JORDAN DIVISION ALGEBRAS AND THE ALGEBRAS A(\)

BY
CHARLES M. PRICE

1. Definition of Jordan algebras and the algebras A(\). Given any (not
necessarily associative) algebra A4 of finite dimension over a field F and any A
in F we shall designate by A (\) the system consisting of the same vector space
as 4 but with a new multiplication o defined by xoy=Axy+ (1 —\)yx for
any x, y in A(\), where xy denotes the ordinary product in 4. In particular,
if the characteristic of F is not two (which we shall assume throughout this
paper), then 1/2 is in F, and we shall use the special notation A for 4(1/2).

The center of A4 is defined to be the set of all elements of 4 which com-
mute and associate with all elements of 4. If 4 has a unity element 1, then
4 is called central over F provided its center is 1F.

A commutative algebra B over F is called a Jordan algebra provided
(x*y)x =x2(yx) for all x, y in B. Then B is said to be simple if the only nonzero
ideal of B is B and B is not the zero algebra of order one; B is said to be a
division algebra if B contains no divisors of zero.

2. Central simple Jordan algebras. If B is a simple Jordan algebra of
finite dimension over F, then B has a unity quantity 1 and its center is a
field. It is known that() if B is a central simple Jordan algebra of finite
dimension over a nonmodular field F, then B must be one of the following
types:

Type 1. Let A be a central simple associative algebra of finite dimension
m=r? over its center F. Then B=A4® is a central simple Jordan algebra
of order m over F and will be said to be of Type 1.

Type 2. Let A be as in Type 1 and suppose that 4 has an involution J of
the first kind, that is, J is an antiautomorphism of period two and o/ =« for
all @ in F. Let S be the set of all J symmetric elements of 4, that is, the set
of all @ in 4 such that o/ =a. Then FCS and B=S" is a central simple
Jordan algebra (of Type 2) over F. The order of S over F is known to be
r(r+1)/2 or r(r—1)/2 depending on further properties of J, the latter possi-
bility being excluded if 7 is odd.

Type 3. Let A be a central simple associative algebra of dimension m =r?
over its center K. Let also 4 have an involution J of the second kind, that is,
J is an antiautomorphism of period two and &’ %« for some « in K. Then the
set of all J-symmetric elements of K forms a subfield F of K such that
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[K:F]=2. Designate by S the set of all J-symmetric elements of 4. Then
B=S" is a central simple Jordan algebra of dimension m over F and will
be said to be of Type 3.

Type 4. B is an algebra of degree 2 over F having a basis of the form e,
Uy, + -+, Un_y Over F such that eu;=wue=wu;, uau;=umu; =0, ul =a;%0, e?=e
for ¢, j=1,2,---,n—1;1%%j, a;in F, n=3.

Type 5. Then B is the so-called exceptional Jordan algebra M of order 27
over its center, consisting of all three-rowed Hermitian matrices with elements
in the Cayley numbers.

3. Plan of the paper. A Jordan division algebra may be trivially shown to
be simple (see [1, p. 704]). Then any central Jordan division algebra of finite
dimension over a nonmodular field must be one of the types listed above.
Type 4 is obviously excluded. Also

1 0 0y 0 00
€11 = (0 0 0) and €29 = <0 1 0)
0 0 O 0 0 O

are in M, ejjen=exne;n=en O ex2=0so that Type 5 is also excluded. The pur-
pose of this paper is to attempt a derivation of the Jordan division algebras,
in the sense that the simple Jordan algebras are derived (listed) above. In
Part I we shall study the Jordan division algebras of Type 1 and the algebras
A(\). Part IT will deal with the Jordan division algebras of Types 2 and 3.

PART I. JORDAN DIVISION ALGEBRAS OF TYPE 1 AND THE ALGEBRAS 4 (\)

LEMMA 1. Let A be a simple associative algebra over F. Then a necessary
condition that A(N) be a division algebra is that A be a division algebra.

Since A is simple, 4 =M XD where M is a total matric algebra and
D is a division algebra. Suppose M has degree r>1. Then M has a basis
e;;(¢,j=1,2, - -,7), eijers=08;xe;; where 6 is the usual Kronecker function.
Now ey, e are two nonzero elements of A(\), ey =exen=e51 0 e2a=0, A(\)
is not a division algebra. Therefore if A(\) is a division algebra then r=1,
A =D, A is a division algebra.

