AN OPEN MAPPING APPROACH TO HURWITZ’S THEOREM

BY
G. T. WHYBURN

1. Introduction. It is a consequence of known results(!) that any compact
light open mapping f of one two-dimensional manifold 4 into another one
B has a definite finite degree k(f), that is, there is an integer k(f) such that for
each y&f(A4), f~'(y) contains exactly k(f) points provided the points of f~(y)
are counted with multiplicity in an obvious manner. Further, considered as
a function on the subset O of compact light strongly open mappings in the
mapping space B4, k(f) can be proven lower semi-continuous for very much
broader classes of spaces 4 and B. Upper semi-continuity of k(f) presents con-
siderably more difficulty and requires restrictions on 4 and B as indicated.
However, results will be established below from which it follows that k(f) is
indeed continuous on the set O of compact light strongly open mappings of
A into B where strongly open means that the image of every open set in 4
is open in B and not merely open in f(4) (or, equivalently, f is an open map-
ping and f(4) is an open set in B).

As a consequence of our main theorem, we obtain a conclusion concerning
the equality of the number of “y-places” in a given region of two “sufficiently
close” light open mappings which is closely related to the classical theorems
of Rouché and Hurwitz on the zeros of analytic functions and indeed which
includes the Hurwitz theorem in its full strength as a special case. Thus,
not only do we have a purely topological approach to this basic result of
analysis, but one which leans entirely on the properties and techniques of
open mappings and does not even involve any homotopy results or methods.
As would be expected, the Hurwitz theorem can also be obtained by means of
homotopy results and by using the concept of degree of a mapping defined in
terms of homology or cohomology group mappings. The major difficulty in
this latter is encountered in showing that, in the cases under consideration,
the two types of degree are numerically the same. This and other related
questions will be considered in a later paper.

Usually our spaces 4 and B are assumed to be locally connected general-
ized continua, that is, separable, metric, locally compact, connected, and
locally connected. Any different conditions on the spaces will be clearly
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(1) For this and other results and definitions used concerning open mappings the reader is
referred to the author’s paper, Open mappings on locally compact spaces, Memoirs of the Ameri-
can Mathematical Society, no. 1, 1950 and his book, Analytic topology, Amer. Math. Soc.
Colloquium Publications, vol. 28. See also, Stoilow, Le¢ons sur les principes topologiques de la
théorie des fonctions analytiques, Gauthier-Villars, 1938,
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indicated in the statements of the results. A region R in a space 4 is a con-
nected open subset of A and the boundary U — U of any open set U will be
denoted by Fr (U). For any set X and >0, V,.(X) denotes the set of all
points x satisfying p(x, X) <r. All mappings are assumed continuous and
single-valued. A mapping f: A—B is compact provided that for any compact
set KCB, f~1(K) is compact and is light provided that f~!(y) is 0-dimensional
for each yEB. ‘

2. THEOREM. Let A and B be separable metric spaces, let f be any mapping of
A into B and let R be any set in B. For any nonempty conditionally compact
component Q of f~Y(R), f: Q—R is a compact mapping.

Proof. Denote f | Q by g and let K be any compact set in R. Then since
fY(K) is closed and Q is compact, Q-f~}(K) is compact. But Q-f~(K)=Q
fHK) =g (K) since (Q—Q)-fH(K)C(Q—0Q)-f(R)=0.

CoroOLLARY. If A and B are locally connected generalized continua, f is
strongly open, R is a region in B, and Q is a conditionally compact component of
FY(R), then f(Q) =R and f|Q is compact.

For since Q is open in 4, f(Q) is both open and closed in R and thus is
equal to R.

3. THEOREM. Given a mapping f. A—B, where A and B are locally con-
nected generalized continua, any continuum (compact!) HCB and any condi-
tionally compact open set UCA such that U-f~Y(H)#0, Fr (U)-f~Y(H)=0.
Then there exists a d(H) >0 such that if g: A—B 1s strongly open and satisfies
p(f, 8) <d(H), then g(U)DH and U-g~'(H) is compact.

