ON A CLASS OF MARKOV PROCESSES(})

BY
M. ROSENBLATT

1. Introduction. Let xi(f), xx(0) =0, 0=5t< o (k=1, - - -, n) be elements
of n independent Wiener spaces. Let %(t) be an element of the product space of
the n independent Wiener spaces. Throughout the paper we shall assume V(t, %)
to be a Borel measurable function of t and the n-dimensional vector
Z=(x1, - * -, Xn) that is bounded in every finite Euclidean sphere of the (t, %)
space, 0=t< . These assumptions will not be restated in the rest of the
paper. We shall often assume that V(¢, %) satisfies additional regularity con-
ditions specified later on in the paper.

Let

(1.1) (1) = f V(r, #(r))dr.

We wish to relate the study of the Markov process
(1.2) (%@), y(®)

to the study of certain differential and integral equations. Such a study is of
interest for the following reasons. We obtain information about Markov
processes of type (1.2). For certain choices of the function V(¢, &), the study
yields interesting information about the problem of the absorbing barrier in
diffusion theory. Moreover, if we look at the problem from a different point
of view, we obtain a general method of getting limit theorems of a certain
type [2](®).
Consider the distribution function

(1.3) o(a;t) = Pr {y(t) < af.

Let Gn=(G®, - - -, G™), where GP, G®, ... (k=1,---,n) are inde-
pendent, normally distributed random variables with mean 0 and variance 1.
The distribution function of

1 > V(k 61+"'+Ek)

i -

M kmss  \M mt/?

is the same as that of
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(1.4) il > V(—k-, x(i»
m k/m<t m m

by definition of Wiener measure. The distribution function of (1.4) approaches
the distribution function o(«; £) at every continuity point of the latter as
m— oo, given that V(¢, %) is a limit of continuous functions.

In many instances, it is possible to show that o(a; ¢) is not only the limit-
ing distribution of (1.4) but also that of
(k 71+"'+fk>

——

(1.5) 1 >V

M kymst m mii?

where X®, X®, ... (k=1, - -, n) are general, independent, identically
distributed random variables with mean 0 and variance 1 and Xn.
=(Xf,?, <+, X™), In the last section we shall consider the case of a
function V(¢, ) = V(%) for which such an invariance is easily proved.

Let V(t, %) be bounded below by the constant M in (¢, %)-space. Then

} exp (— x%/2t)

(1.6) Q(t, %) = Elexp (—uy(®)) | 2(t) = # (2m)e

;S
v
o

exists since

} exp (— x%/2¢)

(1.7) Q) = Elew (a0l 20 = = (2nt)i2
. s
< exp (u| M|0) %.
Set
(1°8) C(g, T; %, t) = €xp (_ ! &= §|2/2(t - 1')) ‘

@2t — 7))r2

If V(¢, %) is bounded in (¢, %)-space, Q(¢, ) satisfies the follbwing integral equa-
tion

(1.9) Q@ &) +u f f CG, 7 % OV (r, Q(r, Bdkdr = C(O, 0; 5, 1)

where the integration from — « to « denotes integration over all of % space
and 0 denotes the origin of the z-space. M. Kac proved this result in the 1-
dimensional case and the proof for the n-dimensional case follows in a com-
pletely analogous manner [1].

DEFINITION 1. The function g(t, %) is said to satisfy a Holder condition at
(', &) if there are numbers K, a>0 such that
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(1.10) lgt, &) — g, &) | S K{|t—t]+]|2— &

in a neighborhood of (¢, &’).
DEFINITION 2. The function g(t, %) is said to satisfy a uniform Holder
condition at (', &') if there are numbers K, a, 8 >0 such that

| gt + At &+ A%) — g(t, ®)| < K{ | at|«+ | Bz}
when
|at| +|Az| <6

for all points (t, %) in a neighborhood of (t', &').

The boundedness of V(¢, %) in (¢, %)-space is assumed throughout §2.
The boundedness of V(¢, ) and a set of basic estimates imply that Q(¢, %)
satisfies a uniform Hélder condition at all (¢, £) # (0, 0). Q(¢, %) is then shown
to satisfy the differential equation

1 a0 o
(1.11) —'Z"AQ—'—E,?—MV(L x)Q—O

at every point (¢, %) #(0, 0) at which V(t, ) satisfies a Holder condition.
AQ denotes the Laplacian of Q in Z-space. Continuity properties of the
derivatives of Q are then examined.