Let A be an associative algebra over F. For any x in 4 we shall designate
by A the set of all elements in 4 which commute with x. Observe that
A@CAG,

THEOREM 1. Let A be an associative division algebra over F. Then A
is not a division algebra if and only if there exists an x in A such that A® = A,

Suppose A is not a division algebra. Then there exists an x#0 in 4,
y#0 in A® such that x o y=(xy+yx)/2=0, xy+yx=0, xy=—yx. Also
xy#0, for xy =0 implies x =0 or y=0 from assumption that 4 is a division
algebra, contrary to choice of x and y. If xy=yx then from above xy=yx
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= —xy, 2xy =0, xy =0. This contradiction shows that xy=yx, y&E 4. How-
ever x2y=x(xy) = — (xy)x=yx2, yEAG, A@ 24D, Conversely suppose
that 4@ A4 for some x in A. Now since 4®CA¢", there exists a z in
A such that z is not in A®, Then zx?=x2, u=x3—2x7%0, 520, 2(x 0 u)
=xu+ux=x2—xzx+xzx—2x2=0, A is not a division algebra. This com-
pletes the proof of the theorem.

THEOREM 2. Let A be a central associative division algebra of degree n over
F. Then if A(\) us not a division algebra, all of the following must hold:

(1) p=—=A"1(1—=N) is a primitive rth root of unity.

(2) r divides n so that n=gqr for some positive integer q.

(3) Any divisor of zero in A(\) has a minimum function of the form ¢(N\),
where ¢(N) is a polynomial in \'.

Suppose 4 (\) is not a division algebra. Then a 0 b=Nab+ (1 —\)ba =0 for
some a#0, b5#0 in 4. If A=0 then ba =0 for a#0, b0 in A4, contradicting
the fact that 4 is a division algebra. Similarly if A =1 then ab =0 which leads
to the same contradiction(?). Therefore we may assume that A0, 1. Now
ab=puba where uy=—\"1(1—N)#0, a=pbadb~! and by a trivial induction

at=putbad' (t=0, 1, 2, - - - ). Let the minimum function of a over F be
¢N\) =N"+aA" 14 - - - +a, where the a; are in F (¢=1, - - -, m) and
an#0. Then

$(a) = a™+ ama™ '+ - + an =0,
¢(ubab™!) = ¢(a) = pmba™b~ + ap™ a1 + - - + am = 0,
b l¢(pbab )b = pma™ + ap™ ™1+ - - - + am = 0,
urp(a) = pma™ + oapmam™t + - - -+ pman = 0.
Subtracting the latter from its preceding equality we get
ay(u™t — pmamt + ot — pmem? 4 - an(l = pm) = 0.

Since ¢(\) is the polynomial of least degree satisfied by @ we must have
(™ i—p™a;=0 (z=1, - - -, m). In particular, since a0, 1 —u”=0, um=1.
Then for some r dividing m we have u a primitive rth root of unity. This
proves (1) above. Also since a generates a subfield of degree m over F, m
must divide #. Therefore r divides # and we have proved (2). ymi—um=pum—i
—1=0if and only if u*=1 which is true if and only if 7 is a multiple of 7.
Therefore a; =0 for 2 not a multiple of r (=1, - - -, m), $(\) is a polynomial
in A7, which proves (3). q.e.d.

Note that for A\=1/2, u=—2(1—1/2) = —1 is a primitive square root of

() Note that if A=0, A(2) is antiisomorphic to 4; if A=1, 4()) is isomorphic to 4. For
this reason we shall exclude the cases A=0, 1 from further consideration.
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unity and Theorem 2 then states that if 4™ is not a division algebra, then
n must be even. We have proved the following corollary.

COROLLARY. Let A be an associative central division algebra of odd degree
over 1ts center F. Then A is a Jordan division algebra.

