CIRCULAR SUMMATION AND LOCALIZATION OF
DOUBLE TRIGONOMETRIC SERIES

BY
LEONARD D. BERKOVITZ

In this paper we shall study the problem of localization in the case of
double trigonometric series summed by the method of circular summation
introduced by Bochner in his treatment of multiple Fourier series [1](%). To
develop our theory of localization we shall use the process of formal multi-
plication of series in a manner analogous to that employed by Rajchman
and Zygmund [6] in their investigations of localization phenomena exhibited
by trigonometric series in one variable. However, we shall apply these ideas
to circular sums and means. We also extend our results to higher dimensions
and consider briefly types of summation defined by certain convex curves.

The author would like to take this opportunity to thank Professor Antoni
Zygmund for suggesting this problem and for his guidance and encourage-
ment.

1. Definitions and notation. A double trigonometric series is a series of
the form

L]

T = Z Cmnei(mx-%ny),

m,n=—o0

where the numbers ¢n, are arbitrary complex numbers. Such a series is said to
converge in the ordinary, or Pringsheim, sense to a limit L at the point (x, y),
if the sequence of partial sums Syx defined by

M,N

Sun = Z c,,.,,,e"("""'””)
m,n=—M,—-N

satisfies the following condition. Given an ¢>0 we can find integers N, and
M, such that whenever N> N, and M > M, we have | Syy—L| <e. We say
that the series converges rapidly to a limit L in case | Syx —L| <e for all but
a finite number of indices.

As was already suggested, we shall primarily be dealing with a third
method of summation, namely circular summation. To this end we adopt the
following conventions. An index pair will be denoted by the capital letter
of the first index occurring. For example, (m, n) will be denoted simply by
M. By | M| we shall mean the distance of the lattice point (m, n) from the
origin. Thus IM | = (m?*+n?)V2, Furthermore, we shall write the expression
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(mx+mny) simply as MX. In the event that the limits of summation.are + «
and there is no doubt as to the index of summation, we shall drop the indices
under the summation sign. Should several pairs of indices be involved, then
we shall merely indicate by the appropriate capital letter which pair is to be
summed over, with the limits again omitted if they are + «. In practically
all situations arising, no confusion will result from this convention. In any case
where there is a possibility of confusion, our convention will be dropped and
everything will be spelled out in the usual way. Our series T can now be
written as

T = E CMeiMx.

With these preliminaries attended to, we proceed to discuss circular sum-
mation. By the circular partial sums Sg(x, ¥) of the series T, we mean the
numbers defined by

S(w, ) = 2. cmeMX

|M|SR

where R is a continuous parameter. We say that T is circularly summable
to the value L(x, v) at the point (x, ¥) in case limg., Sr(x, ¥)=L(x, ¥).
Clearly, the case x=0, y=0 is the case of numerical series. A series will be
said to be absolutely circularly summable if the series obtained by replacing
each term by its absolute value is circularly summable. It is quite evident
that a series is absolutely circularly summable if and only if the series of ab-
solute values is convergent in the ordinary sense. For such series the ordinary
and circular methods are equivalent..

The series T will be said to be circularly summable (C, %), 7>0, to sum
L(x, y) in case

lim 5;'7,(30, y) = L(z, y)
Row
where

_1 1 (F ; | M|\
ar(x, y) = —f S:(x, (R — r)midr = > cMe’Mx<1 - .
RrJ R

IM|SE

The numbers ¢}(x, y) are called the (C, 1) means of rank R of the series T.
From the second formula for ¢}(x, y), we see that it is natural to define sum-
mability (C, 0) as ordinary circular summation. It can be shown [3, p. 29]
that summability (C, ) implies summability (C, n-+¢€), €>0. A theorem of
Hardy [2] tells us that if we were to define the (C, 7) circular means as

2 2y rE - I M '2 !
O'R(x’ y) = Eﬁ Sr(xr y)(R2 - 72)'7_lfdf = |M;§R cme Mx(l - R? ) )
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then o}(x, ¥) —L(x, y)=0(1) if and only if o}(x, ¥) — L(x, ») is 0o(1). An ex-
amination of the proof of this theorem, at least for 7 an integer, shows that in
our case 6p(x, y)—L(x, ¥) is o(R™¢), €>0, if and only if ¢}(x, y) —L(x, ¥)
=0(R~¢). See [2, p. 76](2). We shall make use of this strong equivalence and
in any given situation shall take whichever definition is more convenient at
the moment.

In the sequel we shall occasionally drop the adjective “circular” when
speaking of circular summation. However, when speaking of circular processes
we shall use the words “summation,” “summable,” or “summability,” in
contrast to the word “convergence” which shall be reserved for the usual
concepts. Thus our intent will be clear.

2. Formal multiplication. We begin by developing the theory of formal
multiplication as far as we shall need it. Let

T,= D aneMX and T = D apyeMX
be two double trigonometric series. Their formal product, when it exists, is
defined to be the series
T; = Z A yeiMX
where

(1) Ay = Z apayM—p.
P

If the numbers @y are bounded and the series D |ax| is convergent, then
the numbers A4y are defined. Hence the formal product exists. In fact we
have the following lemma concerning the order of the coefficients A4 .

LeEMMA 1. Suppose that T is a series with coefficients o(| M | "), v=0, and
suppose that Ty is a series such that 3| an|| M| 7 is convergent. Then the series
(1) converges and Ay s o(l M| 7). If v=0 the condition is to be taken as o(1)
as | M| —w.

