ORTHOGONAL PROPERTIES OF INDEPENDENT
FUNCTIONS

BY
SAMUEL KARLIN

This paper investigates the orthogonal structure of independent systems
of functions. The tendency in dealing with independent functions has been
largely to establish results relating to the law of large numbers and central
limit theorems (see [1])(?). The treatment here is concerned with an analyti-
cal study of the orthogonal properties of independent functions and does not
consider probability interpretations.

Two functions f1(¢) and f»(¢) are said to be independent over the interval
(0, 1), if for any «;, 8; (¢=1, 2) we have

| E (@1 < filt) S By, a2 < /o)) < B2)|

W) = | f(al < fit) = BY]| f(az < fa(®) = B2)|

where | | denotes the measure of the set. The extension to several functions
is done in a natural manner [4, pp. 61-63].

The classical example of such a system of functions is the well known sys-
tem of Rademacher. This system can be defined as follows:

x,(8) = sign sin (2"Hx) for0=¢t=1,
xo(t) = 1.

Other important systems have been introduced by Steinhaus [2, pp. 23~
27], and Kac [3, p. 64].

Some immediate consequences of the definition are

(@) If x1(¢), - -+, xa(t), are independent, then

@) fo l I':I wi(f)dt = I'I'I fo sty

If we assume the mean value of each x.(t) equal to zero, then the orthogonal-
ity of x,(f) results from (2). Another result is that if ;4 - - - 4-x, belong to
L», then each x,(¢f) belongs to L? for p=1. It is to be remarked now that
%a(¢) considered as an orthogonal system is incomplete, that is, there exist
nonzero functions (for example, g(¢) =x:1(¢)x2(¢)) which are orthogonal to all
x(f). Consequently, no uniqueness of expansions can be expected.

Presented to the Society, February 26, 1949; received by the editors December 13, 1947.
(*) Numbers in brackets refer to the references cited at the end of the paper.
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Independent functions are important for their connection with inde-
pendent random variables, and on the other hand, for any sequence of meas-
urable functions f,(¢), there exists a sequence of independent functions x,(¢)
which are equimeasurable to f,(t) respectively [4, pp. 62-63].

This paper is divided into three main sections dealing with convergence,
summability, and lacunarity respectively. In §1 convergence in L? and ordi-
nary pointwise convergence are discussed. §2 treats relationships of summa-
bility to convergence. Finally, in §3 the connection of lacunarity and inde-
pendence systems with lacunary orthogonal systems is considered.

Whenever an integral is written we presuppose sufficient assumptions to
insure the existence of the integral. The assumption of existence of the
integral will always be valid if it is assumed that |x,,.(t)| < M,, that is, that
%m(t) need not be uniformly bounded. Less restrictive conditions can usually
be imposed.

The domain of definition of x,(¢) is (0, 1). The conjugate exponent p’ to p
will be the number such that 1/p+1/p'=1.

1. Convergence. In this section we deal with convergence properties of
independent series. The first part of this section will be devoted to studying
modes of convergence of partial sums and their interrelationships.

Let x,(¢) be an independent system of functions each possessing a mean
value zero, [oxa(#)dt=0. This assumption implies that the x.(¢) can be con-
sidered as an orthogonal system of functions. We do not at first assume that
the system is normalized.

An essential tool which will be used frequently throughout the paper is
the follo]wing lemma established by Marcinkiewicz and Zygmund [5, pp.
109-115].

LeMMA 1. If [ixa(t)dt=0, then for all m

1 1 )
(1) max | s(f) |?dt < Kf | sm(®) |7dt - for1 S p =S oo,
0

0 1=ns=m

@ Az'»fol(ﬁ;xfyz gfol | sm(t) |7d2 < A,,fol(z an’"

for 1Sp< o, where su(t)= Y Tx.(t) and A, A} are constants depending
only on p.

We first establish a lemma which is fundamental in all that follows.. ‘

LEMMA 2. 4 necessary and sufficient condition that Zj"azxz(t) =5,(t) con-
verge to a function belonging to L» (1 <p < ) is that

fllsf»(t)lpdté‘)' form=1,2,+--.
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Proof. Necessity. In virtue of Lemma 1 and the fact that s(£) =31 @nx.(t)
is in L?, we have

1 1 1
f | sa(2) |Pat §f max | s.(¢) |dt < Kf | s(t) |7dt < .
[} [} n 0

Sufficiency. Since [3]sa(t)|?d¢<y we have by Lemma 1 that
1 n

f 3 amn(®)
0 1

Hence, Zi"aﬁxf,(t) converges a.e. to a p/2 integrable function. Since

»l2 v

dt £ — -
%

o 22
Ga(t) = Z axi(t) Z Gria(t),
we obtain in employing Lemma 1 and Lebesgue’s convergence theorem that