Stronger conditions are assumed in §3 to insure the applicability of
Green'’s theorem in obtaining further results. We assume V(¢, %) satisfies a
uniform Hélder condition everywhere except in a regular set S. The defini-
tion of a regular set is given in §3. We require that V(¢, %) be bounded below
in (¢, %) space. Q(¢, %) is then a solution of equation (1.11) at all points (¢, %)
not in the set S and satisfies

lim @, )dx =1 foralle >0
=0 1Z]<e
and a few other auxiliary conditions. Q(¢, %) is the unique solution of equation
(1.11), satisfying these conditions if V(¢, ) 20. Additional remarks are made
indicating that an analogous theorem holds for

| exp (—x%/21) .

(1.12) F(t, ) = E{exp (iuy(t)) | () = % )
The transform
(1.13) o5, 5) = f " e, 8)di, $2 0,
0

is considered in §4 when V (¢, ) = V(&) 2 0. We again assume that V(%) satis-
fies a uniform Hélder condition everywhere except in a regular set S. g(&, s)
then is the unique solution of
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(1.14) 27'Aq— (s + uV(x)g=0
at all points £50 not in S, satisfying
g
lim —ds = — 12 foralle > 0

«—0 |8]=¢ n

and a few other auxiliary conditions. d¢/d% is the derivative of ¢ normal to
the sphere la‘cl =¢. M. Kac proved this theorem in the 1-dimensional case [2]. -
Let

(1.15) o(%, @, t) = Pr {y(t) < | &(t) = &}.
The integral equation satisfied by o(%, a, £) when V (¢, £) is bounded is derived
in §5.
Note that
(1.16) f e ved o(a; t) = f o, x)dx
0 —c0

when V (¢, £) Z0. Moreover, if V(t, ) =V(z) =0,

(1.17) ﬁ “ j; ¥ vt (as )t = f_:q(x, 5)dz.

2. The parabolic differential equation.
LEMMA 1. Let | V(t, £)| S M. Then
2.1) lim @, ®dz =1
-0 J g[S
for all €>0. Moreover, Q(t, ) satisfies the uniform Holder condition
(2.2) |QU+ AL 2+ 42) — Q@ B)| = M, | Az| +|at|]1g At }
at all (¢, %) #(0, 0).

Equation (1.9) is basic for the required estimates. The function C(0, 0;
%, t) is infinitely differentiable in ¢ and the components of % at all points
(t, %) #(0, 0). Moreover lim;.o fi2<.C(0, 0; %, t)dZ=1 for all ¢>0. Hence we
need only consider

t L)
(2.9 6,9 = [ [ c@ i 0V BOG, et
Inequality (1.7) implies that

f G(t, %)d% < Mev\ MY f c(, 0; %, t)dx
18|Se 1215 )
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so that equation (2.1) is easily verified.
The derivatives

aG(t’ x) t ® aC(gr T, %, t) - P
(2.4) S f f_w =R V(e DO, B

(=1, - - -, n) exist and are continuous everywhere. Hence, the derivatives
9Q(t, %)/0xr (k=1, - - -, n) exist and are continuous at all (¢, £)(0, 0).
This in turn implies that Q(¢, %) satisfies the uniform Hélder condition

(2.5) | Q@ 2+ A5) — Q(, )| = M, %)| A%

at all (¢, £) #(0, 0). We derive the Holder condition in ¢ again making use of
inequality (1.7)."

