A LAW OF SMALL NUMBERS IN MARKOFF CHAINS

BY
B. 0. KOOPMAN

1. Introduction. The object of this paper is to establish for repeated trials
in a Markoff chain a limiting distribution similar to the Poisson distribution
in the case of independent trials. Each trial has two outcomes (“success” and
“failure”) and their sequence has a one-step dependence. The case of sta-
tionary transitions has already been treated by elementary methods; it leads
to a Laguerre distribution(*). In this paper the general nonstationary case is
studied; a recent theorem in analysis is required(?).

Let {Un,k} (n=1,2,---;k=1,.--,n) be an infinite triangular array
of variates (chance variables). The row (U, - - +, Ua,.) represents a se-
quence of # trials in a Markoff chain, U, having the value 1 or 0 according
as the kth trial succeeds or fails. Denote by P,(s) (0=<s=z) the probability
of exactly s successes in this sequence of trials. Our object is to find P(s)
=lim, .. P.(s) under suitable hypotheses regarding { Ua.}.

We introduce the absolute probabilities(}) (1=k=n)

(1‘1) Pn.k = P(Un,k = 1)1 Qn,x = 1-— Pn,k (1 § k é n)y
and the transition probabilities (2=<k=n)
Cp,k = ?(Un,k = 1[ Un,k—-l = 1), aill.k =1- Qn,ky

!

(1.2)
b= p(Unr=1|Uproa=0), boz=1—bui;

and also, the expected total number of successes

n

(1.3) m(n) = ip,.,k = Z sP,(s).

k=1 8=0

In the case of independent trials (@, =0nk=pnx), it is shown(?) that
Poisson’s distribution P,(s)—e~™m*/s! is obtained if and only if m(n)—m
and p,,x—0 uniformly over k, as n— .

The aux, bnk, Pk are related by the difference equation (2=k=n)
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(104) pn,k = rn,kpn,k—l + bn,k, Tnk = Qn,k — bn.ky

which in the case of Markoffian dependence determines every p, in terms
of the initial probability p.1. Accordingly, any unconditional statement
concerning P, (such as that lim,., pa,x=0) largely expresses a property of
pn.1, an “accidental” feature of the situation. On the other hand, a property
of the transition probabilities reflects a more “intrinsic” property of the
mechanism by means of which the trials are made. Such properties are the
following: The transition probabilities (thought of as fixed, independently of
Dn.x) are such that

(1.5) lim p.,, = 0 implies that lim max p, = 0;
n—w n—o 1Sk=n
(1.6) lim pn,1 = p1  implies that lim m(n) = m.

And we shall say that a limit P,(s)—P(s), obtained under any hypothesis im-
plying (1.5) and (1.6), is a law of small numbers. This evidently includes the
Poisson case when @, s =b, .

We shall establish such a law when, in addition to (1.5), relation (1.6) is
amplified as follows:

n—o

1.7 lim p,.1 = p1  implies that lim D E(Up 1Unisv) = R,
n—w N0 k=0
for all v=0, 1, 2, - - - (evidently Ry=m); and when, furthermore, infinite

sequences {a;}, {c:} = {all 0}, exist such that
(1.8) np— ar = a <1 uniformly over kas n— o

and for all n large enough so that {62, cee, c,.};é{O, s, 0},andall2§k§n,

b,,,k[ > bn,.:l_l= ck[ > c.]—l- (1 + ens),

(l . 9) =2 1=2 .
€n,x — O uniformly over k as n — o,

As we shall soon see, b,,,—0; then (1.9) expresses a requirement of uniformly
limiting proportionality, b,2:bn,3:bn,4: =+ - —C2iCsicat - - -

Hypotheses (1.8) and (1.9) may be regarded as expressing the heuristic
conception that the mechanism by means of which the trials are made “ap-
proaches a limiting mechanism,” so that the quantitative aspects of the
former approach those of the latter “in detail,” as n— .

