FUNCTIONS OF EXPONENTIAL TYPE IN AN ANGLE
AND SINGULARITIES OF TAYLOR SERIES

BY
SHMUEL AGMON

1. Introduction. A function f(z), analytic in the angle |arg zl Za, is said
to be of exponential type in the angle if there exist two constants @ and 4
such that

(1.1) | f(z) | < Aeets! (|arg 2| < @)

It was shown by Cartwright [10](?) that if f(z) satisfies (1.1) and a condition
which is essentially

log | f(reti) |

(1.2) limsup—————— =< ksina 0O =k<m),
r=o r
and if f(2) is bounded on the sequence of points z=1, 2, - - -, then f(2) is

bounded on the entire positive axis. (See also Macintyre [21].)

It was shown by Boas (for entire functions) [6] and more generally by
Duffin and Schaeffer [13] (for a=w/2) that Cartwright’s theorem remains
true if the sequence of integers n=1, 2, - - -, where f(z) is bounded, is re-
placed by a more general sequence of complex numbers {\,}. The condition
imposed by Duffin and Schaeffer on the A,’s, and which will be retained by
us through most of this paper, is :

(1.3) Ne = M| Zh>0m =m) and |\, —n| = H

where & and H are two constants.

We propose to remove here the condition of boundedness of f(\.) and
to obtain similar results concerning the growth of the function from its growth
on a sequence of points, under the much more general and “natural” restric-
tion

lo, An
(1.4) lim sup —gllf—(|)—l
We shall show that if f(z) satisfies (1.1) and (1.2), and if {\.} is a sequence
of complex numbers for which (1.3) and (1.4) are satisfied, then there exists a
“regular” majorant {g.} of { |f()\,.)] } such that for ¥’ >k and z=x+1y in the
angle, we have

(1.5) | f(x + iy) | = Cgrae® 4!

IIA

0.
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FUNCTIONS OF EXPONENTIAL TYPE 493

where C=C(k, H, ¥'; f) is a constant(2).

Now, if the sequence {if()\n)l } is regular enough, ¢;; in (1.5) can be re-
placed by I f()\[z]),. In the general case, if (1.4) is satisfied with the sign of
equality, there exists a touching majorant {qn} for which (1.5) holds; where
by a touching majorant we mean a sequence {q,. }, such that

(1.6) g Z [ (N | (n=1,2,---)while g, = | f(\s) |

for an infinite subsequence {}.
We would like to make two remarks. The first concerns the three condi-
tions (1.1), (1.2), and (1.4), which we say are equivalent to (1.1) and

(1.7) lim sup 28170 |
r

r=o

< k|sino| (for | 6] < a),

where Z is such that 0 <k <, if the sequence {\,} verifies (1.3) or, more gen-
erally if lim (A\./z)=1. Indeed, it is obvious that (1.7) and (1.1) imply (1.2)
and (1.4). To show the converse we apply a result of V. Bernstein [5], in a
generalized form given by Pfluger [24], by which the last mentioned three
conditions, with lim (A,/z) =1, imply lim sup._, [(log |f(x)|)/x]§0. But,
it is well known (by the method of Phragmén and Lindelsf) that the last
relation, when combined with (1.1) and (1.2), yields (1.7).

In the second remark we want to point out that there exists an almost
trivial method of getting some results in the general case which will depend
on the theorem of Duffin and Schaeffer for the special case when f(\,) is
bounded. Thus, we can construct a function 5(2) analytic in the angle, satisfy-
ing there 7(z)/z—0, and such that R[y(\.)]=log |f(\.)|. Applying the
theorem of Duffin and Schaeffer (slightly generalized) to the function
f(2)e="@, we shall obtain (1.5) with g, =Rt The point is, however, that
this method gives results which are not precise enough, for, in almost all the
applications of our theorem, it is essential to have touching majorant se-
quences {g.} for which the theorem is applicable. But, it seems to us that it
is impossible (in the general case) to construct an analytic function 7(2)
with the above properties and such that {efm"(*")l} will be a touching major-
ant of {|fQ\)]}.

Finally we mention that a large part of this paper is devoted to applica-
tions of the main theorem described above to problems of singularities of
Taylor series. Thus, in §4 we prove a general gap theorem; in §5 we generalize
a theorem of Szegd; and in §6 we prove a weak converse of a theorem of Fabry.

