THE WEDDERBURN PRINCIPAL THEOREM
FOR JORDAN ALGEBRAS

BY
A. J. PENICO

1. Introduction. A nonassociative algebra ¥, of finite dimension over a
field §, is called a Jordan algebra if A is commutative, and if the identity

1.1) a(a?) = a?(ab)

holds for all elements @, b in . The identity (1.1) is equivalent, in a com-
mutative algebra, to the identity

(1.2) [(ab)ulv+[@d)ula + [(av)u]b = (ab)(uv) + (vb)(ua) + (av)(ub)

for arbitrary elements a, b, %, v in ¥, provided that § is not of character-
istic 2 or 3 [4, pp. 546, 549](%).

Let A* be an associative algebra over a field § not of characteristic 2. Re-
place the associative multiplication a-b in A* by the quasi-multiplication

(1.3) ab=(ab+b-a)2

If a subspace U of A* is closed with respect to this new multiplication, then
9 is a Jordan algebra relative to the new multiplication. A special Jordan
algebra(?) is a Jordan algebra isomorphic to one obtained from an associative
algebra in the above manner.

The title of this paper is the same as that of a paper by A. A. Albert [3].
However, in that paper Albert considers only special Jordan algebras, while
we prove the principal theorem here for the “general” Jordan algebras defined
by commutativity and the identity (1.1). In each case the base field is as-
sumed to be of characteristic 0.

Considering the Jordan algebra 8B, we define(?)

PO =P, PG = POFH = (FW)? fork=1,2,3---.

Then BB is said to be solvable in case there exists an integer m such that 8™
=0. If, furthermore, B is an ideal of the Jordan algebra ¥, then B is called
a solvable ideal of .

A Jordan algebra ¥ is called simple if A contains no ideals except U it-

Presented to the Society, December 29, 1949; received by the editors July 15, 1950.
. () Numbers in brackets refer to the references cited at the end of the paper.
] (%) The special Jordan algebras have been called “Jordan algebras of linear transformations”
[2].
(%) The product BE of two subspaces Band § of the algebra 9 is the set of all sums 2_bec, b
in B, ¢ in €. In particular, 82=393.
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self and the ideal (0) and if U is not the trivial one-dimensional algebra over
& such that A2=(0). A is called semistmple if the only solvable ideal of ¥ is
the ideal (0).

A. A. Albert has recently developed a structure theory for Jordan alge-
bras over a field of characteristic 0. In [4] he shows that every Jordan
algebra U contains a unique maximal solvable ideal N, called the radical of
A, that A—N is semisimple, and that every semisimple Jordan algebra over
& is uniquely expressible as the direct sum of simple Jordan algebras.

In continuation of the general structure theory developed in [4], we shall
prove here the following theorem.

PriNcIPAL THEOREM. Let I be a Jordan algebra over a field § of character-
istic 0, and let N be the radical of A. Then there exists a subalgebra & of N such
that A=S+N, ©N\N=0, and S=A—N.

This is the analogue for Jordan algebras of the well known Wedderburn
principal theorem for associative algebras. The proof, as with associative
algebras, is essentially effected in two stages. We first consider the case N?
#0. By means of an inductive procedure similar to that used for associative
algebras we reduce the theorem to the case M2=0. The latter case is then re-
solved by considerations on the split Jordan algebras, to be discussed in de-
tail below.

Albert’s paper [3] contains many hints for the solution of the more general
problem considered here. However, the proofs in the present paper differ
considerably in some important respects from those given in [3].

I should like at this point to thank Professor R. D. Schafer, of the Univer-
sity of Pennsylvania, for his guidance during the preparation of this paper.
Professor Schafer proposed this problem as a doctoral research project.

2. Reduction to the case N*=0. Weshall prove the principal theorem for
Jordan algebras over a field § of characteristic 0. In this section, however,
we need assume only that § is not of characteristic 2. For then the identity
(1.2) holds [4, p. 549].

Let B be any subspace of a Jordan algebra ¥. Since ¥ is commutative, we
have 828 =BB? and there is no ambiguity in denoting this subspace by 83.
If B is a subalgebra of U, we have B3=<B2<Y.

LemMA 2.1. Let B, €, D be ideals of a Jordan algebra N over a field §F of
characteristic not 2. Then T=(BC)D+ (DVB)E+ (ED)B s an ideal of A.

Let a be any element of . To show [(BC)D]A=<T, it is sufficient to show
[(b¢)d]a €S for any elements b in B, ¢ in €, d in D. By (1.2), we have

[®c)d]e = — [(a)a]o — [(ba)d]e + (bc)(da) + (ac)(db) + (ba)(de).

Because 8B, €, and D are ideals, all terms on the right are in . Similarly,
[(DB)C]A=T and [(CD)B]A=T, and the lemma is proved.
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LeMMA 2.2. If U is a Jordan algebra over a field § of characteristic not 2,
and if B and € are ideals in A, then B1=A(BE)+BE is an ideal in A.

Clearly, A(BE) <VB;. Hence, to prove that AB; =B, A=Y, it is sufficient
to show that [(bc)as]a; is in B, for b in B, ¢ in €, and a4, a; in A. Using (1.2)
once more, we obtain

[(Bc)ai]a: = — [(axc)a1]d — [(Bas)ar]c + (be)(araz) + (@s6)(arb) + (bas)(arc).

The first two and last two terms on the right are in B€, since B and € are
ideals; hence all terms on the right are in 8B, and [(bc)ai]a: is in B;. This
proves the lemma.

In particular, we have shown that, if B is an ideal of %, then B2 and AB2
48?2 are ideals of A contained in B. Moreover, we shall prove that, if N is
the radical of ¥, and N0, then AN2+N? is properly contained in N. In
order to accomplish this, we must establish some preliminary lemmas.