Under these hypotheses, we show that (when p,.—p1) the generating
function

(1.10) éa(t) = i Pu(s)e

=m0
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approaches a limit ¢(¢) uniformly, and that ¢(¢) is given explicitly as an ex-
ponential expression involving only the generating function of {R,,} when
p1=0, and involving in addition that of {a:} when p;50 (cf. (8.1), (8.2)).

We may note that when the proportionality condition (1.9) is replaced by
the requirement that for all sufficiently great #, b, =0 (k=1, - - -, %), our
theorem is a trivial consequence of §5.

A natural generalization suggests itself: Let {U,.} be replaced by
{Xn,k} , where (X,..1, - + -, Xn,n) is a one-step Markoff chain, but where each
variate X, can have any values in (— », 4+ ») (or is a vector variate,
confined only to an Euclidean N-space, or, more generally, belongs to an
abstract set). If 2 is a subset of the possible values (or positions), and Ua.x
is 1 or 0 according as X, +EZ or Xn i &2, (Uny, * + -, Un,») will not in gen-
eral be a Markoff chain. But it is possible to extend the results of this paper
to { U,.,k} : scalar products are replaced by matrix or operator products; but
the formulas are similar and equally explicit. This will form the subject of a
later communication.

2. The generating function as a matrix product; elementary formulas.
The generating function ¢,(¢), which is a product of the generating functions
tPn i+ qni of the individual trials in the independent case, expresses itself as
a product of the corresponding conditional matrix generating functions

4
tan,k an,k

2.1 Wi =
@9 * ok bai

in the present one.

To see this, consider the segment (U, 1, + + +, Unx) (1 =k =n) of the nth
chain; and let u,,,, and u,%,, be the probabilities of its producing exactly s
successes with a success in the kth trial, and with a failure in the kth trial,
respectively. They satisfy the well known equations (0=s=<k)

4 ! 123

Un,ktl,041 = Cn kp1%n, ke + Okt 1%, k.5
14 ’ 4 ! 124

WUn,k+1,s = Qp,k+1%n,k,s + bn,k+lun,k,n

and clearly #,,0=1un3,=0. Introducing the generating functions
! k ! n k n
b k(t) = Z Un,k,ob%, ¢n.k(t) = E Un,k,sb°

8=0 8=0

we find at once that they satisfy a recurrence formula expressible in the
matrix form

ll6ne41(®)  Sntsa@® | = l|dns®)  Sne(® || Warrr,

and that ¢,,(8)=tpn1, ¢r1(t) =¢s1. On solving this matrix difference
equation and observing that ¢.(¢) =y .(t) +¢n.(t), we obtain the desired
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expression

1
2.2) 6 = [[tpnrgnal WaaWas - - - Wand, J=H1H'

Some further known results will be needed.
Let ¢, be the standard deviation of Uy, and p,, ;i the correlation coeffi-
cient of U,,; with Uax (0n.k—1, =px,: being the one-step correlation). Then

n,iOn i ik = E(Un,iUns) = E(Un,iUni) = Pn.ibns
= Pn,iln, ik — Pn,iDn.k

where Upz=Upnx—pnx and a,,,;,;,=p(U,,,k=1| U.,,;j=1). These j—k transi-
tion probabilities satisfy the equation (cf. (1.4))

(2.3) Qn ik = Tn,k0n,ik—1 T b,k 1=2j<k=n).

Substracting (1.4) from (2.3), a recurrence formula for @,,;.x — p».x is obtained
whose solution (with @n,j,;j—p»,;=¢n.;j), when substituted into the previous
equation, gives

(k—1)
(2.4) Prik = Tn, it1Pn,i+2 * * * TnkOn,i/On,k = Tn,it10n,i/On k.

From this we draw the conclusion (since p,,j,;=1) that

(k=)
(2.9 P ik = Pn,i+1Pn,i+2 * * * Pnk = Pa,it+1;

and also, that the coefficient of regression of U, on U,,; (being pn,;k0n,k/0x.;)
is r&0.