Write .
Ay =) apay_p= ( >+ > + X >‘1P0‘M—P

IPI<IM]|/2 IM|/25|P|S21M|  |PI>21M]|

=0+ D+ Qs

But
[ 22l s K|[M]» 2 Jaur|=o)K| M|

IPI<IM|/2
where K is a positive constant and o(1) is to be taken as o(1) as | M | — o0,

(2 In Hardy’s notation we have Ax=ni, where the sequence {nx} consists of those in-
tegers representable as the sum of two squares, ux=(nx)"?, and so u=0'2, { =712
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Moreover,

| el s o(| MM | anl| = o] M|,

0{27 > IaM_pIIM—PI‘f} = (1),

|P|>2{M|

I\

Il

Combining the estimates on Zl, 22, and 23: we establish the lemma.
Having determined conditions under which the formal product exists, we
now prove some theorems about its behavior.

THEOREM 1. Let T, and T, be two double trigonometric series with the follow-
ing properties:

@ au = of| M|7),
(ii) ar = 0O(| M|¥),
(iii) 2 ane™™ =0

for (x, y) belonging to a set E in the plane. Then the series T; whose terms A u
are given by (1) 1s the formal product of T\ and T, and is circularly summable
to zero, uniformly for all (x, y) in E.

In the proof several estimates arise quite naturally, and since they will
be needed for later theorems, we shall state them as separate lemmas.

LEMMA 2. The number of lattice points in a circle of radius R 1is
2) 7R? + O(R).
This is a very well known and elementary result.

LEMMA 3. Let T, be a series satisfying the conditions of the theorem, except
for (ii) which now reads

(i") ax = O(| M |7, 9> 2.

Then for any (x, ¥) in E, any positive real number R, and any point P whose
norm does not satisfy the inequality R—1= | P| =R+1

(3) 2 | x| = 0RD),
IMI>R
4) Z op_peiM—P)X | = 0(' R — | PI |—(o—z))’
IM|SR

To establish (3), we first divide the region exterior to the circle of radius
R into annuli 4; j=0, 1, 2, - - -, each of width one. Denote the number of
lattice points in the annulus 4; by L;. Then in view of (2)
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r{R+j+ 12— R+ +0R+j+1)
m{2R + 2j + 1} + O(R + j + 1).

Hence we may write

Y Jau|=3 ElaMléO{iM} =0( ; )

|M|>R =0 ME4; i (R+7)° Ro-2

which is (3).

Once we have (3) it is an easy matter to obtain (4). Suppose first [PI >R
+1. If we construct a circle C; of radius R with P as center, then this circle
will be tangent to the circle C; with center at the origin and radius |P| —R.
Also, C; will be exterior to C,. Hence

= Z IOIM—P,-E Z ,aMI

IM|=R |M|>|P|—R

=o((,—P,i—m;)-

On the other hand, if | P| <R—1 we again construct a circle C; of radius R
with P as center. C; will be tangent to the circle C; whose center is at the
origin and whose radius is R— |P| . Further, C; will contain C,. Making use
of condition (iii), we can say

L;

IIA

©)

I

Z ay_petM—P)X
|IM|SR

— Z ay_petM—P)X
IM|>R

Z ay_peiM—P)X
IMIZR
and by (3) this is O((R— ]P| )~®-2), The lemma is thus proved.

We now take up the proof of the theorem proper. The fact that the formal
product is well defined follows either from Lemma 1 or the remark immedi-
ately preceding the lemma. If we denote the circular partial sums of the prod-
uct by Sg(x, ), we must show that limg., Sr(x, ¥) =0, uniformly for all
(x, v) in E. For simplicity of notation we shall assume that the set E consists
of the point (o, 0). Sk(o, 0) will be written simply as Sg. From the method of
proof it will be clear that the result is valid for any point (x, ¥), and further-
more, if E does not reduce to a point, the convergence of Sr(x, ¥) on E is
uniform.

We write

Sp= D, Ay = Z ZGPOIM—P= D ar Z ap-p

|M|SR IM|ISR P P |IM|SR

=( >+ > o+ X ) 2 awr=A4+B+C.

|P|SR/2 R/2<|P|<3R/2 |P|23R/2/ |M|SR

(6)

Each of the sums 4, B, and C will be shown to approach zero as R tends to
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infinity. Sum 4 is dealt with quite readily as follows.

4l X |er|| X aur|= X |ap]

|PISR/2 |M|SR |P|SR/2

> o

IMI>E

since Y _au =0. Therefore

|4l = 3 Jar| 3 |aul.

IP|SR/2 IM|>E/2

In view of the last inequality, statements (2) and (3), and the fact that the
coefficients ap are bounded, we have

[A[=(XR00(£J==O(%).

This is the desired result.
C is treated in a manner similar to that used to establish (3). With the
notation set up there and with the aid of (4) and (5), we see that

ClsE( T lorl| 3 aner|)

j=0 \ PE4; |M|=R

d R i+ 1 1
= (3R/2+ j — R)? R
REMARK 1. It should be noted that only the fact that ap=0(1) was re-

quired of T to get the convergence to zero of 4 and C.
Finally we dispose of B.

B = ( 2+ X o+ X aP) 2 aup

R/2<|P|<R—1 R—1=Z|P|SR+1 R+1<|P|<3R/2 IM|SR
= B, + B; 4+ Bs.