(2a) fo ' | sm() = su(t) |7dt < 4, f 0‘( % afxf(t))mdt <e

provided n>m = No(e). Again, for any n and m

1 1
3) max | s,(2) — swm(%) I”dx =< A,,f ] sa(x) — sm(%) ‘de < K.
0 m=tsn 0

Therefore, if F,,=max ,,,g,g,.ls,(x)—s,,.(x)h and since Fp n S Fnnn s ¢ ¢ -,
it follows from (3) that lim,_.oFn,. = F.. exists almost everywhere. Moreover,
F.2 F,12 - - - 20 which gives on account of (2a) that lim, F,=0a.e. The
conclusion of the proof of the theorem is now immediate.

The theorem is also valid for p = ». It can be shown that the lemma does
not remain true for p<1.

We present now several applications of this lemma. For completeness,
several definitions will now be given.

A sequence of functions f,(f) converges weakly in L» (1£p< =) if for
every function g(¢) in L?'(M), we have that

1
lim fa(t)g(t)dt
n—®o 0

converges.
A sequence of functions f.(f) converges strongly in L? (1=p< ) if

lim 1 | 7a(8) = fm(®) |Pdt = 0.
My N—> 0

A sequence of functions f,(f) converges in the ordinary sense if f.(¢) con-
verges pointwise for almost every £.
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Finally, a sequence of functions f,(¢) converges asymptotically to a func-
tion fo(¢) if for any >0
lim | E[] () = i) | 2 ]| =0,
n—w
where | | denotes the measure of the set.
A further lemma which is needed will now be given.

LEMMA 2a. If s.,(t) converges a.e. to a function f(t) integrable L?, then
sa(t) converges a.e. to f(t).

REMARK. The subsequence #; is arbitrary.
Proof. The set of functions

an(t) = alxl(t) + AR + anlxnl(t)y
(3a) Xag(®) = @t 1%a 1) + ¢+« + + Gayxa, (D),

.................

form an independent system, each having a mean value zero. Moreover, since

IS"I:I S max |s"k|’
k
Lemma 1 implies in virtue of the hypothesis and (3a) that
1 1 1
f | 5uy(0) |7dt < f max | sn,() |7dt < K f | ) |7dt < 7.
0 0 k [

Also, for n; <n <npy

1 1 /2 , 1 /mptl 2 2 pl2
f | 5a(0) |dt < A,,f it < A,,A,,f (Za,.x,,(t)> dt
0 0 0 1

1
<G [ lsnntlrars .
0

n 2 2
2 arxi(t)
1

This implies in virtue of Lemma 2 that s, converges to f(f) almost everywhere.

THEOREM 1. For any 1Sp< = the following equivalent statements are
valid for {sa(t)}:

(@) Weak convergence in L7;

(b) Ordinary convergence to a function belonging to L?;

(c) Strong convergence in L?;

(d) Asymptotic convergence to a function in LP.

Proof. (a)—(b). Since weak convergence of sn(¢) in L? implies

1
f | sn) [7dt < ¥
0
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for an absolute constant v independent of m, an application of Lemma 2 gives
the result.

(b)—(c). This is a consequence of the proof of Lemma 2.

(c)—(a), (c)—(d). These are well known.

(d)—(b). The hypothesis of (iv) yields the existence of a subsequence
sm—f(2), where f(t) EL?. An application of Lemma 2a completes the proof.
Q.E.D.

It is to be remarked that in a certain sense the hypothesis of Theorem 1
are best possible. For it is well known that there exists an independent series
> £ x.(t) which converges almost everywhere but which does not converge
in norm of L2 We construct such an example. Consider the set of functions
24(t) defined on the interval of (0, 1) as follows:

A, 0s:= Pn/zy
gn(t) = { —aa, Pa/25 8 = pa,
Oi Pn é t é 1’

where a, shall denote a sequence of real numbers increasing sufficiently rap-
idly. There exists a sequence of independent functions x.(f) equimeasurable
with ga(¢) respectively [4, p. 62]. Thus each x.(#) has a mean value zero. If
we consider the set of ¢ where

@ = -‘E (xn(t) =0, xn+1(t) =0,--- )’

then clearly

ESE=<E=-
n n+l nr2
It follows from the hypothesis on a, that a point of convergence of the series
D %a(t) necessarily requires that the value ¢ lie in the set E, from some m on.
On account of the independence of x,(¢) and the definition of g.(¢), we
obtain

measure [II E,.] = J] measure m(E,) = [T (1 — pa) =1
provided that > p,< ®. If we evaluate
1y m
[ =0
0 1
then on choosing Y alp,= =, > pn< o we find that D x.(f) converges
almost everywhere, but does not converge in the norm of L2 In view of

Theorem 1, it is clear that f(t) = Y %.(f) cannot belong to any L? class for
p=1.