Here, as henceforth, when { A,-} is a sequence of symbols, each element
of which is specified by the (last) subscript 7, we write

0)

A = 1 (or the identity), 45" = Aidiys - - - Ao,

Thus in terms of this notation (2.2) takes the form

(n—1)
$a®) = ||tpn1 Gual| W Jima]
n—1
= tpus guallWaz .
Equations (1.4) and (2.3) are of the form y,=7,y,-1+b,. The solution
(found by standard methods of the calculus of finite differences, and verified
by substitution) is

(2.6) Yo = yrs 4+ D barive @ < 9.

=2

3. Asymptotic form of W, . From the hypothesis (1.5) we conclude that
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3.1 lim max b, = 0.
n—w 25kSn

This is seen immediately from (1.4) when p,1—0 so that lim max p,.,=0.
And since b, is independent of p,,1, (3.1) holds in all cases.

Let ¢, be the first nonzero element in {c,-}. Then hypothesis (1.9) shows
that for all =v, b,2= - - - =b,,_1=0. It also shows that no ¢; is negative.
And (3.1), (1.9) show that either the series co+c3+ - - - is divergent and that
cn/ (st - - - H¢)—>0, or else that lima.e 2 pes bax=0 (or both). In the
former (the general) case we write

(3.2) W= v =Wy =Gy, Wy =C+ -+ ¢a (ngv)
Then the sequence {w;} has the following three properties:
Wni1

3.3) 0<wySw=---limw, = o, lim = 1.

n—w n—o Wy

In other words, it is what we have recently called an averaging sequence(?)(*).
In the special case noted above, the second property in (3.3) may be lacking.
Summing over k in (1.4), we obtain

n—1
E bﬂ [ 2 Z Dnk — Z pn ¥ k+1 — Pan
k=1 k=1
n—1 n—1
= E Pnke — Z Dnklnkt1 — Pni + Z D kbn k41
k=1 k=1
n—1 n—1
Z E(Uar) — 2 E(UnUnki1) — pan+ Z D kbn kr1.
k=1

Now suppose that p,,1—p1 as n— . The first two sums approach the limits
Ro=m and R,, by the hypothesis (1.7). The last sum approaches zero, being
between 0 and (maxesisn bni) D E(Uns) (cf. (3.1)). Therefore

lim D byt =m— Ry — py,
N0 =2

which is zero in the special case noted above, and is never negative.
Applying this to (1.9), (3.2), we obtain the asymptotic expression

hk + Mn,k
—_—

Wy

bpx = hy = (m — Ry — p1)ck,

(3.4)

1 n
lm_"2|77u,kl =O:

n—o Wy k=1

valid for all =1, 2, - - - ; 2=k <n. It will be convenient to introduce the
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symbols b,,1=¢;=0: (3.4) remains valid when k=1 (3,,,=0). In the special
case, hp=0.

In all cases, hi=0.

Finally, we write a,,1=1 and define W,,; by equation (2.1). Evidently
”tp,.,l q,.,1]| =[| Pna q,.,1|| W 1. Consequently (2.2) becomes

¢n(t) = “pn,l qn,l“Wi(::Jr

which, in view of (3.4), may be written in the form

i G+ Crt
(3.5) éa(t) = “?m qn,l” 11 I:Bn.k + —~—:|J,
k=1 n
tdn,k (l:.,k 0 0 ll
B,,' = y Gr=h ’
* 0 1 S (P
(3.6)
Co - 0 0
n,k Nn,k P _1 )

with {w,} satisfying (3.3). And Ain the special case

(3.7 lim Y b4 = 0,

n—e g1

we have, instead of (3.3), (3.5), (3.6), the expression

(3.9) 6.(t) = |[pnr @uill 11 [Bask + VarilJ,
k=1
0 0
(3.9) V",k = b"'k 1 l;,
—1 |

with B, still given by (3.6).

4. The limit of the generating function. Let 7 be a real number fixed once
for all so that 7>1, ar <1 (cf. (1.8)); and denote by T the circular region
|t| =7 in the plane of the complex variable ¢. If we can show that ¢,(t)—¢(¢)
uniformly on T as n— o, it will follow at once from the expressions, as con-
tour integrals around |¢| =1, of the coefficients of #* in the expansions of these
functions, that P,(s)—P(s) generated by ¢(¢). And by the same reasoning
applied to the coefficients of ((—1)? in the expansions about t=1, it will fol-
low that the moments u.,,—u, corresponding to P(s).