Proof. Let e=p[H, f(C)]/2 where C=Fr (U), let R be the component of
V.(H) containing H, and let d(H) =p[H, B—R]. Then if g satisfies our con-
ditions, we have g[f~'(H)]CR and g(C) CB—R (since d(H) <e). Thus if Q
is any component of g~!(R) intersecting U, we have QC U since C-g~!(R) =0.
Accordingly Q is conditionally compact and g(Q)=RDH; and U-g~'(H) is
compact since C-g~1(H)=0.

COROLLARY 1. Any such mapping g is a compact mapping on the set
U-gY(R).

COROLLARY 2. If f is a compact mapping on A, d(H) >0 may be chosen so
that if p(f, g) <d(H), g is a compact mapping on g~'(H).

For U may be chosen so as to contain f~1(H), since this set is compact;
and d(H) may also be taken less than p[H, f(4 —U)], since f(A—"U) is a
closed set not intersecting H. This gives g~} (H)C U so that g~'(H) is com-
pact.
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COROLLARY 3. If U contains at least k components of f~1(H), there exists a
d(H) >0 such that for p(f, g) <d(H), U contains at least k distinct components

of g~} (H).

For we may choose disjoint open sets U;, Us, « - -, Ux in U each con-
taining a component of f~!(H) and so that f~}(H)- > Fr (U:) =0. We may
then apply the theorem in each U; and let d(H)=min d(H,).

COROLLARY 4. If f is light and y is a point of B such that f~'(y) contains at
least k points, there exists d(y) >0 such that if p(f, g) <d(y), then g~1(y) also
contains at least k points.

This is a special case y=H of Corollary 3, since each point of f~1(y) is a
component of f~(y) and a conditionally compact open set U can be chosen in
4 so as to contain at least k points of f~!(y) and with Fr (U)-f~1(H) =0.

COROLLARY 5(2). Let the sequence f.(2) of functions each analytic in a region
D of the complex plane converge uniformly in D to the nonconstant function f(z)
and let 2o be a zero of f(2). Then for any neighborhood V of z, there exists an N
such that V contains a zero of fu(2) for all n>N.

For since the mapping generated by f is light we may choose UCV so
that Fr (U)-f~1(0) =0, that is, so that f(z) %0 on Fr (U). Then, taking H=0
(complex number) and applying the theorem, we have p(f, f.) <d(0) for
n> N and f, is strongly open so that f,(U) D0, that is, f,(z) =0 for some z& U.

4. Upper semi-continuity of degree. Preliminaries. It need hardly be re-
marked that Corollary 4 establishes the lower semi-continuity of the degree
function as stated in §1. To obtain upper semi-continuity, however, much
stricter conditions must be imposed on the spaces involved. This may be
indicated by a simple example. If (p, 8, 2) are cylindrical coordinates in
3-space Ej, let us define mappings

f(1,6,0) = (1, 26, 0),
0
k1,6, 0) = (1 — esin 6, 20, € sin ?), 0=<0Z%2m

Then f is a “square” mapping of degree 2 of the unit circle C of the (o, 6)
plane onto itself. Whereas, for each ¢>0, k. is a homeomorphism of C into
E; satisfying )

p(f, h) < e(2)!2.

(® This is one form of the Hurwitz Theorem. See, for example, Titchmarsh, Theory of func-
tions, p. 119. Other well known theorems on sequences of analytic functions follow similarly.
For example, the result “if fu(z) is simple in a region D for each n and fu(z)—f(2) uniformly in
D, then either f(z) is simple in D or is a constant” (Titchmarsh, p. 200) follows directly from
Corollary 5 as does also the fact that the limit of a uniformly convergent sequence of poly-
nomials of degree less than or equal to % is itself either constant or of degree less than or equal
to k.
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LEMMA 1(). Let f(A)=DB be light and open where A and B are closed
2-cells. If f maps the edge C of A topologically onto the edge C’ of B, then f is a
homeomor phism.

