VIRTUAL MASS AND POLARIZATION

BY
M. SCHIFFER AND G. SZEGO

In this paper we deal with two classical problems of Potential Theory
arising in Hydrodynamics and in the Theory of Electricity, respectively.

They are the problems of virtual mass and polarization. In order to under-
stand the dual character of these problems, we shall proceed in a more gen-
eral way, studying certain formal and other interconnections of the Neumann
and Dirichlet problems. The chief definitions, problems, and results are formu-
lated in the somewhat extended introductory Chapter I.

This investigation was carried out under the sponsorship of the Office of
Naval Research to which a preliminary report on this subject was submitted
(April 17, 1948).

CHAPTER I. DEFINITIONS, PROBLEMS, RESULTS

1.1. Virtual mass and polarization. Let us consider an infinite flow of con-
stant density moving in a direction given by the unit vector A. By immersing
a solid in this fluid, the uniform flow will be disturbed; the disturbance is
equivalent with superimposing on the original flow another. If we denote
the velocity potential of the superimposed flow by ¢, its energy will be
given, apart from trivial factors, by the integral

(1) W= fff | grad ¢ |%dr, dr = dxdydaz.

This integral is extended over the exterior of the solid.

Let us consider an infinite electric field whose direction is determined by
the unit vector h. By placing a conducting solid in this field the uniform field
will be disturbed; the disturbance is equivalent with superimposing on the
original field another one. If we denote the electric potential of the superim-
posed field by ¢, its energy will be given, apart from trivial factors, by

(2) P=fff | grad ¢ |2dr.

This integral is extended again over the whole space exterior to the solid.

Both functions ¢ and ¢ are harmonic and behave like a dipole at in-
finity. But the boundary conditions characterizing them are very different.
In the first case we have on the surface of the given solid

(3) — 0¢/0v = h-v

Presented to the Society April 17, 1948; received by the editors August 10, 1948.
130




VIRTUAL MASS AND POLARIZATION 131

where » is the unit vector in the direction of the exterior normal. In the
second case we have

4) ¥ = h-r + const.

where ris the radius vector. (The additive constant must be chosen properly.)
The first problem is a special case of the so-called Neumann problem, the
second of the so-called Dirichlet problem.

As to the energies (1) and (2) they are easily verified to be quadratic forms
of the components of h:
(5) W= > Wahihy, P= D, Puhih.

3,k=1,2,3 $,k=1,2,8

We call W the virtual mass or added mass in the k-direction and P the
polarization in this direction. The coefficients of these forms depend naturally
on the coordinate system used, however, not the invariants of the forms.
The simplest among them is the trace

(6) TWu+ W+ Wiz = 3Wa.

Recently Professor G. Pélya [14](?) has called the invariant W, the average
virtual mass and studied the analogous quantity in the case of a two-dimen-

sional flow. In a similar fashion we may introduce the average polarization
P,, defined by

(7 P11+ Py + P33 = 3P

The other invariants of the forms (5) may offer also some interest. They
are:

Wiy Was
Wiz Was

W33 W31
W13 Wll

Wll W12

(8
) Wa W

S N P

and we have analogous invariants in the case of polarization.

Obviously W,, is the mean-value of W on the unit sphere %1, ks, hs; a
similar remark holds for P,.

1.2. Problems. The principal purpose of the present investigation is to
find relations of the constants W,, P, depending only on the given solid,
to geometrical and other data of the solid. The same question arises concern-
ing the other invariants and even concerning the coefficients of the quadratic
forms 1.1 (5). The problem is somewhat similar to that pursued by Pro-
fessors Pélya and Szegdé during the past three years or so concerning the
electrostatic capacity and other related quantities [15, 16, 18]. A desir-
able aim of this investigation might be to establish results for the virtual
mass and polarization analogous to certain results obtained for the capacity.

(*) Numbers in brackets refer to the bibliography at the end of the paper.
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We mention in particular two such results. The capacity of an arbitrary
solid is never less than the capacity (that is, the radius) of that sphere which
has the same volume as the given solid. On the other hand, the capacity of a
convex solid is never greater than the radius of that sphere whose so-called
Minkowski constant is the same as that of the given solid. The first result
was stated by Poincaré [13, pp. 17-22] and proved completely by Faber and
Szegs. The second result was found by Szegé in 1930. (Cf. [18].)

In the case of the virtual mass and polarization we are still far from
such complete results. But we have found at least inequalities for the quanti-
ties in question which become equations in the case of a sphere.

The study of these quantities is greatly facilitated by introducing the
expansions of the potentials ¢ and ¥ at infinity where they behave like a
dipole, as observed before. The strength-components of these dipoles in the
direction h can be represented in terms of the leading coefficients (those of
r—2) of these potentials; they are certain quadratic forms in &;, say,

(1) D = Z d.'kh,'hk, E = E . e,-kh;hk.

$,k=1,2,3 $,k=1,2,3
We call them the dipole forms associated with the virtual mass and polariza-
tion, respectively. By using Green’s formula it is easy to establish the ele-
gant relations the first of which was proved by G. I. Taylor [20]:

2) W=4D—V, P=4zE—7V

where V is the volume of the solid. The quantity D has a simple meaning;
it is proportional to the sum of the virtual mass of the solid and the mass of
the displaced fluid. We have found that the quantities D and E show a more
regular behavior than the forms W and.P.

The simplest special case is of course that of a sphere. 1f the radius is a
we have

(3) a® h-r D ad (hz + hz + kz) a® w 27ad |4

=T TR RIm LY T3 T2
h- 8rad

(4) .p=a‘°‘7', E=dUn+h+h)=d, p=""_ v

Both the virtual mass and polarization have the dimension of a volume.

A list of the most important known cases follows below (1.12-1.14). The
list for the virtual mass is rather limited. As to the problem of polarization, it
offers much less difficulties. Although we found very few explicit results in
this respect, we observed a rather simple relationship of the problem of the
polarization to a widely studied problem, namely to that of the influenced
electricity (1.5 (14)). The latter problem has been treated in numerous special
cases and from these results the corresponding constants of the polarization
can be derived. We prefer however to establish these formulas by direct calcu-
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lation using appropriate curvilinear coordinates, the same which are used
customarily in the capacity problem [18]. Such special cases are enumerated
in 1.12-1.14 and discussed in Chapter V.

In order to point out the symmetry and the generality of our methods
and results we do not restrict ourselves to the study of the special functions ¢
and ¢. Instead we shall consider the general Neumann and Green functions
from a formal point of view. This study is based on the Dirichlet integral and
on certain orthogonal systems and kernel functions.

1.3. Notation. Before we start with the discussion of our results, it is
advisable to include a few remarks on the notation used in this paper.

In what follows we shall denote the variable point by p, its cartesian co-
ordinates by xi, %2, x3. In particular cases we may change these symbols into
%, v, 3. The velocity potential ¢ associated with the unit vector h will be
denoted in particular by ¢, ¢, ¢s provided h points in the special directions
X1, X2, X3, respectively.

We have then for the velocity potential ¢ in any direction h:

(1) ¢ = g1+ hops + hags.
Forming 1.1 (1) we obtain the first formula in 1.1 (5) using the symbols

Adr
.k—fffgradqb,gradd;kdr——-ffqﬁ. da——ffd:k—da

Obviously W= Wy The expansion of the harmonic function ¢; at infinity
has the form

3) ¢: = r3(daxs + diaxs + disxs) + - -

Here again dg=di; (2.7 (11)). We find for the leading term of ¢:
3

“4) 3 hi(daxy + disxs + digxs).
=1

As we said before the function ¢ corresponding to the direction h behaves
atr=c as a dipole whose strength-component in the direction h is given
by the quadratic form D [1.2 (1)].

The corresponding quantities for the problem of polarization are denoted
by '¢s ¢1’ \02» ‘p3 so that

P.-k=ff grad ;- grad Ydr = —ff tl/.——da
= —ffll/k——da, Py = Py

®)

Moreover
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(6) Vi = r3ean®1 + enxs + einxs) + ¢+ -, eir = €ri,
and the electric potential ¢ in any direction h will be
(7) ¥ = hy1+ hye + hays.

The strength-component of the dipole which characterizes ¢ at = in the
h-direction will be represented by the quadratic form E of 1.2 (1).
In some cases we use the vector functions

(® ¢ = N1 + 1202 + 1303, ¥ =i+ 1e + is

where 1y, 1z, i3 are the unit vectors in the directions of the axes.
Adding to the given velocity potentials those of the uniform flow and
field, respectively, we obtain

9) ®=nhr+ ¢ V=~hr—y
so that the following boundary conditions hold:

99
(10) — =0, ¥ = const.

v

The special cases of ® and ¥ corresponding to the x;-direction are denoted
by (I),- and ‘I’.’.

1.4. Classes of harmonic functions and their metric. Let b be a smooth
closed surface which bounds the infinite domain B. In what follows we deal
with four classes (spaces) of functions harmonic in B:

(a) Class H consists of all functions k(p) harmonic in B and having at
infinity an expansion of the form

(1) k(p) = ar't 4+ F“i a;x; + O(r3).

=1

We call a the strength of source or charge of A(p) at infinity.

(b) Class H, is that part of H for which a=0.

(c) Class A consists of all functions }(p) harmonic in B and having at
infinity an expansion of the form

2) I(p) = i Nexs + art 4+ 3 Z a;x; + O(r=®).

t=1 =1

Obviously H is a part of A.

(d) Class A, is that part of A for which ¢ =0.

The main instrument of the following study is Dirichlet’s integral
D(\, p) which we defined by the surface integral

®) DO\, 4) = ——ff( ey )do
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The normal » is directed into the domain B. Clearly, if N\€H, p€H, this
definition is equivalent with the following ones:

9 N
D()\,u)=—ff)\3§d¢r=—ffu£da
b b

= f f grad \-grad udr, dr = dx1dx.dxs.
B

@

We recognize that (3) has a meaning for the class A whereas the volume in-
tegral in (4) does not. Moreover (3) retains a meaning also in cases when A
and p have certain singularities in B (outside of 2).

Such singularities arise if we consider “source functions” of the form

®) h(p) + ety Up) + ot

where 7 is the distance of the variable point p from a fixed point in B (outside
of b). For such functions (3) still has a meaning.

We interpret D(\, u) as the scalar product in a function space, D(\, N)
=D(\) as the norm of \. This establishes a metric in this space. We observe
that the only function 2#& H with zero norm is the constant zero.

1.5. Identities and inequalities for Dirichlet integrals. The electric poten-
tial ¥ of the polarization and the velocity potential ¢ of the virtual mass are
special functions of class Hy. In this paper we deal with the following harmonic
functions associated with a domain B by special boundary conditions. They
are enumerated in dual pairs (p and ¢ are in B).

(a) Green’s function

1
(1) G(?r q) =" g(P: q)r G=0o0n b: 4 e H (q ﬁxed)r
Anr(p, @)
and Neumann's function
1 oN
2 N(pg=———+mn(p,9), —=0o0nd, nE H (q fixed).
47"’(1’) Q) all

(b) The conductor potential u(p) €EH for which =1 on b. We call the
charge

1 u
3) C=— —-f —do
41r bav

the capacity of b.
The function v(p) EH for which dv/dv= —1 on b. The constant

(C)] T = 4r f f b'vdo
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related to it is called the stream constant of b.
(c) The functions

3

(5) \I’s(p) = X ‘Pi(?) = X% — 1’_32 €k Xk + Sty i= 19 2) 31
k=1

with constant boundary values «;, and the functions
3

(6) i(p) = xi+ ¢i(p) = wi+r3 2 dax+ -+, i=123,
k=1

with vanishing normal derivatives on the boundary [cf. 1.3 (9), (10)]. Obvi-
ously W;EA,, ®;EA,.

We shall consider various Dirichlet products between these functions.
The following typical result is (p is always the letter of integration)

(7 D{g(p, q), &(p, )} = 8(g, 5) — I(g, 9)

where
I ) = 1611r2 f f r(ﬁl, 5) %[ r(Plv 4)] do

1611r2ff r(pl, q) %[f(;, s)] do

is a “geometric quantity.” It is important for the following to make a distinc-
tion between potential theoretic quantities which can be determined only by
solving a boundary value problem for harmonic functions, and geometric
quantities which may be determined by simple integrations of elementary
functions over the surface of the domain considered. We shall always con-
sider the latter quantities as elementary and known.

Similarly, we find

©)

9) D{n(p, q), n(p, )} = n(q, s) — I(g, 9)
and
(10) D{n(p, 9), g(p, 9)} = I(q, ).

Thus the product of the two functions g and » connected with the Neu-
mann and Green functions yields a geometric quantity.

More generally, the product of a function A with prescribed boundary
values and a function p with prescribed normal derivatives is particularly
simple. This is to be expected in view of 1.4 (3).

From (7), (9), and (10) we conclude the interesting inequalities:

(11) > g(gi, gttt = D I(qs, qi)tits,
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(12) 2 nlge qitite 2 20 I(qs, q)tite; 4, k= 1,2, -+, m,

for arbitrarily chosen points ¢; in B and arbitrary real numbers ¢;. Further,
with arbitrary real #; and ¢/,

) 4[3° (g(gi ) — I(gs, ge)tite] [ 20 (n(s, s2) — I(siy st i ]

13
( g [Z I(Qi, sk)titk’ ]2; 1:, k = 1’ 2’ e, m.

If we expand Green’s function as a function of p (for fixed ¢) into a series
about infinity, we obtain

u(

1- 501
(14) G g = 1-49 + 7020 — (Wilg) — an(g))x: + 0

4xr =1 4

where 7 is the distance from a fixed point, say, from the origin, and ¥;, «;, %
have the same meaning as above. Similarly

2 dig)x: + O(r ).

4xrd i=1

1

This relates the functions ¥, and ®, in which we are interested in the first
line to Green’s and Neumann's functions and shows that the knowledge of
the latter implies already the knowledge of the first pair of functions. In
particular the solution for the electrostatic problem of a conductor and a
single charge point contains implicitly the solution for the polarization
problem.

Finally we note the identities

(16) DY, Y1) = 4dmea. — Vi,
(17) D(¢:, ¢r) = 4mdir — Véir,
(18) D(¢s, Y1) = Vi

from which the identities 1.2 (2) and the inequality
(19) PW z V?

can be concluded. -
Numerous other inequalities are derived from the positive definite char-
acter of D(X). For instance

(20) crz s

where C and T' are defined by (3) and (4) and S is the surface area of b.
1.6. Orthogonal systems and kernel functions. The study of Dirichlet
integrals can be combined with the idea of orthogonal systems and kernel
functions.
(a) Let A(p) be a harmonic function of class H; then the identities
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(10 DG 9, kp} = — 27h(g);  D{N(p, q), k(p)} = 27*h(g)

are valid. Thus if we define the function

(2) k(P’ Q) = N(?r Q) - G(P9 9)
we have the identity
(3 D{k(p, 9), h(p)} = (@

The function k(p, ¢) is harmonic in B since the poles of Green’s and Neu-
mann’s functions cancel. It has the remarkable property that sts Dirichlet
product with every harmonic function reproduces the latter. This shows again
that the simultaneous consideration of Dirichlet’s and Neumann’s problems
leads to particularly symmetric and simple formulas. The analogue of
k(p, q¢) was considered in the case of more general partial differential equa-
tions of elliptic type by Bergman-Schiffer [3] and called the kernel function.

Let us introduce in the space H an orthogonal system of “coordinates” by
the selection of a complete orthonormal set of harmonic functions {A,(p)};
that is, we require

(4) D(hn hu) = 6m

and every function A& H has an expansion

(5) Wp) = 2 ah(p), @ =D(h h).

r=1
It can be shown that this expansion converges in each closed subdomain of
B. In particular, if we expand the kernel function into a series (5), we find in
view of (3)

©) Ko, q) = il-h,@)h,(q).