We introduce, with E. Hille(®), the following norm N for matrices

D=|la;@l, ND) = _swp  T[di0)]-
G

S
IET; i=1.2,.

(%) E. Hille, Functional analysis and semi-groups, Amer. Math. Soc. Colloquium Publica-
tions, vol. 31, §21.7.
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In terms of this norm, the class of all square two-order matrices whose ele-
ments are functions of ¢, each one being defined and bounded on T, is a
Banach algebra with identity(%). Moreover, convergence with respect to N
is equivalent to uniform convergence of the elements on T. The task that
remains for us, therefore, is to find the limit with respect to N of the product
of n square matrices in (3.5), (3.8)—on the assumption that p,1—p;.

According to the Exponential Limiting Product Theorem (Theorem VI of
footnote 2), we shall have

= B; ‘e

n Cﬂ. o0
4.1) lim H[B,.,,, + E"—f—“’i] M

N0 k1 wWn

whenever the following conditions are all satisfied (in addition to the fact
that B, G are elements of a Banach algebra with identity and that {w.}
is an averaging sequence):

(42) N(Bn.k)_s_ﬁ<°° (n:l’z,..;lék

o8} ()
(4.3) Byt = BakBn,kt1* * + Bagir—1 — Bg

IIA

n);

uniformly over k as X\ and # become infinite independently, but with 24+X—1
=n (k remaining fixed);

1 n
(4.4) — 2 NGy Sy < «;
Wy k=1
(4.5) lim G./w, = 0;
. 1z (c0)
(4.6) lim — > GyBry = M;

n—o Wy k=1

(4.7) lim L > N(Cnx) =0.
now Wy k=1
We shall verify the conditions (4.2)—(4.7) seriatim, on the assumption
that p.1—p1 and that hypotheses (1.5)—(1.9) are made, using (3.3)—(3.6).
The special case (3.7)—(3.9) will be treated by elementary methods in §7.
Calculating the norm of B, in (3.6), we have

N(B,x) = :Séllr)max {1, ] t] ank + a,'.,k} = max {l, Tank + a,',,k}

Smax {1, 7+ 1} =7+ 1.

This establishes (4.2) with 3=741.
From (3.6) and (3.4) we obtain
(*) Cf. E. Hille, loc. cit., §1.14. For the definition of the exponential, cf. §5.7. For the pur-

pose of this paper, the Banach algebra may be thought of simply as the algebra of 2-order square
matrices with convergence defined by N.
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0 0
N(Gw) = N ” . —1 ” =Ip(r+ 1) = (m — Ry — p)(7 + Decx;

so that, in view of (3.2), condition (4.4) applies with y=(m—R,—p1)(r+1).
And condition (4.5) is an evident consequence of this calculation and (3.3).

Again using (3.6), we find N(Cs.) =|9a.| (r+1); then condition (4.7) is
an immediate consequence of (3.4).

It remains to study conditions (4.3) and (4.6). This will be done in the
following two sections.

5. Proof of condition (4.3). As a first step toward (4.3), we derive from
(3.6) by mathematical induction

A Q) A1 )
()] tan 1+ (t - l)an,k,)\(t) —t Gk
(5 1) B,.,k = 0 1 )

where @, x,0(t) =, .x1(¢) =0; and for A >1,

Py v—1 (v)
(5.2) apn () = 28 @k

v=1

We must examine the limiting behavior of the two elements in the first

row of this matrix. On account of the hypothesis (1.8) and the relation ar <1,
we can chose a constant § with ar <0<1, and then have, for all sufficiently
large » and all 2=%=#, the relation Ita,,,kl <0 (and we recall that a,,=1).
Then we shall have for v=1 and A=1 and all k£ between 1 and n—v+1 or 1
and n—A-+1 inclusive:

v—1 (v) v—1 AN A—1
(5.3) [ am| <0, |t ani| <76 .
We conclude at once that, as n—
) A—1 )
(5.4) 2 an,k 4 01 3 Qn,k 4 Or

uniformly over {1<k=<un, t€T}.