G(t + At %) — G(¢, %)

t+At 0
= [ [ et ria i+ v b, batar
¢ —c0

+ [ [ te@ v+ a0 = 0 i 5,0}V DO, Dt

ShT AL > 0.
Now
l III é C(ﬁy 0; :i‘, t + A[)MethAt'

t © At © t—At ©
n=f [+ [ +f [ @it
t—At YV — [} —o0 At —c0

— CE, 7; & 0)V(r, HQ(r, H)dEdr
=I3+ I+ Is.
Clearly
| I + I.| < 2{C(0, 0; &, ¢t + A1) + C(0, 0; &, 1)} MevM'At

while

t—At
| Is| < AtMevmt f f w

< AtMerM? At aon(t—‘r-i-At)n/zC- N AN 05 g
) f f 2 (t—‘r)<n+2)/2 (& 7; %, t + A)C(O, 0; €, 7)dEdr

t—At © 1 — 2( — At)ni2 -
+ AtMe“M‘f f 0 |2 e+ a9 CE 5t + 40
At —00

(t — r)(rt0i2

ACE r; & t+0A0)) _ _
- tn + 080 1@, 0: & r)dkdr

-C(0, 0; §, r)dEdr = Is + I, 0<6=<1.
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Now
_ t—At (t + Al — T)n/2
| Is| < AtMe=™C(D, 0; &, ¢ + Af) _—
at (t — 7)(vt2202
< M(1, ®)At] 1g At],
4AtMenMt 12
| I| = (M)W)/J f_wl & — E|C@D, 0; &, r)dEdr
uM —A — (nt+2)/2 ©
AtMe ‘f‘ t (4 Aar—1) d’f O
(@)™ J s (t — 7)(nt0r2 .
< M(1, %)At] 1g At].
Therefore '
(2.6) |Gt + at, &) — Gt & | < M(t, ®)At| 1g Ael.

Inequalities (2.5), (2.6) imply that Q(¢, %) satisfies the uniform Hélder condi-
tion (2.2) at all (¢, %) (0, 0). Lemma 1 is thereby proved.

LEMMA 2. Let V(¢, %) be a bounded function satisfying a Holder condition
at (t, %) #(0, 0). Then the function

- - A - . - 3 0'
H(, %) f f. o2 Ve BCGE 7 5 o>

satisfies the differential equation

L am aH+ V@, %) =0
— - %) =
2 ot
at (¢, %). The dertvatives 2H/dx3 (k=1, - - - , n) are given by
*H t CE 75 %, 1) } "
s = [ SRR e b - VG e,
axk 12—£]|Sa axk

This lemma is proved on p. 229 of Levi [4] when # is 1-dimensional. The
proof in the n-dimensional case completely parallels the proof of Levi.

LeEMMA 3. Let V(t, %) be a bounded function satisfying a Holder condition
at a point (¢, ) #=(0, 0). Q(¢, %) then satisfies the differential equation (1.11) at
¢, ).

V (¢, £)Q(¢, %) satisfies a Hélder condition at (¢, ) by Lemma 1. The func-
tion C(0, 0; %, t) satisfies the differential equation
1 " aC
— C — ——

2 at
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Equation (1.9) and Lemma 2 then imply that Q(¢, %) satisfies equation (1.11)
at (¢, ).

LEMMA 4. Let V(¢, %) be a bounded function satisfying a uniform Holder
condition at a point (¢, %) #(0, 0). The derivatives 3°Q/dx: (k=1, - - -, n),
3Q/0t exist in a neighborhood of (¢, %) and are continuous at (¢, %).

The derivatives 2Q/dx (k=1, - - -, n), dQ/0t exist in a neighborhood of
(¢, z) by Lemma 3. Now
0 1
— = —AQ — 4V
o 2w
so that we need only verify the continuity of 92Q/dx} (=1, - - -, n) at (¢, Z).
%Gt %)  0%G(t + At, % + A%)

2 2
axk ka

- {fjvlz—?lﬂt—fld-.l_ f‘flz-?wu-ﬂza}%it—) V(D D

OCE %+ A%, t + A
v, 90, B) — BT AT AR LE 4D
axk
— V@t + At, &+ A%)Q( + AL, % + Az))dEdr
= Is+ I,

Iy vanishes as |At|, |Az| —0. The uniform Hélder condition allows us to ob-
tain the same estimate for each of the two terms of Is. We find that

V(r, HO(r, §)

azc(f, T & 1) - - _ -
|Is| = zf»fﬁ_ﬂ.;_u_ﬂas T V(r, 8)Q(r, &) — V(¢ £)Q(, x))dedr

lIA

ZKf f e+ u{ |t — 7|t + | up|e]| t — 7|on1) dadr
[t—7]|<26 vV —oo

Moo

o

<

The continuity is verified on letting §—0.

