GENERAL REPRESENTATION THEORY OF
JORDAN ALGEBRAS

BY
N. JACOBSON

The theory of Jordan algebras has originated in the study of subspaces of
an associative algebra that are closed relative to the composition ab=aXb
+bXa where the X denotes the associative product. Such systems are called
special Jordan algebras. It is well known that the composition ab satisfies
the conditions

(0.1) ab = ba, (a%)a = a*(ba).

This has led to the definition of an (abstract) Jordan algebra as a (nonassocia-
tive) algebra whose multiplication satisfies the above conditions. It is an
open question as to how extensive is the subclass of special Jordan algebras
in the class of Jordan algebras. However, it is known that there exist Jordan
algebras which are not special.

If A is a special Jordan algebra, then it is natural to consider the linear
mappings ¢— U, of U into linear transformations U, such that

0.2) Uw = UdUs + UpUsa,

for these mappings are just the homomorphisms of U into special Jordan alge-
bras of linear transformations. We shall now call such mappings special repre-
sentations of A. Special representations have been considered previously by F.
D. Jacobson and the present author and complete results have been obtained
for finite-dimensional semi-simple algebras of characteristic 0(?).

There is another mapping of  into linear transformations which is funda-
mental in the structure theory of Jordan algebras, namely, the regular map-
ping a—R, where R, is the multiplication x—xa =ax. It is known that the R,
satisfy the following functional equations:

(03) [RaRbc] + [RbRac] + [-RcRab] =0
where, as usual, [AB] denotes AB—BA and
(04) RaRbRc + RcRbRa + R(ac)b = RaRbc + RbRac + RcRab(2)-
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() [7] A (special) representation in the sense of [7] as a linear mapping a— V., V, a linear
transformation, such that Vay=(VaVe+VsVa)/2. If V, satisfies this condition, then Us=Va/2
satisfies (0.1). The change to (0.1) is made so that special representations will be representations
in the sense defined below. Numbers in brackets refer to the bibliography at the end of the

paper.
(?) Cf. [1, p. 549].
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As a generalization of this situation we define a (general) representation of
A to be a linear mapping a—S, of A into linear transformations S, which
satisfy the functional equation for the R's. It is noteworthy that any special
representation is a representation. Thus, the theory of representations en-
compasses both aspects of the theory of Jordan algebras that we have men-
tioned above. If U is a subalgebra of a larger algebra 8, then it is clear that
the correspondence ¢—R,, where R, now denotes the multiplication in 8 by
a &, is a representation of Y. It is clear from this remark that the theory of
representations will be a basic tool in the study of subalgebras of Jordan
algebras.

The main objective of the present paper is the development of the gen-
eral representation theory of Jordan algebras. The only application which
we shall note explicitly here is to the study of semi-simple subalgebras of an
arbitrary finite-dimensional Jordan algebra of characteristic 0. In this con-
nection we obtain the perfect analogues of the results of Malcev and of Har-
ish-Chandra on the theory of the Levi decomposition of a Lie algebra [12; 5].

An important incidental tool in our discussion is another type of ab-
stract system called a Lie triple system. A special Lie triple system is defined
to be a subspace of an associative algebra which is closed under the ternary
composition [[ab]c]. It is easy to see that any special Jordan algebra is a
special Lie triple system. Contrary to the situation which obtains for special
Jordan algebras, it is possible (as will be shown below) to give a perfect
axiomatic description of special Lie triple systems. The corresponding ab-
stract systems— (abstract) Lie triple systems—play an important role also in
the theory of abstract Jordan algebras. Thus, we can show that any Jordan
algebra ¥ is a Lie triple system relative to the composition [abc]=(bc)a
—b(ca). Any representation of ¥ is a representation of the associator Lie
triple system A. On the other hand, any Lie triple system can be imbedded
in a Lie algebra in such a way that a representation of the Lie triple system
can be extended to one of the Lie algebra. This observation will enable us to
apply the well developed theory of Lie algebras to the present problem. The
incidental results which we obtain on Lie triple systems may also be of some
intrinsic interest, since these systems constitute a generalization of Lie alge-
bras as well as of Jordan algebras.

I. GENERAL THEORY

1. Jordan algebras and Lie triple systems. A (nonassociative) algebra
A over a field ® is called an (abstract) Jordan algebra if the multiplication
composition satisfies the following identities:

(1.1) ab = ba,
(1.2) (a*)a = a*(ba).

We write F(a) = (a?)a —a?*(ba) and form the second difference
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AF =F(x+y+32) —F(x+ y) —F(y + 2 — F(x + 2)
+ F(x) + F(y) + F(2).
If the characteristic is not equal to 2, A2F =0 gives

(1.3) xybz + yzbx + zxby = (xy)(bz) + (v2)(bx) 4+ (zx)(by),

where we have abbreviated ((a1as)as)a,) to aia; - - - a,. Conversely, if the
characteristic of the base field is not equal to 3, then (1.3) implies (1.2).
From now on we shall assume that the characteristic is not equal to 2 or 3.
If we denote the mapping x—xe (=ax) by R, and change the notation
slightly, then from (1.3) we obtain the relations

(1.4) [RuRi] + [RyRea] + [RRau] = 0,
(1 5) RaRbRc + RcRbRa + R(ac)b = RaRbc + Rqua + RcRab-

We remark that either (1.4) or (1.5) and the commutative law imply (1.3).
If we interchange ¢ and b in (1.5) and subtract, we obtain the important
relation

(1.6) [[RaRb]R.] = Rup.crar

where A (b, ¢, a) is the associator (bc)a—b(ca).

We define next an (abstract) Lie triple system. This is a vector space over
a field ® in which a ternary composition [abc] is defined which is trilinear
and satisfies:

(1.7 [aab] = 0,
(1.8) [abc] + [bea] + [cab] = O,
(1.9) [[abclde] + [[bad]ce] + [ba[cde]] + [cd[abe]] = 0,
(1.10) [[abclde] + [[bad]ce] + [[dcb]ae] + [[cda]be] = 0,

[[[abclde]fg] + [[[bae]df]ee]
+ [[[bad]ce]fg] + [[lobd]efleg] +Q + R =0,

where Q and R are obtained from the four previous terms in (1.11) by cyclic
permutation of the pairs (a, b), (¢, d), (e, f).

If ® is a Lie algebra and we defined [abc]=[[ab]c] in terms of the Lie
composition [ab], then is a Lie triple system relative to [abc] [10, p. 152].
In particular any associative algebra is a Lie triple system relative to [abc]
= [[ab]c] where [ab] =ab—ba.

