RANDOM FOURIER TRANSFORMS

BY
G. A. HUNT

Paley and Zygmund [10](?) have shown that for almost every random
choice of signs the series

Z i aneint

represents a continuous function, provided only that

Salgn)t < w.

A little later B. Jessen [5] studied random almost periodic functions. One
of his theorems, stated in the language of probability, is this: Let A;, Ay, * - +
-be real and let ¥y, Y3, - - - be independent complex random variables, each
Y, being uniformly distributed on the circumference |y| =1. If

2 |\,
Z ane <
for some ¢ >0, then almost certainly
X .YV e™t = o(lg £)12, t— oo,

It is our purpose to show that the *a, or the ¢,Y, may be replaced by
any independent random variables X;, X, - - « subject to E{Xn} =0 and
2 E{X2} <. (Here E{X} denotes the expectation of X.) We shall define

Z@t) = Z X et
and prove that if
Tenlga+ MDDl <o,

then almost certainly Z(¢) is continuous in ¢; that if

TE(x} M <=
for some positive « =1, then almost certainly
Z(t) = o(lg '3, t—> o,

and moreover Z(f) has modulus of continuity of the form Khx(lg 1/k)V2,

More precise statements will be found in Theorems 2 (§1), 4 (§5), 7 (§8).
The proofs are based on two inequalities which are of interest in them-

selves. They are Lemma 1 (§2) and Lemma 10 (§6). Luckily both can be ex-
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tended to integrals and give us the means of dealing with [e™*X(d\). This
integral is defined in §4; its continuity is studied in §4 and §5, its mean be-
havior in §7, and its growth in §8.

In §10 we specialize X(d\) to obtain the Fourier-Wiener transform
(which is apparently the only example of interest). It is interesting to note
that Theorem 12 contains a family of statements, one of which is the usual
law of the iterated logarithm for Brownian motion (8 =0; the finer theorems,
say those in Feller [4], escape our analysis). In the same way, Theorem
11 contains the local law of the iterated logarithm, and Theorem 13 the uni-
form Hélder condition.

Proofs are given in full only through §4, for the details of later proofs are
much the same.

I have bent the arguments as far as possible into the form given by
Paley-Zygmund and Jessen. Their papers contain a good many results other
than those above which can be generalized by using Lemmas 1 and 10.
Paley and Zygmund, however, have another set of theorems—roughly, that
. +a, exp (1\.t) behaves badly if the a, behave badly. Most of these can
be generalized to random variables satisfying

8{ IXn|l+‘} éA{E,X,_, }1+e

for some constant A. The results are not of much interest except to provide
counter examples—and these are furnished in abundance by +a..

One has only to glance to Jessen’s paper and those of Paley and Zygmund
to see how greatly I am indebted to them. Of quite as much help were many
conversations with S. Bochner.

1. Two theorems on series. We suppose that @ is a set with elements
w; that B is a Borel field of sets E contained in @; that P(E) is a measure
defined on B; that QEB; and that P(Q)=1. A random variable is any
complex-valued function defined on € and measurable B. We write dw for
the element of measure in the integral, thus—

LX(w)dw ELX(w)P(dE).

Until §4 we deal with the series Y_X,(w)e*»t. Here the \, are real num-
bers, and the random variables X,(w) are subject to three conditions:

(A1) X1, X, - - - are independent;

(Ag) [foXn(w)dw=0,n=1, 2,

(A B= 3%, bum S Jol Xal o< o,
The last condition need hold only for one value of p, 1<p=2.

Let us define

(1) Zoty @) = 3 Xu(w)enss,

k=1
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(2) Z(t, w) = lim Z,(t, w).
n— 0
Kolmogorov's three series theorem implies that the limit exists almost every-
where on the space QX (¢), if on this space the measure is the product of dw
and ordinary Lebesgue measure dt.
Our goal in the next two sections is to establish the following theorems: -

THEOREM 1. For almost all wEQ and for every p,

® dt
® Jalaeo) o<
Here we have used the notation
(4) Zi(t, @) = sup |Za(t, )|,
158<®
(5) A ful = eolv” — 1,

THEOREM 2. Suppose that 1 <A\ <A< - - - and that
(6) 3 ba(lg M)t <
1

for some ¢>0. Then, for almost all wE R,
Zu(t,w)  Z(t w)
b d )
14 14

uniformlyin tE(— «, »). In particular, Z(t, w) is continuous in t for almost all
w.

O

n—> 0,

The hypothesis that the N\, increase is unnecessary in Theorem 2; the
statement as it stands, however, is just what we need in §4 when we consider
random integrals. We prove in §2 an inequality (Lemma 1), from which
Theorem 1 follows at once. The proof of Theorem 2, which is an adaptation
of one of Paley-Zygmund, is carried out in §3.

2. An inequality.

LeEMMA 1. Let p be given. Then there is a funciion ¢ =y,(w) which is every-
where greater than zero and has the property that

®) [ adsu

for every sequence cy, cs, - - - satisfying ]ck[ =1.

S:::Cka(w) }l//(a)dw <1

The important fact is that ¥ does not depend on the sequence ¢; it does
depend, of course, on p and on the X,. The proof is long. We break it up into
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a number of lemmas.
A random variable X is symmetric if P{XEG} =P{ —XEG} for every
open set G. -

LEmMMA 2. Let Uy, - - -, U, be independent and symmetric. Let Sp= U,
4+ - - - + Ui, Sx=supx |Sk[. Then
© fS:dw < zf | 5. | Pd.
Q Q

The inequality, a special case of one contained in Marcinkiewicz-Zygmund
[8], can be proved quite simply. Suppose the Uy are real. For any 4 >0 let
E=E, be the set on which sup; Sk =4 and E; the set on which S;<4, - - -,
Si-1<A4, Sk=A. The E; are disjoint and E=UE;. Since Ui+ -+ - + U,
is symmetric and independent of E, there is a subset Fi of E; satisfying
“P(Fy)ZP(Er)/2” and “Urpa+ - - - + U220 if wEF..” The F; are disjoint
and S,= 4 on Fy. Hence

P{supSi 2 A} = Z}(Ek) < 2) P{F:} = 2P{S. = 4}.

By symmetry, P{inf;c Skg—A}_S_ZP{S,,é—A}, so that P}S*gAg

§2P{ Sn| =4 4. If the right member of (9) is finite, then P{Sx=A4
<2P{|S.| =4} =0(4-?) and the following integrations by parts are justi-
fied:

fS”dw= —f A»dP{S = A} =f P{S = A}dAr
* ° * 0 *

ng P{|S.] gA}dAr=2f | Sa|Pdo.
0

If the Uy are complex, (9) is proved in much the same way.
Since we shall often consider suprema let us write

m
2 o

ke=1

(10) [e]« = sup

m

.