This is a simple representation for the kernel function and permits its con-
struction in terms of a complete orthonormal system.
A particularly useful consequence of (6) is the inequality

(M kK, 9) 2 22 [(0)]?

y=1
where m is arbitrary. We have here a procedure for obtaining an estimate for
E(p, p) which can successively be improved. Now we shall use as the first
function of an orthonormal set the conductor potential (47 C)~Y2u(p) which is
normalized. Then one obtains

[u(p)]? n i;[h,(p)]’

(8) k(?, ?) = 4nC
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where all %,(p) vanish at infinity at least as »—2. Thus, we have

C
©) — = lim {r*(p, p)}
41!‘ P
and based on this formula and (7) good lower estimates for the capacity
may be obtained. (Cf. Pélya-Szegs [16].)
(b) Very similar considerations are possible in the case of the space A,.
We form the functions

(10)  2:(p) = 271 [®u(p) + Wi(p)], wi(p) = 271[8:(p) — Wi(p)], i=1,2,3.

Clearly 2;EA,, w;EH, since the singularities at infinity cancel by sub-
traction. If A2°€ H,, we have

(11) D(z;, k%) = 0, D(w;, k%) = 2ma;

where a; has the same meaning for %° as in 1.4 (1).

We may introduce an orthonormal system for the space H, and con-
struct its kernel function k%(p, ¢). In particular, we might start with the three
functions w;(p) and obtain from them by orthonormalization certain func-
tions w;(p). If we complete this set by addition of further functions 42 to a
complete orthonormal set in H,, we know from the second equation (11) that
the %) vanish at infinity at least as 3. Thus, the kernel function

3 ©
(12) F0 9 = 2 P + 2 (@)
has near infinity the first right-hand sum as leading term and this permits us
to compute wi(p) by sending g— . In a similar fashion the functions 2;(p)
may be obtained from the kernel function with respect to the whole class A,.
Estimates and approximation procedures for the electric and velocity
potentials can be based on these relations. For example, we have the in-
equality

(13) m E (d.'k + e,-;,))\;)\k = — D(l)
%,k=1,2,3
for every function IEA,,

The method of orthogonal systems and their kernel functions can im-
mediately be extended to other classes of harmonic functions which have at
fixed points prescribed types of singularities. The treatment of the class A,
is important for us because of its connection with the problem of virtual mass
and polarization. One recognizes from this treatment the interrelation be-
tween the Dirichlet and Neumann problems.

1.7. Inequalities for the virtual mass. Returning to our aim formulated
in 1.2 we want to prove inequalities connecting the virtual mass and the
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volume (or other physical or geometrical quantities). This problem fits into
the general pattern of the investigation carried out in the paper [16] of Pélya-
Szego. Hence it is only natural to attempt to apply similar methods as those
employed in that investigation.

In the study of the capacity the main instrument is a systematic use of
the principles of Dirichlet and Thomson. They furnish upper and lower
bounds for the capacity, respectively. In an analogous fashion upper and
lower bounds can be established for the virtual mass. This is possible even
for the general Neumann problem as it was pointed out recently by Diaz and
Weinstein [4]. In the particular case of the virtual mass we obtain, following

the notation of 1.1,
([[fh-vdo)?

1 Wz —————
W % T grad 1 rar
where f is a completely arbitrary function defined in B; the surface integral
is extended over b, the volume integral over B.

There is little likelihood for obtaining satisfactory results for the virtual
mass in an arbitrary direction h using merely the knowledge of the volume
V. However Professor Pélya suggested recently [14] the inequality

vV

for the average virtual mass, an inequality which corresponds to the theorem
of Poincaré mentioned in §1.2 and means the following: Among all solids of
given volume the sphere has the least average virtual mass. We are not able
to prove this but we prove various inequalities of a similar kind by using the
inequality (1).

How is the function fin (1) chosen? As in the capacity problem we realize
first that in certain special cases, in this case for ellipsoids, the velocity poten-
tial will have the special form ¢ = h-rg(a) provided the h-direction is one of
the principal directions of the ellipsoid; here g(«) is a function constant on
each ellipsoid confocal with the original one which is characterized by a=ay."
In order to obtain a lower bound for the virtual mass in any h-direction we
may apply (1) as follows. We choose a certain family of surfaces in B to
which the boundary surface b of the solid belongs. (For instance, assuming
the star-shaped character of b with respect to an interior point we might
choose surfaces similar with respect to this point.) Then we take f=h-rg(a)
where g(a) is constant on the surfaces chosen; now we determine the function
g(a) so that the right-hand expression in (1) should become a maximum.

We quote two inequalities based on this method. In both cases we assume
that b is star-shaped with respect to an interior point py.

(a) Let 7 be the radius vector issued from p, and leading to the surface b,
dw the surface element of the unit sphere at a point where the normal is
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parallel to the normal of 4. Then, writing W, =27(W.)%/3 we have

1 u
3) Wn 2 (Eff r”dw) ’ forp = — 3.

The meaning of W, is obvious: It is the radius of the sphere whose
average virtual mass is the same as that of the given solid. The mean-value
on the right-hand side is known to be an increasing function of p. For p =3
it coincides with the radius V of a sphere whose volume is equal to that of
the given solid. Hence (3) is still far from the conjectured inequality

@) Wz (4% [f r"'dw)m.

Nevertheless (3) will be an equation in the case of a sphere.
(b) A more complicated inequality is the following:

(5 Wn = %(1 + 3?7 f f V(r3/2)dw)-1;

here V(u) is Beltrami’s operator; it represents the square of the gradient of
u on the unit sphere(?).
We may expect for the average polarization P, the inequality

(6) P, =2V.

This, as the corresponding inequality for W,, can easily be verified for ellips-
oids (5.1).

1.8. Another inequality. Another useful inequality, which establishes a
relationship between virtual mass W and polarization P, has been pointed out
in 1.5 (19). It shows that the two quantities P and W cannot be small,
compared with V, at the same time.

This is an indication for the correctness of the inequalities 1.7 (2), 1.7 (6).
From this inequality we conclude a similar inequality for the average polariza-
tion and average virtual mass:

) PulWm 2 V2.

Inequality 1.5 (19) becomes an equation in the case of an ellipsoid provided
the vector h points in the direction of one of the principal axes.

By means of 1.5 (19) we are able to find lower bounds for the virtual mass
in all the cases in which the polarization is known, for instance in the special
cases to be dealt with in Chapter V.

As a further illustration of that inequality we mention the special case of
two spheres tangent to each other, h being the unit vector in the direction of
the central line. In this case (cf. Shiffman-Spencer [17, p. 282])

(2) Cf. W. Blaschke, Vorlesungen iber Differentialgeometrie, vol. I, 1921, p. 113.
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: - 8w
W= (31r§‘(3) - —3—’-)A3
where A4 is the radius of the spheres, and according to 1.13 (14)
8
P = (161r§‘(3) — —\;—)A3

so that the quantity(®) (PW/V?2)1/¢is 1.14.

1.9. Monotony. We know that the capacity is an increasing set-function.
Is the virtual mass or the polarization a function of the same kind? This
question must be answered in the negative sense for the virtual mass in gen-
eral as it was pointed out by G. I. Taylor [20]. We prove however that the
answer is affirmative for the dipole forms D and E introduced in 1.2 (1).

A simple consequence of the last result is the following estimations for
the virtual mass and polarization:

V'/2—-V=W=3V"/2-V,
V-V =P=S3V' -V

M

where 7 is the volume of the solid; V’ denotes the volume of the largest
sphere contained in the given solid, and V'’ the volume of the smallest sphere
containing the solid. For the special case of a sphere these inequalities be-
come equations.

1.10. Variational methods. The monotony of the dipole forms D and E
is a partial answer to a general problem in potential theory. Given a solid
with boundary surface b, we may consider various potential theoretic quanti-
ties, like Green's function, Neumann’s function, capacity, stream constant,
polarization, and virtual mass, as functionals of b and ask for their variation
with b. The method of the Dirichlet integral leads to considerable informa-
tion in this direction. It permits a unified treatment of the above mentioned
quantities. We investigate in Chapter IV the variation of these expressions
(except the stream constant) and obtain results of the following type.

(a) Let b’ be a surface containing b. Let £ be the domain between the
two surfaces. If G(p, q) denotes Green's function for the exterior of b and
G'(p, q) for the exterior of b’, we have the identity:

~Gg5) = —Glgs) + f f f _&rad G(p, 9)-grad G(p, 5)ir
+ D'{G'(p, 9) — G(, q), G'(p, s) — G(p, 5)}.

Here D’ denotes the Dirichlet integral taken with respect to the exterior of

(1

(3) Comparing the quantities P, W, and V it seems reasonable to “linearize” the quantity
in question, by taking the 6th root.
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b’. Exactly the same formula determines the change of Neumann’s function
N(p, g) of b.

(b) Two different types of applications follow from the formula (1). We
consider the quadratic forms

m

(2) Q=2 glgn gtih, A =2 n(gi, q)tits

§ k=1 i k=1
and obtain from (1) and the corresponding formula for Neumann’s function
the result (the meaning of Q’, A’ is obvious):

oo Jff.

m 2
gradz: t‘G(Pr q') dr

t=1

- D { ZuCh.9) =6 9} 20,

t=1

m 2
grad Z t,'N(P, q.') dr

#=a= [ e

4 m
@ _ p'{ 3LV (5, 0) — N(p, q.-»} >0,

t=1

Using now certain identities between Dirichlet integrals, we may combine
(3) and (4) into the single inequality
m 2
grad 2 tG(p, g:) dr]

[o-e-[f[ [
(5) -[A’—A —fffz gradgt;*N(p, qs) 2d-r:l

= [f ] : grad 3 LG(p, 0)-grad 3. LN (p, "”')dr]2

t=1 f=1

which links the increments of the two different quadratic forms.
A similar reasoning applied to the dipole forms of the polarization and
virtual mass leads to the analogous result:
2
d‘r]

[iél (eix — ) hihy, — %rfffz

3
grad E h,"I’.'

=1

3
grad > h¥®;

ta=1

2
dr]

3 3 2
> [ f f f grad > hai-grad 3 h;*@;dr] )
z =] =1

It can easily be seen that inequality 1.5 (19) may be obtained from (6) as
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the limiting case if for fixed b’ the surface b contracts to a point.

Another application of (1) is based on the following remark. If the two
surfaces b and b’ are very near to each other, say in an e-neighborhood, the
last Dirichlet integral is of order €2, while the preceding integral is of order e
only. Hence, formulas of the type (1) are useful for a successive approxima-
tion procedure for G’ in terms of G. We obtain, in particular, as first order
approximation Hadamard’s famous variational formula (cf. [5, pp. 303-312]):

aG(p, ¢) 9G(p,
(7 8G(g, s) = — ffb (6{: ? (é)p ) ovde + O(e?).

14

There is no difficulty in continuing this procedure to higher orders of ap-
proximation in e.
In the same way, we obtain the variational formulas for the dipole forms:

©) o = — f f [ay Eh\p]suda+o(e2),
©) 6D——ff[ Eh@]avda+0(ez).

W =1

Similar variational formulas can be obtained for the potentials ¢ and ¢ and,
if necessary, a higher degree of approximation might also be obtained.

The importance of such variation formulas for the general theory is obvi-
ous; they are particularly useful for discovering and checking identities and
inequalities. They may serve also to characterize the extremal domain for
which a certain quantity of potential theory attains its maximum or mini-
mum.

All variation formulas show a high symmetry and their derivation fol-
lows in all cases considered the same pattern of reasoning. It is remarkable
that they are all derived from simple formal identities between Dirichlet
integrals.

1.11. Nearly spherical domains. Let us consider a variation of the unit
sphere. For this case the second variation of the virtual mass has been com-
puted by Szegé [19]. Concerning variational formulas of this kind for other
geometrical and physical quantities cf. Pélya-Szegé [16, Chapter VI]. It is
instructive to compute the second variation of the polarization and compare
the result with the other related results.

We assume that the varied surface has the form

1) r= (1410, ¢))t = (14 0, ¢))¢

where r= ]t] - tis the radius vector, 8 and ¢ polar coordinates, f(8, ¢) a fixed
function defined on the unit sphere, and e—0.
Let
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@ JO,8) = Xot Xit oo+ Xok = 2 Xal6, 9)

ne=0

be the Laplace series of f(6, ¢) where the coefficients of the surface harmonic
X (0, ¢) of degree n are of the first order in e. According to [19] we have for
the average virtual mass W, of the varied surface(%):

W,,.__l_ 3(n—1)2r —1)
o 3 +X°+,§, ffX"d“’J’g 2(2n + 1)

——f X:dw
4r

where dw is the surface element of the unit sphere We prove in 4.6

P 3n(2n — 1)
il Xad
& + °+,§o ff w+ﬂ=2 2021 + 1)

— f Xodo.
4

It is convenient to compare the radii of the spheres whose average virtual
mass, average polarization, capacity, and volume is the same as that of the
given solid, respectively. We denote these radii by Wa[cf. 1.7 (a)], Pm, C,
and V. We have then the following remarkable formulas:

) Prel4+Xot 3 — ffXd-l— Snn = 1) 1 ey
" " S o2+ 1) 47rf e

_ 3(n — —1 1
(6)W,.=1+X‘,+Z)1 ffde+ 2 ("z(zl)inl) D fde,

) Ce=1+4Xe+3 — ffde+n_2 no1

n=1

©)

4)

(8) 7=1+Xo+i‘;ffX:dw.

n=1

They suggest the inequalities
9) (9C—4V)/52PuzWuz (C+T7)/102V, Pn.2xC

and show that the inequality W,=C is wrong in general.

1.12. Virtual mass in special cases. Two general methods have been used
in order to calculate the virtual mass in special instances. The one is the
geometrical method of images, adapted to the hydrodynamical problem(®),

(*) In all the subsequent formulas terms of higher than second order in ¢ have been neg-
lected.

(5) This idea is due to Stokes (cf. Hicks [9, 11, p. 50]).
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the other is the use of proper curvilinear coordinates and expansions in terms
of corresponding characteristic functions.

(a) Ellipsoid (Green, Stokes, Dirichlet, Clebsch; cf. Lamb [10, pp. 124,
153, 155]). We have in this case

® ds s s s
¢ = 2; — = — — —
W b= 2 J; (6t + 9H i (1 + af)<1 + ai) (1 + a§)

where a,, as, az denote the semiaxes, and

x2 .’J(,'2 x2

1 2 3

(2 + + =1
) Gi+p at+p a+top

Introducing the constants

3 , pi=2 —
( ) 0 (a + S)H
we have
3 2
4 D=— =V hi.
( ) ™ E 4 — P» E 4 — b
It is easy to prove the following mequality for the average virtual mass
Vv V
5) W =2, -

$=1 4"'?0 2

(b) Amnchor ring, in the direction of the axis (Hicks [8, p. 648]). Using
the notation of Szego [18, p. 344], we have

4 3 ®
(6) dy=dy= — = 3/(n? + v) 2

T n=0

where

’
—172(ch oo 24,
©) Xp = -——-—Q, 1/2(ch o) ; (xo -2 Z ) et
P;_1/2(ch 7o) ne1 4n? — a1 4n? — 1

The symbol 2’ indicates that the term »# =0 has to be multiplied by 1/2.

From the representations [18, p. 344, (2)] we conclude that x, is positive
and xi, X3, - - - are negative. Hence v is also negative. Formula (6) is a
simplified form of the result of Hicks.

(c) Two spheres, in the direction of the central line (Hicks [7], C. Neu-
mann [12], Herman [6], Basset [2]). We give the result only in the case of
two equal spheres; using dipolar coordinates (cf. Szegs [18, p. 346]) we have
for the spheres n=+8, >0,
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. 0 (_l)n—l.
(8) du=d:.=a E (sh n8)?

For the flow perpendicular to the direction of the central line, only approxi-

mate results have been obtained (cf. Lamb [10, pp. 133-134] and Hicks [7]).