Relation (5.3) shows that, for each sufficiently great =, the series in (5.2)
is majorized by the convergent geometric series 1+4+68+462+ - - . for each
t&ET. The latter, in view of (1.8) and ar <0, also majorizes the following
series for all t&€T and every k=1, 2, - - - :

(5.5) alt) = 3 ey

v—1
Therefore (5.5) is uniformly convergent on T for each fixed k; and since,
by (1.8), each term of (5.5) is the limit as #— » of the corresponding term
in (5.2), a familiar argument shows that, as # and \ both approach « inde-
pendently but always with 24+A—1=<# (k remaining fixed), a,i(¢)—ax(t)
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uniformiy over {1 <k=n, tET}. This, in connection with (5.4), establishes
the condition (4.3), and shows, moreover, that

' 0 14 (t— 1ault) ” .
0

6. Proof of condition (4.6). From equations (5.6), (3.6), (3.4), (3.2), we
readily obtain

(5.6) B =

18
6.1 — . GiBin =

Wy k=1

00 12
H m— Ry — p1+ — Z hrar1 ()8 (¢ — 1),
01 Wn k=1
We have left the task of examining the summation on the right. We may write
it as follows

(6.2) — Z hrorp ()t = E v — Z hkag}l.

Wn k=1 Wn k=1
Now for each coefficient of £* we have for every n,

05 LS e s LS b= a’(m — Ry — p).
Wn k=1 Wn k=1
Hence, throughout T, the power series on the right in (6.2) is majorized by
the convergent series (m—Ry—p1) (0+024+6*+ - - - ). If we can show that
each one of its coefficients approaches a limit, the series itself will approach a
limit (uniformly on T'); namely, the power series having these limiting coeffi-
cients as its respective coefficients: this will establish (4.6).
As a matter of fact, we will show that

.1 » )
(63) lim — Z hkdk+1 = R - R.,+1 plaz. .

n—o Wy k=1

Multiply (1.4) by 7%, and sum over k; we obtain

n—v—1

- (@) - (v+1) )

(6.4) Z bn in k41 = Z Pn, kfn k+1 E Dnin i+l — Pn,1¥n2.
k=2 k=1

Now under our assumptions, p» 17'”.2—_)Pla(0) consequently (6.3) will be estab-

lished when we show, first, that for every v

(6.5) Hm Y puifarss = Ru

n—0 kel
and, second, that

(6.6) lim — Z hkak+1 = lim z b,.,kr,(:;)m.

n—o Wy k=l N0k
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Applying the solution (2.6) to the equation (2.3) in which j and % are
replaced by k and k49, respectively, and ¥, =@ k. k+vs "o =7n.k4vs Ov = On kv, We
obtain (using (2.3) again, and the fact that g, s, =1):

(v—17)

ke kto = fn k+1 + Z O, kil n ktit1s
=1

For the 0 of §5, a <0< 1; therefore, in view of (1.8) and (3.1), # can be
taken so large that for all 2 <n,

| @np — ax| < (8 — 0)/2, | bai| < (0 — a)/2,
and consequently |7,x| <6. For all such #,
- (v=i)
Z bo ktifn brit1 | < Max bn,k'(l - 0)_1 = Op.
i=1 1Sksn

Therefore we may write

(6.7) Gnkrs = Tabtt F Snrkin |8nt0] <8a  limé, = 0.

n—oo

Now we have

> E(UaiUniiv) = D Dkl kibto

k=1 k=1

= Epnkrnk+l+ ankankvy

k=1
n—ov n
2 Pmkan.k.v = E ?n.kém
k=1 k=1

If we let n—» and apply (6.7) and (1.7), (6.5) is established.
To prove equation (6.6), we set 7,k =ar+ (@n,x — @k — bn,k) =Cx+2a,x; then,
in virtue of (1.8) and (3.1), 2,,—0 uniformly over k as n— . We have then

(v) (v)
(6.8) T,k = (ak + Zn,k) = G + An.k.m

where A, 1, is a sum of 2?—1 products of v factors chosen from the quantities
@i, 2, (RS1=<k+v—1), each containing at least one factor 2, . Since every
such product is less in absolute value than maxi<i<n 2a.x, We see that A, i,
—0 uniformly over k as n— .

