THE INVERSION OF A GENERAL CLASS
OF CONVOLUTION TRANSFORMS()

BY
I. I. HIRSCHMAN, JR., AND D. V. WIDDER

In 1947, D. V. Widder(?) [18] showed that for a certain class of kernels
the convolution transform

(1) f(x) =f°°G(x — Do(t)dt

can be inverted by a linear differential operator of infinite order. The class of
kernels was, for convenience, somewhat restricted, and although the Stieltjes
transform was included as a special case, the Laplace transform, for example,
was not. It is one of the purposes of the present paper to extend the general
theory so as to remedy this deficiency. A more significant improvement is
that while it was formerly necessary to suppose ¢(¢) bounded or absolutely
integrable for (— o <{< »), there are now no restrictions on ¢(f) except
those implicitly imposed by the convergence of the integral (1).

By way of motivating the following theory, let us begin with a formal
operational solution of equation (1) in the special case when it-reduced to the
Laplace transform

@) F(s) = f (1)t
o
Make an exponential change of variable to obtain
F(e?)es = f gt d () L,

This has the same form as equation (1) with
J(x) =F(e)er, G(x) = e e,  ¢(t) = B(e™).
To solve it let us apply the bilateral Laplace transform and set
mo = [Cemoan o0 = [ o
Since the integral (1) is a bilateral convolution and since the transform of

G(t) is I'(1 —s), the familiar product theorem for the bilateral Laplace trans-
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form gives us
3 () = T(1 — 5)¢*(s).

Now applying the classical complex inversion formula for the bilateral La-
place transform we obtain the solution

4 t) = ! *'°°“ ! d
4 ¢()“'§;}f_im3 f*(s)'i;zl——_—:)' S.

The same formula also gives
1 i
10 = 5= [ errsyas
271 —iw
Observe that

1 1%
®) D) = ) = 5— f evtsf*(s)ds,

—1too

1 100
©6) e2f() = fit +0) = —— f erteof*(s)ds.

—1w

rar (o= -6 +4)

successive applications of the operations (5) and (6) give

Hence if we set

l 10
PADO = 5 f ertPo(5)f*(s)ds.

—tw0

But P,(s) tends to [I'(1—s)]~! as n— ®. Hence we have formally, by equa-
tion (4), that

™ lim P,(D)f(s) = ¢(2).

n—o

Let us now compute the operator P,(D) when the transform is again re-
duced to its original form (2). The following calculations are immediate.

(1 - ’%) eF(e®) = — e*7F'(e?),

(l D)(l D) Fle) 4 1 S (%)
—_—— — — VYezF(e?) = 2z %),
1 2 e (4 2 e
(_. l)n
P,(D)e"F(e) = : e(WHDF (n) (¢7)
T=—u n: Z=—ur log n
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Thus equation (7) becomes

. (_ l)n n\ "t n
lim (——) F® (—-) = &(u).
noo  #l u u

But this is precisely the Post-Widder inversion formula, see [14]. The suc-
cess of the above solution in this special case suggests procedure for the
general case. We replace 1/I'(1 —s) by a general entire function E(s) with
real zeros a; subject to the unique restriction that Y ; az*< «,

E(s) = eb’ﬁ(l - i) e*/ak,

1 ay

We show directly that 1/E(s) is a bilateral Laplace transform. The same re-
sult could be obtained by use of the totally positive functions of Schoenberg
[13]. As a consequence we may define the kernel G(¢) of equation (1) as

10 et

1
0 =5m) L EG

ds.

We set

n s
P,(s) = e bw)e H(l - ——) et/ ek,

k=1 Ay
where b, tends to zero with 1/n. We are then able to show that
ED)f(x) = lim P.(D)f(x) = ¢(x),

n—wo
at least at points of continuity of ¢(x). In order to be assured that the result
holds almost everywhere we need to impose further restrictions on the con-
stants a; and b, (see §25). However, these conditions are satisfied in the cases
of the Laplace transform and its iterates. We also treat the more general
convolution transform obtained by replacing the integral (1) by a Stieltjes
integral. Here again further mild restrictions are needed to obtain our in-
version at points of discontinuity of the integrator function. An example is
given to show that our results in this direction are, in a certain sense, best

possible.
We say that G(¢) belongs to class I if there are both positive and negative
ai. The Stieltjes kernel witha,= +(k—1/2),k=1,2, - - -, is the prototype of

this class. Next G(t) belongs to class II if the a, are all positive (or all negative)
and Zfa{‘= «. Here the Laplace kernel with a,=+k, k=1, 2, .-, is
typical. Finally G(t) belongs to class III if in the previous class the divergent
series is replaced by a convergent one. For kernels of class I the region of con-
vergence of the integral (1) is the whole real axis, as is the case for the
Stieltjes kernel. For class 11 the region of convergence is in general a half line,
as for the Laplace transform. Kernels of class III may be considered to be
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degenerate. These fundamental differences in behavior make the proofs very
different in the three cases, but the final inversion (7) is the same in all cases.

We conclude this introduction by tabulating the form taken by E(s) and
G(2) for some of the special cases of our theory. The four most important are

(A) Laplace f et d(f)dt,
0
® o)
(B) Stieltjes f di,
o x+¢
L © log %/t
(C) Iterated Stieltjes f ®(t)dt,
0 x—1
2 1/2 0
(D) Meijer (—) f (2)12K, (1) S(t)dt.
T 0
Here —1/2=<v=<1/2 and
I_’ — I' © 2 2k+v
PICTRAE =L kL Y R LI
2 sin #v . o kRIT(E+v+1)

For references to these transforms see [14], [15], [5],and [4], respectively.
They are subsumed under our theory if for G(¢) and E(s) we have

G(?) E(s)
( A) e—ettett 1
Tl —y5)
1 t
(B) - — sech — cos s
27 2
t 2
(C) o t csch ) cos? ws
3 1|.2:
2 r :
(D) | — cos — etK,(et) vr 1 v s 1 v s
T 2 | cos—T'{————— Mf—+——-—
2 2 2 2 2 2 2
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1. The reciprocal of a finite product as a bilateral Laplace transform.
Let us make certain definitions, which we shall require here and later. We
shall assume throughout that the numbers (bm)m-o and (bm,n)ma-o are real,
and that

l.im bm'n = bm,
n— 0

lim b, = O.

m—ro

We shall further suppose that the numbers (ai);~, are real, different from zero,
and such that the series,

) >

k=1

CRES

converges. We now define the entire functions

Ld s
E,,.'”(s) = ebmmtn (1 _— __.) ee/ak'

ke=m+1 a
had s
En(s) = em [] (1 - —) s/,
k=m+1 1573

The convergence of the series (1) insures that the definition of En(s) has mean-
ing. We shall frequently write E(s) for Ey(s) and b for b,.

We shall show here that the reciprocal of En,a(s) is the generating func-
tion of a bilateral Laplace transform,

1
Emn(s)
the integral converging in the largest vertical strip (o1 <o <as), where
s =017, containing the origin and free of zeros of En,.(s). The determining

function Gm,.(f) will be obtained as the convolution of certain elementary
functions which we now define.

f € *'G 2 (b)dt,

1
0, -0 <t —
a .
ge(t) = 1 s if ax <0,
— aretktl, — =t< ®
a
@ *
aret1 -0 << —
ar .
g() = 1 . - if ax > 0.
01 - é <
ag
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THEOREM la. If gi(¢) is defined by equations (2) then

© s -1
f etgi(f)dt = (1 - —) g2/,
—0 ag,

the integral converging absolutely for — © <o <ay when a;, >0 and for a;, <o <
when a; <0.

By direct computation, a;>0, we have

® 1/ak
f e*tgi(t)dt = ay f e3tes =14t
—o0 —c0

s -1
—(1-2) e e <o<a
(73
We may similarly dispose of the case a; <0.
Let us adopt the usual notation

3) 1+ f) = | "1t — w)fau)du

for the bjlateral convolution of two functions. We shall require the classical
“product theorem” for the product of bilateral transforms Fy(s) and Fx(s) of
f1(#) and f(¢). It asserts that if the transforms converge absolutely in a com-
mon region then Fy(s) - Fa(s) is the transform of the function (3), see [17; pp.
248-259]. Using this result we prove the following theorem.

THEOREM 1b. If

= s
1. Em,n(S) = ebm,n® H (1 —_ _) ea/ak’

k=m-+1 177

2. oy = max [a, — ©], @ = min [a;, + ],
ag>0

ax<0
3. Gm.n(‘) = Zm+1* mi2* * *° "‘gn(t - bmm)r
then

=G, n(8)dt = ’
f L @t =23

the integral converging absolutely for on <o <.

By successive applications of the product theorem to the result of
Theorem 1a we obtain

© » s\-1
f e—stgm+l* Emya* * * ¢ *g,,(t)dt = II (1 -— __) e“/“k,

k=m+1 ar,
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the integral converging absolutely for a; <o <as. On noting that
f (= )t = et f e 1(3) dt
—x —o
our result follows.
COROLLARY 1c. If n—m 22, then

1

100 e:t
Grnlt) = — f i - t< o,
O=2) o E® v <i<e

the integral converging absolutely.

This is a consequence of a classical inversion formula, see [17; pp. 63-80].
The absolute convergence results from the assumption that n—m =2.

COROLLARY 1d. If n—m =2 then Gn .(t) EC* ™2 for — o0 <t< o,
This result will be established if we can show that the integrals
1 i stk

—2;:‘: —1o0 m,n(s)

(4) ds,k=0,l,"','n—m—2,

converge uniformly in — o <¢{< . For, then the value of the continuous
function (4) will be the kth derivative G, .(f). The uniform convergence fol-
lows from the elementary estimate

(5) lEm,n(iT)l é I:' —
IT | a:f
k=m+1

COROLLARY le. G, n(£) 20 (— 0 <t < ).

This is an immediate consequence of the easily established fact that the
convolution of any finite number of non-negative functions is again non-
negative.

2. Inequalities. We wish now to investigate the behavior of the function
E,,..(s) and related infinite products as s becomes infinite along vertical lines.
Preliminary to this we establish

LeEMMA 2a. If

id s

k=m+1 ay

2. En(s) = I1 (1__5_),5,/“,

k=m+1 ay
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© 1
3. Z—2<°°,

k=1 @k

then | Em.a(0+ir)| and | Em(c+ir)| are nondecreasing functions of |7|.

For, if | 7| 2|70/, then
B2 ()]
kemm-1 122 172

e B[ (]
kwam-1 157 ay

But the right-hand side of this inequality is IEm.n(o‘+i-ro)| , so that our first
conclusion is established. If we allow # to become infinite in (1), we obtain
the second conclusion. The resulting infinite products converge by virtue of
hypothesis 3. '

THEOREM 2b. If

]

| Ema(o + i7) |
(1)

v

s s
1. E,,,'u(s) = ebmme H {1~ _) e*/ok,

k=m+1 ax

2. En(s) = ebme ﬁ (1 __.i> etlok,

kmm-1 ag
3. lim bpm,p = bm,
n—rw
1
4, Z — < o,
k=1 O

then for any positive integer p

=0( 1), |7]— e,

Ep,(s)

uniformly for nZp—+m and o in any finite interval,

B.

w0l

uniformly for o in any finite interval.

As in §1 we see that for |¢| SR<w

mip o+ ir
11 (1 _ct )e(vﬂf)ln = 4|7,
kmm41 ai

where



1949] INVERSION OF A CLASS OF CONVOLUTION TRANSFORMS 143

m+p m+p
A=ec® ] 1/|a|, C=2 1/|al.
k=m+1 k=m+1

Now choose any 7,70 and set

& o+ iro
Bm,n(O') = | gbmmn(o+irg) H 1 — )e(l+t'fo)lak ,
k=m+-p+1 (147
had g + 'iTo
Bm(d) = eb"“' H 1 - e’/dk’
km=m+p+1 ak
Bm,n = min B,,,,,.(a), Bm = lim inf Bm,nc

le|SR n—

Then B,,#0. For, Bn(¢)#0 in |o| <R and has a positive minimum & there.
Moreover, B,,.(¢) tends uniformly to Bn(¢) in that interval as n— .
Hence there exists 7, such that for #n>n, ’

2 | Bu(6) — Bma(o) | < 8/2, || = R
If B, were zero there would exist 7, >n and o, | 00| SR, such that
Bm,nl = Bm.nl(oi)) < 6/2‘

But this inequality with (2) would imply that B,(so) <8, a contradiction.
It is now evident that there exists a positive constant B such that

Bua(0) = B, nzm+p, |o| SR

Then combining this inequality with (1) and making use of Lemma 2a we
obtain | Ema(s)| ZAB|7|?, |o| SR, |7| Z|7o|. Since 4B is independent of
n and ¢ and is different from zero conclusion A is established. Conclusion B
follows by letting n— .

