HOMOLOGY THEORIES FOR MULTIPLICATIVE SYSTEMS

BY
SAMUEL EILENBERG AND SAUNDERS MacLANE()

1. Introduction. The homology and cohomology groups [1](%) of a group
II are usually defined as the homology and cohomology groups of a certain
abstract cell complex A°(II). The g-dimensional cells (¢=1) of A°(II) are all

g-tuples [x1, - - -, x,] of elements x; of I, and the boundary of such a cell is
defined as
a[xl’...’xq]= [xzy...’xq]
q—1
(1.1) + 20 (=[x, - -, @akigr, -, %]
i=1
+ (—l)q[xly Sty xq—l]r q > 17

with d[x]=0. It is convenient to augment A°(I) by regarding the com-
mutator quotient group II/[II, II] as the group of 0-dimensional chains, with
d[x]=x[I, I0].

The complex A°(II) occurs in a topological problem in which II plays the
role of the fundamental group of a space. An analogous problem in which the
fundamental group is replaced by a higher homotopy group has led us to be-
lieve that there exists for abelian groups a specific homology theory distinct
from the one described above for all groups. This in turn suggests the thesis
that the class of algebraic systems defined by any set of identities has its
appropriate homology theory. The objective of this paper is a study of this
thesis for the case of systems with a single operation of multiplication.

The proof that 30 =0 in the complex 4°(II) uses only the associative law
in II, as for instance in 8d[x, y, z]=[(xy)z] — [*(y2)]. For any associative
multiplicative system M one may thus define a complex A°(M) by the same
formulas, and refer to A° as a “construction” on such systems M. A deeper
property of the construction A4° is the fact that all “formal” cycles are
“formal” boundaries. These concepts are explained in more detail later in this
introduction; for the moment a formal cycle may be regarded as a chain 2
written with indeterminates as entries and such that dz=0 holds in virtue
of the boundary formula (1.1) and the associative law alone.

It is important to notice that this property of A° is lost as soon as the
commutative law is assumed for the system M. Indeed, the formal 2-dimen-
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sional chain
Z = [xv ¥l — [yv x|

has boundary dZ = [yx] — [xy], and therefore is a formal cycle as soon as the
commutative law is present, but it is not a formal boundary. Thus the con-
struction A° which was appropriate for the class of associative systems is no
longer so for the class of associative and commutative systems. To reestab-
lish the property that formal cycles are formal boundaries one may begin by
adjoining to the construction 4° a new 3-dimensional cell [x|y] with

x| 3] =[x 9] = [y =]

Note that this three-dimensional cell has only two entries, which are sepa-
rated by a bar to distinguish the cell from the 2-dimensional cell [x,y] already
present in 4°.

One can now prove that in dimension 2 all formal cycles are formal
boundaries. However, in dimension 3 we find the following formal cycles

Zi=— [z| 5] = [y] =],
Zy [xlz]— [xlyz]'l' [xly]+ [xv J’:Z]— [yv xrz]+ [%Z’ x]r
Zs [ylz]'— [xylz]'l' [xlzl - [xv y»z]+ [xrzv y]— [zv X, y]v

which are not formal boundaries, but which we convert into formal boundaries
by adjoining three new types of 4-dimensional cells:

[ally] with  8[ally] = 2,
[x| y, z] with a[xl y, 2| = Z,,
[«, yl z] with 9], yl z] = Z,.

These additions restore the desired property in dimension 3, and the process
here started may be continued in the fashion described in [3, II] to yield a
construction 4 for associative and commutative systems satisfying the condi-
tion that all formal cycles are formal boundaries in every dimension.

The constructions 4° and 4 are two instances of a general notion of a con-
struction K on a class N of multiplicative systems. Such a construction
assigns to each system MEN a cell complex K(M). In each dimension the
cells of K(M) fall into several types. The cells of each type are built by ar-
ranging arbitrary elements of M in an array of specified form, with a boundary
formula written with indeterminates. Such a construction is called formally
acyclic if every formal cycle is a formal boundary. The main theorem as-
serts that formally acyclic constructions exist and that any two such construc-
tions on the same class of system 2( yield isomorphic homology theories.

The requirement of formal acyclicity is in effect a prescription for the
way in which a construction can be built up one dimension at a time. Given
the cells on dimension ¢ and below, each type of (¢g+41)-cell must have a
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boundary which is a formal cycle, and the requirement states that there must
be enough such types of (g+1)-cells to convert all formal g-cycles into
boundaries. In this sense the construction must be “maximal.” This method
will be used to prove the existence of formally acyclic constructions.

The notion of “formal” cycle in a construction K must be made more
precise. For the case of groups, we interpret formal cycles as certain cycles of
the complex K(F) formed for a free group F= Fg, or for a free abelian group
F=Fga. Here two distinct points of view are possible. On the one hand,
one may consider every cycle in K(F) as a formal cycle. Then the condition
that formal cycles bound may be recorded as

(1.2) H,(K(F)) = 0, 7> 1

we then say that the construction K is freely acyclic.

On the other hand, one may wish to have a much narrower definition of
a formal cycle. Observe that in the boundary formula (1.1) for 4° each letter
x; appears at most once in any cell on the right, and that the same property
holds for the boundary formulas used above for the enlarged construction 4.
To formalize this property, call a cell of K(F) generic if its entries are prod-
ucts of generators of F, with each generator appearing at most once in the
cell. Then require that the generic cells form a subcomplex K(F, *) of K(F).
We now interpret formal cycles as cycles of this subcomplex K (F, *). Thus the
condition that formal cycles bound may be recorded as

(1.3) H,(K(F, *)) =0, qg> 1.

We then say that the construction K is generically acyclic.

The construction 4° for all groups is both freely and generically acyclic,
the free acyclicity being merely a restatement of the known fact that the
higher homology groups of a free group are trivial. Hence, in this case both
concepts of a formal cycle yield the same homology theory for groups. This is
no longer the case for abelian groups. The construction 4 outlined above will
be proved in a subsequent paper to be generically acyclic. However, 4 is not
freely acyclic, since the 3-dimensional cycle [xl x], where x is a generator of
the free abelian group F, does not bound. Thus in the case of abelian groups
we have two distinct intrinsic homology theories, one based on free and the
other upon generic acyclicity.

For abelian groups there are a large number of apparently quite different
constructions which are generically acyclic. One such is a cubical construction
Q(II) which is generically acyclic (§12) only modulo a suitable normalization
subcomplex. The main theorem for the comparison of two generically acyclic
constructions also holds (§9) when the generic acyclicity is given modulo an
appropriate type of normalization. Hence the construction Q and the con-
struction A4 partially described above have isomorphic homology theories,
and the identification of these theories without explicit construction of the
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comparison is an illustration of the force of the main theorem. Exactly this
comparison was requisite [3] for the topological problem mentioned above,
and it was the starting point of the present investigation.