2 m 2
dt = Z P,y
1
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As an immediate consequence of Theorem 1 and Lemma 2a, we have the
following corollary.

CoRrROLLARY 1. Weak, strong or ordinary com)ergehce to a function in
L? (1=2p< ») of any subsequence s,, implies the same conclusion for the entire
sequence.

This statement asserts that if s,(¢#) does not converge almost everywhere
to a function in L?, then no subsequence can converge to a function in L2,

We apply Lemma 2 in another direction. It is well known [6] that for
p>1, a necessary and sufficient condition for weak convergence in L? (p >1)
of a sequence of functions Z}"a;x;(t) =s5n(t) is that for every #, we have

4) f us,.(t)dt — f us(t) where s(¢) € L,

s) f | 5u) [7dt < .

If we consider x,(0) =7,.(0) where 7,(f) are the Rademacher functions,
then if

fo ) m;a,.r,.(o)daa fo “far

for every u where f(f) is in L? (p=1), then Y ra.r.(0) converges almost
everywhere to f(¢). In virtue of Lemma 2, this implies

f ' 5 an0)

Hence, condition (4) above is necessary and sufficient in the case of the
Rademacher functions for weak convergence in L?. In the case of a general
independent series, we can assert statements of the following form:

If

b4
do = «.

(6) fo l | sa(t]) @2 < v,

(7 fo “s,.(t)dt - fo “s(t)dt

where s(¢) is in L? (p = 1), then s,(¢) converges weakly to s(¢) in L». For, in-
deed, (6) implies in virtue of Theorem 1 that for every »

®) fo * ()t — fo “fodt and  sa(®) — f0)
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a.e., where f(#) is in L. This together with (7) yields that f(f) =s(¢) almost

everywhere. Finally, Lemma 2 gives the result.
We proceed now to discuss other questions related to convergence of

Sn(t) = i a;x;(t).

We establish first an important lemma.

LEMMA 3. If |\a| S M, then for m=1, 2, - - -,
1 m

f E @, %n(2)
0 1

Proof. A double application of Lemma 1 gives

1 P 1
f it < A,,f
0 [}

1
M”A,’;f
(1]

1
< MA,,A;f
[]

P
dt  forl=p < o,

P 1
dt < k(p, M) f
0

Z M@ (D)
1

m p/2
3 ademn())| dt
1

Z PN ()]
1

pl2

dt

IIA

)

3" anza(t)
1

m P
> aaxa(t) ’ dt.
1

THEOREM 2. If s.(t) converges to f(t) a.e., where f({) EL? (1Zp< =), then
[ rosyae = X ot
1
the sum converges absolutely with a, and b, the Fourier coefficients of f(t) and

2(t) respectively with respect to x.(t) [g(t) is any function in L*'].

Proof. The hypothesis implies in virtue of Lemma 1 that f3|s.(¢)| ?dt <v.
Applying Lemma 3, we have

1
J.
This implies in virtue of Theorem 1 that for any g(¢) in L?’

Z Aﬂ‘zﬂbﬂ < ®©

for every bounded sequence l)\,,l =1. In particular, putting N\, =sign @.b.
shows that ) |a.b.| < . Moreover, clearly

ffg = Z azb,.

THEOREM 3. If s,(t)—>fEL? almost everywhere for p=1, then s.(t)

m P
D Atax, ()| dt S ¥
1 .
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= > Yawi(t) converges unconditionally (by every rearrangement of its terms

a;x;(t)) to f(t) .

Proof. In virtue of Lemma 2 and Lemma 3, we obtain for any |)\,.| =<1

s

Choosing A, to be 0 or 1, we obtain

1
I
for every subseries. This in virtue of a well known result [6, chap. 1] gives the
unconditional strong convergence in L?. Applying Theorem 1 yields the ordi-
nary unconditional convergence. To show that every rearrangement con-

verges to the same function, we have by Lemma 1 for M sufficiently large
that for any N> M

P

Z An@nx,(8) | dt £ .
1

m
2t ()| dt S v
1

1| N N P , 1 © 2 2|p/2
f D iy Fniay (&) — > anx,.(t)| dt < A,,f Z a.x,| dt S e
o | 1 1 0 | k=L(M)
Moreover, since
1 N p N b4
[0 - Zono[amo [l - Zowme| a—o
0 1 1

we infer that f(¢) =g(¢) almost everywhere.
THEOREM 4. If | X Ta.x.(t)| S K a.e., then D 5| a.xa(t)| < = a.e.