Given a basis for B, an ideal of %, we can find a set B of linearly inde-

pendent elements #y, £, - - -, £ in A and not in B such that the set W to-
gether with the basis for B constitute a basis for A. That is,
(2.1) A=Fu+Fa+ -+ + B,
where A=dim A —dim B. If dim B2=y, let the set
87 = [0 o)
be a basis for B2; that is
(2.2) B =Fo. + s 4+ T
Define, for ¢=0, 1, 2, - - -, the set 8D to be the collection of all products
v(q+l) — (hv;q))(tkv;q))’
where 7, k=1, 2, - - -, \, and v}"), 9 run through all elements of 8@, The

products »(? in explicit form are products of elements from ® and from BO
associated in a particular fashion. In the explicit form there will appear, in
any product @, 2(27—1) elements (not necessarily distinct) from 2 and 2¢
elements (not necessarily distinct) from B®, Furthermore, B is contained
in B? for every value of g.

LEMMA 2.3. All products t;[(t0)(tw®)] are in B2, for t; bt in B and
vﬁ"), 2@ in B@, where ¢=0,1,2, - - - .

Let £, =xE®. Using (1.2) with a=v=t;, b =v§“), u=x, we have

(@) (@) (@) (2)

2ty x)t = — [()x]os” + 2(t0i”) (xt) + Li(x0i").

Now x and #x are in B, whence [(#)x]v}? and xv(® are in B2 Since B? is an
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ideal, () (xv®) is in B3. Also t2® and xf; are in B, whence the middle term
on the right is in 82 It follows that £ [(£0%?) (t:0®) ] is in B2, and the lemma
is proved.

LEMMA 2.4. If the element t; appears as one of the 2(2° —1) elements from
in the explicit form of the product v, then tv® is in B2, for s=1,2,3, - - -.

The proof is by induction on s, the case s=1 following from Lemma 2.3
by setting ¢ =0. We suppose the lemma true for s. We have

(2.3) o = (ton) (8,
for some ¢, t; in B and v¥, 9 in VO, If t,=t;, or t,=4, then the required
conclusion follows from Lemma 2.3. We shall assume, therefore, that ¢; ap-
pears as one of the 2(2°—1) elements from B in the explicit form of one of
products v® in (2.3), say 2. Let o) =xE®B. Then, using (1.2), we have

10" = [Gom)x) = — [(om)x]t; — [t x]om
) D) ®
+ (tiom ) (wts) + (Lom ) (1) + (t4t3) (w0m).
By the induction hypothesis 2% is in B2 Then (t2)x is in B3. So is xv¥.
Since B2 is an ideal, the first and last terms on the right are in 83. The other
terms on the right are clearly in 82 and it follows that t9¢+? is in 82 This
proves the lemma.
Now, for any ideal B in the Jordan algebra %, we define

Bo=98, B =UBi+B, k=012 .
We are now in a position to prove the following theorem.

THEOREM 2.5. If A is a Jordan algebra over a field § of characteristic not 2,
and if B is an ideal of N, then there exists an integer k such that B, <B2.

From (2.1) and (2.2), we see that AB? is spanned by B* and elements of
the form ;9. Since B2 <B?, a basis for B;=AB2+B2 may be chosen con-
sisting of elements of B? together with elements of the form £ not in B2
It follows by an evident induction that for any positive integer s a basis
may be chosen for 8,2, consisting of elements of B2 together with elements
of the form tp@+D not in B2, where the factors t;p% and #2® of v¢+b in (2.3)
appear among the elements in the basis already chosen for B,,;, but are not
in B2 Since t,9¢*Y would be in B2, by Lemma 2.4, if ¢{; were to appear in the
explicit factorization of v+, we can use, for the basis elements of B,y2
not in B2, only those elements ¢,9¢*V for which ¢; does not appear in ¢+D,
Hence, at the formation of each new B,,, the basis elements ¢,9¢+D not in B?
have acquired a new element ¢; from . Since there is only a finite number A
of elements ¢; in W, it follows that no such element #,v™ exists outside of B2,
whence 8,11 =B2 If we take k=A+1, the theorem is proved.
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COROLLARY 2.6. If U is a Jordan algebra over a field § of characteristic not
2, and if N#=0 is the radical of U, then AN+ N2 is an ideal of A properly con-
tained in N.

Define ideals 9N in the same way as the B, were defined for the preceding
theorem. Then there exists an integer k such that R, <N2. But, if =9
=AN24+N2, we shall have

N=RNi=RNa=--+ =Nt =N,
whence

N=ND =RN® = ... =RNW® =0,

for some integer ¢{. This contradicts the assumption : #0. Hence, it must be
true that M <N.

We now reduce the proof of the principal theorem to the case :t?=0. In a
proof by induction on the dimension of ¥, we assume that the principal
theorem has already been established for algebras having dimensionality
less than dim U. The theorem is trivial for U of dimension 1. Suppose N25=0.
Then N =AN2+N2#0, and we have >N >0. Since (A—N1) —(N—Nw)
=Y —N, we see that N—N, is the radical of the algebra A—N,. Since
dim (A —MNy) <dim ¥, the induction hypothesis implies the existence of a sub-
algebra &, of A—N, such that Se=A —~N. Then there exists a subalgebra
&; of A such that N, <&, and &;,— 2721%(21 —SR]) — (% — %)%%I —%N. This
implies that 9, is the radical of &;, and dim &; <dim Y. Then there is a sub-
algebra & of &; such that ©&=~&; — N, =A —N.

The existence in U of a subalgebra @==% —MN is sufficient to establish the
principal theorem. Since we shall have occasion to use this fact again in
later sections, we give a short proof here. Firstly, @\ is a solvable ideal of
&, and must be zero, since & is semisimple. Therefore, dim (S+MN)
=dim (A—N)+dim N =dim A, while S+ N is a subspace of A. This implies
A=S+N.

