ON THE REPRESENTATIONS OF A NUMBER AS THE
SUM OF THREE SQUARES

BY
PAUL T. BATEMAN()

1. Introduction. Let r,(n) denote the number of representations of the
positive integer # as the sum of s squares, that is, the number-theoretic func-
tion defined by

14 3 r(m)emimn = (Z e) = 95(0] 7)1,
n=1 n=—o0

where 7 is a variable in the half-plane 3(r)>0. For s=35, 6, 7, 8, Hardy
[1, 2, 3](?) proved that r,(n) is exactly equal to

8/2

I'(s/2)

here &,(n) is the so-called singular series(?)

(1.01) ps(n) =

nel2-1 @,(”) ;

1.02) &,n) = Zw: By(n), Bi(n) = k=212 3. n(h, k)seitnik,

k=1 h mod 2k

where n(h, k) =0 if (k, k) >1 and

(1.03) ﬂ(h, k) = % E1/2 Z erihitik = {1 + ( l)hk}k——lﬂz eriki’lk

jmod 2k =1

if (h, k) =1. He remarked: “When s=2 or s> 8, this conclusion is false. The
cases s=3 and s=4 are exceptional. The conclusion is true, but new diffi-
culties arise in the proof because the series used are not all absolutely con-
vergent. These difficulties are easily surmounted when s=4, but are more
serious when s=3.”

It is the purpose of this paper to show that in spite of these convergence

Presented to the Society, August 22, 1946; received by the editors January 15, 1947 and,
in revised form, September 28, 1950.

() The author wishes to acknowledge his indebtedness to Professor Hans Rademacher,
who suggested this problem and gave much helpful advice.

(*) Numbers in brackets refer to the bibliography at the end of the paper. The Hardy proof
is summarized in Hardy [1, 2], given in detail for s=5 and s =8 in Hardy [3], given in detail
for s=7in Stanley [1], given in a revised form by A. Oppenheim and G. Pall in Dickson [2,
chap. 13], and given for s =8 in Hardy [5, pp. 148-153]. There is also an elegant treatment in
Estermann [2]. We shall discuss the method of proof in more detail in §2.

(®) Logically, Bx(n) should have a subscript or superscript to indicate its dependence ons.
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difficulties, the Hardy proof can essentially be carried over to these cases.
The case s =4 is rather easy, for we shall see (§3) that absolute convergence
can be restored by the device of grouping together certain terms (4). For s =3,
more powerful methods are needed; however we shall show (§§4, 5, 6, 7) that
this case can be successfully handled by supplementing the formalities of the
Hardy method with a limit process of the type used by Hecke [1; 2]. Nat-
urally the results obtained in both cases agree with the classical results ob-
tained from the study of quadratic forms (cf. Bachmann [2, chap. 6] and
Dickson [1, chaps. 7 and 8]).

In the case s=2, the Hardy proof is no longer even formally correct.
Actually py(n) =2ry(n), as was asserted by Ramanujan [1, §15] and as is
easily proved by summing the singular series and comparing the result
with the known formula for r:(n).

For s>4, the singular series &,(n) is positive and l@,(n)—ll has an
upper bound less than unity; also the series

(1.04) > X | ke, k)yseminnlk |

k=1 h mod 2k
converges uniformly in # (in fact its value is {§‘(s/2 —1) }/{(1 —2-42)¢(s/2) },
where { denotes the Riemann zeta function). For s=4, the singular series
converges to a positive value, but this value &4(n) is unbounded above and
also can be arbitrarily close to zero (cf. the remark at the end of §3); more-
over the series (1.04) diverges, although the series

]

(1.05) SIS Eeir(h, k)teritnik

k=1 |k mod 2k

does converge—but not, of course, uniformly in z (cf. the beginning of §3).
For s=3, 2, the singular series converges to a non-negative value, but this
value may be zero and on the other hand is unbounded above (cf. Hardy and
Wright [1, §18.7] and the remarks at the end of §4 of this paper); further-
more the singular series is not absolutely convergent, even in the sense of
(1.05). The convergence difficulties that arise in the Hardy proof itself in
the cases s =3, 4 are even more serious, as we shall point out in §§3 and 4.
The idea of using modular functions to find exact formulas for 7,(n)
stems from Mordell. Shortly before Hardy’s work he [1] successfully treated
the case of even s without, however, starting from the suggestive singular
series. He in fact showed that the method could be extended to give the
other arithmetical functions which must be added to p,(n) to give the exact
formulas for even s greater than 8. After Hardy’s work he [2] was able to

(4) This remark essentially goes back to Mordell [1, p. 97]. Kloostermann [1] has applied
similar methods to get exact formulas for the number of representations of a number in the
form x2+y2+c22+ct? for ¢ =3, 5, 6, 7.
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extend this to odd s greater than 8. The real reason why p,(n) alone does not
give exact formulas for s>8 was explained by Siegel [1, pp. 581-582].

The singular series is, for any s, just the Fourier series of
72 (s/2)n'~*/2%r(n), in the sense in which that term is used in the theory of
almost periodic arithmetical functions (cf. Kac [1]). It arises naturally also
if we seek merely to find an asymptotic formula for 7,(n) by the circle method
of Hardy, Littlewood, and Ramanujan. In fact Hardy and Ramanujan
proved by this method (cf. Hardy [1] and Ramanujan [1, §15])

(1.006) r(n) = ps(n) + O(n°’*) (sz3).

Naturally Hardy and Ramanujan did not publish this particular application
of the circle method in detail, inasmuch as exact formulas are available in
this case(®).

The singular series &,(#) can be summed in a number of ways. The most
general method is due to Hardy [3; 4] and rests on the fact that Bi(zn) is
multiplicative in k; this method is useful for all s =2 and is in fact the method
which we shall use (§4) for summing the series in the case s =3. Ramanujan
[1, §§10-11 and 14-15] sketched two methods which work for all even s; he
used them to prove that p,(n) gives the known formulas for 7,(z) for s =4, 6, 8.
Estermann [1, pp. 194-195] gave a method which can be applied for all even
s, but which appears in the literature only for s divisible by 8 (cf. Hardy [5,
pp. 139-146]); it is the method which is easiest to use for s=2 to verify that
p2(n) =2r;(n). Finally we show in §3 how for s =4 an evaluation of the singu-
lar series comes out as a by-product of the Hardy method; the same is true
for all even s=4.

2. Notation, general lemmas, and method. Throughout the paper the
letter p will denote the general odd prime, Ci, Ce, - - - will stand for positive
absolute constants, and Ci(7), Ca(7), - - - will denote positive constants de-
pending only upon the parameter 7. As usual (#/k) will denote the symbol
of quadratic residuacity; we shall understand it to be zero if (», k) >1, unity
if k=1, and defined in the customary way otherwise (cf. Landau [4, Defini-
tions 18-19]). Further D/ moa # will mean that j runs through a reduced
residue system modulo k. Other notations will be explained as used.

We must make an agreement about powers of the form (hi—kir)Y/? and
(h—k7)V2, where k and k are integers and 7 is a complex variable in the
half-plane 3(r) > 0. For k0, the quantity in parentheses varies in a certain
half-plane and thus there is no difficulty in defining the square root. In all
cases (even for £=0) we agree to take that branch which has values with

(%) Professor Rademacher often proves (1.06) in his lectures, inasmuch as it is the simplest
application of the circle method. Kloostermann (cf. [2, p. 407]) has proved a more general
estimate of this type for the number of representations of a positive integer # in the form
a4 -+ - +a.x], where ai, + * -, a, are positive integers and s25. Kloostermann’s result
would give (1.06) as a special case, but with an exponent s/4-+e in the error term.
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positive real part for purely imaginary 7. The case k=0, k<0 will not occur,
and consequently our definition is unambiguous. Our choice of branch coin-
cides with the usual principal value of the square root except for the case of
(ki —ki7)'? with k <0, for which we take the square root in the upper or lower
half-plane according as % is positive or negative. Powers of the form
(ht—kar)*!? and (b — k7)*'? will be understood to mean the ordinary sth powers
of the square roots specified above. (Throughout, s is a positive integer.) All
other powers will have their usual principal values.

