AN ESTIMATE CONCERNING THE KOLMOGOROFF
LIMIT DISTRIBUTION()

BY
KAI-LAI CHUNG

1. We consider a sequence of independent random variables having the
common distribution function F(x) which is assumed to be continuous. Let
nF,(x) denote the number of random variables among the first # of the se-
quence whose values do not exceed x. Write
1.1 do = sup | n(F.(x) — F(x))].

—w <<
Kolmogoroff [1](?) proved that the probability
(1.2) P(d. = WM11?),

where N\ is a positive constant, tends as #— « uniformly in X to the limiting
distribution

(1.3) d(\) = i (—1)ig2™,

Smirnoff [2] extended this result and recently Feller [3] has given new
proofs of these theorems(3).

In this paper we shall obtain an estimate of the difference between (1.2)
and (1.3) as a function of #, valid not only for A equal to a constant but also
for X equal to a function A(n) of » which does not grow too fast. Since this
estimate of the “remainder” will be of the order of magnitude of a negative
power of #, it is futile to consider A(n) which is beyond the order of mag-
nitude of lg n. In fact, a glance at (1.3) will show that already for A(z) =Ig n
we have ®(\) differ from 1 by a term of an order of magnitude smaller than
that of any negative power of #, thus smaller than our estimate of the re-
mainder. For a similar reason it is also futile to consider A(n#) whose order is
less than (lg #)~1. Keeping these facts in mind we state our result as follows:

THEOREM 1. If A¢>0 is an arbitrary constant and

(1.4) (Aolg n)t £ Nn) = 4o1g n,

Presented to the Society, September 10, 1948; received by the editors June 14, 1948.

(1) Research in connection with an ONR project.

(3) Numbers in brackets refer to the references cited at the end of the paper.

(®) More recently, Doob and Kac, independently, have simplified and amplified the matter
(oral communication). However, none of these authors considered the error term, or in other
words, a fixed large number z without the passage to infinity.
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we have
(1.5) | P(dn S Nm)n'/?) — ®(\(m)) | < An=1110{1 + (Ig n)12(X"1(n) + N"%(n)) }
where A is a constant depending only on A,.

Henceforth we shall think of 4, as fixed, for example, 100; then 4 will
simply be a “universal” constant. The form of the estimate can be varied to
a certain extent, but it is believed that the present form is about the best ob-
tainable without essential improvement of the method. The rather clumsy
situation of having several terms in an estimate is unavoidable if we want to
include both ends of the range of A(n). Clearly at a small sacrifice we may re-
place the right side of (1.5) by An~11%(lg n)8/2,

We wish to point out that we shall really prove a more general theorem
about the so-called “lattice distributions” which is embodied in formula (5.9)
and the remark following it.

Our estimate can undoubtedly be improved upon but the limitations of
our method are such that it is improbable that we can obtain the best
possible result. However, Theorem 1 is amply sufficient for proving the
following “strong” theorem.

THEOREM 2(4). Let N(n) T . Then (“i.0.” standing for “infinitely often”)

0
P(d, > Nn)nl'? i.0.) = {1

according as

n

> A2 (n) e—zx‘*’(n){<} .

In particular, for any integer p=3

P(d, > (27 n) %(Igen + 21gsn 4+ lgan+ - - -

0
+1gpn+ (14 6) Igpr1 m)/?i0) = {1

guy

The second part of Theorem 2 follows of course from the first part by
taking the appropriate sequence and using the Abel-Dini theorem.
The method of proving Theorem 2 by means of Theorem 1 follows the

according as

(%) The idea of considering A(n)n'/2 as belonging to the upper or lower class is due to P.
Lévy [11].
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same pattern as developed by Feller in [4]. To avoid too much repetition
even of an excellent thing we refrain from entering into a complete proof of
Theorem 2. We shall, however, give a short proof for the particular result cor-
responding to the original form of the law of the iterated logarithm, due to
Khintchine and Kolmogoroff (see [5]). Our reason for doing this is mainly
didactic, in order to show how easily a result on the asymptotic distribution
with a suitable remainder can be used to derive the corresponding strong
result.