The induction hypothesis above contains the implicit assumption that the
principal theorem is true for t?=0. We have, therefore, reduced the proof of
the principal theorem to the case M2=0. '

We note further that if the principal theorem is true for Jordan algebras
with a unity element, then it is true for all Jordan algebras. For, if A does not
have a unity element, adjoin a unity element e to form %;=A+Fe. It may
be easily verified that 9, is a Jordan algebra and that the radical 3% of ¥ is
also the radical of %;(*). If the principal theorem is true for Jordan algebras
with a unity element, then there is a subalgebra &; of U such that &~

(*) Here, we use the fact that every element in the radical of %, is nilpotent. In a Jordan

algebra ¥, the powers a* of any element ¢ in ¥ are unambiguously defined, hence the nilpotent
elements in ¥ are those elements which have a power equal to 0.
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-N, GiNN=0, A1=&,+N. But then &=, is a subalgebra of A such
that 8NN =0, and A=S+N. It is well known that these latter statements
imply ©=%A—-N.

We shall assume in the sequel, therefore, that % contains a unity element.

3. Reduction to the case A—N a split algebra. We assume henceforth
that the base field § has characteristic 0. If a Jordan algebra U contains an
idempotent 2, then % may be decomposed into the direct sum of subspaces
A.(1), A.(1/2), and %.(0), where, for A=0, 1/2, 1, A,(\) is the set of all elements
b in A such that bz=Nb. For A\=0, 1, A.(\) is a subalgebra of A whose radical
N.(\) is the intersection of A,(\) with RN, the radical of A [4, Theorem 7].

Let @=%—%N, and z be the image in S of the idempotent z. Then Sisa
Jordan algebra and has the decomposition

S =&:(1) + S;(1/2) + &.(0).
For \=0, 1, we have %,(\) — 9L (\) =S (N).

LeEmMA 3.1. If 7 is an idempotent element in S=N—N, then there is an
idempotent z in W such that z=n.

Let a be any element in A such that ¢ =4. Then d is not nilpotent, whence
&[a] is a non-nilpotent associative algebra, and must contain an idempotent
element z=f(a). We then have =84, B in §. Since z is an idempotent, z
cannot be in N, whence B70. Now 2?=(87)% =% =z =04, whence (32—8)#
=0,82—B=0,B=1, and z=7.

LeEMMA 3.2. Let #iy, fig, - - -, fin be pairwise orthogonal idempotents in &
and e be an idempotent in N such that é=n=7n+x+ - - - +%Aim. Then there
exist pairwise orthogonal idempotents e, ez, - « + , em tn U such that &;=4u;
fori=1,---, mande=er+ - - - +en.

The case m =1 is contained in the hypothesis. Assume the lemma true for
m—1. Since mm;=1#; for =1, - - -, m, the elements #; are all in S;(1). But
A (1) —MN(1)=Ss(1). By the induction hypothesis, it is possible to find
p.0.i.(5) €, + - -, em—1 in (1) SN such that &;=; for 1=1, - - -, m—1. Let
e'=e;+ -+ +en Let en=e—e’. Now ¢’ and e, are in ¥,(1), so that e’e
=¢’, and ene=e,. We have e, =cee—eie’ =¢;—e;=0 for i=1, - - -, m—1,
while &2, = (e—¢')2=e—e' =em; én=7— (fi1+ - + + +im_1) =fin. This completes
the induction, and the lemma is proved.

We know that & can be expressed in a unique manner as the direct sum
of ideals which are simple Jordan algebras; that is, §=8,0&:® - - - ®Sn.
For each value of 7, &; has a unity element 4;, and the elements 7; are p.o.i.
The element 7i=#,+ - - - 47y, is the unity element for @. By Lemma 3.2,
there are p.o.i. e, €, - -+, e, in A such that & =4; for 7=1, - - -, m. Let

(%) We shall use the abbreviation p.o.i. for “pairwise orthogonal idempotents.”
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N.,(1) be the radical of %,,(1). Since @;E@.’.(l), we have %, (1) —N.,(1)=8..
If the principal theorem is true for A —N a simple algebra, we may assert
that ,,(1) contains a subalgebra &; isomorphic to &; for i=1, - - -, m.
Let ©=&,4+&;+ - - - +&,.. This sum is direct, since &; is contained in
A.,(1) and the sum A, (1) + - - - +UA,,, (1) is direct. It follows that S=Y — N,
and we have further reduced the proof of the principal theorem to the case
where A —N is a simple algebra. In §2, we reduced it to the case where U is
an algebra with a unity element in which 9%2=0.

Now, it is known [4, Theorem 5A] that if ¥ is a Jordan algebra over a
field § of characteristic 0, if N is the radical of ¥, and if & is a scalar exten-
sion of §, then Ng is the radical of Ag, (A —N)g =Ue—Ng, and Ay is semi-
simple if and only if U is semisimple. Moreover, if % is semisimple over §,
there is a finite scalar extension ® of § such that g is the direct sum of
simple ideals which are split algebras (to be defined and discussed in §5)
over & By the result of the preceding paragraph, we may assume that
(A—N)gp is a split algebra. If the principal theorem holds in case A—N is a
split algebra, as we shall show in §§6, 7, 8, then g contains a subalgebra B
such that B=(A—N)g, and the remainder of the proof is the same as that of
the associative proof [1, p. 47], since associativity is not used there.