Let Q be a central simple associative algebra of degree two over its center
K. Then it is well known that Q is a so-called quaternion algebra, having a
basis of the form 1, 7, j, k=1j over K, with 1 acting as the identity (unity)
quantity of Q and multiplication defined by #*=« in K, j2=8 in K, ji= —1j;
the remaining products being computed by means of the associative and dis-
tributive laws using these rules. Our only observation on Q at this point shall
be that Q™ contains divisors of zero; for example 7 o0 j=(3j+j7)/2=0. We
shall use this remark in the proof of the following theorem.

THEOREM 3. Let A be an associative central simple algebra of degree n over F
which s a crossed product, so that A has a maximal subfield N which is normal
of degree n over F. Then A 1s a division algebra if and only if A is a division
algebra and n is odd.

Suppose AM is a division algebra. Then by Lemma 1, 4 is a division
algebra. Suppose #=2m is even. Then by Galois theory there exists a field
N, FCNCN such that [N:N]=2, [N:F]=m. Then the A commutator of
N (the set of all elements of 4 which commute with every element in N) is
central simple of degree two over N, and therefore is a quaternion algebra Q
which is contained in 4, Q™ contains divisors of zero by the remark preced-
ing the theorem which are contained in A, 4™ is not a division algebra con-
trary to assumption above. This contradiction shows that » must be odd.

Conversely suppose that 4 is a central division algebra and # is odd.
Then AM) is a division algebra by the corollary to Theorem 2.

THEOREM 4. Let A be an associative central simple algebra of degree n over F
which is cyclic, so that A has a maximal subfield Z which is cyclic of degree n
over F. Then A(\) is not a division algebra if and only if A is not a division
algebra or pr=1 (u=—A"1(1—N)).

Since A4 is a cyclic, A=Z+xZ+ - - - +x""'Z where x*=+ in F, zx =x35
for any z in Z, where S is the generating automorphism of the cyclic Galois
group G of Z over F, thatis, G=[S, S, - - -, S*=1I].

Now suppose u"=1. Then p is a primitive rth root of unity and n=gr
for some positive integer ¢. Now Nz.r(u) =u"=1 and so by the Hilbert norm
theorem there exists a y#0 in Z such that y=pyS, yS=p~ly. Then x oy
=Nxy+ (1 =N)yx =Nxy+ (1 —N)xyS =hxy+ (1 —N)p~ley = A (1 =M)p~ oy =
0 since A+ —=Nu1=A+{1 =N (=N (A =N)"1=A+(—=N)=0. Since x>0,
y#0 we have shown that u»=1 implies A(\) is not a division algebra. If
A(N) is a division algebra, then A is a division algebra by Lemma 1. This
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proves one half of Theorem 4. The other half is an immediate consequence
of Theorem 2.

It is known that associative central simple algebras of finite degree over
an algebraic number field are cyclic. This yields directly the corollary:

CoOROLLARY 1. Let A be an associative central simple algebra of degree n over
F, [F:R] < « where R is the field of all rational numbers. Then the conclusion
of Theorem 4 holds.

Observe that in case A\=1/2, u= —1, u is a primitive square root of unity,
and the statement of Corollary 1 would read as in the following corollary.

COROLLARY 2. Let A be as in Corollary 1. Then A is not a division alge-
bra if and only if A is not a division algebra or n is even.

THEOREM 5. Let A be an associative central simple algebra of degree n (>1)
over its center F, and suppose that A has an involution J of the first kind over F.
Then A 1s not a division algebra.

We may assume that 4 is a division algebra by Lemma 1. Suppose that
a=a’ for all @ in A. Then (xy)’ =xy=9/x'=yx for all x, y in 4, 4 is com-
mutative, 4 is a field, contrary to hypothesis (#>1). Thus for some b& 4
we have ¢c=b—b#0, ¢/=b0/—b=—c¢, (&)'=(J)*=c% Then F(c?) #=F(c).
Let [F(c?):F]=t. Then [F(c): F]=2¢, n=2ts. Now A®© is central simple of
degree s over F(c) and so has order 252 over F; A" is central simple of de-
gree 2s over F(c") and so has order 4s% over F. Since 4s% 5 25 we have A©
= A A is not a division algebra by Theorem 1.