(d) Lens, in the direction of the axis (Shiffman-Spencer [17], special cases

by Basset [1] and Herman [6]). The notation being that of 1.13 (e) we have
ad T

d33=d,=7sin +ﬁ
a
9

—1— cscsw-csct{csc(t-l- ™ )—csc(t— ik >}dt;
271 T a+ B a4+ 8

the line of integration is a vertical line Re {¢} = —¢, 0 < (a+8)e <min (ra, 78).
Various interesting special cases have been pointed out by Shiffman-
Spencer. We mention two cases which have not been mentioned explicitly by
these authors. These are the spherical bowl and two spheres tangent to each
. other.
The case of the bowl was discussed by Basset [1], not only for the direc-
tion of the axis but also in the perpendicular direction. We have in this case

a‘{Z 1r—a+2"‘sin2a}

=-27r—-

(10) ds

3 sind a

For a=m we obtain the well known case of the disc: d,=2a%/3x.
In the case of the two tangent spheres, if the radii are 7, »’, we have

o NG ) o)

where
's) ™M1 & 1 1

12 As) = — + = ( - >
(12 ) I'(s)y T@) ,;o n+s n+1
In the case r =7’ mentioned by Shiffman-Spencer,

© -1 n—1 3
(13) de=1), (=1 = —r¥(3).

na=1 nd 4

1.13. Polarization in special cases. The list of known cases given below
is far from being complete. These results can be obtained either from Green'’s
functions (1.5 (14)) or by the use of images or of curvilinear coordinates.
We shall use in Chapter V the latter method in deriving the majority of the
formulas. The notation of the curvilinear coordinates and the corresponding
characteristic functions is the same used by Szegé [18] except in the case of
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the lens (cf. (e)).
Following the analogous problem of the electrostatic equilibrium we deal
with the polarization in these classical cases:
(a) Ellipsoid.
(b) Anchor ring.
(c) Spindle.
(d) Two spheres.
(e) Lens.
Concerning further special cases, cf. Lichtenstein [11, No. 31, pp. 287-291].
(a) Ellipsoid. Using the same notation as in 1.12 (a) we have

2 Xs s ds

1 i=— [
() 'I/ Pi P (a?'*'s)H
so that
V 3 ki 4 — p;
(2) E=—> —, P= VZ AR
T =1 Pi

It is interesting to compare these formulas with the corresponding formulas
for the virtual mass. It is easy to verify the following inequality for the
average polarization:

4—p.

t‘

2V.

w|<:

3
E
Inequality 1.5 (19) can also be verified.

(b) Anchor ring. Using peripolar coordinates 7, 8, ¢ we have for the torus

7=n0(10>0) in the direction of the axis (z-direction) the following electric
potential:

©)

d n—1/2(Ch
@) VYs=v.=— (2 chn— 2cos )2 n Qnoryalch 70) P,_12(ch g) sin #4,
n=1 n—1/2(Ch 770)

and for the polarization in the same direction:

16a% = n—1/2(ch
(5) €33 = €, = Z n? Q 1/2( "70) .

T n=1  Pa-ys2(ch o)

In the direction of the x-axis we have

4a
Yi=¢.=——(2chy — 2cosf)/2shycos¢
™
(6)

E Qn-l/z(Ch ﬂo)

n=o0 P, n—l/2(Ch 770)

P)_y/5(ch 1) cos n8
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and

8a® 2 1\ Qn-1/2(ch
311 = 322 = ez = ey == - —— Z’ (n2 — _)_Qn—llz_(.—nO)
(7) 4 P,’b-l/z(Ch ‘r]o)

where X, has the same meaning as in 1.12 (b); the symbol Z’ used also in the
same sense as there. Compare e, =e¢, with 2d, where d, is defined by 1.12 (6).
It is also interesting to compare the previous formulas with the expressions
of the conductor potential and of the electrostatic capacity (Szegs [18, p.

344]):

0
u = 3 (2chn — 2cos 0)1/2 Z/ Qn—1/2(ch 70)
™

——————— P, _1;2(ch 1) cos nb,
a=0 Pn_12(ch 1) i

(8
) c= 4q i' Qn_l/z(Ch ?10)
T n—0 Pn-1/2(ch 7o)
(c) Spindle. If we use dipolar coordinates 7, 8, ¢ the spindle is character-
ized by the condition 8 =6, 0 <0y <. In the direction of the axis which is the
x-direction, the following representation of the electric potential and of the
polarization holds:

9 Yr.=0a(2ch ——2c0501/2f
© Y ( ! ) — L,(— cos 6y) ch gw
Ly(cos o) q?

10 e, = 4a3f d
(10) —w Lo(— cos 8y) ch gr 7

In the direction of the y-axis we have

©  Ly(cos 8g)Ly(— cos 6) ¢ sin gg J

¥y = a(2 chn — 2 cos 6)'/2 sin 6 cos ¢
(11) ' f“ L{ (cosflg)L, (— cosf) cos qn J
— L/ (— cos 6y) ch gw
© Lg(cosby) ¢*+ 1/4 da.
—w L{(— cosfy) chgr

(12) ey = e, = 243

For the sake of comparison we quote the formulas for the conductor potential
and the electrostatic capacity (Szegs [18, p. 345]):

©  Lg(cos ) L,(— cos 8) cos qn

1
(13) u = 5 (2chn — 2cos 0)1/2f

—c0 Lq(— (o015} 00) Ch qmw
L cos 6 d
(131) C f © q( S 0) q

Ly(— cos 8p) ch gr ‘




150 M. SCHIFFER AND G. SZEGO [September

(d) Two spheres. Using dipolar coordinates the two spheres are char-
acterized by the conditions n=a<0 and n=8>0. In the direction of the
central line (x-direction) we have for the electric potential

ch Na- eV 8 — ch NB-eV¥ (e
{4aN

eNd — g~Nb

Y:= (2chn — 2cos )12,

(14) =0
sh Na.eN('l—ﬁ) —_— Sh Nﬁ.eN(a—ﬂ)
—2p }P,,(cos 0)

eNs — oNb

and for the polarization
d ch Na-¢V¢ 4 ch NB-eV=

€; = 16a3’§) N? T
(15)
d sh Na-eV8 4 sh NB-eNe
- 8a2pnz=% N prrg——

where the constant p has to be determined by the condition that the sum in
(14) vanishes for n=0=0. Here N=n+41/2, 6=08—a.
By a simple transformation we obtain

er = @33 [fms + 6) + fomd — o) + 2f(md + )]

o[ S i+ ) = g — o) |

(16) _ - m=0 :
2 [h(ms + B) + h(md — a) — 2h(m5 + 5)]
M= ()
14 ch?x " _chx__ , __1__.
flz) = e K'(x), g(x) = Y K (%), h(x) = e

In the y-direction we have for the electric potential

¥y =(2ch 2 cos 6)1/2-4 Zw: sh NB-eV(e=n — sh Na-eV(r#
= (2chy — 2 cos -4a
an " > e

-sin 0P, (cos 6) cos ¢,

and for the polarization in the y- and z-directions:

( l)chN(a+B)—e"”‘

N2 — —
sh Né

ey=e‘=4asz 4

n=0

(18)

= aai [sh=2 (md + B) + sh—3 (mé — &) — 2 sh=3 (mé + 3)].
m=0
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In case of equal spheres we have a= —@, and
(19) 0n = 2005 [(nB), ey = es = 2633 =y
=1 ' Y ’ n=1 (sh nB)?

It is interesting to note that (cf. 1.12 (8)):
2d, = e, = e,.

(e) Lens. In this case it seems advisable to change the notation used in
Szegé [18, p. 347]. The following table compares the symbols used by various
authors:

Szegd [18] 6, 02
Shiffman-Spencer [17] a—p 2r—p
present paper @ 2r—pB

We assume that a and B are positive, a<w, a+8=2w. The “upper”
surface #=a of the lens is in the upper half-space. The “lower” surface
6 =2r—B is in the upper or lower half-space. The domain outside of the lens
is characterized by the condition

(20) -f<i<a
The exterior angle is a+8. The volume is

3,

_ (- L. B 8
(21) V = —<(2 — cos a) cot — csc + (2 — cos B) cot — csc? —}
6 2 2 2 2§

We employ the function (Szego [18, p. 347])

fa(m) il L,(— ch ) - F(——1+' L i
= _c = — 20 ® — 2
o ch gr ‘ K ch gr 2 0 2 ig; 1; — sh 2)

L)

= f (2 ch v’ + 2 ch9)~Y2 cos gn'dy’; q real, I Im ’7| <

—c0

(22)

so that the functions
(2 ch 9 — 2 cos §)12f () et

(23)
(2 ch 7 — 2 cos B)112f] (n)eteb+is

are harmonic.
We give here the result for the general lens and in the next section for its
numerous special cases.
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In the z-direction which is the axis of the lens we have for the electric
potential:

= (2chn — 2 cos§)!/?
e e q[sh g(a—0) sh ¢(8—m)—sh g(a—m) sh ¢(8+6)]
f_wfq(ﬂ)( sh q(a+ﬂ)
_ p[sh g(a—0) ch g(B—)+ch g(a—8) sh ¢(8+6) ]) J
sh g(atB) !

(24)

and for the dipole coefficients:
o = dgh f“ (q?[sh g(w — @) ch g8 + ch ga sh g(x — B)]
— sh g(a + B) ch g
_ pqlch gle — 7) ch gf — ch g(B — =) ch qa])
sh g(a + B) ch gr
Here the constant p has to be determined by the condition that the integral

in (24) vanishes for n=60=0.
By a simple transformation we obtain

=4aaf°°2shqwchq(l3—a)+shq(u-—a—ﬁ)d
_«,q sh g(a 4+ B) ch g 1

(25)

sh g(a — B)
26) B I:f_wq " shga + B) gt s :l
f°° shqwchq(ﬁ—a)+shq(a+ﬁ—-1r)d
—» sh g(a + B) ch gr 1

In the x-direction we have for the electric potential
= (2 ch n — 2 cos )1/2
(27) a =, .shq — a)chg(r— ) — chglr —a)shqg®+p)
.—f Jio sh g(a + B)

-dg cos ¢
and for the dipole coefficient:
€, = e, = 2a3fw<q2+ I)ShqaChq(W_ﬂ)"l"ChQ(”_“) ShQﬁ
- 4 sh (e + B) ch gr
- 2a3fw(qz+ I)Shq“h““—ﬁ) tohgatBon)

(28)

sh g(a + B) ch gr

For the sake of comparison we note the expression for the electrostatic
capacity (Szegé [18, p. 348]):
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(29) C=af°°shqwchq(a—ﬁ)+shq.(a+ﬁ—1r)dq

— sh g(a + B) ch g7

1.14. Special cases of the lens. (a) Spherical bowl, a+B=2m, 0<a<m (cf.
Basset [1, p. 294, p. 296]):

(1) e = a®{f"(a) — f"(r) — [f'(@)]*/f(a)}
where

I ch g(r — )2 1 o« 1 ]
@ f(a)_f_w[ ch gr ]dq——-;—+(1 r)sina
Furthermore

e D[22,
e = ¢, = 2a — )| ——
Y —o ‘ 4 ch gr

3) as
= S @ + @) + f@).

We have f'/(7) =(37)~1. The capacity is C=af(a). We observe that (cf. 1.12
(10)) 2d,=e,=z¢,.
(b) Circular disc, limiting case of (a), a—r:

443
4) e, =0, €, =€, = —-
3r
(c) Half spherical (thin) shell, special case of (a), a=m/2:
®) 3(1 4+ 1 ) 3<1_|-2>
e; = ad| —— — R e:=¢y,=a’{—+—).
2 3 247 ‘ 2 3r
(d) Symmetrical lens, a=f; in this case
sh
(6) = (2 chn — 2 cos §)1/2 —-f fo(n )%———) sh ¢fdq,
sh ga
) e, = 4a"f ¢%[th gm cth ga — 1]dg,
®) — (2chn — 2cos 0)”2——f fi(m )Ll ch gfdq-cos ¢,
h g

) e: =€, = 2a3f (q2 + z—) (1 — th gr th ga)dq.

For the sake of comparison we mention that
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(10) C = af (1 — th g th ga)dg.

(e) Two spheres of radii » and ' tangent to each other, a—0, 8—0, a—0,
a/a—r, a/B—r':

i ( rr, )s{kll 4 )+xl! f’ >+ Zk”(l)
o= r+7 <r+r’ (r-l—r’

(11)
NG/ e+ ) =N+ ,/))]2}
Ar/(r+ 1)) + M /(r + 1))

where A(s) has the same meaning as in 1.12 (12); moreover

(12) ce=1( )3{>\" ’ )+>\" s ) 2>\"(1)}
e == 2(r+r' (r+r’ (r+r’ )

Again (cf. 1.12 (11)): 2d,=e,=e,. Finally, we compare these results with the
expression for the capacity (Szego [18, p. 346, (4)]):

0 e TG
r+17r r+47r r+ 1

For two equal spheres, r =7/,

(14) e, = 2r’\""(1) = 4r%(3), e; = ey, = (3/2)r%¢(3).

CHAPTER II. IDENTITIES AND INEQUALITIES FOR DIRICHLET INTEGRALS

In this chapter the formal transformations and identities are worked out
which are of importance for the rest of the paper. A somewhat more general
approach is chosen which considers also Green’s and Neumann’s functions
and their properties. One reason for this is the fact that the polarization
problem may be reduced to the problem of determining Green’s function
and the virtual mass problem to that of Neumann’s function as will be
shown. Another reason is the greater symmetry of treatment which is
achieved by this broader approach.

2.1. Green’s and Neumann’s functions. Using the notation of Chapter I
we introduce the two fundamental functions of potential theory associated
with a given surface b and study their Dirichlet products with functions
hEH.

Green'’s function

1

is harmonic in B except for p =¢ and vanishes if either argument point comes
upon the boundary b; g&EH as a function of p (¢ fixed). Green’s function is
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symmetric in p and g.
Neumann'’s function

1
(2) N(p, q) = m + n(p, @)

is harmonic in B except for p =g and has in each argument a vanishing normal
derivative on b; n & H. Neumann’s function, too, is symmetric in $ and gq.

It follows from the extremum principle on harmonic functions that
G(p, 9 >0 if p, g are in B. It is less obvious that also

To prove this, let ¢ be fixed and let us suppose there were a sub-domain
B’CB in which N(p, g) <0. The boundary of B’ is made up of either surfaces
where N =0 or of parts of b. Thus, we have along the whole boundary &’ of B’
the equation

i)
(4) N(p, q) 5, Yo =0 p EV, q fixed.
Thus, by Green'’s identity, we would have

®) [[[ leavp olear, = 0.

This is a contradiction, since Neumann’s function is not identically zero.
Thus, (3) is proved. From the extremum principle, we infer also

(6) N(p, q) 2G(p, @
for the difference between these two fundamental functions:
(7 k(p, @) = N(p, 9) — G(p, 9)

is regular in B and non-negative on b.

Let now k(p) be an arbitrary function of class H. Using the representation
1.4 (3) for the Dirichlet integral, we conclude the identities:

(8) D{G(p, 9, h(p)} = — h(p)/2
and
9) D{N(p, 9), h(p)} = h(g)/2.

From (8) and (9) it follows that the non-negative function k(p, ¢) defined
by (7) has the elegant property:

(10) D{k(p, 9), k(p)} = h(g).

Thus, k(p, ¢) is a reproducing kernel for the class H with respect to Dirichlet
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multiplication. It is very remarkable that the combination (7) of Green’s and
Neumann'’s functions, which is of the class H itself, behaves in many re-
spects simpler than each of its components.

2.2. The kernel function. The importance of the function k(p, g¢) may best
be recognized by the following consideration. Let {h,,(p)} be a complete
orthonormal set of functions with respect to the class H and the Dirichlet
metric; that is, we assume

1 for v=u,

1 D(h,, h,) = 6,, =
(1) (o 1) = 5., {Ofor”ﬁ“

and if % is an arbitrary function of H, we have

(2) h(p) = 20 ahi(p),  av = D(h, hy)

v=1
where the sum converges uniformly in each closed sub-domain of B. Expand-
ing, in particular, k(p, ¢) for fixed g, into such a series in %,(p) we find in
view of 2.1 (10)

3) k(p, @) = 22 m(p) n(g).
p=1
This shows that k(p, q) is the kernel function of every complete orthonormal sys-
tem in H. From this fact, a simple construction of this particular combina-
tion of Green's and Neumann'’s functions can be derived.
If we specialize in 2.1 (10): k(p) =k(p, s) with sEB, we obtain

(4) D{k(p, ), k(p, 5)} = (g, 5)-

Applying now Schwarz’s inequality to 2.1 (10) and using the identity (4), we
find

(5) [(g) ]* < k(q, 9D(h).

Equality holds only for 2(p) =k(p, ¢) and this property might serve to define
the kernel function by an extremum problem. The great importance of the
kernel function for the class H is clearly illustrated by (5).