We shall now show that any Jordan algebra is a Lie triple system rela-
tive to the composition [abc]=A4(b, ¢, a). We assume first that % has an
identity. In this case the correspondence a—R, is 1-1. By (1.6),

Rigse) = [RaRsR,] = [[RaRs]R.].

(1.11)
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Since [R.RyR.] satisfies (1.7)—(1.11) the same holds for [abc]. Hence our
assertion is proved. If % does not have an identity, then we can adjoin one in
the usual fashion. The result is a Jordan algebra. We can now use the R, in
the extended algebra to prove that U is a Lie triple system relative to [abc].
We shall call this Lie triple system the associator system of U.

2. Definition and elementary properties of representations.

DEFINITION 2.1. A linear mapping a—S, of a Jordan algebra 2 into the
algebra of linear transformations of a vector space M over ® is called a
representation if :

(2.1) [SaSee] 4+ [Ss5ea] + [SeSas] = 0,
(2.2) SaShSc + SchSa + S(ac)b = Swsbc + Sbsca + ScSab-

This concept is equivalent to that of a module which has been intro-
duced by Eilenberg [4, p. 133]. We define the latter in the following defini-
tion.

DEFINITION 2.2. A Jordan module is a system consisting of a vector space
M, a Jordan algebra U, and two compositions xa, ax for x in M, e in A which
are bilinear and satisfy

(2.3) ax = xa,

(2.4) (xa)(bo) + (ab)(ca) + (xc)(ad) = (x(bc))a + (x(ca))b + (x(ad))c,
(2.5) xabc + xcba + acbx = (xa)(bc) + (xb)(ca) + (xc)(abd).
(As for algebras, a;as - - - a. stands for ((aa2) - - - @x).)

If S: a—S, is a representation acting in the vector space I, then we ob-
tain a module by setting xa =ax =xS,. Conversely, if a module is given and
S, is defined to be the mapping x—xa, then a—S, is a representation.

The relations (1.4) and (1.5) show that the correspondence a—R, is a
representation. We call this representation the regular representation. The
corresponding module consists of U, 2, and the multiplication composition
defined in A. More generally if U is a subalgebra of an algebra B, then a—R,
(acting in B) is a representation. Also the contraction of a representation to
a submodule and the induced mapping in a difference module are repre-
sentations. In particular, if ¥ is a subalgebra of ¥ and & is an ideal in 8B,
then the contractions of the R, to & define a representation. Conversely any
representation can be obtained in this way.

Thus, let I be a Jordan module for A. Let B =AD I and define a product
in B by the rule

(2.6) (a1 + my)(azs + me) = aras + ame + mya,

where a;EU, m;EM. Then B is a commutative algebra. Also the module
conditions insure that (1.3) holds if any one of the arguments is in It and the
remaining ones are in . Finally since m;m,=0, (1.3) holds trivially if two or
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more arguments are in IN. Hence (1.3) holds in B and B is a Jordan algebra.
Now it is clear that It is an ideal in % and that the contraction of R,, a¢ in ¥,
to M is the S, determined by the module . We shall call the Jordan algebra
B the semi-direct sum of A and the module .

As we have noted in the introduction, any associative algebra is a Jordan
algebra relative to the composition {ab} =ab+ba. It follows that a mapping
a— U, of a Jordan algebra U into the algebra of linear transformations of a
vector space is a homomorphism into the special Jordan algebra of these
transformations provided that a— U, is linear and

(2.7) U = UsUs + UpUs.

A direct verification, which we omit, shows that a— U, is a representation
in the present sense. We shall call representations of this type special.

Next let U and V be two special representations acting in the same
vector space. Assume that these commaute in the sense that [U,Vs] =0 for all
a and b. Set S,= U,+ V,. Another simple verification, which we also omit,
shows that a—S, is a representation.

In particular if e—U, and a—V, are arbitrary special representations,
then a—U,X14+1X 7V, is a representation. We call this representation the
Kronecker sum of the given special representations.

Next let a—0f(a) be a homomorphism of ¥ into a second Jordan algebra
®B and let S be a representation of 8. Define T, =Ss@). Then it is clear that
a—T, is a representation.

As in the special case of the regular representation, we can derive from
(2.2) the relation

(2.8) Staber = [[SaS5]Sc].

This equation shows that any representation of a Jordan algebra is also a
representation of the associator Lie triple system, that is, it is a homomorphism
of the associator system into the special Lie triple system of linear trans-
formations.

If S is a homomorphism of a Lie triple system &, then the kernel & of S
is a subspace of T which has the property that [abc]E R if any one of the
factors a, b, or ¢ is in ®. A subspace of a Lie triple system which has this
closure property is called an 7deal. If A is a Jordan algebra and & is an ideal
in the associator system of %, then 4 & is a Jordan ideal. For, if 2E & and
a; and a, are arbitrary, then (za;)a.=A(z, a1, az) +2(a12:) ER+ KA. In par-
ticular if S is an arbitrary representation of U and ® is the kernel, then
K4+ 8 is an ideal. Of course, if S is special then & itself is a Jordan ideal.

If A is an algebra with an identity, then a special role is played by the
representations .S such that S;=1. For the corresponding module we have the
condition x1=x=1x. We note that if S is special then S;=25? so that in
this case S;#1.
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3. Universal associative algebras. The subalgebra generated by a subset
of an associative (Lie) algebra will be called the enveloping associative (Lie)
algebra of the subset. The enveloping associative (Lie) algebra of the set of
representing transformations S, of a representation S is called the enveloping
assoctative (Lie) algebra of S. In this section we consider associative algebras
and we define certain universal algebras which are the most general envelop-
ing algebras for the complete set of representations and for certain subsets of
the set of representations.

Let § be the free associative algebra based on the vector space . Thus,
& is the direct sum of ¥ and the Kronecker product spaces AXY,
AXAXYA, - - - and multiplication in § is the bilinear composition (X) such
that

(@ X - Xa) X(@1 X " Xa)=a1 X+ XXX - Xa,
Let & be the ideal in § generated by the elements

3.1) aXbc—bcXa+bXa—a Xb+cXab— abXe,

3.2) aXbXc+cXbXa+ (ac)b—aXbc—bXca—cX ab,

and let U be the difference algebra §/f. We denote the coset e+ & of a €Y
by a and we denote the set of @’s by 3. Then U is generated by . We simplify
our notation by writing products in I by @b(a, b in %), and so forth, in place
of the more accurate notation @ X4, and so forth. Then by (3.1) and (3.2) we
have the relations

(3.3) [‘—ivE]"‘ Ijl;,:l?]-l— [Z’EI;] =0,
(3.4) abc + cba + (ac)b = abe + bea + cab
for @, b, ¢ in .