2. Some lemmas. We shall use the following known inequality, an-
nounced as a lemma, which is an immediate consequence of the Poisson-
Nevanlinna formula for the half-circle. (See F. and R. Nevanlinna [22]. For
a proof see also Levinson [19, p. 245].)

(?) It can be easily shown, though we shall not prove it here, that for x large enough C can
be replaced by Co=Co(k, H, k').
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LeMMA 2a. Let g(w) be analytic in the half-circle le <R, v=0, where

w=u-t+1v=pe". Then, for w inside the circle,
log I g2(u + iv) IS

1 R .
<= f log | (&) | N(w, R, t)ds
v ™ —-R

2.1
1 p= ,
+— fo log | ¢(Re*) | P(w, R, $)d9,

where both N(w, R, t) and P(w, R, ¢) are positive kernels, given explicitly by
(R? — p?)(R? — 1)

N(w, R, t) =
- (82 — 2pt cos ¢ + p?)(R* — 2ptR? cos ¥ + p%?)
(2.2)
1 R?
T — 2ptcosy 4+ pt  R* — 2piR? cos ¢ + pf?
and

2R(R? — p?) sin ¢

2.2") P(w, R, .
(2.2) ( ¢) | R%2¢ — 2pR cos yeis + p?|?

Moreover, if g(w) #0 in the half-circle, then (2.1) becomes equality. Taking,
in particular, g(w)=e®, we have identically,

R LJ
(2.3) 1= -—f sin ¢P(w, R, ¢)dé.
g *Jo

The following lemma can be considered as a weak form of the main
theorem. We shall suppose in it that the value of the function f(2) of exponen-
tial type is known on the whole positive axis and not only on a sequence of
points. :

LEMMA 2b. Let f(2) be an analytic function of exponential type in the angle
|arg z| Sa<w/2, satisfying (1.7) with k non-negative (but not necessarily less
than m). Suppose that on the positive axis

24 [f@)] = p@),
where p(x) 1s a positive function with the following properties:

z

@) log p(x) = j:) w(t)dt + const.,

w(x) being Riemann-integrable in any finite interval such that

(i) lim w(x) = 0,

T=o0
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and
A
(iii) w(®) — w(x) £ — for0<x< 0, 0% —x=1,
x

and some non-negative constant A.
Then if k' >k and 1> 1, there exists a positive number x, such that

(2.5) | f(& + i9) | < mp(x)e¥ 1o,
for z satisfying | arg zl Sa and x = x,.

(We remark that (i), (ii), and (iii) will be satisfied, in particular, if log p(x)
is a concave function of x, and log p(x) =o0(x). It will also be satisfied if
log p(x) is twice differentiable with lim._., (log p(x))’=0 and (log p(x))"’
<A/x.)

Proof. In what follows o(1) will denote a positive function of x tending to
zero when x— . It is well known that (1.7) holds essentially uniformly, so

(2.6) log If(re"")l =< klsin0|r+o(1)-r= Ely|+o(1)-r (|0] = a).

It is also easily verified (taking account of (2.6) and the fact that |log p(x)| /%
=0(1)) that the inequality to be proved, (2.5), holds trivially outside any
angle |arg z| <&’ <a. Let us choose a number X such that

™

1
(2.7 0<)\<min<—»
2 44

log 7, 41:-4(k’ — k), sin a)

where A is the constant satisfying (iii), and let &’ be a positive number such
that tan o’ <\. Obviously @’ <a and it is clear from the preceding that it is
enough to prove (2.5) for z satisfying |arg z| <a'. Let z=x41y be any such
point and suppose to begin with that y is positive. Put

Sz + w)

?(x)

The function g(w) is holomorphic in the half-circle | 'w] SNx, 920 (w=u+1v).
Hence, applying Lemma 2a to this function and the point w=1y (which is
inside the half-circle on account of our previous suppositions) we can write

log | f(x + i) | — log p(%)
1 Az y
@8 s— [ " {log | ftz+ 0] - log (=)} NGiy, ha, )

g(w) = g.(w) =

1 L 3
+ - f {log | f(x + Axe'®) | — log p(x)} P(iy, A%, ¢)dé = I, + L.
0

The kernel N being positive and given by (2.2) we find for I, using (2.4),
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1 Az
I, £ — {log p(x +t) — log p(x)}N(iy, \zx, b)di
T —\z
1 Az
(0.9 == [ {iog s+ 1) + log px — ) — 2log p()} -
T Jo . £+ 5
. 1 Az x2x2
- :f_u {lég p(x + 1) — log p(x)} m =Jy— Ja

Now, it is easily seen from the properties of p(x) that for positive x and
0<t=<x/2,

44
(2.10) log p(x + ) + log p(x — &) — 2 log p(x) < —;t(t + 1).