Since we may take the scalar extension & above to contain (—1)Y2, we
may assume wherever necessary in what follows that the base field § con-
tains (—1)1/2,

4. Decomposition relative to several idempotents. Let the unity element
of the Jordan algebra U be the sum of the p.o.i. 1, - - -, e,. Then A may be
decomposed into the direct sum of the subspaces ;;=%;, ¢, j=1, - - -, n,
where ;=% (1), ¢=1, - - -, n, and Wy;=,(1/2)NA;(1/2) for 15j; 1, j
=1, - - -, n. The subspaces %;; have the following multiplicative properties
[4, Theorem 12], where %, j, &, ! are distinct:

0 W= A,
() Wadi; = Uy,
4.1) i) A< A + Ay,
@iv) WAk < Wi,
V) Wljp = ANy = 0.
The idempotent e; is the identity for 2;;, while for every element a,; in %,j,
155, we have
(4.2) e:ia;; = e;a;; = ai;f2.
We note that Ai;+%;+A;;=A(1), where z=e;+e¢;. Now let N;; be the

radical of %,(1), N the radical of A, S=A—-N. We may decompose S into
subspaces (&);; relative to the p.o.i. &;. Then ¥.(1)— N:;;=(S)s(1); that is,
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(4.3) Qi + Ai; + i) — Ny = ©)is + B)ii + )i

LeEmMA 4.1. If ai; and b;; are in W;;, and if ajx is in Wy, where 1, j, k are
distinct, then

4.9 (@ijair)bi; + aii(ajubiy) = (@:iibij)a .

For, it follows from (4.1) that (e;ja;)bs; is in Ujx, so that [(a;jajk)b;;]e.~=0.
Using this fact, we put a=a;j;, b=au, #=>b;;, v=e; in (1.2) and obtain

[(eiain)biilai; + [(aije)bii]as
= (aijdik)(bijei) + (eiaik)(bijaij) + (aiiei)(bt'iaik)‘

From (4.2) we obtain the result (4.4).

Under the hypotheses of Lemma 4.1, we obtain as direct consequences of
(4.4) the following propositions, which we shall use in the concluding sections
of this paper:

(4.5) (aiam)as=(1/2)akau;

(4.6) if (aijbsj)a; =0, then (ai;a;n)bi;= —aij(apbi));

(4.7) 1f aij(ajnbs;) =0, then (a:ia;)bi; = (aibij)an;

(48) ’L:f a;j(ajkb;j) = (a.~,~b.~,~)a,~k =0, then (a;ja,y,)b;j =0.

Let Qijy b,;jE?I,'j; Qkjy Qjk,y bkj, bjk, Cjkegljk, c;'zE?I“, where 'i, j, k, ! are dis-
tinct. We substitute e =u=a;;, b=b;x, v=c;; in (1.2) and obtain

[(@iibin)aiileir + [(cibi)aiilas; + [(aiscin)aii]bin
= 2(aibin)(@ises) + aiibucs).

The second term on each side is 0 by virtue of (4.1). We apply (4.5) to the
remaining terms on the left to obtain:

(4.9) (aibin) (asjci)) = (1/4) [(afpn) e+ (afeci)bn];

(4.10) f a?,=a(e,~+e,~), o in §, then (aiibjr)(a:ici)) = (1/4)abjxc;i;

(4.11) f afj=0, then (ai;b)(as;ci) =0.

Setting a=a.;, b="bjx, u=ai;, v=c; in (1.2), we obtain:

(412) i:f a?j=a(e,-+ej), and bjijk=ﬂ(ej+ek), o, 6 n %, then (a.-jb,-k) (d.'jCjk)
=(1/4)aB(e:+e;).

In particular, if we set ¢jx=bj; in (4.12), we obtain:

(4.13) if & =aleites), Ba=Ble;+e), @, B in §, then (a:da)*=(1/4)aB
. (e,~+ek).

From (1.2) we also obtain the results:

(4.14) if a%,=0b%=0, then (a:bi)?=0;

(4.15) if (aibi) =aleite;), bpan=p(e;+e), and aijar;=b;bp=0, o, B
in §, then (@ibi)(ar;dis) = (1/2)aB(ei+ex);

(4.16) if al=a(ei+e;), and bjcir =0, a 1n §F, then (as;b)(asici) =0.

5. The split algebras(®). Any simple Jordan algebra is central simple
(that is, simple for all scalar extensions) over its center. Albert proved in [2]

(%) The classification of the split algebras given here is taken from [5, pp. 141, 142].
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and [4] that if ¥ is a central simple Jordan algebra over § of characteristic
0, then there is a finite extension & of § such that g is one of the following
split algebras.

A. The algebra of all nXn matrices over ® relative to the multiplication
(1.3). This algebra, of degree(”) » and dimension 72, has the usual matrix units
e, 4, j=1, - - -, m, as a basis. The elements e, 1=1, - - -, n, are p.o.i.
whose sum is the identity of this algebra. Let % be the algebra, and let U;;
=, 1, j=1, - - -, n, be the subspaces arising in the decomposition of A
relative to the p.o.i. e;;. Then the element e;; is in ¥A;; for 4, j=1, - - -, n.
The elements e;; have the following additional properties, where 7z, j, k are
distinct:

5.1) Q) eien = (e + €i)/2; esi = 0;
(i) eieir = ein/2; eijeir = eijeri = 0.

B. The algebra of all nXn symmetric matrices over & relative to the multi-
plication (1.3). This algebra, of degree # and dimension n(rz+1)/2, is a sub-
algebra of the split algebra of class A of degree », and has a basis consisting
of elements wu;;=u;;=/(e;;+e;)/2, 4, j=1, - -, n. The elements u;, 1, j
=1, - - -, n, are p.o.i. whose sum is the identity for the algebra. Let A be this
split algebra and let ¥A;;=%;;, 4, j=1, - - -, n, be the subspaces arising from
the decomposition of ¥ relative to the idempotents #;;. Then the element u;;
is in the subspace U;; for ¢, j=1, - - -, n. The elements #;; have the following
additional properties, where 7, j, k are distinct:

2

@ wii = (i + %3)/4;
(i)  wijuin = ua/4.