3. Unbounded V(t, ).

DEFINITION 3. We shall say that the set S is regular if the following condi-
tions are satisfied for every pair (T, 5), T =0, and all b>b(T, 5)>0:

(1) For every >0 there is a set R(e), the sum of a finite number of nonover-
lapping closed parallelepipeds each of diameter less than e with sides parallel to
the coordinate axes, in {0<t<T, |2—35| <b} and covering

fo<:=7T |z-5|<b}Ns.
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(2) The volume of R(e) s less than e.

(3) The distance between the complement of R(e) in {0 <t=T, la’c—;’:]
and S 1s positive.

(4) The total surface area of the parallelepipeds of R(e) is bounded for all e.

b}

lIA

THEOREM 1. Let V (¢, %) be a function bounded below and satisfying a uni-
form Hélder condition everywhere except in a regular set S. Then Q(2, %) s a solu-
tion of equation (1.11) at all points (¢, ) (0, 0) not in S and satisfies the fol-
lowing conditions:

(1) Q(, %)—0 as I£I—>°°.

(2) lime.o f1z15:Q(¢, %)dZ=1 for all ¢>0. B

(3) 9Q/dx: (k=1, - - -, n) are continuous at all (¢, &)5%(0, 0). 3?Q/dx;
(k=1, - - -, n), 0Q/0t are continuous at all (¢, %) #(0, 0) not in S.

If V(t, ) =0, Q(t, ) is the unique solution of equation (1.11), satisfying
conditions (1)—(3).

Let
V@, & if |V, E)| SN,
N otherwise

Va(t, ) = {

and

Ox(t, &) = E{exp (—-u fo Vae x(r))df) exp (—#/20)

(2rt) "1

i) = az}

Lemma 3 implies that Qn (¢, %) satisfies

1 a0
7AQN — —Btﬁ- — uVN(t, OE)QN =0
at all points (¢, &) %% (0, 0) not in S. Inequality (1.7) and Lemmas 1 and 4 imply
that Qn(¢, %) satisfies conditions (1) to (3). Let

t—r eb2(t—1—2)

G0 J&7i5 ) =CErinn— [ o(| & — E|, 2)ds

0 Q2r(t — 7 — 2))™/?

where
had ﬂ’ n, n,
(3.2)  wa(r,t) = 2 2 exp (—ay t/28)T syalas 7/8)/T in-syyales”)
1

(see §6). The numbers o (j=1, - - - ) are the positive zeros of the Bessel
function J—gp(x). fE 7; &, t) is the fundamental solution of

1 e _o Lag.. 2 ¥
7Af(" -,x,t) ot =0, 2 Af(f, Ty )+aT
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with boundary value zero at the spheres of radius b about £, # respectively.
Let 5> 0 be such that we can find sets R(e) satisfying conditions (1) to (4)
of definition 3 covering

o7t |2-E sb}NS.
Let
R, d) =ReN{s=r=<t—3s | &—E| <}, §>0.
Call the surfaces consisting of the upper and lower faces respectively of the
parallelepipeds of R(e, 8) perpendicular to the ¢ axis, U(e) and L(e). Call the

surface consisting of the faces of the parallelepipeds of R(e, 8) parallel to the ¢
axis P(e). Let

1 24
B(W) = 7 AW — T - MVNW,

T

1 oW
COW) = — AW + — -

We apply Green’s theorem making use of the continuity of 92Qx/0x;
(k=1, ..., n), 0Q/0t away from the set S and obtain

0- { ) B f| o [ M} (/G 73 % 1 BQw(r, B)

= Qw(r, HC(fE, 7; -, -)))dEdr

1 t—98 9 -’ B
= — — f L(E____)QN,M,
2 Js 12-F1=b on

B {‘f;_s flfc—zléb_ fj;“'a)} ufV nQudkdr

1 af(é) T ) aQN(Ty g)
- d
P(e)( QN f) y

2 on n
- {f —f }f(g, 75+, *)Qnds
U(e) L(e)
) U0 80050 D = 1 = 5 0ON( — 8, D)L
i—E|S