(Indeed, we have logp(x+t) + logp(x—t) — 2logp(x) = [i[w(x + u)
—w(x—u)]du, and, from (iii), w(x+%)—w(x—u)<4(u+1)4/x for 0=Zu
=<x/2, so that (2.10) follows from the last two relations.) Using (2.10) in the
expression for J;, we get (using the inequality log (14b0) <2(d)¥? (56>0)),

44 = ¢ 44N 24 A2y
Ty < — (1+ )dt=—-—-|———log<1+ )

x t2 + 2 x 2

2.11) e 4 T Y
44N 4An
T Ty

For J; we find, using properties (i) and (ii) of p(x)
1 Az >‘2x2
|]2| = :f_)‘,l log p(x 4+ ¢) — log p(=) l mdi
(2.11)

4
< ( max | log p(x + ) | )— = o(1).
Y TAX

Combining (2.9), (2.11), and (2.11’) we obtain,
44N 1
(2.117) LS T+ 7 g—(l +—)+o(1).
m y
Now, if x+Axei® =re®, then Ax sin ¢ =7 sin 0, so that (2.6) can be rewritten
as

(2.12) log | f(x + Axe®) | < Bz sin ¢ + o(1) - #.
Also from (2.2'),

c
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where C=C(\, o') is a constant. Using (2.12), (2.12), and the identity
(2.3), remembering that |log p(x)l/x=o(l), we get

1 r .
In=— f {log | f(x + Aae'®) | — log p()} P(iy, Nx, ¢)dé
(2.13) °

k L3
< —-—f \x sin ¢ P(iy, Ax, ¢)dp + o(1) = k + o(1).
w Jo

Finally, combining (2.8), (2.11”), (2.13), and using (2.7), we find,

4AN 44N
(#4224 om) oy + 22
™

7!'

log | f(z + iy) | — log p(x)

IIA

(2.14)
S kKy+logn for x = o,

which is the desired inequality (2.5) for y >0. For negative y (y =0 is trivial)
we have only to apply the proved result to f(3).

3. The main theorem. We shall begin by discussing in some detail the
properties of the smallest concave majorant, defined for a certain class of
real functions, which turn out to be of fundamental importance in our proof of
the main theorem.

Let w(x) be a real and continuous function for 0 <x < «, such that
lim sup (w(x)/x) =0. Then, there exists a unique function C(x) having the
following three properties:

(i) C(x)is a majorant of w(x): C(x) = w(x).

(ii) C(x) is concave: C(x+h)+C(x—h)—2C(x) <0 (>0, x—h=0).

(iii) C(x) is the smallest function having properties (i) and (ii).

The function C(x) is called the smallest concave majorant (or envelope) of
w(x). Indeed, we can define C(x) (0=<x < ) as the smallest number v such
that there exists a straight line passing through (x, v) above which there
are no points of the curve y =w(x). It is easily proved that C(x) so defined is
concave. That it is a majorant is obvious; and that it is the smallest concave
majorant follows immediately from the construction.

Now, from the condition of growth imposed on w(x), it follows in an
easy way that C(x)/x—0, and this combined with concavity shows that the
slope of C(x) is always non-negative. Hence, C(x) is nondecreasing, and we
also have lim,_, C(x) =upper boundos.<. w(x). The interesting case, which
will also concern us, is when w(x) is not bounded from above, so that C(x) T .
In this case there exists an infinite sequence of positive numbers {£.} tending
to infinity (a principal sequence), such that

(3'1) C(En) = w(£s) (” =1,2---).

Indeed, let {En} be a sequence of positive numbers tending to infinity, such
that y=C(x) is not linear in any small interval with {£,} as center. Such a
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sequence exists, for otherwise y =C(x) would be a straight line with a non-
negative slope for x large enough. However, the slope of the line cannot be
positive, since C(x)/x—0; and it cannot be zero because C(x) is not bounded.
Now, the last defined sequence {E,,} satisfies (3.1). For, if C(£,)>w(£,),
there exists 6 >0 sufficiently small such that w(x) <I(x) for £, —6<x<§,.+39,
where /(x) is the linear function joining (£, — 8, C(¢,—8)) and (£,+ 96, C(¢,.+9)).
Thus, we shall get another concave majorant C*(x) by putting C*(x) =I(x)
in the interval (£,—39, £.,+06) and C*(x) =C(x) elsewhere, Or, C*(x) <C(x)
(x=0) and C*(x) <C(x) for some point in (§,—86, £,+8) (C(x) is not linear
there). This contradicts the definition of C(x) and establishes (3.1).
We pass now to the statement and proof of the main theorem(3).

