DETERMINATION OF A CERTAIN FAMILY OF
FINITE METABELIAN GROUPS

BY
G. SZEKERES

Introduction. The problem of constructing all the finite metabelian
groups (that is, groups with an abelian commutator subgroup) is fundamen-
tally settled by the Schreier theory of group extensions. In fact, a metabelian
group may be considered as the extension of an abelian group % by an
abelian group §; this is the simplest nontrivial case of a group extension.
According to Schreier’s theory, an arbitrary group ® which is the extension
of A by § is obtained by the following procedure:

First, we have to find an automorphism group of ¥ which is the homo-
morphic image of {, that is, if ¢ is the automorphism corresponding to ¢ €,
then (AB)?=A4%B?, (A7)°=A7"= A for every A, BEY, ¢,7EF. Secondly, we
have to find a factor system C,,, in 4, satisfying C,.,Cor,, = C?,C, .., for every
p, o, 7 (see [18, p. 90])(?). If S, is a symbol denoting a certain representative
of o in @, then the relations S,4S5;' =47, S,S;=C, .S, uniquely determine
an abstract group & with the required properties.

Unfortunately, the general formulation of the Schreier theory does not
indicate (except in the most trivial cases) how to determine and specify the
automorphisms and factor systems so that each ®& shall be obtained in
one and only one way. The invariant characterization of solvable groups, even
in the relatively simple case of metabelian groups, still remains one of the
most important and most difficult problems of abstract group theory. At
the present, it seems that the problem can be successfully approached only if
we impose certain restrictions upon the family of groups to be determined.
In a recent paper [12] I have determined all the groups ® which have an
abelian invariant subgroup ¥ of the type (p, - - -, p) such that @/¥ be
cyclic. In the present paper a more extensive class of metabelian groups will
be determined and completely characterized by numerical invariants.
Whereas no restriction will be imposed upon the structure of the abelian in-
variant subgroup ¥, it is assumed that /¥ is cyclic and its order # is not
divisible by the square of any prime number which divides the order of 2.
In particular, the latter condition is fulfilled if either # is squarefree, or if n
and the order of U are relatively prime.

Among the more important cases included in the above category (others
will be mentioned in part 3) perhaps the most notable is the case of p-groups
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which contain an abelian subgroup of index p. These have been determined
if the abelian subgroup is of the type (p, - - -, p) [9], or cyclic [3, p. 134],
or of the type (p»~!, p) [8], or if the group is of order p, n <5 [1, 2], or of
class n—1 [17]. Recently P. Hall [6] introduced a general classification of
p-groups by means of a relation called isoclinism, and determined the
families of isoclinic p-groups containing abelian subgroups of index »p.
This is still not a solution of the structure problem, since there are too many
different groups which belong to the same family of isoclinic groups (for
example all the abelian p-groups belong to the same family). The present
paper contains for the first time a complete enumeration of these groups.

Some general remarks about notations:

Groups and rings will be denoted by German letters, elements of additive
groups by Roman capitals. Greek letters will denote elements of rings or
multiplicative groups which act as operators on abelian groups.

{A, B,. .- } is the subgroup generated by the elements in brackets, or
in the case of abelian operator groups the smallest admissible subgroup con-
taining 4, B, - - - . A®B is the direct sum of 4, B.

® shall denote a group which has an invariant commutative subgroup
with cyclic quotient group of order n. The following procedure, a modifica-
tion of the Schreier principle, will be used to construct an arbitrary ©&:

Let 3[x] denote the ring of polynomials in x with integral coefficients and
Rn.n[x] the (finite) quotient ring I [x]/(x*—1, k). The abelian group U of
order k is assumed to possess a ring of of endomorphisms R which is a homo-
morphic image of Rn,x[x]. We write % additively with unit element 0 and
denote by pA the endomorphism induced by the operator p&ER on 4 &Y.
Let s ER be the operator which corresponds to x by the homomorphism
Rn.a[x]>R. Then by the definition of R, x[x], o is the unit automorphism
of U, thatis, 0”4 =4 for every A €.

We now define a set of symbols (r, 4), r=0, AEN as the elements of
an abstract group ® under the following rules of composition:

(1) (71y Al)(r% A2) = (7'1 + 72, Al + a"lAg),
(2) (n, 0) = (0, H)

where H is an element of ¥ satisfying

3) oH = H.

Multiplying both sides of (2) either from the right or from the left by (r, 4)
we obtain

4) (r+mnA)=(,A+ H)
which implies that the elements of ® can be brought to the form

(r, 4), 0= r<m, A €N
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We have to show that & is a group. Clearly, the elements (0, 4) form a
commutative subgroup A’ which is isomorphic to %. Put S=(1, 0), then by
1), 3), 4), S=(r, 0), S=(r, 0)"'=(n—r, —H), hence S7(0, 4)S—
=(0, 074). Thus the transformation of A’ by S induces the automorphism
o" in A’. Since S*=(0, H) by (2) and (0, ¢H)=(0, H), it follows from
Schreier’s theorem (see [18, p. 93]) that ® is a group which contains A’ as
an invariant subgroup. Moreover, ®/%’ is cyclic and its order is n. The ele-
ment (0, H) represents the factor system of the extension.

That every group ® is obtained by the method just described is again a
consequence of Schreier’s theorem since ¢ can be taken as an arbitrary auto-
morphism of order # or a divisor of z. In fact, we can construct R, the ring of
g-endomorphisms

p=a+ao+ -+ 10", o, Gy, * * * , Gn1 integers,

in one and only one way so that the binary operation p4, pER, 4 €Y, shall
satisfy the postulates

(P1 + pz)A = p1d + p24, Px(PzA) = (Plpz)A,
od = 0, A =4, (tp)A = p(2A4).

Here o and ¢ denote the 0 and 1-element of the ring R, and ¢ is an integer.
The last of the conditions (5) shows that (k)4 =u(h4) =0 for every A, hence
he=o. Therefore (6" —t, k) =G and % is a homomorphic image of R, x[x].

The first step in the above procedure of constructing the group @ is to
determine the operator rings i of A which are the homomorphic images of
R..u[x]. This is equivalent to the problem of determining the automorphisms
a of A which satisfy ¢" =, or rather the classes of automorphisms conjugate
to a ¢ in the group of all the automorphisms of A. For, if \ is an arbitrary
automorphism of o, then the element A4 is carried by ¢ into d(AA4)
=A\"10NA4). This shows that we could equally well arrive at the group ®
by starting from the conjugate automorphism ¢’ =\"'¢\ instead of o.

There is, however, another way of approach to the problem which seems
to be more natural from the algebraic point of view: Instead of departing
from a definite abelian group and determining the above class of conjugate
automorphisms, we may regard 2 from the outset as an R-group (without
specifying its structure as an abstract group), and determine the different
types of such operator groups. Replacing ¢ by its conjugate A~lg\ implies
that we pass to an R-group A’ which is R-isomorphic to A. Therefore we have
to consider two R-groups as being of the same type, if they are R-isomorphic
to each other. Here R-isomorphism is understood in the usual sense; we as-
sume that the same ring of operators R acts upon both % and A’.

There is another definition which naturally suggests itself when we in-
vestigate the abstract structure of operator groups. Suppose that ¥ has an
operator ring i and A’ has an operator ring R’ and there is an isomorphism

(5)
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(1-1 homomorphism) between R and R’. Then we can define an (R, R’)-
isomorphism between U and A’ by postulating p4—p’4’ if p—p’, A—A4'
(see [7, p. 5, footnote]). Of particular interest is the case when %’ is obtained
by means of an automorphism of R. For example if (%, n) =1, ¢’ =¢* induces
an automorphism of R by the 1-1 mapping

G+t aw+ -+ 0™l > a0+ a0’ + - - -+ Gpgo’ D

where uv=1 (mod %), which converts ¥ into an R’-group, RN’ being a poly-
nomial ring of the operator ¢’. Such a situation is confronted if we take the
coset represented by S’ =(u, 0) instead of S=(1, 0) as the generating coset
of ®/%. The discussion of this situation is left to §2. Until then we consider
only ordinary R-isomorphism, since the solution of the problem of R-groups
takes then a more convenient form.

After we have determined the varous types of R-groups the next step is to
select the element H in a suitable way. We could take for H an arbitrary
element satisfying equation (3), but of course the problem is to have a
canonical form for H which is an invariant of the group @.

Finally, we have to settle the following question: It might happen that
a group & has several different abelian invariant subgroups with cyclic
quotient group, hence @ can be represented in more than one way by a sys-
tem [%, H]. Then we must find conditions for the equivalence of two dif-
ferent systems [, H].

In §§1 and 2, we shall have a complete answer to all these questions,
provided that (n, k) is squarefree.

1. It will be assumed that the ring & is a homomorphic image of Ra.a[x],
hence

(1-1) o =1

where o is the operator corresponding to x, and the operators of 3 have the
form

(1.2) p=ay+ a4+ -+ + @n_1o™}, a; integral.

In order to find the different types of R-groups, we have to determine the
different types of indecomposable R-groups. For, both % and ¥ are finite,
hence the Krull-Schmidt theorem applies to A and the indecomposable com-
ponents occurring in its direct decomposition are uniquely determined by ¥,
as far as their types and multiplicities are concerned.

There is a decomposition of % that can be accomplished in every case:
A finite commutative operator group is the direct sum of its p-primary com-
ponents AP, Hence we can assume that the order of A=A is a power of
a prime number p, $/ say. Then the operator ring of A®, R,, is a homomorphic
image of R,/ [x].

In order to obtain a further decomposition of A®, we slightly modify the
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ring R,. Let 4 be an element of order p™, and
a=a +ap+ap:+---, 0=a:<p,

a p-adic integer in the regular representation. We can give the formal product
oA a natural significance by requiring that it shall satisfy the following
postulates:

a0 =0, ed =4 (e = p-adic identity),

(a1 + a2)d = a1d + a4, (a12)A = az(azd).

Notably (pma’)A =a'(pmed) =a’(p™A) =0 for any p-adic whole number o',
hence

(1.4) ad = at™A4

(1.3)

where o™ =a¢+ ¢ - + +an1p™ 1 is the mth convergent (in the p-adic sense)
of a. Conversely, if a4 is defined by (1.4) then the postulates (1.3) are auto-
matically satisfied.

Let PB[x] denote the ring of polynomials in x with p-adic integral coeffi-
cients and write i’ 5 [x] = B[x]/(ex” —¢, p’e). Clearly, R', » [x]is isomorphic
to R’ [x] and we can construct an operator ring %, which is isomorphic to
R, by assigning to each operator (1.2) of R, the operator p’ =ao+og+ - - -
+a,10™ 1 in Ry, where a; is the p-adic equivalent of a;. It follows from
(1.4) that A® can equally well be regarded as an R, -group or as an R,-group.

The idea of assigning the p-adic integers as operators to a p-primary group
has been variously used for the studying of infinite abelian groups, notably
by H. Pruefer, see also H. Rauter [10]. In the case of finite p-primary groups
it seemingly does not make any difference whether we take the ordinary
integers or the p-adic integers as operators, since the p-adic residues modulo p*
are identical with the residues of ordinary integers modulo /. Nevertheless
we shall see immediately that the change of i, to R, has decided advantages
since it makes it possible to apply certain well known facts about the reduci-
bility of polynomials over P to the further decomposition of A into direct
summands.

Write
1.5) n = mp*, (m, p) =1
and let
(1.6) x™ — 1= gop1--- @ (mod p), ¢do=2x—1

be the factorization of x™—1 into modulo p irreducible polynomials &,.
These can be normalised by the condition that the highest coefficient of &,
shall be 1. We have

n

mpk m k b
x —1=2x" —1=( —-1° Eaﬁ-’-$fk(modp)-



6 G. SZEKERES [July

By the reducibility criterion of Hensel (see van der Waerden [14] p. 259)
there exist uniquely determined polynomials ¢go=x—1, ¢1, - - -, ¢, respec-
tively ®,, &y, - - -, ®, in P[x] such that

2™ — 1= ¢op1" - ¢y x"“qu’o‘bl"'q’a,
¢r=—-=$r(m0dp), q’rE$r (modp)' r=0,-..,t,

where ¢, is irreducible in B[x](2). Write

(1.7)

1
(1.8) x(/,=d>o~-@,_1<I>,+1---<I>g=5—(x"—1), f=0,"°,t.
Since o, - - -, ¥ are polynomials with leading coefficient 1 which have
no common divisor of degree greater than 0 modulo p, there exist poly-
nomials No, - + -, ¢ in B[x] such that

(1.9) Ao + - -+ + Ay = 1.