Using (2), the hypothesis

A

ap=o(|P|‘1),
and the absolute convergence of T; we immediately see that

r[(R+1)?— (R— 1]+ 0R+1)
(R—1)

lBﬂédD{ }mn=xu

To evaluate Bs;, subdivide the annulus formed by the circles whose radii
are R+1 and 3R/2 by drawing circles with centers at the origin and radii

(R+1)+j,j=1,2, - - -, jr, where je=[3R/2—(R+1)]. We thus get annuli
A;,j=1,2, -, jr, of width one and usually an annulus 4 ;41 whose width
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)

where (*) =jr+1 if the annulus 4 ;.4 exists and () =jr otherwise. From (2),
(4), and the fact that ap=o(|P I“), we obtain that the preceding series is
majorized by

& R+ = R+j— 1D+ R+J) @ 1
0] = _—
o) { > R+ )0 } "{ Z <j>3}

Similarly we can show that B, is 0(1) and so complete the proof of Theorem
1.

is less than one. Clearly,

Bl 5(Z Jol

i=1 PGA;

Z aM—pP

IM|SR

= o(1).

We observe at this point that the condition (ii) of the theorem could
have been replaced by the more economical one of aM=O(| M ["(4+°)), >0,
or by X |au|| M|i< .

If the series T, converges to a function A(x, ¥) which need not be zero,
then we have the following result.

THEOREM 1'. Let T and T, be two series satisfying the conditions of Theorem
1, except that T, converges to a function N(x, y) which need not be zero. Then

Ts — ATy = 2 Auei™X — \(x, ) D aneiMX

1s circularly summable to zero, uniformly for (x, y) in the fundamental square
bounded by the lines x=0, x =27, y=0, y=2x.

We consider the series
* .
T; = Eaj{emx where {a:{ = o i [M]0,
Qo0 = oo — )\(x, y).
The series T3 has coefficients which depend on (x, ¥) but which satisfy the
conditions put on the coefficients of T, in Theorem 1 uniformly for (x, )
in Q. Also T converges to zero in 2. An examination of the proof of Theorem
1 will show that if the coefficients ay depend on (x, ¥) and the required con-
ditions on the oy are satisfied uniformly for (x, y) in Q, then T3 is still
circularly summable to zero, uniformly on E. Letting Ty = T1T5 and applying
the above discussion to Ty yields the fact that Ty is uniformly circularly
summable to zero on .
But

Ty = Y Ayeinx

where
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Ay =Y amar_pr= 2 amou_p + au(aoo — N, 3))

PxM

= E apMapy—-p — )\(x, y)dM = Ay — )\(x, y)dM.
P

Hence the theorem follows.

With Theorem 1 as base point we shall consider the behavior of the
formal product of T} and T; when we no longer assume ax =o(| M|~?), but
merely aM=o(| Ml 7), ¥= —1. In order to do this we must first define three
operators, d/dx, /3y, and V%, which in effect consist of formal partial dif-
ferentiation of series and formal forming of Laplacians. Let

T= ZCMC‘MX.
Then
aT aT
— = D imcyeiMX, — = Y incyeiMX,
ox dy
VT = — > | M |%xyeiMX,

By the symbol 9?/9x™, r an integer greater than 0, we shall mean the
operator 9/dx applied r times in succession, and similarly for the operators
9™ /dy™ and (V?)™. The operators 0¥ /dx(®, (¥ /9y, and (V?)® shall be
interpreted as the identity operators. It is clear that these operators and their
powers commute with each other in all possible ways. Our theorem can now
be stated.

THEOREM 2. Let T} be a double trigonometric series with coefficients o(| M| 7)
v= —1. Let T, be a trigonometric series with coefficients O(| M | —%), where 6=35
+2(y+1) and ¥ is the smallest integer greater than or equal to v. Finally, sup-
pose that

FICIFIO)

axM Jy®

™ (V9T = 0

for all triples of integers (r, s, t) satisfying the condition r+s+t=<¥-+1, and for
all (x, y) in a set E(®). Then T3, the formal product of Ty and T, is defined and
1s circularly summable (C, y+1) to zero, uniformly for all (x, y) in E.

As in the proof of Theorem 1, we shall assume that E consists of the origin.
The method of proof will again show the result to be valid for any point,
and if E does not reduce to a point, the convergence of ¢}'(x, y) on E is
uniform.

The fact that the formal product is defined is a consequence of Lemma 1,

(®) For example, a series all of whose derivatives up to and including those of order 2(y+1)
vanish on E satisfies this condition.
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and the major task is to show that

A - 2(y + )f S(r)(R2 — r)vrdr = o(1)

R2(v+D

where S(r) =S..

First we shall prove that the theorem is true for the case that v is an
integer greater than or equal to — 1. For convenience of terminology we shall
consider zero to be such an integer. Then

atle T AM(I—— 'MIZ)’“_ e X aM_p(l_ 'M'z)’“

IM|SE R? 1M|$13 R?

=( >+ 3 )Ea,‘,_p(l—lMP)W A+ B

|P|<3R/2 |P|23R/2 |MISR R?

(8)

We now show that B’=0(1) as | M| — ». Taking into account the fact that
0o=(1- I MI 2/R?) £1, statement (3), and the order of the coefficients of T3,
we get

[(B']= 2 Jer| X |aur]

|P|Z3R/2 |M|SR

-o{ Z ] s ) T

37
=0 > -
{m;an/z (| P| - R)w}

where {=2(y+1)—v. The methods used to prove that sum C in (7) was
O(1/R) can now be used to show that the sum on the right is O(1/R!*).

REMARK 2. The condition ap=o0(| M|7) on the coefficients of T; could
have been replaced by 0(] M I 7) and the result just proved would still be
valid.