THEOREM 3a. Let f(2) be an analytic function of exponential type in the angle
|arg 2| Sa<w/2, such that
lo rei?
(3.2) im sup log | ftre®)|
r

z=®

< k|sin | Jor | 6] £ o,

and where 0<k<w. Let { )\,.} be a sequence of complex numbers which satisfies
(3.3) M= | ZhE>0(m=m) and |M—n|<H n=12--"),
h and H being two positive constants. Suppose, furthermore, that

(3.4 70| = ¢n (n=1,2---),

where {q,.} 15 a sequence of positive numbers satisfying the following conditions
of regularity

@ lim ¢a/gns1 = 1 (n— ©),
and
(ii) log gnt1 + log guy — 2 log ¢, < B/n (n=23--+)

for some constant B. Define q(x) to be continuous, g(n) = ¢, and log q(x) linear
for n<x<n+1. Then, if k' >k, there exists a constant C such that, for |arg z|
=q, 4 .
(3.5) | 7(x + iy) |  Cq(x)er o1,

Proof. Put(%)

3.6) o) = log* (l%') (&2 0),

so that w(x) is continuous, and lim sup (w(x)/x) =0. It is easily seen that g(x)

(®) This theorem was announced by us in a somewhat less general form (as concerns the
sequence {ga}) in [2].
(1) If A is a real number we write, as usual, 4% for (4+ | A ] )/2.
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satisfies properties (i), (ii), and (iii) of Lemma 2b. Thus, if we use this
lemma, it is enough to prove that w(x) is bounded in order to obtain our re-
sult. Suppose now the contrary, that the theorem is false and that we have
3.6") lim sup w(x) = .

=0
Let C(x) be the smallest concave majorant of w(x). It follows from what we
have shown in the beginning of this section that C(x)/x—0, and C(x) T «.
Moreover, there exists a sequence {£.} of positive numbers tending to in-
finity, such that

(3'7) w(i‘») = C(En) (” = 1; 2! tte )'

Let us put p(x) =¢q(x)ef@. It follows from (3.6), the definition of C(x), and
(3.7), that

(3.8) |f(@)|=p(®) 0Sx< o) and |fE)]| =pE) (=1,2,--).

Furthermore, it is easy to verify that both functions g(x) and exp [C(x)],
and consequently their product p(x), satisfy hypotheses (i), (ii), and (iii)
of Lemma 2b. Applying this lemma we find that if >1 and k' >k, there
exists xy such that for |arg z| <a, x=Xx,

(3.9) | f(= + i9) | < np(x)er 1.
Let us consider now the family of functions {F,.(z)} defined by
f&a + 2)
3.10 F.(z) = ————~ =1,2--),
(3.10) (2) s (n )

which are analytic inside any circle [zl =R for n=no=n¢(R), and satisfy
there, on account of (3.9) and (3.8),

p(Ea + x)
3.11 F.(x+ 1 S p———— ¥l
G40 Pt in] <0
Or, we have uniformly for x in any fixed interval |x| <R,
(3.12) lim (Bt + 2)/p(80) = 1,

so that the family { F.(2)} is bounded in any finite circle and hence is normal.
Let G(2) be any limit function of the family:

(3.13) G(z) = lim F(a).

It follows from the above remarks that G(2) is an entire function not identi-
cally zero, G(0) =1, which, on account of (3.11) and (3.12) (remembering
that the only restrictions on 7 and k' are n>1 and &’ > k) satisfies
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(3.14) |G(z) | < e*lvl,

We are now going to get a contradiction by showing that G(2) has too
many zeros to be consistent with its growth. Let #n(r) denote the number of
zeros of G(z) inside the circle |z| <7. We claim that
3.15) n(r) = 2r — 0(1) (r > ),
For, let m,=[£,,] ([x] being as usual the largest integer not exceeding x,
and {n,} the subsequence of (3.13)) and put

(3.16) b = Amysi = b forj 2 — m.