Proof. Suppose not. Then there exists a simple arc « =a’yd’ in B such that
C'-a=a’'+?b, and f~!(y) contains two distinct points x; and x.. Since each
component of f~!(a) maps onto o whereas ¢’ and b’ have unique inverses a
and b respectively, f~!(a) is connected. Thus f~!(«) contains a simple arc axb;
and f(axb) =« since f(axb) Ca and f(axb) contains an arc from a’ to b’. Since
B —a consists of two components R; and R; each containing a component of
C'—a’'—b" and aCFr (R) -Fr (Ry), A —f~1(a) consists of exactly two com-
ponents Q1 and Q, containing the corresponding segments of C—a—b and
f~Ya) CFr (Q1)-Fr (Q;). But since axb separates in A these same two seg-
ments of C—a—b and axbCf~'(a), we must have axb=f"1(a). Accordingly
the mapping f(exb) =« is open and x;+x,Cf~'(y) Caxb. This is impossible
because f must be topological on axb since ¢ =f~1(a’), b=f"1(d").

LEMMA 2. Let f(J)=C be an open mapping of degrees k>1 where J is a
simple closed curve and C s a circle of radius r in a plane Z. Then for any
homeomorphism h: J—Z whatever,

) o(f, k) > r/4.

Proof. Suppose there is some & with p(f, #) =<r/4. Let a and b be dia-
metrically opposite points on C and designate the two arcs of C by ab and ba.
Let f~1(a) =ai+as+ - - - +ax, f71(0)=bi+b;+ - - - +be with cyclic order

ay, by, as, be, - - -, @, bi, @y on J. Let J'=h(J) and, in general, k(x) =x" for
x&J. We have

(1) 2ol CViu(a), 220! CVua(d).

Consider the arcs

(2) alas,asas, -, alal

on J’. These contain the points b, b4, - - -, b{ respectively. There exists a

linear segment xyC V,4(b) such that xy-J'=x+y and x and y lie on dif-
ferent arcs of the set (2), say on a{ xa; and a/ yaj,,. Let K denote the simple
closed curve formed by afx4xy+yaj,+ D 51 @nahyi. Then K=xy+a,

(3) It may be remarked that this lemma solves a sort of topological “boundary value prob-
lem.” One may hazard the conjecture that any light open mapping of a closed n-cell A onto an
n-cell B which maps the boundary of A topologically on the boundary of B is a homeomorphism.
Lemma 2 is the case # =2 of this conjecture and it will be noted that its proof is based essen-
tially on the case n=1. A slightly different form of Lemma 2 with a much less elementary proof
is given on pp. 191-192 of the author’s book Analytic topology, Amer. Math. Soc. Colloquium
Publications, vol. 28, 1942. It includes the well known theorem that any function w=f(z)
analytic on and inside a simple closed curve J of the complex plane which is simple on J is also simple
inside J (see Titchmarsh, loc. cit., p. 201, for example).
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where a is one of the arcs of J’ from x to ».

Now since af x+a/yC V,;4(ab) and xa; +yaj,,C V,4(ba), it follows that
xay —x and a/y—y are separated by K. For taking ¢ as the midpoint of ab
we may find a linear segment uvC V,/4(¢) with u€aix, vEya}!, and wo
-(a{ad +a}aj;,) =u+v. Then since the simple closed curve W=ux (of
afas)+xy+yv (of ya/)+wvu together with its interior lies in V,;2(¢h), both
ya;,—y and xa; —x must be without W. The interior of W lies entirely on
one side of K and this side contains ya;—y while xa; —x necessarily lies on the
opposite side of K since it lies without W. But this is impossible since then
the open arc J'—a of J’ would have to intersect K as it contains both af
and a/.

CoROLLARY. Let f(J) = C be an open mapping of degree k where J is a simple
closed curve and C 1is a circle of radius r on a plane Z. If there exists a homeo-
morphism h: J—Z satisfying p(f, k) <r/4, then k=1 and f 1is a homeomor phism.

5. THEOREM. Let f: A—B be a compact light open mapping of degree k
where A and B are 2-manifolds. Then for any continuum HCf(A) there exists
an e(H) >0 such that if g: A—B 1is any light strongly open mapping satisfying
p(f, g) <e(H), then g is compact and of degree k on g~'(H).

Proof. We may suppose without loss of generality that H contains interior
points. Then we may choose an interior point y of H, which we first suppose
is the center of a circular disc E of radius 47 lying wholly in H, such that f~(E)
consists of % disjoint topological discs E; - - - Ex each of which maps topo-
logically onto E under f. Let D be the circular disc centered at y and of
radius r and let E;-f~(D) = D.. Let C be the circle centered at y and of radius
27, let R be its interior and S its exterior relative to the interior of E. De-
termine d(H)>0 as in §3, Corollary 2 and define e(H)=min [r/2, d(H)].
Now let g: A—B satisfy the conditions in our theorem. Let J;=g"'(C):E;.