Now suppose that .S is a representation of A. Then the mapping a—S,
defines a unique homomorphism of the algebra § onto the enveloping algebra
€s of S. The defining conditions show that the kernel ®s of this homo-
morphism contains the ideal . It follows that the mapping a—S, defines a
unique representation of the associative algebra U. Conversely if we have a
representation of U, then we can define S, to be the image of ¢ under this
representation. Then it is evident that a—S, is a representation of the Jordan
algebra. Since every associative algebra has a 1-1 representation by linear
transformations, it is clear that there exist representations S of % for which the
kernel 8s=8R. Thus, the algebra I is the maximal enveloping algebra for
the representations. For this reason we shall call U the universal associative
algebra (of the representations) of ¥.

It is easy to see that every Jordan algebra has a 1-1 representation.
Thus, if % has an identity, then the regular representation is 1-1. If A does
not have an identity, then we can take the regular representation in the
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algebra obtained by adjoining an identity. The existence of a 1-1 representa-
tion implies that the mapping a—a of % onto A is 1-1.

If % is a special Jordan algebra, then the concept of the universal algebra
for the special representations has been defined before [7, p. 144; 3, p. 117].
-We can also define this algebra for any Jordan algebra. As before, we form
the free algebra § and we consider the difference algebra U, =g /8 where
K is the ideal generated by the elements a Xb+bXa —ab. This time we de-
note the coset of a €A by a,. Then the set of a, generates U, and we have the
relations

3.5) (ab)s = asbs + bsa,

for a, b in A. Results similar to those which we have stated for I and arbitrary
representations hold for U, and special representations. In particular, any
special representation can be extended to a representation of ll,. The map-
ping a—a, is 1-1 if and only if % is special. We shall call U, the special uni-
versal associative algebra of U.

Next let 1I¥ be the algebra obtained by adjoining a new identity 1 to U,.
Consider the Kronecker product U¥ XU¥ and let U be the subalgebra gen-
erated by the elements a®=a,X1+1Xa,, a in A. We shall call U® the
Kroncker sum of U, with itself. If S is a representation that is a Kronecker
sum U+ V of special representations U and V, then it is easy to see that the
mapping a®—S, can be extended to a representation of U®. Also there exist
S = U+ V for which the indicated homomorphism is an isomorphism. In this
sense U is universal for the Kronecker sums of special representations.

If A is a Jordan algebra with an identity, we can define still another uni-
versal associative algebra, namely, the universal algebra for the representa-
tions S such that S; =1. This algebra can be defined as the algebra U;=F/f:
where & is the ideal generated by the elements (3.1) and (3.2) and the ele-
ment a X1—a, 1 Xa—a. In this case we denote the coset of a&cU by a. If S'is
a representation such that S;=1, then there exists a homomorphism of U,
onto the enveloping associative algebra of S. Also there exists an .S such that
S1=1 and such that this homomorphism is an isomorphism.

It is clear from the above discussion that the correspondences d—as,,
ad—a®, d—a define homomorphisms of 1 onto U,, UP, and U; respectively.
Also since any special representation can be regarded as the Kronecker sum
of itself and the 0 representation, a®—a, defines a homomorphism.

4. Universal associative algebra of a Jordan algebra with an identity.
Let a be an element of an arbitrary Jordan algebra and let @ be the cor-
responding element of the universal associative algebra U. Then by (3.3) and
(3.4) we have

4.1) aa? = a’a,

(4.2) @ =a"%a"+ 2aa! — @™ 2a® — g*a?, r

(1%
w
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Thus, @ and @? generate a commutative algebra and ar belongs to this alge-
bra. Now (4.2) can be simplified to

(4.3) " = 2aa™1 — (202 — a¥)a™?, r=3
If we set ar=f(r), A=f(1), B=f(2) then (4.3) becomes
(4.4) f(r) = 24f(r — 1) — (24% — B)f(r — 2), rz3
This recursion formula can be solved and one obtains(?)

1

@5 JO) = {A+ B AP+ U - BN}, r=112,

It is well known that any Jordan algebra is power associative in the sense
that the subalgebra generated by a single element is associative (see, for
example, [1, p. 550]). Thus, powers are uniquely defined and if ¢(\) is a
polynomial in an indeterminate \, then ¢(e) is uniquely defined. Now suppose
that a is algebraic, that is, there exists a polynomial ¢(\)0 such that
¢(a) =0. Then if ¢(N) =H()\—p,~) where p; are the roots of ¢ in a splitting
field, and y(\) =] [i<i(\ — (pi+p;)/2), the element d is algebraic and ¥/(a) =0.
In particular we see that if e is an idempotent element of 4 then

(4.6) ‘ele — 1)(2e — 1) = 0(%).

Assume ﬁow that ¥ has an identity 1. Then (4.6) holds for e=1. Also if
we set a=b=1in (3.3) we obtain [¢, 1] =0 and if we set a=b=1 in (3.4) we
obtain

c=31c — 2 1%.
This shows that 31—212 is an identity element in U. Accordingly we write

31—212=1. Now set E;=212—1, E;=4(1—12). Then, since 213—3124+1=0,
we can verify that

4.7 Ei=FE, Es=E, EE,=0=FEE, E +E; =1

It follows that U=UE,®UE,.

We shall now show that UE; is essentially the special universal associative
algebra 11, and that UE, is essentially the same as U;. We note first that the
equation for 1 gives 1E,=E,, IE2=E2/ 2. Now consider the homomorphism
d—a, of U onto U,. Since 2(1,)2—1,=0, E; is mapped into 0. Hence the kernel
of the homomorphism contains 1E;. Consequently we have a homomorphism
of UE, onto U, sending ¢E; into a,. On the other hand, if we set a=1in (3.4)

(®) This formula and the formula for ¢(\) given below will be proved in a forthcoming
paper by W. H. Mills which is to appear in the Pacific Journal of Mathematics.
(%) This can also be proved directly. Cf. [1, p. 550].
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we obtain

bc — bc — cb = 1 (bc — bc — cb).
Multiplication by E. gives
bcEs = (bE2)(cEs) + (cEs)(DE).

Since U, is a universal algebra for special representations, it follows from this
equation that a,—dE, defines a homomorphism of U, onto UE,. Hence the
extension of the mapping dE;—a, is an isomorphism of UE; onto U,. Similarly,
we can prove that the mapping ¢E;—a can be extended to an isomorphism of
UE; onto U;. We therefore have the following theorem.

THEOREM 4.1. The universal associative algebra of a Jordan algebra with
an identity is 1somorphic to a direct sum of the special universal algebra and the
universal algebra for the representations S for which S;=1.