It follows from (3.3) that

(O] )

h — My |2 k>0 (j2> 7512 —m,) and
(3.17) My " %] (]2 J1 )

pi —jlSH+1 Gz —m),

and it is now obvious from (3.17) that by a diagonal process we can choose a

subsequence {»;}, such that

. (vy) .
(3°18) !lm”'i = Hj (.7:01 il:"')'

1=00

Now, all the u;’'s are zeros of G(2). Indeed, using (3.8), (3.10), and (3.4), we
have
|7, (#(;))l _ |f()\m,+z')f _ |f()‘m,.+i) | -
’ | /&,) | 9(tn,)
Q) | glms + )
gt )

But [fn,—(m,+j)| <j+1, and hence g(m,+j)/q(t.,)—>1 (v—); also C(x)
1 0, and |[fQ\m,+5)| < gm,45=q(m,+35), so that (3.19) yields, in particular,

C (£n,)

(3.19)
e—C k),

. ) .
G(M])=hl'nF,,'([£1 )=0 (]=0y ily"')-
Or, it is evident that the sequence {u;} satisfies (3.17) for j=0, +1, - - + ;
from which our assertion (3.15) follows immediately.
Finally, let us apply Jensen’s formula:

f A f "log | G(Re) | do — 1og | GO)|
0 P 2rJo

to our function G(2). Making use of inequalities (3.14) and (3.15), and re-
membering that G(0) =1, we get
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ko 2kR
(3.20) 2R—0(logR)§——f R|sing|do = — -
2rJ o T

Dividing by R and sending R to infinity, we obtain k22w, which, however,
contradicts our hypothesis and completes the proof of the theorem.

Theorem 3a can still be generalized in several directions. Thus, the condi-
tion (3.3) was imposed on the sequence {)\,.} because of its simplicity. The
same method yields the following more general theorem.

THEOREM 3b. Let f(2) be an analytic function of exponential type in an angle
|arg z| Sa<w/2, satisfying (3.2) with k=0 (but not necessarily k<mw). Let
{\.} be a sequence of complex numbers contained in the strip x=0, |y| <M,
and such that |)\,.—)\m| =2h>0 (n#m). Denote by N(&, r) the number of \.'s
in the rectangle |x—t| <7, |y| <M, and put

N R
D = lim inf lim inf (%)

R=w t=w

Suppose that D >k/m and let {q,.} be a sequence of positive numbers satisfying
(i) and (ii) of Theorem 3a, and such that

gn = max |f()\m)| for N in the rectangle n = x < n + 1, | yl =M

(the right side is understood to be zero if there are no \,'s in the rectangle). Then,
the conclusion of Theorem 3a holds.

Another generalization consists in considering “multiple” points: that is,
when not only f(\,) is known but also some of its derivatives f'(\,), - - -,
f»(N.). How the theorem must be announced in this case is obvious from
our method of proof. Thus, to take a special case, if, in Theorem 3a, g¢a.
= max (]f()\,.)l, lf’()\,,)l) and if <27 (instead of 2<w in Theorem 3a),
then the conclusion (3.5) holds.

We would also like to note that Theorem 3a is essentially equivalent to a
theorem which was fundamental in our thesis [1, Theorem III] and proved
fruitful in investigations of singularities of a class of Dirichlet series. Here we
shall show how Theorem 3a can be applied to problems of singularities of
Taylor series. (However, the fundamental theorem of [1] is the more “nat-
ural” and can easily be generalized to apply to various series having a
“power series type” of convergence.) In the following applications only the
special case \,=#n of Theorem 3a will be used.

4. Some general remarks and a general gap theorem. Let {a.} be a
sequence of positive numbers such that lim sup ((log a,.)/n)=0. We have
shown in [1, Lemma II](5) that there always exists a majorant sequence

(5) We use this opportunity to correct the following printing mistake in [1] where at the
top of p. 271 is written: “log g./T'(An+1) est une fonction concave” and so forth, and it should
be: log (¢»/T(\n+1)) and so forth.
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{g.} with the following properties:

(1) limuee (gn/gns1) =1.

(i1) lim supp—. 7(log gri1+log gn1—2 log ¢.) 1.