Proof. We first deal with the case of Rademacher functions 7,(6). Let us
suppose that | Z{"a,.r,,(O)| <K a.e. We introduce the positive kernel
H’l"(l+rk(0)). For any I)‘k| =<1, on account of the independence of r,(8),

3 g = f U5 ara® TL (1 + Nara(@)) 8
1 0 1 1

A

1 m
max | S| f IT (1 + Aeri(0))dd < K.

Putting \, =sign a., we get »_|a.| <. We proceed now to the general case
where

(10)

= K.

f: a,%,(2)
1

In the familiar way, we insert the Rademacher functions and we obtain for a
fixed @
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=

(11)

Z. @n%n () I + 2 Gn;%n,(8).
1 1

i @0 %n(8)7,(6)

In virtue of Theorem 3, (10), and Lemma 2 with p = », we have that for each
0 almost everywhere in ¢

ia,.x,.(t)r,.(o) = 2K.

On account of Fubini’s theorem this implies that for almost every ¢

> amtn®)| s C
1

almost everywhere in 6. In view of the first part of the proof, we obtain almost
everywhere in ¢ that ZI a,.x,.(t)l < », which completes the proof.

COROLLARY 1. If D Ta.x.(t) converges, a.e. to a bounded function, then
2 anxa(®)| < < ae. ‘

This follows immediately from Lemma 2 and the theorem. A further
remark in this connection is that if s,(#) = —A4 almost everywhere, then we
assert that s,(f) converges almost everywhere to an integrable function.
Indeed

()| dt = . Al|d Aldi= | s.()dt + 24 = 24.
fols(t)lt<fo|s(t)+ |t+f°] | d¢ fos(t)t+

Applying Lemma 2 we obtain our result.
> 12t is of interest to study the relationship of convergence of >_raxx:(f) and

(/Y < oo,

We say that {x,.(t)} possesses the property C, if whenever >_7ax:(f) con-
verges to a function in L?, then Y a}< . It is sufficient to study the prop-
erty C, only for 1 <p <2, the case of p=2 being trivial. We now supplement
a'result of Marcinkiewicz and Zygmund [4, pp. 65-67].

THEOREM 5. A necessary and sufficient condition that {x,.(t) } kave property
C, (1=p<2) is that lim inf [}|x.(s)|7dt=A>0.

Proof. Necessity. Let us suppose the contrary that lim inf f (l,l () [ ?dt=0,
then let #; be determined so that

1 1
fo | 2au(2) |7dt < =

Choose @,,=1. Otherwise a,=0.
Using the inequality that for x, ¥, 3, - - - 20 and 0<7r<1

(+y+szs+---)y<a+y+z+---,
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since p/2<1, we have

1 P
di<4, e | < 4 xa(0) |7d
fo t < f lZax(t)| ¢ fZIax(t)[ i

3" 6.0t

Y PAENCIED> —;év.

In virtue of Lemma 2, we obtain that Zl axxr(t) converges to f(t) ELe.
However, since a,=1 infinitely often, Za,,< o which contradicts the

hypothesis.
(f (an)k)uké Z(ff:)“k for0<k<1

Sufficiency. Since
where f, =0, we have, since p/2<1, that

E([ 1amora) = £( [ 1o )"
(12) (f S )
= A;»(fo | 3= anza(®) I") o

If > Ta.xa(t)—f(t) EL?, then by Lemma 2 and (12), we get
2/p
Slal( [ la0lFa) s

In virtue of the hypothesis, we obtain Y a2 < «, which completes the proof.
As a consequence of the proof, we have the following corollary.

COROLLARY 1. If lim inf [}|xa(f)|?dt=A>0 for 1<p<2, then
' 2 \1/2 » \1l»
(|5 ewtof)" s ]S )

for any sequence of constants an.

It is well known from the general moment problem that given a system of
functions {qS,.(t) } , a necessary and sufficient condition that for a sequence of
constants a; there exist a function g(f) in L? with a; = [gé: is that

1 »’ 1/p’
=7 [ f dt]
0

(13)
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where ki, -+ -, hn are any numbers and v is an absolute constant. Let us sups
pose now that Y ai< «; then there exists a function f(¢) in L? with a, as
Fourier coefficients with respect to x,(¢). In virtue of (13) and Corollary 1, we
have that there exists a function in L?" having a, as coefficients provided that

1
lim inf f | %.(2) |Pdt 2 A > 0.
0

Thus, it follows that:

COROLLARY 2. If lim inf [§|x,.(t)|?dt=A >0, then if 3 a2< = there exists
a function f(t) in L?' (M) with @, as tts Fourier coefficients.