It is well known that n(k, k) is an eighth root of unity if & and k are rela-
tively prime and of opposite parity; otherwise n(k, k) is zero. In fact (for &
any integer and k a positive integer) we have

k
<_> e—Ti(k—1)/4 for & even, k odd,
(2.01) n(k, k) =
(-_l_) e~ih/4 for % odd, & even.

|
Also, for any positive integers & and k, we have the reciprocity formula
n(h, k) =e~/*y(—k, h). (For these facts see, for example, Landsberg [1, §2]
or Bachmann [1, chap. 7].)
For our purposes it is useful to extend (artificially) the definition of
n(k, k) to negative values of k, provided #>£0, through the equation

(2.02) n(h, k) = n(—h, — E)eteisn Wril2 (h 50, k % 0).
With this convention we have the more general reciprocity formula

evilin(—k, k) fh>0 k50, 0rif k0, k>0,
e 3 ilin(—k, k) fh<0,k<O.

Also it is easy to check that in view of (2.02) and our convention about square
roots we have

(2.03)  n(h B) = {

ﬂ(h) k) ﬂ(—h» —k)

2.04 = h#0, k#0).
(209 (hi — kir)2 {(—h)i — (—k)ir}1/2 ( )
Further, the reciprocity law (2.03) gives

h, k —k, h
(2.05) nhB ___ (kB (h 5 0, k 5 0).

(hi — kir)¥2 (h — kr)V?
The following lemmas will also be essential.

LeEMMA 2.1. If k is an even positive integer and h is an odd integer, then

o))
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This is easy to deduce from the quadratic reciprocity law and its second
complement (Landau [4, Satz 93-95]).

LEMMA 2.2. If k is a positive integer and h is an odd integer, then

k
n(h+ b k) = ( 0 )e‘*"‘("‘”/‘.

In view of the formulas (2.01) this result follows from the quadratic
reciprocity law if k is odd and from Lemma 2.1 if k is even.
LEMMA 2.3. If h is an odd integer and k is any integer, the expression
b e—Tih(k—1) /4
<| 7| )(hz' — hinie

is unchanged if we replace h by —h and k by —k.

This is easy to check if we recall the convention made earlier concerning
(hi—kiT)!? and use the first complement of the quadratic reciprocity law
(Landau [4, Satz 92]).

LeEmMMA 2.4. If X is a nonprincipal residue character modulo k, if m is an
integer relatively prime to k, and if g is any integer, then

> X(g+ mv)| < 2k%1og k.
a<vSb
This is a generalization of a theorem of Pélya [1] and can be proved by
combining the arguments of Schur [1, p. 34] and Landau [3, pp. 85-86].
In terms of our notation (which is a little less cumbersome than
Hardy’s) the proof given by Hardy of the equality 7,(n) =p,(n) for 5=s<8
runs roughly as follows(?). For 3(r) >0 he compares the two functions

V() = 1+ 3 pulnerien

(2.06) =t i
0 ,n.s o0
=142 emirr w3 Rt 30 n(h, R)teriet
n=1 I‘(S/Z) k;l h mod 2k
and

03(()' T)" =1 + Z r.(n)e’"'"‘ = ( Z erirn’) ,

n=1 n=—c0
with a view toward showing that they are identical. The finite inner sum in

(®) We introduce this brief sketch of Hardy’s proof in order that we may discuss where his
argument breaks down for s=3, 4. Also, it enables us to abbreviate the presentation of our
proofs for s =3, 4.
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the above definition (2.06) of ¥,(7) is less in absolute value than 2 and thus
by absolute convergence the two infinite summations may be permuted
(for s=5); this gives

1rsl2 )

(2.07) V() =142, > Fk**(h, k)* D nrlrlerit—hlk)n,

k=1 hmod 2k T'(s/2) 221

The following relation of Lipschitz (cf. Lipschitz [1, §§1-2] or Dickson
[2, pp. 206-207])

1l')‘ * ) 1
208 A—l,7irn — - )‘> 1’5 >0
>0 I'(\) 2 e m=z_,° (2mi — ir)> ( () >0)
and formula (2.04) then lead to
- - n(h, k)*
‘1,3 = 1 _—
(T) + kzzl hgw (hi _ kiT)slz

(2.09) . . h, By
I+ ——t+— YT 1

(—in) 2 | 2 S (ki — kin)el®

(In the actual application of Hardy’'s method in this paper, specifically in
§§83, 6, 7, we shall use the notation 20 or 250 under a summation sign to
indicate that & or k, respectively, is to run over all the integers other than
zero; similarly for other restrictions on the variable of summation.) Since
sZ5, the double series of partial fractions in (2.09) is absolutely convergent
(cf. Ford [1, pp. 151-152]). Using this fact in connection with (2.05), one
easily finds from the second expression for ¥,(7) in (2.09) that

(2.10) W (—1/7) = (—ir)*/2¥,(7).

Also it is well known that 03(0| 7)* satisfies the same functional equation (2.10)
(cf. Landsberg [1, §1] or Whittaker and Watson [1, p. 475]). Now in the
theory of modular functions(?) it is proved that if a function F(7) is analytic
in the upper half-plane and satisfies the four conditions

F(r +2) =F(), F(—1/7) =F(x),
limsup |F(r)| < »,  limsup [F(1 —1/7)| < o,

T—100 T—o10

(2.11)

(") The modular group T is the group of all substitutions of the form 7’ = (ar+b)/(cr+d)s
where a, b, ¢, d are integers such that ad —bc=1. We are interested here in the subgroup T,
(of index 3 in T') consisting of those substitutions such that either a=d=0 (mod 2) or b=¢
=0 (mod 2). In the upper half-plane the region in which |1| >1 and |‘R(r)| <1, along with
either the left-hand or the right-hand half of its boundary, constitutes a fundamental region for
T's. The fact quoted in the text is another way of saying that if a function is analytic in the upper
half-plane, invariant under I';, and bounded in the fundamental region of T';, then it must be a
constant (cf. Ford [1, p. 94]). For brief outlines of the theory of modular functions, see Dick-
son [2, pp. 202-204] or Hardy [5, pp. 146-148].
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then it must be a constant. The ratio ®,(r) =¥,(r)/35(0| 7)* is analytic in the
upper half-plane, since, in view of the relation

03(()' 7) = H (1 — e2rint)(1 4 e@n—Dwir)2
n=1

(cf. Whittaker and Watson [1, p. 473] or Hardy and Wright [1, §19.8]), the
function 03(0|7) has no zeros there. Also ®,(r) satisfies the first three of the
conditions (2.11), the second of them by (2.10), the first and third because
both ¥,(r) and 1.‘}3(0| T)® possess power series in e*i" convergent in the upper
half-plane and beginning with the constant term 1. Hence, in order to prove
that the functions ¥,(r) and 03(0|1)‘ are identical (and thus 7,(n) =p.(n)
for every positive integer z), it suffices to show that lim sup, .. | d,(1—1/7) [
< . This is effected as follows. Taking the first expression for ¥,(r) in
(2.09) and using Lemma 2.2, Lemma 2.3, and the absolute convergence of the
double sum in (2.09), one easily obtains

w(1-2)= i 2 B(5) S

hodd>0 & \h/) (—hit — ki)*/?
(2.12) = (—ir)sl2 Y eritDsl4 <i) o—wihkal4
b odd >0 kmod 8h \ B