(ili) ga=a. (n=1, 2, - - - ) while ¢,,=a,, for an infinite subsequence {nk}
(k=1,2,---).
(Thus, if the sequence {an} is not bounded, we can take log ¢, to be the small-
est concave majorant of log @,.) In particular, the above mentioned sequence
{q,.} satisfies conditions (i) and (ii) of Theorem 3a. Taking a,= | f()\,.)l, we
obtain:

COROLLARY 4a. If, in Theorem 3a, lim sup (log |f(\.)|/|Na|) =0, then
there exists a touching majorant {q,} satisfying (1.6).

Let now ¢(z) be a Taylor series having the unit circle as its circle of
convergence

(4.1) o(z) = 3 Guz" (lim sup | @, |¥/» = 1).
n=0 .
We lay down the following definition.

DEFINITION 4. A subsequence of coefficients {a,.k} of the Taylor series (4.1)
will be said to be a sequence of principal coefficients, and the corresponding se-
quence {nk} a sequence of principal indices, if there exists a positive constant K
and a sequence of positive numbers {qn} having properties (i) and (ii) of Theorem
3a and such that

(4'2) Qng lan| (n =Or 1:"')v

while gn, < K|an,| for the given subsequence of coefficients.
From our first remark in the beginning of this section follows:

COROLLARY 4b. Every Taylor series (4.1) has a sequence of principal coeffi-
cients.

Now, it is well known (Carlson [9], see also V. Bernstein [5] where a
more general theorem is proved for Dirichlet series) that a necessary and
sufficient condition for the function ¢(z), defined by (4.1), to be regular on
the symmetric arc of the unit circle k< I arg zl =7 (0<k<m) is that there
will exist a function f(3), analytic and of exponential type in a certain angle
|arg z| =a where it satisfies (3.2), and furthermore such that f(z)=a,
(n=0,1, - - - ). In what follows we shall call this function the interpolation
function.

We shall apply Theorem 3a to the interpolation function f(z) (with
A=n). Let { m} (=1, 2, - - - ) be a sequence of principal indices of ¢(z),
and consider the family of functions { F,,(2) } defined by F,,(2) =f(nx+2)/a.,.
It follows from Theorem 3a and Definition 4 that the family is analytic and
bounded in every circle |z| =R (for k=ko(R)), and hence is normal. Further-
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more, by the same argument as is employed in the proof of Theorem 3a, it
follows that each limit function G(2) of the family G(2) =lim;—, F..,(3) is an
entire function satisfying

(4.3) |G(x + iy) | < Aebv (k< m),
A being a constant independent of the special limit function, and
4.3) G(0) = 1.

We also know that the values of G(z) at the integer points are given by

(4.37) G(m) = lim (@u'yim/an) (m=0,+1,---).
| £X

Now, given a Taylor series (4.1), let {nk} be a sequence of principal
indices, and suppose that there exists a subsequence {n;} of {#:} such that
liMgme (@nry4m/@nr,) =bm (m=0, £1, - - ) and such that no entire function
satisfying (4.3) and (4.3’) can take the values b, at the integer points. Then,
it may be concluded from the above remarks that 2= —1 is a singular point
for the series in (4.1). Thus, for example, by a theorem of Cartwright [11,
Theorem 1], an entire function G(z) satisfying (4.3), and such that |G(m)|
<exp [—0(m)] (m=1, 2, - - - ) where (m) is an increasing sequence satisfy-
ing D_(6(m)/m?) = «, is identically zero (so that (4.3’) cannot hold). We
therefore deduce the following general gap theorem.

THEOREM 4. Let ¢(2) be a Taylor series (4.1), and let {nk} be a sequence of
principal indices such that liMgme (nrr1—ni) = ©. Suppose that one of the fol-
lowing two conditions is satisfied:

a Qppm
4.4 lim sup < ™, or lim sup | ———| < e %(m,
k= [L2%% k=w 1299
form=1,2, - - ., where §(m) is an increasing sequence such that Y (0(m)/m?)

= o, Then the unit circle is a natural boundary.

This theorem was proved by us (for a class of Dirichlet series) in [1]
by another method. (Also in [3] where the present proof is sketched.)

It is seen that no real gaps are required in the gap theorem. It is enough
that the coefficients immediately after (or before) the principal coefficients
will be relatively small in order that the conclusion will hold. Theorem 4
contains also as a special case the gap theorem of Fabry [14] asserting that
the unit circle is a natural boundary for the Taylor series (4.1) if a,=0 ex-
cept for #n=mn; where 41 —n— . Indeed, in this case it is obvious that any
sequence of principal coefficients is to be found among the nonzero coefficients
and for any such sequence both conditions (4.4) are satisfied with 6(m)= «.