In the next theorem we shall place an additional restriction on the sys-
tem, namely:

1
(14) lim inf f | 20| de 2 A > 0.
0

We have already encountered the same hypothesis in the previous theorem.
In essence, the class of systems satisfying (14) includes most important inde-
pendent systems. Any uniformly bounded orthogonal system has this prop-
erty. Moreover, as is shown in §3, any independent system x,(¢) for which
there exists a p>2 such that

1
f | x.(2) Ipdt < v (v is an absolute constant)
0

satisfies (14). Any independent system of functions which are equi-integra-
ble [1] possess this property. In general (14) is assumed in proving most
theorems concerning the laws of large numbers and central limit theorems.
We have now the following lemma.

LEmMA 4. If lim inf [§]x.(6)|dt=A >0, then for any set E of positive
measure

lim inf f | 2u(2) | dt 2 A > 0.
E

Proof. If D_Tb,x,(t) converges in a set of positive measure E, it follows
from the law of zero and one that it converges almost everywhere. The
hypothesis now easily implies that » 52< . We have thus shown that
Y b.x.(t) possesses the property that whenever Y b.xa(t) converges in E,
then Y b2 < . This gives as in the proof of Theorem 6 that lim inf [&|x.(¢)|de
=A>0.

THEOREM 6. If lim inf [}|x.(t)|dt=A >0, [ixi(t)dt=1, and if
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2| aaza(®) | <
in a set E of positive measure (1=<p<2), Zla”xf.(t) ] ?< o almost everywhere.

Proof. Since | a.x.(f)|?<® in E where m(E)>0 there exists a set
E’CE with m(E’) >0 such that in E’

(15) 2l ar®|r < K.

In virtue of Lemma 5, we have

(16) fEll wa) |Pdt 2 %le w()|dt 2 A > 0.

Integrating (15) over E’ with use of (16) yields Y |a,.| < . Integrating, we
obtain

fl | 3 auma(t) |7dt < Ela,,lrf v(d)dt < .

This easily yields that 2| a.xq(t) | » converges almost everywhere.

COROLLARY 1. If [x2(t)dt=1, lim inf [}|x.(t)|dt ZA>0, then the absolute
convergence of the series Y a.x.(t) in a set of positive measure implies the abso-
lute convergence almost everywhere.

This is precisely the theorem for the case p=1.
2. Summability. One of the fundamental concepts essential in studying
orthogonal systems is the Lebesgue kernel L,(t)

La(t) = f 01

It is customary to assume in working with an orthogonal set of functions that
the Lebesgue kernel is uniformly summable by some finite row Toeplitz
matrix [6, p. 350], that is,

1
J.
In this connection we turn to investigate the character of the Lebesgue

kernel of an independent system of functions. We assume first that [ox,(f)dt
=0 for each #. We develop many results prior to this investigation.

Z,:: $:(6) 9 (?) 'do-

ng k
E bix Z ¢1(0)¢1(t) dd =M a.e.

k=1 I=1

LEMMA a. T foi= Z;“,,b;h Zf.lezaz converges for every e,= + 1, then ZI a¢|
< e,

Proof. We first establish that if D_=, 4 = A; converges for every varia-
tion of sign ¢;= +1, Z:,IIA;IJ = C for every 7. If we observe that {(A )k
=ux,}.is a sequence of elements in (/) (space of absolutely convergent series),
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then the hypothesis implies that x; converges weakly for all functionals f of
the form f= { € }. A result of Banach [11, pp. 138-139] implies that x; are
strongly convergent and hence ||x:|| = D %[ 4&| £C. We now complete the
proof. Since

ng ng
E bir Z €a; = Z € azz bik] = X qdy

k=1 l=1 L k=l l=1

converges for every ¢;= +1, we have in view of the preceding, that

(a) Z me €| = E a1 ba
=1 k=1

ng
= > |4a] =cC.
=1

If we replace ¢; by 71(0), then the hypothesis states that ¢;(f) converges for
every 0. In virtue of a known result [10, pp. 122-125], this implies that
sm(0) = Z,-,am(ﬂ) converges a.e. This, combined with (a), yields on account
of the proof of Theorem 4 that ZI a,,l < «, This completes the proof.

LEMMA 5. If 0:(t) = D mi1ba > vrapi(t) and limg joof3]| 0i(t) —a;(2) | Pdt=0
for p=1, then

1
f | sa(2) |7t < .