Let A be an arbitrary element of A® and write 4,=\,(0)¢¥-(6)4. Then
P,(0)A, =N\, P,(0)A =N\ (0)(c”—1)A=0by (1.8)and (1.1),and A =4o+ - - -
+A4,by (1.9). Hence, writing A® =\ y,(¢) A, we have

(1.10) &,(0)2" = 0, F=0,---,8
and
1W=n"e - ou”
We shall call A® the ¢,-component of AP, and say that AP belongs to
the irreducible polynomial ¢,. This is justified by the following theorem:

THEOREM 1. Let A, belong to ¢ =¢,, hence, by (1.10) and (1.7), be annthi-
lated by ®=®,.(0) =¢? (mod p), then there is an 1>0 such that ¢*(o)As=0.

Here ¢=1if k=0 (that is, (n, p)=1) and ¢ <Ip* if k>0 in (1.5), where !
is the maximum exponent order of elements in A, that is, p*A,=0.

Proof. By (1.7), #—¢*" =0 (mod p), (2 ~¢*)'=0 (mod p"), $*" =0 (&, p"),
hence ¢ (0)N4=0. If £=0, then ¢ = ® and the statement is trivial.

As a corollary we have the result that the operator ring Ry of Ay is a
homomorphic image of P[x]/(pi(x), pY).

All the previous discussions were independent of the number theoretical
nature of n. Henceforth we shall have to assume that » is not divisible by
the square of any prime number that divides the order of %, that is, k=0 or
1in (1.5).

Case 1. k=0, (n, p)=1.

(2) We have written here 1 instead of € to denote the p-adic identity. We shall always do

this if there is no danger of ambiguity. Also we shall use ordinary integers to denote their
p-adic equivalents,
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We have 1=0 in Theorem 1, hence
(1.11) ¢(a)Us = 0.

Let & be the degree of ¢. We shall show that an indecomposable ¥, is
cyclic, that is, is generated by a single element A, of order p!, and every
element of A4 can be represented in the form

A= f(O')Ao

where f is a polynomial of degree less than % whose coefficients are residues
modulo p The order of A, is p* and its type as an abstract group is
@4 - -+, PY.

Proof. Because of (1.11), %} is the homomorphic image of PB[x]/(¢(x)).
Since ¢(x) is an irreducible divisor of x*—1, this latter is a principal ideal
ring, its ideals being (p'), /=0. Hence the fundamental theorem of abelian
groups applies to this case (see [15, p. 126]) and the only indecomposable
groups are the cyclic ones.

Thus, the situation here is analogous to the case discussed in my previous
paper [12] where % had no elements of order p2. There the operator ring %
was homomorphic to II[x], I =GF(p), which is likewise a principal ideal
ring.

Difficulties of more serious nature arise when 9, involves elements of
higher exponent orders and # is divisible by p. Here a complete solution has
been found only when p divides % to exactly the first power. A solution for
the structure problem of %, when % is divisible by p2? would be of great im-
portance for the theory of metabelian groups.

Case 11. n=pm, (m, p)=1.

R4 is a homomorphic image of P[x]/(#%(x), p*) which is not a principal
ideal ring if £>1, hence the fundamental theorem of abelian groups does not
necessarily hold. In fact, we shall see that an indecomposable %, is not neces-
sarily generated by a single element. Nevertheless we shall be able to find a
canonical form for A4 which will make possible the complete classification and
enumeration of the different types of these groups (Definitions 1 and 2,
Theorem 4).

Since ¢ is a divisor of x™—1, irreducible in B[x], we have

(1.12) an—1=¢f

where ¢ and ¢ are relatively prime modulo p. From (1.12) we have

(1.13) s —1=2m—1=1+¢¥)? — 1 = po¢ + Cp26Y> + - - - + ¢7Y7.
Write

xr — 1
m

(1.14) m() = ——

= P+ Coabt + - - - + @,

x
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We show that
(1.15) o(x)w(x) = 0(P(x)).

Since ¢ and ¢ are relatively prime modulo p and ®=¢? (mod p), ¢ and &
are also relatively prime modulo p, hence there is a A(x) such that Ay =1(®).
By (1.12) and (1.14),

1l"¢‘l/ =z"—1= 0(@),

hence multiplying by N we obtain (1.15).
Next, we show that

(1.16) b= x(®, 7).

From (1.14) we have p=w(po, ¢*~1), hence by (1.15), pp=wp=0
(®, po?, ¢7), p=u(P, p¢? ¢?!). From the previous congruence, pp?=0
(®, po?, ¢p7+1), hence p=(®, p¢?, ¢*~1). Repeating the argument, we finally
obtain (1.16).

(1.15) implies ¢(0)w(c) =0. In the following, we shall suppress the vari-
able ¢ if the polynomial over P is obviously one of ¢, hence an operator of R.
Thus, the previous equation will simply be written as

1.17) om = 0.
Congruence (1.16) becomes
(1.18) p=m(¢*"), or p=m+¢7y(0)
which implies
(1.19) pé = 7.

The coefficients of the polynomial ¥ =+(¢) can be reduced by means of
(1.19) to non-negative integers less than p (integer = p-adic equivalent of the
integer, see footnote 2), and this puts v into a perfectly well-determined form.

From (1.18) we have w2=2pm, and generally

(1.20) 1r7' = Pﬂ-"—l = e e = pi_lgr, p’ = ﬂ-i + ¢i(?‘1)7! fOrj g 1.

LEMMA 1. If p#0 (p, ¢) and B=pA, then {A} ={B}, that is, A=\B for
a suttable \.

Proof. p(x) is a primitive polynomial relatively prime to ¢(x), hence A(x)
and u(x) can be determined so that A(x)p(x)+u(x)di(x)=1, N(o)p(c)4
+u(o)pi(c)A=A, where ¢ is the exponent in Theorem 1, hence ApAd =4,
AB=A.

THEOREM 2. ¢ and w are nilpotent operators.

Proof. If ! has the same significance as in Theorem 1, that is, p'¢=0, then
w1 =plr =0 by (1.20). The statement concerning ¢ iscontained in Theorem 1.
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Theorem 2 implies that every operator p of R/ can be written in the
form

(1.21) p=tb+Eo+ -+t

where ¢ is the exponent in Theorem 1 and &, - - -, £, are polynomials of o
with degree less than k. The coefficients of & can be reduced to non-negative
integers less than p! and those of &, « - -, £;_; to non-negative integers less
than p. Hence the order of R is not greater than p»U+i—D_ The above ¢-adic
form of 9§ is similar to the representation found recently by H. S. Vandiver
for principal ideal rings [13].

A further consequence of Theorem 2 is that to every 430 there is an
1=4(4) =0 and j=3(4) =0, such that :

¢4 #= 0, ¢4 = 0, w4 # 0, w4 = 0,

We call (4) and j(4) the ¢- and m-exponents of A4.

DEeFINITION 1. A finite Ry -group € =G is called an open ¢-w chain if it
is generated by k>0 elements 4,, + - -, 4% (called a chain basis of €) satisfy-
ing the following conditions:

1. Let ¢1=¢(4,)+1, ¢,=14(4,) for r>1, j,=j(4,) for r <k, je=37(4x)+1,
then ¢,>0, . >0 for r=1, - - - | k.

2. Write C,=¢%4,, D;=n%4, (hence C,=0, D;=0). Then D,=C,;, for
r=1,.-+,k—1.

3. Write D={D,, - - -, Dy—1} and denote by A* the coset of D in €
which is represented by 4,. Then

D={Di} @ - ® {Dr}
and

C/D= {41} @ - @ {41}

These conditions uniquely define for any given set of chain-exponents
[41, 75+« + ; 4k ji] and given ¢, an R -group €. The elements of € can be
represented explicitly by the set of expressions

® k ® k=1
(1.22) A= 0d,+ D 84, + O 4. + 25D,
re=l r=1 r=1 r=1

where a;, B;, ¥, 6, run through all the polynomials of ¢ with the following
restrictions:

The degrees of a,, v, and §, are less than %, that of 3, is less than & (s, —1).

The coefficients of «, 3., 6, are non-negative integers less than p, those of
v, are non-negative integers less than p#—1,

The sum of two expressions (1.22) can be reduced to an expression of the
same form by writing each £, in the ¢-adic form (1.21) and using the formulas
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variants of €. Evidently the order of € is prEitzir—1,

DEFINITION 2. A finite Ry -group €=C, is called a closed ¢-7 chain
if it has £>0 generating elements A4y, - - -, 4; (called a chain basis of §),
satisfying the following conditions:

1. Let 2,=1%(4,), j-=j(4,) for r=1, - - -, k, then ¢,>0, j,>0.

2 Let & be the smallest divisor of b, k= dE such that i = z,, _7,. =7, whenever

erte again C,=¢%"4,, D —7r"A Then
D, =C,y forr=1..., k-1

and

d—1
Dy = Dax = 2. MCiina
&=0
where the coefficients A, are residues modulo (p, ¢), hence represent elements
X, of a GF(p*), and satisfy the following conditions:
(a) Xo5=0, thatis, NoZ0(p, ¢).
(b) The polynomial f(z) =z%— D 2} X,2* in GF(p*) is either irreducible or
a power of an irreducible polynomial. We shall call f(z) the ckaracteristic poly-
nomial of the closed ¢-m chain.
3. Write ©®={D;, - - -, D;} and denote by 4} the coset of ® in € which
is represented by A,. Then

D={Di} ®--- ® {D:}

and

/D= {41} ® - @ {4i}.

Again, these conditions uniquely determine, for any given set of ex-
ponents [41, ji; « - - ; ; %, 7z ] and characteristic polynomial f(z), an % -group €.
The elements of € can be written explicitly as

k

(1.22%) A= ad, +E¢B,A +En,A +Zw

r=1 r=1
where the restrictions on the coefficients and degrees of ar, 8-, v 0r are the
same as under (1.22). The order of € is

PIZE_ i) = Phdzf_l(ir+fr).

It should be noted that it is quite possible to construct a closed ¢-7 chain
by means of an arbitrary characteristic polynomial f(z) with nonzero constant
term. The reason why we imposed the additional condmon 2b on f(2) is to
make € indecomposable as will be seen later.
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THEOREM 3. Let € be a closed ¢-m chain belonging to the set of exponents
[, Ji; - - - ;%% Ji) and characteristic polynomial f(z). Let €' belong to
(%2, o3 -+ - ; %5 i3 51, 1) and the same f(2). Then € and €' are R, -isomorphic.

Proof. Let A4, + - -, Ax (k=dE) be the chain basis of €. To prove the
theorem, we have to find a set of new generating elements A4/, - - -, A¢
which also satisfy conditions 1, 2, 3 but with exponents belonging to €’.

Write A=A, forr=1, - - -, k—1and A} =A%z= 2 % N34, Since
No#0 (p, ¢) and Ned=AL— 2 %! N\, A%, it follows from Lemma 1 that 4,,
hence the whole group €, is generated by 4/, - - -, 4¢. Since

1= i1 = ¢ 00 = LD J1 = JE41 = 0 0 = J(d=DF+D

we have

d—1
Ci = ¢udr = 2, MNCaip1 # 0,

§=0

1.23 , =
( ) D, = 1rj1.41:» Z XgDJ'+l # Or

$=0

itldL =0,  witld) = 0.
Hence, denoting by 4/, j/ the ¢- and w-exponents of 4/, we have
1«: = 'ir+lv ]r{ = .7.r+1s forr = 1‘ R k— 1’ and 1;‘ = il' j; = jl'

Furthermore, D}_, =Dy= Y _*3 N\,Ciis1=C{ and

d—1 d—1 d—1
Di=mid; = 7id, = 2 MDip1 = 3 MCeivs = 2 MCoin ifk>1,
s=0 2=0 8=0
, , d—1
Di=Di= 2 ADwy = ACa+ -+ + NaeeCa + AamsACr + + - - + NaiCa)
5=0
=AC1 4 -+ + AaoCar + NaiCl if k= 1.

Hence, condition 2 is satisfied with the same f(2). Condition 3 is obvious
from (1.23), since No5=0 (that is, D’'=D) and since 4{, - - -, A are gen-
erators of € and the order of {A4/*} is the same as the order of {A4}}.

Theorem 3 implies that we obtain the same group if we perform an arbi-

the closed ¢-r chain € is completely determined by the primitive cycle
[41, 71; - - - ; %, ji] and characteristic polynomial f(z). They will be called the
invariants of €.

The structure problem of finite R, -groups is completely settled, for the
case n=mp, (m, p) =1, by the following fundamental theorem:

THEOREM 4. Let ¢(x) be an irreducible divisor of x™—1 in B[x], n=mp,
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(m, p) =1. Under this assumption an indecomposable finite NS -group G4 is
either an open or a closed ¢-w chain. Conversely, every open or closed ¢-w chain
¢s indecomposable and Ry -isomorphic chains have necessarily the same in-
variants.