THEOREM 2*, We have

dn
P(lim sup ———— 1) =1,

n—ow (2"11@ lg2 n)”2 B

2. To prove Theorem 1 we shall follow Kolmogoroff’s steps up to the last
stage where he reduced the problem to one of addition of independent
random variables of a special kind. More precisely he proved the following
statement (with a different normalization).

Let {Y;}, j=1, -+ -, n, be independent random variables having the
common distribution given below:

1
(2.1 P(¥;=i—1)=—¢, i=0,1,2---,
1!
and let
T,=> Y, T:=max|T,|
i=1 15jsSn
Putting
(2.2) P, = P(Th1 < M2 T, = 0)

we have the equality

1pn

(2.3) P(dn < Mnl/2) = P,.

n"

Thus the problem of finding ®,(\) is reduced to that of finding P,. The
asymptotic value of P, as #— » was obtained by Kolmogoroff by means of a
general limit theorem of his employing partial differential equations. We
shall use instead a method based in the combinatorial ideas of Erdés-Kac [6]
on the one hand and the analytical tools of Esseen [7] on the other hand. It is
similar to the one developed in my paper [8] but is adapted for discrete
probabilities. Roughly speaking, we shall first show that the asymptotic
value of (2.2) is independent of the nature of the distribution of the ¥’s so
long as it satisfies certain general conditions. To be precise, let {X ,-},
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j=1, - -+, n, beindependent random variables having the common distribu-
tion function G(x) which has the following properties.

(i) G(x) is a step function having all its (positive) jumps at integer points
including 0 and such that the minimum distance between the abscissa of two
jumps is 1.

(ii) The first moment of G(y) is 0, the second is 1, and the fourth absolute
moment is finite.

The following result is due to Esseen (p. 63 in [7]).

LEMMaA 1. Let {X ,~}, j=1, -+, n, be independent random variables having
the common distribution G(x) which satisfies the condition (i) and (ii). Let
Sn = Z X i

j=1

and let £ be such that En''2 is a possible value of S, (that is, the abscissa of a jump
of the distribution function of S.). Then

g

P(S. = g1 = ———14() ~ o p@()
2.4 (27n) /2{ 6nt! \

+ i(m - .34,(4)(5) + ff_q;(s)(g))} +o0 (_1_.)
n\ 24 72 nl)

where
2 . d‘
o) = e t%  9O(E) = — o))
gt
and the remainder term o(1/n) is uniform with respect to &.
In particular

P(Sy = %) = —g(5) + 0 (%) ~0 (J_)

nll? nll/2

where the O-terms are uniform with respect to &.
3. We think of # as a very large number and define

k= k(n) = [nl/5].

Conformably with the statement in Theorem 1, we take A=\(#) to be a
function of # not exceeding Ig ». We put also

2(1g n)1/2

(3.1) Ezd@:xmmmo

Further we put
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)
n,-=|:——n], i=1---,k
k

S» = max | S5

With the notation

15iSn
we write
P(Sh_y > M2, S, = 0)
ng-1—1 *
= 3, P(S S M2, | S,| > Mt2, S, =0, | Sa;y, — Si| < eAnll?)
r=1
nk—1—1

+ 3 PSS = Mt | S| > Mali2, S, =0, | Saiyy — Si| 2 entl?)

re=1

+ 3 P(SEL < a2 | S| > a2, S, = 0)

r=nk-1
=214+ 22+ X5 say,

where the 7,4, corresponding to each 7 is defined by n;<r <n.
A moment’s reflection shows that

3.2) da s P( max |S..| > (1 — a2, S, = 0).
15isk—1
Next we may write
ni—1—1 "
(3 3) EZ = E P(Sr—l s )\nll2, I S'l > )‘”m)z P( I Sni+l - Srl
* r=1 v

2 emnl? S, = ) P(Sa — Snipy = — )

where y runs through certain (integral) values depending on the value of S,.