We insert in (5) the function k(g) =k(g, s) and have, in view of (4),

(6) [E(g, $)]2 < k(g, 9)- k(s, 5)

which permits an estimate of the function k(g, s), depending on two points,
in terms of the function k(g, ¢) which depends only on the single point g.
The same inequality can be obtained directly from (3) by means of Cauchy’s
inequality.

Inequality (6) may easily be generalized by the following consideration.
We choose m points ¢;&B and consider the function
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) h(p) = _'_"legk<p, %)

which is evidently of class H. Since its norm is non-negative, we have in view
of (4)

®) D) = 3 kgo qo)tits 2 O,
i,k=1

that is, the matrix ((k(gi, gx))) is semi-definite. This result clearly implies
(6). Inequalities of the type (8) are characteristic for the study of harmonic
functions by means of the Dirichlet integral and we shall encounter them
frequently in the following sections.

2.3. Identities for g(p, ¢) and n(p, ¢). In this section we form various
Dirichlet products involving the regular parts g(p, ¢) and n(p, ¢) of Green's
and Neumann’s function. This leads to further inequalities of the type 2.2 (8).

(a) Let ¢ and s be two arbitrary points in B. Using Green’s identity, we

find
)
- f f g(p, q)a—g(p, s)da
b

1
- — — g(p, s)do.
41rffbr(p, q) o 82, )
By means of the identity

o ff [ ((; q)) ,<,,1, - 2 1) do = b0

which is valid for every function h(p) of class H we arrive at

A 1

=809 - uwff,,r(p, B) 5<r(p, q))da

Let us denote by B the finite complement of B which is enclosed by b; the
normal v is relative to B the exterior one. We may, therefore, write

Ttg. ) = 1611r2f /, r(pl, 9 bﬁ?( r(pl, q)) 4

D{g(p, 9), g(p, 5}
(1)

©)

4)

~ 16m f f f r(p, q) f(ii 5) “

and this quantity is symmetric in ¢ and s; it depends only on the geometry
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of the surface b. We obtain finally
6 D{g(p, 9), g, )} = 8(g, ) — I(g, ).

Consider now the following function of the class H; let ¢; be m points in
B and let

©) Hp) = 3 tigp, 49

=1

We have in view of (5):

™ D(k) = 3 [6lga ) = Igs 99t 2 0.
Obviously
(8) "kz_l I(gs, qr)tits = ffff; gradé N7 dr 2 0.

Thus, we proved that the matrix ((g(gi, gx))) is positive-definite and gave for
it a lower bound in terms of the matrix ((Z(g:, ¢x))). In particular, we obtained
the following inequality:

) (8(2, 9)* = g(2, 9)-8(¢, 9)-

(b) Performing similar transformations with Neumann’s function, we

find
(10) D{n(Pr Q): "’(?r S)} = n(qr S) - I(qv S)

which is completely analogous to (5). We are led to the corresponding in-
equality

m

(11) 2 g a) — I(gi, g) Jtsta 2 0

%, k=1
and, in particular, to the inequality
(12) (n(p, 9)* = n(p, 9)-n(g, ).
Since, by definition,
k(p, @) = n(p, ) + 8(p, @)

we may derive from (7) and (11) the inequality

m

(13) > k(gi, q)tite = 2 D, I(gi, qu)tits

§, k=1 § kel

which is much stronger than 2.2 (8).
Finally, we form the scalar product
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_ ffbg(p, 5 a% n(p, q)do

1 1 ] 1
f f — do,
1672 v 7(p, s) o r(p, q)
that is, by virtue of (4)

(15) D{n(p, ), g(p, 5)} = I(g, 5).

This result is particularly simple since the right-hand side contains a geo-
metric quantity which can be computed directly without solving boundary
value problems for harmonic functions. Cf. the remark to 1.5 (10).

(c) As an application of these identities let us consider the following
harmonic function hEH:

D{n(p, 9), g(», %)}
(14)

h(p) = 2 tig(p, i) + 72 tin(p, ¢f),
(16) . =1 i=1

¢;i € B, ¢! € B; ¢, t{, 7 real.

Its norm is non-negative whatever values ¢, t;/, and 7 are chosen; hence, be-
cause of (5), (10), and (15), we obtain the discriminant condition

4[ i (8(gsr qx) — I(gs, Qk))titlc] [ il: (nlgd, q) — I(q!, gi Nt tk’:l

t,k=1 1, k=1

(17) m m 2
S [ > > I(gs qk')t;tk'] .
t=1 ke=1
This is a remarkable interrelation between the two definite quadratic forms
(7) and (11). We see that the smallness of the one form implies a large value
of the other, provided the purely geometric quantity on the right-hand side
of (17) is given. We see again that the simultaneous study of Green's and
Neumann'’s functions leads to elegant results, as exemplified by the kernel
function, the identity (15), and the inequality (17).

2.4. The capacity of the surface b. We define the conductor potential of
the domain B as the harmonic function %(p) € H which has on b the boundary
values 1. It may be interpreted as the potential of an electrostatic equilibrium
charge distribution over the conducting surface b; the charge C at infinity is
the capacity of the conductor.

Let k(p) €H, then one finds easily

(1) D(u, k) = 4ra

where a is the charge of %, and in particular,

(2) D(u) = 4xC.
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From (1) we conclude: The class of all functions A& H which are orthog-
onal to the conductor potential is identical with the class of all functions
k& H with vanishing charge a.

We may use this result in order to obtain an interesting relation between
the conductor potential and the kernel function k(p, ¢). Since &i(p)
= (47 C)~Y2y(p) is normalized with respect to the Dirichlet metric, it can be
chosen as the first element of a complete orthonormal system {A,} for B.
By the preceding theorem, all %,(p) with »>1 will be then without charge,
that is, they vanish at infinity at least as »~2. Using the representation 2.2 (3)
for the kernel function, we find

u(p)u(q)
3 Hp. ) = 2 4 3 ().
In view of the asymptotic behavior of the 4,(p) at infinity, we find
. u(q)
@ lim {rk(p, 9} = 2
p—o 4r

This is a representation of the conductor potential in terms of the kernel
function.

We obtain from (3) the particular instance

(w W + 3 )

y=2

©) k(p, p) =

Let {f,} be now an arbitrary complete orthonormal set in B; we have also

(“(1’ DS o

r=2

©) f: () =

Let b, be the charge of f,(p) at infinity; comparing the terms of order r—2 on
both sides of this identity, we find

) 2 C
(7 E by=—-"

y=1 0
If a finite number of orthonormal functions f,, v=1, 2, - . ., #, is known,
obviously

o .2
8 b, §
8 E, o
In the case m=1, we have: For every h& H with the charge a
9 4ra®(D(K))1 = C

and equality holds only if h is the conductor potential u.
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This result is nothing but the well known principle of Thomson that
among all potentials with given charge @ at infinity the conductor potential
has the minimum energy a?C-1/2. (Cf. [16, 2.1].) It may be derived in
various ways and is frequently used to obtain from an arbitrarily chosen
hEH a lower bound for the capacity C of b. By means of (7) we are able to
improve this estimate systematically. Having chosen a function fiEH
arbitrarily and made our first estimate, we introduce a second function f;
which is orthogonal to fi and obtain because of (8) a better estimate for C. If
necessary, this procedure may be continued indefinitely. Thus, the well
known inequality (9) appears in our formulation as the first step in a con-
tinuously improving approximation procedure. In the subsequent sections
other potential theoretic quantities will be represented in a similar way by
means of appropriate kernel functions. The significance of such a repre-
sentation will be clear then from the above remarks.

Finally, we consider the Dirichlet product

1 a3
(10) ng@m@}=—;fﬁ = w(p)de = u(g).

r(p, Q) v

If we expand g(p, ¢) at infinity into a series

(11) | gm@=§?+~-

we find because of (1)

(12) 4ra(q) = D{g(p, 9), u(p)} = u(9).
Thus, we may obtain #(q) by expanding g(p, ¢) into a series (1.5 (14)):

oy

(13) lim {re(p, 9} = -

Another formula expressing the conductor potential by means of Green’s
function is the following:

(14) w0 = [ [ 266, i

2.5. The stream constant of b. It is of some interest to consider the dual
concept to conductor potential and capacity. We define the function v(p)
€ H which has on b the constant normal derivative —1. Its source strength
at infinity is

1 9y S
(1) a=——f Pie =2
b av 41!’

where S is the surface area of b. If hEH we have
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@) D(h, v) = —ffbhgzdo-=ffbhda.

In particular,

3) D(v) = f f i = %r

where T is a characteristic constant of the surface b and will be called the
stream constant of b. It is the dual concept of the capacity. By Green’s for-
mula, we have

(4) w@=fﬁNmowp

which shows by 2.1 (3) that (g) is non-negative. From (3) and (4) we conclude

(5) T = 4r f f . f f,, Nt doda, 2 0.

Let now hEH be arbitrary but with a prescribed value [/; hdo =s. It is
easy to estimate D(k) by means of I'. This shows the important role of this
concept in the general theory of harmonic functions. In fact, applying
Schwarz’s inequality in (2) and using (3), we find

(©) 41r( f f bhda)zé TD(h).

Thus, we obtain the following formula which is dual to 2.4 (9):
(7 4xs®(D(h)) £ T.

As in the case of the capacity this formula may be refined with the aid of
the kernel function. In fact, let ki(p) = (I'/47)~2v(p) be the first element of
a complete orthonormal system {4,} in B. We have, by definition 2.2 (3):

47r 00
® kmo=—¥¥9+§mmmw

In view of (2) all &, for v=2 have vanishing surface integrals so that

) dr f . f f, _, Kb dada, = T.

This follows also easily from 2.1 (7) and from (5). Let now { f,} be an arbi-
trary complete orthonormal system and let

(10) f f o= s,
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We have from (9)

Ll
2
(11) T=4r), s,
y=1
and this identity permits a successive approximation of the stream constant.
The Dirichlet product of the dual expressions # and v is again particularly
simple:

(12) D(u, 1) = f f o=,

Thus it has a simple geometric meaning. Using Schwarz’s inequality, 2.4 (2)
and (3), we obtain the elegant inequality 1.5 (20).

2.6. The class A. (a) In order to deal with the virtual mass and polariza-
tion we need an extension of the class H which we called in 1.4 the class A.
This class arises from the class H by adjunction of the three special functions
x; of class A. We find by the definition 1.4 (3):

(1) Dlxs x1) = — % f f (s cos (5, ) =+ 4 cos (3, 2)d = — Vo

where V is the volume of the solid B enclosed by b. Thus the three functions
x;EA have a megative norm so that there exists an infinity of functions
I(p) €EA with non-positive norm.

This makes clear that it is impossible to determine a complete ortho-
normal system in the usual sense for A. We may, however, determine a
system {,} with the property

(2) D(lvy lu) = * 57#

and such that each function /EA may be represented in the form

©) l=2ah &=+ D3l),

y=1
where the sign in the expression for a, must be the same as that in (2) for
v=pu. We shall call {l,,} a complete orthogonal system in A.

(b) If we want to determine the scalar products of all functions IEA
with Green’s and Neumann'’s functions, it is sufficient in view of 2.1 (8) and
2.1 (9) to compute the corresponding products with the x; only. We find by
definition 1.4 (3)

1 a3 1
@ D6k g 5} = - f f G, Qs = — < WD, i=123.

Here y9(¢) €H and has on b the boundary values x;. If we subtract from
¥§ an appropriate multiple of the conductor potential we can cancel its
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charge at infinity and obtain a new function y;(q) EH,. It is identical with
the electric potential of the polarization problem. This function ¥:(q) =¥(q)
—a;u(g) has on b the boundary values x; —a; where the o; are certain char-
acteristic constants.

The geometric significance of the «; is best concluded from the identity
(2.4 (1) and (2))

0 o 0u u
(5) 0= D(u,¢:;) = D(u, ¥5) — a:D(u) = — ffb\l/i-g;do' + aeffbugdd'

so that using the boundary values of ¥{ and u, we obtain

6) (fj;——dcr)_lffx,—da

Since — (1/47)(du/dv) is the density of the equilibrium charge on the conduct-
ing surface b, we see that the point with the coordinates ¢, is the centroid of
this equilibrium charge distribution on b.

(c) We have further

1 1
M DG g w) = - f f N(p, 9) cos 5, z)do = = — 6ia).

Here ¢:(¢) €EH and has on b the normal derivative —cos (v, x;). From this
fact, we conclude

a
(® f — ¢ido = — ff cos (v, x;)de = 0,
b al’ b

that is, ¢:(¢) €H, and is identical with the velocity potential of the virtual

mass problem.
We define as in 1.3 (9):

9) Y = x; — ¢ d; = x; 4+ ¢

They are of class Ay and ¥; has constant boundary values «; on b while &;
has a vanishing normal derivative there.

2.7. Identities for the ¥; and ®;. The functions ¥; and ®; have a very
simple behavior on the boundary & of B and permit, therefore, an easy
computation of their Dirichlet products with other harmonic functions.

(a) Let hEH; using the notation 1.4 (1) we have

D, k) =———ff(h—\1/ +¥i— h)da
9 9

= 47raa,~—-—ff (h —"I’.' - ‘I’.'—— h)d(?
2 b dv I

(1
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Thus, we used the particular boundary values of ¥; in order to transform
the Dirichlet integral into the standard form of Green’s identity. Now we have
if hLEH,\NEH,

@) ff( 2 >a=o.

Also we find (notation as in 1.4 (1))

@) 2 ff ( oy aﬁ)dﬁ = e

extending the integration instead of over b, over a very large sphere. Thus,
we have finally

(4) D(‘I’.‘, h) = 4araa; b 21ra.'.
In the same fashion, we obtain
(5 D(&;, k) = 2wa;.

(b) In order to determine the Dirichlet products of ¥; and ®; with all
elements of A it is sufficient to compute only their products with x:. Using the
same methods as before, we find

v, ax
© D x) = ——ff(xk g, a")d.,— _ 2mes
14

and

©) D(®;, xx) = — ——-ff( % — % %)do’ = — 2wds.

It is further obvious from the definition of the Dirichlet integral that

®) D(¥;, ¥r) = D(®;, i) = 0.

We may transform these two equations by means of (4), (6), (5), and (7) into
) D(x;, Wi) — D(Ys, i) = — 2mexs + 2meq = 0,

(10) | D(x:, ®x) + D(¢s, ®x) = — 2wdi + 2wdir = 0;

this proves the symmetry of the matrices ((ew)) and ((di)):
(11) eix = €xi, dik = Qs

As a special instance of (4), we have the identity
(12) D(¥;, ¢1) = — 2mwd
and adding this to (6), we find in view of 2.6 (9)
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(13) D(‘I’,', ’I>k) = — 21!'(8,% + d,‘k).

Thus, we determined all Dirichlet products between the ¥;- and ®;-functions.
From these identities, we arrive easily at the multiplication table for the
functions ¥; and ¢ given in 1.5 (16)—(18). We have to use 2.6 (1), (6), (7), (8),
and (13); moreover we obtain the identities 1.2 (2).
(c) Finally we apply (4) to the conductor potential #(p) and find

(14) D(‘I’;, u) = 41I’C(¥.' - 27r'y.-

where v; denotes the special values of a; if =u. On the other hand, we find
directly, in view of the sourceless character of ¥;:

1 ou 6\1/;
(15) Mmm=——ff@—+—)w=h@ﬁ
2 b v v

Hence, we have the simple relation between the «; and v;:
(16) vi = Ca;
and may write (14) in the alternate form
17 D(¥;, u) = 2my..
From (5), V‘ve obtain also
(18) D(®;, u) = 2mv;.

2.8. Orthogonality relations and the kernel function. In this section the
identities of 2.7 will be applied in order to construct the functions ¥; and ®;
by means of orthogonal systems. The concept of the kernel function will play
a central role.

We start forming the following two linear combinations of ¥; and &®;:

(1) Zip) = [®:(p) + Wi(p)]/2 = 2 + (s — ¥4)/2,
(2) wi(p) = [®:(p) — Wi(p)]/2 = (s + ¥4)/2.

Using the notation 1.4 (1) for an arbitrary A& H, we obtain, in view of
2.7 (4) and 2.7 (5),

3) D(Z;, k) = 2maay,
4 D(w;, h) = — 2wac; + 2ma..
Since w, EH, we infer from (3) and (4):
(5) D(Z;, wx) = 0, D(wi, wi) = w(dax + e:x).