Let €—0. Condition (2) of Definition 3 and the boundedness of fVyQx over
the R(e, 8) imply that the volume integral over R(e, 8) vanishes in the limit.
The bounded surface area of P(e), U(e), and L(e), the symmetry of the paral-
lelepipeds, and the continuity of df/dn, dQx/dn, Q, f imply that the surface
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integrals over P(e), U(e), L(e) vanish in the limit. We then let 6—0 and ob-
tain

(3.3 Owlt &) +u f f. _ JC& 75 % 00x(r, BV a(r, Dl
0 2—t|Sa

— (0 0 & ___1__ ‘ af(E’T; x, t) -
= f(Oy 0; X, t) 2 ﬁ Lt——fl_a ——an QN(T, E)dsd‘r.

Now
Al,im On(t, %) = Q(, %)

which is finite since V(¢, ) is bounded below. On taking the limit of equa-
tion (3.3) as N— o, we have

t
oo +uf [ 0BG 50V, Dasdr
(3.4) o ovlemHEe )
A _ 1 : af(gl 3y ) -
= f(O’ 0; 2 t) - ————_Q(Tr E)deTo
2 Jo |5—E|=a an
This integral equation plays the same role that equation (1.9) did in §2. The
surface integral of equation (3.4) is infinitely differentiable in ¢ and the com-
ponents of %. It satisfies
1 acC

—AC — — = 0.
2 ot

The counterparts of Lemmas 1 to 4 with f(§, 7; %, t) in place of C(, 7; &, ¢)
are proved in exactly the same manner as before. Hence Q(¢, %) satisfies equa-
tion (1.11) and conditions (1) to (3) of the theorem.

A uniqueness argument for Q(¢, £) as a solution of equation (1.11) can be
carried out if V(¢, %) is non-negative. We shall give an example of such a
uniqueness argument in the proof of Theorem 2.

THEOREM 2. Let V(t, %) satisfy a uniform Hilder condition at all points
(t, %) not in a regular set S. Then F(t, %) is the unique solution of equation

(3.5) L ar aF—I—’V(t‘)F 0
. 5 Y wuV(t, %)F =
at all points (¢, %) #(0, 0) not in S with F(t, &) satisfying the following condi-
tions:

(1) F(@, £)—0 as |5¢|—>oo.

(2) limo [z F(¢, ®)dZ=1 for all €>0. _

(3) 9F/9xi. (k=1, - - -, n) are continuous at all (t, %)% (0, 0). 92F/0x2
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(=1, - - -, n), F/dt are continuous at all (¢, %) (0, 0) not in S.

The proof that F(¢, ) is a solution of (3.5) and satisfies conditions (1) to
(3) parallels the proof of Theorem 1. One need not bound V(¢, £) below since

exp (—&%/21) .

|t 9] = ==

The analogue of equation (3.4) is

t
P, o —iu [ [ @ ris 0P DV, Dikdr
0 |Z—¢1Sa .
(3.6) i .
=100 80— [ [ P B 5 nasar
0 |&—¢|=a
We now prove that F(¢, %) is the unique solution of equation (3.5) satis-

fying conditions (1) to (3). Let F= F,— F, be the difference of two such solu-
tions. Let F be the complex conjugate of F. Clearly

1 F "
—AF — — — iuV(t, ®)F = 0.
2 at

Let
1 )14
DW) = — AW — — + wuV (¢, 5)W.
2 ot
We apply Green’s theorem as in the proof of Theorem 1 and obtain

j; f ) b{f(é, 7; & OD(|F(r, B |») — | F(r, B |)C(fE, ; %, 1)) } dEdr
-t
= — _f f| | b|F(T,5)|2 f(E’ ’ ddf—IF(t &) |2dsdr
F—%|=
i V(r, &) | F(r, &) |*fE, =; %, t)dEdr
+me fﬁ_m (r, B | F(r, B 4G 7 %, 0)dE