Then since p[g(D:), f(D:)]=p[g(D;), D]<r/2, g(D.) is within C so that
D; lies in a bounded component Q; of the complement of J; relative to the
interior of E; Since any bounded component Q; of the complement of
Ji (rel. int. E;) must map onto R under g, there can be only one such in E;,
because a second one could contain no point of f~!(y) whereas it would con-
tain a point x of g~!(y) and we would have p[f(x), g(x)]=p[f(x), y]>r.
Likewise there can be only one unbounded component G; of the complement of
Ji(rel. int. E;); and since J;CFr (Q:) - Fr (G:), and J; is locally connected, it
follows that J; is a simple closed curve.

Next consider the mappings A=f | Jiand g;= g[ J:. Since % is a homeo-
morphism, g:(J;)=C is open and p(h, g:) <e(H)=<2r/4, it follows by §4,
Lemma 2 that g; is a homeomorphism. But then since J;=(Q:+J:)-g~(C),
so also is the mapping g|(Q:+J:) by Lemma 1. Finally, since for any x
€ [g(H) — D% (Qi+J:) ], the point f(x) lies in B—D, we have p[g(x), B—D]
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<r so that g(x)#y. Thus g~'(y)C D_(Q:+J:) and thus g~1(y) consists of
exactly k points at each of which g is locally topological. Thus g is of degree %
on g~'(H).

In the proof just given it was assumed that y is the center of a circular
disc E in H. To complete the proof let ¢{(B) =B’ be a topological mapping
where B’ is a manifold such that ¢(y) is the center of a circular disc on ¢{(H).
By the case already proven, there is an e’(H) >0 such that p(tf, tg) <e'(H)
gives deg. tg=k on g~'(H). Let e(H) >0 be determined so that p(x, y) <e(H),
x, yEH, gives p[t(x), t(y)] <e'(H). Then if p(f, g) <e(H), we have p(tf, tg)
<e'(H) and deg. tg=deg. g=% on g~'(H).

6. Application.

THEOREM ON THE “ZER0S.” Let A and B be 2-manifolds and f: A—B be
light and strongly open. Let D be a conditionally compact region in A with
boundary C and let y& [f(D) —f(C)]. There exists an e(y)>0 such that any
light strongly open mapping g: A—B satisfying p(f, g) <e(y) has the same num-
ber of y-places in D (each counted with multiplicity) as does f.

Proof. We let B* be the component of B—f(C) containing y and let A*
=D f-Y(B*)=4:4 - - - + 4, (components). Consider the mappings

f|Ai=fiv fid4;) = B* C B, j=1---,m

By §2, each of these is compact, light, and strongly open and of degree k;
and D _k;=Fk equals the number of y-places of f in D. For each j, let ¢;(y)
be the number given by §5 for the mapping f; and define

e(y) = min [e;(y), p(y, B — B¥)].

Then if g: A—B satisfies the condition p(f, g) <e(y), it follows by §5 that
g| 4; is of degree k; for each j. Further, for any x€D —A*,

p(g(%), f(x)) < e(y) = p(y, B — B*) = p(y, f(%))
since f(x) ©B — B*. Thus g(x)#y so that
g'(3)-D C A~

Accordingly g takes the value y exactly k= D_k; times (each counted with
multiplicity) in D.

CoROLLARY. The same conclusion holds for each y, in some neighborhood of
y with k constant.

As a second corollary we have the following theorem.

Hurwirz THEOREM. Let the sequence of functions f.(z) each analytic in a
region R converge uniformly in R to a function f(z) which is not identically zero.
Then +f {ER 1s an m-fold zero of f(z), every sufficiently small neighborhood D
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of ¢ contains exactly m zeros of fn.(z) for n>N(D).

For since f(2) is nonconstant and analytic in R its mapping of R into the
w-plane is light and strongly open. Thus if we take D+ C in R with {ED
so that f(2) #0 on D+ C—¢{ and obtain e(0) from the theorem, our conclusion
holds for each f, satisfying p(f, f») <e(0).
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