3. The reciprocal of an infinite product as a bilateral Laplace transform.
We next extend the result of Theorem 1b to apply to the ¢nfinite product
which defines the entire function E,.(s).

THEOREM 3a. If

had s
1. Ea.(s) = e [] (1 - —) e*lok,

kmm+1 ag
1
2 2 <=,
k=1 Ok
3. a1 = max [a;, — ©|; &z = min [a;, + ],
ak<0 ax>0
1 100 eot
4. Gu(t) = —

- —ds,
271 —in m(S)
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then

f—ne—"Gm(l)dt = En(s) ’

the integral converging absolutely for on <o <as. (The subscript m will by con-
vention be dropped when m=0.)

For the proof we need the following result of H. Hamburger, see [17; pp.
265-267]: If

a. f(s) is analytic for a; < 0 < a,

b. lim f(s) = O uniformly in every subinterval ey < 61 £ ¢ £ 02 < ay,

l7l—w

c. f | flo + ir)|dr < © for a1 <o < a,

™ c+in

d. G(t) = 2——- e”f(s)ds for some ¢, a1 < ¢ < as,
TLJ c—in

then
f(s) = f nc’e“‘G(t)dt,

the integral converging absolutely for ay <o <ao.

If we set f(s) =1/E.(s), hypothesis a becomes evident from the definition
of E.(s). Hypotheses b and c follow from Theorem 2b. Since a; <0 <az, we
may choose ¢=0 in the integral d. It converges absolutely by Theorem 2b.
Theorem 3a is thus established.

COROLLARY 3b. If Gn(t) is defined as in Theorem 3a then Gn(t) EC™.

For, it is clear from Theorem 2b that for every positive integer r the
integral

1 200 srest

2101 i Em(s)

ds

converges uniformly in every finite interval, —R=<¢< R, and consequently is
equal to GO (2).

4. The infinite case as limit of the finite. We now prove that the deter-
mining function G.(¢) of the previous section is the limit of the determining
functions Gn.,.(#) of §1. It is natural to expect this since the same relation
holds between the corresponding generating functions.

THEOREM 4a. If Gn,.(t) and Ga.(t) are defined as in Theorem 1b and 3a,
respectively, then for r=0,1, - - -
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lim Go'u() = G2 @),

n— o

uniformly for (— o <t< =),

With m and 7 fixed choose n=r+m-+2 so that the integral defining
G® 'a(t) will converge absolutely. Then

. . 1 pi o, 1 1
I = G2 () — Gun(t) = — e‘s‘_ - ]ds,

271J —iw E.(s) Ep u(s)
I BB o s

Since the integral on the right-hand side of (1) depends in no way on ¢, the
uniformity conclusion of the theorem will follow automatically if we show
that this integral tends to zero with 1/x. Let us now apply Theorem 2b with
p=r+2. There must exist constants M and y,, independent of %, such that

1

1 r——
E.(iy) En, (i)

If R is an arbitrary constant greater than y,, it is clear by combining integrals
over the ranges (— «, —R) and (R, =) that
1

M- 1 ok
[l s= [ s+ o [ 1yl |om -
T JR 2rJ _r Em(zy) Emm("y)

But from the general theory of the expansions of entire functions into infinite
products the integrand of the second integral on the right tends to zero uni-
formly in —R=<y=<R as n—». Hence
M r>d
lim sup | I, | = — 2.
n—w R y

M|y, Mlyl>,  |y]> .

Since R can be chosen arbitrarily large, we see that lim /,=0, and the proof
is complete.

COROLLARY 4b. G,() 20 (— o <t<®), m=0, 1, 2, - - .. This follows
from Theorem 4a and Corollary 1e.

5. Evaluation of residues. In order to shift the path of integration in
the integrals

o r13
f s © i
—i00 Em,n(s) —1i00 Em(s)

it will be necessary for us to know the residues of the integrands at the poles.
If, by convention, we permit the value =« and set bm,,=0bm, we may
avoid repetition by treating both integrals at once.
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THEOREM 5. If a, is a zero of Em n(s) of multiplicity u-+1, then the residue
R, of e®*/E,. +(s) at the point s=a, is

R, = eP,(),

where P,(t) is a real polynomial of degree u with coefficient of t* equal to

( —_ a,)“'” 0
= )
! " a
® H (1 — _y) eav/ ak
k=m+1,a5a, ag
where
r+1
c= bm,n + .
a,

Since En,q(s) has a root of order u4-1 at s=a, we have

- Ema(s) = (s — a,)¥t1eQ(s),

where 1/Q(s), being analytic at s=a,, has a development of the form
1 < .
0w g wi(s — a,)%.
The explicit factorization of En,.(s) shows that
wo = pulene.

Now

eat eo(&-—c) ea,(t—c) ]

Z P,‘(S - a, i?

Euns) 5 — ap70(s) (s — @) s

where T'; is obtained by convolution of the sequences {w;}¢ and {(¢—c)i/!}s:
t—o»
ul

+ ot

I‘“=wo

This is a real polynomial of degree p with leading coefficient wo/u!. Since
R, = Tuex» 9,

our theorem is proved.

6. The changes of sign of the derivatives of Gn, .(¢). In this section and
the next we shall study the graphs of the functions Gm,.(f) and G, (f). We shall
show that they are “bell-shaped” (like e==' for example). By an exponential
polynomial we shall mean a sum of the form
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n

(1) Qa(t) = 2 e Py(1),

k=1

where the a; are real and distinct and Pi(¢) is a polynomial of degree m;.
The degree of the exponential polynomial is defined to be

d=—14 > (m+1).
k=1

Observe that d is a unit less than the maximum possible number of terms in
Qa(2) if each Py (2) is expanded in powers of ¢ If Qu(¢) reduces to an ordinary
polynomial then d is its degree in the usual sense.

THEOREM 6a. If Gm .(t) s defined as in Theorem 1b with n—m =2 and if

ki 1
Omapm = bm,n + Z bt
kmmi1 Gk
dh=—14+ 2 1, do=—14+ > 1,
k=m+1,a>0 ke=m+1,a3<0

then Gm .(t) is an exponential polynomial in each of the intervals (— ©, op,v),
(Om,n, ©) of degrees dy and d,, respectively.

Let us choose A >u=max (| @ms1|, |@mse|, - + -, |aa|). Integrating around
the rectangular contour with vertices s= +¢7, s=A+¢T in the positive sense
we obtain

1 eat
2ri D E,,.,,,(s)

ds = — de(t)’

where Qu,(f) is minus the sum of the residues of the integrand at its positive
poles. Reference to Theorem 5 shows that this sum is an exponential poly-
nomial whose degree d, is the sum of the orders of the positive poles less unity.
If we now allow T to become infinite we see by use of Corollary 1c and
Theorem 2b that

Gmm(t) = le(t) +I;
1 A+1i00 ell 1 Atio e’(t—fm.n)
] = — 5 = — ds.

271 J i Em,n(S) 2xi At Ld s
(-3

1—-—

k=m+-1 ap

We shall now show that I=0 when ¢<om,.. Clearly I is independent of
MorA>u. If A\=1+pu and n=m-2, then

(e
ar Q. | a;,l

137

-
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n 2| (n—m)/2 2| (n—m)/2
[ oo 2] s Dbl |l 40 .
iy a n n—m
e el :
k=m+1
Hence
II| g “"—mex(‘—vm,n)f”_;dl___ .
2 o [1 + 72]=mr2

Since A may be taken arbitrarily large we see that I must be zero when
t—0m,q 1s negative. That is,

Gma(f) = Qay(9), — ®© <t < Tmn.

This equation holds for t=0m,, by continuity.

In a similar way we may establish that, for on,,.<t<®, G...(f) is an
exponential polynomial which is equal to the sum of the residues of e**/E,, .(s)
at the negative poles and hence of degree d; as stated in the theorem.

COROLLARY 6b. If no ay, s positive (aa=+ ®), then Gu n(t)=0 for t Som,n;
if no ay is negative (a1 = — ®), then Gm,.(t) =0 for tZ0m,n.

COROLLARY 6c. If a4, as defined in Theorem 1b, is a zero of order uy,+1 of
Eomn(s), then

. Gma(®)
lim =4, > 0;
I»tw entpa
if a2 s a zero of order ps+1, then
Gmn(t
lim (= 1) ()=A2>0.
t——co et

By reference to Theorem 5 we can obtain 4, explicitly:

(—ap)mt? " ar\™! p +1
4= —————e° H 1—— e—allak, e = bmm + .
p! k1, apstay ax o

Since a; is the largest of the negative a; and is itself negative it is evident by
inspection that 4, >0. In a similar way 4, may be exhibited explicitly and may
be seen to be positive.

The following result is a familiar one, see [12, vol. 2, p. 48]. Its proof is
included here for completeness.

LeMMA 6d. If Qu(t) is an exponential polynomial of degree d, it can have at
most d real zeros.

It is to be understood, as is usual, that the number of zeros is the sum of
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the orders of the distinct zeros. We prove the result by induction. It is ob-
vious if d=0. Assume it true for degree d —1. Now suppose that Qu(¢), as
defined in §6, had d+1 zeros. The same would be true of e—%1!Q4(¢). By
Rolle’s theorem the derivative of this product would have -at least d
zeros. But this derivative, being an exponential polynomial of degree d—1,
cannot have d zeros, by the assumption of the induction. The contradiction
proves the lemma.

DEFINITION 6e. A function F(¢) which is continuous for all ¢ has 7 changes
of sign if and only if there is a subdivision of the interval (— «, ) into r+1
subintervals in each of which F(f) %0 and such that F(¢) has opposite signs in
adjoining intervals.

Obvious modifications of the definition are needed if the interval in ques-
tion is finite or semi-finite.

THEOREM 6f. If

1. Ena(s) = émne H 1- ——) etlak, n—mz 2,
k=m+1 ay;
2. Gua.() = f ds,
271 —iw En n(s)
then for r=0,1, - - - , n—m—2, G,(,{ .(¢) has exactly r changes of sign.

In Corollary 1d we saw that G, .(t) € C*™2 By Corollaries 6b and 6c it is
clear that G.,.(+ ©)=0. By Rolle’s theorem G, ,(f) changes sign at least
once. Again by use of the same two corollaries we see that G, ,(+ «)=0.
The derivative can be computed explicitly from the known exponential poly-
nomial expansions of Gn.,.(f). This calculation is facilitated by the fact that
we are interested only in the leading term (dominant near + « or — «). By
Rolle’s theorem G,,,(t) changes sign at least twice. Proceeding in this way
we show that for r=0, 1, - .-, n—m—2, G,(,f,,(t) has at least r changes of
sign; we must show that it does not have more. If for any such 7 it had more
than 7 changes of sign, then it would follow by Rolle’s theorem that G&,™ 2 (¢)
would have more than n—m —2 changes of sign. We shall show this im-
possible.

Case 1. There are zeros of E. .(s) on both sides of the origin (— © <
<as< ). Then

(n m—2) (n—m—2)
() = Qq ®) (— o <t= 0omn)
n—m—2)
=Qa @) (Omn S 2 < ),

where dy, ds, 0., were defined in Theorem 6a. Clearly d,=0, d:=0. By
Lemma 6d, Q(" "‘"”(t) has at most d; zeros in — « <t< « and a fortiori, at
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most d, changes of sign in (— ©, om,,). In a similar way Qﬁ;"""’”(t) has
at most d; changes of sign in (0w, ©). That is, G®;™?(f) has at most
dr+d:=n—m—2 changes of sign in (— o, ®). [Observe that the degree of
an exponential polynomial of the form (1), §6, with all ;0 is unchanged by
differentiation. ]

Case 2. The zeros of En »(s) are all on one side of the origin (ay= — «© or
ap =+ ). Suppose that ay= — . The case ay=+ « is similar and may be
omitted. Then Qq(t)=0 and dy=%n—m—1. That is, G&;™ 2 () will have at
most #—m —1 zeros in — © <{ =0, At least one of these zeros is at om,» by
continuity, but this one is not a change of sign. Hence G,(,:‘,;"‘_z)(t) has at most
n—m —2 changes of sign. As in Case 1 the same result holds for the deriva-
tives of Gu,.(#) of order <n—m —2. In both cases it is important for the suc-
cess of the argument that G, .(t) €EC*~™2. The proof is now complete.