Also define p, to be the 2gth moment of a Gaussian variable:
1
T @mve

(11) ™ f w2y = 1-3-5- -+ (2q — 1).

LeMMA 3. Suppose that Uy, - - -, U, are symmetric and independent, that
| Ux| <1, and that 3% |ax|2=1. Let S= Y %a,Us. Then

(12) fnlslwdw < g
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This is essentially Khintchine’s inequality [6]. When [S | 2¢ js expanded, a
typical term has the form

(13) 11 et U T
1

Since the Uy are symmetric and independent the expectation of this term is
zero unless all ax 4B are even. In any case, the expectation is not greater
than J]|ax|*++#* in absolute value. Let us compare S with T'= 3| ax| ¥i,
where the Yj are independent Gaussian variables. In the expansion of T%¢
the term corresponding to (13) is ] |as|o#+8+ Y5*+#. Its expectation is zero
unless all ax+Bx are even. In any case its expectation is as great as that of
(13). Now T is itself a normalized Gaussian variable, for ) |a:|?=1. Hence
(12) is true.
Combining Lemmas 2 and 3 we have the following lemma.

LEMMA 4. If the Uy are independent and symmetric, if | Ukl =1, and if
> |ax|2=M, then
f [aU]2dw < 2u,Me.
Q *
LemMA 5 (Kolmogorov [7]). If Wi, W, - - - are independent, if [Widw
=0, and if H= 2 [| Wi| %dw, then
P{[W], < KH'?} = 1 — 1/K>

We are now ready to begin the proof proper of Lemma 1. Until Lemm.a 8’
we assume that p=2 in (A;).

LEMMA 6. Suppose that the X, are symmetric, that p =2, and that M >0.
Define ECQ by

(14) §| Xa(w) | < M.

Then, for every sequence ci, with Ick| =1,

(15) fE[cX]:fdw < 2u Mo, g=1,2,---
The truth of the lemma clearly depends only on the distribution of the

X. This being so, we take @' =(0<z<1) XQ and X, (') =¢.(4) X ,(w), withk

¢.(u) the nth Rademacher function. Let E'=(0<# <1) XE. The ¢,(%) on E’
satisfy the hypotheses of Lemma 4; so for every wEE

1
[ s x@)]in < 2uhre.
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Integrate over E:
1
[eX! (") ]2%de’ = f dw f [cp(w) X () |29du < 2u M.
E’ * E 0 *

Since the X,/ are distributed on @' as the X, on Q, this last inequality
proves the theorem.
We remove the restriction that the X, be symmetric.

LeEMMA 7. Suppose that p=2, that M >4B (see (As)), and define E again
by (14). Then, for every sequence | cx| <1,

f [eX]2de < 4po(9M)s, g=1,2,---
E

Let &, E’, P!, X,] (w’) be replicas of @, E, P, X ,(w). The variables V,=X,
— X4, considered on the space 2 X Q' (which is provided with product meas-

ure) are independent and symmetric. On EXE’, Y| Y.|?<4M. Thus, ac-
cording to Lemma 6,

(16) f f [e¥]2dewde’ < 2uq(4M)e.
E ’
Let F’ be the set in @ on which [¢X’]« <2BY2 Then P’(F’)=3/4 by Lemma

5. Also, M >4B implies P'(E’')=3/4. So P'(E‘N\F’)=1/2. On replacing E’
by E'NF’ in (16) and [¢(X —X") ] by | [cX ]« — [¢X']«|, we have

1/(2¢9)
(2ug) 2O (4M)12 2 { f f | [eX]s — [cX']*lﬁadwdw'} .
EYF

'QE’

Minkowski’s inequality now yields

1/(29)
Qg CO(AM)VE 2 { f f [cX]zcdwdw'}
EY E'NF’ *

1/(2q9)
{LLS,,, izt
E 'OF’
1/(29)
= {P'(E'r\F') f [cX]iqdw}
E

- {P(E) [cX']i'ldw’} e

E'NF’
1/(29)
2 {P'(E'r\F') f [cX]iqdw} — 2B {P/(E' N\ F) } 10,
E

The statement of the lemma follows easily, for M >4B.
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LEMMA 8. Suppose p=2. For every p and every ¢>0 there are a set E and a

number C with the property that

17) P(E) > 1 —

(18) f 4,{[eX ]y }do < C

for all |ai| =1.
Choose M so small that
(19) 200pM < 1,
then N so large that
1

(20) D b < —eM.
E=N+1 2

The set E; on which

S x| M

N+1

has measure at least 1 —¢/2. Take E to be the subset of E; on which

lel Xiw) | < L,

where L is so large that (17) is true. We must now determine C so that (18) is
true. On E

> X

A [eX ]} = 40{L} +A4,{sup N1

>N
Thus it suffices to prove that

f Asp { sup } dw
E >N

is bounded by a constant independent of the c;. Now

Z Cka

N+1

) ]
4y B = g f eriietitdy — 1 = K < o,
g=1 4qq! —o0

and (19-20), together with Lemma 7, yield

" o ug(4p)9(9M)0
fA4,,{sup chxk}dw§4zmgx.
E n Nt a=1 q!
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This proves the lemma, for C may be taken to be K+A4,,{L}.
LEMMA 8'. Lemma 8 is true for 1 <p<2.

One defines X} (w)=X.(w) if IX ,.(w)l =<1 and X}'(w)=0 otherwise;
then X}/ =X,—X}', M.=/X}"dw, X =X)/’—M,, so that X,=X, +X
+ M,. It turns out that the X,/ satisfy (A;—s) with p=2, that for almost all
w the X/ are zero for sufficiently large # (depending on w), and that E| M,.I
= B. The proof is then completed as in Lemma 8.

Lemma 1, which is what we started out to prove, is hardly more than a
rewording of Lemma 8’.

3. Proof of Theorems 1 and 2. In Lemma 1 set ¢, =™, multiply by
(14-¢¥)~1, and integrate over ¢:

f_w 142 fA Zy(t, ) (@)do < .

Hence (3) holds for almost all w, so that Theorem 1 is proved.

Inequality (3) shows incidentally that the approach of Z, to Z is very
“strong.” Indeed, ]Z —Z,.I <274 and Z,(t, w)—Z(t, w) for almost all w and
t; so

f 420 @) = Za(t, @)} (1 + P)dt— 0, n— o,

for almost all w.

So far we have used no special properties of the exponential function.
What we have said holds for any set of uniformly bounded functions. The
situation is quite different concerning continuity. A good deal can be said
when the e™** are replaced by functions whose moduli of continuity are
known; the statements, however, are not nearly so precise as that of Theorem
2.