5. Imbedding of Lie triple systems in Lie algebras. As we shall show
later, the theory of Lie triple systems plays an important role in the study
of the representations of Jordan algebras. We have defined a Lie triple sys-
tem as a vector space & in which a ternary trilinear composition [abc] is de-
fined satisfying (1.7)—(1.11). If T is a subspace of a Lie algebra closed rela-
tive to [[ab], c], then ¥ is a Lie triple system relative to [abc]=[[ab]c]. We
shall show in this section that every Lie triple system can be obtained in this
way.

Thus let ¥ be an arbitrary Lie triple system over a field of character-
istic not 2. We consider the Kronecker product £ X ¥ and let & be the sub-
set of vectors Y aXb that have the property that D_[abx]=0 for all x in .
It is clear that R is a subspace. Hence we can form the factor space TXE of
T X relative to . We shall now show that the vector space =T DI X
can be made into a Lie algebra in such a way that the given composition
[abc] in T coincides with the composition [[ab]c] defined in €.

If @ and 5EST we define

(5.1) [ab] = a X b.
Then any element of TXT can be written as a sum Z [ab]. We now define

(5.2) [ [ab], ¢] = 22 [abec],
(5.3) le, 22 [ab]] = — 2 [abc],
(5.4) [ [ab], 20 [ed]] = X [[abc], d] — 3= [[abd], c].

We have to show first that (5.2)—(5.4) define single-valued compositions. It
suffices to show that the right-hand side is 0 if either factor on the left is 0.
Thus suppose that Y [ab] =0. Then Y aXbER and by definition Y [abc]
=0. In a similar fashion the other conditions can be established.
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We now define a composition [#v] in € by specifying that if u=a+ D [bc],
v=d-+ Y [ef], then

[w] = [ed] + 2 [a, [ef]] + 22 [[bc], @] + 2 [[oc], [ef]].

Then this multiplication is single-valued and bilinear. To prove the skew
symmetry we have to show that

[ad] = — [ba] and [[ab], [¢d]] = — [[cd], [ab]].

The first of these is an immediate consequence of [abx]= — [bax] which fol-
lows from (1.7). The second is that

[labc], d] — [[abd], c] + [[cda], b] — [[cdb], a] = 0.
This is equivalent to
[[abc]dx] — [[abd]cx] + [[cda]bx] — [[cdblax] = O

for all x in . This follows from (1.10) and (1.7).

Next we have to verify Jacobi’s identity. It suffices to prove this for ele-
ments that are either in T or are of the form [ab], a, b in T. Because of the
skew symmetry we have to consider only four cases: all three elements in <,
two in T and one of the form [ab], one in T and two of the form [ab], all
three of the form [ab]. The first case is settled by referring to (1.8). To prove
the second we note that

[[[eb]c], a] + [[cd], [ab]] + [[d, [ab]], c]
= [lobc], @] + [[cde], 8] — [[cdb], a] — [[abd], ]

which is 0 by (1.10). Similarly (1.9) gives the Jacobi identity for u= [ab],
v=[cd], w=c and (1.11) gives it for u=[ab], v=[cd], w=[¢f]. Hence we
. have proved that € is a Lie algebra. Moreover, it is clear from the definition
(5.2) that the composition [abc] given in T coincides with the Lie product
([ab], c].

The Lie algebra which we have constructed out of the given Lie triple
system need not give the most general imbedding of . For example, let T
be the two-dimensional system with basis x;, x; in which all the products
[abc] are 0. It is easy to see that the Lie algebra ® is the two-dimensional 0 Lie
algebra. On the other hand we can obtain a more general imbedding of T by
constructing the Lie algebra M with basis x;, %5, x3 such that [xyx] =23,
[x1x3] =0= [x2x3].

We now introduce the following definitions. If T is a Lie triple system,
then a mapping a—aT” of T into a Lie algebra ¢ is called an imbedding of
g if (1) T is linear and (2) [abc]T=[[aTdT], ¢T] holds for all @, b, cin T. If
is a Lie triple system contained in a Lie algebra in the sense that ¥ is a sub-
space of £ closed relative to [[ab], c], then it is easy to see that the enveloping
Lie algebra of T is T4 [TT], the set consisting of the elements of the form
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a+ Y. [bc] where a, b, cEZ. If T is an imbedding of an abstract Lie triple
system, then the enveloping Lie algebra of TT is called the enveloping Lie
algebra of the imbedding. If U and T are imbeddings, then we say that Uis a
cover of T (UZ=T) if the correspondence aV—aT is single-valued and can be
extended to a homomorphism of the enveloping Lie algebra of U onto that of
T. The imbedding U is unwversal if U=T for every imbedding T.

It is easy to prove the existence of a universal Lie algebra for a Lie triple
system < using the method which we employed for universal associative
algebras. We form the free Lie algebra @, over the vector space T. @ is
characterized by the following properties: (1) @.2O%, (2) any linear trans-
formation of ¥ into a Lie algebra can be extended to a homomorphism of ®.
As has been shown by Witt [7, p. 155], &1 can be taken to be the Lie algebra
which is obtained from the free associative algebra & over £ by defining
[xy]=xXy—yXx. Now let & be the ideal in @, generated by the elements
[[ab]c]—[abc], a, b, ¢ in . Then if @ denotes the coset of a EE, it is easily
seen that a—d is a universal imbedding of ¥.

We denote the universal imbedding of € by U and the imbedding which
we constructed at the beginning of this section by U’. Since U’ is 1-1 it fol-
lows that U is 1-1. Also we have the relation TU'N[TV'TV']|=0 in the en-
veloping Lie algebra of U’ and this implies that TVN[TVTV]=0.

II. REPRESENTATION THEORY FOR FINITE-DIMENSIONAL JORDAN ALGEBRAS

6. Finiteness of dimensionality of the universal algebras. In the re-
mainder of this paper we restrict our attention to finite-dimensional algebras
and to representations in finite-dimensional vector spaces. We prove first
the following theorem.

THEOREM 6.1. The universal associative algebra of any Jordan algebra of
finite dimension 1is finite-dimensional.

Proof. Equation (3.4) shows that if 4, 5, ¢EY, then a3 and @bg are expres-
sible in lower degree terms, that is, as sums of products of at most two a& 9.
Also abé and —¢ba differ by terms of lower degree. In particular this holds

for a% and —ba? Now if x1, %3, - - +, %, is a basis for ¥, then the cosets
Xy, &g, + + +, %, generate U. Let § be one of these and consider a monomial
«+9 -39+ Weassert that if more than two §’s occur in the monomial,

then we can express it as a linear combination of terms of lower degree. For,
by the foregoing remarks, we can move any 3 two places to the left at the
expense of lower degree terms. If the monomial has three 3’s this leads either
to a factor §® or to a factor $%j. In either case we obtain an expression in
terms of monomials of lower degree. Hence we need consider only monomials
in which each %; occurs with multiplicity one or two. Since the number of
such monomials is finite the theorem is proved.