7. Intersection properties of the G, .(¢). If in the function Gn,.(¢) we fix
the subscript m and allow # to vary, keeping n=m+2, we obtain a family
of functions with bell-shaped graphs which have, as we shall show, the property
that two distinct graphs cross each other at most twice. Since the constants
ay appearing in the definition of Gn,.(f) are not assumed to be arranged in
any special order it will be evident that when # is kept fixed and m allowed
to vary a new family of functions with the same intersection property is
obtained.

THEOREM 7. If Gn,n(t) is defined as in Theorem 1b, if p—m =2, g—m =2,
and if p#£q, then the function

¢(t) = Gmm(t) - G'u.q(t)
has at most two changes of sign.

Assume for definiteness that p >g¢. By Corollary 1d, ¢(¢) €EC+™ 2. Now
suppose that ¢(¢) had more than two changes of sign. Then by Rolle’s
theorem the function

(1) (1 = D/a) ¢(9) = — (1/a) e*’De~*'(?)

would have at least three changes of sign. In making this calculation one
must take into account the fact that e~*'¢(f) vanishes either at + « or at
— . Proceeding step by step in this way we see that the continuous function

q—2 D 1 10 8 (t—om,p)
II (1——)¢<t)=——. T
Femmt1 a 211 J i s
i1(-)
g-1 ag
) 1 i e#(t~om .0)

- — ds

27i -t R N
(-)(-2)
Qg1 a,
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would have at least three changes of sign. We shall show this impossible.
Case 1. a,a,1>0. Suppose for definiteness that ¢,<0, ¢,_;<0. Then the
changes of sign in ¢(£) must be in the interval (om,, *). For, in this case the
second of the integrals (2) is identically zero in (— %, om,4) by Corollary 6b,
and the first never changes sign there by Corollary 6f. But ¢(¢) & C?—™—2, at
least, in the interval (om,q, @) (¢(¢) EC* there if o, <0om,,). Hence we may
apply the above argument two steps further to conclude that the function

q D 1 100 ea(t—wm,p)
©) T (1-2)s0 = 5= [ — — s
k=m-4-1 k —iw H (l _ _)
k=q+1 ar

must have at least one change of sign, contrary to Theorem 6f. Observe that
we have tacitly assumed here that p 2¢+2. If p=g+1 then we must appeal
to an extended form of Rolle’s theorem which allows the derivative to be
only piecewise continuous providing that at a point of discontinuity the deriv-
ative is by convention declared to assume all values between the left and right
hand limits. If e, and a,—; were both positive the argument could be altered
in an obvious way.

Case 2. a0,-1<0. First suppose a,>0, a¢,-1<0. In one of the intervals
(— ®,0m,q), (Om.q ®),d(¢) must have at least two changes of sign. Suppose it
is in the latter. Then the function

—1 D 1 10 e (t—om,p)
@ I (1-=)sr-z ) ———us
k=m-+1 q—1 —1% H (1 _ _)

k=g ar

must have at least one change of sign in (6me ). This again contradicts
Theorem 6f. The other cases are handled in a similar way, so that the
theorem is established.

8. The Gn,.(t) as frequency functions. A function f(¢) defined for
— o <t< o is said to be a frequency function (see [6, pp. 166-178] for ex-
ample) if f(#)20 and [Z.f(t)dt=1. The mean value and variance are defined
to be, respectively,

w= | Tyoa, = ) " = W,

It is well known (see [6; pp. 188-192]) that if fi(f) and fa(¢) are frequency
functions with mean values u;, u2 and variances »;, s, respectively, then the
convolution of f,(¢) with f(¢),

fuosi®) = [ = 0w



152 I. I. HIRSCHMAN AND D. V. WIDDER [July

is a frequency function with mean value uy+u, and with variance »;+»,. By
use of this result we can now prove the following theorem.

THEOREM 8. If

1 ® etds
Gm,n(t) = — )

27id _ hid s
s gbm e H (1 — ___)ea/ak

k=m+1 ag

then G n(t) is a frequency function with mean value bn, . and with variance
n -2
Zk=m+l ag .

Since, by Theorem 1b, we have

Gm.n(t) = gm+1* Emy2* * ° *gn(t - bm.n),

it will, by virtue of the result quoted above, be sufficient to establish that
2:(¢) 20 and that

f gr(Hdt = 1, f tgr()de = 0, f thk(t)dt = l/a:.
For, after the convolutions are performed, the change of variable t—b,,,,=u
will give the desired result. But using the definition of g;(f) we have by
simple calculations, say for a; >0,

® 1ak apt—1
f g2i(t)de akf e dt=1,

L] 1/ak opt—1
f tg(t)dt = ay, f te dt=0,
e ek 2 apt—
f 2o(t)di = ay f £e™ 't = 1/a;.

Since changing a, to —ay replaces gi(¢) by gi(—1), the theorem is seen to hold
in all cases.

9. Asymptotic estimates for G,(¢). In this section we shall employ Theo-
rem 5 to obtain the dominant term in asymptotic expansions for G.(f) as
t—+ 0, and as t— — . These results are fundamental in our theory and will
be used extensively. We need them here in order to extend the results of the
preceeding sections to G.(¢).

DEFINITION 9a. Let E..(s) be defined as in Theorem 3a. We set

a1(m) = max [az, — ], E=m+1,m+2---;

k<0

(1) .
az(m)=mm [ak,+°0], =m+1,m+2,...;

ax>0



1949] INVERSION OF A CLASS OF CONVOLUTION TRANSFORMS 153

( pa(m) + 1 = muliiplicity of ar(m) as a zero of En(s);
2
) pe(m) + 1 = multiplicity of as(m) as a zero of En(s).

Note that a;(0) and a2(0) coincide with a; and a. as previously defined.

THEOREM 9b. Let Gn(t) be defined as in Theorem 3a, and ar(m), as(m),
wi(m), and ps(m) as in Definition 9a. Then
A. ay(m) = — o implies

()60 = () tpathencm] + Ofemsms]

ast—>+o,r=0,1, 2, ..., where € is a positive constant and p.(t) is a real
polynomsial of degree uy(m) with the coefficient of t*1'™ positive;
B. ai(m)=— o implies

(%)'G,.(t) = O(e™*)

as t—)+w, f=0, 1) 2v t e )for every k;
C. ap(m) 5% + » smplies

(=Yeu0 = (f;)'[qm£:>e~=<m>e1 + Ofess(mrre]

ast—— o, r=0,1, 2, - - -, where € is a positive constant and qn(t) is a real
polynomial of degree p:(m) with the coefficient of (—t)**™ positive;
D. as(m) =+ = implies

(Edt-)rG,,.(t) = O(e**)

ast——ow,r=0,1,2, ..., for every k.
Let us demonstrate conclusion A. We choose any fixed N such that

ai(m) >\ > max [a:]. E=m+1,m+2 ...

6x<0, ax=a(m)

Integrating in the positive direction about the rectangular contour D with
vertices at +4T, A+47T, we find using Theorem 5 (n=+ ) that

1 est

ds = pm()exr (™,
2‘u'i D E,,.(S) ? ()

where pn(f) is a real polynomial of degree u;(m). The coefficient of 1™ in
Pm(2) is positive since p was positive in Theorem 5. Using Theorems 2b and 3a
and letting T increase without limit we obtain
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A-ic0 et

1
Gm(t) = pm(t)en(mt 4+ — ds.

27 A—fw E,,.(S)
Differentiating » times, this becomes

(£Yout = (&Y toatrememr) +— [ 2
—)Gu(®) = (=) [pm(B)er ™t ] + — :
dt dt ? 271 xiw  Em(s) *

By Theorem 2b there is a constant ¢ such that

1 c '
=< i - <7< ®),
EnM + i)~ 147 ( " )
Hence
1 Ati0 sreat c © )\2 + 2 |r/2 .

——f ds §——e“‘“f [LSh s t>0)

278 vmiw  Em(S) 27 - l TI'-H +1
= Ofen(mitg—et] ast— + ,

where +oau(m) —N=e. This proves conclusion A.

If ay(m) = — =, and if we put A= —%, we may by an identical procedure
demonstrate conclusion B. Here of course the residue is identically zero.
Similarly we may dispose of conclusions C and D.

COROLLARY 9c. If ay(m)=—c0 and D i, 1/a,< =, then Gn(t)=0 for
t20m,

Om=bm+ 2 1/ai;

k=m+1
if ap(m) =+ o and Y oy 1/a,> — o, then Gu(t) =0 for t Som.

Suppose that ay(m) = — ©. Let Gm,a(f) be defined as in Theorem 1b with
bm.n="bm. By Corollary 6b, Gpm.»(t) =0, tZbn+ X tems1 1/8:=0n. By Theorem
4a

lim G o(t) = Gu(?), — 0 << oo,
n—>0

Hence G,(t) =0, t=0.,.. The case az(m) =4 » is entirely similar.

10. The changes of sign of the derivatives of G.(f). Using the results
of §4 we may extend the properties obtained for Gnu,.(f) in §6 to the limit
function Gn(2).

THEOREM 10. If G.(t) ¢s defined as in Theorem 3a, then GO (2) has precisely
r changes of sign (— o <t< ®).

By Corollary 3b, G..(t) € C*. Using the asymptotic estimates for G2 (¢) as
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t—+ o, r=0,1, 2, - -, derived in §9, and Rolle’s theorem we see that
G®(f) must have at least r changes of sign. On the other hand by §4

G (£) = lim Gon(?) (— o <t< o),
n—>00
if we suppose that lim, . bm,» = bm. By Theorem 6f, G3,(¢) has for n=m+r+2
exactly r changes of sign. As the limit of functions, each with no more than
changes of sign, Ga(t) must have r or fewer changes of sign; hence it has
precisely r.
11. Intersection properties of G, (¢). Theorem 7 may also be extended to
the infinite case. '

THEOREM 11. If Ga() is defined as in Theorem 3a then for p=q, G,(t)
—G(t) has at most two changes of sign (— o <t< »),

This is proved exactly as Theorem 10 was proved. We have

Go(t) — Go(§) = lim [Gp.n(t) = Gym(®)]

provided lim, .. bm,n =bm. By Theorem 7 the functions G, .(f) —G,,.(f) have
at most two changes of sign, which implies that G,(t) —G,(f) has at most two
changes of sign.

12. The G.(t) as frequency functions.

THEOREM 12. If Gn(t) is defined as in Theorem 3a then Gu(t) is a frequency
function with mean value b and variance Sm= D 1my1 0i -

By Corollary 4b, G.(#) 20 (— © <t< x). By Theorem 3a we have

. 1
) f G ()t = — ,

s
H (1 —_— ____) eclak
k=m+1 ag

the bilateral Laplace transform (1) converging absolutely for a;(m)<s
<ay(m). Let us define

Ro(s) = f " G (1),

-0

Ri(s) = f °°e—w-b»o[t— b |Gm()dt,

-0

Ry(s) = f wr;(“bm’ [t — b ]Gn(t)de.

Using equation (1) we see that Ry(0) =1, so that G, (¢) is indeed a frequency
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function. Computing the logarithmic derivative of equation (1) we obtain

(2) Ri(s)/Ro(s) = — Z

m+1 ak(ak - S)

If we set s=0 in equation (2) we find R,(0) =0, or G.(t) has mean {=bu.
Differentiating equation (2) we obtain

LJ

©) [Ro()Ra(s) — Ru(s)?]/Ro(s)? = >

k=m+1 (dk - 5)2

Putting s=0 we see that Ry(0) = D ro,; a;? or Gn(f) has variance D ., a:>
13. Some further properties of G,.(¢).

THEOREM 13a. If Gu(t) is defined as in Theorem 3a, if i‘m is a point asso-
ciated, in the sense of Definition 6e, with the one change of sign of G, (t), and if
D and @, (D <D are two points associated respectively with the two changes
of sign of G,)(t), then

A Gn(t) is not identically zero in any closed interval interval containing ¢u;

() G}l(t) is not identically zero in any closed interval containing either ¢

2

Our theorem is equivalent to the statement that the points {m, M and

9 are uniquely determined. A consideration of the graphs of G,(¢), G,/ (),
and G,,’(¢) will show that should G.(¢) be identically zero in a closed interval
containing {., then G,;’({) would have five changes of sign, whereas we know
that it has only three. This establishes conclusion A.

AV
A
—

A

N
A

Conclusion B follows from a similar argument, which we leave to the
reader.