For the rest of this section we consider any w for which (3) is true for all
p, and drop w from the notation.

LEMMA 9. If 1 <M <A< - ¢+ and N,— o, then
| Z.(¥) |
—wnli<o 1 t

Let a(r)=(d/dr)A,(r) and let b(s)=r be the inverse of a(r)=s. Then
(Zygmund [11])

= o(lg \)V/2

(21) B(s) = fo 8b(u)du < s Max {1, p1/2(Ig 5)V/2},

(22) zy < A,(x) + B(y), ' 220,y20.
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For A>0, the function e™”(w+17)~2? is represented in the upper half-
plane of w=wu-1v by its Poisson integral. So, for >0,

] du
(v —u)2+ 02 (W + 9)?

Noting that v{(u—u’)"’+:v’}"‘§v—l and keeping (21) and (22) in mind, we
have: For 0<v<e™,

n 1 . ]
(w+ iyt 3 Xeoronee = = [z, )
1 T J o

\(w + i)-zz X e ku—Mev

=— [ “aizw) =" { e il
= o Zn(u +t|2 —» (W — u)? + v? |u +z|2
S, + 1”(lg 1/v9)1/2,

Here C,, furnished by Theorem 1, is independent of %, v, and n. For ¢>0,
first choose p so that p=V 2<e, then g, positive, v, <e—*, C,<e(lg 1/v,)V/2. Thus
for all # and u

i (.w + i) Z X peiMeu—ev
1

< e(lg 1/v)1/2, 0< <0,
Fix » for the moment. The function
(u — v’ — v — i)’zi Xeexp {— Mv — i(A — No)u — (A, — )Y}
1
is analytic in #—1v’ for ¥’ =20 and tends uniformly to zero as Iul + | v'[——» o,

v’ 20. Hence in v/ 20 it attains its maximum somewhere on the line v’ =0;
when v/ =v we are sure to get something smaller. So

(4 — 240 — )72 Xpe™ev
1

=|(u—2iv—1)~2 exp (INsu+Nn0) i Xiexp { —MNo— i —Ae)u— (Aa—2e)o}
1

< €™ supremum |(#—iv—iv _,)—zz X exp { —Mv—iQa—Ao)u

120,—0 <<

@9 —a—2p)v'}

= éM»* sup

n»
(u—iv—19)"22 X exp (I\eti—Mi0)
—n U w0 1

< e(lg 1/0)V2
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If n is large, \; ' <9, and we may set =\, ’. Also | — 24v — 4| 2(1 +u?)~2<2 for
small v. Thus (23) becomes for large »

(1 + w)!

D Xie™u| < Se(lg A,)l2
1
This is the statement of the lemma.
Theorem 2 follows at once. Let 3= (1+¢)/2. Hypothesis (6) implies that
the random variables (Ig N\,.)?X , satisfy (A;_3), so that according to Lemma 9

Z.(t) = Zn: X (g Me)fet = of (1 + 12)(Ig M)z},

The theorem is obtained by writing

n—1

Zo—Zm= 2 {(g M) — (g M) P2

k=m
— (Ig M) Z 1 + (g N\o)*Z,..

4. Continuity of random integrals. We consider a family X(\, w) of
random variables and define the random function X (I, w) of intervals by

X(I, ) = XAy, w) — X (Mg, w), It M <M=

The place of the b, of §1 is taken by
B(I) = f | X(I, @) |?de.
Q

Four restrictions are imposed on X (I):

(By) X(I, w), * - -, X(I., w) are independent if I;N\I,=0 when j#k.

(B2) [aX (I, w)dw=0 for every I.

(Bs) B(I) is bounded.

(Bs) X(\, w) is measurable on (N\) X Q. For each w the function X(\, w)
has discontinuities only of the first kind (as function of N). For every w and every
N, X(w, N+k)—X (w, N) as k decreases to 0.

Doob [3] has shown that if X satisfies (Bi_s) there is an X which agrees
with X up to an @ set of measure zero for each I and almost satisfies (Bj—s).
There may be a fixed enumerable set Aj, Nz, - - - at which X(\, w) is not con-
tinuous on the right; the removal of these discontinuities requires only a
trivial modification of X, which we suppose performed. The matter is un-
important, since we introduce (B,) only to define integrals in an elementary
way.

For almost all w, the function X (\, w) is bounded, has only an enumer-
able number of discontinuities, and tends to a limit as A—+ . Thus X(\, w)
is Riemann integrable, so that
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A2
(24) X\, w)ettdn
Ay

exists as a limit of Riemann sums and represents an integral function of ¢.

We define

Az
(25) Z(@t, w, Ay, Ay) = f eMX (AN, w)
Ay

to be the limit of Riemann-Stieltjes sums. That (25) is defined, that it is an
integral function of ¢, and that
A2

(26)  Z(, w, Ay, As) = X(Ag, w)eid2t — X(Ay, )ittt — it | XA, w)eMdN

A

are all consequences of the existence of (24). Later on (§§5, 8, 10) we shall
often integrate or differentiate under the integral sign; these operations are
easily justified if one recalls (26).

We use a notation corresponding to that for series:

Az

@7 Zy(t, @) = sup f MX(AN, ).
A1<A, Ay
A

(28) Z(tw) = lim [ eMX(an, o).
Ao J g

THEOREM 3. If for some ¢>0

(29) [ g @+ @) < =,

then for almost all w,
Z(t! w, Al, A2) Z(t, (.0)
—
142 14 ¢

uniformly in t as Ay,—— ©, As—> . In particular, Z(t, w) is continuous in t for
almost all v.

Let Z(t, w, A)=Z(¢, w, 1, A). Clearly it suffices to prove that
(1+:¢*)~1Z(¢, w, A) tends uniformly in £ to a limit as A— .
Let Y en=€<1. Define

(30)

k k E+1
Va(h, @) = X —:w), — =< -
n n n

For each w and each integer m,
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"_’+l .
f IY,.()\, w) — X, w)ldk—)O, n— ©,
Hence there are integers 7, and sets E,C Q such that P(En.)>1—e, and
m+1
f | Vau(h, @) — X, @) | A < em wE En.