1 ¢
- 7‘1‘0 fi—glﬁbf(sy T x, )g aEk
t
‘ V(r, | F(r,  |)fE 7; %, 1)dEdr.
+mﬁ flj_glgb (r, )| F(r, B |¥E, r; %, t)dEdr

3.7

d‘g’dr

Since | F(z, a‘c)| < M, on letting b— » in equation (3.7), we obtain

1 ¢ L) 9F(r, §
—|F £) |2 = — y ]
|76, 9 =5 f f_f(& r# ‘>Z~1 .

dr.
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This cannot be so unless F(¢, £) = F;— Fo=0. The uniqueness proof is com-
plete. The theorem is thereby proved.
Consider

Q(r, E; t, ) = Efexp (—u(y(t) — y(0))) | #(¢) = %, &(r) = E}
Lo (= |2 —El/20 =)
(2t — 7))"I?

0=7=¢t, 0= V(¢, ). We again assume V(¢, %) satisfies a uniform Holder con-
dition at all points (¢, #) not in a regular set S. Q(, £; ¢, ) exists and satisfies
equation (1.11). Moreover Q(7, £; ¢, %) satisfies the following conditions:

(1) Q(r, E; t, ®) >0 as | &| > .

(2) limgary [15-512Q(7, &; ¢, 2)dZ=1 for all €>0.
Q(, E; t, %) satisfies the adjoint differential equation and the corresponding
conditions in the backward variables 7, £&. The proof is essentially the proof
of Theorem 1. Note that Q(r, &; ¢, &) satisfies the Chapman-Kolmogorov
equation. It does not, however, have the norming of a probability density.

4. The elliptic differential equation. Let

K (n—2y/2((25)/?r)

T 02((2)1°r) K (n—9/2((25) 21’)}
I (n—212((25)"/%b)

30(8, r) =

1
(4.1) W{

(see §6). Y (s, Ix]) is the fundamental solution of

1
— Ay — sy =0
2 ¥ — ¥
with boundary value zero at |£| =b. Note that
g
(4.2) lim W= -2

0 J |z]=c 0N

LEMMA 5. Let V(%) be a bounded function satisfying a Hélder condition ai
the point %%0. Then the function

g = [ v@ws |-t
15—¢1Sa
satisfies the differential equation

1
S AH = sH+ V(5 =0
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The proof parallels an argument of Kellogg on p. 153 [3] proving that

Ve o
h(z) = _—Tdr £ = ] ’ ’
(® fu_E.sa %= ] £ & = (21, %2, ¥s)

satisfies
1
—Z—Ah + V(@& =0

at £3%0 if V(x) satisfies a Hélder condition at z.

THEOREM 3. Let V(%) 20 satisfy a uniform Hélder condition at all % not in
a regular set S. Then q(%, s) is the unique solution of equation (1.14), satisfying
the following conditions:

(1) ¢(z, s)—0 as ]a‘c|—>°o.

(2) lime.o fiz1se (3g/On)ds = —2. _

(3) 8¢/3x; (kE=1,---, m) are continuous at all &=0. 9%/dx;
(k=1, - - -, n) are continuous at all £%0 not in S.

We obtain the integral equation

o5, 8) + fl 2 |5 = BV, bat
(4.3) s ]
1 _ , | & —
=|//(s’|f;l)—-2— q(s’s)wds

12-E |1=b on

by Laplace transforming equation (3.4) with respect to f. 0g/dx:
(=1, - - -, n) exist and are continuous at all £#0 as can be seen by dif-
ferentiating equation (4.3). Hence ¢(s, %) V(%) satisfies a Holder condition at
#7%0 when V(%) does. Lemma 5 implies that g(s, ) satisfies equation (1.14)
at all £50 not in S. Equations (4.2) and (4.3) imply that

lim —ds = — 2.
0 |%]=¢ on
Now
K (n—22((25)*?r)

< ) <
0= g(s, %) = ((2s5)112) (=212

since V(%) =0. Hence
g(s, & >0 as |&|— o.

The proof of the continuity of 82¢/dx} (¢=1, - - -, n) proceeds as in Lemma
4. The uniqueness argument for ¢(s, %) satisfying conditions (1) to (3) is
analogous to the uniqueness argument for F(¢, ) carried out in §3.
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5. The integral equation.