For the sake of completeness, we point out the following consequence of
2.7 (8) and 2.7 (13):

(6) D(zi, 21) = — w(dax + €ar).
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In view of (3) and (4) we have the theorems:

I. The functions z;, 1=1, 2, 3, are orthogonal to all functions of H,.

II. All functions in H, which are orthogonal to w;, ¢=1, 2, 3, vanish at
infinity at least as r—3.

Consider now the matrix

) M = x((dix + e:r))

which is symmetric and, in view of 1.2 (2), positive-definite. Let O=((0:))
be the matrix which satisfies the equation

8 OMO’ = ((8:x)).
Then, introducing the functions
3 3
9) E(p) = 2 oazr(p),  wi(p) = 2 ounwi(p)
k=1 k=1

we recognize easily from (5), (6), and (8) that they satisfy the relations
(10) D(Et’, £k) = - 5ik, D(w;, wk) = 5;1,.

Let now wi, ws, ws be the three first elements of a complete orthonormal
system {h‘,’} in Ho. If ko(p, @) is the corresponding kernel function, we have

3

2,0 .0
(11) ko(p, q) = 2 wi(p)wilg) + 2= B(p)h(9).
=1 ye=4
According to Theorem II all functions k%(p) for » >3 vanish at infinity at least
as 73, Thus, the first right-hand sum is the leading term at infinity. This
permits us to compute the w;(p) and, therefore, the w;(p) by means of the
kernel function. In particular, we have

kit ) = 2 @@ + 2 ()’
(12) '1 =t
= — D (dia+ ewn) xixir™® + O(r)

AT k12,3

which yields a systematic approximation for the quadratic form

(13) Q= i > (dik + ear) % %

T §,k=1,2,3

In the same manner we may connect the £;(p) with a kernel function with
respect to the class Ao. Let, in fact, {f} be a complete orthonormal system
in Ho. By adjunction of the three functions £;(p) we obtain a complete orthog-
onal system for A, as is easily seen from the Theorem I and (10). Thus, the
kernel function of this system has the form
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(14) Kot 0) = = S 6PEQ + ilff(p)ff(q)

and the characteristic property
(15) D{Ko(p, 9), 1°(p)} = 1°(g) for every I° € Ao.

The leading term of K¢(p, g) at infinity is the first right-hand sum. One might
now construct the kernel function in the following way: take, for example, the
three functions x; and the system {f°} and orthogonalize them. From such a
construction one obtains a representation for the £;(p) in terms of the ele-
ments of an orthogonal system.

We find easily from the definitions (8) and (9)

(16) Ko(p, p) = — 2. maxiw + finite terms at infinity,

4,k=1,2,3

with M~1=((uu)). We have further
3 3
(17) lim { % Ko(p, ) = — 2 oubi(q) = — > miZi(9)
) =1 =1

if the two other x-coordinates of p remain finite. From formulas (16) and
(17) approximations for M and the Z;(p) may be obtained.

2.9. Identities for ¥;, ¢;, Green’s and Neumann’s functions. In this sec-
tion we deal with the Dirichlet products between the functions ¥;, ¢4, on the
one hand, and Green’s and Neumann’s functions, on the other. We find, in
this way, an important result which shows that the functions ¥; and ®; may
be obtained directly from Green’s and Neumann’s functions as coefficients
of a certain expansion. Also we derive from our identities certain inequalities
by applying Schwarz’s inequality in the usual way.

We find by easy transformations

M D{¥i(p), 8(p, D} = ¥i@) — i)

where J;(¢) is a purely geometric quantity:

7@ = 4_trf fb x‘ T:Z(r(pl, q)) f fb ) :

)

- ifffg ?i:(r(;, q)) o

In the same way:

(3) D{¥i(p), n(p, 9} = Ju(0),

4) D{¢:p), 8(p, 9} = Ji),

(5) D{¢i(p), n(p, 9} = ¢:(9) — Ji(9)-
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We observe here again that the integrals which combine a solution of a
Dirichlet problem and a solution of a Neumann problem are purely geometric
expressions.

Adding now (3) and (5) and using the definition 2.8 (2), we obtain

(6) D{wi(p), n(p, )} = #:(g)/2.

Thus, if we assume for fixed ¢ and p near infinity the expansion
3
(1) n(p, @) = r* 2 bi(g)x:i + O(r),
=1

we find in view of (6) and 2.8 (4):

69
(8) bi(Q) = ——
4r
This result shows that ¢;(¢) may be obtained from #z(p, ¢) by expanding the
latter function into a series in p and taking the coefficient of x;#—3. We may
express this result also in the following form:

Z bi(@)x: + O(r ).

4rrd o1

Adding similarly (1) and (4), we obtain

(10) D{wi(p), g(p, 9} = ¥i(g)/2.

Let us now expand g(p, q) for fixed ¢, and p near infinity. In view of 2.4 (13),
(

(11) gt 9 = —i) +— Z ci(Qx: + 0(r%).

=1
Applying 2.8 (4) and (10), we find
(12) — aqu(q) + 4mci(q) = ¥i(g)-

Since #(g) may be obtained from the expansion of g(p, ¢) at infinity and «;
from the expansion of #(g) at infinity, we see that ¥,(g) is entirely determined
by the coefficients of the expansion of Green’s function.

It is apparent from these results that the problems of the polarization
and virtual mass dipole are essentially contained in the corresponding prob-
lems of a single source and may be derived from them. It is, however, in
most cases easier and more elegant to solve the dipole problem directly. One
obtains also a much clearer understanding of the theoretical properties of
the functions ¥; and ¢; if one starts with their definition by boundary condi-
tions instead of defining them as coefficients of certain expansions. This is the
way we shall proceed in the special cases treated in Chapter V.

Using Schwarz’s inequality in (3) and (4), we find by virtue of 1.5 (16),




170 M. SCHIFFER AND G. SZEGO [September

1.5 (17), and 2.3 (5), 2.3 (10):

(13) (Ji(g))? = (4mess — V)n(g, 9),
(14) (Jd9)? = (dwdis — V)g(g, 9)-
From (1) and (5) we derive in the same way:

(15) Wi(g) — Ji(9)? = (4mesi — V)g(g, 9),
(16) (¢i(q) — Ji(@)? £ (4mdis — V)n(g, @)

All these inequalities lead to estimates for certain potential theoretic con-
stants if other constants of the same kind are known.

2.10. Inequalities. From our previous identities for Dirichlet integrals
we may derive inequalities by the following general method. We construct
linear combinations of harmonic functions of the class H. Expressing the
fact that the norm of each function is non-negative leads to certain inequali-
ties between Dirichlet integrals and, by virtue of the identities mentioned,
between the harmonic functions and their coefficients.

We take, for example, the combination

1) b= it;¢.-+¢23)t,’¢.~, Za)tf= it;2= 1.
-1 -1 =1 =1
Since, because of the table in 1.5,
D(h) = (41r > datite — V) + 2723) tlv
2) Bmnng =
+ 72(47r > eatlth — V)

1,k=1,2,3
we find the discriminant condition
3 2
3) (Z t.-t,f) V= (41r > datity — V) (41r >, eatlti — V).
=1 ,k=1,2,3 $,k=1,2,3

This is a generalization of the inequality WP = V? announced in 1.5.
We may further consider the following function of class H:

3 3 N
4 h(p) = thapi(p) +7(p), ti=1

t=1

We have because of 2.5 (2)

(5) Dy, v) = ffb(ai — xi)do = S(a; — n3)

where S is the surface area of b and
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(6) 7 = S-1 f f bx.-da

is the 7th coordinate of the center of gravity of a homogeneous mass distribu-
tion on b. We remember that a; was the 7th coordinate of the centroid of an
equilibrium charge distribution on the conductor . The terms a; — 7, measure,
therefore, the deviation between the electrostatic and the material centroid
of . We have

(7 D(h) = (47" > eadite — V) + ZTSZ tias — ni) + 7° 4—1;_ .

1, k=1,2,3 =1
Hence, we have the discriminant condition
3 2
(8) 4’7752< Z i — 77.')) = I‘<47r Z esxlity — V) = TP,
f=1 $,k=1,2,3
We construct next the combination
3 m 3
9 Kp) = 2 thip) + tn(pg), ¢EB,  ti=1
=1 y=1 1=1

We are led to the inequality

3 m 2 m
(10) (ZEwr@) =P 3 6 e) - e iy
i=1 r=1 »,u=1
In exactly the same way we find
3 m 2 m
(1) (EEwr@) s WS 6@ o) - g a)Hs.
=1 y=1 »,pe=1

We have in (10) and (11) interesting relationships between two quadratic
forms, the one being related to a Dirichlet problem, the other to a Neumann
problem. Both forms are known to be positive-definite. Their product appears
to be estimated by means of a purely geometric lower bound. Thus, if the
one quadratic form becomes very small, the other one has to be large. The
inequalities (3) and 2.3 (17) are of the same type.

We obtain easily further inequalities of similar kind ; consider, for example,
the function

3 1 _ 3 .
(12) h(p) = gtiqs;(p) + T<r(p ) - %p)> 0o € B, ;t; =1.

We find

I I i
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where j;(0) is a quantity depending on the shape of b and the point of refer-
ence 0. Thus

(14) (gz.-j‘(o))z <w (D(r—l) - 40_”)

follows as discriminant condition for the quadratic form D(%). The second
factor on the right is positive, in view of 2.4 (9), for every choice of the point
of reference o< B. This fact is coupled here with the virtual mass into one
inequality of the above mentioned type.

If we consider

(15) D {‘p.-, 71,17)} - - f f (3 = a) %(r(; 0)) do = — dras + j(0)

where j*(0) is again a simple geometric measure of b, we find by the above
reasoning

(16) ( > () — tra)) 5 ?(pir - ).

=1

This inequality is not as important as (14) since in this case the terms a;,
which are not of geometric but of potential theoretic nature, appear in the
left. :

CHAPTER III. INEQUALITIES

The greater part of this chapter is devoted to inequalities for the virtual
mass. The starting point is a characterization of the virtual mass W in any
given direction % as a minimum and a maximum of certain integrals. These
characterizations correspond to the principles of Dirichlet and Thomson for
the electrostatic capacity. They are essentially the adaptations of well
known results to this particular problem.

Then, choosing the arbitrary quantities involved in these integrals, in an
appropriate way, lower bounds will be obtained for the virtual mass W and
for the average virtual mass Wp.

In a further course of this chapter the monotonic character of the dipole
forms D and E [1.2 (1)] is proved. The method used will have some im-
portance for the problems dealt with in Chapter IV.

3.1. Characterization of the virtual mass. (a) W is a maximum. We have
(cf. Diaz-Weinstein [4])

([ffh-vdas)?

1 W=max——F—F—
™ " JI T grad 1 [%dr

where f is an arbitrary function defined in B, that is, outside of the given
surface b; v is the exterior normal, do the surface element of b, dr the volume
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element of B. The maximum is attained if f=¢ where ¢ €H, is the velocity
potential corresponding to the given direction h. For this function

d¢
2 Vi¢ = 0, — —="h-vonb, ¢=0(r? asr —» »

v

so that

3) ffflgrad¢|2dr——ff¢—da—ff¢h-vda=W

The maximum property (1) follows by Green's identity and Schwarz’'s in-
equality:

fffh vdo = —fff—da—fffgradf-grad¢dr
+ f f f FV2gdr = f f f grad f-grad ¢dr,
(e i st ] st

[foh-vio)?
- temas '“‘fff(l :hd: 13,1, '

(b) W is @ minimum. Let g be an arbitrary vector function defined out-
side of the solid, satisfying the conditions:

divg=0 in B,
—qv=~hv on b,

(5)

The meaning of the first condition is that the vector-field ¢ is sourceless. We
have then

©) W = min fff | q2dr

where the integration is extended over B. The minimum is attained if
g=grad ¢. In this case conditions (5) are indeed satisfied and the integral in
(6) reduces to W. The minimum property (6) follows from

[ff 1ot
_—_fff|q|2d7+W—fofq-gradcﬁdrg0;

the last integral equals, by (5) and by Green’s identity,
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(8) fffdiv(q¢)dr= —ffq-v¢da =ffh-v¢da= w.

An important additional remark is the following. The minimum property
in question holds good allowing a slightly more general class of vector func-
tions q. They satisfy (5) except along a (closed or open) surface in the field
along which g and q-» must have one-sided limits and g-» must be continu-
ous.

The proof follows without difficulty by the previous argument.

3.2. Characterization of the polarization. For the sake of comparison we
mention a well known characterization of the polarization as a minimum.
This is the following:

1 P = min ff | gradflzdf; f = h-r 4 const. on b.

Indeed, the integral in (1) can be written as follows:

ff lgrad(f—'//)|2dr+fffIgrad¢|2dr
+2fffgrad(f—¢)'grad¢dr

and the last integral is zero since f —y =const. on the surface.
3.3. Another maximum property of the virtual mass. A slightly different
form of the maximum property discussed in 3.1 (a) is the following:

(1) Wz 2fffh~vda—fff | grad f|%dr,

the virtual mass W being the maximum of the expression on the right-hand
side; here f is again arbitrary. Indeed, the ratio occurring in 3.1 (1) is never
less than the right-hand expression in (1). On the other hand (1) becomes an
equation if f=¢.

3.4. Lower bounds for the virtual mass. (a) We specialize the function f
occurring in 3.3 (1) as follows: f=h-rg where g=gy=const. on the surface b
of the given solid. Then

Wz Zgof (h-1)(h-)do

—fff |h~rgradg+ggrad (h-r)lzdr.

The first integral is the volume V of the solid bounded by b. The second can
be written as follows:

M
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fff {(h-r)?| grad g|? + g2| grad (h-r) |2

+ 2g(h-r) grad g-grad (h-r)}dr

= [[[ (o2l eragl+ g)ar

o 5 [ [ [ oraa () graa (v ear
=fff{(h-r)zlgradg|2+g2}dr
I e [
=fff(h-t)2|gradg|2dr—g:V.
Hence

3) W 2 28V + goV — fff(h-t)2| grad g|"dr.

In particular

. 2 1 2 2
4) Wm%ZgoV-l-goV—?fffr | grad g| dr.

The previous deduction shows that the difference (2) is always non-nega-
tive so that the lower bound in (3) and (4) is never greater than 2g,V.

Replacing g by kg and determining k in the most advantageous way we
find the following alternate forms for (3) and (4):

2V2
(5) W > £ :
Jff(n-1)?| grad g|2dr — giv
2V2
6) W g0

m g .
(1/3)f[[r?| grad g|%dr — giv

(b)(®) Let b, be an arbitrary family of closed surfaces, 0 <a < «, chosen
in such a way that b, coincides with the surface b, b, contains bg if >4,
and b, will contain an arbitrary sphere provided « is sufficiently large. We
choose the function g as follows: g=g(a) so that g is constant on b, g(0) =go;
moreover we assume that g(«)=0.

(%) Concerning the following argument, cf. Pélya-Szegé [16, 2.5].
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Let us compute the contribution of the infinitesimal domain between b,
and ba4ae to the integral in (6), da>0; we have

da

7 dr = d¢ ———— .+
2 T algradal

Introducing the integral

® T(a) =ff r| grad a| do

we obtain for this contribution: T’ (a; (g’(w))%da so that we find
9) f f f r?| grad g |2dr = fo °°T(oz)(g'(m))zaloz.

By Schwarz’s inequality

w [ r@eee [T ([ (i) = 5
Introducing the notation

(11) I= f :(T(a))‘lda

we obtain that the quantity in (9) is a minimum if we choose g'(c)
=const. T(a)™}, that is,

(12) t@) = 2 [ (1)
The minimum value of (9) will be g3/ so that
Ve
(13) WnzZ—oeo—
@BDt—-vVv

We observe that the function 7T'(a) and the integral I depend on the
choice of the surfaces b.. Once these surfaces are chosen the bound (13) holds.