The proof of the theorem will require much space and is fairly independent
of the rest of the paper. Therefore we continue with the discussion of the
structure of the metabelian group ® and leave the proof of Theorem 4 to the
last two sections of the paper.

2. Our next step is to select the element H, which is supposed to satisfy

(2.1 (c—1DH=0

according to equation (3) of the introduction.
We decompose a given H into the sum of its “projections” upon the
¢-components of A:

H=) H, Hy €%,

(2.1) implies (¢ —1)H, =0 for every ¢. Since x —1 is relatively prime to every
¢(x) #x—1, the projections Hy must vanish with the exception of those
which belong to ¢go=x—1.

Let AP denote the p-primary component of ¥ belonging to ¢o, and H®
the %P projection of H. AP is either an ordinary p-primary abelian group
(e —1)AP =0) if (n, p) =1, or else the direct sum of open and closed ¢o-1
chains if (n, p) =p. In the latter case

H(p) - H:p) + H;p) +. ..
where the elements H® denote the projections of H® into the single chain-
components ? of AP. By (1.22) and (1.22%), H® is a sum of elements of
the form Za,4,+Z¢8.4,+217,4, or, since pHP =0,

H,(p) = Z TYrsd rs if @,‘p) is a closed chain, and
2.2 '
2.2 Hr(p) = b0 Art + 2 TYredre if @,(p) is an open chain.

In the last formula we have written 1, for the ¢o-exponent of the first chain
basis element 4,, of €, and b, to denote a polynomial modulo ¢o=0—1,
that is, an integer which is supposed to be non-negative and less than p.

The form (2.2) for H® can be simplified still further. If we choose instead
of S=(1, 0) another representative of the same coset in @:S"=(1, 4), then
we have by (1) and (4) of the introduction,

0 H)={1,A4*=1,4)1,4)--- (1, 4) = A+ A+ -+ + o14)
=0,4+04+ -+ 04 4+ H),
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hence
o — 1
(2.3) H = A+ H=A4"+H.
s—1
Write 4 = Z,A(’”, A4'= ZPA'(”), AP A’ ®, We have
o — 1 o*—1 om—1 o™ — 1
Al = AP = A® =g A,
c—1 o —1 o—1 c—1

Since (¢6m—1)/(6 —1)A4=0 if ¢£¢o, the operator (¢™—1)/(s—1) projects
A® into AP. Hence

1(p) om—1
=r

AP (go+ 1™ —1 e
c—1 o
- 1r(m+C,,.,2¢o+ e+ ¢:v—l)A(v) - mA(p)’

since mpo=0 in AL, Since (m, p) =1, mA® =Y by Lemma 1 in §1, hence
we can choose A® so that

A1) = mA® = — H® if (n, p) =1

4

and
AP = amA® = — 3 aypd e if (n, p) = p.

T8

Substituting this into (2.3), we have by (2.2)

H:(p) = b,d:;'A,l if (n, p) = p and C,(’) is an open chain
and H!® =0 in every other case.
Thus we have the result that if the representative S of the coset & of %’
in © is suitably chosen, then H® has the following form:

(2.4) H? = 3 bordn,

where we have the sum over open chains €® of ¥ and i, denotes the
do-exponent of the first basis element 4,; of €.

This is still not the simplest form of H®, In deriving (2.4), we have
departed from a certain chain decomposition of AP and varied the repre-
sentative S, hence, the element H itself. Now we want to keep S and H fixed,
and change the chain decomposition of AP appropriately so that H® shall
finally have its canonical form. Generally a group %, possesses several dif-
ferent decompositions into open and closed chains and we have here the prob-
lem of finding these decompositions if a certain one is given. In particular we
are interested in knowing how to find an arbitrary open chain subroup of U,
which is a direct summand of %, and which can be substituted for one of the
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open chains occurring in the original decomposition of %,.

Now the proof of the fundamental theorem in §§4 and 5 will require a
theory of substitutions of one system of open chains for another one, in a
much more general form than is actually needed for our present purpose.
Therefore we anticipate part of the theory, notably the definitions of left
dominance and left resultant and the trivial Corollary 1 of Theorem 8* in
§4. Suppose that the numeration of the chains €® with nonvanishing b, in
(2.4) is chosen so that GP°=E®° > . . . (for the notations see Definitions
5 and 7b in §4). Since the operators £ in Definition 7 are simply integers if
¢ =¢o, we can form the left resultant

67 = 06" |+ b G [+
and replace € by €’® in the chain decomposition of AP (Corollary 1 or
Theorem 8%*). It is readily seen from the definition of the left resultant that

i i i »
dod1 = bipoAdn + bapo A + -+ = H ”,

This shows that with the new chain decomposition we have in (2.4) a single
term instead of a sum, unless every b,=0.

THEOREM 5. II = S" in its simplest form is either O or

(2.5) H=Y ¢4y
D

where AP is the first chain basis element of an open ¢o-m chain in AP, and i,
is the ¢o-exponent of AP. The summation involves one or several different

primes p.

If A is a given R-group and n, denotes the number of different types
of open ¢o-m chains which occur in the decomposition of %, then the number
of essentially different ways H can be chosen is H,, (14n,), where the product
is formed for all the occurring prime numbers p.

Theorems 4 and S enable us to construct all the groups & which have the
property postulated in the introduction. Each @ is determined by a certain
system [%, H] where U is an R-group and H is an element of A having the
form (2.5) of Theorem 5. The structure of U can be formally characterised in
the following way.

To each prime number p and to each modulo p irreducible divisor ¢ of
x*—1, we assign a set of numerical invariants F,(¢) which is either a set of
positive integers 1 <L < - - - if (n, p) =1, or a set of chain invariants (and
characteristic polynomials) if (%, ) =p. The chain invariants and the coeffi-
cients of the characteristic polynomials can assume any values that are con-
sistent with the conditions set up in Definitions 1 and 2, and also the multi-
plicities of the different types ‘of chains can be arbitrary. Of course it is
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assumed that the total number of types appearing in the system  of all the
sets F,(¢) is finite. Each system [, H] defines exactly one abstract group &,
and the only problem that remains to be settled is to find all the systems
equivalent to a given one. Two systems [Q, H] and [Q’, H’] are called
equivalent if they determine isomorphic groups.

There are two factors which might conceivably affect the system of in-
variants of &: First, we can start from another generating element ¢* of
/U instead of &, and secondly we may start from an altogether different
abelian invariant subgroup U’ instead of .

The first change involves the replacing of ¢ by

(2.6) ¢ =g, (u, n) =1,

and the replacing of i by R, the ring of polynomials of ¢’. As already men-
tioned in the introduction, the 1-1 mapping

Z a,0" — z a,0'" = Z a,o"", Z a,0'" — E a,o’"", uv = 1 (mod n)

is an automormphism of 9 which induces an (R, R)-automorphism of . To
indicate this fact we shall write A’ instead of % whenever we consider it as an
R-group.

The ¢-component of ¥ is transformed by (2.6) into the ¢,-component of
A’. ¢pu(x) is the irreducible polynomial which has {* as a root if { is a root of
¢(¢) =0. For, suppose that ¢, is defined by the last condition, then ¢.(x*) is
divisible by ¢(x),

2.7) bu(x) = p(x)p(x) where u(x) # 0(¢(2), p).

Hence, if ¢7(¢)A =0, for some j, then also ¢(¢")4 =¢(6)4 =0, that is, A’
belongs to ¢.(d’).

If (n, p) =1, then the only change in the structure of %4 induced by the
transformation (2.6) is the permutation ¢—¢, of the “label indices” ¢.

If however (n, p) =p, and A4 is composed of ¢-w chains, then the chain
components themselves might be affected.

Let ¢ be the ¢-exponent of the element A& ¥,. By (2.7)

$u(0)4 = u (0)8 ()4 # 0,
$u ()4 = "9 ()4 = 0,
hence the ¢.-exponent of 4 is the same as its ¢-exponent.
By the definition of = we have

(2.8)

xm—1 xm? — 1

=1+xm+...+xm(1‘+l)’

x) = =
7(®) xm— 1 xm — 1

hence
o) =14+o0m+ .+ 4 gn>D
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and
w(c¥) =1+ ovm 4 - .. + gumr—D = g(g)

since o"=1. Hence
2.9) w(d’) = w(s), or o =,

the operator is invariant under the isomorphism R—R.
Let € be an open ¢-w chain, A4,, - - -, 4; its chain basis elements,

chain with the same invariants. Write

Zs>ris
4,

(2.10) A=A, A = (u(o)) forr < k.

Since u(s) #0 (¢, 7), A, can be expressed from the above equation by 4/
(Lemma 1 of §1), hence 4/, - - -, A{ are generating elements of €’. We have
by (2.7), (2.9) and (2.10)

iy tp ZsDrie Zris

Cl=¢a(e)A, = u"s ™ 4, = u™

’ e, 1N o1 ir ZeDris Ze>ris Zs>rir ’
Dl= a4l = "W 4, = D, = i Cra = Clr.

(o

This proves our assertion. It should be noted that the element H can be
brought to exactly the same form as it had before the substitution (2.6).

If G is a closed chain with invariants [41,1; « - - ; %, /i ] and characteristic
polynomial f(s)=2¢— D {2 \.2’, then again defining 4/ by (2.10) for
r=1, ..., k=dk, we obtain as in the previous case that €’ has the same

invariant [4,, j,] as €. On the other hand,

St ek4198t (d—8) (34« ++1F)

Ceier = ¢:’ ("Agg1 = Cett1 = Ciin

and D{ =w#*A{ =D;. By the condition 2 of Definition 2 we have D,

= > 43\Ciis1, hence Df = > 420\ ur@-—3C),,, where
(2.11) i=4+---+ i
Hence, if the characteristic polynomial of € was
d—1
(2.12) f(z) = 2¢ — 3 A\gz?,
gm0
then that of €’ is
d—1
(2.12%) f(z) = 2% — D u=@—0z.
=0

For the sake of simplicity we have written here \, and u to denote the
corresponding elements of GF(p"). Obviously in that correspondence it does
not matter whether we consider A\, and p as polynomials of ¢ modulo ¢(¢),
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or as polynomials of ¢’ modulo ¢.(c¢’).

DEFINITION 3. We call two systems [Q, H] and [Q’, H'] similar if Q' is
derived from  by:

1. performing the permutation ¢—+¢, on the label indices ¢, and

2. transforming the characteristic polynomials of each closed chain simul-
taneously by means of (2.12)—(2.12*) where u is defined by (2.7) and 7 by
(2.11).

The form (2.5) of H is the same in both systems.

With this definition, we can summarise the above result as follows.

THEOREM 6. Similar systems [Q, H] are equivalent.

Corresponding to the ®(#) transformations (2.6) (®(n) denotes the Euler
function) there are generally ®(n) similar ones to an arbitrary [Q, H]. Of
course, not all the transforms of [Q, H] need to be different. For example, all
the ®(n) transforms are identical if F,(¢) is vacuous for ¢p=¢o and F,(¢o)
does not involve any closed chains for any .

Now we turn to the last remaining problem and assume that @ contains
more than one abelian invariant subgroup with the postulated properties.
The quaternion group is the simplest example to show that this case can
actually occur. We may avoid such ambiguous representations of @ if we
find a procedure by which to select one of the %’s in a well-defined manner,
and exclude all the rest by suitable restrictions on the system [Q, H]. The
problem does not present any serious difficulties since the explicit form of &
readily allows us to find any abelian invariant subgroup with cyclic quotient
group. I shall only summarize the result, without going into details.

The following definition and theorem will show which of the possible sys-
tems [Q, H] shall be eliminated.

DEFINITION 4. We say that a system of invariants [Q, H] is not admissible
if it satisfies at least one of the following conditions I or II:

I. There is a prime divisor p of n, n=mp*, k>1, (m, p)=1 such that
every ¢ for which F,(¢) is not vacuous is a divisor of x™?—1.

I1. There is a prime divisor p of n, n=mp, (m, p) =1 such that:

1. Every ¢ for which F,(¢) is not vacuous is a divisor of x™—1.

2. Every ¢-w chain occurring in F,(¢) is an open chain of the type [1, j]
with the possible exception of a single ¢o-7 chain belonging to F,(¢o) which
has one of the following types:

a. A closed chain with a single basis element and invariants [1, ji],
f@@)=z—N\ (\, p)=1.

b. An open chain with a single basis element and invariants [2, j1].

c. An open chain with two basis elements and invariants [1, jo; 1, j1].