We can obtain an upper bound to the dimensionality of U as follows. We
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observe first that if there are two #’s in a monomial, then either this monomial
can be expressed in lower terms or we can collect the § to obtain 72. Also we
can place this term in any position at the expense of lower degree terms.
Next we recall that a single § can be moved two places to the left or right.
It follows that every element of U is a linear combination of “standard”
monomials
2 2 2

6.1) By Bky * * * BBty By * * Kk
where &y, ks, - - -, k, are distinct elements of the range 1, 2, - - -, # and

(6.2) By < k< o <k b1 <bga<:oor; ke <bga<--o-.

The number of ways of arranging s —7 numbers &,44, - - -, k, so that the last
two conditions hold is
(6-3) Ds—r = Cs—r,[(s—r)/2)y DO = 1.
It follows that the number of standard monomials does not exceed
(64) N = Z ch,scs,rD(s - f).
8=1 r=0

Thus dim U < N. This bound is exact; for, it can be shown that if ¥ is the zero
Jordan algebra with basis x, 2, + + +, %, and x;x;=0, then dim U=N.

We have seen that the representations of the Jordan algebra U are ob-
tained from the representations of its universal algebra U. If we recall that a
finite-dimensional associative algebra has only a finite number of inequivalent
irreducible representations, we obtain the following corollary.

COROLLARY 6.1. Any finite-dimensional Jordan algebra has only a finite
number of inequivalent irreducible representations.

The analogue of Theorem 6.1 holds also for Lie triple systems, that is, if
T is finite-dimensional, then the universal Lie algebra 2y of ¥ is finite-dimen-
sional. For Qy=ZU+ [TVTV]. Hence since multiplication in Ly is skew sym-
metric, dim Ly =n(n+1)/2 where n =dim T.

7. Results on Lie triple systems. In this section we derive some results
on Lie triple systems that will be required in the study of the structure of
the enveloping association of Lie algebras of representations of Jordan alge-
bras. The first result below is valid without restriction on the dimensionality
or the characteristic; after this, however, we assume throughout that all
vector spaces are finite-dimensional and that the base field has characteristic
0.

THEOREM 7.1. If B is an ideal in the Lie triple system T, then B+ [BY]
is an ideal in the Lie algebra B+ [BI ] and B+ [BVZ] is an ideal in T+ [TT].

Proof. We have the relation
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[B + [88], 8 + [8T]] = [8B] + [[8B], B] + [, [BT]] + [[B], [BL]].

Also [[83], [BZ]]C[B, [B[BL]]+[YB, [B]VZ]] by Jacobi’s identity.
Hence [8+ [82], B+ [BT]]SB+ [BB]. Similarly

B+ [8T], T+ [TT]] = [BT] + [B[TT]] + [[BT]T] + [[BT][TT]]

and [[BZ], [TT]]S[[[BVT]T]T]S[BL]. Hence the right-hand side of the
foregoing is contained in ¥+ [BIT].

A subset P of a Lie algebra ® is said to be subinvariant in R if there exists
achain =822 - - - DL,=Psuch that each &;is an ideal in the preceding
L_1 (cf. [15]). Thus Theorem 7.1 implies that the enveloping Lie algebra of B
is subinvariant in the enveloping Lie algebra of ¥. We prove next the follow-
ing result which is a partial extension of a lemma of a former paper.

THEOREM 7.2. Let € be an associative algebra of characteristic 0, & a sub-
algebra of the Lie algebra €1, B a subinvariant subalgebra of &. Then if the en-
veloping associative algebra B* of P is nilpotent, P is contained in the radical
of the enveloping associative algebra {* of .

Proof. We have the chain 8=¢2%2D - - - D%, =P where &; is an ideal
in €;_;. Assume that P is in the radical of the enveloping associative algebra
¢F of ;. Consider the mapping x—xa;_;] determined by any element a;_; of
;1. This mapping is a derivation which sends &; into itself. Since it is inner
it is also a derivation in the enveloping associative algebra & of €;. Since the
base field is of characteristic 0, the radical R(¥) of £ is sent into itself by
the derivation [6, p. 692]. It follows that [R(2F), 1] SR(LF). Since PTR(LF)
by assumption,

Pior = P + [BRia] + [[BRoa]®ioa] + - - - SRE).

It follows that the enveloping associative algebra $;, is nilpotent. Since

P;_1 is an ideal in ¥;_; this implies that P, ; is in the radical of &, [8, p.

876]. Hence B is in the radical of £ ;. The theorem now follows by induction.
We shall also require the following theorem.

THEOREM 7.3. Let S be a Lie triple system of characteristic 0 and let I be a
1-1 tmbedding of T such that (1) the enveloping Lie algebra Ry is semi-simple
and (2) TTN[TTTT]=0. Then T is a universal imbedding of L.

Proof. Let U be a universal imbedding of . Then the isomorphism
aV—aT of TT onto TV can be extended to a homomorphism of ¥y onto 7.
We assert that the kernel of ® of this homomorphism is the center € of fv.
For, if aV+ Y [bUcV ]| €C then aT+ Y [b7cT] is in the center of Lr. Since 27 is
semi-simple, a?-+_[b7c¢T]=0; hence aV+ D_[bUcV] is in R. Conversely let
aV+ > [pUcU]ER. Then a?+ 3. [67¢7] =0 and by (2), a”=0 and Y [b7cT]
=0. Hence > [[67¢T]xT] =0 for all ¥ €Z. This implies that Y [[6YcV]xU] =0.
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Since a” =0 implies aV =0, aV+ Y [5V¢V] is in €. Our assertion is therefore
proved. We now have fy/€=~8r. Since 87 is semi-simple, it follows that € is
the radical of Ly. Hence by Levi’s theorem s =C® & where & is a semi-
simple Lie algebra(®). But Rr=37@ [TTTT] is semi-simple; hence the de-
rived algebra 87=[[TTTT]TT]4+[T7TT]=2r(). It follows that IT
=[[TTTT]TT] and this implies that TU=[[TUTV|TV]. Since Lw=Tu
+ [SvZTy] the foregoing relation implies that £, =%y. Hence Ly =8, €=0,
and the homomorphism of 2y onto {r is an isomorphism.