REMARK 3. In this argument we did not use the fact that ¥ was an
integer.

Lemma 4, which follows, tells us that A’ is 0(1) and so completes the
proof of the theorem if 4 is an integer.

LeMMA 4. Under the hypotheses of the theorem,

M [2\r+1
> aPEaM—P(l—IRI) = o(1), y=-—1,01,2--

IPI<3R/2 |M|SR 2

For yv= —1 this was proved in Theorem 1. Suppose now that y> —1. In
view of the equation

(9) m* 4 m2 = p2 4 g+ (m— p)? + (n — g)* — 2i(m — p)ip — 2i(n — g)ig,
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we may write

A= 3 ek 2 OlM—lf'(Rz—lMlz)(l—|Ml2>7

pi<sr/z R? |m|=r R?

I ZaM_P(—“IM—-PIZ)(l—IM|2>7

ipl<arse K2 |m=r R?

y2u Y o5 aM_pi(m—p)(l—'Mlzy

|pi<sk/z R |m=r R?

+2i b D> au—pi(n — g (1 - IZ‘;P)’

\pi<sk/z R |m\=r

Ly ap(R2— | P|?) ZaM_p(l—IMPY

|P|<3R/2 R? |MISR R?
=S+ S:+ S5+ S

To each of the sums Sy, Sz, S;, Si, we repeat the process of factoring out
(Rz——IM |2)/R? and applying the decomposition (9) to the numerator. In
v+1 steps we shall obtain 47*! sums of the form

A () qu(8) R2_ P 2)v(¢)
(10) Tio 3 HPOEOR-[PIO e

|P|<3R/2 Rr+? IM|SR

where:

(@) £=1,2,3, - - -, 4r+1,

(b) X&), u(§), and »(§) are integers depending on ¢ and which satisfy
the relation M) +uE)+v(E) =v+1, for all £, Henceforth, we shall merely
write A, i, » and drop the argument &.

At this point it should be remarked that the 47+! sums Y are not all
distinct. This, however, need not concern us.

For every &, the series Zﬁf} can be considered as being obtained from
T, by application of the operators d/dx, /3y, V2, and their powers. Now we
know that in getting D> 8% from T; we applied the partial derivative oper-
ators N\+u times. If we denote by 7 the number of times we applied the
Laplacian operator, we see that for all £,

Aptrv+r=v+1

and so by (7), D_B% =0. Recalling the fact that the series T, has coefficients
0(| M l”“), we note that every application of a partial derivative operator
to T, will diminish é by one, and every application of the Laplacian operator
will diminish 8 by two. Therefore, 8% = O(| M] —7), where

n=5+20vy+1) - A+p+2)=5+N+pu+ 20
Combining these results with (10) and applying (4) yields
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Si-of 3 Lel dazizllizizly o 4

\Pi<ars2 R+ Rr1=0vtw) (R — I Pl yr—2

+o{ ) |"P|(!R—|P|||R+IPII)'}

R—15|P|SR41 RYHL Rrt1=-0Hw)

{ ’ l ap | 1 }
=0
|pi<sr/2 Rt [ R — | Pl |3+)\+u+v

+0{ > l‘ﬂ}

r-1=|p|sR41 R

where the mark ’ indicates that we are to omit from consideration those
indices which satisfy R—1= IPI =R+1. Since Iap[ /R7+‘=o(|P| 7/Ry+1)
and IPI <3R/2, we see that (11) is essentially the same as the sum 4 +B of
equation (6) in Theorem 1(*). But we have already shown there that 4 and
B are both o(1), and hence we have shown that for all £ D ¢ is o(1). This
completes the proof of the lemma.

REMARK 4. At this stage we note that if ay =0(| M|7), k=1 <y <k, where
k is an integer greater than or equal to zero, we may put y+e=k, 0<e<1,
and say am =o(l M| k—¢), The formal product will then be summable (C, k+1)
to zero, and an inspection of the above proof informs us that o3 '=0(R™*).
We have already seen in §1 that Hardy’s theorem [2] implies that if %"
=0(R~¢) then

k1 k+1 ,F . .
(12) TR = oo j; S(r)(R — r)¥dr = o(R™).
Using this result we can prove the theorem for nonintegral values of v> —1.
If we set
. R
(13) = [ SO® =y, >0,
0

then we have g =7}/R" and also

« T 1 B

(14) S _ (a+B8+1)
(e + 1T'B) Jo

For a proof of (14) see [3, p. 27, Lemma 6]. In view of (12) we must show
that

SOR—-9"dr, «=0,8>0.

r+1

e /R = o(1).
Using(14) we have

(*) It should be noted that for some ¢ the situation will be slightly better than in sum
A+B. However, if 7(£) =0 the situation is essentially that in 4 4B and no better.



334 L. D. BERKOVITZ [March

r+1 k+(1—€)
TR TR

D R
—_ - — k — —e
RrH1 Rktl—e RHl—ej; TH(N)(R — r)~dr

where D is a constant. We now break up this integral into two integrals Iy,
extended from 0 to R—1, and I,, taken from R—1 to R. To show that I, is
o(1) we integrate by parts and get

I, = Rﬁl_‘[f:_l T*(r)dr
([ L Y=t S o]

Taking into account (12) and (14), we may write

R—-1

dr
I, = o(1) + O(R™) + o(1) p (R— )i+ = o(1).

It remains to show that I;=0(1), and for this we require the following
result.