3. In the last two cases b and ¢, H® is the basis element of an open chain
of the type [1, 7.] in Fy(¢o) with j2=71.

THEOREM 7. If ® has two or more abelian invariant subgroups to which non-
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similar systems [Q, H] are associated, then there is exactly one among the sys-
tems which is admissible.

Hence, if we agree to exclude all the nonadmissible systems [Q, H], the
remaining admissible systems are, apart from similarity, uniquely associated
with .

It can be readily shown that if % is nonmaximal, that is, if there is
another abelian invariant subgroup A’ with the postulated properties which
contains ¥ as a proper subgroup, then the system [Q, H] associated with %
satisfies either condition I of Definition 4, or condition II with the restric-
tion that only open chains of the type [1, j] occur in F,(¢) (and no excep-
tional types 2a, b, ¢). Hence, if the system associated with % is admissible
then U is certainly maximal.

3. In this section we shall consider problems of somewhat special char-
acter which will complement and illuminate the foregoing theory. Most of
the results will be stated without proof; a rigourous proof can be easily estab-
lished in each case.

Let us suppose first that # is relatively prime to the order of %. Then each
F,(¢) consists of a set of positive integers /; Sl < - - - and 2[3,’) as an abstract
group is the direct sum of & isomorphic subgroups (k =degree of ¢), each being
of the type (p", p®, - - - ). The only choice for H is H=0.

As an interesting application let us determine all the solvable groups ©
which have the property that the normaliser of every element different from
the unit is abelian. This problem was raised by L. Weisner [16] who proved
that every solvable group @ with the above property (I will call it a Weisner
group) has an abelian invariant subgroup % such that /¥ is cyclic. Moreover,
he showed that if % is a maximal abelian invariant subgroup, then the order
n of &/U is relatively prime to the order of 2. Not all such groups, however,
have the above-mentioned property. A simple argument shows that the
necessary and sufficient condition for & to be a Weisner group is that every
¢ for which F,(¢) is not vacuous shall not be a divisor of any x™—1, where
m is a proper divisor of #. This implies that ¢ must have for its root a primitive
nth root of unity, and the degree % of ¢ is the exponent to which p belongs
modulo #. AP as an abstract group is the direct sum of & isomorphic sub-
groups.

To obtain an arbitrary Weisner group, we have to take an abstract
abelian group of order p¢ which is characterised by the partition d=x,
+2x,4 - - - 4dx4, and assign to each member of the partition a certain ¢.
Since there are k=¢(n)/h different polynomials having a primitive nth root
of unity for its root, the distribution of the ¢’s among the members of the
above partition can be performed in Ciizi—1,2; Chtsg—trzs * * * Chtzg—1,zs dif-
ferent ways. Finally, since by Theorem 6 there are at most ®(n) groups iso-
morphic to a given group obtained by this construction, the total number of
Weisner groups of order n] [p%% (n, p;) =1, h; the exponent to which p; be-
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longs modulo 7, is not less than (1/<I>(n))H,~(Z(Ck”_,l_;,z, Critan—lrzs * °
Ciitz4i-1) z;) ), t0 sum for every partition d;=x1+ 2x2+ - + - +dixa,.

Another, somewhat similar problem was considered recently by L. Rédei
[11] who determined all the solvable groups which themselves are non-abelian
but all their proper subgroups are abelian. If ¥ is a maximal invariant sub-
group of such a group ®, then ¥ is abelian and &/¥ is of prime order p. It
can be easily shown that the order of A is p'¢*, £=0, k=0, g prime.

If k=0, that is, ® is a p-group, then 2>1 and £ consists of a single set
Fo(¢0). The following admissible systems will represent Rédei groups: (a)
F,(¢0) has a single open ¢o-m chain of the type [1, ji; 1, j2], i+ja=h—1, and
H=A,(=the first basis element of the chain). (b) F,(¢o) has a single open
chain of the type [2, k—1] and H=0 or H=¢o4. (c) Fp(¢o) has two open
chains G;:[2, 7], €: 1, jal, j2<ji, ji+je=h—1 and H=A, (=the basis
element of €,). There are altogether (h—2)+2+[(h—2)/2]=h—1+[h/2]
groups of this type, in accordance with Rédei’s results.

If >0 and [Q, H] represents a Rédei group, then Q= { F,(¢0), F ()},
where F,(¢) contains a single invariant /=1, and F,(¢o) is either vacuous
(if h=0) or has an open ¢o-m chain G of the type [1, 2]. In the first case
H=0, in the second case H=the basis element of €. ¢ is an arbitrary ir-
reducible divisor of degree k of x?—1, hence k is the exponent to which ¢
belongs modulo p. Since the system £ belonging to different ¢’s are evi-
dently similar, there is exactly one group of this type to every given p, ¢ and
h. Of course, if & happens to be the exponent to which p belongs modulo g,
then there is a second Rédei group of the same order p*g. This also confirms
Rédei’s result. '

Let us consider now the case when 7 is squarefree and ¥ is a maximal
abelian invariant subgroup. The central 3 of & consists of all the elements of
9 satisfying (¢ —1)4 =0. Hence, 3 is a subgroup of o= Y_ S A formed by
the elements with ¢o-exponent 0. If € is a closed ¢o-7 chain, then 3NE
=7C. If € is an open ¢o-r chain and A4, is its first basis element with ¢¢-
exponent 7, then 3NE= {q&f)A L r@}. If (n, p) =1, then 8@ =3NY® =YP,
B8=0if and only if Ao=0.

The commutator subgroup & of ® consists of all the elements of (¢ —1)¥.
Hence, 8= D 4no®U® D, ©PoAYP. By means of the chain representa-
tion of Ao, it is easy to verify the validity of the following relation:

KR =A/B.

I owe this relation to H. F. Tuan, who proved it for the case that ® is a
non-abelian p-group and ¥ is an abelian subgroup of index p.

For the rest of this section we shall consider groups of this latter type
only, that is, we shall assume that ¥ is a p-group with index p in @. The
most important simplification in this case is that ¢(x) is necessarily a divisor
of x—1, hence ¢ =¢po=0—1 and Q consists of a single set Fy(¢o). There is no
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permutation of the ¢-indices in Definition 3 and p=w in (2.7), which simpli-
fies the form of the transformation (2.12)—(2.12%). If p=2, then u=u=1,
hence F,(¢o) has no transforms other than itself. Condition I in Definition
4 is meaningless now and condition II.1 is automatically satisfied.

The commutator subgroup is simply & =¢o¥, and the lower central series
is ®, podl, $2, - - - . Hence, the class of @ is c =4+ 1, where ¢ is the maximum
of ¢o-exponents of the elements in U. If ¢<p, that is, 1<p—1, then @ is
regular (see [5]). It can be shown that, conversely, if there is an element in
A with ¢e-exponent not less than p—1, then @ is not regular. In the regular
case we have by (1.18) w =9, hence the operator = is simply a multiplication
by p. Now we see more clearly why we had to introduce the operator 7 in
§1; it replaces p in the nonregular case. The introduction of 7 accounts for
the remarkable fact that no exceptional treatment was necessary for non-
regular groups (notably for 2-groups) during any phase of our work.

Suppose now that the order of U is p°, then F,(¢o) contains either a single
closed chain of the type [1, c—1], f(8) =2—X\, (\ in GF(p)), or a single open
chain of the type [1, ¢]. In the first case H=0, and the transforms (2.12*) of
f(2) are f(z) =z-v=\, =1, - - -, p—1, which give p—1/(c—1, p—1) similar
systems to each F,(¢o). Hence there are exactly (c—1, p —1) different groups
of this kind. In the second case we have either H=0 or H=¢{"'4,, which
gives two additional groups. This confirms a recent result of A. Wiman [17].

For a given finite # it is easy to enumerate the possible types of open and
closed ¢o-m chains of order p™, m <u, hence to determine the number of
different groups of order pn+! which have abelian subgroups of order p=».
One can, for example, easily verify the known result [2] that for n=4 the
number of different groups is 37 if p=2, p+39 if p>2, p#1 (mod 3) and
p+41if p=1 (mod 3). For =35 the following values are obtained: 119 if
p=2, 137 if p=3, 4p+137 if p=1, 4p+127 if p=5, 4p+135 if p=7, and
4p+125 if p=11 (mod 12).

Generally, let N(p) denote the number of different groups of order pn+!
which have an abelian subgroup of order p». For a fixed #, N.(p) can be ex-
pressed as a polynomial of p, the degree of the polynomial and its coefficients
being dependent on #. The coefficients also depend on the class of residues
modulo (#—1)! to which p belongs. It can be shown that if m = [#/2], then
the degree of N,(p) is m —1 and the coefficient of p™1 is 1 if # is even, 4 if
n is odd. The above examples (for m =2) serve to illustrate this rule. The
lower coefficients cannot be given explicitly, since they depend on compli-
cated partition functions of #. Nevertheless, the former rule determines at
least asymptotically the behaviour of N,(p) for fixed » and large primes p.

It is more difficult to find an asymptotic formula for fixed p and large
exponents 7. A lower bound can be obtained by considering only such groups
in which ¥ has no other chains but open ones. It is easy to verify by induction
that the number of different types of open chains of order p™ is 2™, Hence,
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the number of different groups of order p»+! whose U is a single open chain is
2n (since H can be chosen in exactly two different ways).

Generally M,, the number of different groups whose ¥ consists of open
chains only, is independent of p. Of course, the above value M,=2" can be
improved considerably if we allow for partitions into the sum of open chains.
Straightforward combinatorial analysis shows that the total number of these
partitions is

(3.1) 0= 2 II Copriin,sy
=1

where the summation runs over the unrestricted partitions n= D ., 4x; of
n. Hence, 2Q, =M, =nQ,, where the factors 2 and # express the fact that H
can always be chosen in at least 2 and at most # different ways.

It follows easily from (3.1) that

27> qi(n) /2% < Qn < 203 pu(n)/2*
k k

where pi(n) is the number of partitions of # into exactly £ summands, and
gr(n) is the number of partitions of # into % unequal summands. It follows
from a result of P. Erdés [4] that > qi(n)/2¢>c™ for sufficiently large n
where ¢, is any positive constant less than exp (w(1/3)V2—2(3)V2 (log 2)2/7)
=3.61 - . - . Hence, M, >2"4:" for sufficiently large #. This rough estimate
is especially favourable for p =2. It can be shown that if p =2, then the total
number of partitions into the direct sum of open and closed chains is less than
2"P(n), where P(n) is the total number of unrestricted partxtlons of n. Hence,
2”0"m<N (2) <272 for sufficiently large #n, where ¢ is any constant
greater than exp (7(2/3)42)=13.0 - - - by the well known formula of Hardy-
Ramanujan.

Note added in proof: I am able to prove now log (D igi(n)/2%)
> (2a log (3/2) + log 3)(1/24a)~"?nY?  where a = (log (3/2))2f,ls3/2
(x/(e*—1))dx=2.22 - - - . This improves the constant ¢; to 5.80 - - - . This
result will be published elsewhere.

4. Proof of the fundamental theorem. When formulating Theorem 4, we
assumed that the operator ring R/ is a homomorphic image of R, .[x]
=PB[x]/(x*—1, ¢(x), p*) where n=mp, (m, p) =1 and ¢(x) is an irreducible
divisor of x®—1 in B[x]. R4..[x] is a finite, completely primary ring (in the
terminology of Jacobson [7, p. 57]) for every #, even if n=mp* with £>1,
since the quotient ring of the nil-ideal r=(¢(x), #) is a field. Unfortunately
Theorem 4 cannot be formulated so that it will hold for every &/ which is
the homomorphic image of an arbitrary R4, [x]. Nevertheless, the assumption
k=1 is by no means essential for the validity of the fundamental theorem,
and it can be replaced by the following, much weaker one:

We suppose that R/ is the homomorphic image of R4,0=P[x]/(¢i(x), p*,
pd(x) —p2(x)0(x)), where 0(x) is an arbitrarily given polynomial.
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The case k=1 is obviously included here as the special case 6(x)
= (¢(x))*2y(x), where y(x) is the polynomial defined by (1.18). Since ¢(x)
=0 (mod Rs,0) and po(x) =¢?(x)0(x) (mod Rs.6), we can normalise 0(x) by
reducing it to the ¢-adic form

0(x) = no(x) + m(x)p(x) + - - - + 1167 (%)

where 70, 11, - - - are polynomials of degree less than # and non-negative

coefficients less than p.
Let o be the operator corresponding to x, then dropping again the variable

o, we have

(4.1) ¢i =0, P =0, P = 02

Hence, writing

(4.2) ™= p — 09,

we have

(4.3) ¢ = 0,

(4.4) wl=pril = ... = pilg, pi = w4 Qip? forj = 1.