2. Free multiplicative systems. We consider multiplicative systems M
which have a binary operation mym,& M, defined for all pairs m;, meE M,
and a unit element 1, such that 1m=m=m1 for all mE M. The same symbol
1 will be used to denote the unit element in various systems M. If M and N
are such systems and « is a function defined on M and with values in N,
then «a is called a homomorphism (notation, a: M—N) provided

a(l) = 1, Ol(mﬂ?‘lz) = a(ml)a(mz), miy, Mo E M.

The category [2] of all these multiplicative systems and homomorphisms will
be denoted by (.

For our purposes, a free system F is a multiplicative system F together
with a fixed sequence of elements g1, gs, - - - in F, with g1#1, such that for
any sequence ai, @z, - + - of elements of F there exists one and only one homo-
morphism a: F—F with a(g;) =ai, 1=1, 2, - - - . A multiplicative system M
is said to belong to F if, for any sequence m;, ms, - - - of elements of M, there
is one and only one homomorphism 3: F— M with 8(g;) =m; for all 7. We de-
note by NM(F) the category of all multiplicative systems belonging to F,
together with all homomorphisms a: M—N of one such system into another.
By definition, FENM(F). One may also show that if : M—N, where M and N
belong to F, then the image a(M) and the kernel a~!(1) of « belong to F,
but we shall not use these facts. If two free systems F and F’ have N(F)
=NM(F’), then F and F’ are isomorphic.

The ordinary free group F¢ with a denumerable set of generators
g1, go, + - - is a free system in this sense, and any group belongs to Fg. If M
is any multiplicative system which belongs to Fg, then M is associative,
and for each element x in M the unique homomorphism a:F¢—M with
a(g) =x, and a(g;) =1, for ¢>1, must map g;' into an inverse of x in M.
Hence M is a group, and the category MM (F¢) of all systems belonging to the
free group Fg is exactly the category Mg of all groups. By a similar argu-
ment, the free abelian group Fg4 with a denumerable set of generators is a
free system in our sense, and determines the category MM (Fga) of all abelian
groups.

The universal free system Fr with generators g1, gs, - - + has as its elements
the “words” in these generators. A word of length 0 is the unit element 1; a
word of length 1 is a generator g;. Assume by induction that words of length
less than # (#>1) have been defined. If w and v are two such words of length
k, m respectively, with 1<k, 1<m, E+m=n, the ordered pair [w, v] is a
word of length n. Having defined the words, we define the products in Fr
as follows: wv = [w, v] if w and v both have positive length; 1= =w1. Once
this is done the pair notation [w, v] may be abandoned since every element
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of F of positive length can be written uniquely as a product of the gen-
erators, with suitable parentheses. This system F; is a free system, and every
multiplicative system belongs to it. )

One may obtain quotient systems of Fr by introducing a reflexive, sym-
metric, and transitive congruence relation w=wv on the words of Fy, provided
w=v implies both #w=wuv and wu=vu. By this method we obtain additional
free systems.

The free associative system F, is obtained by the congruence relation w= 4
which holds whenever the generators appearing in w in order are identical
with the generators appearing in v in order. The system F4 satisfies the asso-
ciative law, and the systems belonging to it are all associative multiplicative
systems. ‘

The free associative and commutative system F4c is defined by the con-
gruence relation w=,¢cv which holds whenever for each ¢ the number of
occurrences of g; in w is equal to the number of occurrences of g; in ». The
systems belonging to Fu¢ are the systems satisfying the associative and
commutative laws.

The free commutative system F¢ is defined by a congruence relation w=cv
which holds only when w and » have the same length, and which is defined
by induction on this length as follows: 1=¢1, g;=c¢g:, and w,w, = cv1s, if and
only if either w;=¢v; and wy=¢v,;, or w;=¢vs and ws=¢v;. By induction, Fe¢
satisfies the commutative law. If M is any commutative multiplicative sys-
tem, with elements m,, m,, - - -, there is a unique homomorphism a: Fi—M
with ag;=m;,¢=1, 2, - - - . Since M is commutative, an easy induction shows
that w=¢v implies aw=av in M. Hence a induces a (unique) homomorphism
of F¢ into M, with ag;=m,;. Therefore the systems belonging to F¢ are the
commutative systems.

We have thus the following free systems, each with its corresponding
category:

F=Fg, the free group, I ¢ =all groups,

F=Fgy4, the free abelian group, M g4 =all abelian groups,

F = F, the universal system, MM =all multiplicative systems M,

F=F,, the associative system, M4 =all associative M'’s,

F=F4¢, the associative and com- N 4¢=all associative and commuta-
mutative system tive M’s,

F = F¢, the commutative system e =all commutative M’s.

More generally, one may construct from Fr the free system satisfying any
specified set of identities. An 7dentity may be viewed as an ordered pair (w;, we)
of words of Fr. A system M is said to satisfy the identity (w1, w,) if for every
a:Fr— M, we have aw, =aw,. A relation R on Fr is a set of identities; that is,
a set of ordered pairs. A relation R is said to be closed if it is reflexive, sym-
metric, and transitive, and if
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(2.1) (w1, w2) ER implies (aw;, aw;) ER for every endomorphism a:Fr
_)FIy

(2.2) (w1, wp) ER implies (uwi, uw;) ER and (wiu, wyu) ER for all uE Fr.
Every relation R determines its closure R as the intersection of all closed sets
of identities containing R. Clearly R is closed. Since the set of all identities
satisfied by a multiplicative system M is closed, it follows that when M
satisfies all the identities of R, it satisfies all the identities of R.

For any relation R introduce as a new equality in the free system Fr the
congruence relation w;=jzw, which holds if and only if (w;, ;) ER. The
resulting system Fg clearly satisfies all the identities of R (and hence of R).
If M is any multiplicative system satisfying all the identities of R, and if
my, Mms, - + - is any sequence of elements of M, there is a homomorphism
a:Fr—M with ag;=m;. The set S of all pairs (w;, w;) of words such that
aw, =aw, is closed and contains R. Thus « induces a homomorphism ag: Fr
— M, with agg; =m,. Since every element of Fg is a product of the g;’s, the
homomorphism is unique. Hence Fr is a free system, and the multiplicative
systems belonging to it are all systems M satisfying the identities of R,
provided only that g1 in Fg. But if gi=1 in Fg, then (g, 1)ER, and it
follows readily by 2.1 and the transitivity of R that every identity (w;,w.)
belongs to R. We have proved the following theorem.

THEOREM 2.1. Let R be any set of identities such that its closure is not the
set of all identities. Then there exists one and, up to isomorphism, only one, free
system Fr such that the multiplicative systems belonging to Fr are exactly the
systems satisfying the identities R.