8. Structure of the enveloping algebras of representations of Jordan
algebras. We recall at this point the main concepts and results of the struc-
ture theory of Jordan algebras. We recall first that a Jordan algebra ¥ is
solvable if 2* =0 for some integer k. Here A2*=A2* 79N> %2°=9(. The radical
of a Jordan algebra is the maximal solvable ideal. A Jordan algebra with 0
radical is said to be semi-simple. It has been shown by Albert that any semi-
simple Jordan algebra of characteristic 0 has an identity and is a direct sum of
simple algebras [1, p. 557]. It has been shown recently by Penico that every
Jordan algebra of characteristic 0 can be decomposed as A =S DN where &
is a semi-simple subalgebra and M is the radical [13]. This is the analogue of
Wedderburn's “principal theorem” for associative algebras and of the Levi de-
composition theorem for Lie algebras. The center € of a Jordan algebra is the
totality of elements ¢ that associate with every pair @, b in ¥ in the sense
that [cab]= [bca] = [abc] =0. This definition can also be used for arbitrary
Lie triple systems. It is known that if € is the center of a simple algebra
with an identity then the set R(€) of element R,, ¢ in G, is the complete set of
linear transformations that commute with the multiplications R, (see for
example [9, p. 239]). It is easy to see that this result holds also for semi-
simple algebras of characteristic 0.

We shall now take up the study of the structure of the enveloping Lie and
associative algebras of representations of Jordan algebras of characteristic 0.
The results which we shall give can be formulated in terms of the universal
algebras. However, we prefer to state them in terms of arbitrary representa-
tions.

If Sis a representation of ¥ we denote the set of representing linear trans-
formations by S() and the enveloping associative algebra by S()*. S()
is a Lie triple system, a homomorphic image of the associator system of 2.
Hence the enveloping Lie algebra £5=.S(%)+ [S(¥), S(A)]. We now prove
the following theorem.

THEOREM 8.1. Let A be a Jordan algebra of characteristic 0, N 1ts radical,

(®) Levi's theorem states that any finite-dimensional Lie algebra can be expressed as a sum
RN +S where R is the radical (maximal solvable ideal) and & is semi-simple. A simple proof of
this theorem is given in [6, p. 686].

(®) The relation & = for semi-simple Lie algebras is a consequence of the fact that ®is a
direct sum of simple algebras,
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and S a representation of A. Then S(N) is contained in the radical of the envelop-
ing associative algebra S(A)* of S(N).

Proof. It has been shown by Albert that S(R)* is nilpotent [1, p. 551].
Also S(MN) is an ideal in the Lie triple system S(). Hence by Theorem 7.1,
B=SM)+[SHN), SM)] is subinvariant in Ls=S(A)+ [SA), SA)]. Since
P*=S(N)*, Theorem 7.2 shows that P is in the radical of S(A)*. Hence
S(MN) is in the radical of S(A)*.

CoroLLARY 8.1. If S is a completely reducible representation of a Jordan
algebra, then the radical M of A is contained in the kernel.

Proof. Our assumption implies that S(A)* is semi-simple. Hence S(N) =0.

COROLLARY 8.2. If the notation is as in the theorem, then S(N) + [S(A), SN) ]
1is a nilpotent Lie ideal in the enveloping Lie algebra 8 of ©.

Proof. S(M)+ [S(A), S(M)] is an ideal in Ls by Theorem 7.1. Moreover,
the enveloping associative algebra of S(9)+ [S(¥), S(N)] is in the radical of
S(A)*. Hence this ideal is a nilpotent Lie ideal.

If T is a Lie triple system contained in a Lie algebra, then it is easy to
see that [TT ] is a subalgebra of the Lie algebra. In particular [S(X), S(A)]isa
subalgebra of 2s. It is easy to see also that [S(Y), S(N)] is an ideal in
[S(), S(A)]. The enveloping associative algebra of this ideal is nilpotent.
Hence we have the following corollary.

COROLLARY 8.3. [S(?I), S(M)] is a nilpotent Lie ideal in the Lie algebra
[S@), S@)].

If R denotes the regular representation, then it is known that the ele-
ments of [R(Y), R(Y)] are derivations. These derivations have been called
inner and the subalgebra [R(), R(%)] is an ideal in the derivation algebra
D of A [11, p. 867]. Corollary 8.3 shows that [R(U), R(M)] is a nilpotent
ideal in the algebra of inner derivations. The theorem itself gives the following
result which is needed later.

COROLLARY 8.4. Every transformation belonging to [R(N), R(N)] s a nil-
potent dertvation in U.

We consider next the enveloping algebras of representations of semi-
simple Jordan algebras. Since any such algebra is a direct sum of simple alge-
bras, the set R() and its enveloping Lie algebra 8z are completely reducible.
It follows that Lz is a direct sum of its center and its derived algebra ; and
that £} is semi-simple [8, p. 878]. Also we have noted that the center is R(E).
Hence we have the decomposition 2 =%;®R(€). On the other hand, since
% has an identity, R(A)N[R(YA), R(A)]=0. Hence Lr=R(A) ® [R(A), R(A)]

and
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(8.1 2z = [[RQ), R@], RA)] & [REA), RA)].
It follows that

(8.2) L = [[RQ), RA)], RA)] ® RE) & [RQ), RQA)]
and ’

(8.3) R@) = [[RQA), RA)], RA)] & R(©).

Since A has an identity, the imbedding R is an isomorphism of the associator
system 9 onto R(). Accordingly (8.3) gives the decomposition

(8.4) A=A ¢,

where ¥’ is the space spanned by the associators(?). In general, if T is any Lie
triple system, then the space ’ spanned by the products [abc] is an ideal in
<. We shall call this ideal the derived system of . Corresponding to (8.4) we
can rewrite (8.3) as

(8.5) RA) = RA') @ R(C).

Also since fr=R(A)®[R®A), RA)], (8.5) shows that [R(X), RA)]
= [R@"), RA")]. Hence

(8.6) 2 = R & [RY'), RA)].

If we recall that £ is semi-simple, we can now obtain the following lemma by
applying Theorem 7.3.

LemMmA 8.1. If A is a semi-simple Jordan algebra of characteristic 0, then
the regular imbedding R is a universal imbedding of the derived system W' of the
associator Lie triple system .

We consider next the case of A =C. Then we prove the following lemma.

LeEMMA 8.2. The enveloping associative algebra of any representation of a
semi-simple associative Jordan algebra of characteristic 0 is semi-simple.