C. The algebra, relative to the multiplication (1.3), of all 2nX2n matrices
X over R such that X = P~'X'P, where X’ is the transpose of X, and

0 IL
?=(no)
—I1, 0

I, being the nXn identity matrix. This algebra, of degree » and dimension
2n®—mn, is a subalgebra of the split algebra of class A of degree 2z, and has
a basis consisting of elements %;;, 1=1, - - -, n, which are p.o.i., and elements
h.’j, f.','= —fj,'J dij= —dj,', 'l.;ﬁj, 1:, j-—-l, o, N, such that the elements h,'j, f.'j,
d;j are in the subspace %;;, 7, j=1, - - -, n, arising from the decomposition of
this split algebra relative to the p.o.i. k;;. The elements k;;, h;; generate the
split algebra of degree n of class A and have the same multiplication prop-

(5.2)

(") The degree of a split algebra % is the number of pairwise orthogonal primitive idem-
potents whose sum is the identity of Y.
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erties as the e;; in A above, and the product of any two f’s or any two d’s is
0. The basal elements have the following additional properties, where ¢, j, 2
are distinct:

() fudi = (hii + hii)/2;  hiifsi = hijdi; = 0;
() Aiifie = fie/2; hijdix = djn/2;

fiidie = hi/2;

hiifie = hijdi = 0.

D. The algebra of degree 2 and dimension q-+1 over  with the basis s,
S1, * * *, Sq, Where

(5.3)

(54) SoSi = S5 §i§; = 61'1'30, 11j = 1» ceca g

where ;5 1s the Kronecker delta.

E(®). The algebra, relative to the multiplication (1.3), of all 3 X3 hermitian
matrices over D, where D 1is the Cayley-Dickson algebra over & with the basis
o, U1, * * + , Uy Such that

g =1o;

UoUa = Ua, ui“_‘ — U, Uallp= — ULUa, for a#ﬁ’ o, 6=1’ Ct 7;
Uity = U3, Uty = U1, U3l = U2,

Uslha = Uats;

(et nstig) (Uy+usths) = (Uathy — Ustlp) +us(Baths +uyug), for o, B, v, §=0, 1,
2, 3.
In D, the conjugate d of any element d =aeuo+ayu+ - - - +au; is given
explicitly by
J = 2aouo —d= QoUy) — 01Uy — * ** — aU7.

Let the elements e;; be the matrix units. The split algebra of class E is of
degree 3 and dimension 27 and has a basis consisting of the p.o.i. e;;, =1, 2, 3,
and the following elements

wijo = Wi = (e + €;i),

Wije = — Wijia = (€ij — €ji)thay

fori#j;4,7=123;a=12---,7.

Let this split algebra be decomposed into the subspaces U, 7, j=1, 2, 3,
relative to the p.o.i. e;;. The elements w;jo, w;j. are in A;; for ¢, j=1, 2, 3;

a=1,2, - .., 7. The basis elemenl:s have the following additional properties,
where 7, j, k are distinct and have the values 1, 2, 3:

(55) wn’zja = (eii + eii)/27 WijaWijpg = 0: a # B, o, ﬁ = 01 Tty 7;

(8) This discussion of the split algebra of class E over § is based on the discussion given
in [6].
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(5.6) WijaWits = €x(Wiky/2), where uatg = €ythy, €, = + 1.

We note that the elements u,, %1, %2, u3 in O generate the ordinary qua-
ternion algebra L over R, and the Jordan algebra of all 3 X3 hermitian ma-
trices over Q is a subalgebra B of the split algebra of class E. It is known that
if 8 contains (—1)'%, then B is the split algebra of class C and degree 3
over &. In §8, we shall use the following properties, which are consequences
of(5.6):

WijaWikae = Wik, a+4y
(5.7) WijaWikgre = 2Wiia(WijaWirg), 1 # J;86,7=1,2,3;,8=0,1,2,3.
Wij,ataWik,p+4 = WijBWikay
6. The case A —N a split algebra of class D. We shall assume henceforth

that N2=0, and that A is a Jordan algebra with a unity element e. Then ¢ is
the unity element for &.

LEMMA 6.1. Let b be an element of U such that b>=e, and let c=(3b—b%)/2
in A. Then c=15, and c*=e.

We note first that b2=e-+y, for y in N, and 5 =5. Hence, ¢=(30—5%)/2
=(3b—05)/2=5. Also, b*=e+2y, bb=e+ 3y, since y2=0, being in N2=0. Then
c?=(9b2—6b*4-0% /4 =e.

The lemma implies that, if & contains an element 5, such that 53 =¢, then
there is an element ¢, in A such that &, =5, and £ =e. This is the case ¢=1 of
the following lemma.

LEMMA 6.2. Let 5y, 55, - - - , 5, be elements in & such that 5 =¢, 55;=0 for
1#j;1,j=1, -+, q. Forany k suchthat 1 Sk=gq,letty, - - -, t; be elements in
A such that ;=5;, E=e, tit;=0 for i#j; 4, j=1, - - -, k. Then there exist ele-
ments tryy, tiys, * + +, Loin W such that i;=5,, B=e, tit;=0, for i=j;i,j=1, - -+,
q.

The proof is by induction on ¢. Assume the lemma true for ¢—1. Then
there are elements fyy1, feys, * * + , te1 in ¥ such that #;=35;, ££=e, tit;=0, for
1#j;4,7=1, - - -, ¢g—1. Let a be an element of A such that ¢=35,. Let

b=a— (dtl)tl.