In particular, we may consider the four standard examples of relations:

I the empty set of relations,

C the set containing only the “commutative” relation (gigs, g:81),

A the set containing the “associative” relation (gi(gsgs), (21£2)g3),

AC the set AUC.
In the case R=C the free commutative system F¢ explicitly constructed
above is such that the multiplicative systems belonging to it are exactly the
systems satisfying the commutative law g1g,=g,g1, and thus F¢ satisfies the
conditions of the theorem for R=C, and is in fact identical with the system
Fr constructed by the method of Theorem 2.1. The explicit description of
F¢ above is a description of the closure of the relation C as the set of all
(w, v) with w=¢v. The same remark applies in the other cases of R listed
above.

Our definition of a free system F does not imply that every element of F is
a product of generators; indeed, this is not the case for the free group Feg,
because of the presence of inverses of generators. However, Fg, Fg4, and
all the free systems Fp satisfy the following condition.

FINITENESS CONDITION. For each xE F there exists an integer z such that
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#,x =x holds for the projection 8,: F—F with
(2.3) Ogi =g 1=1,--,m; Ogi=1 j=n+1Ln+2---.

Subsequently we assume that all free systems considered satisfy this
finiteness condition. From it we deduce the following lemma.

LEMMA 2.2. If xy, + + -, %& 15 a finite list of elements of the free system F,
there exists an integer n such that the projection 0, defined by (2.3) has 0.x:
=x1, * * +, OnXe =g

Proof. By the finiteness condition choose such an integer #; for each x;.
Then any % larger than #,, - - -, n; has the required property.

3. Generic endomorphisms. In the universal free system Fr with gen-
erators gi, gz, - - - a word w is called generic if no generator is repeated in the
representation of w as a product of the g’s. If F is any free system relative to
the sequence g{’, g{, - - -, there is a unique homomorphism u:Fr—F with
ugi=gi. We say that an element x of F is represented by the word w of
Fr if pw=x. Note that not every element of F need have a representation.

LemMa 3.1. If two generic words w, and w, of Fr represent the same element
x of the free system F, then w, and w. involve the same generators.

Proof. Suppose to the contrary that g; is a generator of F; which appears
in w; but not in w.. Choose 8:F—F, so that B(g!) =g, B(g{)=1 for j=1.
Then Bu: Fi—F. Since g; occurs only once in w; we have Bu(w;) =g/ . Since g;
does not occur in w,, we have Bu(w;) =1. Thus gf =1, contrary to the first
condition in the definition of a free system.

An element x in the free system F is generic if it can be represented by a
generic word. In view of Lemma 3.1 we can speak of the generators involved
in the generic element x € F. The generic elements %1, * + +, %5, + - - of F are
mutually disjoint if no two of them involve the same generator. The element 1
is disjoint with any generic element.

An endomorphism a:F—F is called generic if « carries disjoint generic
elements into disjoint generic elements. A composite of generic endomor-
phisms is again generic. It is also easy to see that an endomorphism aF—F
is generic if and only if the images a(g;) of all the generators are generic and
mutually disjoint.

Let ®* denote the set of all generic endomorphisms of F. A set ® of endo-
morphisms of F is termed admissible if ® is closed under composition and
contains ®*. A sequence x3, * - -+, %, of elements of F is called a ®-sequence
if the unique endomorphism «:F—F with a(g;)=x; for 1=1, - - -, n, and
a(g;) =1 for j>mn, is in ®. In particular (n=1) the element x is a P-element
of Fif o with a(g)) =x, a(g;) =1, for j>1, is in ®.

The set ®* of generic endomorphisms of F is admissible; the ®*-elements
are the generic elements of F, and the ®*-sequences %y, - - -, x, of F are
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exactly the sequences of disjoint generic elements of F. The set ®° of all
endomorphisms is also admissible, and any sequence of elements of F is a
$o-sequence. In order to state simultaneously theorems about free acyclicity
and generic acyclicity in the sense described in the introduction, we shall
state below theorems relative to any admissible set ® of endomorphisms, with
the cases ® =& (free acyclicity) and ®=®* (generic acyclicity) included.

For the free groups F¢ and Fg4 one may also introduce pseudo-generic
elements as those products of generators, and their inverses, in which each
generator g appears at most once (as g or as g~!). A pseudo-generic endo-
morphism « is then an endomorphism carrying the generators into disjoint
pseudo-generic elements, and the set ® of pseudo-generic endomorphisms is
admissible.

LeEMMA 3.2. If ® is any admissible set of endomorphisms of the free system
F, and £=(x1, + - -, x.) any P-sequence of elements of F, then

(1) any permutation of & is a ®-sequence,

(ii) any subsequence of & is a ®-sequence,

(iii) the sequence (x1 x2, X3, * * + , %) 15 @ P-sequence.

Proof. Conclusion (i) is immediate, since any permutation of gi, * + +, ga
can be achieved by a generic endomorphism «, where a €®; and (ii) is estab-
lished in similar fashion. To obtain (iii), observe that the endomorphism
B: F—F with B(g1) = g1gs, B(g:) =gi1 for 1>1 is a generic endomorphism and

hence in ®. Thus, if the unique endomorphism « with a(g;) =x;,71=1, - - -, n,
and a(g;) =1, j>mn, lies in ®, the composite Ba is in P, and (Ba)g:=x1x2,
(Ba)(gi) =%iy, for £=2, « - -+ | n, so that (x1x2, %3, * + *+, %s) is a P-sequence

by definition.

To each multiplicative system M we assign an abelian group H(M), as
follows. Let C(M) be the free abelian group with generators {x}, one for
each x& M, and B(M) the subgroup of C(M) spanned by all elements
{y} —{xy}+{x}, for x, yEM. Then define H(M) as C(M)/B(M). This
definition insures that the mapping um:M—H(M) defined by pu(x)
= {x} +B(M) is a homomorphism

M — H(M).

It is easy to see that any homomorphism vy: M—G of M into an abelian
group G admits a unique factorization y=pPuy, where :H(M)—G; this
property characterizes H(M) and py up to an isomorphism. If M is a group,
H(M) is therefore the factor commutator group M/[M, M], and uy is the
mapping pu(m) =m[M, M].

Each homomorphism a:M—N induces a homomorphism H(ex):H (M)
—H(N) with uya=H(a)uy and H(xo') = H(a) H(a'), whenever ac’ is defined.

Let ® be an admissible set of endomorphisms of a free system F, and
denote by H(F, ®) the subgroup of H(F) spanned by the elements upx for x a
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®-element of F. The elements of H(F, ®) will be called the ®-elements of
H(F). If a€®, then H(a) maps H(F, ®) into H(F, ®); thus H(x) defines
operators of the system ® on the abelian group H(F, ®).