LEMMA 5. Under the hypotheses of Theorem 2, ¢y =o0(R+1), A=0, 1, 2,
, k, where k—1= [v].

We decompose o} into sums A’ and B’ as in (8). As there, B’ is O(1/R'*),
{=2(7+1)—~. To treat A’ we proceed as in Lemma 4 and reduce the prob-
lem to a consideration of sums which are essentially 4 and B of (6), but
with ay=o0(| M|*). The proofs of Theorem 1 and Lemma 4 show these
sums to be o(Rv+'*). Hence o} is o(R*+') and so aR-o(R"“‘)‘) The
equivalence of the order conditions again follows from the proof given in
Hardy [2]. In passing we note that the condition ay =0(| M | 7}) is the worst
one that can occur.

We now take up the evaluation of I,.

L= 2m f :rm)(R — )dr
- Ril_e j:_el {IMZI;T Aw(r —| M| )’“} (R — r)y~<dr
e { e 31—
R R T

=L+1).
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Integrating I} by parts k times gives

,_ Di
I, = Ay(R—1—|M|)*
2 Rk+1—e |M|§R,—1 M( I I)
PRI N SR Pl
RitI=¢ | yi<k
’
k
Au(R—1—-| M
Rk+l—t |MI§R—1 M( I I )
TR
— A R — r)¥—<dr
Rk+1—e R—1 IMI§R—-1 M (
Dy D; DiS(R — 1)
= k — (k—1) —_ PPN JE R
Rk+l—e T (R 1) + Rk+1—e T + R 1) + Rk-’-l—e
where Dy, D;, - - -, Di,, are constants. Lemma 5 tells us that the last sum

is 0(1) and so I;=0(1). We now dispose of I}’. This time we again integrate
by parts k times and get

M‘ k+1—e
=p/ ¥ AM<1-—u>

(R-1)<| M| SR R

, M k+1—e
=Dy>a 2 aM_p(l - I——I)

P (R-1)<|M|SR R
' (R — 1) | k+1—e
SOl T fausl|t-
P (R—1)<|M|SR R

é D”( ) IaPl _ = A// B".
st lplgb':R/z Ri+H— > |aurl +

|P|<3R/2 (R-1)<|M|=R
The proof of the fact that B’ in (8) is 0o(1) and Remark 3 tell us that B” is
o(1). From the proof of Lemma 3 it is easily seen that

o(1) if R—1=<|P|sR+1

_p| = 1
(R_—-l)<zl:M|§R IaM Pl {0( HP| — RI"”WH) ) otherwise.

Also we have that |ap| /R"““=o(|P| k—e/R¥+1=¢), This plus the fact that,
in sum 4", IPI <3R/2 show that the consideration of 4’’ reduces to con-
sideration of sums essentially the same as 4 and B of (6). These we know
are 0(1), and so the proof of the present theorem is completed.

COROLLARY. In the event that the series T1 1is a Fourier series of a function
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in Ly, 1 <p =2, then T is circularly summable (C, 1/p) to zero, uniformly on E.

We first prove the following lemma.

LEMMA 6. Let F(x, y) be in L,, 1<p =2, periodic of period 2w in each
variable, and suppose F~ Y ayeMX. Then

Z IdMI = O(Rl“’).

(R-1<|M|<R

By the Cauchy-Schwarz inequality

1/p!

15) S Jads( T Jal) Canmn
(B—1)<| M |<R R-1<|MI<R

where 1/p+1/p"'=1 and L1,z denotes the number of lattice points in the

ring whose radii are R—1 and R. From (2) and the theorem of Hausdorff-

Young we see immediately that (15) is o(RY?).

To prove the corollary we first note that the Riemann-Lebesgue theorem
tells us that ay =o(1) as | M| — . By making a few minor changes in the
proof of Theorem 2 for the case ¥ =0, we can show that the formal product
is (C, 1) summable to zero and that ¢ =0o(R™-Y?). From part two of
Theorem 2 we then conclude that the formal product is summable (C, 1/p)
to zero.

We also have the following counterpart of Theorem 1’.

THEOREM 2. Let Ty and T, be two series with coefficients as described in
Theorem 2. Further, let

LSO - 1))
Az Jy®

(V) OT, = 0

for all triples of integers (r, s, t) such that 0 <r+s-+t=vy+1, uniformly for all
(x, v) in a set ECX, where Q is the fundamental square. Suppose T, converges
to a function N(x, y) on Q, where N(x, y) need not be zero on E, but

9 g

dx(m ay(a) (V2) (ON(, y) =0

on E for all triples of integers (r, s,t) suchthat 0 <r-+s-+t =vy-+1. Then the series
T3 — \T,
is circularly summable (C, v+1) to zero, uniformly for (x, y) in E(5).

The proof is similar to that of Theorem 1’, but with Theorem 2 now
playing the role of Theorem 1.

(®) Examples of series T: and functions A(x, y) satisfying such conditions are the localizing
functions and their Fourier series which are described in the next section.
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3. Localization. The above results will now be applied to the problem of
localization. However, before doing so, a few preliminary remarks are in
order.

REMARK 5. If f(x, ¥) is in L and periodic of period 27 in each variable
then, as is well known, we may associate to f its Fourier series. Thus

f~ 20 cuet™® = &[f].