In case of a sphere r=a we may choose for b, the concentric spheres
r =a+a and obtain

(14) T(e) = 4n(a+a)t,  I= (12ra?)

so that in (13) the equation will hold.
A similar argument furnishes the bound

V3
>
@BL)yr-Vv

(15) w
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where
= " a))~ L o, T =3 -r)? d d .
16) I fo (Th(@))td a() f fb (o g a|do

Inequality (15) becomes an equation for an ellipsoid provided the vector h
points in the direction of one of the principal axes and the b, are the confocal
ellipsoids.

3.5. First application: proof of 1.7 (3). Let us assume that the given sur-
face b is star-shaped with respect to a certain interior point which we choose
as the origin of the coordinate system. We specialize the function f of 3.3 (1)
as follows: f=kh-rr—2 where k is a constant. Denoting the values of r which
correspond to the points of the surface b by 7, we have

® Jrman =2 [ | teoiwnrie
fff | grad f|'dr = szff | b3 — 3(h-r)ers|tdr

- szf ro(1 4 3(h-0)Ddr

)

where ¢ is the unit vector r/r. Introducing polar coordinates we have dr =r?
-dr -dw where dw is the surface element of the unit sphere, so that integrating
with respect to 7, we have

3) W= 2k f f (B-1)(B-v)ry do —% E f f ro (1 +3(h ) de.

Hence

4 _———kffrvrodo——kffrodw
But on b:

(5) r-vde = rg cos (r, v)do = rzdw

so that

(6) W Z—k———kffrosdw.

Choosing % properly we obtain

Y
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which is equivalent to 1.7 (3).

3.6. Second application: proof of 1.7 (5). We consider again a surface b
which is star-shaped with respect to the origin. We choose for the surfaces b,
in 3.4 (b) the surfaces similar to the given one with respect to the origin.
The given surface is b =b,. Let =7, be the equation of b, in polar coordinates;
then the equation of b, will be r =7 (1+a). As is well known,

do = r*sin 6 {1 + r2 ((ﬁ)z-l- ! <ﬁ)2)} mdﬁd«ﬁ
09/ ' sin?6\9¢

(1) = {1 + r2V(r) } 2dw
=14+ a)2r§{1 + ro_zv(ro)

where V denotes Beltrami’s operator (1.7 (5)). For any scalar function
f=f (r, 0, ¢) we have

}do,

2 df|r= AV \
@ | grad -(8—Q+; 0
so that
3) | grad « l2 = r;2 + V(r?l) = r._;z + rE‘V(ro).
~ Consequently, in view of (1),
(4) T(a) = (1 + o)* f f P21+ 7229(r))de = (1 + @)'T(0)
where
4 3/2
(s) 7(0) = 3V + f f nV(rgdo = 3V + f f Vi do.
Hence
(6) 1= (1 + @ TO)tda = GTO)™
0

Now we use 3.4 (13) and obtain 1.7 (5).

In case of a sphere ro=const., V=0, and the inequality in question be-
comes an equation.

3.7. Virtual mass, polarization and volume. Finally, we return to the
elegant inequality PW = V2 which is a special case of 2.10 (3). In all the cases
when P is known (or an upper bound for P is known) this inequality furnishes
a lower bound for the virtual mass. In view of this and of the simplicity of the
inequality, it is worth while to discuss it directly.

(a) We choose in 3.1 (1): f=y where ¢ is the electric potential satisfying
the condition ¥ = h-r+4const on the surface b. Then
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fffh~vdcr=f (h-1)(h-v)de = V, fff | grad f|%dr = P,

so that the inequality follows.

(b) Let a be a parameter, ¢ and ¥ the velocity and electric potential, re-
spectively, corresponding to the direction h. Then

fff]gradq&-l—agradn[zl’dr

=W + Pa®+ Zaff grad ¢-grad ydr.

The last integral can be written as follows:
9¢
_.ff,p_da =ff(h-r)-(h~v)do'= |4
v
so that

) W + Pa? + 2Va = 0.

This implies the inequality in question.
Multiplying the inequality

Wz v/P

by the surface element dw of the unit sphere ki, ks, k3 and integrating we
obtain

®) | W'”Z_ffP

By an appropriate rotation the last integral can be transformed into

(4)

ff Pk} + Pohi +P3h§

where Py, P;, P; are the characteristic values of the form P. This integral is
not less than

- { f f (plhf+P2h§+P3h§)dw}_l( f f dw)2

= {(Pr4 Po+ P3)/3) " dx = Pyl drr

from which the inequality 1.8 (1) for the average virtual mass and average
polarization follows.

3.8. Monotony of the dipole forms D and E. (a) Let us consider a solid
contained in the interior of another one. We denote the solids and at the same
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time their volumes by ¥V and V' (V is in V'), the corresponding virtual
masses by W and W', the polarizations by P and P’, the velocity potentials
by ¢ and ¢’, and the electric potentials by ¢ and y’. We have by 3.1 (b)

€)) W = min fff]ql%r

where
2) divg =0, —qv=hw

According to the remark made at the end of that section we may allow the
discontinuity of g along a surface provided the one-sided limits of g and g-»
exist and g-v is continuous.

We choose now ¢=*%k in V/—V and ¢=grad ¢’ outside of the larger solid
V’. Then the conditions mentioned are satisfied and we obtain

3) Wéfff,_vlhlgdr+fff | grad &' %dr = V' — V + W

so that W+ V< W'+ V'. This establishes the assertion.

(b) In the minimum assertion of 3.2 we choose: f=(h-r)+const.in V'—V
and f=y’ outside of the larger solid. This is a continuous function (with a
possible discontinuity of df/dv along the boundary surface of V’). We have

@) Péfffl_vlgrad (h~r)l2d-r+fff | grad ¢/ |2dr = V! — V + P,

so that P4+ V= P'+4 V' follows.
Inequalities 1.9 (1) follow from this result immediately.

CHAPTER IV. VARIATIONAL RESULTS

All potential theoretic quantities considered in this paper are functionals
of the boundary surface b of the domain B. It is of interest to study their
dependence on this surface and, in particular, to establish formulas for their
variation under infinitesimal deformations of . Quantities which appear by
these formulas as monotonically increasing with expanding surface & will be
of particular interest since they can easily be estimated by use of smaller and
larger domains of comparison with respect to B. Examples of such quantities
are the dipole forms D and E as proved in 3.8. It is often possible to estimate
terms which are not monotonic in the above sense by combining them with
other elements into a monotonic aggregate which may easily be estimated.
Finally, variational formulas have a great heuristic value to arrive at possible
identities and inequalities between different functionals in potential theory.
Conjectured inequalities must remain true if the domain B is arbitrarily
varied and this condition leads to a severe check on possible inequalities.
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Using certain identities for Dirichlet integrals derived in Chapter II we
obtain at first formulas holding for a finite deformation of b. Applying them
to infinitesimal variations they become simpler and easier applicable. The
method used in 4.1 and 4.2 is based on a similar argument as used in 3.8.

4.1. Variation of Green’s function. (a) Let b be, as before, the smooth
boundary of the domain B; let b’ be a surface of the same character which
encloses b and let B’ be the infinite domain bounded by &’. The surfaces b and
b’ enclose a shell domain 2 such that B=2+B’. We denote Green’s func-
tion for B again by G(p, q), and if p and ¢ lie both in B’ we denote by G'(p, ¢)
Green'’s function for B’. In general, we shall denote corresponding terms
with respect to B and B’ by the same letter and distinguish those of B’ by a
dash. Thus D(\, u) denotes the Dirichlet integral taken over the domain B
while D’(\, ) is the integral with the same integrand but extended over B’
only.

We define in B the continuous function:

1
1) g, 9 =——in 2, g*p,q) =g (p, ¢ in B, g fixed in B,
4nr(p, 9)
Let ¢ and s be points in B’ and consider the identity

D{g*(p, @), £*(p, )} = D{a(p, 9, (5, 5)}
+ D{g(p, 9, g*(p, 5) — g, 5)}
+ D{g*(p, 9) — &(p, 9), £(p, 5) }
+ D{g(t, 0) — &(p, 0), g*(p, 5) — &(p, 9)}.

Since g* is continuous on &’ and g is continuously differentiable there, we have
by Green’s identity

(2)

D{g(p, 9), &*(p, 5) — &(p, 5)}
@ = - fb (ﬁ — &(p, S))%g(ﬁ, q)do = 0.
Similarly
@) D{g*(p, 9) — (0, 9), &(p, )} = 0.

We have, further, in view of definition (1):

D{g*(p, 9, g*(p, )}
() 1

1 1
161r2ff z grad (¢, Q) ‘grad (2, s) rt D {g 0. £, S)}.

Using the integral I(g, s) of 2.3 (4) and denoting by I’(g, s) the integral
with the same integrand extended over the complement B’ of B’, we may
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write

1 1 1
. d . d dr = I'(q, _ = 5).
=3} fzgra e ST T T T e

Now we apply the identity 2.3 (5) and the corresponding identity with re-
spect to B’. In view of (3), (4), (5), and (6), we may bring (2) into the form

(N g s) =8lg s) + D{g*p, 9) — &b, 9), 8*(p, 5) — &(p, 9) }.
We note further that for p &2 the identity g*(p, ¢) —g(p, @) =G(p, ¢) holds.
Hence (7) may be put into the final form

G'g5) = Glg, 5) — f f f _erad G(p, g)-grad Glp, 9dr,

(6)

®)
— D'{G'(p, 9) = G(p, 9),G'(p, 5) — G(p, 9)}.
(b) Let now ¢;, 2=1, 2, - - -, m, be an arbitrary set of points in B’ and
t:,1=1,2, - - -, m, a set of real constants. Compare the two quadratic forms
9) Q=2 glgs g)tite and Q' = 2 g'(¢i, gi)tite.

1,k=1 i, k=1

We have by virtue of (8):
grad 2 tG(p, ¢2)

o=o+[[f ez

+ D'{ 5 66, 0 = Gl q.~>>} .

2
dr

(10)

Since D’(k) =0, we have the estimate

(11) Q’%Q+fffz

Thus, we may formulate the theorem: The quadratic form D .1 g(gi, gu)tita
increases monotonically for fixed ¢; and ¢; if the surface b expands.

It may easily be seen that (11) contains the inequality 2.3 (7) as a special
case. In fact, if we keep the surface b’ fixed and let the interior surface &
contract into a point, we see that Q tends to zero, G(p, ¢) to (4nr(p, @)1,
and the domain 2 to B’. Thus, we find in the limit

=i -
1672 B

f(f: Q¢)

m 2
grad >_ t:G(p, q) | dr.

t=1

2
dr

grad )
fe=1

(12) Q' =z

which is equivalent to 2.3 (7).
(c) Let us return now to (8) and assume that b and &’ are in an e-neigh-
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borhood; that is, we suppose that the distance of each point on the one sur-
face from the other is less than e. Then, it is well known that

(13) G'(, 9) —G(p,9) = 0(¢ for p, g € B,

and this same estimate is valid for all derivatives of this difference. Hence,
the term D’ which occurs in (8) is of order €2, while it is easily seen from
geometric considerations that the first integral on the right-hand side of (8)
is of order e. This fact makes the formula (8) particularly interesting, since
it has just the form necessary to express G'(g, s) in terms of G(g, s) in the form
of a series in powers of e. In fact, we may use (8) as basic formula in a succes-
sive approximation of G’(g, s) by means of G(g, s).

We may also derive from (8) a well known functional derivative equation
for Green’s function. We define on b a continuously differentiable positive
function d(p); let p’ on b’ be obtained from p &b by proceeding from p along
the interior normal with respect to B by an amount dv =ed(p). This defines
the surface b’. If we want to apply formula (8) in this case, we may replace
the first volume integral in the usual way by a surface integral over b which
contains 6»; since the gradient of Green’s function on b has the direction of
the interior normal, we may finally put (8) into the form:

(14)  5G(g, s) = — dg(g, ) = — f f —G(p.0)— Guz, $)bvde + 0(e2).

This formula for the variation of Green’s function was given first by Hada-
mard [S] who made several applications of it. It may easily be extended to
the case when b’ does not necessarily enclose b but lies in an arbitrary
e-neighborhood of b.

The formula (8) is a finite extension of Hadamard’s formula (14). Its
importance lies in the fact that it permits the determination of higher than
the first variation of Green’s function. It is exceedingly difficult to obtain
these variations directly from Hadamard’s method. Our approach has also
the advantage that it may be applied in exactly the same fashion to numerous
other functionals.

4.2. Variation of Neumann’s function. (a) In order to obtain a variational
formula for Neumann’s function, we define

1) #w*(p, @ = — (4nr(p, Q))1in Z, n*(p, q¢) = #'(p, ¢) in B’, ¢ fixed in B'.

This function is discontinuous along b’ but has continuous normal derivatives
there. For this reason, we have

D{”(P: q)v ”*(P, S) - n(pa S)}

@ - [ [ nte.0 <41r - nlp 9)do -

and hence
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D{n*(?, Q)v n*(Pv S)} = D{n(pr q)r ”(Pr 3)}
+ D{”*(P, Q) - n(?r Q)r ”*(P, S) - "(?’ S)}.

As before, we transform this identity into the final form:

)

N'(q, s) = N(gq, ) +fff grad N(p, q)-grad N(p, s)dr
+ D'{N'(p, 9) — N(p, 9), N'(p, 5) — N(p, 5)}.

For the quadratic form

4

m

(5) 4 =Y n(g, gt

$,k=1

we obtain the identity

ceas fff

+ D'{ Eml t:(N'(p, g:) — N(p, qe))}

=1

2
dr

gfadﬁ: t:iN(p, q3)
(6) .

whence the inequality

o wsasfff

This yields the following theorem: The quadratic form » 7% 7(g:, ge)tits in-
creases monotonically for fixed ¢; and ¢; if the surface b expands.

We assume now that a correspondence p«>p’ between points on b and b’
has been established such that the distance pp’ is less than € and that, at the
same time, the angle between the corresponding normals is less than €. In
this case, we have again an asymptotic formula

(8) N'(p, ¢) — N(p, @) = O(e) forp, g€ B’

and the same is true for the partial derivatives of this difference. Thus, we-
are led to the following variational formula, which is an immediate conse-
quence of (4):

2

dr.

gradz t':N(Py q‘l)
=1

9)  N(g, 5) = on(g, 5) = f f grad N(p, q)-grad N(p, s)ode + 0(e).

This formula, too, is due to Hadamard. (Cf. [5, p. 312].) We point out again
that (4) may be used in order to determine the variation é%(g, s) of the Neu-
mann function in a higher degree of precision with respect to e.

(b) We apply next the same reasoning to the identity
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D{n*(p, 9), g*(p, )} = D{n(p, 9), &(p, %)}
+ D{n*(pr 9) - ”(1’» Q)r g*(f’ S) - g(,?' S)}.

We obtain after the usual transformations

(10)

0= —fffzgrad N(p, q)-grad G(p, s)dr

+ D' {N'(p, 9) — N(p, 9),G'(p, s) — G(p, 5)}.

Applying Schwarz's inequality to (11) and using the identities 4.1 (10) and
(6), we find easily the inequality:

(f f f : grad 3 LN (9, ¢)-grad 35 46(2, th)dr)z
gradi 1G(p, 2)

(o -0 [ S rc] )
,(A,_A ..fffz 2d1).

Here we have an estimate for the simultaneous approximation of Q’ and 4’
in the inequalities 4.1 (11) and (7). The left-hand side of the inequality contains
only terms related to the original surface b and is, therefore, to be considered
as known. It should be remarked that on b the gradients of N and G are
orthogonal to each other so that the left-hand term in (12) is of order € at
least if b and b’ are in an e-neighborhood.

It may easily be seen that the inequality 2.3 (17) may be derived from a
variational formula of type (12) if the exterior surface b’ is kept fixed while b
is contracted into a point.

Finally, we obtain, in view of 4.1 (8) and (4), (11), the following formula
for the change of the kernel function:

(11)

(12)

gl‘ad}: th(p’ q1)
=1

(g s) = k(g s) + f f f _erad k(p, o)-grad k(p, 5)ir

+ D' {E(p, q) — k(p, q), ¥'(p, s) — k(p, 5)}.

We see that the three fundamental functions k(g, s), n(g, s), and g(g, s) have
exactly the same law of variation. We may conclude again that the quadratic
form connected with k(g, s) increases monotonically with b, but since
k(q, s) =n(q, s)+g(g, s) this is an obvious consequence of the corresponding
theorems for # and g. Also we may obtain for k(g, s) a variational formula of
the Hadamard type just in the same way as for Green’s and Neumann’s
functions.