Let Y\, w) =Y., (\, ») form SN<m+1 and let E=NE,. Clearly P(E)>1—¢
and, for wEE,

f“IY()\,w)-—X()\,w)ld>\<e,

[ " enx(an) — [T @) = (xwn — i e
A

1 A
Az

— {X(A) — Y(Ar) feitat 4 it f {Y(\) — X(\) Jertan

A
=P+Q+1R

Here P, Q, R are uniformly bounded in A;, A,, ¢ and tend to zero uniformly
in ¢ as A; and A; tend to «, provided only that wE E. Also, it is easy to see
that

A
f eMY(d\, w)
1

can be written as a series »_ Vi(w)e™** with the ¥, satisfying the hypotheses
of Theorem 2. Thus

(14 ) f Ly (an
1

tends uniformly in ¢ to its limit for almost all wE Q. All in all, for almost every
win E

Az
1+ tz)"lf eMX(d\, w) = o(1), A1 — o, Ay — o,
A
uniformly in ¢. As the measure of E can be taken arbitrarily close to 1, we
conclude that the theorem is true.

If we had considered the L? space over (t) X (measure (1+¢2)~1dtdw)
and defined (25) as a strong limit of Riemann-Stieltjes sums, we should not
" have needed (B,). The integral, however, would have been defined only
“almost everywhere” and we should have to pick a suitable function out of
this equivalence class in order to make statements like those in the theorem.
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5. The modulus of continuity. The hypotheses of several later theorems
can be expressed either in terms of B(I) or in terms of the autocorrelation
function

31) &) = fn Z(s, ) -Z(t + 5, 0)do = f " GnB(dN).

First we recall that the existence of the moment of order 2g of B is
equivalent to the existence of the derivative of order 2¢ of ¢ when ¢ is a posi-
tive integer. Next

® 2¢(0) — o(t) — ¢(—2) i
{1+8

0

(32) _
= 2wt - gy sin (1 = ) — [ ["leB@)

—c0

if 0 <B <2—the assertion being that if one member is finite the other is finite
also and has the same value. We may assume that B(I) =B(—I) (else replace
B(I) by B(I)4+B(—1I)). Then

(33) o(t) = 2 f cos IAB(dN).
0
Now, a familiar formula reads
Tl M s in (1 T nle 0<B<2
[ —ma=era-psna-p 2 0<s<2

Since everything is positive, we run into no trouble if we multiply by B(d\)
and integrate. The result is

f BN f i l_ﬂff;s M= fo ) = f (1 — cos \) B(d\)

_ 1= 9(0) = 6()
[ e

— (1 — B) sin (1 — B) % fo “MB(@).

The symmetry of B(I) and (33) give (32). Incidentally (32) and differentia-
tion permit any absolute moment of positive order of B(I) to be expressed
in terms of its characteristic function.

We say that f(f) belongs to H, if the following is true: Given any finite
interval (a, b) there are two constants C and D such that
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D 1/2
(34) If(t-l—h)—f(t)l§Ch°‘(lg—h-> s a<t<t+hr<b

If all functions of a set satisfy (34) with the same C and D, we say they
belong uniformly to H,.

THEOREM 4. Suppose that 0<a =1 and that

(35) f w])\P“B(d)\) < .

—0

Then for almost all w the Z(t, w, A1, As) and Z(t, w) belong uniformly to H,.

It suffices to prove that the functions Z(¢, w, A)=Z(t, w, 1, A) belong
uniformly to H,. In this case we can formulate the statement in a way which
makes the details of the proof a little easier: Suppose that X (I, w) satisfies
(Bi—s)—but not necessarily (35)—and define

A girt
Z*(t, w, A) =f —— X (d\, w), 1 <A<
1 (1)\)“

then the Z=(t, w, A) belong uniformly in A to H,. It is this second form which
we shall prove.
Let us first settle the case a =1. Consider any w for which

T
(36) A{Zu(t, @) }dt = K(w,p, T) = K < @

for every T, p and drop w from the notation. (That (36) holds for almost all
w follows from Theorem 1 and the approximation used in §4. Indeed, one can
prove a statement for integrals similar to Lemma 1.) Now

1 1 t+h
37 N {ZY\t¢ + b M) — 212, M)} = ~ Z(u, A)du.
. t

Since A4,(u) is convex, (37) and Jensen’s inequality imply that

A {Zl(t+ h) — Zl(t)} { | Z(u)du}

h
= P f o{Z(uw)}d

= K/h, —T<t<t+hr<T.

A slight rearrangement yields

| 21 + ky A) — 2, A) | < 112 {lg (g + 1)} ”2.
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This proves (34) when a=1 and incidentally shows that for small % the C
and D can be chosen small.

When 0<a<1 we express Z* as the sum of a well behaved function
and of a fractional derivative of Z!(¢,A). From [; eit—1dt=1°T'(a) we see that
it Y

FFO) 2
x b

1. pt?
(38) —_ f uole —uigdy = —
T'(a) Jo (2=

where F(\) is bounded and continuous. Thus

e

1 1 A A ei)\t
) 1 fo WZ(t — u, A)du = fl o K@+ fl - FX(@).

Since
waF()\)IzB(d)\) < o,

we conclude from what has already been proved for a=1 that the second
term on the right in (39) belongs to H; uniformly in A. So we need consider
only the term on the left.

The function Z1(t) —Z'(t—u) is an indefinite integral of Z(t—u) (as func-
tion of #) and vanishes at # =0 like #(lg 1/4)'/% Hence, integrating by parts,
we have

f lu«—IZ(z —wdu=2'(t) =2\t - 1)+ (1 — ) f l{ZI(;) - Z'(t — u)} .

u2—a

The first two terms on the right again belong to H; uniformly in A. Writing

Y(t, A) = f ' {Z\¢t, A) — Z(¢t — u, N)} ‘:f )
0 u—e
we have
1 du
Y+ k) — ¥(t) = f (214 W) = 200+ b= ) = 220 + 20— )} — =
[}

We must show this to be less than Che(lg D/h)Y? for, say, — T <t<t+h<T.
If 0<k<1, then

h
f {|2\¢+ ) =2+ h— w) | + | 2@) — 2'(¢t — w) | }u=—2du
0

1
=< f Ciu(lg Co/u) 2u2du < Csh*(lg Ci/ h)'/?,
[]
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1 .

f {122+ b)) —22@0) |+ | 20+ b — w) — Z'(¢t — w) | Juedu
h

1
< f Cik(lg Co/ k) 2us2du < Csh=(lg Ca/ k)2,
L

Here the constants C; and C,, which are furnished by what has been proved
for a=1, are independent of A. If 2>1 we have a similar estimate without
the need of breaking up the range of integration. Thus Y(¢, A) belongs to
H, uniformly in A. Tracing the steps backwards we see that Z=(¢, A) also
belongs to H, uniformly in A.