THEOREM 4. Let V(t, %) be bounded. Then o(%, a, t) satisfies the following
integral equation '

ey
c@®, 0; % 1) f U(a) — o(3, o, 1))de

(5.1) . e
=j;j'aananaamaawnah@y+xa
- 0’(5, b2 'r)}di-jd‘r
where I
J() = 14 Zgn x

It is clear that
F(, £)/CQ, 0; 5, 1) = f  gievdoo (%, a, 0).
Since V(¢, %) is bounded, on letting a— « in equation (3.6) we obtain
(5.2) F(t, %) —C@©,0; % 0) — iu j:, ' f “C@, i 8 OF(r, BV (s, HidEdr = 0.

The boundedness of V(¢, %) implies that

f ad.o (%, a, t)

exists. The modified form of the P. Lévy inversion formula [5] used requires
the existence of the first moment. Multiply equation (5.1) by (1 —e=™+%/(su)?)
-(1/2w)e~*¥ and integrate with respect to y from — T to T. The interchange
of order of integration goes through readily. In the limit as T— « we obtain
equation(5.1).

. Interest in the integral equation (5.1) arises for several reasons. The equa-
tion holds without any strong regularity conditions on V(¢, ). Moreover, the
density

- - aa‘ -
Priyt) =y ) =8} =—@»)
9y
need not exist even when very strong regularity conditions are imposed on

V(t, %) so that it makes no sense to speak of the density satisfying the dif-
ferential equation
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oP 1 oP
— =—AP - V({5 —.
at 2 dy
In particular this is so when V (¢, )=1.
6. An example. We illustrate the theory in # dimensions by considering
the function
v@ = {; |
x) =
0, |z

The invariance proof for the distributions of the Wiener functionals
J8V(&(r))dr considered closely parallels that given in [2] for V(x)
=(1+sgn x)/2. The computations for the case =1 have been carried out

in [2] and elsewhere. We solve the equation
Mg = s+ uV()g=0, V) {O’ b
q s+ uV(r))g = 0, "= s

where 7 =|z|. The solution of the differential equation is given in terms of
the Bessel functions I(,—g2, K—2)/2 by

1
q(s, r) = ((25)1/2) (=212
v
L((2(s + u))V2r) D12

where «, 3, v do not depend on r. We evaluate «, 3, v by making use of the
auxiliary conditions. The continuity of ¢ and d¢/dr at b implies that

aK (n2)/2((25)11%0) + BI (n—2y/2((25)'/2b)

s\ (/4
= v(s T u) K n22((2(s 4 u))'"?),

((aK (n_2y2((25)11%r) + BI (n_2ys2((25)'/%r)), r < b,

K (n-2)/2((2(s + ))*/?r), r = b,

(n—4)/4
— aKan(29)11%8) + Bys(25)117) = — (;—:-_u) Kopa((2(s + 1))17%).

We solve the equations above and find that

s \(mH
— Keon(@9)1) - ( ) Knnya(2(s + 1))17%)
s+ u
s\ (0
* Kapa((25)112) ( ) Kon((2(s + #))1%)
s+ u
8= =

and
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a
Y= 29D
where
s \ (-4
I (nsy2((25)'/%) — ( ) K (n—2)/2((2(s + u))*/?b)
s+ u
D=
s (n—4)/4
Luys((25)1/%) ( ) Kupa((2(s + )172)
s+ u
The condition
ad
lim A s = —2

0 1% |=¢ on

implies that a=1. On letting #— 0, ¢(s, r) tends to limit ¥(s, r) given by
(4.1) for r<b. ¢(s, r) tends to zero for r=b. The limiting expression is the
Laplace transform of the probability density of diffusion from 0 to a point
%, 7 units away from 0, when there is an absorbing barrier at the sphere of
radius b about 0. We invert

I (n2y/2((25)"%1) /I (n—2/2((25) /%)

and obtain v.(7, ¢) given by (3.6). Hence the probability density of the dif-
fusion is f(0, 0; %, ¢) for | Z| b and zero for | z| 2.
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