4.3. Conductor potential and capacity. In order to apply our method to

(13)
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the conductor potential #(p) we start with the identity

(1) Dg(p, @), w(p)} = u(0)
which follows immediately from 2.4 (1) and 2.4 (13). We define the function
2 w*(p) =1in 2, w*(@p) =u(p) in B

which is continuous on b’. Since we have
3) Dfep, 9), w*(p) — u(p)} =0, D{g*(p,d) — g2, 0 w(p)} =0
we may write
D{g*(p, 9), u*(p)} = D{a(p, 0), w($)}

+ D{g*(p, 9) — g(, 9), w*(p) — w(p)}.
Using now the identity (1), we obtain for qEB’

©)

v =u - [[f _Erad G, )-grod w(p)ir

+ D'{G'(p, 9) — G(p, @), w'(p) — u(p)}.
By the definition of the capacity C and 2.4 (13)

)

. . u(p)
(6) lim {ru(g)} = C, lim {rg(p, 9)} = e
g—® g—w T
where 7 is the distance of g from the origin; hence
1 1
) C’=C+-—fff(gradu)’dr+—D’(u’—u)
41!' > 41!’

follows. This leads to the inequality

1
) c'gc+——fff | grad «|2dr.
4 s

We obtain also the well known variational formula for the capacity (Poincaré
[13, p. 20])

9 C = %r f j; (aa—t)zavda 4+ O(é?).

By means of the identity

a0 D{n@,q),u@)}=£1—rffb%(,(;,q))da=o

we derive from
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D{n*(p, q), w*(p)} = D{n(p, ), u(p)}

11
o + D{n*(p, 9) — n(p, ), w*(p) — u(p)}

the identity

(12) 0= fffzgrad N(p, ¢)-grad u(p)dr
+ D'{N'(p, 9) — N(p, ), #(p) — u(p)}.

Hence, using 4.2 (4) and (7) we obtain by means of Schwarz’s inequality

(f f f Egrad N(p,q)-grad u(?)dr)2
(13) = <n'(q, q) — n(g, q) — f f f E| grad N(p, ¢) lzdf)
'(47"(0 - 0) *ffle grad u|2dr).

This is again a formula where the increments of two functionals are inter-
related. It is obvious that numerous inequalities of this type may be obtained
in the same way.

Another source of inequalities and estimates consists in combining various
quantities in such a way that the variation of the composite quantity is posi-
tive; this shows that the combination is monotonic. Consider, for example,

(14) F = g(g, 9) + 2au(g) + 4rCa®.

In view of 4.1 (8), (5), and (7), we have

F-r+[ff lgrad @(p, @) = aup) [

+ D,(G,(P, Q) - G(P’ Q) + a(u/ - u))
This leads to the inequality

(15)

(16) F zF+ f f f 2| grad (G(p, q) — au(p)) |2dr

and shows that F increases monotonously with expanding b. Many other com-
binations of this kind are possible.

4.4. Variational formulas for the y; and ¢;. We deal finally with varia-
tional formulas for the functions ¥; and ¢;. These might be derived immedi-
ately from the corresponding formulas for Green’s and Neumann'’s functions
in view of the fact that the ¥, and ¢, are certain coefficients in the expansion
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of these functions near infinity. It is, however, easy to derive these formulas
directly in the same way which was followed in the previous sections.
We define in B the two triplets of functions

1) Vy¥*=a;—a!l inZ, Y*¥=4¢! in B, i=1,23,
(2 ¢*=—12x; inZ, ¢*=¢/ in B, i=1,2 3.

The first three functions are continuous on &’ but have discontinuous deriva-
tives. The second triplet of functions is discontinuous on b’ but possesses con-
tinuous normal derivatives through &’.

Using the continuity of the ¥f, we have the identity

3 D{g*(p, 9), ¥*()} = D{g(p, 9), ¥:(p)} + D{g(p, O, ¥* — ¥s}
+ D{g*(, 9) — &(p, 9, ¥*(p) — ¥i(9)}.

Now obviously

4 k)
@ = @t = ) [ [ 2 gtp, i = = (at = adu.

Thus, we obtain from (3) by using the identity 2.9 (1) and the corresponding
result with respect to b’:

Q) = ¥l — (@ — adulg) + f f f _erad G(p, 9)-grad ¥i(p)dr
+D{g(p, @) — g, ), ¥ (B) — ¥i(D)}.

Since «a; has been identified in 2.7 (16) with a combination of coefficients of #,
we have a complete variation formula for ¢; (g).
Combining now ¥; with Neumann’s function and using the identity

D{n*(p, 9), ¥*(2)} = D{n(p, 9), ¥:(»)}
+ D{n*(p, q) — n(p, @), ¥*(p) — ¥i(p)}

we obtain by means of 2.9 (3):

0= —fffzgrad N(p, q)-grad ¥,(p)dr
+ D' {w'(p, 9) — nlp, @), ¥ (#) — ¥:(p) }.

Next, we start from the identity

D{n*(p, ), $(8)} = D{n(p, ). $:(2) }
+ D{n*(p, ) — n(p, 9), (2) — $:(p)}-

©)

(6)

(7

)

Using 2.9 (5), we obtain
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s@ =0+ [[[ Erad N(p, q)-grad &:(p)dr

+ D'{n’(p, Q) - ”(1’7 Q)i ¢s’ (I’) - ¢:(?)}'
From the identity

D{g*(, 0. 6+ } = D{g(s, 9), $:(»)}
+ D{g*(p, 9) — 2, D, 6*(p) — )}
we obtain by virtue of the identity 2.9 (4):

0=— f f f _arad G(p, 9)-grad 8.(p)r
+ D'{g(p, 0) — &b, ), ¢! (5) — $i(2) ).

Finally, we may combine y; and ¢;. We start with the identities
(12) D(‘pi*y ‘pk*) = D(‘I’s’: ¢k) + D{'pt* - ‘Pt’) "pk* - ¢k}

and obtain in view of 1.5 (16)

©
(10)

(11)

(13)  4wei = 4mweq +fff grad ¥;-grad ¥udr + D' {¥! — ¥i, ¥i — ¥u}.
p)

Similarly, starting with
(14) D(¢¥, i) = D(¢i, ¢1) + D{d* — s, o4* — b1}

we arrive at
(15)  4xdiy = 4ndy + f f f grad ®;-grad ®xdr + D' {$! — b, L — di}.
z

Finally, using the identity
(16) D&, %) = D(¥s, 6i) + D{Y* — vi, &* — ¢

we obtain in view of 1.5 (18)

(17 - —fff grad ¥;-grad ®udr + D' {¥{ — v, ¢ — ).
z

From the formulas (13), (15), and (17) we draw the following conclusions:
The dipole form Y ire1.2.3 exxhibn of the polarization is for fixed h; a mono-
tonically increasing function of b and satisfies the inequality

ay 2 eahihZ 3 "*""h"“*'—fff

k=1,2,3 4,k=1,2,3

grad E h \If,

For the first part of this assertion cf. 3.8. Assuming an infinitesimal variation
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of b, we have the formula of Hadamard type:

0¥, 9V,
(19) deix = —ff——— — dvda + O(e?).
: v @

Similarly we conclude in the virtual mass problem: The dipole form
> ikt 2 dixhihy of the virtual mass is for fixed h; a monotonically increasing
Junction of b and satisfies the inequality

1
200 X dihdiz Y dahihe+ — f f f
4 =

1,k=1,2,3 1,k=1,2,3

3 2
gradz hi®;| dr

t=1

(Cf. 3.8.) We have the variational formula:
1

(21) 3d,’k = 4-—'ff grad CI>.~-grad @kaﬂda’ + 0(62).
T b

Combining finally (13), (15), and (17) by means of Schwarz’s inequality,
we find

3 3 2
(fff gradz h.-\If,-'gra.d Z h.’ ‘Pidf)
z i=1 i=1
1 2
(22) = ( E (e.{k - e;k)h;hk - —fff dT) :
ik=1,2,3 4r P
1
( Z @h-aoun-_[ff
ik=1,2,3 4 z

2
d‘r).
We mention at last the formula
(23)  D(u*, ) = D(u, ¥:) + D(u, ¥* — ¥:) + D{w* — u, ¥* — ¥}
Since D(u, ¥;) =0 and

3
grad Z h."I/,'

t=1

3
grad > hi®;

=1

(24) D{% Y — 1{/, = (af — a)f —dcr = — 4xC(ai — o)

we derive from (23):

= — ! — ;) — d u-grad Vd
(25) 47C(a o f f fzgra %-gr T
+ D'{w — u, ¥! — Y.

By means of this formula the difference o —a; can be eliminated from (5).
Formula (25) might also have been obtained directly from (5) by comparing
there on both sides the terms of order ! at infinity.

4.5. Polarization of nearly spherical solids. We consider now nearly spher-
ical domains. The variational formulas announced in 1.11 involve terms up
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to the second order. The first order terms in 1.11 (3) and (4) follow easily
from 4.4 (19) and (21).

Dealing with the formula 1.11 (4) for the average polarization of a nearly
spherical solid we follow an analogous procedure as in the case of the average
virtual mass. (Cf. Szegé [19].) We follow also the notation of that paper [19]
to which we shall refer repeatedly. It is advisable to compute first the
polarization P in an arbitrary direction h.

(a) We introduce the vector function 4 defined by the condition

(1) { = r -+ const.

on the boundary surface of the given solid, and having the usual dipole be-
havior at infinity. We write

) y=tritutv

where r=rt; assuming that r=1+f=1+¢f where f is fixed, the harmonic
functions u and v will be of the first and second order, respectively, as e—0.
Inserting (2) into (1) we obtain

t(1—2f+ 3/ + u+f?$+ v = (1+ f)t + const.

so that
3) u = 3ft + const.,
4) v = — 3f% — fdu/dr + const.

The derivatives with respect to 7 are taken for r=1.
(b) In order to compute P we need [19, §2, (8)]

a(h- a(h- 1 Sh
(av@___ (ar‘w——v(fh'k)-l-—V(fh‘b)—_v(f) &Y

®) i+l + iy - Ly ne
73 ar or r3

1
= VU, B + 90, B8 + V(e
so that
a3
(5;01-@) - 2ht(1 -3+ 6f2)+ - (h u)+f—(h )

6
(6) _,.5(1,.‘,)_ V(f, b t) + 4fV(f, A £)

- V(f, h-u) + V()h-t.
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Here and later the derivatives with respect to 7 are taken at r=1.
(c) Now [19, §4 (2)]

O] h-rde = h't(1+3f+ 3j’+%V(f))dw
so that
]
— (A1) — (h-{)deo
v
a
= {Z(I'z-t)2 —(h? ™ (h-u) + (A-t)V(/, h~t)}dw
@) a2 3
(0= o ) = 3 — (o)
3]
— — (hV) = fY(f, h-t) + V(J, h-u)}dw.
or
Hence we obtain for the polarization
8r
9) P=?+P'+P"

where P’ and P’’ denote terms of the first and second order, respectively.
In view of the orthogonality of the surface harmonics we can replace

- (h-t)-?—(h-u) and — (h-t)—a—-(lrv)
or or
by 2(h-¢t)(h-u) and 2(h- ¢)(h-v), respectively. Consequently [19, §4, (2)]

P'=ff {2(h~t)(h-u)+—;—v(f, (h-t)2)}dw

(10) =ff {6f(h-t)2—%fA(h-t)z}dw=ff (9f(h- ) — f}de
- 2fffdw+6ffsz(h-t)dw - 81X0+-2—:’—'X2,

where X, has to be taken at the end point of k.
(d) For r=1 we have [19, §2 (9)]

a1y - —‘93 (h-u) = 22— (hA-u) + A(h-u) = 2-?— (h-u) + 3A(fA-t)
or? or or

so that
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r=[f { fh- t)—(h u) + 3f(h- AR £)
(12) + 2<h-t>(— 3 1) —f87 <h-u)) — [k )V, BB

+ 3(h-t)V(f, fh- t)} dw.

Now
= 3V(jh-t) — f(a-)V(f, h-t) + 3(h-)V({, fh-¢)
= —3f’V(h-t) — 3(h-£)*V(f) — 6f(h-)V(f, h-t) — f(h-)V(f, h-?)
(13) + 3f(h-)V(f, h-¢t) + 3(h-t)*V(f)
=31 — (h-6)) — 4f(h-)V(f, h-¢)
=31 — (h-6)%) — V(f, (h-1)7).

I

Hence

S
~

P =ff{ (h- u) (h u) — 6f%(h-t)? — 3°(1 — (h-t)?)

(14) + (2 — 6(a- t)2>}dw

- [[{- @ 2w - optnsr - e

Recapitulating, we find for the polarization
87 24rx d
r

and, in particular, for the average polarization

(16) =-—+81rx0 ff {—u—+4f2}dw

4.6. Representation in terms of the variation. (a) Introducing the Laplace
series 1.11 (2) for the variation f of the unit sphere, we express now the
average polarization P, in terms of the surface harmonics X, occurring in
this series. Let f and g be two scalar functions defined on the unit sphere.
As in [19, §5], we introduce the symbol [f, g] defined as follows. We de-
termine the harmonic vector functions u and u; by

¢)) u = 3ft 4 const., u; = 3gt + const. forr = 1,
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assuming that u and u; have the leading term const. 72 at infinity. Then

2) [fg]-—-—ffu?gidw——ff 1——dw

Our aim is to prove that if f has the Laplace series 1.11 (2),
® 2n*+ 3n+ 2

3 — 93 f Xado;

® )= 9 o

here 2n*+43n+2 has to be replaced by 6 for n=1.
(b) Let us consider the special case

4) (6, ) = Py(cos 6).
Then [19, §5, (2)]
3ft = 3 sin 0P, (cos 6)(4; cos ¢ + 1. sin ¢) + 3 cos 6P,(cos’h)i;

3 , ' .
(5) = — {(P,,“(cos 6) — P,_1(cos 6)) sin 8(Z, cos ¢ + 1. sin ¢)
2n 4+ 1

+ ((n + 1)Pnyi(cos 6) + nP,_y(cos 6))is},

so that
3 in 6P, 6 in 6P,_ 9
_ {(sm +1(cos 6) _sin 1(cos 8) >(i1 cos ¢ + 7z sin )
©) 2n+1 yrt? r"
(n 4+ 1)Puya(cos6)  nP,_y(cos 6)\ .
+ Tz + 13} .
ek rn

For n=0and # =1 the terms with »—" have to be replaced by 0. Hence in view
of the orthogonality of the six terms in (6):

9 ,
[P,., Pn] = mf {(n + 2)(sin 0P,,+1(COS 0))2

+ n(sin 8P, _y(cos 6))2 + (n + 2)(n + 1)2(Pnr1(cos 6))?
+ #3(Pn_s(cos 6))?} dw

18 2+ 1)(n + 2) 2(n —
= n +1)2{(+) 2+ 3 " T —1

Q)

2 2
2 12 3
R e S 2n—1}

=361r(2n2 +3n+2) 9(2n*+ 3n+ 2) ff(Pn(COS 8))%dw

@n+ 1?2 2+ 1
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with an obvious modification for n=1.
The further steps leading to (3) are exactly the same as in the case of the
virtual mass.

CHAPTER V. EXAMPLES

Most of our examples deal with the problem of polarization. We add very
little to the problem of the virtual mass. The method used is the same in both
cases; it is based on proper curvilinear coordinates and characteristic func-
tions. But the resulting conditions are much simpler in the case of polariza-
tion. For the solids to be considered below, this problem can be settled for
every choice of the unit vector %z whereas the problem of the virtual mass has
been studied only in certain directions. An exception is the ellipsoid in which
case complete results can be obtained.

Our notation follows that used in Szegé [18, pp. 343-349] with the only
exception of the lens. The modified notation used in this case has been
explained in 1.13 (e).

Throughout this chapter the symbol »./, #=0, 1,2, - - -, has the mean-
ing that the term # =0 of the summation has to be multiplied by 1/2.