. f} { —hir — (b — 8hm)i}—sI2

Me=—oo

By using (2.08) again (this time in the opposite direction) and the absolute
convergence of the resulting iterated infinite sum, it is easy to obtain

(2.13) \1/,(1 - é) = (—ir)méezﬁmls ;2(:)/2/)2(% m)'/H > Du(m),

h odd
where
1 ) E\* . .
Di(m) = — he/2erith=Dels >~ [ ) g2rik(m—sn®)/ 8h)
8 k mod 8h h
= i J—el2e7ilh—1)s/4 Z E (hg - 8])‘e2ri(ha—8i)(m—ahz)/(Sh)
(2 14) 8 imod A g mod 8 h
‘ 0 if m #£ s (mod 8),
= { p#l2e~7i(h—Ds/4 Z (ﬁ)‘e—h'iim/h = Bu(m)
imod A

if m = s (mod 8).
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Since (cf. Landsberg [1, §1] or Whittaker and Watson [1, p. 475])

0

(2.15) 03(()! 1 — 1/7,) = (—ir)l2emirl4 Z e2riTn(nt) /2,

it follows that
v, (1 -1
&,(1 — 1/,,) = __(_L
85(0| 1 — 1/7)
2 8/2 l 8/2—1
2 ermirmis (2m) (-—m) 2. Bu(m)
(2. 16) _ m>0,m=g (mod 8) F(S/Z) 8 h odd >0
erirs/4( i e2‘n"rn(n+l)/2)‘
n=—00

So far all the arguments in Hardy’s proof have been valid for any s=5, but
at this point the condition s <8 comes into play. Under this condition the
least positive integer congruent to s modulo 8 is s itself, so that ®,(1—1/7)
has a finite limit as 7—2 . Thus ®,(7) =V,(7) /0;(0] 7)* satisfies the fourth of
the conditions (2.11) and hence must be identically 1. This completes our
version of Hardy'’s proof that r,(n) =p,(n) for 5=s=<8. Of course (2.16)
gives as a side result exact formulas for the number of representations of a
non-negative integer as a sum of s triangular numbers.

The difficulties involved in carrying over the above proof to the cases s=4
and s=3 will be discussed at the beginning of §§3 and 4 respectively.

3. The case s=4. In applying the Hardy method just sketched to the
case s =4 we encounter a difficulty at the very beginning in interchanging the
infinite summations in (2.06) in order to get (2.07). This is easily overcome as
follows. Let us put (following Ramanujan [1]) Ci(n)= D ) mea » e 2xiinlk,
Then, in view of (2.01), Bx(n) =k~2 D 1 moa 2 1(k, E)%e—*i*/* has the value
k=2Ci(n) if k is odd and the value —k~2Cy(n) if k is even. Using the multi-
plicativity of Ci(n) in k and its evaluations for k a prime-power (cf. Hardy
[4, pp. 264-265], Hardy [5, pp. 137-139]) we easily find that | Ci(n)]
=(k, n)=n. Thus lBk(”)I =k 2n. This inequality easily allows us to make
the desired interchange in order of summation, so that as in (2.09) we arrive
at the following series of partial fractions

1 —1)*
(3.01) V(1) = > > =1

—_—
k  (hk)=1,h=k+1(mod 2y (B — k7)?

We know that the series in (3.01) is convergent, because of the way in
which it arose. Multiplying it by the absolutely convergent series Dok odd >0 k2
and using the fact that the Dirichlet product of an absolutely convergent
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series and a convergent series is convergent (cf. Landau [2, §§184-185], we
easily obtain

(3.02) ~Ir() Z S

. — Wy(7) = — —_

! % h=ki1emod 2y (B — kr)?’

where the condition (%, k) =1 has been removed. (This step is a departure
from the method outlined in §2, but is very convenient for even s.)

As it stands the iterated summation in (3.02) is convergent but not ab-
solutely convergent. However, as remarked by Mordell 1], it becomes ab-
solutely convergent if we group together the two terms with A=2u—1,
k=2v and h=2u, k=2v—1 respectively, where u, v is any pair of integers.
Thus we may reverse the order of summation in (3.02), and this fact enables
us to show that

(3.03) Vy(—1/7) = — 7204(7).

A similar argument is needed in treating

w? 1 (—1)*
3.04 — ¥ 1———)=—-r2 .
(3.04) 8 “( : AT
Here we group together the two terms for which % has a given value and &
has the values 2m and 2m+1 respectively, m being any integer. Reversing
the order of summation in (3.04) and applying (2.08), we get

w? 1 -
(3.05) — ‘I/4<1 - —) = — 272%™ ) o(2n + 1)e?vit,

8 T n=0
where o(m) denotes the sum of the divisors of m. Having arrived at (3.03)
and (3.05), we easily conclude as in §2 that ¥,(7) and 03(0| 7)* are identically
equal, so that r4(n) =p4(n) for every positive integer n.

If we reverse the steps used to get (3.01), that is, if we apply the Lip-
schitz formula (2.08) in the reverse direction, we naturally come back to
(2.07) and (2.06) (with s=4). However, if we apply this process to (3.02)
we easily find

(3.06) —\1/4(1-) =— + w E evitn Y (—1)@Dinii-Dg,
n=1 din

so that, in view of (2.06), p4(n) is 8 times the sum of the (odd) divisors of #
if # is odd, and 24 times the sum of the odd divisors of # if # is even. Thus we
have proved the following theorem.

THEOREM A. For any positive integer n we have

ra(n) = ps(m) = 8 > d.

dln,4}d
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Since ¥4(7) is identically equal to 03(0|1')4, (3.05) and (2.15) show that if
n is a non-negative integer, the number of representations of # as the sum of
four triangular numbers is equal to 16¢(2n+41). This well known fact can of
course be deduced from Theorem A itself, since the number of representa-
tions of # as the sum of four triangular numbers is equal to the number of
representations of 8#-+4 as the sum of four odd squares, which in turn is
equal to r4(8n+4) —r.(2n+1).

In the case s=4 (and also for s=6, 8) the main advantage of Hardy’'s
method as compared with Mordell’s earlier method is one of motivation.
Hardy uses the singular series as in (2.06) to construct a function ¥,(r) which
is to be compared with 03(0| 7)%. On the other hand Mordell, in the case s =4,
for example, merely defines ¥,(7) by (3.02) and then proves it identical to
193(0| 7)* as above. After that it is a simple matter to express W,(r) as a power
series in e™i" as in (3.06) above and equate the coefficient of e with 74(n).
For odd s the advantages of Hardy’s method are more striking, for it would
be difficult to find the appropriate series analogous to (3.02) without starting
from the singular series; in fact Mordell found it impossible until after Hardy’s
work.

The above explicit evaluation of ps(n) shows that S4(n) =p4(n)/(w?*n) can
have order of magnitude anywhere from 1/% to log log #. In fact if n=2*
(A=1, 2, - - ), then &4(n) =24/(w?r). On the other hand if 7 is twice the
[log E]th power of the product of the first k£ primes, it is not hard to see
that as k— « we have &S,(n) =80 (n)/(wn)~6r%" log log n, where 7 is Eu-
ler’s constant. (Cf. Landau [2, §59]. Actually lim sup,.. {©i(n)/log log 7}
=6m2e".)