Then bt =at;— [(at)t}t: =0, since from (1.2) we find that [(at)t ]t =at, by
substituting e =@, b=u=v=4,. Since bt; =0, it follows from (1.2) by setting
a=u=>b, v=*t, that b%, =0. We note that @, =5.5 =0, whence at, and (at,)t,
are in N, so that b=a=35, This implies that 52=¢é. By Lemma 6.1, the ele-
ment ¢=(3b—15%)/2 has the properties ¢=b=5,, and c®=e. Moreover, cf,
= (bty—b%)/2=0. Suppose that there exists an element ¢ in A such that
¢=35, c?=e, and ct;=0 for 1=1, - - -, h—1, where h=<q. Let d=c— (ct1)ts.
We can show ¢t, =0 in the same way that we showed b¢,=0. For i<h—1, we
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obtain [(cts)ts]t;=0 by setting a=c, b=wu=ts, v=¢; in (1.2) and noting that
cti=tit;=0. Then dt;=d%;=0, for i=1, - - -, h. We also have d=¢=3,, so
that d2=¢é. Then the element w = (3d —d?)/2 has the properties w=35,, w?=e,
wt;=0 for =1, - - -, h. This completes the inductive proof of the fact that
there is an element £, in ¥ such that {,=5,, £=e¢, t,£;=0, fori=1, - - -, ¢g—1,
and the lemma is proved.

LeEMMA 6.3. If N is a Jordan algebra with a unity element such that N2=0
and A—N is a split algebra of class D, then there is a subalgebra S of A such
that S=UA—N; that is, the principal theorem holds in this case.

The proof follows directly from the definition of the split algebra of class
D and the application of Lemmas 6.1 and 6.2 with 2=1.

Finally, we note that if ¢ is the identity of &, a split algebra of class D,
then eé=¢é;+e¢,, where e, and e, are p.o.i. We may decompose © so that
S =(S)u+ (B)1+ (B)x relative to the p.o.i. & and &. Also, A=Ay + s+ Ass
relative to the p.o.i. e; and e;, Now, whenever §;=¢ —é, the basis ele-
ments 5, 5, - - -, §, will all be in (&)12. We choose t;=e;—es, and the ele-
ments £y, 3, - + -, £, will all be in Ap,.

7. The case A —9N a split algebra of class A, B, or C. If G=A—-N is a
split algebra over § of degree n of class A, B, C, or E (in the last case n=3),
then the identity of & is the sum of p.o.i. &, &2, * - *, &sn. It is possible to find
P.0.i. €1y, €23, * * + , €nn in A such that & is the image in & of e;; for i=1, - - -,
n, and the identity element e of A is e=en+en+ : - +enn.

Let % be decomposed into subspaces ;;, As; =Wy, 175 ¢, j=1, - - -, n,
relative to the p.o.i. ey, * * +, €an, and let S be decomposed into the sub-
spaces (&), (B);; relative to the p.o.i. &, - * +, &. Now S contains a sub-
algebra 8, which is a split algebra of degree # and class B, where $; has a
basis #;; =28, #i;=1M;, 17%], 1, j=1, - - -, n, whose multiplication table is
given in §5. If My is the radical of g+ Ass+Ass, then

4+ 4+ %) — R = @) + ©)is + ©)s

Also, 4y; is in (&)1, and for 151, we have (24,;)? = @y + 4.;, the unity element
of M+ Ni;+N;;. Define uyi=es5, 1=1, - - -, n. Since 2#;;ES,;, there is an
element v3; in ¥U;; such that @y;=24;. Set 2uy; = (3v1;,—2%,)/2. Then u,; is in
Ay, since 93, is in Ay; by (4.1). Also Lemma 6.1 implies that u;; has the image
#; in © and (2u1:)%=un+u:;. We define

wi; = i = 4(u11;),

for 15#j; 1, j=2, - - -, n. Then u;; is in N;, and #;; is the image in S of uij.
From (4.13), with a=8=1/4, we have ul=(ui+u;;)/4 By (4.5), uiu;
= 4u1.~(u1.-u1,~) = ulj/4. By (4.10), UijUjk = 16(“1;111;) (uljulk) =U1il1k =u1k/4. The
elements u;;, u;; are linearly independent over § since the elements #,;, %;;
are. It follows that the elements u,;, u;; are the basis for a subalgebra 8B, of A
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such that 9B, is isomorphic to B;. This proves the principal theorem in the
case where © is a split algebra of class B; that is, of dimension n(n+1)/2.

As we remarked at the end of §3, we may assume that § contains (—1)/2,
If S is of dimension greater than n(n-+1)/2, then & contains a split algebra of
dimension n?; that is, a subalgebra B; of class A with a basis consisting of the
p.o.d. &y, 1=1, - - -, n, and elements e;;&N;;, 15%£j5; 1, j=1, - - -, n, with
multiplication table as given in §5. The elements #;;=¢;;, #:;=(¢;;+¢&;:)/2
form a basis for an algebra $B; of class B contained in §, <. By the preceding
paragraph, there is a subalgebra B; of % isomorphic to B; and having basis
elements u;; = e, ui; = u;; for 1], with respective images #,;, %;;in ©. The alge-
bra (&©)u+ (©)12+(S)2 contains a subalgebra with the basis 5= &1+ &,
Si=énu— 522, So= é12+521 = 2ﬂ12, 5‘3 = (— 1) llz(élz bt 521). ThiS is the basis for a Split
algebra of class D. Let f, =e5;— ey, 2= 2u;,. Since

Uay + Az + Asp) — N2 = (@)11 + (@)12 + (é)zz,

while e;;+ ey, is the unity element for Ay 4 Wso+ Ase, we may assert, on the basis
of Lemma 6.2 with k=2, that there exists an element #; in A, such that #¢;
=l = 0, t-a =33, tg = 811+ €22. Define

ers = (o — (— DV%5)/2;  en = (ta+ (— 1)V2%3)/2.