Combining (6.8) with (3.4), we have

n—v ) n—v (0 n—v
Z bn,krn,k+l = Z bn,kak+l + Z bn,chn.k+l.v,

k=2 k=2 k=2
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n—v n—
’ E bn,kAn,k+1.1: é (m&x An.k+1.'v) Z bn,k i O;
k=2 k k2
n—ov n—v n—v
: w 1 o 1 (®
> bakrir = — 2 BaGirr + — 2 MakGii1,
k=2 Wn p=2 Wn y=2
1 n—v (v) AR Ged
— > Marir1| £ — 2 | pak| —0.
Wn p=2 Wn k=1

These relations establish (6.6); and therewith, prove (6.3).
Combining (6.1), (6.2), (6.3), we obtain, uniformly on T,
M =lim Y GiBrn,

NP feml

where

0 0 nd y— d v) v
(6.9) M=“0 ) ”(t—l)[m+(t—l)ER,t _ Ep;a;)t].
v=1 =0
7. The special case. In the special case in which (3.7), (3.8), (3.9) replace
(3.3)-(3.6), the derivation of the limit (uniform over T)

(7.1) lim TT [Bus + Vil = B¢,
N0 k=1

which replaces (4.1), and of the equations (5.5), (5.6), (6.9), is done by
elementary methods, not requiring the Exponential Limiting Product
Theorem: one simply computes each side of (7.1).

To compute the right-hand side of (7.1), the first step is to show that M,
defined as the expression on the right in (6.9), is zero. The results (6.4)—
(6.5) being valid, we have (when p,,1—p1)

.= (») (»

lim Z bn,k’n,k+1 = Rv - Rv+l - Pldzv .

N0 f=2
And since ]r,(,'f{HI =<1, assumption (3.7) shows that the left member vanishes.
Hence, for all v=0,1, 2, - - -,

(7.2) Ro — Royi — pray” = 0.

Obvious computation in (6.9) shows that M =0. Therefore the right-hand
side of (7.1) is B{>) which we now define by equations (5.5), (5.6).

To compute the left-hand side of (7.1), direct multiplication (preserving
order) shows that

(n)

II [Bak + Vo] = Bi + Qa,
k=1
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where @, is a sum of products each containing at least one factor V, . Now
the considerations of §5 apply equally well to the present case; and we have,
uniformly over T, lim,., BM™ =B{", given by (5.5), (5.6). Accordingly, the
desired (7.1), and so forth, will be established once it is shown that lim, .2,
=0 uniformly over T.

Classifying the terms of 2, according to the numbers of V, factors, we
write @ = Ta1+ Th2+ - -+ + Trn where I'y s (m=1, - - -, ) is the sum
of all Cy, products

* Vn,kl* Vﬂ,kg* ct otk Vn,km* y
each * denoting a product B,(,)‘,)c (including B;?,)C=I). By §5 (particularly
(5.1)-(5.3)), N(Bf:,)c) < B=max {1, a/(1-0) } ; and using (3.9), clearly
N(V.x) =(+1)b, x. Furthermore, N(I',,») does not exceed the sum of the
norms of its C}, terms, which latter norms do not exceed the product of the
norms of their factors. Consequently

N(Tum) S B[B(r+ D]™ 2 bakduks* * * baems
(k)

the summation being extended overall 1 <k, <k < - - - <k, =<n. Evidently,
therefore,
N(..m) < B[B(T + 1> b,.,,,] = B(u,)™
k=1 .
so that, by the geometric formula,
1- (un)n

— Uy

N(f.) < Bu,

From this and (3.7) the required uniform 2,—0 results.