6. Another inequality. Our study of Z(¢, w) for large ¢ is based on the fol-
lowing inequality.

LeMMA 10. Suppose that Xy, X3, - - - satisfy (Ai—s). Then for almost all »
and for all p

1 T
(40) sup — f A{Zy(t, w)}dt < .
r T Jo
If also p=2 in (As) and 1000pB <1, and if G,q is the set on which the left
member of (40) s less than a, then
(41) P{G,.} = 1 — (24 300a~1)(pB)'/,

We shall prove (41) first. Then (40) and a somewhat weaker inequality
for integrals follow without difficulty. The principle steps are given as lemmas.

LeMMA 11. Let S be a space of total measure 1, s—s* a measure preserving
flow on S, f(s) =0, and T(s) #0. Then

(42) L ;(i) OT(a)f(s‘)dt§2{Lf’(s)ds} 1/2.

This is a corollary of the maximal ergodic theorem.

LEMMA 12. Let ¢i(u) be the Rademacher functions, N, real numbers, T'(u)
#0, >-|ax|?=D, and 20Dp <1. Then

1 4 T (w)
(43) j; F:) . A,{ [ap(w)e™],}dt < 20(pD)*2,

The proof is rather long. In Lemma 11 take S=S5;XS;X « : +, each S
being the interval —1/2 <s;<1/2 provided with ordinary Lebesgue measure.
The flow s—st defined by

sp= i+ (20) Mt (mod 1), 1/2 < st < 1/2,

clearly preserves measure. The functions e?*#* (considered as functions on .S)
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are a set of random variables satisfying the hypotheses of Lemma 4; hence

(44) fs A,{[ae* ], }ds < (i)m f_ ) (erP%" — 1)e=*"I2du

m
< 4pD
if 40D <1. Thus in Lemma 11 we may set f(s) =4,{ [ae?***]«} to obtain

B 4 oo,
A 27rig t dt
j; T(s) , p{ ae (4 *

o tiaf”

* { LA“”{ [ae?mi¢], } ds} 12

= 12(pD)*/2, , 80D < 1.

Let now U, be the space consisting of the two elements 4+1 and —1, to
each of which is attributed measure 1/2, and let U=U; X Uy X - - -. The
transformation s—(5, ) defined by (5, ux) =(2sk, +1) if —1/4<s:=1/4
and by (3k, #x) = (2sx —sgn si, —1) otherwise maps S on SX U with preserva-
tion of measure and carries e?*** into uze****. Under this transformation (45)
becomes

dS T(s,u)
(46) fduf f A, { [aueriee™t] }dt < 12(pD)'2,  8pD < 1.
v Js T(s,u)Jo

Now, 4,{x} is an increasing convex function of |%| and
. . 2
[oue™teris]ds = | aue™t | evisds | = — [aue™],.
8 8

T

Keeping these facts in mind, we apply Jensen’s inequality to (46), first spe-
cializing T'(s, %) to T(u):

du [T
12(pD)12 2 f — f dt f dsA,{ [auemiet], }
v T(u)Jo 8

( du T(w) [ o]
47) = f —_— A { f aueTi®eMt ds} dt
v T(u)Jo g 8 *
du T(w 2
%f — 4, {—- [aue“‘]*} dt, 8D < 1,
v T(w)Jo T

Since 2%2/w2>4/10, and since there is a measure preserving transformation
of U on (0, 1) which carries u; into ¢, (47) implies the lemma.
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LEmMMA 13. Suppose that Xi1, X, - - - are symmeiric and satisfy (Ai—3)
with p =2, that T(w) %0, and that D >0. Let E be the set on which Y| X;|?*<D.
Then

dw T (w)
f —_ f A,{Z4(t, w) }dt < 20(pD)'2, 20pD < 1.
E T(w) 0

The proof is like that of Lemma 6.

LeMMA 14. Suppose that X1, Xa, - - - satisfy (Ai—s) with p =2, that D >4B,
that T'(w) 0, and that 160Dp <1. Define E as in Lemma 13. Then

do [T@
(48) fE @ Js A,{Z(t, w) }dt < 400(pD)"12,

We take replicas @, X{ («’), E’ of Q, X(w), E. Since Z]X;,—X;,’ I <4D
on EXE’,

dw e . i\t 2
(49) fE F(w—)f,dw fo A { [(X — X")e™t],}dt < 60(pD)1'2,

Let F; be the set in €' on which [X’(w’)e™*]x <2BY2, Then P'(F})=3/4;
and also P'(F/N\E’)=1/2, for P'(E')=P(E)=3/4. If o’ EF,

1
[(X@ — X'@Ner]s 2 — [X@e]; - 4B,

so that
Az { [(X(@) = X' (@))e™] } 2 exp {p([X(w)e™]2 — 8B)} — 1
’ %84, { [XeM] } — 24pBe%".

v

(Note that 8B <1 and e*<1+43x for 0 <x <1.) This being so, replace E’ by
E'NF] in (49):

dw T (w)
wenyr> [ f @ fE o, A (X = X)L

dO) T (w)
(50) > %8 f — f dtA,{ [X (0)e™]y } f dw’ — 24pBe%B
g T(w)Jo ENF,

v

1 do [T
L s f o f A,{ [X ()™t} ds — 24Bese8.
2 g T(w)Jo

Inequality (48) is nothing but a restatement of (50), account being taken
that D>4B, pD < (pD)V?, ¢8¢B < 3.
It follows from (48) that
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1 T (w)
- @ > - 1/24—-1
51) P{T(w) j; A,{Z4(t, 0)}dt < a} = P(E) — 400(pD)/%a

%

1 — BD-! — 400(pD)/%a"1.

Since T(w) may be chosen at will the left member may be replaced by
P{G,,,a } , where G,,, is the set defined in Lemma 10. When 1000pB <1 we may
set D =2"1B23—13 and still satisfy the condition D>4B and 160Dp <1 of
Lemma 14. Then (51) becomes (41); so the last part of Lemma 10 is proved.
In order to prove the first part one proceeds just as in the proof of Lemmas 8
and 8. There is so little change that we omit the argument.

LEmMMA 15. If X (N, w) satisfies (Bi—s) and 1000pB <1, then (41) s true.
In particular, for almost every w and for some p=p(w) >0 the inequality (40) s
true.

We shall see later that when Z(¢, w) is an integral, (40) may not be true
for all p>0.
In order to prove (41) for integrals it suffices to prove

- P{-T—(l;—) fo e A,,{ j; 0 axan, w)} &t < a}

> 1— (2 + 300a1)(pB)1/3

for arbitrary T'(w) and A(w, £). The method of approximation by series used
in §4, together with (41) and Fatou’s theorem, yields (52) without trouble,
though the details are rather tedious. It is at this point that it becomes im-
portant to have a supremum and not a limit in (41).