Proof. If o}(t) = i,bay rieaxi(f) with e=+1 then a double applica-
tion of Lemma 1 and the hypothesis of the lemma yields that

1
lim f | 6l) — o}(t) |7d = 0
i,j—re0 0

for any ;= +1. This implies that for any b, the Fourier coefficients of any
functions in L?'(M), we have that

lim Z bir Z aaib

3 k=1

exists. In virtue of Lemma a, this gives that fo] s,.(t)|1’dt§7, for otherwise,
there exists a function in L?’(M) such that I Zakbkl = o, which is impossible.
It is clear in virtue of Lemma 5 and Lemma 2 that:

LeEMMA 6. If [ | ai(2) —a,-(t)l"dt—>0 for p=0, then
[ 150 = st 1> —o.

Furthermore, we establish the following lemma.

LemMA 7. If [i|oi(t)|?dt <y for p>1, then
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1
f | sa(t) l”dt <7 for p > 1.
0

Proof. The hypothesis implies the existence of a subsequence o; () which
converges weakly in L?. The selection of a subsequence can be considered
as a Toeplitz matrix B operating on o;(¢). If 4 denotes the original Toeplitz
matrix then BA{ s,.(t)} =g;,(¢), where BA=C is a new Toeplitz matrix.
Thus, we have shown the existence of a Toeplitz matrix whose elements
al(@)=C { s,.(t)} converge weakly in L? (p>1). Due to a result of Saks [9,
p. 51], we can select a subsequence from o/ (¢) which is strongly (C, 1) sum-
mable in L?, that is,

m , n , P
2ooilt) 20 au)
1 k=1
- —0 as m, n — oo,
0 m ' n

1

Again, as above, this reduces to a new Toeplitz matrix E with the properties

r” r

E{s.(t)} = ai(t) such that f o= di—o.

In view of Lemma 5, we obtain the result.

The proof of this lemma is not applicable to p=1.

We now use a familiar method introduced by Marcinkiewicz and Zyg-
mund [5, p. 111].

LemmA 8. If for any Toeplitz mairix, o, converges almost everywhere to f(t)
which is a function in L? (p=1), then s, converges.

Proof. We introduce an independent system x:1(f), x{ (¢), « - -, xa(?),
% (£), - - - with x,} (£) equimeasurable to —x,(t) respectively [4, p. 63]. We
shall consider the symmetric independent system x,(tf) =x,+x. . In view of
the hypothesis, 2 i@n%.(f)7+(0) is summable for each 6 to a pth integrable
function f(¢, 8). Moreover, it is clear from the properties of %,(¢) that for any
6, and 0,

L If(t, 01) lpdt = ﬁ I f(t, 02) |pdt.

Hence, if we average over 0, we obtain

(17 fo d9 fo | 762, 6) |2dt < +.

In virtue of the Fubini theorem, we have that for almost every ¢,
D ranZa(t)ra(0) is almost everywhere summable to f(¢, §) in 6. In virtue of a
well known result [10, p. 122], we obtain that > ja.%.(f)7.(0) converges al-
most everywhere in 0 for almost every ¢ to f(¢, 8) in L?. Moreover, in view of
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Lemma 2, we obtain

1
J.
On account of (17), if we integrate we get

fol‘”fol Z,:3"»07’»0)'"(0)

> a,,x,.(t)r,t(o)lpdo <4 f 17, 6)|2ds.

P
do < +'.

Using Lemma 1 twice, we have that
1) &

f PIPRC)
0o 11

which in virtue of a known result [5, p. 110] implies
1

J.

Finally, applying Lemma 2 gives the result.

P
at=sC

P
dat = C.

i an®n(?)

LemMA 9. If oi(t) is asymplotically convergent to a function in LP, then
sn(8) converges. '

Proof. This follows easily from Lemma 8 since the hypothesis insures the
existence of a subsequence ¢;, convergent to a function in L?. This can be
represented as a new Toeplitz matrix operating on s,(t) whose elements con-
verge to a function in L?. It remains only to apply the preceding lemma.

Lemmas 6, 7, 8 and 9 yield the following theorem.

THEOREM 7. If for any Toeplitz matrix either

(@) oi(t) converges strongly in L7, p21,

(b) ¢i(t) converges weakly in L7, p>1,

(c) o:(t) converges a.e. to a function in L?, p=1, or

(d) o:(t) converges asymptotically to a function in L7 (p21),
then s,(t) converges to a function in LP.

We now present two corollaries to Theorem 7.

COROLLARY 1. If | 2% by > v ami(t) | < M almost everywhere, then a.e.
EI a1%,(1) I < w,

Proof. The hypothesis implies in virtue of Theorem 7 that

> azxz(t)‘ =M
1
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almost everywhere. An application of Theorem 4 gives the result.

