well-order is implicitly
and extensively used.
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step, all transcendents, and order the resulting extensions as described in §10.
Next we adjoin (again step by step) algebraic elements 6 for which 70 has
property (15.1); and we order the resulting extensions as described in §16.
By theorem (15.2) this can be carried on as long as there are algebraic ele-
ments in R — TP left; that is—as the transcendent elements have been ad-
joined already—until P coincides with ~®R. Then finally we adjoin (again
step by step) the algebraic elements outside R ="P, and order the resulting
extensions as described in this paragraph. This process comes to an end only
when TP* is exhausted; the final division ring thus obtained is the desired Z*.
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