7. The mean behavior of Z(f, w). Let N, be the class of functions f(f)
for which

1 T
sup - A,{f(t)}dt < .

T#0 0
In 9, define a “distance” (f, g), by
1 1 T 1/2
(0 = {—lg sup—f exp {p|f — glz}dt}
p T T [}
The triangle inequality is not satisfied, but for any elements f, g, & of N,
(f, 8e = (f, s + (B, g)ap-

The article [5] by Jessen may be consulted for further information about 9,.

THEOREM 5. If X, X, - - - satisfy (Ai_s), then for almost all w the functions
Za(t, w) and Z(t, w) belong to M, and (Z.(w, t), Z(t, w)),—0 for every p. In par-
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ticular Z(t, ) 1s (for almost all w) an almost periodic function belonging to every
B,

The second statement is a corollary to the first, for convergence in N,
implies convergence in B?, and Z,(!, w) is a trigonometric polynomial. In
order to prove the first statement, note that for n>N

l
| Z(t, @) — Za(t, @) | < 2sup| D Xa(w)ePt|.
IZN| N
Setting
BN = Z bm
n=N

we have, according to Lemma 10,
1 T

P{sup — f Ayp {sup

r T Jo =N

which is close to 1 for large N. Thus

l
E X i(w) et

N

4=q

1 — (2 + 300€!)(4pBw)2

P{sup —;—foTA,,{Z(t, W) — Za(t, w) }dt < e} 21—

for large N and all > N.
The proof of the following theorem is similar.

THEOREM 6. If X (N, w) satisfies (Bi_4), then for almost all w there is a
p=p(w)>0 suck that (Z(¢, w), Z(¢, w, A1, A2)),—0 as A;—>— », Ap— . In
particular, if X(\, w) (for almost every w) changes only by jumps and has only
a finite number of jumps in every finite interval, then Z(t, w) is almost periodic.

It would be interesting to find out whether Z(¢, w) has a spectrum, in the
sense of Wiener, for almost every w. It would then follow that the limit

lim Y| X(I% o) |

n—w

always exists if (I}), k=1, 2, - - -, k,, are partitions of the \-axis, the
(n+1)st one refining the nth.
8. The growth of Z(t, w).

THEOREM 7. Let X1, Xo, + - - satisfy (Ai1—s) and let 6>0. Then for almost
all w .

(53) Zy(nd, w) = o(lg n)'/?, . mo o,
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If moreover

(54) 3 b | e < o0

for some aa>0, then

(55) Zy(t, w) = o(lg )12, t— o,

It is possible to replace (54) by > b.(lg I)‘nl )te< o, but the proof be-
comes much more involved.
In order to prove (53) we note that for almost all w and for all p

(56) sup% }_‘, A Z (B8, w)} < .

(The proof is similar to that of (41).) Hence
AfZym, w)} <Cn — 1 =C(w, p)n — 1,

or

1
exp {pZ:(nB, w)} < Cn, Zi(n&, w) <—((gn+1g0).
: P

Since p may be chosen at will, (53) is true.
When a=1 the proof of (55) is quite easy. Let us drop w from the nota-
tion, as what we say will be true for almost every w, and define

aZ(t) k

Vi(t) = =1 Z ;X jetit,
=1
Then
t
Zi(t) = Zk(n) +'f Yi(t)dt, ns=t<n-+1,
(57) "m
z0szm+ [ v, nEi<n+l,

The first term on the right in (57) is o(lg ¢)V/2. As for the second term, Lemma
10 applied to the random variables N\;X;, which satisfy (A;—3) if =1, yields

f"A,,{Y*(:)}dt <Cn—1=Clopn—1,
L] .
or
n+1
(58) f exp {p72()}dt < Cn.

Since exp (px?) is convex,
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ex;p {p( f . Y*(t)dt)z} < f . exp { pYi(t)}dt

= Cn,
n+1 2 1
( ] Y*a)dt) < (gn+1gC),
n p

and the second term on the right in (57) is o(lg £)V/2.

According to what has just been proved, it suffices to consider only series
with A\;>1 when 0<a<1. As in §5 it is convenient to change our point of
view and prove the following statement, which (together with what has al-
ready been shown) is equivalent to Theorem 7: Let X1, Xs, - - - satisfy (Ai-s)
and let \y>1. Then

k

Z Xi eihit

=1 (Nj)°

= o(lg 1)*/2

Z‘;(t) = Sl:p

Just as in (39),

k
Zi(t) = X (N)eX et
1

1 8 i
= ———f uZ,(t — w)du + Z (AN)~1F5(N ) X jeit,
T'(a) Jo n

1 5 k
Ze(t) = ——f u*Z(t — w)du + sup Z ()" Fs(\ ) X jeiit
* T(a) Jo I

where F;(\) is bounded in A=1 for any choice of § >0. The second term on
the right is o(lg £)V/? since the random variables (2\;)~1F;(\;) X; satisfy the
hypotheses of Theorem 7 with & =1. We need a lemma to deal with the first
term. '

LeEMMA 16. If g(x) 20 then

1 4 1/p 1 1/2
(59) { f gpdx} <K,+ (lg f exp g2dx) .
0 0

The function exp #?? is convex for #?»>Max (0, p/2—1). When g2=p/2
—1 throughout 0 <x <1, we replace # by g? and use Jensen’s inequality:

2/p :
(60) exp( f g"dx) = f exp gldx,

which amounts to (59) with K,=0. If g? is sometimes less than p/2—1, re-
place g2 by Max (g?, p/2—1) in (60). The result is (59). Clearly (59) is true
if [} is replaced by §-1f3.
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We use Hélder’s inequality with exponents 2/a and 2/(2—«), then
Lemma 16:

5
f w2, (t — u)du
0

1 p¢
= 8p_”2?f ue1pMZ (t — u)du
0

1 8 1—a/2 1 8 al2
< sp1/2 {_f u(2a—2)/(2—a)d“} {_f (pM2Z4(t — u))2/adu}
é 0 8 0

)

(61)

1 1/2
=< 8929712, + 8p7 V2L, {lg?f exp (pZ:(t - u))du} .
0

Here L, can be majorized (for § <1) by

1
Lo < {1 + f u<2«—2>/<2—a>du} (Kyja + 1).
0
Also
8 1
f exp (pZ2(t — #))du < f exp (622t — w)du < C(p, @) | ¢!
0

by an argument like that leading to (58). Hence (61) implies that if >0, then
6 can be chosen so small that

8
f u"Z(t — u)du < n(lg £)'/2
0

Thus Z5(¢) =o(lg £)V/2 and the theorem is proved.

THEOREM 8. Let X (I, w) satisfy (Bi1-4) and let 6>0. Then for almost all
there is a C=C(w) such that

Z(nd, w) < C(lg n)/2, n— o,
If also

f | N|2¢B(dN) < «,

—0

then there is a C=C(w) such that
Zy(t, w) = C(Ig )17, t— .