This implies 7!+ =mp!=0, hence Theorem 2 holds: ¢ and 7 are nilpotent
operators, and the nil-ideal of Ry =R, is

(4.5) t = (¢, p) = (¢, m).

We can define now open and closed ¢-7 chains for the generalized oper-
ator 7 in close analogy to Definitions 1 and 2 in §1. In fact, we can retain these
definitions wholly unchanged since the particular fo-m of the operator = had
no particular importance there, the only essential point being the validity of
Theorem 2 and equation (4.3). Naturally, when calculating the sum of expres-
sions (1.22) or (1.22*), we have to use now equation (4.4) instead of (1.20).
For the rest of the paper we shall keep ¢ and = fixed and suppose that every
group ¥, €, - - - is an R} ,-group.

THEOREM 4. Every finite R, .-group is the direct sum of open and closed

¢-m chains. Every open or closed ¢-m chain is indecomposable, and two chains
are R, ~isomorphic only if they possess the same set of invariants.

As a preliminary step in the proof of Theorem 4, we shall develop in this
section the “linear algebra” of open chains(®) which was indicated in §2.
The open chains €, - - -, € are called independent if

NGy -+, G} = {0} forr=2,---,k

(3) Since ¢ and r are fixed, there is no fear of confusion if open and closed ¢-7 chains
are simply called open and closed chains.
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DEFINITION 5. Let €, and €, be open chains, their invariants [4;,1, j1.1;
is left dominant over @,
€,°> G,
if either the first nonzero term of the sequence
7:2,r — i1, jl,r - j2.r, r=12-.+,min [l, m],

is positive, or all the terms are 0 and I>m.
Similarly @, is said to be right dominant over €.,

S, <° 6,
if either the first nonvanishing term of the sequence
jz,m—r - jl.l—n il,l—«r - 'i2,m-r, r = 0, 17 Tty

is positive, or all the terms are 0 and I>m.

If, in either case, all the terms vanish and [=m, then the two chains
are isomorphic, €;=C,. The definition is obviously transitive: if ,°=@,,
€:° = @G;, then €,°=GC; and similarly for the right dominance. It is also clear
that the definition of left and right dominance applies to ¢ypes of open chains.

DEFINITION 6. Let Aq, a=1, - - -, I, be the chain basis elements of the
open chain €, 74, j, the chain exponents of 4,. Write

Qo = miedo = ¢pioridey,  fora=1,-+-,01—1,

Qo = ¢4, if 41> 1,
Qi = w4, if 71> 1.
(If 2,=1 or j;=1 then Qo, Q; are not defined.)
Write

Qe = {4y, -+, 4.} fora=1,---,1—1,
G = {Qo} if 4> 1,
Ct= {4y, ---,4:} =C if 71> 1,
oS = {Agps, - -+, A} fora=1,...,1—1,
= {Ady, - -,4,} =€ if i, > 1,
1§ = {0} if 7, > 1.

We shall call €2 the left chain and °€ the right chain associated with Q,.

Suppose that ¥ is the direct sum of open chains. We are going to define
now certain open chain subgroups of % which will turn out to be direct sum-
mands of . This will enable us to obtain new chain decompositions for ¥.

In the following the letters £, 5, {, 7 shall denote operators reduced
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modulo (¢, 7), that is, o-polynomials of degree less than & and non-negative
coefficients less than p.

Let € be an open chain, 4,, a=1, - - -, [, its chain basis. Then we denote
by £-€ the open chain with the basis elements £4,,a=1, - - -, l. It is to be
noted that £-€ is not quite the same as £G, since the former refers to a definite
basis of €. Clearly, if £50 then £-C=2£CC.

DEFINITION 7. Let €;, €, be independent open chains, their chain basis
elements 41,4, « - -, 41,1 and A4a,, - - -, A2.m respectively, their invariants
denoted as in Definition 5.

a. Suppose that €,=C; hence ! =m. Then we define the resultant € =%,-G;
| +£-G,, £150 of £ -G, and &, - G: as the subgroup generated by the elements
Bo=§A1,4+E42,4,a=1, - - -, I. Clearly, the elements B, form a basis of
an open chain which is isomorphic to €.

b. Suppose that €,°>G;and let ¢ be the greatest index such that 41, =134,
J1.6=Jz.a for every a <t. We define the left resultant € =£,- G| +£:- s, £150 of
£-C, and & €; as the open chain with the following chain basis elements:

B, = £141,4 + @izeTeg4, , fore < ¢,

B, = £141,4 fora > t.

The elements B, generate an open chain which is isomorphic to G;. For
¢1eB, = ¢ef1d1,a + ¢%E2d2,0 = EiC1a + £Co 0 (ife =)

= ¢af141,6 = £1C10 (ifa >,
wieB, = witefid, . + 7oty ds . = £1D1,0 + £2D2.q (ife <
= grief1dy, = £.D1.0 (ifa>19
= wiuf1dy,¢ + wiagieitgydy o = 81Dy, (ifa = 9.

Only this last formula needs some elaboration. By the definition of left
dominance, if A4, exists then either 45,,>1%,¢ or 93,6=1%,¢, j1,¢>72,¢. In both
cases mwittpitiegy 4, =0,

The chain conditions 1-3 of Definition 1 can easily be verified by means
of the above equations and the assumption §;NG;= {0}.

c. Suppose that §;<°GC,, then we define the right resultant € =%-G,+| &
- @, £:70, as the open chain with the following basis elements:

By, = £141,1-0 F+ wim—o— 1Ay 4, fora =i,
Bi .= 4411 fora >t

Here, ¢ is the greatest integer such that
1,10 = 12,m—a) J1i—a = J2,m—a for every a < &.

Again, the elements B;_, generate an open chain which is isomorphic to €.
d. Let Ay,q, A2 be chain basis elements of €,, €, which are either supposed
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to be independent or €, =@, Let °G;, *C, be the right chains associated
with Q1.4, Q26 (Definition 6) and write 71,4, J1.a) 2.6y jo.6 fOr the ¢- and w-ex-
ponents (no¢ the chain exponents) of 41, and 4, ;. Suppose further that one
of the following conditions I-11I is satisfied:

I. ’iz,b < il,a, ]-2,b < jl,a,
II. °G,°> G, 72,6 < %1,0 J2.b = J1,a
III. ¢@;°> bGQ,, J2.6 > J1,a-

Then we define the inner resultant €=§-G,; !a+b| £, @, &0, as the open
chain generated by the following basis elements:

In case I: B,-=$)A1,,' for r#a, Ba=$1A1,a+£2A2,b~

In cases II and III: B,=§4,, for r<a, Ba=£§A4y w25 710844 ,,
Boirr =841 a1 et P20 1atEy 40 4 for 0<r Z¢, Bayr=8141,a4» for r>1, where
t is the greatest integer such that 71,445 =72,54s, j1,a+s =J2.5+s fOr every 0 <s<{.

It is easily seen, as under b, that the B, generate an open chain which is
isomorphic to G;. It can happen that €, and @, possess several pairs of indices
e, b satisfying I, IT or III, then a certain resultant belongs to each of these
pairs.

The definition of the inner resultant includes the definition of the left and
right resultants as special cases if we admit =@, in II and III, and
#25=7%1.qfora=>b=1inIand II. Occasionally when forming general resultants,
we shall use the notion | -I-] in this broader sense, to denote both left, right
and inner resultants.

In each of the above defined resultants there was a principal term &;-§,
with &0, and the resultant was isomorphic to the principal component G;.
We can easily generalize the definitions to any number of independent chain
components €, - - -, G, whereby & -G, is the principal term, and each €, can
occur several times depending on the pair of indices @, . The resultant is
formed by successively adding the new term to the resultant of the former
ones. Hence, after each step the resultant remains isomorphic to the prin-
cipal component G,. It is readily seen that it does not matter in what order
we add the terms to &-€;. If the numeration of the chains is chosen so that

G - - - =@, then the resultant can be written in the form
t k
C=2|+|aC|+]| X | et neasCe
r=1 8=1 a,b

where the sign | 4| includes left and right resultants as well. The second
summation runs through such indices a, b only which satisfy the conditions
of Definition 7d.

The resultant € is a direct summand of A =€, ® - - - ®E;. More generally,
the following theorem holds:

THEOREM 8. Suppose that G, - - -, Gy are independent open chains,
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A=C - - - D C. Write

k
(4°6) @: = Z I + | Er:'@a| +I Z ZI a+b| ﬂrt;ab'@h

T4 PN t=1 a,b

'=1)'°°vkv£".‘o#0!

where &,4- Q4 s the principal term and the second summation runs through
only such indices which are consisten! with Definition 7. Then a necessary and
sufficient condition for

4.7 A=Cd - G,
s that
(4.8) det | £&.| # 0(¢, ).

We shall prove the theorem in the following weaker form:

THEOREM 8*. Under the assymption (4.6), det |£,,| #0(p, m) tmplies (4.7).
Conversely, (4.7) implies (4.6) if we assume that the multiplicity of the types of
chains occurring in the decomposition (4.7) is equal to the multiplicity of the
same types in the original decomposition.

Theorem 8* is equivalent to Theorem 8 if the fundamental theorem is
assumed. We agree therefore that only the second, weaker form of Theorem 8
will be used for the proof of Theorem 4.

Proof. Suppose first that (4.8) holds. Let us arrange €;, - - -, € into types
1, Ky, + - -, each type &, consisting of a class of isomorphic chains. €,€ &,
shall denote that €, has the type f,. All the chains €, with £,50 in (4.6)
have the same type R, and €/ € .. Let us choose the numeration of the
chains €, and €/ so that if # <vand €, E ., €,E &, or €/ ER., €/ ER,, then
7 <s. It then follows from (4.8) that the matrix |£.| is completely reduced
along the diagonal to square matrix elements IE,,|.,, each | .|+ belonging to
a certain class 8, and

(4.9) det | £ |u # (g, 7).

This implies that the number of chains €/ € R, is the same as the number
of chains §,E R, hence the additional assumption in Theorem 8* is certainly
valid if (4.8) holds. Therefore, to prove (4.7) it is sufficient to show that
@{, -+ -, G are independent, that is,

k
(4.10) > B, =0, BEG
r=1

is impossible unless B,=0 for r=1, - - - , k.
Suppose that we have a relation (4.10) with not every B,=0. Suppose
further that some of the nonzero elements B, have positive ¢- (or 7-) ex-
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ponents. Let £>0 (or 7>0) be the maximum of ¢- (7-) exponents of B,0.
Then multiplying (4.10) by ¢¢ (or 77), we have
(4.11) Zk:E,=O, E.€G, ¢E, =0, 7E, =0 forr=1,.--,k
r=1
with at least one E, 0. We shall show that (4.11) is impossible unless E,=0
for :\: 1e,le.n.le.n’t kﬁ &G, satisfying ¢ E =0, 7E =0 has obviously the form

(4.12) E =2 p0sa

(called subsequently the Q-representation of E), where Q,, is the ath Q-ele-
ment of €, in Definition 6. Every Q-element of €/, Q) say, can be expressed
as a sum of expressions (4.12). In order to prove that (4.11) is impossible
unless every E,.=0, we have to show that, conversely, every Q,, can be ex-
pressed by means of the elements Q},.

We assign to each Q.. a positive integer 0,4, called the index of Q.., with
the following property:

Let @2, G, be the left and right chains associated with Q,,, and @7, °G,
the chains associated with Q. Then we put 0., >0 if either € <°G?, or E?=~E?,
9§8,° >G,. If both §}=<C? and *¢€,==°¢,, that is, €,2~C, and a =5, then we put
030 = Otp.

Since the definition is transitive and there are altogether a finite number
of indices, it is possible to determine the integers o,, so as to satisfy the
above condition. We can even choose them so that Q,, with the lowest index
shall have the index 1, and the rest of the indices shall be consecutive numbers.

To prove that every Q.. has a Q’'-representation, we shall employ induction
with respect to the index of Q. It follows immediately from the definition of
the left, right and inner resultants that the index of every Q. occurring with
nonzero coefficient in the Q-representation of Q, in (4.6) is lower or equal
to the index of @,y (€., being the principal component in (4.6)). Equality o,,
=0, =0p is valid only if €, itself is a principal component.

We obtain from (4.6), if &, is the type of €/ :

’

(4. 13) Qrb = Z En’Q:’b + Grb
CorERy

where Oy is a sum of Q-terms with indices <o,s. ~
The matrix IE,,Iu is nonsingular by (4.9) hence has an inverse |£,.|u
modulo (¢,7). From (4.13) we obtain

E glrQ:b = Z sarzra'Qa'b + Z écr@rb = ch + E fcr@rb-

7.8’ T

Hence, each Q. with €, & ®. can be expressed by means of the Q}, and Q-terms
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whose indices are less than o, The latter have Q’-representations by the
induction hypothesis, provided that Q, has one if o,,=1. But o, =1 implies
0:5=0, thatis, Q= _, £+Qh, which is the required Q’-representation.