COROLLARY 2. If for p=1

%

almost everywhere, then

f: bix ‘:: %n () 24(6) ‘ pdt =M

k=1 n=1

5

a.e., where b, is a finite row matrix.

k

> x,,(t)x,,(o)l pdt =M
1

Proof. It follows easily on account of the hypothesis that a.e.

i b,‘k zk: b,.x,.(t)

k=1 n=1

(a) =M

for every b, which are the Fourier coefficients of a function in L?'. Moreover,
(a) yields that
1
J.

This implies in virtue of Theorem 10 that s.(¢) converges almost everywhere.
Consequently, in view of (a), we get a.e.

b4
dt < «.

fj bir 2 baxa()

k=1 n=1

i ba.x.(8)| = K.

n=1

The conclusion of the corollary follows easily from this fact.

We remark now that in view of Lemma 8 all the preceding theorems of
this chapter are valid for infinite Toeplitz matrices.

We indicate now how (b) in Theorem 10 can be extended to the case p=1.
We do this for a finite row positive Toeplitz matrix. First, we specialize even
further to the case where X 3i,bs=1 for all <. The properties of a Toeplitz
matrix insure the existence of a subsequence of rows for which

nm; iy
(18) D bk £ D bmyirk for every I.
k=l k=1

For convenience of notation, we shall assume that all rows of the Toeplitz
matrix have this property. In virtue of the hypothesis (b) and Lemma 1, we

obtain
1
J.

If Fi= 2 5, (ami(t))2( D _miibi)? then from (18) it follows that

1/2
dt = v.

5 (@ny?( 3 b)

k=1
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Fi;SFy 1 SFye s -0 | with F; € L1/,

Interchanging limit with integral, we obtain
1
J.

Again by Lemma 1, we have

/

whence on using Lemma 2, the result follows.
The case where Y i,ba5%1 but b4=0 can be easily reduced to a simi-
lar circumstance so as to yield (22).

1/2
dt < v.

> (am®)?

> et ’ <+
1

THEOREM 8. If lim inf [}|x.(t)|dtZA>0 and o:(t) converges in a set of
positive measure, then s,(t) converges almost everywhere.

Proof. Using the procedure of Lemma 8, we obtain that > _ra:Zx(t)7x(6) is
summable for each ¢ of a set of positive measure in a set of positive measure
of 0. This gives by a known result [10, p. 122] that > a2#3(t) < « for ¢ in a
set of positive measure E. Consequently, there exists a set of positive measure
E’ for which

3 ania(l) < E.

Since
1 1
f |x,.(t)]dtgA,f | za(®) | dtz A >0
0 0

[5, p. 110], we have, Lemma 5 applied to £.(¢), after integrating that > a3
< . It follows immediately from this that > p'a.x.(f) converges a.e.

We close this chapter with the discussion of the Lebesgue kernel of an
independent system.

THEOREM 9. If lim inf [}|xa(t)|dt=A >0, then there exists no finite row
Toeplitz matrix which sums the kernel of an independent system. That s to say
it 1s impossible that a.e. we have

I

Proof by contradiction. In virtue of Corollary 2 to Theorem 7, we infer

that a.e.
1
J,

ng k
> b > xi(t) %:(6) ‘ dt < M.
k=1 l=1

k

2 wi(t)xi(6) ] dt < M.

1
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In view .of Lemma 1, we obtain that a.e.
1
[ 1= 0a0"asc
0

or for almost every 0 in E with m(E) =1

> #(6)xi(t)

converges almost everywhere in f. Applying, for § € E, the Egoroff Theorem
and Lemma 5, we secure that Y x2(f) converges a.e. Another application of
the Egoroff Theorem and Lemma 5 gives that _;° 1< o, which is impossible.

In the case when x,(¢) are uniformly bounded, it can be shown that there
can exist no Toeplitz matrix such that

J

in a set E of @ of positive measure.

This result draws a sharp contrast between the kernel of an independent
system and the kernel of the Walsh system (completion of Rademacher series)
whose kernel is summable by the Cesiro matrix.

3. Independence and lacunarity. We now exhibit several connections of
lacunary orthogonal systems with independent systems. We first proceed to
define what constitutes a lacunary orthogonal system.

We assume throughout this chapter that

f 01 2a()dt = 0, fo 1 wa(d)dt = 1.

 An orthogonal system ¢,(¢) is said to be lacunary of order »>2 if whenever
> al< o, then Y a.pa(tf) converges strongly in L?. It has been shown by
Steinhaus that this is equivalent to

o

[6, chap. 7]. We show first:

i bix Zk) @)@ |dt = M

k=1 =1

? 1/p 2. 1/2
dt) < u(X @)

3" 0aall)

THEOREM 10. A mnecessary and sufficient condition that an independent
system x.(t) be lacunary of order p (p>2) is that [5 | xa(t)| ?dt <7y for all n.