4. The case s=3. Evaluation of the singular series. In applying the
Hardy method sketched in §2 to the case s=3, we cannot even make the
original exchange of order of summation needed to go from (2.06) to (2.07).
Further, the double series of partial fractions which we get formally, namely

1 1 h, k)3
R, ) D) DL

(—in)32 " 2 S5 (hi — kind?

probably does not converge anyway. Thus we are obliged to modify the
Hardy method somewhat. We arbitrarily start with the double series

22 n(h, k)*
Vyo(r) = 1
() =14 ; hgz_:w (ki — kin)? | hi — kir |7
1
(—ir)3/2l —irl"

1 h, k)3
+-T % ok b

’
2 b0 hmo (hi — kir)3/2| hi — kir|e

(4.01) =1+
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where ¢ is a positive number and the two expressions for ¥; ,(7) are equivalent
by (2.04). (It will be convenient later on to assume also that ¢ =<1/2.) After
proving in the present section that the singular series converges for s =3 and
has a sum such that the definition (2.06) of ¥;(7) has meaning, we shall in §5
show that the iterated sum in (4.01) does converge for any positive ¢ and
that its sum ¥; ,(7) has the property lim,.¢ ¥s,.(7) =¥3(r). Thus the desired
properties of ¥3(r) can be inferred from a study of the properties of ¥; (7).
In §6 we shall study the effect of the substitution 7= —1/7 and in §7 we
shall study ¥;,,(1 —1/7) in order to determine the behavior of ¥3(1—1/7) as
T,

After giving the above general outline of the procedure to be followed for
s=3, we turn to the main task of this section, namely proving that the singu-
lar series ©3(n) = Y ) Bi(n) converges. Since clearly

(4.02) Biyi(n) = By, (n)Biy(n) if (ki ko) = 1,

it is necessary first of all to evaluate Bi(zn) for k a prime-power. This has been
done by Hardy [3, pp. 270-275], but in a notation slightly different from
ours.

In [3] Hardy used the singular series in the slightly less convenient form

&un) = S A, Axm) = X (k“l > ew’/k)'e-zre»n/k.

k=1 hmod k imod k
It is easily seen that
Bi(n) if 2}k,
(4.03) Ax(n) =10 if 2|k, 4}k,
Bua(n) if 4| &,
so that the two forms of the singular series are equivalent, provided the even
and odd numbered terms converge separately. This is certainly the case for

s=4, since then Z;".l IBk(n)l converges, and also turns out to be the case
for s=3 and s=2.

By referring to Hardy’s formulas (cf. also Dickson [2, pp. 215-222]) and
using (4.03) we find the following evaluations: if » is an even positive integer,

0 if 2-2n,

(4.041) Byp(n) = { 27/% cos 4227 — 3)x if 22| m, 272 = 3 (mod 4),
0 if 22| n, 27+ £ 3 (mod 4),
0 if p~Yn,

(4.042) By(n) = { —p—i+1 it p1| n, pin,
(p — Dpi? if 7| n.
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If v is an odd positive integer,

0 if 2Yn,
(4.043) By(n) = ]
27712 cos 471(27 2 — ) if 2""1| n,
0 if p~Yn,
—_ P—v+ln
(4.044) By(n) = p—0+tD12 (_p—) if P‘“'1| n, p’{n,
0 if | n.

For the remainder of this section the summation letters &, [, m will run
over the positive integers, with limitations as specified.

LEMMA 4.1. If n s a fixed positive integer, the series
E <—4n) 1
k squarefree k k

K(—4n) >, ﬁ(zi)

(l,4n)=1

converges to the positive value

where u(l) is the Mibius function and, in the notation of Landau [4, Part 4],

K(—4n) = Z‘,(—ﬂ -
m\m /m
By Landau [4, Satz 99, 141, 152] the series for K(—4n) converges to a
positive value. Also the series D _,4m=1 #(])I-2 is absolutely convergent and
has a positive value, namely 1/{ 3", 4m=-1/-?}. Hence Dirichlet multiplication
of these two series yields a series which converges to the product of the re-
spective sums (cf. Landau [2, §185]). But

> 2 r (- = (B

(,4n)=1 12 (m,dn)=1 m m (k,4n)=1 k k Pmek
= Y
k squarefree, (k,4n)=1 k k

so that Lemma 4.1 is proved.
If p is an odd prime not dividing %, formulas (4.042) and (4.044) tell us
that

— 1
By(n) = (—P’f)? Bp(n) = By(n) = - - = 0.

Thus for k odd and prime to # we have by (4.02)
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—_n> | u®) |

k k

By(n) = (

Hence by Lemma 4.1 the series

co Foes E (e B

(k,4n)=1 k odd,k squarefree k squarefree

converges to a positive value. (We introduce the factor 4 so that we may
drop the condition %k odd and also so that —4# becomes a discriminant num-
ber, which facilitates reference to the literature.) Now by the formulas
(4.04) the series

x2(n) = 1+ Ba(n) + Ba(n) + - - -
and
xp(n) = 1+ By(n) + Bp(n) + - - -

are finite in length. Since the series (4.05) is convergent and since the sum of a
finite number of convergent series is convergent, we can by (4.02) assert the
convergence of the singular series

> Bu(n) = {14 Ba(n) + Bo(n) + - - }

k=1

: {H (1+ By(n) + By(n) + - - - )} 2. Bim).

?in (k,4n)=1

(Notice that the even and odd terms of the singular series converge separately,
as stated above.) Furthermore, by (4.05) and Lemma 4.1 we have

@00 % i) = { Mt} { T uyr} k(s

k=1 pin (l,4n)=1

Using (4.041) and (4.043) we evaluate x2(n). Suppose ¢ is that non-nega-
tive integer such that 4°|n, 4*+1fn. Then

x2(n) = 1+ By(n) + Ba(n) + - - - + Byw-i(n) + Bypeti(n) + Bgsta(n)
=1—1/2—1/22 — - -+ — 1/2% 4 Byai(n) + Bye+(n).
Putting n* =4-%1, we have the following results. If n*=7(mod 8), x:(n) =0;
if n*=3 (mod 8), x2(n) =1/2¢% if n*=1, 2, 5, 6 (mod 8), xa(n)=3/2%+.
Now we evaluate x,(z) for an odd prime p dividing n. Suppose b is that

non-negative integer such that pz”ln, p2t2n. Then if p”’“ln, Xp(n) has
Bw+2(n) as its last term and thus is given by

Xo(m) =1+ (p — D/p*+ -+ + (p — 1)/p* — 1/,
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while if p®+1}n, x,(n) has B,,wﬂ(n) as its last term and thus is given by
p— p—1 —p®n\ 1
00 = 147 "'+pm+( ; )pm-

Thus if p is an odd prime dividing # we may write in either case

1
x»(n)=(1——)<1+ +.
P b
11 —pa\ 1)
)
= p"{ » )7

where b=>0(p) is the largest integer such that p%»|x. In particular if pl n but

p2n, then x,(n) =1—1/p% Note that in any case x,(n) is positive. Thus by
(4.05) the series .

S 50 = { e} T 50

k odd pln (k,4n)=1

(4.07)

has a positive value, while D s, Bi(n) = x2() D oaa Br(n) is positive unless
xz2(n) =0, that is, unless # is of the form 4°(8m+7).
By (1.01) and (4.06) we have

ps(n) = 2rnt/2Sy(n) = 2xn'/2 Y, By(n)

k=1

= 2o { 11 l—(f’)—} {z a )} K(—4n).