We shall use Q to denote a changeable positive constant depending only
on G(x), and 4 a changeable positive universal constant. From (2.4) we infer
that

P(Sn = Snipn = — 9) £ Q(n — nipa)™V2 S QR
It follows from (3.1) that
(3.4 D2 < QR 2 max P(| S, — S.| = entl2),

To estimate the last-written probability we use Tchebecheff’s inequality for
small values of #—#,;,; and the central limit theorem with a remainder (due




1949] THE KOLMOGOROFF LIMIT DISTRIBUTION 41

to A. C. Berry [9] and Esseen [7]) for large values of # — ;1. More precisely,
let
g = (nel\2)?/3,

Then if #,,1—r =g, we have

(3.5 P(|Swy—S|zeamn st 8 << 1 )"3
. niy1 — Or| = EAR = > = .
i ne2\2 ne2\? ne2\?

If nipy—r=~h>g, we have

2 1/2 0
P(| Snips = Si| 2 enntr?) < (—) f ey + Qg
T v

where

Anll? n —1/2
= —72> ekn‘”(—-{-l) .
(Miy1 — )12 ' k

By the choice of € and %, we have v— « as n— . It follows from a well known

inequality that
A4 ke?\? 1 \3
3 - .
e\kl/2 P < 3 ) + Q<ne2)\2)

In view of (3.5) we conclude that (3.6) holds in general. Hence it follows
from (3.4) that

3.7 Z,_, =< Qk”zn—lﬂ{ 1 exp (_ ke2)\2>+( 1 )1/3} < gt
Aekl/? 3 ne?N?

if we substitute the values of %, ¢, and A.
Finally, we have

(3.6) P(| Snipy = Si| = exnt’?) <

Si= 3 3 P(Stis S, = y).

r=ng 1 ly|>hnl?

P(Sn—=Sr=—y) = max P(S,— S, = —3y)

[31>nnll2

(3.8)

Similarly to the above, let &= (#\2)2/5, If n—r <k, then

- h
PSS, —S,=—19) = r-r < — < (mA)-30s,
y2 72

If n—r>h we apply Lemma 1 and obtain
P(Sn— S = — ) = Q) + o(h3%)

where Q(£) stands for the expression involving ¢(£¢) and its derivatives on the
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right-hand side of (2.4), with é=y(n—r)-1/2,
Since |y| >t
y )\nl/2 nl/lo
> = 1/2)\ = ’
(n— V2 (n/k)2 Adolgn
we see that Q(£) is negligible in order of magnitude and thus we may write
P(Sa— S, = = 3) S QIr"* S QmN)s

(Notice that here Q actually depends on the constant 4,in (1.4), as Q(£) does,
but we have agree to fix 4,.) Altogether we conclude from (3.8) that

(3.9) 25 S Q(may)-ss,

Continuing (3.2), (3.7), and (3.9) we obtain, recalling the order of
magnitude of A,

P(Sa_1> M1l% S, =0) < P( max | S.| > (1 — aull2, S, = o)
1

1Sisk—
+ Q)
Equivalently we may write

P(Shi =M1, S, =0) 2 P( max | Sa| = (1 — Mnt2, S, = o)

(3.10) 15isE—1 N
— Q(mA2)~35,
4. Our next step is to approximate
P(|Suy| S %1, -+, | Smacs| = %1, Su = 2)

by the corresponding probability associated with certain “discrete normal
distributions,” the meaning of which will be clear in a moment. We state the
following lemma.

LEMMA 2. Let Sn;, t=1, - - -, k, be as in the preceding paragraphs and let
X1, * * +, Xx—1 be arbitrary positive numbers, 2 a possible value of S.,. We write

(O

where ¢ is defined in Lemma 1. Then we have
P(|S”1l é Xy * IS”k—l| é xk—l,Snk = Z)

4.1 k?
®-D = 2 X Pubus Pty + 00—

1=l S zp—1 VL2

where |0| <1.
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Proof. We shall use  as a changeable constant such that |8| 1. From
Lemma 1 we have