Proof. Sufficiency. Using the Minkowski inequality

(f (an)")l/p = Z(ff:)l/p forp > 1land f, = 0,

we have in virtue of Lemma 1, since p/2>1,
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(f"l | 2 enl® |’d,)2“’§ A”(f | S aran) lmd)?’"
<4, Z<f (a:x:(t))p/2)2/l’

2 1 » 2/p 2
gA,,Za,,(f Ixna)ldt) S V) 0
1]

Thus (19) has been established, which completes the proof of sufficiency.
Necessity. If fEL?' (p>2) and a.= [ fxa(t)dt, then

z'::d: =folf$ a.x,(0)dt = (j;l |f|”')llp,<f l i @ 2(2) l”dt)up.

This implies with the aid of (19) that

£ a(f 1) (5
( iai)m = l"p(f |f|”')”p’.

Consequently, D a2< e, hence la,.| < M. Suppose lim sup [} Ix,.(t)l ?di= oo,
then there exists a function f& L?’ such that lim sup l N fx,.(t)dt] = o, which
is a contradiction. Q.E.D.

In particular if x,(¢) is uniformly bounded the system is lacunary of every
order greater than 2. This also follows from Lemma 1. Moreover, the proof of
the sufficiency establishes the following corollary.

COROLLARY 1. If [3| x.(t)| Pdt <7 for p>2, then

(5§t )" 22| )"

The hypothesis [3|x.(t)|7d¢<v if applied to any orthogonal system
guarantees the existence of a subsequence x,, which forms a lacunary system
[6, chap. 7].

COROLLARY 2. If for every function fEL? (1<p’'<2) with a,= [fx. we
have |a,,| =My, then Ea,’.< © for every function in L?’.

or

i a,%,(2)

3 anral)
1

Proof. The hypothesis clearly implies (f l x,.(t)l"dt)"" <+, whence as in
the proof we obtain J_a2< o.

COROLLARY 3. If x,(2) s lacunary of order p>2, and if E[a,.x,,(t)| 1<
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for a set E of positive measure, then 3| a,.x,,(t)] 1< o almost everywhere.

Proof. Since x.(¢) is lacunary, it follows that [ (l,lx,.(t)l =A>0 [6, chap. 7].
The remainder of the proof follows as in Theorem 6.
We present other conditions for lacunarity.

THEOREM 11. If [3|x.(t)|*dt=A>0 (p>2), then a necessary and sufficient
condition that x,(t) is lacunary of order p is that the expansion of every f&L?
converge to a function in L»,

REMARK. Since Y a2< =, the expansion of every f&L? necessarily con-
verges.

Necessity. Since x,(t) is lacunary, we have for any a, the Fourier coeffhi-
cient of fEL?

m P
E a2, (2) l dt < k,,(z a:) ?/ =<
1

An application of Lemma 2 gives the result.
Sufficiency. In virtue of Lemma 2, we have for every f&L?

1
[ 1s@lrasy
0

In view of Theorem 1, we have for every f in L?

fo | a(f) = sm(f) |dt— 0.

This gives for every g(¢) in L*’

f 5 = sale) |7t 0.

1 1/p’
([ 1m01) s
0

| 5] < By

As a consequence of Corollary 2 to Theorem 12 the lacunarity of order p fol-
lows easily from this fact.

It is well known that lacunary trigonometric series behave like inde-
pendent series and we expect most of the results of the three chapters to re-
main valid for such series. It is first necessary to remark that for general
Fourier series, we have the inequality

Whence, we have

or
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1
(20) f max | s.,(f) |7dt < k,f | 7l forp > 1
0 k
where
Qg Tk
S = + > [an cos nx + b, sin nx),
1

a, cos nx
nry1 = M for A > 1 =|f . dx.
ba sin nx
In the case of lacunary trigonometric series the ordinary partial sums of such
series coincide with s,,. Moreover, for lacunary trigonometric series, we have

(21) A3 + 8" gf |s.]” < AU o + 55"

Clearly, (20) and (21) occupy the analogous role for the inequalities of
Lemma 1. In the case of Lemma 5, it suffices to remark that if a lacunary trig-
onometric series is summable by a Toeplitz matrix in a set of positive measure
it converges almost everywhere.

Thus the methods of this paper yield many new proofs of known theorems
concerning lacunary trigonometric series.

For a general lacunary orthogonal system it is now known whether

1 1
max | sa(®) |’dt < ky f | sm(®) |7dt
0 1=n=m 0

holds and hence we cannot assert the validity of the results of this paper for
such systems of functions.
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