Proof. If P is an extension of the base field of U, any representation S of
A can be extended to one of Ap. The enveloping associative algebra S(Ap)*
=S(A)%. Hence it suffices to prove the lemma for algebraically closed base
fields. In this case % has a basis of # orthogonal idempotent elements e; and
Ze;=1. Also, in view of Theorem 4.1, it suffices to prove the lemma for
special representations and for representations such that S;=1. Now the
result is known for special representations [7, p. 168]. Hence it remains to
consider the representations such that S;=1. We now note that the defining
condition (2.1) implies that [S.,S.;] =0 for ¢5j. Equation (2.2) gives 252.S.;

() This result is due to Schafer [14].
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=S..S; and S.;S.;S., =0 if 7, j, k are distinct. It follows that any element of
the enveloping associative algebra of S is a linear combination of the ele-
elements S, S;S.;, 1<j. Also we have

1=251— 81 = 2 (255 — Se) + 42 SeiS,,.
i<i
Hence

Se— 1= (S, — D1

(Se, — 1)(2Sik —S.)
4+ X (Se — D2S% = So) + 42 (250, — DS.S,,

1%k i<j
= -2 @5, —5)+4 XSS,
ik i<gii, ik

This shows that any element of S()* is a linear combination of the elements
(282,—S.,), 4S.,S.;, 1<j. Also we can verify that the product of any two dis-
tinct elements in this set is 0. Since their sum is 1, these elements are orthog-
onal idempotents. Thus S(%)* has a basis of orthogonal idempotent elements.
Hence S()* is semi-simple.

We can now prove the following lemma.

LemMA 8.3. If U s a semi-simple Jordan algebra of characteristic 0 and S
is any representation of N, then the mapping R,—S, can be extended to a homo-
morphism of the enveloping Lie algebra Rr onto the enveloping Lie algebra Ls.
(Thus, the imbedding R of the Lie triple system U is a cover of every imbedding
obtained from a representation of the Jordan algebra.)

Proof. This result will follow easily from Lemma 8.1 if it can be proved
that [S.S.]=0 for every ¢€€ and every a€. Now by Lemma 8.2, S, has
simple elementary divisors. Hence the mapping X—[XS,.] of the complete
algebra of linear transformations has simple elementary divisors and the in-
duced mapping in £ has this property.On the other hand [[SaS.]S.] = S(ace; =0
and this implies that X—[X S, ] is nilpotent in 2. It follows that this mapping
is 0. Thus [S,S.] =0 and the lemma is proved.

Since ¥z is semi-simple the theorem on the complete reducibility of the
representations of semi-simple Lie algebras implies that the enveloping asso-
ciative algebra of £ and hence of S(U’) is semi-simple. Also the algebra
S(€)* is semi-simple and by the proof of the preceding lemma any element
of S(€)* commutes with any element of S(U')*. It follows from (8.4) that
S(2)* is semi-simple. We have therefore proved the following theorem.

THEOREM 8.2. The enveloping associative algebra of any representation of a
semi-simple Jordan algebra of characteristic 0 is semi-simple.

Since any semi-simple associative algebra of linear transformations is
completely reducible we have the following corollary.
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COROLLARY 8.1. Every representation of a semi-simple Jordan algebra of
characteristic 0 is completely reducible.

The two main theorems (8.1 and 8.2) can be combined into a single
result by using Penico’s theorem that any Jordan algebra can be written as
A=S+N where & is semi-simple and N is the radical. Thus we have the
following theorem.

THEOREM 8.3. If S is a representation of an arbitrary Jordan algebra of
characteristic 0, then the radical of S(N)* is the ideal in S(A)* generated by the
elements S,, 3 in M. Moreover, if A=S+N where S is semi-simple, then S(A)*
=S(&)*+ R where R is the radical of S(NA)*.

Proof. Let R denote the ideal in S(A)* generated by the elements S,, 2
in N. Since A=S+N, any element of S(A)* is congruent modulo R to an
element of S(&)*. Thus SQA)*=R+S(S)*. On the other hand, R is con-
tained in the radical of S(A)* and S(&)* is semi-simple. It follows that
S *=R+S(S)* and R is the radical.

It is easy to see that this theorem includes Theorems 8.1 and 8.2. Also,
we can establish the following connection between Penico’s theorem and the
Levi decomposition of the enveloping Lie algebra ¥s of S:

THEOREM 8.4. Let U=S DN be a decomposition of the Jordan algebra A
(of characteristic 0) as a direct sum of a semi-simple algebra & and its radical N
and let €(S) denote the center of ©. Then if S is a representation of U, the
radical of the enveloping Lie algebra Ls is S(€(S))+S(N)+ [S), SN)] and
S(&")+[S(&"), S(&")] is a semi-simple Levi component of Ls.

The proof of this result can be obtained easily from the foregoing results.
We shall therefore omit it.

9. The analogue of Whitehead’s first lemma and its applications. As is
well known, Whitehead'’s first lemma on Lie algebras was formulated to give
a simple proof of the theorem of complete reducibility of the representations
for semi-simple Lie algebras. In this section we shall prove an analogue of
Whitehead’s result for Jordan algebras. However, we shall reverse the pro-
cedure which is customary for Lie algebras and obtain the present result from
the theorems of the preceding section. The theorem we wish to prove is the
following.

THEOREM 9.1. Let I be a Jordan module for a semi-simple Jordan algebra
of characteristic 0 and let a—f(a) be a linear mapping of A into M such that

(9.1) f(ab) = af(b) + f(a)b.
Then there exist elements w; in M and b; in A such that

9.2) fla) = Z (wia)b; — wi(ab;).
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We prove first the following lemma.

LEMMA 9.1. If A is a semi-simple Jordan algebra of characteristic O which
contains no associative ideals not 0, then the subalgebra of U generated by the
derived system N’ is U itself.

Proof. It suffices to prove this for algebraically closed fields and for the
case U simple. Here the center is one-dimensional, so that by (8.4) dim A’
=dim 9 —1. If the lemma is false, A’ is a subalgebra of U. Since the center
consists of the multiples of 1 this implies that %’ is an ideal, contrary to the
simplicity of U.

Proof of Theorem 9.1. We form the semi-direct sum B=A+IM and let D
be the linear transformation in B such that D =0 and aD =f(a) for a in A.
Then by (9.1), D is a derivation in 8 which maps ¥ into MM, I into 0. If
a€P, and R, denotes the multiplication in 8 by %, then [R,, D]=R,p. It
follows that the mapping X—[XD] is a derivation D in the enveloping Lie
algebra £z of the R,. If € is the center of ¥, then by Theorem 8.4 the radical
of Lz is

(9.3) 8 = R(€) + R(M) + [R®), R(M)],
and
(9.4) § = RW) + [RA"), RA)]

is a semi-simple Levi component of . It is easy to verify that 2i=§F+ 3,
where 3:1=R(M)+ [RQ),R(M)], is a subalgebra of L and that [3,8:]=0.
Evidently 3, is the radical of &. Since 2z =R®)+R(I) + [RQ), R(M)], D
maps L into R(M). Hence D induces a derivation in & that maps the semi-
simple algebra § into B8, 8: into 0. Since [8:3:] =0 we can use Whitehead’s
first lemma for Lie algebras [16; 6, p. 682] to conclude that there is a UE 8:
such that [XD]=[XU] holds for all XE%. Now U=R,+ 2 [Ru,Rs], 2,
w,EM, b;cN. Hence for any a’'EN’,

Ruop = [ReD] = [RoU] = [RaR.] + 2 [Rar[RuRy] ]
Hence
(9.5) @'D = 1Ryp = @' 3 [Ru,Rs,).