Then e3; and ey are in s, and their respective images in © are & and éx;

2 2 .
also el =65, =0, e = (en+ew)/2. Let er;=4(uzers); en=4(uzen), for 1= 3.
Let

ei; = 2(ener)) forisj;4,j=2,-+,m.

Note that (4.1) implies that each element so defined is in the subspace ¥U;;
corresponding to the subscripts. By (4.16), e};=¢}=0. By (4.12), eea
= (enn4-€::)/2. Using (4.5), and noting that e, =e3, =0, we have epe; =enea
ejs12=e916:;=0. Then we obtain, by (4.5), that ej;e;;=eqe;;=0. By (4.14),
efj=0. By (4.15), eie;i=(esi+e;;)/2. From (4.11), we find that e;er; =e;jeq
=0. From (47) it follows that 81282i=61£/2, ej2e21=e,~1/2. By (47), €165
=61j/2, e;jej1=e¢1/2. Substituting a=e;, b=elj, U=ej;, V=_~e in (1.2), we
obtain ejje;r =4(eqe1;) (es1en) =ex/2. Hence, the elements e;; satisfy all of the
multiplication laws required of the split algebra of degree 7 of class A. If S
is of dimension %2; that is, class A, we have proved the principal theorem for
this case. _

If © has dimension greater than n?, then & contains a split algebra Bs
of class C and dimension 2n2—n, and Bs has a basis consisting of elements
il.,','=é,'g, }-l{j, f,'j= "—f_j{, d-;j= —in, ’l?é], ’i, j= 1, o, N, where Eij, f,'j, d-ij are
in (&)s;. The elements ki;, ki; generate a split algebra B of class A with basis
hii=es, hijy 1#£§; 1, j=1, - -+ -, n, such that the images of h;, ki in © are
hii, hsj, respectively. The algebra ()1~ (A)12+ (A)22 contains a subalgebra
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with basis 5o=/Au+ b, §1="hu— ke, S2=hip+hn, 53=(—1)Y2(ho—ha), 5s=F
+Fa, 55=(—1)Y2(fi;—dy). This is a split algebra of class D. Since (11+ 2
+Ags) — N1 (S) 11+ (S) 12+ (S)22, we may conclude, by an application of
Lemma 6.2 similar to that above with k=3, that U;; contains an element g2
such that qlg =f12+li21, h12q12=h21q12=0, and ﬁ2=h11+h22. We define ﬁl‘St, for
=3,

Ju= — fi = 2(hi2qra); diy = — dii = 2(h2ique).

Then we define
fm = - f21 = 2(h23f13); da = — dip = 2(h32d31)-
Finally, we define
fii = 2haf1y);  di = 2(hudj)

for i5#j;4,j=2, - - -, n. Note that each element defined above is in the sub-
space ¥;; corresponding to the subscripts.

We first show that fio=2(hsif1;) for t=4, - - -, n, as well as for 7=3.
Setting @ = ki3, b= has, 4= q12, v =ho; in (1.2), we obtain

haifii = 4[(hi3h32)4112]h2i
= 4{ — [(haihss) qie) his — [(Rishai)qra] Bas
+ (hishaz)(quahei) + (haihas) (qrehis) + (hishze)(Q1zhaz)}-
It follows from (4.1) that the first and fourth terms on the right are 0. Also,
by (4.2), h,‘3h2;=h23/2, h;3h32=h;2/2. Applymg (4.4) to the second and third
terms, we obtain
haif1i = 4{}!23(412}132)/2 - 412/ 8 — (hiquz)hzi/z + 912/8 + h23(912h32)/2}
= 2h23f13 - h2if1i-

Hence f12 = 2(h23f13) = 2(h2,'f1,‘), fOl' ig 4. Slmllarly, d21 = 2(h32d31) = Z(hgzdu), fOI'
i=4. We observe that f%=d? =0 by (4.16), for 1= 3, while f5,=d% =0 by
(4.14). Also by (4.14), we have f7=d%=0. Using (4.5), we may first show that
flaflz =d.'1d21 = 0, then flifij = djldj.' =0. From (4 10) we obtain fliflj = d.'ldjl = 0,
and from (4.11) we obtain fi;jfx;=d;id;x=0. Therefore, since f;;= —f;;, and
d;;= —d;;, as we shall show, it follows that the product of any two f’s or
any two d’s is 0.

Now, substituting a=hi, b=ha, u=hj, v=g. in (1.2), we obtain, for
15#j; 1, j 23, ‘

fii + fii = 2{(hasfri) + (hnfr) }
= 8{(hishar) (hiaqra) + (hihar)(hisgrs) }
= 8{ — (hizhis) (ha1q12) + [(hishar) hiz)grs
+ [(Riaguo) Biohar + [(qrohar) hja] his} .
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By (4.1), and the fact that gi2hz =0, we conclude that every term on the right
is 0, and f,','= —fj,'. Similarly, dj.'= _dij.

We shall next prove that fiskie=fishz= - - - =finl1»=0. Using (1.2)
again, we have

flzhlz = Z(fuhz.')hlz
= 4[(}1;2%2) hzi]hm
= 4{ - [(’hzgn) h2i]h.‘2 - [(hi2hl2) hz.’]Qu
+ (hi2Q12)(h2ih12) + (hlqu2)(h2ihi2) + (h52h12)(h2iq12)}-

On the right, only the third term survives, whence we have

Sizhis = 4(hiaqua) (hashiz) = frihus, for i = 3.
This implies fiahe =f1ih1: is in Ay = (A + Wa2) N (A +Ass). But, again by (1.2),
(hisgr2) (haihiz) = — (h2ique)(hiskia) — (Rizhe:)(gi2hr2)
+ [(hizhi2)gre]bes + [(Baihin)qrellas + [(B2ikie) qaz] hie
= [(haih12) re] hia,

which is in s+ As;, by (4.1). We have shown that fi;h; is in AN (Age+Ass)
=0, SO that flzhu =f1,‘h1;=0 fOl‘ 'i=3, c o, n.