To prove the converse of the theorem, suppose that det IE,.I =0(p,m);
we shall show that €/, - - -, €/ are not independent, that is, (4.11) holds with
E,.#0 for some r. Because of the additional assumption in Theorem 8%,
IENI is again reduced along the diagonal to square matrix elements [E"Iu,
and det IE,,].,EO (¢, ) for at least one . Let Q,,, have the smallest possible
index among all those Q-elements which belong to chains €,E®., with
det |£,.]uEO (¢, m). Without loss of generality we may assume that G,, be-
longs to the class R,

(4.14) det | £ |1 = 0(¢, )

and @y, ---,Q;, €, ---,C/ are the chains having the type Ri. (4.14)

implies that
l

(4.15) 3 fuer = 0(4, ), S=1,001,0

v=]

has a solution not identically =0 (¢, 7).
We have, as in (4.13)

l
(416) Q:a = Z Er:Qm + @rm r=1,..-, l)

8=]

where the Q-representation of Q,, involves only such Q-elements which have
indices less than o,. Write E,=a,Q}, for r=1, - - -, l; then E,€€/ and at
least one E, 0. From (4.15) and (4.16) we obtain Ey+ - + + +E;= D 1,0l
=D s @EneQiat Doy 00ra= 2 o1 0rs. We can write this last sum as

(4.17) 2 BaQes
&b

where oy <0,00 =01, for every term with B470. All we have to prove is that
(4.17) is a sum of elements E,. €@/ with ' >1.

If 0,,=1, then (4.17) is vacuous and there is nothing to prove. Suppose
therefore 01a>1. From the definition of Q,. it follows that if os <o0i1s and
C:E R, then det |£u:]u¢0 (¢, 7). Thus, it follows by the same argument
that was employed at the proof of the first half of the theorem that Qg has
a Q’-representation. Moreover the proof shows that every Q’-element in this
representation belongs to a €} which is not in &), hence 7’ > 1.

The following corollaries are easy consequences of Theorem 8%*:

CoOROLLARY 1. Suppose that A =€, ® - - - ®C, and §,°2€,,r=2, - - -, k.
Write € =%1-C1|+&-Co|+ - - - |[+54-Ck, 20 and €/ =G, for r=2, - - - | k,
then A=C{ @ - - - ©C{.
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The same is true if €,<°G; for every r and we put Gf =& -G+ - - -

+| & Gy

COROLLARY 2. Suppose that A=C,® - - - BC;, C;=2Co2 - - - =6 Write
St 4 b Gy r=1, - - -, B, det |£.] #0 (8, 7). Then A=G{ &
GB(S;;

THEOREM 9. Suppose that N has two different decompositions into the direct
sum of open chains:

A=Cd - - 0C=C @ ®GCy, G, =G forr=1,---,k

and write (with the same notations as before)
(4. 18) Q:a. = Z Era;tthb-
t.b

Then £ra,070 only if € °2 G}, ¥6,<° €.

Proof. The elements of @, can be written in the ¢-w-adic form

c(r) c(r) dra—1 c(r) jra—1 c(r)—1
(4 19) C= Z SaAra + Z Z NatP ‘4, + Z Z Carm ‘4,0 + Z TaQra
a==1 a=1 (=1 a=1l t=1

An arbitrary A€ is a sum of expressions (4.19); this shall be called
the representation (4.19) of A. For e>0 we have ¢*C= > 0 ¢%.dra
4+ D740 > a7 napt+eA,s, which shows that A =¢°*B has a solution BE¥
only if each term in the representation (4.19) of 4 has the form ¢°7T. It is
also seen that if a term ¢*T appears in the representation (4.19) of A4, then
the term T occurs in the representation (4.19) of B. The same holds true for
the solutions B’ of 4 =#/B’.

Suppose now that a>1, 5>1, and ., tb;éO in (4.18). Since winA],=Ql,,
mirsB = Qy has a solution BEY, hence jg =j,, and &,q,nm#~ A 4 appears as a
term in the representation (4.19) of A4/, The ¢-exponent of this term (like
the ¢-exponent of any other term in the representation (4.19) of 4},) is not
greater than 4/, hence if ju=j!, then i,,E1;,. Thus we have either jyu >j,, or
Foo=jh, t<tm, OT j=jp, ts=1 In the first two cases *€,=<°C/, in the
third case the representation (4.19) of Q/,~1=¢%A4;, involves the term
£ra, 0024 6 =Era,0Q:0-1, that is, &ra—1;06-1=Ere;670, and we can repeat the
whole argument which is also valid, with a slight modification,ifa=1o0rb=1.
Finally we obtain ¥§,<°G,. The other relation € °>@! is obtained in a
similar manner.

In the rest of this section we shall state a number of lemmas which will
be needed for the proof of Theorem 4.

An R, .-group is called simple if it has no Rj,-admissible subgroups
besides {0}.



30 G. SZEKERES [July

LeMMA 2. 4 simple R ,-group Ao {0} is generated by a single element
Ao satisfying

(4.20) 6do=0, 7do=0,
and conversely. As an abstract group, o is of the type (p, - - -, p) and its order
s p.

For, %o certainly has an element o with property (4.18) and this generates
Ao since the latter is simple. Conversely, if 4, is a generator of o satisfying
(4.20) and A4,5£0, then A#0 (¢, p) by (4.5), hence by Lemma 1 of §1, %o is
generated by AA,, that is, o is simple.

LeMMA 3. If A satisfies oA =0, 7A =0, then WA is the direct sum of simple sub-
groups.

This is a corollary of the corresponding theorem on ordinary abelian
p-groups which have no elements of order greater than p, and it can be proved
similarly.

The following two subgroups are characteristic subgroups of an arbitrary
A:

D=DA) =aANA, =9 = A+ oA

D is a group of the type in Lemma 3. If € is a chain, then D(C) is identical
with the subgroup ® in Definitions 1 and 2.

9 is the common part of all the (admissible) subgroups with simple
quotient groups in Y, hence it is the principal subgroup of .

LeMMA 4. (Theorem of Burnside). 1. A/ = {AF} & - - - © {A}} where A}
is a coset modulo © and each {A;" } 1s stmple.

2. Let Ay, - - -, A be arbitrary representatives of the cosets AF in U, then
A= {4y, -+, Ar}. 4y, - - -, Ar is a minimal basis of A, that is, every set of
generating elements of A contains a complete set of representatives of a basis of

A/D.

The first part of the lemma is a trivial consequence of Lemma 3. The
second part is a straightforward generalization of Burnside’s well known
theorem. Nevertheless, a direct proof might be of some interest.

It is sufficient to prove that A,, - -, 4, generate 9. Write A4’
={A4,, - - -, A} and suppose that there is a Co€®, C &A’. We have
Co=¢C1+nC,, hence either ¢C, or wC, is not an element of A’. We may sup-
pose without loss of generality that ¢ CiE’. Let A* be a coset modulo /A’
which has the greatest possible ¢-exponent, and 4 a representative of 4* in
A. We have seen that this ¢-exponent is greater than 0. Write A =4+ - - -
+£kAk+¢D1+1rD2, then ¢A =¢($1A1+ e +£kAk)+¢2D1€?I’, hence the
cosets belonging to ¢4 and ¢*D, in A/A’ are identical (and 0*). Hence,
i(DY) >i(A4*), contrary to our assumption.
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The & in this lemma is called the dimension of A. The dimension of a chain
is clearly the number of its chain basis elements.

LeEMMA 5. Let N be the direct sum of the open and closed chains €, - + -, €.
Let A, denote an arbitrary chain basis element of €, with chain exponents ta, ja,
and B an element of N satisfying

(4.21) ¢“B =0, 7B =0,

Furthermore, if €, happens to be an open chain with a single basis ele-
ment 4,, then B will satisfy at least one of the following three conditions:

(4.22) 1. ¢«'B=0, 2 xB=0 3. BEH).

Then A,) = A.+ B together with the chain basis elements not equal to 4, of
G, form a basis of a chain €/ =€, such that A=C/ @ - - - ®C/ where €,/ =G,
for s#r.

Proof. B is uniquely represented as a sum of expressions (1.22)
resp. (1.22*%). In that representation, B cannot involve 4, with a coefhi-
cient a0 (¢, 7), since otherwise the ¢- and w-exponent of B would not
be less than the respective exponents of 4,, and also B would not be an
element of 9, contrary to the assumptions of the lemma. From (4.21)
Cl =¢phA,) =¢*Ad,, D =misA] =74, and A; and the rest of the chain
basis elements of €, form a basis of a chain €/ =2G,. Since the representation
(1.22) of B does not involve 4, the representation (1.22) of 4; =A4,+ B does
involve it with a coefficient a’#0 (¢, ). Hence, 4/ and the chain basis ele-
ments of A other than 4, generate A by Lemma 4, which completes the proof
of Lemma 5.

If A, is the only basis element of €, and none of the supplementary condi-
tions (4.22) is satisfied then the representation (1.22) of B might involve 4,.
In that case 4, can be replaced by B and G€,= {4.} by €/ ={B} in the
chain decomposition of .

S. We can proceed now to prove the fundamental theorem. The proof
will be carried out in several successive steps and each step will be formulated
as a lemma.

Throughout the rest of the paper, the letters £, , {, 7 will denote operators
reduced modulo (¢, 7), that is o-polynomials of degree less than % and non-
negative coefficients less than p.

LEMMA 6. An R4, -group generated by a single element A, is either an open
chain with invariants [1o, jo|, or a closed chain with invariants [io, jol, f(z) =2
—X. Two chains {Ao}, { A1} are R4, -isomorphic only if they have the same in-
variants.

This is the simplest case of the fundamental theorem. {4} is necessarily
indecomposable since its dimension is 1.

Proof. Let i, j be the ¢- and w-exponents of 4o. The elements of { 4o} can
be written as
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i i
5.1 4 =2 &Aoo+ 2 nm Ao
r=0 r=1
where the second sum is vacuous if j=0. For, the sum and difference of two
elements (5.1) can be reduced to the same form by (4.3) and (4.4).
The uniqueness of the representation (5.1) depends on whether a relation

% 7
(5.2) Zo (& — &)¢740+ 2 (0 — 7)7"4o = 0
= r=1

holds with not all the coefficients £, — £/, n,—n/ vanishing. Suppose we have a
relation (5.2) with & —£/ 0, <4, and let » be the smallest such number.
Then mUItiplying (5°2) by ¢i—r' we have (Er_zrf )¢‘A0=0) Er‘—fr' #0 (¢v 7l'),
hence ¢ido=0, whereas ¢ was the ¢-exponent of A,. Similarly we obtain
7,—n¢ =0 for » <j. Thus, the representation (5.1) is either unique, or 2>0,
7>0 and there is a relation mido=MA¢i4,. In the first case, {Ao} is an open
chain with invariants [{+1, j+1]; in the second case, {Ao} is a closed chain
with invariants [4, 7] and f(z) =z—X.

If A is another generating element of {4,}, then necessarily £>0 in its
representation (5.1), and clearly the ¢- and w-exponents of 4 are identical
with those of 4o. Furthermore, if ¢>0 and j>0, then ¢4 =£p’4,, w4
=§omido, hence mido=NAp*4 o implies 7i4 =\¢*4. This proves the second half
of the lemma.

LeMMA 7. Let U be tndecomposable and D(A) = {0} . Then N is an open chain
of dimension 1.

By the previous lemma this is equivalent to the statement that if U has
the dimension k and D(A) = {0}, then A={4,}® - - - ®{4:}, where each
{4,} is an open chain.

Proof. If %= {0}, then 7 is identical with the operator pe, and R, is
a principal ideal ring, as in case I of §1. Hence, by the fundamental theorem
of abelian groups an indecomposable ¥ is generated by a single element A4,.
Suppose, therefore, that ¢ = {0 } , hence there are elements in Y with ¢-ex-
ponents greater than 0. Let ¢; >0 be the maximum of ¢-exponents in . Among
the elements with ¢-exponent ¢;, let 4, be an element with the smallest -
exponent j;. We shall prove that {4,} is a direct summand of U.

We assume that the dimension of % is £#>1, and also that the lemma is
true for every 9 with a smaller dimension.

1. 4,€9¥). For, suppose that A;=¢B,+mB., then ¢A;=¢?B,#0,
¢4 1=¢"* B;5£0, whereas 7; was supposed to be the greatest ¢-exponent in 2.