8. The law of small numbers. The results of the preceding sections, and
particularly formulas (3.5), (4.1), (5.5), (5.6), (6.9), furnish the proof of the
following theorem, which embodies the law of small numbers under the condi-
tions of this paper. The same theorem is established by the results of §7 in the
special case.

THEOREM. Any two-outcome one-step Markoff chain, for which hypotheses
(1.5)—(1.9) together with p, 1—p1 are assumed, will lead as n— o to the limiting
distribution P,(s)—P(s) generated by the function

8.1) o) =[1—fOlexp {— (1 —H[m— (1 — @]+ )},

(8.2) w(t)=§1e,,t”“, ) = (1 = g3 a0

=0

The power series in (8.2) are convergent on T': [t] <r>1, and the convergence

Da(t) > () 1s uniform on T.
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In the calculations leading to these formulas, we must recall that a;=1.
And the series for (¢) can be majorized directly with the use of (6.5) and
(6.8).

In view of (6.5), R, can be described as the v-step auto-regression, aver-
aged over the trials (weighted according to their absolute probabilities of
success), as n— o : Y(£) is a generating function of such quantities. And since
rio—ad, f(x) is (1—t) times the generating function of the 4nitial auto-
regressions, weighted according to the initial probability 1, for n— .

A notable simplification of the result occurs in the important case of vanish-
ing initial probability, 1 =0: then the distribution is determined by the
sequence, {Ro, Ry, R, - - - } alone; that is, by ¢¥/(¢).

The most important special case is that of stationary limiting transitions;
or, equivalently, of fixed limiting auto-regression:

(8.3) aG=a3= -+ =limr,=r.

n— oo

The equations (6.5) and (6.8) show that

n—ov n—o

Rv = lim Z Pn,kal(cv) + lim Z pn,kAn,k.v-

now gy noo k=1

The second limit is zero since A, x,,—0 uniformly, and the sum of the non-
negative p, i is bounded. The first limit can be written

n—ov (0 » n—v .
m D para, =1 lim D poi=rm,
n—wo k] L

since each p,,.—;—0 when 7 is fixed, as is seen on applying the solution (2.6)
to (1.4). Therefore R, =mr". Thus we obtain from (8.3), (8.2),

0= p Lt
1= JO=nT

v@) =

’

and (8.1) reduces to the form (obtained previously(*))
1—1¢
1—1nt

89 60 = [1= p17—|ew {= 0= Dlntt = 1) = pal/ 1 = ).

Explicit expressions for P(s) are easily found in this case in terms of the
Laguerre polynomials, defined by the equations

1 — wx d
exp = > L(w)x"
1 - X 1 - X s=0
On setting « = rt, w = — [m(1 — 7) — $:1]J(1 — 7)/r, we obtain

(8.5) P(s) = exp { — m(1 — 1) + p1} [@L.(w)r* + (p1 — 7)Leca(w)r*1].
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The simplest and most interesting case of all is that in which p;=0. Then
we have

m(l —r)(1 — 1)
(8.6) o) = exp =
P(s) = exp {— m(1 — r)}r*[L,(w) — L,_1(w)].
049 &
?‘ 0.741
'\.
\
\
0.3 \\
Probability \‘
P(s) \
\
\
\
\

Number of Successes s

THE EFFECT OF DEPENDENCE (m=23)

The accompanying figure illustrates the effect of the dependence of the
trials in this case when m =3: The values of P(s) given by (8.6) are plotted

fors=0,1,2, - - -, 8, and are then connected by straight line segments to aid
the eye. This is done for r=0 (the Poisson case), r=1/10, r=1/4, r=1/2,

r=3/4, r=9/10. Naturally, no negative value of r must be considered: a law

CoLUMBIA UNIVERSITY,

of small numbers and a negative limiting correlation are inconsistent in
NEw York, N. Y.

principle (for (1.4), (3.1) lead to lim inf, ., 7,s=lim inf,., @, =0).