Then we may prove in succession, using the identities in §4, that hfi;
=hmf1,‘ =0 for ’I«g 3; h;zflz =f1,'/2, 12 3 ;flzhli = 0, hliflj"—' 0 fOl' all 1,j g 2; hﬂfl.' =0
for =3, - - -, n; kafiz=0. The remaining laws for the multiplication of the
k's by the f’s follow in a straightforward fashion. Because of the parallel
definitions for the d’s, we may also establish the rules for the multiplication
of the &’s by the d’s in a similar manner. We then establish successively that

flidil = (hu + h;,;)/z, 1=23,-+-,mn,
Jrzdar = (hu + h22)/2,
fiilis = (hii + hij)/2, i 6 =2 ,n

The remaining products of the f's by the d’s are also established in a
straightforward manner.

It follows that the elements ky;, kyj, fi;, dji, 1531, j=1, + - -, n, generate
a subalgebra B; of ¥ which is the split algebra of degree % of class C, and the
principal theorem has been proved for the case where 3 — N is a split algebra
of class C. There remains the possibility that & has dimension greater than
2n2—n. But then n=3, and & is the exceptional Jordan algebra of class E
having dimension 27 over §. We prove the principal theorem for this case in
the concluding section.

8. The case M —MN a split algebra of class E. Let ©=A—N be the split
algebra over § of class E. Then & has a basis consisting of p.o.i. &y, &, &,
and elements Wja, 1#j; 7, j=1, 2, 3; =0, 1, - - -, 7, where =t ()P
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7Z)4j0=‘lbjio, ‘II),'ja= —12),',;‘. fOl' Ol=1, 2, LR N 7. The elements é,',', 'ngj.,, 'l#j; ‘L,j
=1, 2, 3; =0, 1, 2, 3, are the basis for an algebra $; which is the Jordan
algebra of all 33 hermitian matrices over the quaternions. But, since we
assume that § contains (—1)¥2, this algebra $; is isomorphic to the split
algebra of class C and degree 3 over §.

By what was proved in §7, with #n =3, there is in ¥ a subalgebra B3, with
a basis consisting of the p.o.. ey, =1, 2, 3, together with elements w;je,
1#j7;1,7=1,2,3;a=0,1, 2, 3, such that w;jo=wjs and Wijo = —Wjse, =1, 2, 3,
are in U;;; multiplication of these basal elements is defined in §5. Their
images in & are, respectively, &, Wsjo, Wija-

Now, (©)u+ B)12+ (S)2, of dimension 10, is a split algebra of class D
and has basis elements §o==¢&n+¢&s, 51=8€un—=8m, Setz= Wiza, =0, ) 1.
Since (M1 + Ao+ Asz) — N1:=2 () 11+ (©) 12+ (&) 22, we may assert, by virtue of
Lemma 6.2 with k=35, that there is in %2 an element wy,y mapping into W
such that w?,, = e;;+es, Wizawi2a=0 for =0, 1, 2, 3. We define

W13,a+4 = — Wil,at4 = 2(w124w23a),

a=0,1,2,3;
W3, a+4 = — W32,a+4 = — 2(w124w130)v
Wi2,a44 = 2(Wi3,a+4W230) = — Wal,atds a=1,2,3.

The rules for multiplication which require verification follow:

2 2
W13,a+4 = 4(W124Wesa) = €11 + €33,
2 2
Wag,at+s = H(Wi124Wi3a) = €22 + €33,
2 2
Wiz, ars = H(Wis,araWrs0) = €11 + €22,
by(4.13);
W13aWe30 = 2(W124Wa30) Wazo = Wiae/2,

by (4.5). Then

W12,at4 = 2(W13,at4W230) fora=0,1,2,3.
Using (4.6), we obtain
W134W12e = ‘wza,a+4/2, W34 Wi2ea = — w13,a+4/2y
WisiWasa = — Wiz,a+4/2, WosaWiza = Wiz,ats/ 2.

The latter fOllOWS from the fact that wmwzao=4(w124w130)(w120w130)=0, by
(4.16). Thus we have established that

WijaWika = Wik,a+e/2, a=0,1,2,3.

Now

Wik, araWik, g4 = H(WijWita) (WijsWins) = 0,
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for a#B, by (4.16). Also,
Wo3aWr3s = 4(W124Wi130) (Wizawi30) = 0,
and
WizaWiss = 4(W122Was0) (W124W230) = O,
for a=0, 1, 2, 3, by (4.16). Therefore,
WijaWije = 0 for¢,7=1,2,3;a=0,1,2,3.

Now, since there exists w,;,, 0=y =3, such that w;,= +2(w;;sw;x,y) for a, B
given, we have

WikaWik,p+t = 2Wika(WijsWikg)
=+ 4(wijrywirg) (Wijawing) = 0, by (4.16).
Finally,
WijaraWik,pras = H(WikaWija) (WikaWi i)
= 2{ —W?M(Wiiﬁwkia) + wijgWiia/2

+ wira[wira(wijawiis) | }

= = WijpWkja = WijpWika for «, B = 0, 1, 2, 3;
WijaWik,prs = — 2Wija(WijaWikg)
= 2W; js(WijaWirg) by (4.6).

This concludes the proof of the principal theorem for the case &=y —N,
the split algebra of class E, and completes the case N?=0.
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