4. Complexes. A sequence of abelian groups and homomorphisms

a
q g+1
. (_Cq—l‘—cq(_—cq+l(_ I

(g=0, +1, +2, - ) such that each composition 9,0441: Co41—Cy1 is the
zero homomorphism is called a chain complex. If K denotes the chain complex,
we shall write C,(K) for C,. The dimension index ¢ in the boundary operator
9, will usually be omitted.

A map F:K—L of a chain complex K into a chain complex L is a se-
quence of homomorphisms f,:Cy(K)—C,(L) such that 9,f,=f,10, A ho-
motopy D: fo~f! of two maps f°, fl:K—L is a sequence of homomorphisms
D,: Co(K)—Cy4a1(L) such that 8,41D+ Dy 18, =f,—f7. We shall often speak
of maps or homotopies defined only in dimensions ¢ <.

A chain complex K is called an (abstract) cell complex, provided that
C,(K) =0 for ¢ <0, and provided that in each group C,(K) a set {o¢} is given,
which freely generates the group C,(K). The generators ¢¢ are called g-cells
of K. ’

A cell complex is also a chain complex, and the concepts of “map” and
“homotopy” are defined as before.

One has to be cautious about the concept of “subcomplex.” A chain com-
plex L is said to be a subcomplex of the chain complex K if each C,(L) is a
subgroup of C,(K) and 9, in L agrees with 9, in K. If K and L are cell com-
plexes we require further that each cell of L also be a cell of K. It is under-
stood that the “empty” subcomplex consists of the zero subgroup in each
dimension.

The usual definition of the homology and cohomology groups (over an
abelian coefficient group G) of a chain complex K modulo a subcomplex L will
not be repeated here. We shall deal chiefly with homology groups with
integer coefficients. These will be denoted by H,(K, L) or by H,(K) if L=0.

A map f:K—L induces homomorphisms fi:H,(K; G)—H,L; G) and
f¥*:HY(L; G)>HYK; G) of the homology and cohomology groups. If f° and
f! are homotopic, then fi=fi and fo* =f1*,

5. Constructions. Throughout this section, F is a fixed free multiplica-
tive system and ® a fixed admissible set of endomorphisms of F. A ®-con-
struction K on NM(F) is a function which assigns to each system M in N(F) an
abstract cell complex K (M) satisfying the following conditions:

(5.0) K(M) has no cells of dimension less than 1,

(5.1) The g-cells of K(M) fall into types. The division into types is inde-
pendent of M.

(5.2) To each type ¢t of g-cells there corresponds an integer r=r(f) =0
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called the number of entries for the type in question. The g-cells ¢ of type ¢
in any K(M) are the r-tuples [x1, « - -, %,] ,where xy, - - -, x,E M.

(5.3) If a: M;—M,, then the definition K(e)[x1, - - -, %r]e= [ax1, - - -,
ax,]; yields a map K(«): K(M,)—K(M,); that is, K(a)d =9K (c).

(5.4) The ®-cells of K(F); that is, all the cells [xy, - - -, %,]; of K(F) with
%, + + -+, % a P-sequence, constitute a subcomplex K(F, ®) CK(F).

The “type” of a cell will normally be indicated by some method other
than the affixing of a subscript £, as illustrated by the case of the cells [x, ¥, 2]
and [x| y] discussed in the introduction.

It follows from (5.2) that if for some type ¢ we have r(¢) =0, that is, if
the number of entries for this type is zero, then there is only one cell [ ]; of
type ¢, and this cell is common to all the complexes K(M) and the com-
plex K(F, ®).

Condition (5.3) implies that if .S is a subsystem of M and k:S—M is the
inclusion map, then K(x) maps K(S) isomorphically onto a subcomplex of
K (M), and therefore we may regard K(S) as a subcomplex of K(M).

Condition (5.3) states in effect that the boundary of a cell of any type ¢ is
given by one “formula” valid for all M. Indeed, consider the “typical” cell
7=[g, -+ -, g]: of type t in K(F) and its boundary

Ot = a1+ -+ -+ a7,

where the a; are nonzero integers and the 7; distinct cells of dimension one
lower than 7. The admissible projection 8,: F—F with 0,g;=g;, 1=1, - - -, r,
and 0,g;=1 otherwise has K(#,)r =7, and hence by (5.4), K(0,)0r =9r. Then
if 7! =K (0,)7:, one has

4 ’
or = ayr1 + + + + + a5y,

with K(0,)7! =7! for each 7. If therefore in the system F every element is a
product of generators, it follows that each entry of each 7/ is a product of
certain of the generators gy, + - +, g, with possible repetitions. If we replace
the generators gi, + * -+, g- by indeterminates x;, - - -+, x,, we obtain a
boundary “formula,” which by (5.3) is valid for all cells of type . A similar
result applies when elements of F can be written as products of generators .
and their inverses.

The most important case considered later is that when & =®* is the set of
all generic endomorphisms. We then speak of a generic construction, and call
the cells and chains of K(F, ®*)=K(F, *) generic cells and chains. In terms
of the boundary formula explained above, condition (5.4) means that in the
formula for d[xy, - - -, x,]; no indeterminate x; is repeated in any one term
of the boundary. A similar remark applies to pseudo-generic constructions.

An augmented ®-construction K is a $-construction K together with a set
of homomorphisms
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au:Ci(E(M)) — H(M),

where H(M) is the group defined at the end of §3, subject to the conditions:

(5.5) The composite homomorphism 930 : Co(K(M))—H(M) is zero.

(5.6) If a: My—M,, then 33y, K () = H(o)O);,.

(5.7) 9f carries Ci(K(F, ®)) into the subgroup H(F, ®) of H(F).

In virtue of (5.5), K(M) may be enlarged to a chain complex K(M) by
adjoining H(M) as the group of 0-chains. By (5.7), the analogous adjunction
of H(F, ®) to K(F, ®) yields the ®-subcomplex K(F, ®) of K(F). Because of
(5.6) each a: M1— M, yields a map K(a): K(M,)—EK(M,).

We shall need to compare various constructions on the same category
M(F). A map f: K—L of one such construction onto another is a family of
maps fu:K(M)—L(M) defined for each MENM(F) and such that:

(5.8) For each a: M,— M, one has fi,K(a) =L(a)fu,

(5.9) The map fr carries K(F, ®) onto L(F, ®).

A homotopy D:fo~f! of two maps f°, fl:K—L is a family of homotopies
D fy—fy such that:

(5.10) For each a: My— M, one has Dy,K (o) =L(c) Dy,

(5.11) The homotopy D carries K(F, ®) into L(F, ®).

For maps f: K—L of augmented constructions we further require that

(5.12) 61,;46 = 61;ch, for each cEG((K(M)).