PArT I1. JORDAN DIVISION ALGEBRAS OF TYPES 2, 3

We shall now prove a theorem which will serve us in the same manner as
Lemma 1 of Part I, namely by reducing our study to the algebras S™ where
A is an associative division algebra, and S is the set of all J-symmetric ele-
ments of 4.

THEOREM 1. Let A be an associative simple algebra of finite dimension
over F so that A = M, XD, where M, is a total matric algebra of degree r over F,
and D is a division algebra. Let J be an involution over F of A, S be the set
of all J-symmetric elements of A. Then a necessary condition that S be a
Jordan division algebra is that

(1) r=1 if J is of the second kind,

(2) r=1 o0r 2 if J is of the first kind.

In the latter case S =D is a field.

Let e;; (4, j=1, - - -, r) be the usual basis for M, over F, so that e;je:;
=0xe:1. Let u=e,;+¢j, for some fixed 7 and j with 75%j. Then u=u’ so that
uisin S. Suppose u0. Let a =e;e),—eje.;, b=e.je}. Since a’ =a, b’ =b, both
@ and b are in S.



296 C. M. PRICE [March

Case 1. a=0. Then e,,e;i—eije,, If 5=0 then u o u= u"’-—eu-l-euelj-l-eije,,
+(e,])2 e+ (€})’=0 and S® is not a division algebra, contrary to hy-
pothesis.

Therefore we may assume b70. Then b o b=>b%= (ee])? —e,j(e,j) —0
where we have used the fact that the hypothesis a =0 means that e;; and e}
commute with each other. But bis in S, 55#0, b 0 b=0, S is not a division
algebra, contrary to hypothesis. This contradiction shows that Case 1 can-
not hold and we must have the following case.

Case 2. a#0. Then a0 is in S, #>0 i 1s in S, 2(a o u) =au+ua= (eie
eijel}) (eu+etj) + (eu + e‘ii) (eueif euew) eu’euew + eu(ezj) egeij egetleif+eile'l{1
—eieieii+ (e]) (ei;) (ef) — (e])%i;=0 since &=0=(e2)’=(e})?. Then S

is not a division algebra and Case 2 cannot hold. This contradicts our as-
sumption that #0. Therefore we may assume that u=0, e;;= —ej, for
1#j. Suppose that r>2 so that we may find three distinct indices 1, 7, k.
Then eijen=eu=(—e})(—e)) =elej= (exe:;)” =0 which is impossible. There-
fore <2, r=1or 2. If r=1 then 4=D and we shall not discuss this case
further here.

Now suppose that »=2 and J is of the second kind. Then a#a’ for some
element a of the center of A. Then «” is trivially in the center of 4 so that
f=a—a’=—070is in the center of A. Also (fe12)’ = e,07 =0ey, since 6/ = —0,
ely= —ey5. Therefore ey is in S, fe=0, (fer) 0 (0erz) = (Bers) 2 =0%% =0, SH
is not a division algebra. Therefore if J is of the second kind, »=1, 4 =D and
we have proved the first part of the theorem.

Suppose =2 and J is of the ﬁrst kind. Now e;§= —ei; (2, 7=1, 2) (1%)).
Then e;=e;e;:= (—eﬂ)(-—eﬂ) =g eﬁ= (ejieij)1=ef, that is, e, =emn, €h=en.
Therefore Mj = M, in the set theoretic sense, and since D=AM: DICD; for
if dis in D then d commutes with all m” for m in M, dm’ =m’d, md’ =d’m, d’
isin AM2=D, D/’CD, D’ =D in the set theoretic sense. Suppose there is a d
in D such that d#d’. Then ¢=d—d’#0 is in D, ¢/ = —c¢, (cen) =c’e,
=(—c)(—e1) =ce1n0, cerz is in S, (cer)?=c%", =0=(cers) o (cers), ST is not
a division algebra, a contradiction. We may thus assume that d =d’ for every
din D. Let dy, d; be in D. Then (dids)’ =dids =djd] =dsd;, D is commutative,
D is a ﬁeld Leta be in 4. Then a=du€11+d12612+d21821+d22822 fOI' dij=diJj in
D (1«, ]= 1, 2) Then a"=d11622+d22811—dueu—dmezl, so that a=a’ if and Ol'lly
lf d12 =d21 =0 and du =d22 Wthh iS true lf and Ol’lly lf a =d11(6u+822) =d11 iS in
D, where we have used the fact that e;; ez is the unity element of D, as well
as that of M, and 4 =M,XD. Thus S=D=S8% is a field. This completes
the proof of the theorem.