G"(t)

Gur(l)

<><
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THEOREM 13b. If Gn(t) is defined as in Theorem 3a, and if {m, (& and {2
are defined as in Theorem 13a, then

A. lmGn.() =0 0 <|t] < »);

m—r

0 1 1/2
B. |tm—ba| < s[ > —2] ;

k=m+1 Gk

@ 0 1 1/2
C.Irm—bmlgw[z —2] , i=1,02
k=m+1 Qk
Note that in the presence of our assumptions conclusions B and C imply
that {m, (& and {@ tend to zero with 1/m. Set Sp= D roms1 1/ax, e=2S5Y2,
Then by Theorem 12

f Galt + ba)dt =1 — f "Gt + bu)dt — f TGl + bu)dt,

(%

1 o 1 e
1—— f £Gn(t + bu)dt — — f £Gn(t + bu)dt
e € €2 -0

v

1 e S
1——f PGm(t + bu)dt =1 — —.
eJ_. 2

€
From this it follows that
3
1) max Gu(t + bm) = — -
jt1<e 8e

We wish to prove that ]g‘,,.—b,,.l =<4e. Suppose the contrary. Then, since
Gn(¢) has a unique maximum at {, it is monotonic in the interval from b,
to {m, and hence bigger near {, than in the interval |bm—t] <e That is,
Gn(t) 23/8¢ throughout an interval of length 3e with {. as one end point.

Hence
© © g 0
1= f Gn(t)dt = f Gu(t + bm)dt = (3¢) (__) _2.
o e 3e 8

This is a contradiction. Hence conclusion B is established.

Let ¢, be an arbitrary number different from zero and choose m so large
that |bn| <|%| /2. Then

[ oua] < f 00w (1

g("z"' —-lb,..|>_2s,,..

— | bm I)—z f _:(t — bn)Gm(t)dt
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Hence

t/2
(2) lim Gn()dt = 0.

m—> 0 ‘0

But if m is so large that ]{ml < l toI /2, then G,(¢) is monotonic over the range
of this integral and takes its smallest value at #. That is,

[{

0/2
Gmlt)- | 0] /2 = Gn(t)dt '

b

From this inequality and equation (2) conclusion A is immediate.

By Rolle’s theorem we must have {& <¢, <¢®. Further G.(f) is concave
downward between {& and {&. Consequently G,(¢) lies above the line seg-
ment connection (&, 0) and ({m, G({m)) for {P <t=¢n, and above the seg-
ment connecting ({m,G(m)) and (2, 0) for {n <t <D,

G.(1) ! 5

;.”’g.- g_(3) )
It follows that

a)

1 =f°°Gm(t)dt = [g,::) —$m ]Gm(g-m)/2

By equation (1)

Gm(i’m) g 1“1/2 )
so that
3 @ .
g 3251/2 [g.m —g‘m ]v
that is,

) (&) 1/2

En —tm ] S 118 .

Using conclusion B and the fact that {a lies between {& and 9, we obtain
conclusion C,

14. Division into cases. For the remainder of this paper we shall con-
sider three classes of kernels G(¢), for each of which separate treatment is re-
quired.
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DEFINITION 14. G(t) is said to belong to class 1 if ays — o, ap5 + =,
G(t) is said to belong to class 11 if ay=—w, D 1/ar=+ ». G(¢) is said to
belong to class 111 if ay=— 0, D¢ 1/a;< . '

It is evident that in every case either G(¢) or G(—¢) belongs to one of
these three classes. The convolution transforms,

f(z) = f " 6(x — 1dald),

constructed from class I kernels resemble the Stieltjes transform in their be-
havior. Those constructed from class II kernels resemble the Laplace trans-
form. Transforms constructed from class III kernels are in some respects de-
generate. There are no familiar examples for this class.

15. Convergence properties of class I kernels.

LeEMMA 15a. If G(¢) is a class 1 kernel, then for any fixed xo and any
x (— o <x< «) the tntegral

J:

converges, uniformly for x in any finite interval (x;=x=xs).

From Theorem 9b it follows that G(¢)—0 as {— =+ «, but that G(¢) is not
identically zero in any neighborhood of + © or — «. Since G’(f) has only
one change of sign G(¢) must never vanish. Thus if I(¢) is the integrand (1),
then

_t_i_ G(x — )
dt G(xo - t)

— G(xo — 8)G'(x — ) + G’ (20 — G(z — )

(2) 1() = e :

and I(¢) is continuous (— © <¢(< «). By Theorem 9b

G(xo — 8) = q(xo — f)ex2t=—t) 4 Q[eloster -0 ]

G'(xo — t) = [g(wo — f)ex2(==0]" 4 O [etartorm-n],
G(x — 1) = q(x — t)e=2(=d 4 Ofetasto=n]
G'x = 1) = lglx — 0] + O[eterraie=s],

©)

as t— o, where ¢(¢) is a real polynomial of degree u.. If equations (3) are
inserted in (2) we find that

I(?) = 0(1/) (ast— + oo, if us > 0),
= 0(e™*) (ast— + o, >0, if ug = 0),

these estimates holding uniformly for x in any finite interval. Similarly we
may show that
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I(¢) = 0(1/#) (ast— — oo, if p3 > 0),
= 0(e**) (ast— — o, € >0, if u; = 0),

these estimates holding uniformly for x in any finite interval. Our lemma now
follows.

THEOREM 15b. If

1. G(t)Edlass 1,

2. [Z. G(xo—t)da(t) converges,
then

f G(x — Hde(l)
converges for all x (— o <x < =), and converges uniformly for x in any finite

interval (— o <x;Sx<x2<+ o).

Let us set
L@ = f G — w)dalu).
[1]

By assumption 2, L(¢) is bounded and L(+ «) and L(— «) exist. Since G(f)
never vanishes we have

T2 T2 G J—
6 = Hdat) = fr E(%'—"% dL(j)

G(x — ¢ 73 T2 G(x — 8) T
= [_(i__). L(;)] _.f [(L__)..] L(t)dt.
G(xo — 1) T, 7, LG(%0 — 1)
Using Theorem 9b and the existence of L(+ ) and L(— =), it is easily seen

that
fim [G(x_‘) ()]T

T1—~—o, Te—+o G(xo bl t)

exists uniformly for (x; Sx =x,). From Lemma 15a and the boundedness of

L)
. T rG(x— 87
Tl*—B?ﬁ+w fr, [m] L(t)at

exists uniformly for (x; S<x=<x,). Thus

lim T’G(x — t)da(t)

Tio—e, Tt J 1,

exists uniformly for x in any finite interval, as desired
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THEOREM 15c. If

1. G(t)Eclass 1,

2. [2. G(xo—2t)p(t)dt converges,
then

f G(x — Do)t
converges for all x (— o <x < =), and converges uniformly for x in any finite
interval (— o <x1SxSx, <+ o).

If we define

() = f o(w)du,

then

f " Gx = Dedt = f "6z — $da(),

and the present theorem follows from Theorem 15b.

16. Order properties of Riemann-Stieltjes integrals. The following theo-
rem has been proved in many special cases, for example, Widder [17, pp. 38—
39 and 329-330], by exactly the method used here.

THEOREM 16. If

L o()EC(0=st<x),

2. @'(t) is ultimately of constant sign as t—-+ o,
3. [3 o(t)da(t) converges,

then
A. if ¢(t) approaches zero as t— » we have
a(t) = o[1/4(2)] ast— o}
B. if ¢(t) does not approach zero as t— o we have
la(=) = a(®)] = o [1/6()] ast— + .

Let us first consider conclusion A. We set
t
L) = f o(w)da().
0

By assumption 3, L(®) exists. If ¢(¢) is identically zero in any neighborhood
of + « there is nothing to prove, so that we may suppose this is not the case.
Consequently given ¢>0 we may choose T so large that

o(1) # 0 (T 2t< ),
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¢’(?) is of constant sign (T £t < =),
L@ — L) | <e (T4t <)
For t=T we have

alt) — a(T) = f mdL(u)

which after integration by parts becomes
L(t) — L(T) ¢ ¢'(u)

a(t) = o(T) + e +J, 5 w [L(w) — L(2)]au.
Now : ,
‘f o )2 — L@)]du| = max | L(w) — ¢( )2
1
< e| -

+ g .
#(T) ¢(t) I¢(t)|
In case A, 4¢(t)-—>0 as tjw; hence for t=T
’L(t) - L(T) ‘¢( )

¢(T) r o(u)? )z
]+l «(T) | + ¢ (T)

lim sup |a(e(®) | < e

[Lw) — L(t)]du| + | a(T) |

+|f

a®] <

tz D),

<e

o)

Since ¢ is arbitrary our result follows.
We now turn to B. In this case ¢(f) is bounded away from zero for ¢
sufficiently large, so that there exist constants T and 4, 4 >0, such that

- |1/60) < 4| (¢ = To).
Given €>0, we choose T, T'> T, so large that for (:=7)
¢'(?) is of constant sign (T £t < ),
. €
L) —-L@)| = T=<tt< .
L0 - L) | £ 37— ( @)

When ¢ and # are greater than T, we have

L) —LE) | [ 6w
=t f gt E®) — L0 Jaw

¢Y) a(t) — af) =
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From this we obtain, arguing as before,
2 |a(t) — a(t)| = 3e4/(34 +2) < e

Since € is arbitrary this implies that a(«) exists. If, in equation (1), ¢ is
allowed to increase without limit, we obtain
L(w) — L(¢ © ¢'(u
() = oty = LV =L | 7 8@
#(?) v @(u)?
There are two possibilities: 1/ |¢(t)| either approaches a finite limit (not
greater than 4) or 1/ l ¢(t)] approaches zero as t— -+ «.
In the first case we have from inequality (2)

| () —a@)| s e (Tt < )

[L(w) — L(=)]du.

Since € is arbitrary and | 1/¢( OO)I exists and is not zero,
| a() — a(t) | = o] 1/6()].

In the second case for (TSt < »)

=) = LO)| | (=] $®
al®) — a ’ l —_— - (o ¢]
o) = a0)| < [FEE0] 4 [T 6 - 2o 0m
2e l 1 ' ‘ 1 I
=< —| = | —]|.
34+ 20 T 1e()

Since € is arbitrary our result follows.

17. The behaviour at infinity of certain convolutions. The result which
follows is stated in what may seem a rather unnatural form, in order that it
may be more immediately applicable later.

THEOREM 17. Let G(t) and ¢(t) be continuous and non-negative (— » <t
<o) If

la. ()€ | for |t| =T, for some T;

2a. ¢(+ ©)=0;

3a. G(to—t) =0[p(t)(12+1) ]~ as t— + o, for some t,, then

A lim “G(x — (t)dt = 0.

If b ¢@) € | (— o <t < T), for some T;
2b. ¢(+ =) = 0;

3b. G(to—t) =0[e@®)(2+ 1)]"* as t— — oo}

to,
=0[1 + ] as t—+ Jor some o
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then
B. lim G(x — t)¢(t)dt = 0.

x—+o —c0
Conclusion B is easily seen to be included in conclusion 4, so that we need
prove only A. We shall suppose that ¢(— «)= », and that ¢(¢) does not
vanish in any neighborhood of 4 ». The slight modifications necessary in
the other cases are left to the reader. By increasing the values of ¢(f) in
some finite interval and leaving ¢(f) unchanged elsewhere we can con-
struct a new function y¥(f) continuous for (— o <¢{< ®) and such that

YHE | (— o <t<w).

|L

Note that ¢(¢) must be modified not just in (— T =¢t=<7T) but in a possibly
larger interval. We necessarily have

o) = ¥,
y(@) #0 (= o© <t< w),
and, since ¢(#) has been modified only over a finite interval,
G(to — 1) =O[y(+ (1 + )] ast— £ o,

Now
f "6z — ()it < f "6z — Dt

° 1 ¥(?)
— (t—x+to)2+llll(t—x+to)
= 1 Yyt x—1)
<od) f | ¥(y) <

For x=t, we see that Y(y+x—10)/¥(y)=<1 since Y()E |, and further
lim .. Y(y+x—1)/Y(y) =0, since Y(+ ) =¢(+ ©)=0. By Lebesgue’s gen-
eral convergence theorem

° 1 -t
vy + =« o)dy=0,

=0(1)

lim

—e J o (P +1) ¥(9)

and therefore
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lim G(x — He(b)dt = 0,
as desired.
18. Application of differential operators for class I kernels.
DEFINITION 18a. We set

P.(D) = e(b—bm)DfI(l — 2) eDlak,
k=1 ak

where D represents the operation of differentiation and e?/s that of trans-
lation through the distance 1/a. The variable with respect to which these
operations are to be performed will be clear from the context. Pn(D)f(x)
is defined at x=x, if f(x) EC" in some interval including in its interior
Xo+b—bmt D py 1/as.