2in 1 — 1/9%) Uloaa 22
Using (4.07) we get

16 1
ps(n) = —-n”zxz(n)K( an) [ (1 + ; 4.

iin

)
_ Enlﬂxz(n)K( an) I1 ( { ( ) p}
“)5)

(4.08)

2n

s

Now in view of the values of x2(#n) it is clear that
n2xa(n) = (4°n*)1%xs(4°0*) = n*2xe(n*);

also K(—4n)=K(—4n*); hence p3(n) =p3(n*). But since
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K(—4p%) {1 (—4g) 1}K( 49)

—apg) = “\———)— — 4
/P

for any odd prime p (and any positive integer g), we have

p3(n*) = ;‘P s(n*/d?),

d*|n
where for 4{n
16 0 if » =7 (mod 8),

Pi(n) = — nt'*e(n)K(—4n), x2(n) = {1 if = 3 (mod 8),
" 3/2if n=1,25, 6 (mod 8).
Hence if we put more generally
G 0 if n=0,4,7 (mod 8),
(4.09) Py(n) = — n2K(—4n), Gy = 116 if n =3 (mod 8),
i 24 if n=1,2,5,6 (mod8),

we have finally

(4.10) p3(n) = ; Py(n/d?).
daln

The series K(—4n) (defined in Lemma 4.1) can be summed in finite form
(cf. Landau [4, Satz 214, 217, 219]), but we shall not enter further into this
part of the matter.

Chowla [1] has shown that there exists a positive constant C; such that
for a certain infinite sequence of squarefree positive integers ¢ congruent to 1
modulo 4 we have K(—4q)> C; log log 4¢. This shows that for # tending to
infinity P3(n) =Q(nY2log log (4n)), so that a fortiori ps(n) = Q(nY2log log (4n))
and &3;(n) =Q(log log (4n)). However Lemma 5.2 below shows that
&3(n) =0(log (4n) log log (4n)) for all positive integers #. On the other side
©s(n) is of course zero for one sixth of all positive integers #» (cf. Landau
[1, pp. 305-306]).

5. The case s=3. Proof of the limit property of ¥; (7). In §4 we showed
that for any positive integer # the singular series ©3(n) = Y 5, Bi(n) con-
verges to a non-negative value given by (4.08). By Lemma 5.2 below we have

ps(n) = 2an/2Sy(n) < Can'/? log (4n) log log (4n).

Thus the series Y ., ps(n)e*i™ converges for 3(r) >0 and the function

Ty() = 1+ 3 pam)eron

n=1

is well defined.
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In this section we show that the double series in (4.01), the definition of
V;,.(7), converges for ¢ >0 and that

(5.01) lim ¥s0(r) = ¥s(r).
=0

We begin with a number of preliminary lemmas and remarks concerning the
singular series.

We have spoken so far of the singular series D .., Bi(n) only for » a posi-
tive integer. However, the definition By(n) =k~%% D 4 moa 2 7(k, k)de—7inlk
makes sense for any integer # and in this section we shall in fact be obliged
to deal with the case » 0. Fortunately the formulas (4.04) still hold good, for
Hardy’s derivation of them does not require that # be positive.

All we really need to know about the singular series for # <0 is that the
series ) 5., Bi(n)k~7 converges for any positive ¢ and is uniformly less than
a constant times some power of (l nl +1), say. However the singular series
itself does actually converge for #=<0. In fact for any x the series
D i1 Bi(n)k~ converges for ¢ > —1/2, although the convergence is absolute
only for ¢>0.

If » is a negative integer such that —# is not a square, then (—4n/m) is
still a nonprincipal character modulo | 47| ; thus Lemma 4.1, our demonstra-
tion in §4 of the convergence of Zt-x Bi(n), and formula (4.08) are all still
valid. If —# is a square, other considerations are necessary.

LEMMA 5.1. If n is an integer such that —n is not a square, then any partial

sum of the (convergent) series
z”: (—4n) 1
m=1 m m

is less in absolute value than log |4n|.

For the proof put Siy= > %_,(—4n/m) and let d be the largest value of
| Sk| for any positive mteger k. (This maximum exists because, under the
hypotheses, (—4n/m) is a nonprincipal character modulo |4n[ .) By partial
summation we have
M —4n —1
DL .

m=l\ M /m  a m(m + 1)

Thus if M>d,
—4n a1 m M-l d d
—| < - - 4=
Z( ) ‘—».}-:‘lm(m+l)+mz.:dm(m+l)+
d—1 d

-y L.

mml M m=1 M
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If M =d we clearly have

M /—4n\ 1 M1 I |
Z(——;{éE——éE—-

m=1 m m=1 M m=1 M

Since obviously d = | n] ,wehave Y ¢_, m~1<1+logd<log I 4nl , which proves
Lemma 5.1,

LEMMA 5.2. If —n is not a square, the series S3(n) = Y r., Bi(n) converges
and any partial sum thereof is less in absolute value than Cylog | 4n| log log | 4n|.

The convergence was already pointed out above. From (4.06) we
see that any partial sum of D s, Bi(n) is less in absolute value than
2{ IT,1.(1 —1/p)~1}x2/8 times the upper bound of the absolute values of the
partial sums of Y m_,(—4n/m)m='. But (cf. Hardy and Wright [1, §22.8])

w2 ( 1)‘1 72 Inl
— 1 —— = — — < Cylog lo 4n
-3 1 o([n]) »log log | 4n|

where ¢ denotes the Euler function. Thus Lemma 5.2 follows from LLemma
5.1. :

LeEMMA 5.3. If n0 and if L is the largest square dividing (n, k), then
| Be(n)| S2LV2/R<2(n, k)V2/k<2|n|12/k.

An examination of the formulas (4.04) reveals that (if » is a positive integer)
| By(n) | < 2¢41/22, | Bp(w)| < p*/p"

where a is the largest integer such that 4“| n, and b=>5(p) is the largest integer
such that p”’] n, p being any odd prime. From this remark and the multiplica-
tive property (4.02), the lemma follows.

LEMMA 5.4. If —n is not a square, then (i) D v, Bi(n)k= converges ab-
solutely for ¢>0, (ii) lim,.o D oy Be(m)k=0= D 4, Bi(n), (iii) the sum of the
series O v, Bu(n)k— is less than C, log l4n] log log |4nl for any positive a.

Statement (i) follows from Lemma 5.3, (ii) follows from the convergence
of E;Ll Bi(n) and the standard continuity theorem for Dirichlet series (cf.
Landau [2, pp. 106-107]), and (iii) is proved as follows. Put U;
= Y % _, Bn(n). Then by Lemma 5.2,

> Bumke = X Uu{k — (k + 1))

k=1 k=1
< Cylog | 4n|loglog |4n| X {k7 — (& + 1)~}
k=1

= C; log | 4n| log log | 4n]|.
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Thus Lemma 5.4 is proved.

LLEMMA 5.5. If n<0 and —n is a square, then the series Z;’;l Bi(n)k—
converges absolutely for any positive o and its sum 1s uniformly less than 4 in
absolute value.

Absolute convergence follows from Lemma 5.3. As before suppose 4"]n,
41}y and for each odd prime p dividing #, suppose b=0>(p) is such that
pz"ln, p2+2fn. Under the hypotheses, 4?2 =7 (mod 8). Thus by (4.02), the
absolute convergence of » s, Bi(n)k—, and the formulas (4.04), we have

$ Bk = 11 1 1 1 1
k=1 k(n) - { - 21+d - 22+3v ..... 2a+l+(2a+l)a - 20+l+(2a+2)v
1 p—1
11 {1 + } IT {1 +— -
p,fﬂ pl+a 2in p2+2¢7

-1 1
+2 4 b

pb+l+2b¢ pb+l+(2b+l)v

The first factor here is zero for ¢ =0, and for ¢ >0 its derivative is easily seen
to be less than 3 log 2; thus the first factor is less than min (1, 3¢ log 2). Also
the product over the primes dividing # is less than [[,. {14p~*-%}. Hence

i Bi(n)k— <min (1,30 log 2) [I (1 + 1)
k=1 »

< min (1, 3¢ log 2)¢(1 + o)
< (14 1/¢) min (1, 30 log 2)
<14 3log2,

which proves the lemma.