We shall now undertake the study of the case when J is of the first kind
and when J is of the second kind in that order.

LemMA 1. Let A be an associative central division algebra of finite dimension
over F having an involution J of the first kind. Suppose there exists an x in S such
that x* is in F, x is not in F. Then S is not a division algebra.
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Suppose that S™ is a division algebra.

Let y be in 4 and y=—y’. Let u=xy—yx. Then w/ =y/x/ —x/y/ = —yx
+xy=u so that % is in S. Now 2(x o u) =xu-+tux=x% —xyx+xyx—yx?=0
since x? is in F, x o #=0 for x0 and # in S. Our supposition that S® is a
division algebra then implies that # =0, xy=yx. Thus y= —4J wmplies that
Xy =yx.

Let z be in A and z=2’. Let w=x2—2x. Then w/ =2x—xz2= —w so that
by the above italicized statement, we have xw=wx, x?s—x2x=x2x —2x?
2x%z=2xzx, 2x(xz—2x) =0, xz=2x since A is a division algebra and x0.
We have shown z=2 implies xz=zx.

Any a in 4 may be written in the form a=y+2, where z=(a+a’)/2
=2’ and y=(a—a’)/2= —y’. Since ¥ commutes with both z and ¥, x com-
mutes with a, x is in the center F of 4 contrary to hypothesis. This contradic-
tion shows that our supposition that S is a division algebra was incorrect,
and so S™ is not a division algebra. q.e.d.

LEMMA 2. Let Q be an associative central division algebra of degree two over
its center F having an involution J of the first kind. Then S =F or S® is not
a division algebra.

By the remark preceding Theorem 3 of Part I we may assume that Q hasa
basis 1, x, y, xy over F with x2=a in F, y>=8in F, xy= —yx. Now let a be in
Q with a?=4¢ in F. Then a?=(a%’=(a’)?=06. Let u=aa’ —a’a=u’ so that u
is in S. Then au+ua=a%’ —aa’a+aa’a—a’a?*=0 since a*=4 in F. Applying
J to autua=0 we get ua’+a’u=0. Adding the two we obtain u(ea+a”)
+(a+a’)u=2(a+a’) ou=0 for a+a’ in S and u in S. Therefore S 7s not
a division algebra unless either a4-a’ =0 or aa’ =a’a.

We now assume for the remainder of this proof that S™ is a division
algebra. Then the preceding italicized statement implies that either a4-a’ =0
or aa’ =a’a. In either case aa’ =a’a, 0=0a?—(a’)?=(a—a’)(a+a’). Therefore
a= +a’ since Q is a division algebra. We have proved that a?=4 in F implies
that a= +a’. In particular x?=« in F, y?2=8 in F, and we have x= +«7,
y=%y"

Case 1. x=x7, y=47. Then x and y are in S, 2(x o y) =xy+yx=0, con-
trary to our assumption that S is a division algebra. Therefore this case
cannot occur.

Case 2. x=x’, y=—1y’. Then (xy)! =y/x/ = —yx=xy so that x is in S,
xy is in S, 2(x o xy) =x?y+xyx =x(xy+yx) =0, S is not a division algebra.
Therefore this case cannot occur.

Case 3. x= —x’, y=9’. By symmetry with Case 2 (interchange x and v),
Case 3 cannot occur.

Case 4. x=—x7, y=—y’. Then (xy)’ =yx=—xy. Let g=vo+vix+7v2y
++3xy be any element of S. Then ¢g=¢’ =vyo—v1x =72y —Y3s%y, Y1="2=7v3=0,
g=%oin F, S=F=S5 is a field.
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We have proved that if S is a division algebra, then S™ =F. This is
merely a restatement of the theorem, and completes its proof. Note that the
only case in which S is a division algebra, the involution J is that which
sends any ¢ in Q into its conjugate.

THEOREM 2. Let A be an associative ceniral division algebra of finite degree
n>1 over its center F and let A have an involution J of the first kind so that
n=2m Also assume that A contains an imprimitive quartic field K over F when
n>2. Then S is not a Jordan division algebra or S a field.