This condition means that fy may be extended to a map fi of K(M) into
L(M) by choosing fi as the identity in dimension 0. Similarly, any homo-
topy D:f'~~f! of two maps f°, f1: K—L extends to a homotopy D:fy~f}, by
setting Dy =0 in dimension 0.

6. Acyclic constructions. An augmented ®-construction K is ®-acyclic, if

6.1) H,(K(F, ®)) =0, ¢g=20,1,2,.--.
The main comparison theorem is as follows.

THEOREM 6.1. Let K and L be two augmented ®-constructions on the same
category M (F), with L ®-acyclic. Then there exists a map f: K—L, and any two
such maps are homotopic. If (6.1) holds only for g=<mn, then f may be defined in
dimensions not greater than n-+1, and the homotopy between two such maps
exists in dimensions not greater than n.

The proof depends upon defining f and the homotopy D first for typical
cells. For each type ¢t of cell of K with r =(t) entries, the cell 7= [gi, - - -, g.]:
formed with the first » generators of F is the typical cell of type t. If o
=[x1, - - -, x,];€K(M) is another cell of type ¢, then ¢ may be written as

(6.2) o = K(a)7,

where a: F—M is the unique homomorphism with a(g:;) =x; for ¢=1, - - -, r
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and a(g:) =1, for 1>r. The representation (6.2) will be called the canonical
representation of o. If B: M— M,, then it is easy to see that

K(B)e = K(Ba)r

is the canonical representation of the cell K(8)c of K(M;). The cell 7 itself has
the canonical representation 7=K(#,)r, where 0, is the projection 0,: F—F
with 0,(g:;) =gi, t=1, - - -, r, and 6,(g;) =1, j>r. The definition of K(F, ®)
indicates that the cell o of K(F) lies in K(F, ®) if and only if the map « of its
canonical representation (6.2) lies in ®. In particular, the typical cell 7 is in
K(F, ®), and any endomorphism 8 of ® maps K(F, ®) into itself.

To define the map f: K—L in dimension 1, let r=[g, - - -, g-]: be the
typical cell of K of type ¢ in dimension 1. Then dpr EH(F, ®) = Co(K(F, ®))
by condition (5.7). Hence by the hypothesis (6.1) for ¢=0, 037 is a boundary
in L(F, ®), so has the form d;7=0}c(r), for some ¢(r) ECi(L(F, ®)). For
any 1-cell o of K(M) with the canonical representation ¢ = K (o)t of (6.2) we
define

(6.3) Juo = L(a)c(7).
Then dyo =3dyfuo, as required by (5.12), for by (5.6)
dnfuo = duL(a)e(r) = H(a)dpc(r) = H(a)dpr
K ()T = dyo.
If B: M—M,, then K(Ba)7 is the canonical representation of K(8)o, and

Ju,K(B)o = fu,K(Ba)r = L(Ba)c(r)
= L(B)L()c(r) = L(B)fuo.

Finally, if =K (a)7 is a 1-cell of K(F, ®), then a E®, c(r) EL(F, ®), hence
the definition of f gives fro ©L(F, ®). The map f thus satisfies the requisite
conditions (5.8), (5.9), and (5.12) in dimension 1.

Now proceed by induction, and suppose that a map f: K—L has been de-
fined in all dimensions ¢<m, for some m>1. Let 7=[g, - - -, g.]: be the
typical cell of K of type ¢ in dimension m. Then dr is an m—1 chain of
K(F, ®) so that f#07 is defined. Furthermore dfrd1 =fr337 =0, so that fror
EZa1(L(F, ®)). By hypothesis (6.1) for g=m—1 it follows that there is an
m-chain ¢(1) in C,(L(F, ®)) such that

3C(T) = fpaf.

For any cell o of K(M) with the canonical representation ¢ =K ()7 of (6.2)
we now define

6.4) fue = L(a)c(7),

and as above we verify that f satisfies the conditions (5.8) and (5.9) for a
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map in dimension m.
Now let f°, f1: K—L be two maps, and assume that a homotopy D :fo~~f!
is already defined for all cells of dimension less than m, for some 7> 0.
In case m =1, choose any typical 1-cell 7 of K(F, ®) as above. The chain
z2=flr—for & Ci(L(F, ®)) is a cycle of L(F, ®), since by (5.12)
drz = dpflr — pfor = dpr — dpr = 0.

In case m>1, again choose a typical cell 7 of K and consider the chain

g = fl‘)' — fOT — DaT e Cm(L(Fv q)))'
Then

9z = df'r — 3f°r — dDar

ftr — 3f%r — (f*or — f°9r — Daar) = 0.

I

Thus z is again a cycle of L(F, ®).

In both cases m=1 and m>1 there is then by hypothesis (6.1) with
g=m a chain d(7) € Cny1(L(F, ®)) such that dd(r) =z. For any m-cell with
canonical representation ¢ = K(a)r define

6.5) Do = L(a)d(7).
Then it follows as before that
0Dg + Do = flo — fO
and, for B: M— M, that
DK(B)o = L(8)Do,

while, as previously, D carries K(F, ®) into L(F, ®). This completes the
construction of the desired homotopy.

THEOREM 6.2. For any free multiplicative system F and any admissible set ®
of endomorphisms of F there exists a ®-acyclic augmented construction K on the
category M(F), and any two such constructions K and L are chain equivalent,
in the sense that there exist maps f: K—L and g: L—K and homotopies D:gf~I,
E:fg~I, where I is the appropriate identity map. In particular, f and g induce
isomorphisms between the homology and cohomology groups of K(M) and L(M)
for each M in M(F). The same applies to the groups of K(M) and L(M).

In virtue of this theorem, given a category N{(F) and an admissible class
® of endomorphisms, we may speak of the ®-acyclic homology and cohomol-
ogy groups of each system MEN(F), without explicit reference to any par-
ticular construction. For instance, the integral homology groups H,(M) are
the groups obtained from the complex K(M), for any augmented ®-acyclic
construction K on the category NM(F). To determine H,(M) one may also
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use any augmented ®-construction K, ®-acyclic in the sense of (6.1) in di-
mensions not greater than g; indeed, the existence proof shows that K may
be made acyclic in all dimensions by adding cells of dimensions greater than
g+1. Furthermore, if a: M;— M, is any homomorphism between two sys-
tems My, M.EM(F), the induced homomorphism ay : H,(M;)—H,(M:) may
be used without reference to its explicit definition as the homomorphism in-
duced by the map K(«) : K(M;)—K (M) obtained from a particular construc-
tion; for the theorem, together with the property (5.8) of the mapping f,
shows that this induced homomorphism is independent of the choice of the
P-acyclic construction.

Proof. Only the existence remains to be established. We use the following
consequence of the finiteness condition of §2.

LEMMA 6.3. For every augmented ®-construction K and every chain ¢ of
K(F) there is an integer k such that the projection 0x: F—F with 0g;=g;, 1=1,
-« -, k,and 0g;=1, for j>Fk, satisfies K(Ox)c=c.