LEMMA 5.6. If ¢ >0, the series Yy, Bi(0)k~ converges absolutely and has a
sum less than unity.

For any positive integer N, the formulas (4.04) give immediately

1 $(2)
B (0) = 0, Ba1(0) = — > =~ o’
p—1_ ¢
szx—l(O) = 0, sz)\(o) = F = —F .

Hence B.(0) =¢;(kV?)/k if k is an odd square, B:(0) = —o({2k}12) /R if E is
half an even square, and Bi(0) =0 otherwise. Thus Y », Bi(0)k~ is abso-
lutely convergent for o positive. Also
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Bi(0)k =<1 — ——m——— 1
El k( ) { 21+c(1 —_ 2—1—27)} I;I{ + p2+2v(1 —_ P—l—zd)
1 —_ 2—1—7 — 2—1—2« 1 — ?—2—20
1 —_ 2—1—2:7 » 1 — p—l—2cr
_ (4271 — 27951 + 20)
=)

P

Hence

0 1+2—l—v
By(0O)k* < ——— (1 — 27%)¢(1 + 2 1
2_ Bi(0) < ¢ i1+ 20) <

k=1

and thus Lemma 5.6 is proved.

Although we do not need it for later use, it seems of interest to point out
that the singular series still converges in the cases discussed in the two pre-
ceding lemmas. Here the even and odd numbered terms do not converge
separately. In fact the singular series converges precisely because the non-
vanishing odd-numbered terms are positive and the nonvanishing even terms
are negative, with enough mutual cancellation to produce convergence. By
appealing to the basic continuity theorem for Dirichlet series it is easy to
see what the sum of the singular series must be in each case if it is con-
vergent. In fact, since

© 1 (1 — 2-2)¢(1 + 20)
By(0)k =
2, B(0) (1 + 2)(1 — 2717) (2 + 20)

for positive @, the series Y s, Bi(0), if convergent, must have the sum
2 log 2/¢(2)=127"2log 2. If n<0 and —= is a square, we have (for ¢>0)

nd 1 1 1
kgl Bk(n)k_.d = {1 - 24+l+(2a+2)¢} {1 - 21+¢(1 — 2—1—20)} I’_’I{l + pl+v}

1\ p—1
1,1{(”;:) (1 LT
p—1 1
+ PHI+2W + Pb+1+(2b+l)v)}

1 — 2-e-1-(2at+2)0

= 1—-2)¢(1+ e
==l (1 + )H{ J

and so the series D ., Bi(n), if convergent, must have the value
1272(1—2-%1) log 2.
In proving convergence in these two cases it is actually just as easy to
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prove that Y ;| Bi(n)k— converges for o> —1/2. (We have convergence for
o> —1/2 also in case —# is not a square, as is easily proved by a slight
modification of the discussion in §4.) Let us take the case n=0. The case of
negative » for which —# is a square is similar, although more complicated
in detail. Let x be a positive integer greater than unity and put

k k k
fo(x) = 22 i )’ filx) = X EQ’ fa(m) = X o

15k=s R 1SkSz,kodd K 1SkSz keven K

Then
fol) =

=23 X9 1 ogeg )

d=1

62z + O(log x).

Similarly
f1(x) = 472~ %x + O(log x), fa(x) = 2722 4+ O(log x).

Hence, using the evaluations of Bx(0) given in the proof of Lemma 5.6, we
have

3 BuO)B = fu(a) — 2({22}11%) = O(log =),

which shows that D sy, Bx(0)k— converges for ¢> —1/2 (cf. Landau [2, p.
121]).

LEMMA 5.7. If 620 and 3(7) =3>0, then
d 1 ©  I(a, nB)

— TiTn
e (2mi — )32 | 2mi — ir|r 2, 24pV%e

where

14400 eTru
(5.02) I(e, ) = f
1

du
o UEHOI2(D — gy)ol2

This lemma is a generalization of the Lipschitz formula (2.08) and is
proved in the same way, namely, by applying the Poisson summation formula
(cf. Mordell [3]).

Let us discuss the integral I(s, p) defined by (5.02). The integrand is a
uniquely defined analytic function of # in the u-plane with cuts along the
negative real axis and along the positive real axis from +2 to + «. For p=0
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we may deform the path of integration into a loop about the left-hand cut(?)

" e
= >
(5.03) o0 = [ g (v 2 0).

For p =0, we may deform the path of integration into a loop about the right-
hand cut

@) e
= < 0):
1(s, ») f g = (b < 0);
if we restrict o to the interval 0 =0 =1/2, say, we have further
5.04 I 2isin [ o d <0
(5.04) (¢, p) = 2isin ?fz Ty ——T u (p =0).

These expressions are used in proving the following two lemmas.

LeEMMA 5.8. For o in the interval 0<o =<1/2, the integral I(c, p) has the
following estimates: If p=0, then ]I(a, p)| < Cse™*'2; 4f p=0, then [I(cr, p)|
< Cye?mr = Ce2mlel,

The first estimate follows from (5.03) by choosing the loop as follows:
along the lower bank of the cut from — « to —1/2, then counterclockwise
on a circle of radius 1/2 around the origin, and then along the upper bank of
the cut from —1/2 to — ». The second estimate follows directly from (5.04).

LeEMMA 5.9. If p20, then
27i(wp)l/?
lim I(a, p) = I(0, p) = ———27 .
lim (o, p) (0, 0) G/2)
If p=0, then
lim I(a, p) = I(0, p) = 0.
o0

The first of these statements follows from (5.03) and the Hankel integral
formula for the reciprocal of the gamma function (cf. Whittaker and Watson
[1, p. 245]). The second follows from (5.04).

We now proceed with the main task of this section. First we must prove
that the double series in (4.01) converges, so that we have a meaningful defi-
nition of ¥; ,(7). Let us take the double series in the first form given in (4.01),

0 0 h,k3
T =143 3 7 B

o (hi — kin)| ki — kir)

(8) We use the notation of Watson for loop integrals. The notation in (5.03) means that the
path of integration starts at — « on the lower bank of the cut along the negative real axis, en-
circles the origin in the positive direction, and returns to — « on the upper bank of the cut.
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We consider the inner sum and transform it by Lemma 5.7:

i n(k, k)
b (Bi — kir)¥2| hi — kir |

o

= D a(h kPEY 30 {2mi— i(r — h/k)}2

h mod 2k m=—o0
5.05
(5.05) | 2mi — i(r — W/R) |~
t I(o'i nﬁ)
—_ h’ k 3k—3/2—¢ eti(f—hlk)n
hn%ﬂc n(k, &) n—z—w 2481120
®  I(o, n .
= Z __(__i)Bk(n)k—aerun,

R=—00 2iﬂ1/2+¢

where of course Bi(n) =k=%2 Y ) moa 2t 1(k, k)%—*#* By Lemmas 5.3 and
5.8 the series
> I(o, nB)
2

2, g DHOVETT

is majorized by

-1 1
CB1+7 Y | n|t2pi—ogrinel 4 -—2C4ﬁ—l/2—‘ | B1(0) | b~

N=—c0
0
+ CyB1/2-0 Z nll2p—1-cg—7nBl2,

n=1

Hence, since Y s, lBk(O)lk"’ converges (Lemma 5.6), the following double
series is absolutely convergent:

(5.06) o K)o ke,

bl ne—w 2131

Thus by (5.05) the double series

i i n(h, k)

ot e (B — Rir)¥%| hi — kit

is convergent and the definition (4.01) of ¥; ,(r) has meaning. Moreover by
(4.01), (5.05), and the absolute convergence of (5.06) we have

= I ) & .
Fau(r) =1+ ,.=E_°° ¢ 2i8/%te E Bi(n) k.