P(Sn,=12) = p:+6Q k/n
since my=k/n-+60. Assuming that

P(ISnll g JARICIEEN |Sn.'_1l = xs‘—lysn; = Z)
ik
= Z ctt E ?tlptz—tl"'Pz—i,'_1+0Q—
lti—11S 2y 1Sz n

we shall show that the same as is true when we replace ¢ by ¢41. In fact

P(IS”II Sx,cc, ISn;l .§xiysni+l=2)

k
=| % P(Isnll Sx,cc 0, ISn;_,I = %icy, Sny = ) pae; + 0Q-;;
t; E

= 2 vt 2 Pubu—n- - P+ 60

(i+ 1)k
1t Sz VLN n
Thus Lemma 2 is proved by induction on 7.
Taking x1= + + + =x31=(1—€)An'?, z2=0 in (4.1) we have

P( max | S| < (1 — Ml S, = 0)
15;sk—1

2

2 Pubt Pty + 00 .

1451 S(1—eanl2, 1S5S k-1

= ¥(1 — e)A) + 60n—3/5

where ¥ is defined by the multiple sum.
Combining this with (3.10) we obtain

(4.2) P(Sh1 S M2, S, = 0) 2 ¥((1 — N) — Qn=3/5(1 + A—¢/5),
On the other hand it is obvious that

P(Sn1S M2 S, =0) S P< max | Sn| < M2, S, = 0)
1

15i<k—
= TQ) + Qn5(1 + A0i%)

by Lemma 2.
Together we have

T((1 — ON) — Qn=3/5(1 4+ \=8/5) < P(Sh_1 < Mi1/2, S, = 0)
< \I'()\) + Qn—sIS(l 4+ )\—6/6).

(4.3)
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This being true no matter what the X,’s are provided that their distribution
G(x) satisfies (i) and (ii) of §2, we can estimate the ¥’s in (4.3) by evaluating
approximately the probability in the middle of (4.3) for a special case. We
shall make use of the classical Bernoullian distribution and a combinatorial
formula given by Bachelier.

5. LEmMA 3. Let {X ,-}, j=1, -, n, be independent random variables
having the following distribution

+1  with probability 1/2
5.1) x = T e
—1  with probability 1/2.
Suppose that n is even, and
(5.2) (Aolgn)™t = Nm) < 4o lg n.

Then as n— o

(5.3)  P(SF<Amm'2 S, =0) = ( % )m@o\n) to ((lg n)u)

n
where the O term does not depend on N(n) if the constant Ao in (5.2) is fixed.

Proof. If 7 is even and b is an integer, the formula of Bachelier [10, pp.
252-253] may be written as follows:

P(Sk<b S,=0) = 1{( /2)‘*'21&%/26( b’ ( /2—]b)}

Applying Stirling’s formula with a remainder term we find after some routine
calculations that if 0=j < (lg #)?, b=\,n!/?

33
ot )= (e so(B)
2" \n/2 — 7b ™ ntl?

On the other hand, by a well known estimate concerning the binomial dis-
tribution, we have

1 n \ .
P < e s )t < gm4Usn)
(g mP<i=n?m, 2" \n/2 — jb

which is of a smaller order of magnitude than any negative power of #. Thus

2 \1/2 ©
P(Sh < \an'l?, S, = 0) = (_) {1 + 22 (=12
L i=1

o (S5} +0(3) - () o0 +o (i)

(5.4)
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Notice that here the O-term depends on the 4, in (5.2).

This is the desired result (5.3) except that we have to replace the strict
“ <” in the probability on the left by “ <” and also remove the restriction that
N.n'2 is an integer. Now if we replace N,n'2 by N\.n12+60 =p,n'? we have

—1/2
Pn— A =0, .

Differentiating ®(A\) we have
PO = MY (—1)if2e 2™ = — 4>\( > o+ 2 )
j=—a0 T >\ 2

The maximum of x%~2"" being 2-1¢~!\~2 the first sum is <AN~% The second
sum is dominated by its first term, hence <ANX-2. Thus

(5.5) EIE A(%*%)

It follows that

nl/2 - nllz

1 1\ 1 (Ig n)?
| ®(p) — 20\) | = A(—+—) <4

An A2
by (5.2). Comparing (5.4) with the same formula with p, replacing \, we see
that

(g n)?