This shows that D coincides with the inner derivation I= ) [R,,Rs,] on the
derived system 2’. It follows that D=1 on the subalgebra generated by o’
Hence, if 9 contains no associative ideals not 0, D=1.

Now suppose that 9 has associative ideals. Then we wish to show that D
can be expressed in the form Y [R,,Rs,], w;in M, b; in U. It suffices to prove
this under the assumption that the base field is algebraically closed. In this
case the associative simple components in the direct decomposition of U into
simple ideals are one-dimensional. We shall prove our assertion by induction
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on the number of these associative simple components. The preceding argu-
ment shows that the result holds if there are no such components. Hence as-
sume that it holds for 7. Then we can find an inner derivation I,= Y[Ry, Rs,],
w; in M, b; in A, such that D,=D—1, maps all the nonassociative simple
components into 0 and also the first 7 associative simple components into 0.
Let (e-4+1) be the (r+1)st associative simple component. We may suppose
that €?,, =e,41. Hence e,41(e,41D;) =¢€,11D,/2. Then

e Dy = er+1(4[R6r+1R6r+1Dr])'
Moreover, if % is in the sum of the preceding components, then
u[‘R°r+l‘Rer+1Dr] = (uer+1)(er+1Df) - (u(er+lDr))er+1 = - (“(3r+1Dr))6r+1.

Since wue,1=0, (uD,)e,j1+u(e.1D,)=0 and since u#D,=0, u(e,y.D,)=0.
Hence u[R.,,, Re,,p,]=0. Thus D,;;=D,—4[R. R. , p,] maps the non-
associative simple components into 0, and the first 41 associative simple
components into 0. This proves that D= Y [R,,Rs,], w; in M and b, in .
Hence

f(@) = aD = 3 ((wia)b; — wi(aby))

as required.
As in the case of Lie and associative algebras, it is easy to see that
Theorem 9.1 is equivalent to the following result:

THEOREM 9.2. If U is a semi-simple subalgebra of any Jordan algebra B of
characteristic 0, then any derivation of U into B can be extended to an inner
derivation of B (gf. [6, p. 689]).

By a deriation of A into B we mean a linear mapping a—aD of U into B
such that (a1a2)D = (a1D)a:~+a1(a.D) holds for every a;, a, in . The proof
of this theorem is identical with that of the corresponding Lie result and
will therefore be omitted.

We shall now apply Theorem 9.1 to thestudy of the semi-simple subalgebras
of a Jordan algebra. We recall first that if ¥ is an arbitrary nonassociative
algebra of characteristic 0 and D is a nilpotent derivation in %, then

2 D3

G=expD = 1+D+z+§+"'

is an automorphism of . We shall say that two subalgebras of A are strictly
conjugate if there exists an automorphism of the form GiG; - - - Gi, G;
=exp D;, D; a nilpotent derivation, mapping one of the algebras onto the
other. The main result that we shall prove can now be stated as follows:

THEOREM 9.3. Let U be an arbitrary Jordan algebra of characteristic 0 and
let Y =S+ N where S is semi-simple and N 1s the radical. Then any semi-simple
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subalgebra § of A is strictly conjugate to a subalgebra of &.

Proof. If fEF we write f=a(f)+»(f) where o(f) ES and v(f) ER. Then
the mappings f—a(f), f—v(f) are linear. Moreover, if fi, fEF then

fxfz = U(flfz) + V(fxf2)
= o(fo)o(f2) + v(f)o(f2) + o(f)v(f2) + v(f1)¥(f2).

Hence
(9.6) a(fife) = a(f)e(f2),
9.7 v(fife) = v(f)a(f) + a(f)r(f2) + »(fOv(f2)-

The first of these equations shows that ¢ is a homomorphism of § into &.
Hence, if S;=R,(, then f—S5; is a representation of { and this representa-
tion induces a representation in N.

We now make use of a certain chain of ideals that has been defined by
Penico [13]. We set 01 =N and define N, inductively as N+ AN;_,. Then
Ny is an ideal in A and HDONDOND - - - . Now assume that the »(f) EN..
This is equivalent to saying that FCT S+ RNi. Then we shall show that there
exists an automorphism G of the form exp D, where D is in the radical of the
enveloping associative algebra of R(), such that FETS+Ni41. Since, in
any case, §CS+N,, this will prove the theorem by induction on k.

Since the N; are ideals, S induces representations in these spaces. Let S
denote the induced representation in M;/Ni+1 and let 7(f) denote the coset of
v(f) modulo Niy1. Then by (9.7)

v(fife) = v(f0)f: + f15(f2)

holds in the module Ni/Ni1. Hence by Theorem 9.1 there exist elements
w; in Ni/Niq1 and b; in § such

3(f) = 2 ((@f)bs — Wi(fby)).
It follows that
(9.8) ¥(f) = o(f) 22 [RuRovy] (mod RNii1).

The mapping D= Y[Ry, R,0p] is a derivation belonging to the radical of
R(N)*. Hence G=exp (—D) is an automorphism. Now

1
Fmf =Dk D = = o)) ) = (DD = v()D

The terms omitted contain D2, D3, - - -, Since the elements w; EN;, the form
of D shows that these terms belong to Niy1. Also »(f)D ENky1 and, by (9.8),
v(f) —o(f)DENRi41. Hence FECTS+ N4 as required. This completes the
proof.

We remark that the automorphism which we have used is of the form
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exp D; exp D, - - - exp D, where the D; are in the radical of the enveloping
associative algebra of R(X). Now if D; and D, are derivations whose envelop-
ing associative algebra is nilpotent, then the Campbell-Hausdorff formula

1
exp D, exp D, = exp <D1+D2-|—7 [D1D2] + .. )

is valid (see for example [2, p. 81]). This shows that the conjugacy of ¥ to
a subalgebra of & can be given by an automorphism of the form exp D, D in
the radical of R()*.

An immediate consequence of the theorem is the following corollary.

COROLLARY 9.1. Any semi-simple subalgebra of A can be embedded in a semi-
simple subalgebra &, such that A =S, 4+N.
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