Consider the quotient group A*=9/{4,}. Elements of %* (that is, cosets
modulo {4,}) shall be distinguished from their representatives in % by an
asterisk.

2. D(UA*) = {0*}. For, if there were elements B*>0*, Bf, B}, such that
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¢B¥=B*, 7By=B* then we have for their representatives in ¥, B=¢B,;
=7By+C, CE {4,}, that is, C=¢B,—7B,E 9. Since 4,& P, C is necessarily
of the form C=a¢pA,+pBrA,, hence B—apAd1=¢(Bi1—ad,)=n(B:+L4,) #0,
which contradicts D(A) = {0}.

Clearly, the dimension of %* is k—1, hence by the induction hypothesis
A*={A}}® - - - ®{4}} where each {4}} is an open chain. Let the chain
exponents of 4F be 1,, j, for r=2, - - -, k, hence i(4)) =1,—1, j(4F) =j,—1.
We show that if we choose the representatives A4, of A} appropriately, then

3. ¢ird, =0, T, =0,7=2, - - - , k.

By the definition of 4,, j» we have ¢4} =0*% 7ir4}¥=0* hence ¢¥4,=C,
€{4.},7""Ad,=D,E{4,}. If C,50, then it has the form C,=a¢'4;, 1, =4>0,
a#0 (¢, 7), by 1 and since D= {0} Also i=1,, since otherwise we have
ot =ap14,5#0, 4, —i-+14,>11, contradicting the maximum assumption
on ;.

Choosing 4! =A,—a¢*irA; as a new representative of A in A, we
have ¢¥r4] =¢% A, —adp’41=¢"4,—C,=0.

This proves the first part of 3. To prove the second half, we remark that
wird,=D, (if not 0) is necessarily of the form

Dr = BF"AI) jl g. j > O’ B ;’é 0 (¢1 77)'

We show that j >j,. For, suppose that j <j,, then we have 77 (84,—=—74,)
=7i-i(Brid,—D,) =0, ¢1(BA;—mi74,)#0, the latter because ¢*84,70
and ¢"wi—id,=0 unless j.=j, 1<%, in which case ¢*(B4}¥—7ni—iA4})
=¢HA; #0*.

Thus, i(B4:—7iiA,) =1, j(BA1—mi—i4,) <ji, which is contrary to the
definition of ¢;, j;. Hence j>j,. Choosing 4/ =A4,—Pwi~#4, as a new repre-
sentative of 4F, we have 7ird, =7#4,—Brid1=D,—Brid:=0, p¥*A! =¢* A,
—B¢irri—ird, =0 since j >j,, 4, >0 and ¢*4,=0.

This completes the proof of 3. As a corollary we obtain the result that
with the new representatives A4,, {A,} o {A;" } for r=2, .- ., k, hence
A={A} @ {4} - - - ©{4:}.

Lemma 7 proves Theorem 4 for the case that D(¥) = {0}. Henceforth we
shall assume that D is not {0}, that is, its dimension m is greater than 0.
We shall also assume that Theorem 4 is proved for every group in which the
dimension of ® is smaller than m.

In analogy to the height-exponent of H. Priifer, we define the ¢-height
and w-height of an element 40 in A as the greatest exponents e and f for
which solutions C, D of ¢p¢C=A4, 7’'D=A4, C, DEN exist. If e(4) denotes the
¢-height of A and e(4) <e(B), then, evidently, e(4+B) =e(4). If e(4) =e(B),
then e(4+4B) =e(4), and similar relations hold for the w-height f(4).

We now define a characteristic subgroup €CD in the following manner:

Let 70> 0 be the maximum of ¢-heights of the nonzero elements of D. Let
further:
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Q,=the set of elements 4 with ¢-exponent 4, and ¢4 €D;

jo=the minimum of w-exponents of the elements of y;

Q. =the set of elements of Q; with m-exponent jo;

Q =the set of elements 4 € Q, with w7e4 €D if there exist such elements,
Q= Q, otherwise;

@, =the set of elements EED for which solutions of ¢#%4 =E exist with
AEQ.

Let j¢ >0 be the maximum of 7-heights of the nonzero elements of €;. Let
further:

Z,=the set of elements 4 with w-exponent ji and w44 €E;;

2¢ =the minimum of ¢-exponents of the elements in Z;;

Z,=the set of elements of 2 with ¢-exponent { ;

Z =the set of elements 4 €, with ¢%4 €D if there exist such elements,
Y =2, otherwise;

€ =GE(A) =the set of elements EEE;, for which solutions of 7%4 = E exist
with 4 EZ. :

Evidently, € is a subgroup of ® and its dimension is greater than 0. Con-
sider the quotient group A*=%A/E. The dimension of its D-group D* is
less than m, since ECD and each representative D of D* ED* is an element of
D. Hence we conclude by the induction hypothesis that A* is the direct sum of
open and closed chains,

(5.3) AW=6ro- - ®GCh

Let us suppose first that =D, that is, D(%*) = {0*}, hence (by Lemma 7)
each €¥ in (5.3) is an open chain with a single basis element 4. Let the chain
exponents of AF be 1,, j,, and 4, be a representative of 4 in A. Write

(5'4) o4, = C,, w4, = D,

where C,, D.&G. It is quite possible that for some 7, C,=0 or D,=0. Let the
chains €, - - -, € be arranged in such an order that in (5.4) C,##0 for
r=1, ..., sand C,=0 for r>s. Let the chains €} (among the possible chain

decompositions (5.3) of A*) and the representatives 4, be chosen so that s
shall have a smallest possible value. We then show that a relation |

(5~5) Elcl'*'"' +&C. =0

cannot hold unless every & =0. For, in the contrary case let €f, - - -, € be
arranged so that £, 30 and G*°=G* for every r with £,50. Then (by Corollary
1 of Theorem 8*) we could replace € by & G|+ - - - |[+& €%, hence (by
Definition 7b) 4, by A! = DY ., t¢i— A, whence we have C/ =¢*4/
= Y ¢, £C,=0, contradicting the minimum assumption on s.

Similarly, if v, - - -, v;are the indices (not necessarily in numerical order)
for which D, 0, and ¢ has the smallest possible value (with s being minimal),
then a relation
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(5.6) MmDy, + -+ +7Du =0

cannot hold unless every 5,=0. For, in the contrary case let v; be an index
for which 7,70 and €} =<°G; for every r with 7,70. If there are several
indices with the same property, let v; be the smallest among them. Again,
replacing €} by 7:-C*+| - -+ + |7 €} and 4,, by AL, = D L., naivind,,
we have D, = ) 7.D, =0, which contradicts the minimum assumption on
t. Moreover, we have C, =¢™4,, = Ec:,gc‘t,, 7.Cy, and this equals 0 if v,>s
(since in that case every v,>s in the last sum). Hence, C,=0 for » >s is not
affected by the new change.

It is immediately seen from (5.5) and (5.6) that both of the sets

Cy,---,Cand D,, - - -, D, form a basis of ® =€, hence s =¢=m. Further-
more
(5'7) ArEQ, AWEE forr:l,...’m.

For, C,E€E; hence by the definition of € there is a BE Q such that ¢B’=C,.
Write B’ =¢%—#B. If 1, <4, or 4, =1%o and j,>jo+1, then ¢*B’=C,, 77 'B =0,
¢¥*B’*=0*, 7i—~1B’* = 0*, hence, by Lemma 5 we could replace 4} by 4} —B’*,
We have C} =¢*4; =¢"(4,—B')=C,—C,=0,D/ =nirA] =xniA,=D,, hence
a further C, would vanish, which is impossible.

The same argument applies in the case ¢,=1%y, j,=jo+1 if 7*BED.
If 7°B&D, then according to the remark after Lemma 5 we can replace 4}
either by 4¥—B* or by B*. In the first case C/ =¢*(4,—B) =C,—C,=0,
D! =wir(4,—B) =D,, which is not possible, by the previous argument. In
the 'second case C/ =¢*B=C,, D/ =wirB=0 which is possible only if also
D,=xi"4,=0. In that case the w-exponent of 4, is jo=j,+41, hence 4,& Q.
Finally, if 7,=4,, j.=jo, then 77*4,=D,0 (by the definition of j,), hence
A4,.€Q.

A similar argument shows the validity of the second half of (5.7). An im-
mediate consequence of (5.7) is that either v,<m for s=1, - - - , mor v,>m
for s=1, - - -, m. For suppose that v,=r=<m, that is, C,#0, D,#0, then
from (5.7) 4,€Q, A.€Z, whence 190=1¢ , jo=j¢ and 7°A4,ED. Hence by the
definition of @, 794,&9, that is, D,0 for every s=1, - - - , m, which
proves our assertion.

Case 1. Suppose first that »,>m for s=1, - - - , m. We arrange the basis
elements so that vy=m-1, - - -, v,=2m. Since both Cy, ---, Cn and
Duyy, + + -, Doy form a basis of D, there is a relation

Cr=Z£an+av r=1,~--,m,

8=1

between them with det |£,,| #0 (¢, 7).
It is seen that G}, ,= - - - =@}, since they are open chains of the type
[¢d +1, ji ], hence by Corollary 2 of Theorem 8* we can replace Gj,,,
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r=1,-..,m, by Z?-ll +l£n'@;+n hence Am4r by A"n+r= Z.::-IEHAM+0
whence

Dhas = 35 D = G, by
=1

Thus, ¥ is the direct sum of the open chains { Amiy, A,}, r=1,-+.,m,
with invariants [¢f +1, jd ; 40, jo+1] and the subgroup {Azmt1, « * -+, A},
9 is indecomposable only if it is an open ¢-7 chain with two basis elements
and invariants [i{ 41, j ; 40, jo+1].

Case I1. The indices vy, - - -, vn are, in some arrangement, identical with
1,.+-,m,and

i = iy = 4g, Ge = jo = jo forr=1,+--,m.
The elements Cy, - - -, C resp. Dy, - + -, D, form a basis of D, and A
is the direct sum of {A1, ce e, A,,.} and {Am+11 s ;Ak}. We show that
A'={A4,, - - -, An} is a direct sum of closed ¢-m chains. We have
(5.8) D, = ZS,-ch, r=1,.-.  m, det Ignl 7—'50(¢v W)-
a=1
Since Gf= . . - =@}, we can again introduce new basis elements
(5.9 Al = D Treds, r=1,---,m,

=1

with det I'r,.l #0 (¢, 7).

The coefficients 7., &,, represent residue classes mod (¢, 7), hence can be
regarded as elements 7., £ of a GF(p*). Denote by T'=|7.|| and X =||&.|
the matrices formed by these elements. After performing the transformation
(5.9) of the basis elements, the system of equations (5.8) transforms into

(5.10) D! = n.Cl, r=1--,m,
=1
where ¥=||5,|| =T-1XT.

Here we can choose T so that Y shall appear reduced to irreducible
square submatrices along the diagonal. To this corresponds a decomposition
of U’ into the direct sum of subgroups generated by the respective basis ele-
ments of the submatrices of ¥. We can choose T so that each submatrix of
Y shall assume the second (rational) canonical form (see [15, p. 137]), that
is, become a companion matrix of the form

Hrgp1 = 1forr=1-..,d—1, ire = 0forr < d,r#s—1,
(5.11) Nror+1 7
flas = a1, s=1.-.,d,
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where d is the number of rows and columns of the submatrix and f(z) =24
- Z‘,’,l Xe—1 271 is either irreducible in GF(p*) or a power of an irreducible
polynomial. Thus (5.10) has the following form:

Di=Cs-++,Di1=Cs Di=ACi4+ -+ +riCa,

that is, {41, - - -, 44} is a closed chain with the invariants [0, jo], f(2) =3¢
- st-l Xem1 271
Thus we obtain the following lemma.

LEMMA 8. An indecomposable N which satisfies D(A) =C(A) = {0} is either
an open chain with the invariants [i{ +1, 74 ; 10, jo+1], or a closed chain with
the invariants [io, jo|; f(2).

The uniqueness of the invariants is obvious; %o, jo and 44, j¢ are con-
nected in an invariant way with the structure of the group, according to their
definition. The uniqueness of the characteristic polynomial is a consequence
of the well known fact that the canonical form (5.11) is uniquely determined
by the matrix X in (5.8).

Lemma 8 proves Theorem 4 for the case that €=9. Henceforth we shall
assume that € is a proper subgroup of D. '

To each chain basis element 4,* of the chains €* in (5.3) we select a rep-
resentative 4, in A. Let 4,, j, be the chain exponents of A*. If 4%, and A}
are two consecutive basis elements of the same chain, then we have mi—14* ;
=¢ir4*£0* and

(5.12) Dry = wimid, = ¢"A, + E=C,+ E, EEG.