The case m =1 of this theorem follows from Lemma 2. Hence assume m >1
and S™ is a division algebra. The hypothesis that K is imprimitive means
that there exists a subfield L of K such that [K:L]=2, [L: F]=2. Then, since
the characteristic of F is not two, we may take L= F(r), K= L(s) where r’=«
in F, o not a square in F; s primitive, s2=8-4+r in L, B++r not a square in
L, B and v in F, v#0. :

Let u=r"—r'r=u’ so that » is in S. Then 2u o (r+r/)=@ + r’)u
Yu@r+r7)=r2! —rrir4+rirrd — () +rrir —rIr24r(r7)2—1rrr/ =0 where we
have used the fact that 72= (r?)Y = (#/)?=a in F. The assumption that S isa
division algebra then implies that either #=0 or r47/=0. In either case
! =rr, 0=r2—(r')2=(r—1r7)(r+7r7) so that r= t7’ since 4 is a division
algebra. If r=77, then r?isin F, r is in S, r is not in F, S™ is not a division
algebra by Lemma 1 of Part II contrary to assumption. Thus r = —#/, which
means, incidentally, that J is the ordinary conjugation operation in L. Now
s2=fB-4r so that (s2)/ =(s/)2=B—+r in L. Let w=ss' —s/s=w’. Then wE.S,
sTw+ws! =2w o s7 =s7ss7 — (s7)2s+5(s7)2—s7ss7 =0 since (s/)%is in LCK and
so commutes with s. Taking the J of the previous expression we have sw+ws
=2w o s=0; adding the two we get 2w o (s+s’/)=0 for w and s+s’ in S.
Therefore w=0 or s+s/=0 since S® is assumed to be a division algebra.
In either case ss'=s's=(ss')? is in S, (ss7)2=s%(s’)2=(B+vyr)(B—vyr)=B?
—v2 is in F. If ss/ is not in F then the application of Lemma 1, Part II
contradicts our assumption that S™ is a division algebra. Therefore ss/ =s’s
=8#0in F,s7=085s"1. Now s+s/ is in S, (s+s/)2 =52+ (s7)242ss7 =28-+20 is
in F so that by a similar application of Lemma 1 we have n=s+s’ in F,
n=s+06s"1, s2—9s+06=0, which contradicts the primitiveness of s. This
contradiction shows that our assumption that S™) is a division algebra was
false, S™ is not a division algebra. q.e.d.

Now let 4 be an associative central simple algebra of finite dimension
over its center F which is a crossed product over F having an involution J
of the first kind. Then its degree »n=2™ and its maximal normal subfield is
metacyclic, so that when m>1, 4 certainly contains an imprimitive quartic
field. Applying Theorems 1 and 2 to 4 we have the following corollaries.

COROLLARY 1. Let A be an associative ceniral simple algebra of finite dimen-
ston over its center F which is a crossed product having an involution of the first
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kind. Then either S is a field or S is not a division algebra.

COROLLARY 2. Let A be an associative central simple algebra of finite dimen-
sion over its center FOR, [F:R] < o. Let A have an involution of the first kind.
Then either S 1s a field or S is not a division algebra.

Corollary 2 follows immediately from Corollary 1 by the observation
that the 4 in Corollary 2 is cyclic.

This completes the discussion of the Jordan division algebras of Type 2.
We now pass to the consideration of Jordan division algebras of Type 3. For
the remainder of this paper, J will denote an involution of the second kind,
unless otherwise stated.

As remarked before, Theorem 1 of Part II enables us to limit our investi-
gation to the algebras S™, where S is the set of all J-symmetric elements of
a central associative division algebra 4 of finite degree over its center K.
It is well known that the set of all J-symmetric elements of K, that is, SN\K,
is a subfield F of K such that K=F(@#), 0= —6’, 02?=a50 in F. For the re-
mainder of this paper, 4 shall denote an associative central division algebra
of finite degree #n over its center K; 8, F, and S are defined as above, unless
otherwise stated. Define 45 to be the set of all elements of A which commute
with every element of S.

LemMA 3. A5=K.