P(Sh_1 £ A2, S, = 0) — P(Sh_y < [Aan?2], S =0) = 4
where \,n'/2 need not be an integer now. This and (5.4) establish (5.3).
The distribution (5.1) does not satisfy (i) of §4. To remedy this we put

Z__X1+X2+X3+X4
2

(5.6)

where the form X’s are independent random variables having the distribu-
tion (5.1). Then Z has a distribution satisfying (i) and (ii) of §4. Now let
Z,j=1, - -+, n, be nindependent random variables each distributed as Z in
(5.6). Form

Wo=>.Z;, Wn=max | Wi|.

j=1 1sk=n

It is easy to see that we have, the S’s referring to partial sums of the X’s in
(5.1),

P(Stn1 < 22,84 = 0) < P(Wo_y < 2, W, = 0) £ P(Stao1 S 25+ 3, S4n = 0).
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By the same reasoning as in the last paragraph we see that if x =\,n1/2 the
difference between the extreme terms in the last inequality is

S,4(1_!_1)
“n\ A/

Therefore we obtain

l 2
P(WE_y < hntl2, Wo = 0) = P(Shs < 2012, Sin = 0) + o(( gn) )
”n
(5.7) 1 \12 (g m)1
2rn n
by (5.3).

Since the distribution of the Z’s satisfies (i) and (ii) of §4, we can substitute
(5.7) for the middle term in (4.3). Thus we obtain

CE((1 = en)hs) — Qn¥5(1 +N780F) = 2(An)

(2rn)1l
< T(\) + Qn-35(1 + A-61%),

the error term in (5.7) being absorbed into the one in (4.3).
Hence

An

Y00 S o q>(1 —

) + Qn—3l5(1 + A—G/S)

Y((1 — e)n) = B((1 — ex)hn) — On—3/5(1 + A8/5);

(2rn)1/2
substituting these into (4.3) we obtain

B((1 — ex)An) — On3/5(1 + A=8/5) < (2rn)/2P(Sn_y < Aanl/2, S, = 0)

IIA

(5.8) <I> ( An ) + Qn35(1 + \~9/5),

1 — e,

Now from (5.5) we obtain

c1>< A ) d\,) < 4 x(1+1)
l—en n) = A€pi\p )\n )3,,
1/2
§A(lgn) (_1_+_1_)

2
ntio\\, O\

by (3.1). The same estimate holds for ®(\,) — ®((1 —eq)N,). Hence observing
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that \; %% is between \;* and \; 2 we can write (5.8) as

5.9 (2rn) *P(SE_, < A", S, = 0)

‘ = a0 + 0 {1+ Gg w00+ ).
This result (5.9) holds in general for any independent random variables X,
j=1, - - -, n, whose common distribution function G(x) satisfies (i) and (ii)
of §4. In particular it holds for the Y;'s defined in (2.1). Referring to (2.2)
and changing Q into A we have therefore

—1/10 -1/2 -1

(5.10)  (2rm)"Pa = () + An {1+ (g n) TG + A0}

Using Stirling’s formula in (2.3) we obtain
0
P(d, < N\n?l?) = (2rn)‘/2(1 + ——-)P,,
12n

which reduces to (1.5) by means of (5.10). Theorem 1 is proved.
We state two simple corollaries of Theorem 1 which we shall need in the
next section.

COROLLARY 1. There exists a universal constant C>0 such that for every n
we have

P(dn § n1/2) g C.

This serves the purpose of Tchebycheff’s inequality and follows already
from Kolmogoroff’'s theorem without the remainder term. For all finite n
the probability is a positive number; for all #=n.(e) the probability is
= ®(1) —e where € may be taken to be any positive number <®(1).

COROLLARY 2. For the range
An) ~Colga n
we have .
Cie™ ™ < P(d, = N(m)n1/2) < Coem '™
where the C's are positive constants, Cy and Cq depending on C,.

In this range 1—®(\) is dominated by the term 2¢~2\" and the remainder
term is negligible in comparison.