Now by the bounds of Lemmas 5.4, 5.5, 5.6, and 5.8, the outer sum here
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converges uniformly in ¢. Also by Lemmas 5.4, 5.5, 5.6, and 5.9,

3/2

Lo 0) S iyt = {TG7p)" " & ) = ) im0

1
a0 2'iﬂll2+’ fe=1
0 if n=<0.

Hence

lim ¥;,.(r) = 1 + Z pa(n)e™itm = Wy(7),
-0 n=1
so that the desired result (5.01) is proved.
6. The case s=3. Behavior of ¥;(r) under the substitution v’'= —1/7.
It is the purpose of this section to show that

(6.01) V5, (—1/7) = (—ir)¥2| —ir |"¥; (7).
Once we prove this result, it will follow from the limit property (5.01) that
(6.02) Ya(—1/7) = (—i7)¥2Wy(7).

We take the second form of the definition (4.01) of ¥; ,(7), namely,

1 h, k)3
+=T X nh B

(—ir)3 2| —ir|r ' 2 tmonge (Bi — kir)¥2| hi — kir|e

‘I’s',(T) = 1 +

where the iterated sum has been proved convergent in the preceding section.

We have
1 ,i —~3/2 —0c i 3/2
w(-2)=() )
: T T T

L4

+1

)

T

1 h, k)3
THLE 5P DRRLLL, }

2 im0 ho (k4 BD)%2| b+ hrl

i

T

= (—i'r)s“, —’i‘rl"{ ! +1

(—in)¥2| —ir|e

1 —k, B)3
THLE 3P S, i, 1 }

2 10 k0 (h - kT)3/2l h — k'r"’

Thus by (2.05)
1 1
AL
\ = (

— i‘r)”z] —ir l"

S S SR (LI

2 o b0 (hi — kir)¥2| hi — kir|

Hence the desired relation (6.01) will follow if we can show that the order
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of summation in the iterated sum here can be reversed.
For the remainder of this section ¢ and 7 will be fixed, so let us put

1
T (ki — Ein)¥2| hi — kir|T
Then to prove (6.01) it suffices to show that D i« O axo g(k, k)
= D hxo D iwo g(h, k), that is,

(6.03) lim 3> X ghk)=1lm > > gk k),

Moo 0<|k|<M 0<|h|<w Moo 0<|h|<M 0<|k|<w

f(h, k) g(h, k) = n(h, k)*f(h, k).

where we know from §5 that the limits exist. Now we claim that (6.03) will
follow if we can demonstrate

(6.04) lim Y > glh k) =0,
Moo o<|k|<M MSh<w
(6.05) lim ) > g(h, k) = 0.

Moo 0<|h|<M MSk<w

For if (6.04) and (6.05) hold, then, in view of the known existence of the
limits in (6.03), we can assert that both sides of (6.03) are equal to
limas.e ZO<|kI<M EKMKM g(h, k). Thus it suffices to prove (6.04) and (6.05).
Before doing this we establish some lemmas.

LeMMmA 6.1. If ]kl 1s not a square and if a and b are both positive or both
negative, then

> n(h B)3| < 48| B2 10g | E|.

aShSH

In view of (2.02), it suffices to prove the lemma for positive k. Our tools
are, of course, (2.01) and Lemma 2.4. If 2 is odd we have

2
3 n(h, k3| = |emic-vis Y (—Z)l < 2812 log k.
a2Sisei2 \ R

aSh=b

For even k we have

2. n(h, k)3

aSh=Sb

=’ > X n(ut 8, k)R

#=1,3,6,7 aSpu+8Sd

e Fa i)

4=1,3,6,7 (/8575 opyss \ | 1+ 8v |
< D 2(4k)V2 log (4k) < 48k12 log k,
p=1,3,6,7

inasmuch as when £ is positive and not a square (k/m) is (for positive m) a
nonprincipal residue character modulo 4k. Thus Lemma 6.1 is proved.
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LeMMA 6.2. If |h| s not a square and if a and b are both positive or both
negative, then

< 48| h|V2log | B].

> n(h, k)

aSkS

By (2.02) we may assume % positive. By (2.03) we have
2 n(h, k) = &3t 3 u(—k, )

aSkSbH a<kSb

Thus Lemma 6.2 follows from Lemma 6.1.
Throughout the remainder of this section let us put 7=a-413, where « is
real and B is real and positive.

LEMMA 6.3. For 0<0=1/2, we have

2| 7|
{h — (k+ O)a}z + {(k + 0)3}2)5/4+¢/2’
where 0=0=<1. (Of course 0 depends upon h, k, and 1.)

| f(h, B4 1) — f(h, B)| <%

This follows from the first mean-value theorem of integral calculus:

| f(h, B+ 1) — f(h, B)|

d
< max |— {hi — (k4 w)ir}=®0r{ —hi + (k + w)iv} "
0=sust | du
3
< (_+ a)l r| max | ki — (k4 w)ir |62
2 0=<u=<1

3
(7 + a)l || i — (k + 6)ir |-6i2+),

LEMMA 6.4. For 0<o =1/2, we have
2
{(k + 60 — ak)?+ k2ﬂ2}5/4+al2’

where 0’ is a number between 0 and 1 inclusive (depending on h, k, and 7).

| f(h+ 1, k) — f(h, B)| <

The proof is like that of Lemma 6.3.

Now we proceed to prove (6.04). Let M be a large positive integer and
let k be an integer such that 0 < | k] < M. If we put Y a<azs 7(k, k)*=Ti(a, b),
we have by partial summation

i gk, k) = hZ::Mn(h, k)*f(h, k) = i Tu(M, W) {f(h, k) — f(h + 1, B)}.

h=M h=M
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A similar identity holds for 3 72 . g(h, k).
Hence if | k| is not a square we have by Lemmas 6.1 and 6.4

w & 9| k|42 log | k|
h, k)| < :
h§1g( ) EM {(h + 6 — ak)? + k262}6/4+a/2

We split the sum on the right into two parts S; and S;, according as
Mh<(|la|+ )M or (|a|]+ DM £ h < .
In S, we have
h+6 —ak2h—|ak|

=h(1— Iahkl)

i1 - ulf%w)

la|+1

v

Thus
S2 < 96| k[2(log | B)(|a| + 1o 3 pSe

(la|+1)M S k<o

< 96| k|V2(log | k]| )(| «| + 1) M—3/2,

We split the sum .S; into two parts S{ and S/’ according as

95

|h+6 —ak| <M/(|a|+1) o |h+6¢ —ak|zM/(|a|+1).

If S{ is nonempty, we must have | k| = M/(|a| +1); hence
9| k|42 log | k|
MEr<qairnn {MB/(| a| + 1) 52t
< 96| k[2(log | k| )(| a| + 1)7/2+ogsi2-epf—3i2—0,

Sy <

For S/’ we have

96| k|12 log | k|
msi<arinn {M/(| a| + 1) )52+
< 96| E[V2(log | k| )(| a| + 1)7/2top 312,

S <

Hence if |kl is not a square, we have

i g(h, k)‘ < Cl(‘r) l k I”z(log | kl )M—s/z-‘;.
h=M
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Similarly if |%| is not a square

—M

2 gk, ®)

h=—cw

If | k| is a square, the estimate | T%(a, b)| <48| k| V2 log | k| must be re-
placed by some other argument. Instead of using partial summation we
merely estimate directly:

> ok k>]<2

h=M

< Ci(7) | k|V2(log | k| ) M3/,

1
{(h — ka)* + kge}orerers’

By breaking the sum on the right into parts exactly as above we get

]

> g(h, k)| < Ca(r)M—112-0,

h=M
Similarly
—M

Z g(h; k) < Cg(r)M—lN—a.
h=—c0

Now there are less than 2MV? integers k such that 0<|k| <M and ||
is a square. Hence

> {Z e n+ 3 s b}

0<|k|<M \h=M h=—o0

< X 20u(0) | k|13(log | B| ) M3 4 4MVC,(r) M-1ire

0<|k|<M

< {4Cy(7) log M + 4Ca(7) } M—.