We remark that a very special case of our theorem was proved by Ilieff
[15]; namely, the case of the coefficients being bounded while there exists a
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sequence of principal coefficients bounded away from zero and satisfying the
first condition (4.4) with 6(m)= . Ilieff's result was generalized by Boas
[7] (at about the same time our theorem was announced); but his results
are less general and are contained essentially in Theorem 4. As a matter of
fact his method applies to cases which can be reduced to Ilieff’s theorem by
using the Hadamard multiplication theorem. This requires, however, a very
regular growth of the principal coefficients. (See also our second remark at
the end of the introduction, which deals with the same point in an equivalent
form.) Finally we remark that gap theorems with the same general idea were
given even earlier by Losch [20] and Claus [12]. However, their results are
different, and in particular they assume that the length of the gaps depends
on the magnitude of the coefficients.

5. Generalization of a theorem of Szegd. The following is a well known
theorem proved by Szegé [25]:

THEOREM. Let ¢(2) be a Taylor series (4.1) such that its coefficients take only
a finite number of different values. Then, a necessary condition that ¢(z) can
be continued analytically beyond the unit circle is that the sequence of coefficients
be ultimately periodic: @, 1=a, for n =n, and some positive integer 1.

(It is obvious that the condition is also sufficient and that in this case
¢(2) is a rational function of the form P(z)/(1—3).)
We shall prove the following generalization:

THEOREM 5. Let ¢(2) = 220 Gugannz® where the sequence {a,,} takes only a
finite number of different values, where {q.} is a sequence such that g./ga.11—1
and (log gni1+log ¢o1—2 log ¢.) =B/n (n=1,2, - - -, and B is a constant),
and where {n,,} is a sequence satisfying n./fMap—1 and 0<Ci<| 17,.| =G
(the C's being constants). Then, a necessary condition that ¢(z) can be con-
tinued analytically beyond the unit circle is that the sequence {a,,} be ultimately
pertodic(®).

This theorem was announced by us in [4] and was proved by another
method in an unpublished part of our thesis (as a matter of fact we proved
there a more general theorem concerning Dirichlet series g(s) = X @agnnae ™
where N\,41—N\, has only a finite number of positive limit points). We remark
also that a special case of Theorem 5 (when ¢,=n%) was proved independ-
ently by Ilieff [16] (see also the same author [17], which is, however, in-
cluded in the more general theorem for Dirichlet series mentioned above).
Another kind of generalization was given by Duffin and Schaeffer [13] who
proved that under the conditions of Szegd’s theorem, the Taylor series can-
not even be bounded in any sector of the unit circle, unless the coefficients are
ultimately periodic. The method of proof we shall employ here is similar to

(%) A more precise result could be proved. Namely, that each singular point on the unit
circle of D _a.s" is also a singular point of ¢(z).
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that used by Duffin and Schaeffer in proving their generalization. We shall
make use, however, of our more general theorem, Theorem 3a.

Proof of Theorem 5. Suppose that the unit circle is not a natural boundary.
There is no loss in generality in assuming 2= —1 to be regular. (Indeed, if
not, we shall consider ¢:1(z) =¢(e?7?/9z) where p and ¢ are integers chosen so
that ¢:(2) will be regular at z= — 1. The coefficients of ¢;(z) will take only a
finite number of different values and will be periodic (nonperiodic) if the
coefficients of ¢(2) are periodic (nonperiodic).) Let f(z) be the interpolation
function, associated with the Taylor series, introduced in §4 (f(2) is of ex-
ponential type in a certain angle, satisfying there (3.2) and is such that f(n)
=angaa). It follows from Theorem 3a that the family {F.(z)} defined by
F.(2) =f(n+2)/qa.nn is normal in any finite region. Furthermore, by essen-
tially the argument employed in §4, it follows that each limit function G(2)
is an entire function satisfying (4.3), and such that

(5.1) G(m) = lim Foy(m) = lim anom 25 i i
k= k= TniMny k=

(m=0,+1,---).

Now, suppose, by way of contradiction, that the sequence {a,.} is not
ultimately periodic. As the sequence takes only a finite number of different
values: by, by, + -+, by; lbi'—bj[ =b>0 (15j), it follows in an easy way that
for any integer r=1, 2, - - -, we can find a pair of integers p=p(r) and
g=q(r), r<p<gq, such that '

(5.2) e, # a, while @, ; = a,; fori=1,2,---,7r.