Suppose first that ¢ is of dimension 0. Then by the definition of the group
H(F) of zero chains of K there is a set of elements x;, - * -, x, of F such that
¢ is a linear combination of the elements ur(x;) EH(F). By Lemma 2.2 there
exists an integer k such that the corresponding 0 satisfies 6x;=x;,j=1, - - -, p.
Therefore K(@)ur(x:) =HO)ur(x:) =purx:) =ur(x:), so that K@)c=c, as as-
serted.

Next suppose that ¢ has dimension greater than 0. Let xy, - - -, x, be a
list of all the entries in all the cells of ¢. Then as before there is a projection
6 with 0x;=x;, for j=1, - - -, p, and hence K@)c=c.

Existence proof. Suppose by induction on 7 that there exists an aug-
mented ®-construction K™ with H, (K™ (F, ®))=0, for 0=¢<n. In case
n=0, we may choose K© to be the void construction with the obvious aug-
mentation to start the induction. A set ZCZ,.(K™(F, ®)) will be called a
pseudo-generating set if the homology classes of the cycles K™ (a)Z, where z
ranges over Z and « ranges over ®, generate the group H.(K™(F, ®)). For
each z&Z we choose an integer k£ by Lemma 6.3, so that the corresponding
projection 8 has K™ (0;)z=2. We introduce a new cell =[xy, - - -, x;], of
dimension n+1, type z, and % entries, with boundary

do = a[xl, oo, me]s = K™ ()3,

where ¢ =K®(a)[g, - - -, g]. is the canonical representation of ¢. The
resulting K®+1 is manifestly an augmented ®-construction. The canonical
representation of the cello = [g1, - - -, gi]. has @ =0;, hence do = K™ (0;)z=3.
Thus K™D satisfies condition (6.1) for ¢=0, - - -, #. This completes the
proof of Theorem 6.2.

This argument also shows that any augmented ®-construction K may
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be enlarged (by adding new types of cells) to a construction K which is ®-
acyclic.

For each ®-construction K and each a €® the map K(a) carries K(F, ®)
into K(F, ®) and satisfies K(aa') =K(a)K(a'). Thus, through K(a), ® oper-
ates on the groups of chains, cycles, and homology groups of the complex
K(F, ®). Similarly, the endomorphisms H(«) of H(F, ®) defined in §3 yield
operators of ® on H(F, ®). We therefore may speak of operator homomor-
phisms and operator isomorphisms between these various groups.

THEOREM 6.4. A P-construction K can be augmented to a P-acyclic con-
struction K if and only if

(6.6) H,\(K(F, ®)) is operator isomorphic to H(F, ®),
(67) HG(K(Fa CI))) =0, q= 2: 3’ et

Proof. Suppose first that K is so augmentable. The homomorphism
93:Ci(K(F, ®))—H(F, ®) is onto H(F, ®) because Ho(K(F, ®)) =0, and has
as kernel the group B;(K(F, ®)) of one-dimensional boundaries of K(F, ®)
because H;(K(F, ®)) =0. Thus 8} induces an operator isomorphism, as re-
quired in (6.6), and the conditions cited are thus necessary.

Conversely, assume (6.6) and (6.7). By (6.6) we may choose an operator
homomorphism A:Ci(K(F, ®))—H(F, ®) onto H(F, ®) with kernel
By(K (F, ®)). Let o be any 1-cell of K(M) with the canonical representation
o =K(a)r, 7 typical. Define the augmentation mapping 9} as

(6.8) our = H(a)\ € H(M).

Then 9}, satisfies the conditions (5.6). If ¢ is a cell of K(F, ®), then a EP,
and since A is an operator homomorphism, ¥ ¢ = H(a)A\r =AK (a)r =No. Thus
d¥ is identical with X for the subgroup Ci(K(F, ®)) of Ci(K(F)), and condition
(5.7) holds. If p is any 2-cell of K(M), with the canonical representation
K(v)n, for  a typical 2-cell in K(F, ®), then dp=K(v)dn, so that by the
naturality condition (5.6), one has

dudp = 9K () = K(v)drdn = K(y)Adn = 0,

by the assumption as to the kernel of N. Therefore 949 =0, as in (5.5), and
9y provides an augmentation K of K. Since 9% is identical with N on
Ci(K(F, ®)) and thus has kernel B;(K(F, ®)) and image H(F, ®)
=Co(K(F, ®)), it follows at once that the homology groups of K(F, ®) are
zero in dimensions 0 and 1. With condition (6.7) this shows that K is ®-acyclic.

In view of this theorem, it is natural to say that a ®-construction K is
®-acyclic if it satisfies conditions (6.6) and (6.7). For each choice of an
operator isomorphism realizing (6.6) there is a corresponding ®-acyclic aug-
mentation K of K.
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THEOREM 6.5. Any two ®-acyclic constructions K and L for the same F and
® are chain equivalent.

Proof. Augment K and L to K and L, as in Theorem 6.4. Then K and
L are chain equivalent by Theorem 6.2, and this induces a chain equivalence
of the constructions K and L. Note that the maps f: K—L and g: L—K will
depend upon the choice of an operator isomorphism of H(K(F, ®)) to
Hl(Lt (F’ q’))'

REMARK. The use of an augmentation has exactly the effect of imposing
initial conditions upon constructions K, which have not otherwise been sub-
jected to any initial conditions. It is possible to make other choices for initial
conditions. In fact, suppose that we have any covariant functor [2] T
on NM(F) to the category of abelian groups, and suppose further that in the
group T'(F) we have a subgroup T(F, ®) which is mapped into itself by the
endomorphisms induced by the elements of ®. Then in the definition of an
augmented construction we may replace H(M) by T'(M) and H(F, ®) by
T(F, ®). With this replacement, the theorems of this section all remain
valid, except for the existence assertion of Theorem 6.2. The difficulty here
is caused only by the fact that the proof of Lemma 6.3 utilized the special
homomorphism ur: F—H(F). The existence assertion may nevertheless be
proved if we require that T have the following property (which is essentially
a portion of the conclusion of Lemma 6.3): For each ¢ in T'(F, ®), there is
an integer k such that the projection 6;: F—F, with 0,(g:) =gi, =1, - - - , B,
and 6(g;) =1 for j >k, satisfies T(0x)c=c. The tensor product of H(M) with
itself appears to be one of the useful examples of such a functor T

7. Constructions on the category N(4. We consider the construction
A° on the category MM, of associative systems as given in the first paragraph
of the introduction. This construction is augmented by the homomorphisms
3y Co(A°(M))—H(M) defined by dj[x]=uu(x) where uy:M—H(M) is
the natural map of §3.