5.1. Virtual mass and polarization of the ellipsoid. In case of the ellipsoid
we treat these two problems together proving the inequalities 1.12 (5) and
1.13 (3). The meaning of these inequalities is the following: Among all ellips-
oids of given volume the sphere has the smallest average in virtual mass and
polarization. (Cf. Pélya [14].) For the quantities 1.12 (3) we have, using the
symbol H=H(s) of 1.12 (1):

bt pe 2 °°(1 4 1 4 1>ds
prypiT s fo d+s a+s a+s/H

® H'ds
=4f =4
o H?

so that in viewxof the convexity of the function x/(4 —x) we conclude:

4/3 3

3 ?i
2 > _
@ § 4—p.~"34—4/3 2

(1

which proves 1.12 (5). In order to prove inequality 1.13 (3) we use Cauchy’s
inequality:

3) iizs'(ipi)—? °

so that

@ >
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The inequality WP = V? takes in this case the form

3 2 34— P
5 h; k=1

which follows from Cauchy’s inequality.
5.2. Virtual mass of the anchor ring. Following Hicks [8] we write for
the velocity potential in the direction of the axis (z-direction)

1) ¢.= (2chn — 2cos8)2) A,P, 1,5(ch n) sin nf

n=1
where the constants 4, are determined from the boundary condition

99, 9z
- =— forn = no
an M

(2)
or
> AaPa_1s5(ch 1) sin n6 + (2 ch no — 2 cos 6) D AnPr_1/5(ch 1) sin #6

(3) n=1 n=1
= 4¢ sin 6(2 ch no — 2 cos 6)~3%/2,

Here, 7, 8 are toroidal coordinates. We use the identity

2 L]
4 — > 'Qn_1/2(ch 1) cos n6 = (2 ch n — 2 cos §)~1/2

T n=0

and another one arising from (4) by differentiation with respect to 6. More-
over, we use the following identities(?):

Po1/2(2) + 22Pn_1/2(3) = Pry1ja(3) + Prsja(2),
20Qu-1/2(2) = Qns1/2(8) — Qnssa(2),
n + 1/2

P ;-1/2(Z)Q:ls+1/2(z) - n+1/2(Z)Qn-1/2(Z) 1 —_— = ch .

©®)

Thus we conclude from (3)

— (Ane1 — An)Pr_spa(ch no) + (A — Anyr)Pryaya(ch o)

(6) 4a ’
= — (Qn+1/2(ch 7o) — Qn_3/2(ch 70)), n=123---;4,=0.
™

Multiplying (6) by P12 (ch 70) and adding these equations, we find

(") Cf. Whittaker-Watson, A course of modern analysis, American edition, 1943, pp. 308,
318; Hicks [8, p. 626, (v)]. The notation of Hicks is different from ours: our functions
P an(ch ), Qnan(ch n) are denoted in Hicks [8] by #'P.(n), Qu(n).
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(An = A1) Pry1s2Pr sz + c(n0)

4a
= Z (Q»,~+1/2 - Q:—3/2)P:—1/2

) T
4a v + 1/2 ,
=— Z(PH-I/‘ZQV—IN + - Pv—1/2Qr'—3/2)
T y=1
4q , 2a (” + 1)2
= — PrrryfQurse + — ———— + cimo)
T x sh2q

where the terms c(70), c1(n0) are independent of n. Introducing the symbol
x, of 1.12 (7) we have with an appropriate constant

4a 2¢ (n + 1)? 207 Xni1 — %n
An_An = %a — ———— \¥a Xn, I —
© = ey e )
4a (n+ 1)°+ V1 — (B2 + 1)
= — ) n=0,1,2,"°
T 2n+ 1
Hence
12 ) —_— 2 Y
© B (B L Gl L

T v=0 v+ 1
The constant v is determined by the condition that lim,..4,=0 so that

> (v + D2+ Vo — 02+ )%
10 =0
(10) ,;o 2v+4+1
which can be written also in the simpler form
2
(11) st nm

n=0 4%2 -1

The dipole coefficient d, follows easily from (1). Since for n—0, 6—0, r—

(12) (2 ch 9 — 2 cos 6)1/20 ~ 4q? -z—s
r
we have
1
d, = 4a22 Agn = 4022 (Ap — At e+ 1)

n=1 2

(13)
8a* =2 n(n+1)

- _;r—,,=o m {((n + D2+ V)% — (0 + 'y)xn}.

In view of (10) we may replace n(z+1) by n(n+1)+1/4=(n+1/2)2 so that
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2 3 o
= 3 @ DY+ D Vs — (22 + 7)2a)
T n=0

from which 1.12 (6) follows.
Using

V = 2723 ch ﬂo(Sh ﬂo)-.

we may compute the virtual mass Wy =W,. The resulting expression is
simpler than that given by Hicks [8, p. 648 (44)].

5.3. Polarization of the anchor ring. This problem can be dealt with in a
similar fashion as the foregoing one for the virtual mass. We use again
toroidal coordinates.

(a) In the direction of the axis of the ring (z-direction) we write for the
electric potential

(1) Y. = (2chn — 2 cos )2) A,P,_1,2(ch n) sin nb,
n=1
the boundary condition being as follows:
(2) ¥, = 2 -4 const. = 2a sin 6(2 ch n — 2 cos 6)~! 4 const., n = 1.

Since each term of this equation is an odd function of 8 the constant must be 0
and in view of the identity 5.2 (4) (which has to be differentiated with respect
to 6)

4 e h
. - 22, Q)
7w  Pa_12(ch 7o)

so that if we make use of 5.2 (12)

4) e = 4a)_ nd,.

n=1

This establishes 1.13 (4) and (5).
(b) In the direction perpendicular to the axis (for instance in the x-direc-
tion) we employ the “tesseral functions”
(5) (2 ch 7 — 2 cos 6)¥/2 sh 9P, _y;5(ch 1) cos ¢ cos nf
and write
(6) Yo = (2chn — 2cos 6)1/2> A, sh nPn_y2(ch 1) cos ¢ cos nf.
n=0

The boundary condition is

)] Y. = x4 const. = 2a sh n cos ¢(2 ch g — 2 cos 6)~! 4+ const.,, 7 = 7.
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Since each term of this equation contains cos ¢ the constant term must be 0.
Making use of the identity

2 =,
(8) — >"'On_1/2(ch 1) cos @ = — (2 ch n — 2 cos 6)=3/2,
T n=0
arising from 5.2 (4) by differentiation, we obtain for the coefficients of (6)

4a
9 AnPr_1p2(ch n6) = — — Qn_1/2(ch np).
T

Since for 7—0, 6—0, r—

x
(10) (2 ch 9 — 2 cos 6)Y/2 sh 9 cos ¢ ~ 4a? -
r
we find
(11) . = 402 APy _15(1) = 202D A,(n? — 1/4)
n=0 n=0

from which 1.13 (6) and (7) follow.
5.4. Polarization of the spindle. (a) In the direction of the axis of the
spindle (x-direction) we write, using the notation in [18, p. 345],

(1) Y.:=(2chn— 2cos 0)1/2f A(q)L,(— cos 6) sin gndg

with the boundary condition
2) Y. = x + const. = 2¢(2 ch g — 2 cos 6)! sh » 4 const., 0 = 6,.

Since each term of this equation is an odd function of 7 the constant term
must be 0. Consequently,

3) f A(q)Ly(— cos o) sin gndg = 2a(2 ch n — 2 cos 65)~3/% sh 9.

We use the identity arising from

1 p= Ly(cos 6)
4) —f ———cos gqpdq = (2 ch 7 — 2 cos 6)~1/2
2J_, chgnm ‘
by differentiation with respect to 5. Thus
L,(cos 8
(5) A(qQ)Ly(— cos bp) = aM
ch gr

follows. This furnishes 1.13 (9). In view of L,(—1)=1 and
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x
(6) (2chn—2c050)1/2n~4a2—; forp=0,0=0,r =
r

we obtain 1.13 (10).
(b) In the direction perpendicular to the axis (for instance in the y-direc-
tion) we employ the “tesseral functions”

) (2 chn — 2 cos 6)V2sin 0L, (— cos ) cos ¢qn cos ¢

and write
(8 ¥y=(2chn—2cos 0)1/2f A(g) sin 6L, (— cos 6) cos gn cos ¢dq.

The boundary condition is in this case
9 ¥y = ¥ -+ const. = 2a(2 ch n — 2 cos 6)~! sin 6 cos ¢ + const., 8 = 6,.

Since each term contains cos ¢ the constant term must be 0. Consequently,

f A(q)L] (— cos 6y) cos gndqg = 2a(2 ch 7 — 2 cos 0y)~3/2
(10) -

cos gndg;

f°° L] (cos 6y)
a —_—

—» Chgr
this last integral representation follows from (4) by differentiation. Hence
L] (cos 8p)

(11) A(Q)L{ (— cos 6y) = a
ch gw
In view of Ly(—1)=1/2(¢*+1/4) and
(ZChn—2c059)1/2sin0cos¢~4a2%y 7—0,0—0,r— x

r

we obtain 1.13 (11) and (12).
5.5. Polarization of two spheres. (a) In the direction of the central line
(x-direction) we write

ud 1
(1) ¢o.=(2chn—2cos )Y (A,e"" + BreN1)P,(cos6), N = n+ >’
n=0
with the boundary condition

@ > (Aqe"1 4 Bpe ") P,(cos ) = 2a sh (2 ch n — 2 cos §)~%2
n=0

+ p(2 ch n — 2 cos 6)~1/2, forn=aandy =g
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where p is a constant. Using the identities

(2ch @ — 2 cos )12 = > eNeP,(cos 6),
3) .
sh (2 cha — 2 cos 6)=3/2 = — > NeNeP,(cos 6)

n=0

and the corresponding identities with « replaced by —8 we obtain, by com-
paring the coefficients of P,(cos 6),

(4aN ch Na — 2p sh Na)e N8

" eNo — gNb ’

4)
(4aN ch NB — 2p sh NB)eN«
B, = — eNE — gNb ’

from which 1.13 (14) follows. The dipole coefficient e, is easily obtained. The
alternate expression 1.13 (16) for e, is the result of a familiar transformation.

(b) In the direction perpendicular to the central line (for instance in the
y-direction) we employ the “tesseral functions”

(5) (2 ch g — 2 cos 6)Y/2 sin 6P, (cos §) cos petNn

and write

(6) ¥y = (2chn — 2cos 0)1/22 (A.eV" + Bne7) sin 6P, (cos 6) cos ¢;
n=1

the boundary conditions are in this case

o Z (AneV" + Bne¥") P! (cos ) = 2a(2 ch n — 2 cos §)~%/2
n=1

forn = aandn = 8

Differentiating the first identity (3) with respect to cos 6 and inserting the
resulting expansion in (7) we obtain, by comparing the coefficients of
P, (cos 6),

4a¢V8 sh Na 4qgeV2 sh N
(8) A= ——iv——, B, = —

eN6 — e—N6 eN6 — e—-N6

from which 1.13 (17) follows. The dipole coefficient e, is easily obtained.

5.6. Lens and in particular two spheres tangent to each other. The polar-
ization of a lens can be dealt with by using the conal functions f,(7) defined in
1.13 (22). The results formulated in 1.13 (e) and 1.14 can be derived without
major difficulty. In order to save space we suppress the details of these com-
putations. The main tool is the identity:




202 M. SCHIFFER AND G. SZEGO [September

| o
1) (2chn+ 2 chy) it = — f faln) cos g'dg

where 7>0 and 7’ is arbitrary complex, ] Imy’ I <.

The case of two spheres tangent to each other needs some explanation.
We consider both problems of the virtual mass and polarization.

(a) We deal first with the virtual mass. Denoting the radii of the spheres
by 7 and 7’ we apply 1.12 (9) in the limiting case:

2) a—0, B8—0, a—0, a/a—r, a/B—7.
From that integral we obtain in the limit

wxrr’ )3 sinp  dt t{ ¢+ ) R )} xr’
O — csc ¢jcsc p) —csc(t—p)f, p = .
r+ 7 3 ' r+ 7
The integration is extended along a vertical line Re {¢} = — e where €¢is a posi-
tive number less than p and = —p.

In order to evaluate this integral we observe that the integrand has
simple poles at

@ t=—nmr—pt=—(m+Dr, t=—m+Dr+p, n=0,1,2,-...

@3 d,=(

4ri

The residues can easily be computed and we obtain

®) d.=i("')“{ R ! - }
2\r+7/ S \n+po/m)¢  (+1—p/m)} (4 1)

which agrees with 1.12 (11).

(b) The formulas for the polarization follow by the same limiting proc-
ess (2) from the formulas 1.13 (26) and (28). We write g=a~!-¢ and obtain in
the limit:

® sh ut 2
N
® chu e’ sh v
(6) e,=8f g — ° ,
0 sh vt ® ch ut — e
f————-———dt
0 sh ot
™ A °°t2 ch ut — e i
€x = €y = e—— 7 2%
Y 0 Shi)t
where
® 1 1 1+1
Y = — == — P = — _
r r” r 7

Replacing the hyperbolic functions by exponentials and expanding, we may
express these integrals in terms of the derivatives of \(s).
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5.7. Two-dimensional (cylindrical) problems. Finally we deal with the
two-dimensional or cylindrical problem both from the point of view of virtual
mass and polarization(8).

Let C be a closed curve in the complex z-plane, z=x-+1iy=re®, and let h
be a given vector represented by the complex number ei®. The virtual mass W
in the direction of h is defined as follows. We form a function ¢ (the velocity
potential) harmonic outside of C, having the form

dicos 0+ dysin@  d{ cos 20 + dJ sin 26
¢ = + +

r r?

¢Y)
at infinity and satisfying the boundary condition

(2) ——=hv onC.
dv
Then

(3) W= f f | grad ¢ |2dxdy

integrating outside of C.
The polarization P in the direction h is defined as follows. We form the
function ¢ (electric potential) harmonic outside of C, of the form

e1cos 0+ essin® el cos 20 + ef sin 26

(4) v = - + -
at infinity and satisfying the boundary condition

(5) ¥ = h-r + const. on C.
Then

(6) P =ff Igradﬂ?dxdy

integrating outside of C.

Both problems can be solved completely by mapping the exterior of the
curve C of the z-plane conformally onto the exterior of the unit circle
[EI >1, of the &-plane, with the provision that z=« and £= « corres-
pond to each other. We normalize this mapping in the form:

C1 Ce
7 z=r(£+co+—£—+—£;+...).

The positive number 7 is the “transfinite diameter” of the curve C. Now we
have, if z and { denote corresponding values,

(® For the virtual mass of a cylindrical solid, cf. G. Pélya [14].
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2ia
(8) ¢ = Re {e—‘af(f + es + Co) - e—‘“z} ’
e2ia
©) ¥ =Re {— —iar (s -5 Co) + e—“’z} :
Indeed,
S

and (£=pc?)
9 Re {e“" (S + e““)} d£
v £ dz
3

dz

e2ia
o fre(er )
ap e{ : £ /) =1
e2ia
R —ief 1 — = 0.
A (-7

The verification of the boundary condition for ¥ is even simpler.
As to the virtual mass and polarization,

W=f°°f_'

(11)

pdpds,
£

' < 62ia)  dz)?
etor( 1 — — gt —
£ d

(12)
- "“1(1 + em) + i — il pdpdd
g 43
and an easy calculation shows (cf. Pélya [14, p. 220]) that
(13) = — 4 + 2xr2{1 — Re (cie?%)},
(14) P = — 4+ 2rr*{1 + Re (c1e7%%)},
where
(15) A=1r1'2(1—,51|2-2[02|2—-3|(;3|2_...)

is the area of the curve C, that is, of the cross section of the cylinder. The
minimum property of the circular cylinder with respect to the virtual mass
pointed out by Pélya (loc. cit., p. 221) holds good without change with
respect to the polarization.

The analogue of the formulas 1.2 (2) holds again replacing 47 by 27. In-
deed, the leading term of (1) is, in view of (8),

e¥e — ¢ e — ¢ dy cos 8 + do sin 6
Re {e““-r _—E_l} or Re {e“""r2 1} = :
z r

so that the strength-component in the h-direction will be:
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(16) D = dicos a + d; sin @ = Re {e2iar?(eti* — ¢;)} = 72[1 — Re (c1e7%%)].
Hence (13) can be written as follows:

17 W = 2D — A.

A similar representation is possible for the polarization.
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