But the last expression tends to zero with increasing M. Thus (6.04) is
proved.

We turn to proving (6.05). Let M be a large positive integer and let %
be an integer such that 0 < I h| <M. If | hl is not a square, we find by partial
summation as above (using Lemmas 6.2 and 6.3 instead of Lemmas 6.1 and
6.4)

0

> ¢h, k>|

k=M

96| ‘rllhllﬁlog I hI
it ({h— (B+ 0)a}?+ {(k+ 0)8}2)s/etor

< 06| || | 3(log | ] )gsire 3 kst

k=M

< Ca(r) | k|V2(log | B | )M—3/2—

If | k| is a square, we have the direct estimate
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Z g(h, k)| < i {(h — ka)? + k232}—3/4—v/2 < i (kB)—3/2—
k=M

k=M k=M

< C4(T)M—'”2".

Since > ;X . g(h, k) clearly has the same estimates, we have

S AT e n+ > &b o}

0<|h|<M k=M k=—o0

< X 2C3(1')| h |”2(log | hl YM—3120 - AM12C,(r) M~1/2—7

0<|h|<M

< {4Cs(7) log M + 4C(r) } M.

Since the last expression tends to zero as M— =, (6.05) is proved.

Thus all the numbered statements in this section are proved.

7. The case s=3. Behavior of ¥3(1—1/7) as 7—ix. In this section we
study ¥;,(1—1/7) in order to determine the behavior of ¥3;(1—1/7) as
7—t1 . We begin with a lemma which will enable us to perform a reversal of
order of summation.

LEMMA 7.1. If k is an odd positive integer not a square, then

k .
> [ —)esmincne
asksb \ B

Ifa>0,b>0, and k is an integer which is not a square, then

< 16412 log h.

k ;
__) 3Tk (-1 /4| < 16] k[ll2 log l4k|.

aShEb,h odd( h
This lemma is easily deduced from Lemma 2.4. (Cf. the second half of
the proof of Lemma 6.1.)
Now we proceed. By (4.01) and Lemma 2.2 we have

22 n(k + k, k)3

1+ X

it b (B — RiT)¥2| hi — kir|e

© k 3 e 3 ih(k—1)/4
=1+ Z( )

imt noaa \| k| /) (i — kir)32| hi — kir| |

V;.(1 4+ 7)

Thus by Lemma 2.3,

© k 3 6—3ﬂ'h(k—l)/4
Y,(1+7) =2, 2 (—)

o osaoo \ ) (ki — kir)2| hi — kir|®

Now by using Lemma 7.1 and proceeding exactly as in §6 it is possible to
prove that the order of summation here can be reversed. Thus
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\Ifs,a< - —>_ (—in)¥2| —ir|r 3 Z( > g3mih(k=1)/4

hodd >0 k (hr + k)ml hr + k!

e—3milhk—ht1)/4
= —17)3/21—11| Z Z( )

hAodd>0 k (— hir — kz)“”l — hir — kzl

= (-—i1)3’2| —irl" Z 3 it—1) /4 E (i):-:m'hku
h

h odd >0 k mod 8h

« > {—hir — (k — 8hm)i} 32| —hir — (k — 8hm)i|—.

By applying Lemma 5.7 we get
1 . B\
Vol 1 — —) = (-—ir)ml _1'1.‘0 Z e3TI—1) /4 Z — ) 37inki4
T h 0dd>0 kmod 8h \ k&

_ I(o, mB/4)
- (4h)-312— %: W

eTiTI4tHkl (4h)jm,

In view of (2.14) this becomes

1 , mfB/4
\I/S,o (1 —_ —) = (—1:1-)3/2l___ iTI Z Z orirmys N0 T/ 2) (6 B/ ) Dh(m)h—”
T hodd>0 m iB/2+e
, mB/4
= (—ir)¥2| —ir|s 3 > grrirmis (U 8/4) Ba(m) .
h odd >0 m=3(mod 8) 131/2+o‘

Now by proceeding exactly as in §5 it is possible to show that we may
permute the summations on % and m and then go to the limit term by term.
(Actually the process is simpler here, for, since =3 (mod 8), —m cannot be
a square, and thus one of the troublesome points of §5 does not arise here.)
Hence we have (by Lemma $5.9)

“(-2)

(7.01) = (—1ir)3? > g2rirmi8 (2”)3/2<i m)”2 2. Bi(m)
m>0,m=3(mod 8) T(3/2)\ 8 B odd >0
= . (2,,.)3/2( 3 )1/2
= —‘l 3I2e3nr/4 e2rvr» n — B 8" + 3 .
(=) p> reo\" s b, K )

In view of (6.02) and (7.01) we may now conclude by the method sketched
in §2 that z?a(Ola')8 and ¥;3(7) are identical. Thus

(7‘02) "3(”) = p3(”) (n =12--- )p
where p3(n) is defined by (1.01) and has the evaluation (4.08). Now clearly
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(7.03) rs(n) = 2 Re(n/d?),
d|n

where R;(n) is the number of primitive representations of # as the sum of
three squares (that is, representations in which the only common divisor of
the three squares is unity). Thus (7.02), (7.03), and (4.10) imply that

(7.04) Ry(n) = p3(n) n=1,2,--+),

where p3(n) is given by (4.09). We combine (7.02) and (7.04) in the follow-
ing theorem, the main result of this paper.

THEOREM B. For any positive integer n we have

16 1
mw=mm=—wwmmﬂmn@+_+“.
1r »%in p

b { ( - ) } l)
! ?° ? ? ’
where b="b(p) is the largest integer such that p”| n,

K(—4n) = i(_—‘m>—:—n-;

n=1 m

and, if 4° is the highest power of 4 dividing n,

0 if 4791 = 7 (mod 8),
x2(n) ={ 1/2e if 47%% = 3 (mod 8),
3/2411 if 40 =1, 2,5, 6 (mod 8).
Further,
R(m) = Pa(n) = = milK(—am),
where
0 if n=0,4,7 (mod 8),
G,.={16 if # =3 (mod 8),
24 if n=1,2,5, 6 (mod 8).

Since #3(0|1—1/7)* and ¥5(1—1/7) are identical, we have by (2.15) and
(7.01)

0 3 0 2x)3/2 3\1/2
(Z errita(nii2) = 3 prwirn (2m) ( +_> > Bu(8n + 3).

n
Ne=—00 n=0 F(3/2) 8 h odd >0

In other words, the number of representations of a non-negative integer n
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as the sum of three triangular numbers is given by the positive value

(27)3/2
I'(3/2)
(We have used the fact that x2(8#+3) =1.) This side result is not surprising,
since it is easy to see directly that the number of representations of # as the

sum of three triangular numbers is equal to 73(8#+ 3), which, by the theorem
just proved, is equal to the right-hand expression in (7.05).

1/2 o0
(7.05) (n + %) 3 Bu(8n + 3) = 2r(8n + 3)12Y Bu(8n + 3).

h odd >0 h=1
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