As an example, if f(x) €C? in an interval including x+b—b;+1/a:+1/a:
then

1 1
Py(D)f(x) = f(x +b— b+ - + ;;)

1
_('— >f'(x+b—-bz+ + >
ai az ag

f"(x+b—bz+ + )
as

0102

LeEmMA 18b. If G(t) and Gn(t) are defined as in Theorem 3a, and if Pn(D)
is defined as in Definition 18a, then P,(D)G(t) =Gn(t) (— » <t< ).

Note that we have not assumed here that G(¢) is of any class. Since
GU)EC® (— » <t< »), Pn(D)G(?) is certainly defined. We must only verify
that it is equal to G,(¢). By Theorem 3a,

10 et

1
0 =2.) L E5e

ds.

We wish to apply P,.(D) under the integral sign. By a well known general
theorem any nonsingular linear differential operator may be applied under
an integral sign provided the resulting integral is uniformly convergent. By
an elementary computation P,,(D)e**= P,(s)e*t. Thus formally
1 i et
P.(D)G(t) = — ds
2

o I (1= )

k=m+1 ay

= Gm(?).
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By Theorem 2b the integral (1) is wuniformly convergent for all
t (— o <t< x), which validates our formal procedure.

LeMMA 18c. If G(¢) € class 1 and if
1) = [ 6ts = datt
converges then for Pn(D) defined as in Definition 18a
Pu(D)f(2) = f _:G..(x — Dda?).

By virtue of Lemma 18b, and the general theorem quoted in the proof of
that lemma, it is enough to show that :

f "Gz — D)

converges uniformly for x in any finite interval. Using the estimates of
Theorem 9b, and arguing exactly as in Lemma 15a we may show that

f" d Gu(x—19)

it G(x — 1)
converges uniformly for x in any finite interval. Using Theorem 9b we may
further show that

Gm(x — 1) . Gu(x—1)
m ——— and lim —
t—atw G(x —_— t) . t—>— G(x bl t) .

exist, uniformly for x in any finite interval. If we define
t
L() = f G(xo — uw)da(u)
0

for any xo (— © <2< ), then L(¢) is bounded and L(— ») and L(+4 »)
exist. For any T and T

Ts T: " —
Gl = dalt) = f ) —G—((;c-"-:-gldz;(:)

- [ o] S [ G o

Arguing as in the proof of Theorem 15b, we see that

f "G — Ddalt)
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is indeed uniformly convergent for x in any finite interval. This proves our
lemma.

LemMa 18d. If G()) Eclass 1 and if
f(2) = f “6(x — Deyt
converges, then )
Pu(D)f(2) = f ~:Gf,.(x — De(t)dt.

This is an immediate consequence of Lemma 18c.

LemMA 18e. If G(t) Eclass I and if

f(z) = f “6(x — Hedall)

converges, then:
A ay<c<a implies

a(t) = ofetwrotm) (ast— + =),
= o[eter-ot-m] (ast— — o).

B. ax=c implies
o) = a(t) = ofeteratm] (as 1 + ),
a(t) = o[eter—otgm] (ast— — o).

C. cZay implies
a(t) = ofeterortgr] (as ¢ — + ),
alt) — a(— o) = o[@=otn] (as t— — ).

This lemma is an immediate consequence of Theorem 16. Consider case
B, t—+ », which is typical. By Theorem 9b

G(x — t) = g(x — Hex2(=1 4 Qfelerto =0 ]
d a
=6l = ) = < la(s = hem0] + Ofscmran),
as t—- «, where ¢(¢) is a real polynomial of degree u: which is positive for ¢
near — «. If ¢>as then these equations together with Leibniz’s rule for the

differentiation of a product imply that

g—t-[e“G(x -nl=zo0
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for sufficiently large positive £ If c=ay, then

d 1 100 1—5s eaz—ot+ct
— [e+c‘G(x - t)] = —f s fots) ds.
dt 2rid o E(s)

Since (1 —s/a) is a factor of E(s), it may be divided out of numerator and
denominator. By Corollary 4b

d[ctG =0
= le (x—10)] = (— o <t < ®).

The other hypotheses of Theorem 16 are trivially satisfied so that we now
obtain the desired result.

DEFINITION 18f. Let G(£), Gn(t), E(s), and E,(s) be defined as in Theorem
3a. N(G) is defined to be the smallest value of m, such that E,(s) either does
not vanish at a; or has a zero there of multiplicity at least two less than that
of E(s) and either does not vanish at az or has a zero there of multiplicity at
least two less than that of E(s). If a; (or az) is infinite the requirement is
vacuously satisfied at oy (az).

This definition applies to kernels of all three classes.

THEOREM 18g. If G(t) Eclass 1, and if
f(x) =wa(x — Dectda(t)

converges, then for m = N(G), N(G) defined as in Definition 18f,
A. oy <c<ap implies

f " 2P (D) f(x)dx = f " Gl — Decer0()dt

- f acm(x‘ — fec=m-tqa(t)dt.
B. az=c implies
f: =P (D) f(x)dx = f_:G"‘(xl — e = [a(w) — a(f)]dt.
C. cSay tmplies
[ D))z = [ Guls = Der0lal) = o).

We shall establish B. Conclusions A and C follow in similar fashion. By
Lemma 18c, we have for every m
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=P (D)f(x) = f " Gn(x — Dec0dal),

the integral converging uniformly for x in any finite interval. Integrating by
parts

e PuD)f(2) = [Gulx — e [a(t) — a(=)]]"™
- f "2 [Ga(x — e ][a(t) — a(e)]ds
o dt ‘

By Lemma 18e and Theorem 9b, the integrated term is zero, uniformly for
x in any finite interval. Hence

e °*P,(D)f(x)

- f—: gt— [Ga(x — yee0][a(t) — a(w=)]dt

+f—: %: [Gm(x _ t)e—c(z—l)][a(t) —_ a(w)]dt,

this integral converging uniformly for x in any finite interval. We may there-
fore integrate between finite limits under the sign of integration to obtain

f " e P (D) (x)dx

zy
=f [Gm(2z — eoter — Gty — e [[a(w) — a(2) ]at,
which for m = N(G) we may write as

f s (D)f(x)dz = f " Gu(s — e [a(w) — alt) ]dt

M _
- f (1 — D)e=c—Da(t)dt,

We need only show that for m = N(G)

) lim [ Gulrs — hecero[all) — a(w)]dt = 0.

xp—+ o0 —w

This is an immediate consequence of Lemma 18e and Theorem 17, together
with the definition of N(G). Hence, allowing x. to increase without limit in
(1) and using (2)

) TP a(D)f(x) = f "Gl — Deeb [a( ) — a(t)]at,
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as desired.
19. The inversion theorem for class I kernels.

THEOREM 19a. If G(t) Eclass 1, if the integral
fa) = f G(x — fetdall)

converges, and if x1 and x: are points of continuity of a(t) then:
A. a1 <c<ap tmplies

z2

lim e *Pn,(D)f(x)dx = a(x:) — a(xy).

m—r EN

B. asSc implies

s Ceep n(D)f(2)dx = a() — alx1).

1

C. cSay implies
z2

lim e *Pu(D)f(x)dx = a(x:) — a(— =).

mrw J _o

We shall prove conclusion B. The proofs of A and C are similar. By
Theorem 18g if m = N(G)

) f”e.wgm(p)f(x)dx = f "Gu(ss — eeaha( ) ~ a(®]at.

Using Lemma 18e, Theorem 9b, and the definition of N(G), the integral on the
right of equation (1) is seen to be absolutely convergent. Let.

o= [ Gutis = herein o) — a9 i

= wam(t)e""[a(Oo) — a(x, — ¥) ]dt.

Giver} >0 we choose 6 >0 so small that
| eetfa(0) — a(@s — £)] — a(©) + a(x)| S e for || < s.

We write I, as the sum of three integrals, I, I, I’, corresponding respec-
.tively to the intervals of integration (— «, —8), (=39, 9), (5, =).
We first assert that
i -

limI, =lmI, =0

m—o m—re
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By Theorem 11 the function
(2) Gr o)1) — Gu(?)

has at most 2 changes of sign. As m— « the variance of G.(f) approaches
zero. Hence the maximum of Ga(¢) is becoming larger and larger in the
vicinity of the mean of G.(£), which is approaching the origin. This informa-
tion together with conclusion A of Theorem 13b shows that for m sufficiently
large, m = N, the two changes of sign of the function (2) occur within the
interval || <8, and

0 S Gu(®) = Gro(2) for|¢| 2 6, m = N

Hence

-5
f Gn(h)et[a(w0) — a(z; — £)]dt

-5
< GN(G)(t)e“"I a(®o) — a(x; — &) ' ds.
—00
Using conclusion A of Theorem 13b and Lebesgue’s general convergence
theorem, we see that

lim I,, = 0,
and similarly that

lim I," = 0.

m—0

On the other hand, since Gn(#) is non-negative,

) : ]

GalB)la(=) = a(w) = et S I 5 [ Gulilal) = alw) + elar.
-3 -8

Recalling that lim n.. f%; Gu(f)dt=1, we have

a(o) —a(x) — e < liminf I, <limsupl, < a(®) — a(x1) + e
m— o

m—rxo
Since ¢ is arbitrary our theorem follows.

THEOREM 19b. If G(x)Eclass 1, if
1@ = [ 6z = neya
converges, and if x is a point of continuity of ¢(t) then

lim Pn(D)f(x) = ¢(x).

m—re
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By Theorem 18c, for any m,
PaD)f(z) = [ Gl = Do)
As before let

I, = f "G — ()it

= f Gu(Do(x — t)dt.
Given ¢ >0, we may choose 8 so small that
|¢(x—t)—¢(x)|§e for|t|§8.

We again express I, as the sum of three integrals I, I,/, I, corresponding
to the same intervals of integration as before. We shall show that

lim I,, = lim I,,' = 0.

m—rc0 m—r0

Integrating by parts, we have

I =[2G, - f ~a6L 0,
where

o(f) = t¢(x — u)du.
—3 .

By Lemma 18e and Theorem 9b the integrated term vanishes. For m = N(G)
the integral so obtained is absolutely convergent, and (using Lemma 18e)

| 1.] < 0(1) f ~ estione | GL(0) | .

By conclusion B of Theorem 13b, G,,(¢) is, for m sufficiently large, of constant
sign in (— « <¢=< —3§), so that

-5
| I.] = 0(1)| f e—“z‘t—"(;,',,(t)dt‘.
Integrating by parts

-5
| Zul S 0W)Gn(— Bew(— iy + [ Gat)| lemorton}| .
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The integrated term approaches zero as m— « by conclusion A of Theorem
13b. The integral converges absolutely for m = N(G), so that by exactly the
same argument as was used in the proof of Theorem 19a, it too approaches
zero as m approaches infinity. Thus we obtain, as before,

¢(x) — e = liminf I, lim sup < ¢(x) + ¢

m-—ow m— oo

and since e is arbitrary our theorem follows.

20. An approximate formula for class II kernels. For convolution trans-
forms with class II kernels, our previous methods fail to give a general in-
version theorem. The origin of this failure lies in the fact that Theorem 9b
does not, as it did for class I kernels, yield precise information as to the be-
haviour of G(¢) as t—+ ». It tells us only that G(¢) =0(e %) as t— o for
every k, which leaves open a wide range of possibilities as to the actual be-
haviour of G(¢). In this section we shall derive a formula which will, in our
arguments, take the place of Theorem 9b.

LeMMA 20a. If G(t) Eclass 11, then the equation

il L
W ; ar(ar + L)

defines L=L(t) as a function of t for (05t<x). LE)EC LHE T, and
L(+ %)= .
Since G(t) Eclass 11, we have

ak>0, k=1,2, y
0 1 -] 1
) 2 5<® Y —-=
1 ak 1 a

Differentiating equation (1), a process easily justified by means of equations
(2), we obtain

3) =2 —
1 (ax + L)2
which is positive for (0 SL < ). Further as L varies from 0 to «, ¢ varies
from 0 to «. Thus by the implicit function theorem L is a function of ¢ for
(0St< »), and evidently L(t) € T, L(»)= . We may obtain any deriva-
" tive of L(t) by straightforward computation, using of course the fact that
dt

—>0 0=t< »);
dL

hence L(¢) EC~.
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LeMMA 20b. If G(t) Eclass 11 then G(t) does not vanish for (— o <t< »),

Since G’(¢) has only one change of sign, should G(¢) vanish at £, one of the
equations G(t) =0 (— « <t=<ty) or G(t) =0 (St < ») would hold. The first
of these is impossible by Theorem 9b since (a5 + «). Thus if G(t) =0,
G(t) =0 for (to<t< «). We would then have

to 1 .
f Glt)edt = —— ,
B eb* H (1 — _f_) etlak
1 ak
which we may rewrite as
© e—-nlo
[ 6t — perrtar = —
0 . e“”'H(l + i) e—*¢/ak
1 an

As a Laplace transform the left-hand side of this last equation must ap-
proach zero as s—+ «. It is easily seen that it does not. Indeed, choose m so

large that

LA |
b+z;:>to+1.