In what follows the notation &[f] will be used quite frequently to denote
the Fourier series of a function f. The circular partial sums Sg(x, v) of f are
given by

2% 2%
Se(t,y) = 3 cueiX = [4 f f (u, v)e—z<mu+nv>dudv:| (M X
IM|SR 7r

IM|=R

=— f f(u, v)Dr(u — x, v — y)dudv
where

Dale,y) = %, e¥¥= ¥ % = Dy, —).
IM|SE |M|SR
The function Dg(x, v) is thus a sort of Dirichlet kernel for circular summation.
REMARK 6. Let T be a double trigonometric series, T= Y cyei™X. An
operator V—2, which shall be called the anti-Laplacian operator, is defined to
act on T as follows.

VT = coo(x + co(x + 9)°

—+ X

M=o | M |2
That is, V-2 is a formal right inverse to the Laplacian. Note that V*(V-2)T
=T always, but that (V-3)V2T#T if cp>%0. In this train, we define the
kth power of the anti-Laplacian to be the formal right inverse of (V?)®,
Explicitly

eiMX,

coo(x + y)%* > (=Dkeu
2¢[(2 B)!] Lo | M |2

If 6M=o(l Ml 7), y= —1, then (V-2)0/2A+2T will converge uniformly,
either rapidly or 01rcularly, to some function F(x, ). This is true by virtue
of the fact that in this event cu/| M|?*=0((| M|2)v>-/2-2) and so

S len|/| M| < . If coo=0, the Riesz-Fischer Theorem tells us that
(V)2 T i @[f]

REMARK 7. We shall now discuss another essential notion, that of localiz-
ing function.

By a domain we shall, as usual, mean an open connected set. When speak-
ing of a closed domain we shall mean a domain plus its boundary. Now let

(V@7 =

iMX
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R be a closed domain contained in the interior of the fundamental square £,
let N° denote the interior of R, and let N’ be another closed domain such
that %' CRC. A function A(x, y) which is continuous, is of period 27 in each
variable, has Fourier coefficients O(| M ] —#), u a sufficiently large positive
integer, and such that A(x, ¥) =0 for (x, y) not in § (mod 27) and A(x, y) =1
for (x, ) in R’ (mod 2x), is called a localizing function for the domains R
and N,

To obtain A(x, ¥) we proceed as follows. Let i, be a closed domain such
that R’ is interior to Ry, RiCRY, and all boundary points of R; are at
distance € from the boundary of R, where € is less than one half the distance
from the boundary of &% to that of &’. Let K(s, t) be a function of class C®
which is zero outside of a circle C with center at the origin and radius € and
such that the integral of K(s, ¢) taken over C is one. Finally, let ¢(x, ¥) be a
function which is one on R; and zero elsewhere. Then it is easily verified
that the function

Nz, y) = ffc( )¢(s, HK(s — x, ¢t — x)dsdt,
Z,Y€

where C(x, y; €) is the circle with center at (x, y) and radius ¢, is a localizing

function for & and R’. This construction is due to Dr. A. Calderén. If & and

R’ are rectangles or concentric circles, simpler constructions are available.
We now state the theorem from which we deduce our localization theorem.

THEOREM 3. Let T, be a double trigonometric series with coefficients ay
=o(|M|7), v= —1. Then the series (V2T with w=[y/2]+2 converges
uniformly to a function F(x, y). Further, let N(x, v) be a localizing function of
class C@@+20) gssociated with the domains R and R’ and whose Fourier coeffi-
cients are consequently on=O(| M | —(+20))  where once again §=5+2(y+1).
Then the difference

Ar(z, y) = Z ayeMX

IM|SR

(16) 1 2% 2%
- f f F(u, )N, 9)(V) @ D(u — %, v — y)duds
4r?J, 0
is summable (C, y+1) to zero, uniformly for all (x, y) in R'.
If T\ is a Fourier series of a function f in L,, 1 <p =<2, then Ag(x, y) is
summable (C, 1/p) to zero.

The uniform convergence of (V-2)(T; to F(x, y) was shown in Remark
6. In the rest of the proof we consider two cases. First, suppose that ago=0.
Then, as has already been noted, (V-2) T} is &[F] and converges absolutely
and uniformly to F. Also, S[\] converges absolutely and uniformly to \.
Thus the formal product G[F]S[\] is S[FA]. Now clearly, the function
Arg(x, y) is the circular partial sum of rank R of the series 77— (V?)© {&S[F\]}.
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But in view of the above discussion,
T, — (V)W {S[F\]} = T, — V() {S[F] S[\]}.

Utilizing (9), we can write this as

T, (V2)("’—1)| {V2@[F]}@[)\] + 2<a [ ] - 63[:\]
6@[F] 3@[)‘]. | VS I
dy dy ) @[F]{ [)\]} .

It is clear that repeated applications will therefore yield

a(a) a(t)
(v)e{&[A]} = X ﬂm“{(v%"’ —®[F]}

r.e,l,u (8) ay(”
FIONF10!
Aw 2 e
9x(® ay(t)

where the numbers S, are constants and the summation is taken over
all quadruples of integers (7, s, ¢, #) such that 2r4+s+4¢+2u =2w. Thus

Ty — (V)@S[FN] = Ty — {(V)@S[FI}SI\] — X rauf }{ }

() Iyt = O] = S omend 11 )

T#W

It

since §[F]=(V-2)@T;. Each of the series

LS - 10)]
1—epl, (oo
ax(a) ay(t)

S

is zero in R, satisfies equation (7), and has coefficients ay = 0(] M [ —?%). On the
other hand, each of the series

FYCIFYO)

2)(r) R
Ty, (9 dx(® gy

S[F]

has coefficients at worst o(| M | 7). Therefore, Theorem 2 is applicable to each
of the terms in (17), and so each series is summable (C, y+1) to zero, uni-
formly in 9.