6. If n<m we define (m—n)F, .(x) to be the number of X;, n<k=m,
whose values do not exceed x. Recalling the definition of #nF,(x) in §1 we have
the relation

6.1) 1. (%) + (m — n)Fum(x) = mF(x).
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Given >0 let a>1 be such that

1419 n
o? =1+ 2 .
Put n,= [o*].
Suppose that n; <n <nj.1. Consider the events
E, dn = sup | nFa(x) — F(2)) | 2 (1 + m)(27'n g m)*12
and
En i S‘:P ' (g1 — ) (Fr npsr(2) — F(2)) I S (Brgr — n)t/2

By (6.1) the two events E, and E,,n,,, together imply
SUp | #air(Fapis(2) — F(0)) | Z (1 + m) (27 Ige m)V2 — (mass — m)V/2
z

lgs 7 1/2
6.2) = (1 4+ 1) (2 s Iga masn) {(—"g—"——)

M1 lgz N1
(i) |
1 4+ 9 \27mpy1 182 Bagr )
As k— = the expression within the braces tends to o!, thus is not less than
o~ for sufficiently large k. Then (6.2) implies the following event:

7
Fapry P | ap1(Fugs (%) — F(2)) | 2 (1 + 7)(2‘%“1 lge #xy1)/?

by the choice of a.
From Corollary 1 to Theorem 1 we have

P(En,nk.).l) g. C.
This together with the fact that E,,,,,, is independent of all E; for & <# gives

ng+1—1
P( 3> E) < CP(Enys)

n=ng
(see Feller [4, p. 394]). According to Corollary 2 to Theorem 1,
P(Fo,,) S Co(lg ny)= 02 < Cyk—Hnl2)

where C3>0 is a constant depending only on «. Hence

nk+1—1

2 P( > E) S UL Pl < .

n=nk
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It follows from the Borel-Cantelli lemma that P(E, occurs i.0.) =0. In other
words,

.
6.3 Pllimsup ——m—mmmm < 1+ )= 1.
(6.3) ( im sup n lge w1 7

Now let >0 be an integer such that

— 12 1/2
(=D () et
2 8 8 2
Consider the events
H, sup | B*(Fa(x) — F(x)) | = (1 — n)(2716* Ig; 8112,

Hipsr  sup | (851 — 6% (Fpren(n) — F(2)) |
g (1 —_— _Z_)(Z—I(Bk-i-l — Bk) lg2 (Bk+l — ﬁlc))l/2.
By (6.1) the two events H; and Hy, 41 together imply
sup | B+ (Fpn(x) — F(#)) |
2 (1= 2 )(ae - ) g (521 — )

(6.4) — (1 — 9)(21B* lg; B*)1/2
= (271841 Ig, BRHL)L2 {(1 n )(ﬁKﬂ — B*lg, (B*: — Bk))llz
= P] —_—

2 Bk+l lg2 Bk+l
B* 1g: B* /2
- (31:4—1 lgs ﬂk+1> } :
As k— o the expression within the braces tends to
7 13 — 1 1/2 1 1/2
(-DE) -G)

Thus for sufficiently large &, say for k =k, (6.4) implies
Hi sup | 1 (Fpn(z) — F(2) | Z (1 — 1) (2718441 Igz gH+1)1/2

by the choice of 8.
Since Hy, 141 is independent of Hj; for j <k, it follows that

P< 11 Ih) P(Hipps) < P( 11 H,.HHI)

i=ko

i=Kg
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or

P( fI Hi) = P( ﬁ Hi)(1 — P(Hp,k41))-

Ko k=ko
From Corollary 2 to Theorem 1 we have
P(Hpr41) = Ci(lg (B¥! — BF))~C=/D) > C K~ 0=0/D
where (Cy>1) is a constant depending only on 8. Thus

P( II Hi) < I @ = Ca=a-nm) = 0.

km=kq j=ko

This means P(H occurs i.0.) =1. In other words,

| d.
6.5 P(lims —>1—>=1.
(6.5) ( e ¥ (271 1ga m)12 "

Since 7 is arbitrary, (6.3) and (6.5) establish Theorem 2.
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