1

If ;>0 then

(1+_s_ el < 1 (0 =5 < w),
ag
It follows that

et et? . .
= 0=s< =)

) s m s

e ]] (1 + —) ¢tlok H(l + —)
1 ag 1 ag

which verifies our assertion.
Let G(¢) be a class II kernel. We define, for r=0, the auxiliary kernel

Hr(t)i
100 e’

1
(4) ) = — ds.
T —io s
1 -— )ecl (aktr)
IxI( a,+r

It is evident that H,(f) is again a class II kernel. We also set
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(5) . x(®) = — log G(3), xm() = — log Gu(2).
Using Lemma 20b, we see that x(¢) and xm(f) EC® for (— o <t< ®).

LemMA 20c. If G(t) Eclass 11, E(s) is defined as in Theorem 3a, H,(t) is
‘defined by (4), x(¢) by (5), then

ert=x(0) = 1 H,.(t —b— i _r ) 0=r).
E(—r) w1 ax(ar +71)/

By Theorem 3a

. 1 10 eot .
X = ds.
T 27td i ( )
H 1——)eriex
1 ak
Multiplying both sides by e",
i elatn)t
ertx(t) = — ds.
271 —iw hed S
cbcH (1 —_ _) eolak
1 Ak

Making the change of variable s+r=u%, and using the identities

r u u—r r 1 1
(14 ) (- )it RN
ax r 4+ ax ar ar(ar4+7) ar 1+ ax

this becomes

o exp (“ [t —b- i ah(a:+’)]) ' du
r—ie exp(br)ITI(l-Fi;)exP(—%b)I:I[l—r:ak]exp(":“")

By Theorem 2b and Cauchy’s theorem the line of integration may be de-
formed to the imaginary axis. Recalling the definitions of the various func-
tions under consideration we have

-t )

,u-xu) = —

ert—x(t) =

E(—71)
as desired.

LemMa 20d. If H,(¢) s defined as in (4) and if ¢, is the (by Theorem 13a)
unique point associated with the one change of sign of H] (t), then ¢, is a con-
tinuous function of r.

It is evident from the definition of H,(f), that, for any fixed ¢, H/ () is a
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continuous function of ». If our lemma is not true then there exists an =0, a
sequence {n}f;l converging to 7o, and a 6 >0, such that

[ € = Enl > 8, i=1,2.-.
In this sequence there will be either an infinite number of terms such that
(6) £ <$n =3,
or an infinite number such that
O] Eri > En 8,

or both. Suppose for definiteness that equation (6) holds for infinitely many 1.
For notational simplicity we shall suppose it holds for all 7. By Theorem 13a
if ¢ is any point of the interval {,,—8 <¢<¢,,, we have

H.,(to) > 0.

On the other hand, it follows from the definition of the 7; that

H, (t) <0, i=12--
Since
lim H:'.(to) = H:‘o(tO)v

i—w

we have thus a contradiction. If we had assumed instead that equation (7)
held for an infinite number of 7, we would have been led to a similar contra-
diction. Our lemma follows.

THEOREM 20e. If G(t)Eclass 11, L(t) is defined as in Lemma 20a, and
x(¢) is defined as in (5), then

X'(8) = Lt = b+ o(1)) ast— + @,

where o(1) here represents a function of t which approaches zero as t becomes
infinite.

By Lemma 20c,

1 ad r
ri—x(t) — H.|t— b — .
) E(— r) [ 1§1 ar(ar + r)]

Differentiating with respect to ¢ this becomes
H, [t b f‘, 4 ]
’ k=1 ax(ar +7) )

If {, is, as before, the point associated with the one change of sign of H/ (¢),
and if in equation (8) we set

® =X Okro =
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t=b+Y — 4,

k=1 ax(ar +7)
then we obtain
hd r

) X [b + l§l ar(ar + 1) + L] -
As r— o« the variance of H,(t),

el 1

T (ax+ )
approaches zero, and so by conclusion B of Theorem 13b, with b, =0 and
ai replaced by a,+r, we see that {,—0, as r— «. It approaches zero continu-

ously by virtue of Lemma 20d. Therefore as r varies from zero to infinity all
values of ¢ from a certain point onward, say t= T, are expressible in the form

hd r
10 t=0b+ —_—t
(10) kz=:1 ar(ar + 1) d

This may conceivably be possible in several ways. For each t=T let »(¢) be
some one solution of (10). Conceivably 7(¢) is not a continuous function of ¢.
It is clear that as t—+ «, r(£)—+ . Equation (9) may now be rewritten as

X[l =L[t—b—¢0)] fort = T.

Since 7(¢)— © as t—®, {,,—0 as t— ». If for {,« we write o(1), we have our
theorem.

THEOREM 20f. If G(¢t) Eclass 11, L(t) is defined as in Lemma 20a, and xn(t)
is defined as in (S), then

, m 1
x,,.(t)=L[t—b,,.+E—+o(l)] ast— o,
1 Ak

where o(1) here represents a function of t which approaches zero as t— =

If as in Lemma 20a, we define a function L.(¢) by means of the equation
0 Lm
I YL
m+1 a‘k(ak + Lm)
then by Theorem 20e

(11) : xm() = L[t — bm + 0(1)] ast— + .

Now
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t+i—-—L—-—— i

1 ai(exr + Ln) 1 ak(ak + Lm)

hence
12 L.(t) =L|¢ _
(12 @ [ +; ak(ak+Lm)]
As t— o we also have L,(t)— = ; hence
i L
(13) > —_—_ = Z -I-o(l) ast— o,

1 ar(ar + Lm) 1
Combining (11), (12) and (13)

: = 1
X = L[t =t 2 = + o),
as desired.

LeEMMA 20g. If H,(t) is defined as in (4), and if ¢ is the (by Theorem 13a)
unique point associated with the first change of sign (proceeding from left to
right) of H!'(t), then ¢ is a continuous function of r. A

The proof of this lemma, whlch resembles the demonstration of Lemma
20d, is left to the reader.

THEOREM 20h. If x(t) is defined as in (5) then for t sufficiently large ¢ =T)
we have

x" () g 0.

Differentiating twice the identity of Lemma 20c, we obtain

1 ol r
E(—-71) - H ( —b—k;lak(ak'i‘f)).

{_ X' + [, - xl(t)]z}ert—x(c) —

If we now set

(14) =) = Y — 0=r< ),

=1 ar(ar + 1)

where ¢ is defined as in Lemma 20g, we obtain
xX'[in] = [r = xltn ]2z 0.

Now D sy, 1/axr(ax+7) approaches infinity continuously as 7 approaches in-
finity, and {& approaches zero continuously (by Theorem 13b and Lemma
20g) as r approaches infinity, so that every value of ¢ from a certain point on
may be represented in this form
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b=bt > —

k=1 ax(ar + 1)

This proves our theorem.
21. Convergence properties of class 1I kernels.

LeEMMA 21a. If G(t) Eclass 11, and if x(t) s defined as in [5, §20], then
lim x'(§)/t = .
=+t o0

Since by Theorem 20e
X(®) = L[t — b+ o(1)],
it is sufficient to show that
1) lim L($)/t =

k-

From the definition of L(¢)

dL hed 1 —1

% -[E ]

dt w=1 (ax+ L)
As t— oo, L>wo and [ D i, (ax+L)~2]"'—+ . Equation (1), and there-
fore our lemma, follows immediately.

LeMMA 21b. If G(¢) Eclass 11, then

. Glx—1)
A lm — 2 =
tomw G(%0 — £)

uniformly for (x,Sx < =) for any x> x,.

B. f- G’(x - l)

G(xo _— t)
converges uniformly for (x;<x < ) for any x,> x,.
We have

G(x — )
— = gtx (@) —x(z—0)
G(xo hd t)
Using the mean value theorem we obtain
x(x — &) — x(20 — D= (x — 20)x’[%0 — ¢ + 6(x — x0) ],
where 0<6<1. Now

xX®» =0
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for t=¢ where { is the one change of sign of G’(¢). Also for ¢ sufficiently large
(t=T,), we know by Theorem 20h that
x"(?) 2 0.

Thus if T=max (T, {) —xe, we have

x(x = £) — x(x0 — £) 2 (x — 20X (%0 — £)

2 (%1 — x0)x'(%0 — 1),

for all ¢ such that t=< — T and all x such that x; £x < . Hence

G(x — ?)

S ——— = e @2x (28 t=—-T;x1 = x< ™),

G(xo - t)

Applying Lemma 21a we obtain conclusion A.
Consider next the integral

-T
(2) f X,(xo — t)ex (zg—t)—x (2=t g}

By virtue of the estimates just made we have
0= X’(xo —_ t)gx(lo—l)—x(r-t) < X'(xo — ;)e—(n—fo)x'(zo—l)’
from which, using the inequality

xe* < =12 0= 2 < »),

we obtain
0 < x/(x0 — f)exEo——x(==t) < =(z1—2)x" (20=1)/2,

Using Lemma 21a, the uniform convergence of the integral (2) follows.
Integrating the integral (2) by parts we obtain

- ! x(zg—t)—x(z—t) = | — G(x — ) ‘-T_ T G'(x— ¥
f_L X (%0 — £)exE—d=x(== = [ Goh t)]..z, f_L PP dt

Conclusion A and the uniform convergence of the integral (2) thus imply
the uniform convergence of the integral

T G'(x—¥)
o Glzo— 1)
Since G'(x—t)/G(x—t) is of constant (negative) sign for ¢t<—T and
(x1=£x < =), the integral .
T 1G'(x — ¥)
f_.,, G(xo— )
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f 0
-0
are uniformly convergent.

THEOREM 21c. If G(t) Eclass 11, and if the transform

and finally the integral
G(x—1
G(xo - i)

@ 1@ = "6z — idal)

converges for xo it converges for all x> xo, and if xy>xo it converges uniformly
Jor x, Sx Zx,.

Since the behaviour of G(x—#) as t—+ « is, by Theorem 9b, like that of
a class I kernel, the convergence of (3) for any x implies (as in the proof of
Theorem 15b) the convergence of

f “G(x — B)dal)

for all x, uniformly for x in any finite interval.
Now

@) OG(x — dda(t) = [G(x — Da®)]’_+ ' a()G'(x — f)dt.
-L -L

The convergence of (3) for x =x, implies, by virtue of Theorem 16 (part A),
that

(5) a(t) = o[G(xo — 8) |2 ast— — o,
Hence
G(x — L)
|G(x — L)a(L) | =0 (1) =D
and
0 oo ° 1G'(x— )
f Jewee-nlasom [ Fmrla

The uniform convergence of the integral (3) for x;<x <« now follows
from Lemma 21b. Thus our theorem is proved.

CoROLLARY 21d. If G(t) Eclass 11 and if the transform

(©) f(2) = f “6(x — Dbt
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converges for xo 1t converges for all x >xq and if x1>x, it converges uniformly for
X1Sx =X,

As a consequence of these two theorems we see that if G(¢) Eclass II there
exists a constant v,, which may be 4+ «© or — », depending on a(t) or ¢(#)
such that the transform

fﬁG(x — t)da(t) or f”G(x — Do(b)de

converges for x>v. and diverges for x <vy.. For x=+, it may converge or
diverge. This number v, is called the abscissa of convergence of the transform.
22. Application of the differential operator for class II kernels.

LEMMA 22a. If G(t) Eclass 11 and if x(¢) and xn(t) are defined as in [5, §20]
then given any €>0, there are constants T and C such that

L |
xm(t)éx<t+b-bm+z——e)+c (T=i< .
1 Qg

By integrating the estimates of Theorems 20e and 20f and using the mono-
tonic character of L(¢) one obtains this result.

LeEmMA 22b. If G(¢) Eclass 11, then

. Gm(x =19
A lim ——— =0,
t——w G(xo - t)

uniformly for (x,Sx< ©) for any x1>%o+bn—b— D_m, 1/ax;
G,..(x )

B. f Go(x )

converges uniformly for (x1<x< ) for any x1>%o+bm—b— D vy 1/as.