In case two we consider series T; which consist only of the constant term
@go. Then equation (16) reads

1 27 27
Ar(%, ¥) = aopo — ;—;f F(u, v)Nu, v)(V3)@Dg(u — x, v — y)dudv.
0

Integrating by parts 2w times gives
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(18) Ag(x, y)=aoo‘ﬁfo” foh (V5@ {F(u, )\ (%, 1)} Dr(u— %, v—y)dudy.

If we define the function T'(%, v) to be (V)@ { F(u, v)A(x, v)} for 0= u =<2,
0 =<v =27 and extend the function to be periodic of period 27 in each vari-
able, then the integral in (18) is merely the circular partial sum of rank R of
the Fourier series of I' at the point (x, ¥). Now

) = (oo 2700
2¢[(20)!]
(19)
(s+¢)
= Qo—r)
000r+3§=2“, dr.s,l(u + v) ) PIREY )\(u’ v)

where 7, s, ¢, are positive integers or zero. Recalling that A(«, v) has Fourier
coefficients O(| M I‘(‘“"’)) and is zero outside of R, we see that I'(x, v) is
continuous and has an absolutely and uniformly convergent Fourier series
in the fundamental square Q. From the uniformity of the convergence and
the continuity of I' we learn that S[I'] must converge to I' at every point.
From the absolute convergence we find that the series must be absolutely
circularly summable and therefore uniformly circularly summable. In sum-
mary, the integral in (18) tends to I'(x, ) as R tends to infinity, uniformly
for all (x, ¥) in Q. But for (x, y) in R’, I'(x, ¥) =aoe, as can be seen from
(19). Consequently, Az(x, )—0 as R— «, uniformly for all (x, y) in R'.

Since any series T is the sum of two series, one consisting of the con-
stant term alone and the other of the nonconstant terms, we combine the
results of the two cases just treated to establish (16).

In the event that T is a Fourier series of a function in L,, 1 <p =<2, the
proof of the general case still applies. However, the corollary, rather than
Theorem 2, is used in the appropriate place.

ReMARK 8. If in (19) we replace the function aoo(#+2)%/2w[(2w)!] by
any function H(%, v) which has all derivatives of order 2(w+2) on R°, which
has the property that it and its derivatives remain bounded as the boundary
of R is approached, and which satisfies the partial differential equation
(V)@ H =0 on R, then we can modify the above discussion very slightly to
show that

1 2% 2%

F(u, v)\(u, v)(V®)@Dg(u — x, v — y)dudv — 0

ety J,
as R— o, uniformly for (x, y) in R'.

THEOREM 4. If T and T’ are two double trigonometric series with coefficients
o(l M [ v), y= —1, and if the functions F and F’ associated with each of these
series are equal in a closed domain R contained in the interior of the fundamental
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square Q, then in every smaller closed domain R’ contained in RN°, the interior
of N, the series T— T is uniformly summable (C, y+1) to zero. The condition
that F—F’ vanish in R can be replaced by a more general one. For example, if
vy=—1, then if F and F’ differ in R by a function G which has all derivatives of
order six in RO, s harmonic in RO, and which has the property that its derivatives
are bounded as the boundary of R is approached, we find that the series T — T’
will still be summable to zero, uniformly for (x,v) in R'. If y> —1 and G has all
derivatives of order 2(w—+2) in RO, satisfies the partial differential equation
(V2)DG =0 there, and fulfills the requirement that its derivatives remain bounded
as the boundary is approached, then we have the series T — T uniformly sum-
mable (C, y+1) to zero on R'.

If the series are Fourier series of functions f and f' in L,, 1 <p =2, we get
that T—T' is summable (C, 1/p) to zero, uniformly on R'.

All of the above statements are immediate consequences of the preceding
theorem, with the generalizations following from Remark 8.

4. The conjugate series. By a series conjugate to a double trigonometric
series T= D _cye'MX, we shall mean the double trigonometric series T given by

T = 3 emnCmnei(matnn)

where €,,=signum (mn). For a discussion of this definition see [5]. On the
basis of results in one dimension [6] one would expect the following theorem
to hold.

“Let T and 7" be series conjugate to the series T and T” of Theorem 4.
Then under the conditions of that theorem, the conclusions apply to the
series T and 7", but with the words ‘summable to zero’ replaced by ‘sum-
mable’.”

In proving such a result by our methods, the key theorem would be the
one on multiplication which would now read:

“Let Ty and T, be two series satisfying the hypotheses of Theorem 2.
Then the series T3 conjugate to the formal product of T; and T is uniformly
summable (C, ¥+1) on the set E.”

This statement, surprisingly enough, is false, as the following simple ex-
ample shows. Let Ty = ) @, exp i(mx+mny), where

{l/m logm+1), if n=0,m=1,
e 0, otherwise.

Let T>=2¢sin (x+7y) =exp t(x+7y) —exp i(x+7¥), and take the set E to be the
origin. Hence @nn=0(1/(m2+n?)12) and To=0 on E. The formal product T3
is given by

Ts = Z A men, Amn = Am—1,n—1 — C@m41,n41.

Thus all 4,,=0 except the following
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Any=1/(m — V) logmifm =2, Apy= —1/(m+ 1) log (m + 2)ifm = 0.

Clearly, the series T3; is circularly summable to 0 at the origin, while T
diverges to + ». Thus T3 is summable by no regular method. As a matter of
fact we can take for T, a function with a zero at the origin of arbitrarily
large order and the conclusion will still hold. For example, take sin?**!(x+7y),
n=0,1,2,-.-.