The agumented construction A4° is a ®-construction for & =®°and & =&*,
We shall show that it is ®-acyclic for both choices of ®. We may also regard
A° as a construction on the category NM¢ of groups. Again it is freely, ge-
nerically, and pseudo-generically acyclic.

Let F4 be the free A-system with generators g1, g2, * * *, gk, * * - - Then
H(F4)=H(F4, ®*) is the free abelian group with generators g{ =y_m(gk),
k=1, 2, - - - . Following Lyndon [4], we define an operator E:C,(4A°(F4))
—Cy41(4°(F4)) as follows:

Eg = [g] (g =0),
E[lt Xy © 00y xq] = [11 1, xg, - -+, x«]y

E[gyvx2"°°txa]=—[gry»xm""xc]+E[yax2p"°:xq],
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where g is any one of the generators gi. These formulas give E by induction
on the length of the first entry.
We verify that the relation

(7.1) dEc+ Edc = ¢

holds for every chain ¢. Thus if d¢ =0, then d Ec =c. Observe further that if ¢
is generic, then Ec also is generic. This implies

HG(ZO(FA)) = HG(ZO(FAJ *)) = 0, all q,
thus showing that 4° is freely and generically acyclic.
Now let Fg be the free group with generators g1, g2, * * +, gk, * + - . Then

as before H(Fg)=Fg¢/[Fa, Fa] is the free abelian group with generators
g! =urg(gs). We supplement the definition of E by setting

Elg 'y, %2, - -+, %g] = [g g7y, %2, - - -, %] + Ely, #2, - - -, %)
A computation then shows that
E[y’ X2y * xﬂ] = E[g‘lgy, Xy * 00y xq] = E[gg‘ly, Xoy +c 0y Xl

so that E is defined without ambiguity. One may also show that the rela-
tion (7.1) still holds; hence it follows that 4°, as a construction on the cate-
gory of groups Mg, is freely, generically, and pseudogenerically acyclic.
The same operator E also allows one to prove that the cohomology groups
He(Fg, C) are trivial for ¢>1 in case F¢ operates on the coefficient group C
on the right. In order to prove the same fact in case F¢ operates on C on the
left, one replaces [cf. 4] E by a similar operator which acts on the last entry
x, instead of the first one x;.

8. Normalizations. In further illustrations of explicit constructions it will
prove convenient to use constructions which are ®-acyclic only modulo suit-
able subconstructions. The objective of this section and the next is the proof
that the use of such normalizations does not alter the content of the ®-acyclic
homology theory. For this purpose, however, we must restrict the free systems
F considered to be either free groups or one of the free systems Fg, with R a
generic relation. Here a gemeric relation is a set of generic identities, where a
generic identity is a pair (wy, ;) of generic words of Fr which involve exactly
the same letters. In particular, the relations I, 4, C, and AC are generic. The
force of this restriction is indicated by the following result.

LEMMA 8.1. If the free system F with generators g, go, - - - s either one of the
free groups Fg and Faa or is Fr, for R a generic relation, then H(F) is a free
abelian group with generators ur(g:) while H(F, ®) is identical with H(F) for
any admissible set ® of endomorphisms.

Proof. For the free groups, the result is immediate. Let R be a generic
relation and Fj the universal free system with generators g/, gf, - - -, while
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F, is the free abelian group with generators %y, ks, - « +, and w: Fr—F,, the
homomorphism with w(g!)=#h; for all <. Let .S denote the set of all those
identities (%, v) in the closure R of the generic relation R with the property
that w(u#) =w(v). Then, by the definition of a generic relation, RCS, and S is
closed. Hence S=R. Since Fg is defined as Fr modulo the equivalence rela-
tion u=v for (u, v) ER, it follows that w induces a homomorphism w’:Fz
—F, with o’(g:;) =h..

Now let a: Fr—G be any homomorphism of Fg into an abelian group G.
Then there exists a homomorphism 8: Fo—G with 8(k:) =a(g:) for all 7. The
composite homomorphism Bw’: Fr—G then has fw’(g:) =a(g:); since every
element of Fg is a product of the generators g;, it follows that Bw’=a. This
factorization is unique, for if a=+vyw’, then a(g;) =vyw'(g:) =7v(k:i), so that
B =7. This unique factorization of every a: Fr—G by w’ = Fg— F, shows that
Fy is isomorphic to H(Fg) and that ' corresponds to urg, so that H(Fg) is
the free abelian group described above. Since it is generated by the images
w’(g:) and since the g; are $-elements of F for any ®, it follows that H(Fg, ®)
= H(Fg) for all ®.

Let K be a ®-construction on the category N (F). A normalization Ky of
K is a family of subcomplexes Ky(M)CK(M) satisfying the following con-

dition for every My and M,:if o1=[x1, - - -, x,]. is a cell of Kx(M;) in which
the entries x,, - + - %,, (and no others) are 1, then any cell ;= [y, - - -, 3. ]
of the same type in K(M;) and with y,,= - - - =y,,=1 is a cell of Ky(M).

This condition states in effect that the presence of a cell in Ky is determined
entirely by the pattern of its unit entries. It follows from this condition
that if 8: M1—M,, then K(B) carries Kx(M,) into Ky(My).

A normalization of an augmented construction K is a normalization of
the associated construction K, subject to the additional condition that the
augmenting homomorphisms 0y:Ci(K(M))—H(M) each map Ci(Ky(M))
into zero. For each M, the subcomplex Ky(M) of K(M) may then be re-
garded as a subcomplex Kn(M) of the augmented K (M), for the group of
zero-dimensional chains of Ky(M) is 0.

We now list some examples of normalizations.

Zero normalization. A cell ¢ of K(M) is called a zero-cell if all the entries
of o are 1. In particular, every cell with no entries is a zero-cell. The zero-cells
form a subcomplex K,(M) isomorphic with the complex K(M,) where M, is
the system consisting of the elements 1 alone. The complexes Ko(M) form a
normalization K, of K, called the zero normalization. This is also valid for
any augmentation.

Full normalization. Consider the cells which have no entries or in which at
least one entry is 1. If these cells form a subcomplex of each K(M), then the
resulting normalization of K is denoted by K;. In the construction 4, the
full normalization does yield a subcomplex. However, there are constructions
for which this is not the case.
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Void normalization. For formal reasons we also introduce for any construc-
tion K the void normalizations in which Ky(M) is the empty subcomplex of
K(M). This normalization remains valid under any augmentation.

Let K be an augmented ®-construction on N{(F) with a normalization
Ky. We shall say that K is ®-acyclic modulo Ky provided that

(8.1) HQ(T(-(Fr 4’)1 KN(Fs %)) = 0, g=0, .-,

where Ky(F, ®) =K(F, ®) \Ky(F) is the cell complex spanned by the cells
common to K(F, ®) and Kn(F).