Let x be in A% so that y =y’ implies xy =yx. Let 3= —2’. Then (02)) ="z
=(—0)(—2)=0z 0z is in S; x(0z) = (z)x =0xz=0zx by the above italicized
statement, xz=2x. Thus 2= —2’ implies xz=2x. Any ¢ in 4 may be written
in the form a=y+2, where y=(a+a’)/2=9y’, 2=(a—a’)/2=—2', x com-
mutes with both y and z, x commutes with a, x is in A4=K, ASCKCA5,
Af=K. q.ed.

LEMMA 4. Let x2=B in K, x in S, x not in K. Then S is not a division
algebra.

We first observe that since x is not in K, x is not in A5 by Lemma 3. There-
fore for some zin S, w=xz—2x#0, w/ =2x —xz= —w. Let v=0w. Then v520,
/=9 so that v is in S, x#0 is in S, 2(x 0 v) =xv+vx =0(xw-+wx) =0(x22
—xzx+x2x —2x%) =0 since x? is in K=A4%, x ov=0, S is not a division
algebra. ’

LEMMA 5. Let y*=0 in K, y not in K. Then S is not a division algebra.

y*=F=a+b0 where a and b are in F. Assume that S™ is a division alge-
bra. (¥*)'=(y')2=a—0b0 is in K. Let u=yy' —y'y, so that u=u" is in S. Then
uy+yu=yy’y—y'y*+y*y’ —yy’y=0 since y* is in &k, (i) wy’+y’u=0 by
applying J to (ii) uy+yu=0, 2u o (y+y’) =u(y+y’)+(y+y’)u=0 by add-
ing (i) and (ii), for » in S and y+3’ in S. The assumption that S® is a
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division algebra then implies that either =0 or y+3/=0. In either case
yy =37y, ¥y’ is in S, (yy7)2=y%(y")*=(a+b0)(a—b0) =a®’—b*=c in FCK.
If ¥y’ is not in K then S is not a division algebra by Lemma 4. Therefore
yy/ isin K, yyJ isin S, yy/ is in SNK =F, yy/ =¢0 in F. Also y+y’ is in
S, (y+y)2=y*+(y)2+2yy  =2a+2¢ in F. If y+3’ is not in K then S
is not a division algebra by Lemma 4. Therefore y+y/=f in SNK=F,
y+eyt=f, y2—fy+e=0, fy=y?+e in K and y would be in K contrary to
hypothesis unless f=0, y= —47. Let v=0y. Then v/ =950 is in S, v2=02%?is
in K, v is not in K. By application of Lemma 4 we get S™ not a division
algebra. This contradicts our original assumption, so that S™ is not a divi-
sion algebra.

TaEOREM 3. Let A be an associative central simple algebra over K DR,
[K:R]< . Let n>1 be the degree of A over K and let J be an involution of the
second kind over K of A. Then S is a division algebra if and only if A is a
division algebra and n is odd.

If A is a division algebra and # is odd, then S is a division algebra by
the corollary to Theorem 2 of Part I. Conversely suppose S™ is a division
algebra. Then 4 is a division algebra by Theorem 1 of Part II. Suppose n=2m
is even. Now 4 is cyclicover K, A =(Z, T, v) over K, Z is a cyclic field of de-
gree n over K, A=Z+yZ+ - - - 4y~ 'Z, y*=v in K, zy=yzT for 3&2Z
where T is the generating automorphism of the Galois group of Z over K, and
the indicated sum above is supplementary. Let w=y™. Then w is not in K,
w2=ym=yr=+v in K, S is not a division algebra by Lemma 5 above. This
contradiction shows that # cannot be even. # must be odd. q.e.d.

Our main result is that the only central Jordan division algebras S™ over
an algebraic number field which are not fields are obtained by replacing
ordinary multiplication by the quasi multiplication @ o b= (ab+ba)/2 in S,
where S is either

1. an associative central division algebra D of odd degree over F, or

2. the set of all J-symmetric elements of D of odd degree over F, where
J is of the second kind.

The above result is an immediate consequence of Corollary 2 to Theorem
4 of Part I, Corollary 2 to Theorem 2 of Part II, and Theorem 3 of Part II.
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