We show that by choosing the chain decomposition of 4* and the repre-
sentatives 4, in A appropriately, we can make E vanish in each of the rela-
tions (5.12).

Suppose that E#0 in (5.12) and put

¢9B, = E, ' xhB, = E, Bi€Q, ByEz=.

Evidently D, ,=7"—14,.,€9, C,=¢"4,€D, hence either ¢,<é, or
i,=19 and j,=jo. Suppose first that 4, Q, hence either ¢,<%, or 2,=1,,
Jr>jo. Since B, € Q, we obtain

¢¥(¢pi—irB,) = ¢"B; = E, 7rir(¢io—irBl) =0,

5.13
( ) ¢ir(¢pi—irBY) = 0%, wir(pi—irB}) = O*.

By Lemma 5 we can replace A by 4 +¢+#Bf in the chain decomposition of
A*. Replacing 4, by A4/ =A4,4+¢**B;, we obtain from (5.12), (5.13)
C! =¢%A}! =C,+E=D,yand D} =7ir4] =ni4,.

Suppose next that 4,€ Q, then 4,_, &2 since otherwise we have D,_; €G,
D} | =0*. Repeating the previous argument with the roles of ¢ and = inter-
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changed, and replacing 4, by 4/ ,=4,_1—mic——1B,, we obtain C/_,
=¢"14, ,=¢"14, and D/, =714/ =D, ,—E=C,.

In either case we have D/_;=C/, hence E=0 in (5.12). We also see that
the performed operations leave the elements C,_;=¢% 1 4,_,and D,=¢i*4,
unchanged. Thus, repeating the whole procedure if necessary, we can succes-
sively annihilate E in each one of the relations (5.12).

A similar reasoning also shows that if the basis elements A¥, - - -, AF
generate a closed chain, and

Di=MCi+MChi+ -+, Di=MCi+ACin+ -+ + E  EEG,
then we can annihilate this E too by changing 4, and A; appropriately.

Thus, the new representatives 4y, + - -, 4; themselves will generate a closed
chain in % isomorphic to {4}, - - -, A}}. Since {4,, - - -, 4;}NE={0},
and {Al, - ,A;}f\{AzH, - ,Ak}C@, the subgroups {Al, ce e, A;}

and {Am, ce e, Ak.} have no common elements besides 0, hence
A= {dy, -+, 41} ® {Argr, -+, As}.
We summarise the result as follows:

LEMMA 9. Let 9 be indecomposable and E(N) be a proper subgroup of D(YA).
Then every €} in (5.3) is an open chain and at least one € has more than one
basis element. If A}, and A} are two consecutive basis elements of the same chain,
then

(5.14) A, = i,
for suitable representatives in Y.

Let 4%, a=1, - - -, ¢(r) be the chain basis elements of €, 4., their
representatives in ¥ satisfying (5.14), 4,4, jr« the chain exponents of A}.
Write

1:1' = irlv j?‘ = jr.c(r)v r = 1) Tty k,
¢irArl = Cr; ‘”'irAr.c(r) =D,

where C,, D,€€and {C,, - - -, Cs}={Dy, - - -, D} =G.

As in the proof of Theorem 8*, we divide the open chains €} into classes
1, - - -, K by requiring that G} and @ shall belong to the same class R4,
if and only if €*=~Gy. Let us arrange the types of chains & into a sequence
Ruy Rug * + +, K, according to the rule that &,,°> R, if /<m. Such an ar-
rangement is possible because of the transitivity of left dominance. We shall
call / the left index of K.,

Similarly a second arrangement &,, 8., - - -, ., is obtained by the
rule that ,, <°R,,if I <m; m is called the right index of &,,,.

Departing from the group A we shall construct now an auxiliary R, -
group B so as to satisfy the following conditions:

(5.15)
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1. B is k-dimensional, where k is the number of open chains in (5.3).
2. Denote by I, the left index of the class & to which G} belongs and by
m, the right index of the same class. Write F=D(8). Then B*=B/§F

={B}}® - - - ®|{Bf}, where {B}} is an open chain with the invariants
[lr+1: mr+1]'
3. F=E=C(A). Moreover, there is a set of representatives B,, « « +, B,

in B of the cosets B such that if we write

(5.16) ¢ B, =C,, «m+*B, =D, C, D EGF,

then the mapping C/—C,, D/—D,is a 1-1 R, -isomorphism betweea § and
€ (C,, D, defined in (5.15)).

These conditions uniquely determine the group ¥, provided that U is
given. We only have to define 8 as the set of symbols

k k k k
B=Y tB.+ Y nm#'Bi+ X GumBi+ 2 *rCi
8=1

t=1,0<s=1; t=1,0<s=m¢ t=1

where £, 9, {, T are arbitrary reduced operators and the asterisk above the
last summation sign indicates that the summation shall run through such in-
dices ¢ only for which the C, (or the C/) are linearly independent. The sum of
two elements B is then obtained by means of the rules of composition of the
C;in .

Since € is a proper subgroup of D(A) and F=D(WB) is isomorphic to €,
the dimension of § is smaller than the dimension of ©(NA), hence the induc-
tion hypothesis can be applied to 8. We conclude that 8 is the direct sum of
¢-m chains.

Let the chain basis elements belonging to this chain decomposition be
B,, - - -, Bi, whereby we agree that basis elements of the same chain shall
have consecutive indices. Since the B, represent chain basis elements of
B*=9B/§, the open chains {B}} are, apart from their arrangement, iso-
morphic to the chains {B¥} (by Lemma 7). Let us arrange the € in (5.3),
hence the B, so that {B}}={B}} forr=1, - - -, L.

By Condition 2 of the definition of 8 and (5.1), By has a unique repre-
sentation

k k k
(5.17) B=Y6Bi+ X neBi+ X funBl

g=1 t=1,0<sS 1t t=1,0<s=me

Let the ¢-exponent of B be I, its m-exponent be m. Evidently the ¢-ex-

ponent of each term in (5.17) with nonzero coefficient is not greater than /
and its m-exponent is not greater than m. Suppose we have a nonzero term B*
in (5.17) with ¢(B*) <!, j(B*) <m. Then by Lemma 5 we could replace B,
by B,—B in the chain decomposition of 8, hence B} by B —B*, and the
representation (5.17) of the new B} would not contain the term B* any more.
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Hence, we may assume that every nonzero term in (5.17) has either / for its
¢-exponent or m for its wm-exponent (or both).

This implies (since I, m are both positive) 7, =0 unless s=1J;,—! and {,=0
unless s =m;—m. Furthermore, since the pair of exponents /, m is identical
with one of the pairs /,, m,, and by definition J,5/, implies m,m, and con-
versely, we have £,=0 unless I,=/, m,=m. Moreover, at least one £,70 since
otherwise we have B,& $(8), which is impossible since B, is a chain basis
element. Hence, writing 7;,_1,: =4, {m,—m,:={% and indicating the fact that
sy M4y e depend on the index 7, we obtain from (5.17),

(5.18)  Bi= 3> £.Bi 4+ X mu' B + X tewmemB; .

{Bi={57} > m>m
We can write (5.18) in the form of a chain resultant, namely

5.19) {B'} = Z|+| tu {B} [+ Zl+ me {BY} +| X +] 6 {BSY,
where det |£,.[ #0 (¢, m) by Theorem 8*.
For the representatives in 8 we obtain from (5.18)

(5.200 B, = D £uB.+ 2 nid''Bi+ D frw™mB, + F,, F, EF.

Here we may assume F,=0 since otherwise we could evidently replace
B, by B,—F,. Writing ¢!*!B,=C/, #"+'B,= D/, we obtain from (5.20) and
(5.16)

(5.21) Cir= > £Co+ XomCt, Di= > £uDs + 2 0D
8 t

Equations (5.19), (5.20) and (5.21) show us how to obtain a chain decom-
position for the original group %. We replace the chains €} in (5.3) by new
chains €/* which are being defined as follows:

k k k
(5.22) & =Y +|&8 |+ |+ 0+ ]| X +| &)
t=1 t=1

gm=]

where the coefficients £, 9, { are identical with those in (5.19). In the first sum
of (5.22) all the chains occurring with £,740 are isomorphic to each other,
hence the forming of the resultant | 4| is justified. In the second sum only
such terms occur for which €*° >G}, since I, >1=1, for the nonzero terms, and
1. is the left index of the class to which € belongs. Similarly, in the third sum
only such terms occur for which §f <°G}. Hence, the forming of the resultant
(5.22) is justified. By Theorem 8% A*=C/*@® - .- OC} since det ||
#0(‘#' ).

Denote by B} the chain basis elements of §/*, and by B,, their representa-
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tives in % which have been selected so as to satisfy (5.14). Write €/ for the
open chain generated by B, By, - - - . We have from (5.22) and (5.15)

6B = Cr = 2 £:Co + 2 1:Chy
£} t

5.23 - -
( ) 7 Brey = Dr = Z £nDs + Z §reDy
. t

where for the moment we denote by 4, the ¢-chain-exponent of B} and by j,
the w-chain-exponent of the last basis element B, of G/*.

Comparing (5.23) with (5.21) we see (from condition 3 of the definition of
B) that if B, and B,,; are consecutive basis elements of the same chain in B,
that is, D} =C/,,, then we also have D,=C,; in %. From this we conclude

that if By, - - -, B; generate a single open chain, then Cy, - - -, C; also gen-
erate an open chain. If B, - - -, Bg generate a closed chain with period [,
that is, D= D %4 N\,Chs1, then the same relation must hold between the

corresponding elements Da;, Ciyi. Furthermore, since | BY}={B}} for
s=t (mod /) implies G/*=G* for s=¢ (mod J), the chain section {€/, - - -,&/ }
is isomorphic to {€/,, - - -, €4}, and so on, and G/, - - -, €}, generate in
fact a closed chain, d being the number of its primitive periods. In this way
we get A decomposed into the direct sum of open and closed ¢-7 chains,
parallel to the decomposition of the auxiliary group 8.

The proof shows that an indecomposable U is certainly an open or closed
¢-m chain. To complete the proof of Theorem 4, we still have to show that
if A has two different decompositions into open and closed chains:

(5.24) A=6:---0C=C® - --dCys,

then I =1’ and €,=~€, (or, more precisely, €, and €/ have the same invariants)
provided that the chains in the second decomposition are suitably arranged.
We shall prove this directly from Theorem 9, without making use of the
Krull-Schmidt theorem.

It is easily seen by arguments based on (4.19) in the proof of Theorem 9
that if Y £+0+EGC, then each Q,,EE for which £,45%0, hence € has a basis
consisting of Q-elements of the chains €,. Thus there are two chain decom-
positions of A* =Y /E,

(5.25) V=Co  -0C=C"ad - -6

corresponding to the two decompositions in (5.24).

Without loss of generality we may assume that the chains €, in (5.24) are
not isomorphic to any one of the chains €. Then it follows as in Lemma 9
that all the chains €, €/* in (5.25) are open chains and €*=G/* for r=1,

-, k.

Defining the elements C,, D,, C/, D/ as in (5.15), we seejthatfall the four
sets of elements C,, D,, C!, D! form a basis of €, hence
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= Z ETGCS) D: = Z ﬂrsty
= Z Esrc:y D, = Z ﬁ:rD,

r r

It follows from Theorem 9 (applied to the double decomposition (5.25) of
A*) that in (5.26), £, =0 if C*°>C*, 9,.=0 if §/*<°C¥, £,.=0 if §/*°>CF,
ey =0 if €F <°C/*. Moreover, the proof of Theorem 9 shows that &=y,
sar ﬂsr lf @r *Ncs.«a .

From (5.26) we have C'= Y., £.£uC!{, or, because of the linear inde-
pendence of the C/, &.&:=26, (8,.=the Kronecker symbol). This implies,
since E:=0 for €/**>C¥ and %.=0 for €F°>G/* that det |£.|.=det
|£nl e eef#0 (o, m).

Let us construct now the auxiliary group B to the first of the decomposi-
tions (5.25). From the first decomposition in (5.24) it follows that the ele-
ments B, form a chain basis of a decomposition of 8. Let us introduce new
basis elements in B by

(5.26)

B: = Z . ETSBS + E Ert‘ﬁlt_ert + Z nr“rmt"mrBh r = 1, tt k.

G, =G, u<ie me>mr

It follows from Theorem 8* that B/F=B*={B/*|® - - - & {B{*}. It is
also seen that the chains { B/ } in 8 are linked to each other in the same way
as the chain sections { ty Afgy v o } in %A, where the A4/, denote chain
basis elements of the second decomposition (5.24) representing the chain
basis elements 4/% of €/*. Hence, the elements B, generate a second chain
decomposition of B which is obviously different from the original one, con-

trary to the induction hypothesis.
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