The proof is like that of Theorem 7 except that we may not take p arbi-
trarily large.
9. An example. A stochastic process Z(t, w) is called strictly stationary if
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for every collection E,, - - -, E, of open sets of complex numbers and every
set t, + - -+, ¢, the probability
P{Z(t,"'S)EE,,j: 17"'1"}

is independent of s. According to Blanc-Lapierre and Fortet [1], when the
spectrum of Z(¢) is a discrete set (Ax) and the \; are linearly independent over
the field of rationals, one can write

Z(@t, w) = 2 Xi(w)Us(w)eP s,

where the X are independent among themselves and the X are independent
of the U;. Moreover each X is uniformly distributed on the unit circle |x|
=1. These facts are easy to prove.

It can also be shown that Y| Ui(w)|2< = for almost all w. It is not
hard to see that all our theorems about series apply to Z(¢). One has only to
fix the values of the U and consider the conditional distribution of the Xj.
The condition anl)\nl ‘< o is to be replaced by E| U,.(w)|2|)\,. ‘<o for
almost all w.

10. Fourier-Wiener transforms. A random additive function of intervals
Y(I, w) is a Wiener process if it has independent increments and can be
written Y(I) = Y1(I)+1Y,(I), with ¥; and ¥, real processes, independent the
one of the other, and

v
P{Yi(I) < y} = (=| I| )—mf eI dy, k=12
Here | I| is the length of I.
We take @ to be the set of all additive functions of intervals which de-

pend continuously on the end points of the interval, so that Y(I, w) =w(I).
When f(\) belongs to L2 ., ., the integral

[ sooran
can be defined as a strong limit in L2. It is a random variable whose real and

imaginary parts are independent normal variables with mean zero and vari
ance

Sl = [0
2 2 J
The Fourier-Wiener transform of such an f is
(62) 20) = 26,) = [~ eogT@N ).

If g(¢) is the Fourier transform of f(\), then Z(t) may also be written
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(63) 20, @) = f " ot = 5) P(ds, )

where ¥(I, w) is again a Wiener process.
The auto-correlation function of Z(¢) is

6(s) = f 202+ o

(64) = f i | 7O\ |2eiordn

- [ Tawet+ 9a

We shall use the facts above, and also the correspondence between uni-
tary transformations of L? ., ., and measure preserving transformations of Q
without special mention. (See Paley-Wiener [9] and Bochner [2].)

It should be clear that our theorems hold for Fourier-Wiener transforms.
The only difficulty is that the Z(¢) in (62) is defined only almost everywhere
in X (). We may avoid this difficulty by defining

X(l, @) = f, ST (N, )

for intervals I with rational end points as a strong limit in L2, then extending
the definition of X to all intervals. The resulting function satisfies (B;—4) if a
null set of Q is ignored. Moreover, the Z(¢, w) of (62) is the limit (for almost
all w and ¢) of

(65) f Ae"“X(d)\, )
—A

as A— o, The last integral is to be taken in the sense of §4. Our statements
in this section really concern the limit of (65).

THEOREM 9. If fEL? and if

[ g )]0 fan < =,

then (for almost all w) Z(t, w) is continuous in ¢. If f& L? and if

(66) fwl)\l“lf(x)lzdk<oo, 0<ac=1,

-0

or, what is the same as (66) for 0 <a <1, if
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(67)

[FHOZR e,

sl+2m

then Z(t, w) EH, for almost all w.
THEOREM 10. If fEL? and if (66) or (67) s true, then for almost all w,

(68) lim sup = = = -

Only Theorem 10, which sharpens Theorem 8, needs an indication of the
proof. We assume ||f|| =1 and prove first that (68) is true with <for =.
Clearly, for p<1,

fexp (o] 2@t) |2} dw =fexp {0Z3 + pZ3}dw
Q Q

1 ) ©

—_ pu2+pv’ —ul—y?

= — e € dudy < o,
TV

(Z, is the real part of Z, and Z, is the imaginary.) Since the transformations
Z({t)—Z(t+s) can be regarded as the result of a measure preserving flow of
Q into itself, the maximal ergodic theorem and (69) imply

(69)

(10) sup— 35 4,20k, o)} < =

(1) sup% f U420 ) )it <

for every p<1, every >0, and almost every w. From (70) and (71) we con-
clude, as in the proof of Theorem 7, that

(12) | Z(nd, )| < {272 + o(1) }(Og )1,
1 (n+1)8

(73) - f |2(t, @) | di < {572 + o(1)} (Ig nd)2.
] nd

This much is accomplished without using (66). When a=1, Z(¢) is dif-
ferentiable and we write

(74) Z() = Z(nd) + f ' Z(w)du, o <t < (n+ 1)s.
nd

Since Z'(t) is the Fourier-Wiener transform of tAf(\), (73) holds with Z re-
placed by Z’ and p replaced by any number less than ”)\f()\)” say by 4
—-|l)\f(}\)|l/2 Thus (72) and (73) imply

|Z@) | < {p7212 + 47112% + o(1) } (Ig nd)'/2,
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and this is equivalent to (68) with < for =, since p and § are restricted only
by p<1 and 6>0.
When 0 <a <1 we write

L
Z() = f AYNT@N + [ MO (@N)

L INI>L
= Z3(8) + Z4(2).

By what has already been proved, (68) is true with Z; for Z and £ for =.
As for Z,, if >0 we choose L so large that

[ Lol nfean <
INI>L

The argument concluding the proof of Theorem 7 then shows that
| Zit) | < {Cn'2 + o(1)} (g t)V2

with C independent of 7. So (68) is true with = for =.

In order to show that (68) is true when = is replaced by =, we use the
representation (63), in which g(#) is the Fourier transform of f(\). A few pre-
liminary remarks are needed.

It is well known that if A\) EL? and p(\) EL, then [h(\—pu)p(u)dp be-
longs to L2

Suppose that f(A) and I)\l «f(\) belong to L?, that g(¢) is the Fourier trans-
form of f(\), and that g(f) is an infinitely differentiable function which
vanishes outside some bounded interval. The inverse Fourier transform of

q(t)g(®) is

@ [0 = WG
where p(\) is the inverse Fourier transform of g¢(¢). It is clear that p(\)
vanishes at infinity faster than any power of A, so that p(\) and I)\|°‘p()\)
both belong to L. Noting that |\|*< |N—p|*+|p|= for 0<a =1, we have

RS

fwf()‘_M)P(M)d“ éfwl)\—ul“lf()\—n)lli’(uﬂdﬂ

+f°°|f<x—u>||n|«|p<u>|du,

and by the first remark, both terms on the right belong to L2. Hence g(¢)g(¢)
is the Fourier transform of a function satisfying (66). The same is true of
(1—q(®)g(®).