We shall choose two limit functions from the normal family {F,,(z) }: Gi(2)
=lim;_ Fpy(2), where {p(ri)} is a subsequence of {p(r) }, and Gz(2)
=lim;—, Fy,(2), where {r;} is a subsequence of {r:;}. Let us put H(s)
=G1(2) —Ga(2). It follows from §4, (5.1), (5.2), and the definition of H(z),
that H(z) is an entire function which satisfies

() |Hs+iy)| s24e891 (b <m),

(ii) H(—m)=0 (m=1,2, - - -), and

(i) |H(0)| =b>0.

But, by a theorem of Carlson [8], a function satisfying (i) and (ii) is identi-
cally zero. This contradicts (iii) and completes the proof of the theorem.

6. Further applications. A well known theorem by Fabry [14] states that
if the Taylor series (4.1) is such that lim (@¢./@.4+1) =1, then z=1 is singular.
We proved in [1, Theorem XI] a general theorem from which it follows that
if

an m an —m
lim —" — (or lim —* =1)

k= Any k=w Ay
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for m=1, 2, - - -, where {nk} is a sequence of principal indices, then z=1 is
singular.

Now, it is well known that the converse of Fabry’s theorem is not true,
even when z=1 is the only singularity on the unit circle, and even when the
singularity is of a relatively simple type. We shall show, however, that
(when z=1 is the only singularity on the unit circle) the converse of our
theorem stated above holds. This will show, in particular, that for any
Taylor series (4.1) with a single singularity z=1 on the unit circle, a, /@, ,—1
when {n’} runs through certain blocks of integers, the length of which tends
to infinity.

It should be pointed out that much stronger results are known in some
special cases. Thus, Jungen [18] in the case where z=1 is algebrico-logarith-
mic, and Whittaker and Wilson [26] in the case where =1 is an essential
singularity of finite exponential order, showed that a,/a. ,,—1 where {n’ }
excludes only a sequence of integers of zero density. The interest of our theo-
rem lies, however, in its generality, as no further assumptions are made upon
the nature of the singularity z=1. We shall prove:

THEOREM 6. Let ¢(2) be a Taylor series (4.1) with a single singular point,
z2=1, on the unit circle. Let {n.} be an infinite sequence of principal indices.
Then,

Cnptm

6.1) lim =1 m=+1,+2,--:).
k=0

A,

Proof. Let f(z) be the associated interpolation function introduced in §4
(thus, f(z) is analytic and of exponential type in a certain angle, satisfying
(3.2), and f(n)=a, (n=0, 1, - - - )). The point z2=1 being the only singu-
larity on the unit circle, it can easily be shown that (3.2) can be replaced
here by the sharper inequality

: i
(6.2) lim sup lo—g—l'&—l—l

r

r=w

<8(]8])|sin0| (18] = a),

where 6(9) (0<0=<a) is continuous, increasing, 6(0)=0, and é(a) <w. Put
F,.(2) =f(n+32)/a,,. By Theorem 3a the family {F,.,,(z)} is normal in any
finite region. We shall show that

6.3) lim F,,,(z) = 1 (uniformly in any bounded region).
k=

This, of course, will prove the theorem, as we shall get, in particular,

f(nx + m) . Onptm
—— = lim

a”k k=w a"k

1 = lim F,,(m) = lim
k=

k=o

which is (6.1).
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Now, in order to prove (6.3), it is enough to show that all the limit func-
tions of the family are equal to 1. Let G(2) be any such limit function. By §4
it is an entire function satisfying G(0) =1, and

(6.4) |G(x + iy) | < Aebvl,

Or, we could have started by considering f(2) in any smaller angle: larg z[
<a'<a. Thus, a in (6.4) can be taken positive but as small as we please.
This, combined with §(8) | 0, yields

(i) G(z)=0(e*) (| 3| > ) for any ¢>0, and

(i) G(2) is bounded on the entire real axis.
But, it is well known (see, for example, [23, p. 43]) that an entire function
satisfying (i) and (ii) is a constant, so that G(2) =G(0) =1. This establishes
(6.3) and completes the proof of the theorem(”). As a corollary, we obtain
the following.

CoROLLARY. Under the conditions of Theorem 6, suppose that there exists a
sequence of principal indices {mi} such that myy—ni=0(1); then we have
liMpeow (@n/Gns1) =1.
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