5. Extensions and generalizations. In this section we shall generalize our
results in two distinct directions. First, we extend our results to the k-dimen-
sional case.

If we make the obvious changes in our definitions and notation to conform
to the k-dimensional situation, we have the following localization theorem.

THEOREM 5. Let T and T’ be two k-dimensional trigonometric series, k=1,
with coefficients o(| MI 7),vy=—(k—1). Let (V)W T=F and (V)T ' =F,
where now w=[y/2]+[k/2]+1. If F and F' are equal in a closed domain R
contained in the interior of the fundamental k-dimensional cube Q, the series
T—T' is spherically summable (C, y-+k—1) to zero, uniformly on every closed
domain R’ contained in the interior of R.

REMARK 9. As in Theorem 4 the condition F—F' =0 on % can be re-
placed by a more general one. We leave its formulation to the reader.

An examination of the proof for k=2 shows that with proper modifications
of orders of coefficients and of the exponents of the various operators, the
proof is valid for all k=1. For k=1, however, these results are not new,
having been obtained by Riemann, Rajchman, and Zygmund. The reader
is referred to [7] where complete references for the case k=1 are listed.

The second direction in which we generalize some of our results is that
of considering the sums Sk defined by certain curves other than circles. In
keeping with our former notation we shall denote a point (%, ) in the plane
merely by U. For every 321 we can introduce the Lg norm into the plane
as follows. Denoting the Lg norm of U by ] U| s, we define

| Ulg= (| ult+|v|5)rs, g =1

Consider now a curve Cg g which is symmetric with respect to the coordinate
axes and whose equation in the first quadrant is

o+ 45 = RS, 8= 1.

Clearly, the curves Cg g are circles with center at origin and radius R in the
L metric. (For 3=1 we get diamonds, for 3=2, circles.) For brevity we
shall call curves which are circles in the Lg norm Lg circles.

Let T= Y cu exp (iMX) be a double trigonometric series. We define the
type B circular partial sums of rank R of T by the equation

Sea(x, 9) = 2. cueMX, g =1
|M|gSE
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If B=2 we obtain the ordinary circular partial sums which we have already
considered. For other values of 8 the numbers Sk s(x, y) are obtained by
summing those terms of T whose indices lie within or on the curve Cg.
We shall say that T is 8 circularly summable to L(x, y) for (x, y) in a set E
in case limg., Sgs(x, y) =L(x, y).

We now state the following generalization of Theorem 1.

THEOREM 6. Let Ty and T, be two double trigonometric series with the fol-
lowing properties

(i) ax = o(| M|5"), (i) ax=0(| M5, B>1,
(iii) > aneiMX =0,

for (x, y) belonging to a set E in the plane. Then the series T, whose terms A u
are given by (1), is the formal product of Ty and T, and s 3 circularly summable
to zero, uniformly for all (x, y) in E.

To prove the theorem we first notice that the number of lattice points
contained within and on a curve Cgg is K(B)R*+O(R), where K() is a
constant which varies with 8. With this observation taking the place of
Lemma 2, we can go through the proofs of Lemma 1, Lemma 3, and Theorem
1, replace the symbols | M|, | P|, and Sk by | M|, | P|s, and S s respec-
tively, and interpret the words “circle” and “annulus” to mean “Lg circle”
and “annulus in the Lg norm.”

We now state a theorem which generalizes part of Theorem 2 and con-
tains the localization principle for § circular summability of double trigo-
nometric series with sufficiently good coefficients.

THEOREM 7. Let T, be a double trigonometric series with coefficients au
=o(l M | 5Y), B=1. Then the series (V=2)T: converges uniformly to a function
F(x, y). Let N(x, y) be a localizing function associated with domains R and
R’. If N(x, ) has Fourier coefficients ax=O(| M|5°), then the difference

Arp(x, ¥) = D axeiMX
| MIg=R

1 27 27

—— [ [ Fw o D (TIDwstw = 5,0~ y)duy,
4 J 0

where Dg g(x, y) = waég eMX tends to zero as R— x, uniformly for all
(x, ¥) in R'.

The theorem just stated is a rephrasing of Theorem 3 for the case y=—1
and with |M I replaced by | M I s. Thus once we establish that (V=2?)T} con-
verges absolutely and hence uniformly to F(x, y), the proof of Theorem 3
goes through with the proper modification of symbols and reinterpretation of
certain statements for the case now being taken up.
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The coefficients of (V-2 T} are o(1/(| m|6+|n|8)18(| m|2+|n|2)). If =2
then 1/(|m|f+|n|8)v8<1/(|m|?+|n|?)V8, and so (V-2) T} is majorized by a
series whose coefficients are 0(1/(| ml 4 ] n| 2)1+16), In the event that
1 =B =2, we have the following inequality which can be readily verified.

([ m|f+ | nle)e < 1/(m? + n)12, 182

Hence in this case (V—2)T; is majorized by a series whose coefficients are
o(1/(m*+n?32) and so is surely absolutely convergent. Theorem 7 is thus
proved.

If we introduce the L., metric in which the norm of a point U= (%, v) is
defined by I U|w=max ([ul , |v| ), our curves Cg,, would be squares with
center at the origin and side 2R. Consideration of the partial sums Sg,.(x, ¥)
would reduce to a very special case of restricted convergence of series [4].
Since the consideration of localization problems for series summed in the
restricted sense will be discussed in a forthcoming paper, we refrain from
considering the L, norm here.
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