We take for ¢(f) a function which vanishes outside (—L, L), equals 1 in
(1—L, L—1), and elsewhere assumes only values between 0 and 1. Then
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20 = [ a5 76— a9+ [ (1 - aeo) 76 - a9

= Zs(t) + Zs(l).
If L is so large that || (1 —g)g]| <7 then
Zs(t
lim sup L0 I h )
e (Ig )17

On the other hand, the random variables Z5(0), Zs(2L), Zs(4L), - - - are in-
dependent and for large 2

P{|Zs(2nL)| > 2z} = P{real part of Zs(2nL) > 3}

1 w
> f eI dy
omt/2J,

(75)

—12102
32”1/2
Here o =||gg||. Thus the series
(76) 2 P{|z2nL)| > o(lg 2nL)"}
n=1
diverges. Accordingly, for almost all w
(77) | Zs(2nL) | > o(lg 2nL)/2

for infinitely many #. Since 7 can be chosen small and ¢ can be chosen close
to 1, it follows from (75) and (77) that (68) is true with = for =. This com-
pletes the proof of Theorem 10.

The limit in (68) remains the same if Z(f) is restricted to a sector or if
the argument of Z(¢) is restricted by

— (g )7V* <argZ(1) < (g ™7,

for the series corresponding to (76) diverges.
It is easy to see that (66) may be dispensed with if ¢ is restricted to an
arithmetical progression:

THEOREM 10’. If fEL?, then for amost every w

. | Z(n)|
lim sup Y
n—ow g n

= lIAll.

- A finer study of the properties of Z(t) requires more knowledge of f(\)
than (66) furnishes. We give one example, which by no means exhausts the
subject.
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If I=(a, b) we write cI for (ca, cb) and interpret V(cd\) as the differential
of Y(cI). Let us define
® 1 1
(78) W(u) = f (e — )N 1ev/2V (e~ 4dN), — ? <B< ?
0
By making use of the correspondence between unitary transformations of L?
and measure preserving transformations of , it is not difficult to show that
W is a Fourier-Wiener transform, though of course not a transform of the ¥
appearing in (78).
In order to apply Theorem 10, we verify that condition (67) is satisfied.
The auto-correlation function is

o(v) = e(ﬂ—-l/Z)vf (e — 1)(e™” — 1)A%—2.
0

We have
2w sin 8w 2
I'(2 — 2B) sin 267

$(0) = f | e — 1]2A%-2d\ =
0

and
f l(eix(l+y) _ 1))\5—1 _ (eix _ l)kﬂ_llzd)\ _ K;yl—?ﬁ‘
0
Hence, by the inequality of Cauchy-Schwarz,

$(0) — ¢(v) = (1 — eB-1D)p(0) + e(ﬁ—l/2)uf (™ — 1)(e™ — ePer)A2%-2d\
0

= 0(u1*5).

This is enough to show that (67) holds for some >0, for 1/2—8>0. Thus,
for almost all w,

(79) lim sup [ WG|

|4]— e (lg | ul )112 - F

In order to use (79) we need a lemma, whose proof is left to the reader.

LEMMA 17. Suppose that |f(\)| =|gN)|, that
Ut a) = [ b, DI0F (@, @),

V(0 = f KO\ DgVT (A, w),
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and that
limsup | V(4 w)| = 1
for almost all w. Then also
limsup | U@t w)| 2 1
for almost all w.

Note that for ¢>0,

V@) = f " (€™ — )T ()
0

= 1w (g ),

(80)

so that
vl _
nirs(lg | 1g ¢] )12

as t—o or t—0, for almost all w. This together with the lemma yields the
following statement: If

lim sup 8

1 1
(81) CIM-1 £ f(A) S CaN1, -5 <8<

and
2() = f " (e — DINT @),

then for almost all w

[z |

82 C1Ks = lim su
( ) 188 ptln_ﬂ(lg Ilgtl )1/2

< CyKg, t— o or t— 0.

An f satisfying the above inequalities cannot possibly belong to L2. We shall
see that (82) really corresponds to two theorems concerning Fourier-Wiener
transforms—one dealing with local behavior and one with averages.

THEOREM 11. If f& L2 if (81) s true for large \, and if

(83) 20) = [ joenrav,
0
then for every t and almost all w,

Zi+h) —2Z
(84) CiKs < lim |26+ ) ~ 20| < C:K;.
-0 | k|H2E(g lg 1/ | k| )12
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THEOREM 12. If fEL? if CINMSf(N) < CoM\ for small N with —1/2<8<1/2,
and if Z(t) is again defined by (83), then

j; TZ(t)dt}

85 C1Kg £ lim sup————— £ CoK
(85) 1 T—mp TU*b(1glg T) e

for almost all w.

To prove Theorem 11 we make the following observations: Z(¢) is sta-
tionary, so it suffices to consider Z(t) —Z(0) as ¢ 0. Now, the local behavior
of Z(t) depends, as we know, only on the part 7, for [¢ is an analytic func-
tion for every w. Since the same is true of V(¢) as defined by (80), we compare

f (e — 1M1V (dN)
L
with

[ : (™ — 1)/ V()

and use Lemma 17 to prove the theorem.
The proof of Theorem 12 is similar. We have

f i = — i f " (T — 1JONIT (@) — i f " (€T = 1)JN1F (M),

The second integral is O(lg T)V2 by Theorem 10, and we compare the first
integral with

fL(e'“' — MY (@N).

If one makes assumptions only about the behavior of
N
f X~ sin? 7| FOA) |2,

results less precise than (84) and (85) can be proved.
Theorems 11 and 12 contain the laws of the iterated logarithm for
Brownian motion. One has only to consider (80) written for =0,

© ei)\t -1
V@) = fo — Y.

This is the complex (two-dimensional) Brownian motion which starts from
the origin at t=0. For t—« the limit following (80) gives the law of the



1951] RANDOM FOURIER TRANSFORMS 69

iterated logarithm at « ; for £—0, the local law of the iterated logarithm. The
more refined theorems concerning upper and lower sequences escape our
methods.

Theorem 4 applied to Brownian motion yields only a uniform Lipschitz
condition of order « for every a <1/2, which is somewhat weaker than what
can be proved by a direct probability argument. Actually the following
theorem is true for Fourier-Wiener transforms.

THEOREM 13. Under the hypotheses of Theorem 11, Z belongs to Hye—g but
not to H, for any a>1/2—8. (It is assumed that C;>0 in (81).)
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