Choose any positive € <% —xo—bn+b+ Y m, 1/a;. Then by Lemma 22a
there will exist constants T and C such that

G,..(x—t)<evc;<x—t+b—b,..+2m:i—e> ¢tz 1),

1 G
from which we obtain

LA |
G{x—t+b—bn —_—

1 Gk
=
Go(x — 1) G(xo — t)

Since x = x1>x¢+bm—0— ZZ‘_l 1/ay
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LI |
f—=t4+b—bn+ D, ——e>x—1t+5,
1 Gk ’
where
. = o1
6=x1—xo—bm+b+z———e>0.

1 Ak

Conclusion A now follows from conclusion A of Lemma 21a. This estimate
may be again applied to show, after the proof of Lemma 21a, that

0
f x'(xo —_ t)ex (zg—t)—xm (z—t) ¢
—

is uniformly convergent for x; <x < «. Integrating this by parts and using
conclusion A we obtain conclusion B, on noting that G,,(x—¢)/G(xo—¢) is of
constant sign for ¢ < — T and for all x=x,, where T} is an appropriate con-
stant.

THEOREM 22c. If G(t) Eclass 11, and if the transform

W 1@ = [ 6tz = piat
has abscissa of convergence 7. then
@) PuD(®) = [ Gali = )it

the integral converging uniformly for (x1Sx Sx,5) for any x1 and x; such that
Yetbm—b— 2" 1/ar <x1.

It is clearly sufficient to prove that the integral (2) is uniformly con-
vergent for (x1 Sx <x.). Since, as {—4 0, G(x —¢) behaves like a class I kernel,
the convergence of (1) for any value of x implies the uniform convergence of

f " Gl — tdall)

for x in any finite interval.
By the definition of v, there must be a value %,

I |
B — Yo < T1—Vo— b+ b+ D, —

1 Ak
for which (1) converges. By Theorem 16 (part A)
3) a(t) = o[G(xo — $)]? ast— — oo,
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Integrating by parts, we have
:G,,.(x — fda(t) = [Gu(x — t)a(t)]ir-i- f ZG,'..(x — ta(t)ds.
Using the estimate (3) and Lemma 22b we see that the integral
f oG,,.(x — t)da(t)

is uniformly convergent for (¥ =x < ). Thus our lemma is proved.

TaEOREM 22d. If G(t) Eclass 11 and if the transform
1) = [ 6t = notoa
has abscissa of convergence ., then
PuDIf(s) = [ Gulz = Dottt

the integral converging uniformly for (x, Sx =Zx,) for any x, and x, such that

1
'yc+bm-b—z:——<x1.
1 O
This is a corollary of Theorem 22c.

THEOREM 22¢. If G(t) Eclass 11, if the transform
flx) = f G(x — t)etda(t)

kas abscissa of convergence ., and if Y.+ by —b— Z’{‘ 1/ar <x) <x3, then
A. c<az and m = N(G) (see Definition 18f) imply that

f " 2P (D) f(x)dx = f " Gn(s — D00 (i)ds

"f Gu(x1 — e c=1—Dq(t)dt;

B. aeSc and m = N(G) (see Definition 18f) imply that a(+ =) exists and
that

[ eeraoipaz = [ “Gu — et [a( ) — al) .

—C

Case A. By Theorem 22c, the integral
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@) f Gn(x — Dec0da(l) = e~*=Pn(D)f(x)
converges uniformly for (x; =x <x.). Further by Theorem 16, and so on,

lim G(x — He = Va(t) =0
t—%t o

uniformly for (x; Sx x,). Hence we may integrate (4) by parts to obtain
- f _: dit [Gn(x — De==0]a(t)dt = e===Pm(D)f(),

which is uniformly convergent for (x; <x <x.). This may be rewritten as
f -: ;d; [Gu(x — Hec=0]a(H)dt = =P (D)f(x).

If we integrate under the integral sign between the limits x; and x,, which is
permissible because of the uniform convergence, we obtain

fn e P (D)f(x)dx = f ) [Ga(x2 — )ecer — G (21 — t)e<=1=0 |a(P)dt.

zy —00

If m = N(G) this may be written as

f ® eesP o (D)f(x)dx = f " Gu(ws — e-Da(i)dt

- f (1 — De—E—Da(d)ds,

since for m = N(G) each of these integrals is (absolutely) convergent.
Case B. By Theorem 22¢, the integral

o Po(D)f(x)dx = f Gl — DecC=Dda?)
converges uniformly for (x; S x < x.) for every xa=x;. By Theorem 16 (part B)

lim G(x — e [a(w) — a(f)] =0,

t—t

uniformly for (x; Sx=x.). Arguing just as in case A we obtain

f ® P (D)f(2)dx = f " (s — e at) — a(w)]dt

+wa,,.(x1 — t)ec@ [a(w) — a(t)]dt.
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We must show that

lim me(xz — e [a(t) — a(w)]dt = 0.

Xg—r o0 -—c0

Consider the case where a; <c. Using the estimates of Theorem 16 we see
that

fﬁoG,,.(xz — et [at) — a(o)]dt K O(l)f wG,,.(xg — De—c=—A(t)dt,

where
A(®) = [G(xo — Hecrn]-1,

xo being any number greater than ..
We first assert that

(5) A =0 (—o <t < ),
(6) A E L (|t z D,
) A(+ ©) =0,

where T is some suitable constant. Inequality (5) follows immediately from
the fact that G(£) >0. When ¢ is large and positive the asymptotic estimate of
Theorem 9b may be employed to show that 4(f) € |, and also that A(+ «)
=0. When ¢ is large and negative the equation
[6 (20 — §) = oGlxo — )]t~

(w0 — et ]2

shows that 4’(f) =0, that is, A E | .
Finally we assert that if

A(f) =

m o1
to> %0+ b—bm— 2, —>
1 Gk
then
(8) Gm(to — B)e—ctt = o[ oy G(%o — t)e—eczo—n] , i+ .

When ¢ is large and positive this follows from the asymptotic estimate of
Theorem 9b, and the fact that m = N(G). When ¢ is large and negative equa-
tion (8) may be shown to be true by using Lemma 22a, and so on.

The assumptions of Theorem 17 (A) are thus satisfied. It follows that

lim Gu(22 — =94 ()dt = 0,

X3—> 0 —c0



1949] INVERSION OF A CLASS OF CONVOLUTION TRANSFORMS 187

and hence that

lm [ Gu(xs — )9 [a(f) — a(»)] =0,

Xg—r0 —00

that is,

f e=+=P o (D)f(x)dx = f (1 — e [a(00) — (i) ]dt.
E7 —o0
Thus we have proved conclusion B, under the assumption that a; <c. The case
where a2 =c¢ may be disposed of with only slight variations.

23. The inversion theorem for class II kernels.

THEOREM 23a. If G(t) Eclass 11, if
f(2) = f “6(x — ectdall)

has abscissa of convergence ., and if x1 and x» are points of continuity of alt)
then
A. c<az implies

r2
lim 2P (D)f(x)dx = a(xs) — a(x1).
m— o z
B. as=c implies

0

lim e 2P (D)f(x)dx = a(®) — a(x1).

m—> zy

For all m sufficiently large, m = M, we have

m 1
>8>y tba—b— 2 —-
1 Gk
Thus, by Theorem 22e, we must show that
1) T | Gm(21 — e~ e Da(t)dt = a(x1) for ¢ < as,

m-—ro0 —c0
and

(2) o _:G"'("l = e a(w) — at) |dt = a(w) — a(x),

for as < c¢.

For m =max [M, N(G)], the integrals (1) and (2) are, by familiar arguments,
absolutely convergent. The proof is now a verbatim repetition of the proof
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of Theorem 19a. Theorems 11 and 13b are used to show that for any 6 >0
lim Gu(21 — e [a(0) — a(t) ]dt = 0,
m=s o |z~ 28

and Theorem 12 is then employed in a Fejer type argument to complete the
proof.

TrEOREM 23b. If G(t) Eclass 11, if
1@ = [ "6 = natar

has abscissa of convergence v. and if x, is a point of continuity of ¢(t) then
lim P,.(D)f(x1) = ¢(x1).

m—» o0

For all m sufficiently large we have

m o]
0> Yo+ bn —b— >, —;
1 Gk

hence by Theorem 22d it is enough to prove that

lim ”G,,.(xl — o(Hdt = ¢(x1).

m— 0 —

The difficult point is to show that, given 6 >0,

3) lim f (1 — D)t = 0,
m— o z1+8
z1—8

@) lim (1 — D(t)dt = 0.

In order to apply Theorem 11 these integrals must be transformed so that
they become absolutely convergent. As t—+ «, G(x—¢) behaves like a class
I kernel, and the demonstration of (3) may be taken bodily from the proof of
Theorem 19b. To establish (4) we integrate by parts obtaining

(5) J, 6o — nar = lGutw) - [ Growoar
where
= 1 d.
4 = [ ot = pa

If xo is any number, x >%., then by Theorem 16
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v(@) = o[G(xo -+ (t—> 4+ »).

For m so large that

» 1
Xy > x0+bm— Z —
1 O
the integrated term in equation (5) will vanish and the integral on the right
will be absolutely convergent, by Lemma 22b. This justifies equation (5). We
now have

Y © ’
Gm 1 — d =< 1 x(Io"ZH-t)Gm dt.
jfa ((x1 — 8) t'SO()L | e ()| dt

For all m sufficiently large G,,(t) is, by Theorem 13b, of constant sign in the
interval (6 =¢t< =), so that

f " ()6 — t)dt‘ < 0(1)

o0
f ex—=k0G, (1) dt I .
1

Integrating by parts

L " Gn(Dé(1 — t)dtl

= O(1)ex=—=a1td)G,(5) + O(1) lf Gu(t)X (%0 — 21 + t)ex(‘o—xl“’dtl.
8

By Theorem 13b the integrated term will approach zero as m—«. By
Lemma 22b the integral on the right is absolutely convergent. Theorem 11,
and so on, may now be employed to show that it approaches zero as m— «.

Having established (1) and (2) the proof may easily be completed.

24. The inversion formula for class III kernels. The kernels of this class
are like the kernels of class II except that instead of approaching zero very
rapidly as t—+ «, they simply vanish from a certain point on. This “de-
generacy” makes them very easy to discuss, and indeed the methods de-
veloped for kernels of class I suffice here.

We previously supposed that ¢(¢) (or a(t)) was defined for (— © <t< =)
and was integrable (of bounded variation) in every finite subinterval. Here
we need merely specify that ¢(¢) (or a(t)) is defined for (4p<t< »), and is
integrable (of bounded variation) in every closed finite subinterval. The num-
ber ¢ is a constant, possibly — «, associated with ¢(¢) (or a(t)).

LeMMA 24a. If G(t) Eclass 111, then G(t) does not vanish for (— « <t<b
+ 2r1/a).

If our lemma is not true, then there is a number &,
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=1
E<b+ > —>
1 Gk
such that G(§) =0. From Thearem 10, G(f) =0 for (§St< x). Now

1

0 s !
elnH(l —_— _) etlck
1 ag

After a change of variables this becomes

f‘”e‘WG(b + i 1/as — y>dy = ﬁ
1 ay

where e=b—§+ 2. 1/ax. This implies by the elementary theory of the
Laplace transform that

f _E Gi)etdt =

1

hod s
II (1 + —-)‘
1 ak
Since I (14 [s/ax]) is at most of order 1 minimal type, see [2; vol. II, p.

249], this is impossible, and our lemma follows.

THEOREM 24b. If G(t) Eclass 111, if a(t) is defined for (to<t< ), and if
the transform,

= o(e~**) as s = + .

f Glzo — f)dall),

converges for some xo>to+b+ Dr 1/ax, then it converges for all x>to+b
+ 2. 1/ar, and uniformly for (x1 S x S x,), where to+b+ Y1 1/ar <x1 <x2 < .

The proof is similar to that of Theorem 15b and is omitted.

THEOREM 24c. If G(t) Eclass 111, if a(t) is defined for (1o <t< ), if

f(x) = f Gz — fe+etdals)

converges for some x>to+b+ D 1 1/ar, and if x, and x, are points of con-
tnuity of a(t), x1, x2>to, then

A. c<ay implies

lim "e—czpm(p)f(x)dx = a(x2) — a(®1);

m—o z
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B. a1 =c implies
0

lim e“’P,.(D)f(x)dx = a(x) — a(x).

m— o EN

TureoreM 24d. If G(t) Eclass 111, if ¢(t) is defined for (b <t< ), if
1@ = [ 6tz = Do

converges for some x>to+b+ D+ 1/ax and if x, is a point of continuity of ¢(t),
x1>to, then
lim Pu(D)f(x1) = ¢(x).
m—» o -
The proofs of these theorems are essentially contained in the proofs given
in Sections 18 and 19.
25. Relaxation of continuity conditions. We now return to the general
kernel G(¢). It is natural to suppose from the known examples of our theory,
for example, the Laplace and Stieltjes transforms, that if

f(z) = f_"coc —~ Do()ds

converges, then
lim P.(D)f(x) = ¢(x)

m—>o0

almost everywhere. If the constants b, in the operator E(D) which de-
termine the magnitude of the arbitrary translations approach zero not too
slowly, this may be shown to be true. For the Post-Widder operator bn
=0(m~1'), m— «, whereas the present theory would even permit b,, = O(m=1/2).

THEOREM 25a. If G.(t) is defined as in Theorem 3a, and if
© 1

Sm = Z -3 b
m+1 ag
then
Gm(t) < 27°S3"° (— o <t< o).

There are two cases which we must consider.
A. S,22 max (|an+1]-2 |an+2|72 - - -).
B. S,.<2 max (I;am+1|"2, lam+2]-2 - - -).
Case A. We have ) " »
i p

1
Gn(t) = — ds,

271 i had s
e II(1 - —) etlek
m+1 ag
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1 p- dy
Galt) S 5= f m— _.
i+ )]
m+1 ay
Now
y? 1
o H(+2)=t4ssator B S(smg)+-oo
m+1 a kmm+1 ak ay,

the hlgher terms having positive coefficients. Since we are dealing with case A
we have

1 1
Sm=—ZSwm E=mtlmt2.
Gk
and ‘
had 1
II 1+—y;2)g1+y’s..+—y‘sf,..
m+1 a 4
Hence

) dy
Galt) = 21rf o [1+ ¥2Sm + yAS2/4]102

1 '
< —-S,,.mf v
2r —» 14+ 9%/2

~1/2
21/2 S"'

Case B. In this case there exists an integer r greater than or equal to
m-+1, such that

1 1
— > —S8n
a 2
If we set
100 G"
ﬂ() = 2__ - dst
W —ie ebm' H 1 a— i e’/ﬂk
kwam4-1,kpsr ag.

then we know from Theorem 12 that R.(f) is a frequency function. By the
convolution theorem for the bilateral Laplace transform

Gall) = f " o) Rt — )d,
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where g.(u) is defined as in §1. Now

Gn() £ max g.(w) ~°°R.,,(t — w)du < | a,|.

—w <o —c0
Since |a,| <212S,'? we obtain
Gat) < 257" (— o <t< ).

Combining the results for cases A and B, we obtain our theorem. It is inter-
esting to note that S;'/? is the frue order of magnitude of max_,<i<ceo Gn(f),
since by (1), §13

3 -
max Gu(f) = — S,,.m.
—w << 16

THEOREM 25b. If in Theorems 19b, 23b, and 24d the assumption that ¢(t)
is continuous at x, ts replaced by the weaker hypothesis

z1+h
[ 160~ sanlat = o (h—0)

and if it is assumed that b, =O(SL?), where S., is defined as in (1), then the
conclusion of these theorems, that

@ lim Pn(D)f(21) = ¢(21),

m—>o

still holds. In particular, equation (2) holds at all points of the Lebesgue set of
&(t) and therefore almost everywhere.

We must show that, given ¢>0, there exists § >0 such that if
Y 8
In= Gn(?) [‘l’(xl - t) - ¢(x1) ]dt’
-3

then

limsup | In| < e

m—>o0

If £, is the point associated with the unique change of sign of G,,(f), then by
Theorem 13b

1/2

| tn| S | om| + 8Sm ,
and hence

1/2,

| £n| = O(Sm ).
Let
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M= sup [EnG(Em) ).

This is finite by virtue of Theorem 25a. We now choose & so small that

l¢(t)|§2M+lltl (—8st=39),

where
¥ = fo [6(21 — ) — () |du.

Integrating by parts, and using Theorem 13b, we have

H
I = lauow ), = [ Growaa,

8
| In] < o(1) + —— flG;(t)tIdt

2M +1J
€ é , 1]
< o(1) + CYTan 1[ f_‘G,.(z)(z,,, — Hdt + f_‘ | £nGm(?) | dt].
Now
1) , : 8
[ 62— vit = nt)ien — ), + [ Gttt
Y -8
=1+ o(1) (m — ),
é Em ©
wGu(?) | dt < | Em Gu(t)dt — | £m Gn(b)d
f_,IEG 0| =<|¢ If_.. (9de — | & Tfsm (t)dt
< 2| tn| Gmltm)
< 2M.
Thus finally
A . ,
| 1] §0(1)+2M+1 [1+ o)) + 2M],
limsupIm < e

m—> e
Another result which was to be anticipated is that if «(¢) is normalized,
a(t) = [at +) + a(t =)]/2 (— o <t< ),

and if the transform
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16 = | “6(x — i)da(l)

converges, then
z2

lim P.(D)f(x)dx = a(xs) — a(xy)

m—> o zy

for all x, and x,. This result is not unconditionally true, as we shall show by
an example. However, we can give a simple sufficient condition which in the
case of the Laplace transform at last yields as much information as the best
known result (see Pollard [8]). The present result is sufficiently general to
include all iterates of the Laplace transform.

THEOREM 25c. Let G(t) be defined as in Theorem 3a and let S, be defined
as in Theorem 25a. If

1
Cn=X T =0(S0) bu=0Sa"),
m+1 | Gk|3
then
. 0 1 . © 1
lim Gn()dt = —> lim Gn()dt = — -
m—ro — 2 m— o 0 2
Since
1
lim Gn(t)dt = 1,

m—o0 -1

it will be enough to show that limm.e, 8, =0, where
1 0
L] -1

A short computation yields
i r* 1—cosy

b = —

7 J o YEa(iy)

1 £° 1 —cosy 1 1
A e
TJo y En(iy) En(—1y)

As m— » the function E,(s) is approaching 1 uniformly for s in any bounded

set. Hence
. i Y1 —cosy 1 1 ’
hm - o - . ]dy = 0’
moe T Jo y En(iy)  En(—1y)
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Thus it will be enough to show that, under our assumptions,
1 1
En(iy)  En(—iy)
We split this integral into two parts I, and J,, corresponding respectively to

the ranges (1, NS,"?) and (NS,'?, =) where N is an, as yet, unspecified
positive constant. Since En.(¢y)~! and E,(—%y)~! are conjugate

© 1

lim dy = 0.

m—ro0 1 y

1 1 1
— - —— |5 2|———||sin arg —
En(iy)  En(iy) En(iy) En(iy)
1 1
=2 — | arg — 1.
E.(iy) E,.(iy)
Now |1 /E,,,(iy)l =<1. Furthermore
1 L
arg — | < | by | + X 1—tan"‘—y-.
En(iy) kmmi1l Gk ag
By Taylor’s theorem with remainder
tan~! x = x — 2%[1 + (6x)2]! 0:< 6 < 1).
Hence
3
l—tan“ll§ Y ’ k=m+1,m+2,.--.,
ag ag I ag I8
and

Ns;llz 1
In < Zf ~ Gyt 1 8a] 51y
1

3 _—38/2 —1/2

2
S 5 NSn'Cn+ 285, | b ].

It follows that lims., I»=0. On the other hand, using (1), we see that

Im S - [ 1 1 ]d
m = - . N y
wg¥t y LI En(iy) E.(—1y)

o 2 1
< [ ——
—Ls;‘/’ y W+Sm e

f” 2 1 J
=)y 5 i+ ®

A
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Thus

° 2 1
lim sup | 8, gf Sl S
,,.....pl | Nl rrpws L

Since N is arbitrary, our theorem follows.

THEOREM 25d. If in Theorems 19a, 23a, and 24c, we make the additional
assumptions that
3/2 1/2

Cn=08m) bmn=0(Smn) (m — )

where C,, and S, are defined as in the present section, then the conclusions of these
theorems hold for all x, and x..

We leave the proof of this result to the reader.
We now turn to the construction of the example mentioned in the re-
marks preliminary to Theorem 25c.

THEOREM 25e. If Gn(t) is defined as in Theorem 3a, if bn=0, and if

I | 1
3 —<
© r§2 o 10ta2 ’
then
[}
f Gali)dt < 48 (f Gmss > 0),
0
f Gn(t)dt = .52 (if @mn < 0).

Since "o Gn(t)dt=1, it will be sufficient to consider the case @m1<0. We
have from (2), §1, that

Ga() = [ gm0 Ruialt = w)d

where
Emp1(4) = — @peomtrtl > a:,l.,.l),
-1
gm+l(‘u) = O (t < a,,..,.l),
and
1 f00 eat
Runa(f) = — ds.
278 i 2 s
i(-2)--
m+2 ar

By Theorem 12, R,1(?) is a frequency function with variance Y m,. a;? and
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mean 0. By the argument used in the proof of Theorem 13b,

1
R,,.+1(t)dt =1 —6—2 —21—.04 = .96,

-3 m4-2 [

if 6 =(—20@m+1)~! and inequality (3) is assumed. Now
48

Gm(t) = min gmia(%) R, (t — u)du
lu—t] S8 t—b
2 — .96y 60t (tHD-1 (t S Gmps + ).

Hence if to=a,},+6=.95a,},, then
0

0
f Gn(t)dt 2 — .96am+1e—1.05f eomtitdy
—o0 ) .

0

.95
= .96e‘l'°5f evdy = .52,
0

which proves our theorem.
If we set

E(s) = fI(l - —f—)

1 ek

then it is easily verified that for every m

1
22 ;1-;)_1; 10%e10(m+D)

Consequently 7o condition of the form

: bn = Ow(m)] (m— ),
where w(m) is a function of m, can insure that
1
lim Gm(t)dt = lim G m(t)dt = — -
m-—ro0 — m— 2

26. Generalization of the preceding theory. We wish now to generalize
our theory in two ways. We shall permit E(s) to have a zero of arbitrary order
at the origin and in the line integral defining G(s) we shall permit the line of
integration to be (instead of the imaginary axis) any vertical line not passing
through a root of E(s). Let us begin with two preliminary results.

LEMMA 26a. If

] s
E*(s) = s’e’”H(l - ——) e*/ex,

1 ay
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then for any real number c not a sero of E*(s)
E*(s 4+ ¢) = E*(c)J(s),
where J(s) has the same type expansion as E*(s):

J(s) = e""(l +—s—> e-"'?II(l -2 )e'“"-",
4 ar — C

k=1
PR RN .
[ 1 ak(a,, - C)

Observe that J(s) has for its zeros those of E*(s) each decreased by ¢
and that J(0) 0. The proof of the lemma follows immediately from the alge-

braic identities
c s s+¢
(- -5
ar ar — C ag

1 c 1

ar—c¢ aiplar—c) ax

LeEMMA 26b. If E*(s), J(s) and c are deﬁned as in Lemma 26a, then

J(D)[e

()

Here, as always, J(D) and E*(D) are to be interpreted as limits, cor-
responding to the limits defining the infinite products involved. The proof is
easily supplied by use of the differential identities

(1+ 3) [f()] =

(1- ) )] = 22 (1 -2) 1.

THEOREM 26c. If .

had s
1. E*(S) - e"’s'H(l —_ .___) e:/ak,

Qg

ctiw  pst

) .
2. G*@t) = — (c*an,k=1,2,--+;¢50),

ds
27iJ o E*(5)
3. f(2) = f G*(x — (t)dt,

then
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E*(D)f(x) = ¢(x)
in the same sense as in Theorems 19b, 23b, and 24d.

By the change of variable s=2-+c¢ we obtain

1 {00 etzt+e)
G*(t) = — ——da.
27id —io E*(z + ¢)

By Lemma 26a, this becomes

ct 10 ezt
G*(t) = — —_——d3.
2xid i E*(c)J(2)
If we set
1 10 ezt
H (t) = — —dgz,
2w —iw J (Z)

we see that H(#) is precisely the type of kernel (J(0)0, ¢c=0) that was
studied throughout this paper. Moreover, the transform defined in condition
3 now becomes

f(x)e= = f-:H(x ) [e"‘eﬁ(t) ]dt.

E*(c)
Hence it can be inverted by the operator J(D),
e*p()
J(D —e| = .
D) [f(x)e] ot

But by Lemma 26b,

JD) [f(z)ee] = E;L:)E*(D)f(x)-

Hence
E*(D)f(x) = ¢(x),

and our result is proved.
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