THEOREM 8.2. If K is a ®-acyclic augmented construction on M(F), then
K s also ®-acyclic modulo the zero normalization. Furthermore, the complexes
Ko(M) have trivial homology groups, while the homology groups of K(M) are
isomorphic, in the natural fashion, with those of K(M) modulo K.(M).

Proof. We first show that the complexes K(F, ®) and K (M) have trivial
homology groups. Let 2EZ,(Ko(F, ®)). Then zE&Z,(K(F, ®)). Hence z=0c,
where ¢E€C,y1(K(F, ®)). Let a: F—F be that endomorphism which maps
all generators into 1. Then z=K(a)z=K(a)dc=0K(a)c and K(a)c
€ Co1(Ko(F, ®)). This proves that Ko(F, ®) has trivial homology groups.
Since Ko(F, ®) and Ko(M) are isomorphic, the same follows for Ko(M). The
natural homomorphism H,(K(M))—H/(K(M), K.(M)) is then an isomor-
phism onto by the exactness of the relative homology sequence. Condition
(8.1) also follows by exactness.

Let K and L be two ®-constructions, with normalizations Ky and Ly,
defined on the same category NM(F). A map f:K/Ky—L/Ly is a set of
homomorphisms

Ju:Co(K(M)) — Co(L(M)), M € M(F),
such that:

(8.2) ful[Co(Bn(M))]CCLn(M)), ¢=1, 2, - - +.

(8.3) dfu=fud mod Co1(Ly(M)), g=2, - - -.

(8.4) If a: M1—M,, then fu,K (o) = L(at)fu,.

(8.5) The map fr carries K(F, ®) into L(F, ®).

A homotopy D:fo~f" of two maps f°, f': K/Ky—L/Ly is a family of homo-
morphisms

(8.6) D :Co(K(M)) — Corr(L(M)), M € M(F),

such that:

(8.7) Du[Co(Kn(M))]CCora(Lu(M)).

(8.8) 0Du~+Dyd=f1—f° mod C,(Ly(M)).

(8.9) If a: M1— M, then Dy, K () =L(a)Dy,.

(8.10)The homotopy Dp carries K(F, ®) into L(F, ®).

For maps f:K/Ku—L/Ly of augmented constructions with normaliza-
tions, we further require that
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(8.11) dyc=0yfuc for each c€ CL(K(M)).

Under this condition, fx may be extended to a map fu of K(M)/Kn(M)
into L(M)/Lu(M), and any homotopy may be similarly augmented.

Given any finite set of integers 4 we shall denoted by 74 the endo-
morphism 74:F—F such that n4g:=1, for 1€ A4, and n4g:=g: otherwise. If
A reduces to a single integer n, we write n4 =17,. Clearly n4n4 =174, and 74718
=MNAUB = NBNA.

LEMMA 8.3. Let L be an augmented ®-construction with a normalization

Ly. Then L is ®-acyclic modulo Ly if and only if there is a sequence of homo-
morphisms

R:C(L(F, ®)) — Cori(L(F, ®)), ¢g=0,1,:++,
such that:
(8.12) R,[Co(Ln(F, 2))] C Corr(Ln(F, ®)),
(8.13) dR,c + Ry_19¢ = c(mod Cy(Ln(F, ®))),
(8.14) R,L(n4) = L(na)Ry, all A.

Proof. Sufficiency is a direct consequence of (8.12) and (8.13). Conversely,
we begin by constructing homomorphisms { RS} satisfying conditions (8.12)
and (8.13) but not necessarily condition (8.14).

To define R} we observe that, by Lemma 8.1, H(F, ®) = H(F) is the free
group generated by gi =ur(g:), where the g; are the generators of F. Since
Ho(L(F, ®), Ly(F, ®)) =0, the mapping 9} carries Ci(L(F, ®)) onto H(F, ®)
=Co(L(F, ®)), hence there exists a homomorphism R} of the free group
H(F, ®) into Ci(L(F;, ®)) such that 97 R is the identity, as required in (8.13).

Suppose now that R) is already defined for all ¢<m, where m>0, and
let o be a ®-cell of dimension m. Then if ¢ ELy(F, ®), define RYo =0, and
(8.12) and (8.13) hold. For ¢ not in Ly consider

3(c — Ro_10) = 30 — dRm_10 = 30 — (90 — Rom_2990) = 0.

Since Hn(L(F, ®), Ly(F, ®))=0, there is an (m+1) chain R%¢ in L(F, ®)
with dR%s=0—R%_,d0. Then (8.12) and (8.13) hold. This concludes the
definition of {R%} satisfying (8.12) and (8.13).

We now define the homomorphisms R} by induction with respect to n
as follows:

n n—1 n—1 n—1 1
Ry =R, — LRy — R L(n) + 2L(n)R; L(n.)-
It is then easy to see that R} still satisfy (8.12) and (8.13) and that

RL(n:) = L(n:)Rq, i<n



314 SAMUEL EILENBERG AND SAUNDERS MacLANE [September

For each chain ¢ there is by Lemma 6.3 an integer k with the corresponding
projection 8y, 0x(g:) =gi, t=1, - - -, k, 0(g;) =1, >k, such that both Z(6x)c=c¢
and L(0:)R%c=RYc. By induction on n, it follows that L(6:)Ric=R%. For
n>k, 0k, =0 and hence R;*'c=Rjc. Thus setting R,=lim (n— )R} yields
the desired homomorphisms.

9. Main theorem for normalization.

THEOREM 9.1. Let K and L be two augmented ®-constructions on the same
category M(F) with normalizations Ky and Ly, respectively. If L is ®-acyclic
modulo Ly, there exist maps f: K/Ky—L/Ly, and any two such maps are homo-
topic.

The mapping fa in dimension 0 is chosen as the identity, and is then de-
fined inductively as follows. Let o be any g-cell of K(M), for ¢>0, and
o =K (a)7 its canonical representation. Then set

fuo = L(e) Ry froT,

where R,_, is the homotopy for L given in Lemma 8.3. To verify (8.2) assume
thato =[x, - - -, %a]¢is in Kny(M). Let A be the set of indices at which ¢ has
entries 1. Then 7= [gy, - * -, g.]: and ans=a. Thus ¢ = K ()7 = K(a)K(n4)T,
and K(n4)7 is in Ky(F, ®). Then

Suo = L(a)Ry_1frdT = L(a)L(na) Ry—1fr07
= L(a)Ry-1L(14)frd7 = L(a)Ro—1frdK (14)7.

Since K(n4)7 is in Ky(F, ®) it follows that R, 1frdK(n4)7 is in Ly(F, ®),
and fuo is in Ly(M). The proof of (8.3), (8.4), (8.5), and (8.11) is purely
formal and is left to the reader.

The definition of the homotopy D:f'~f! required for Theorem 9.1 is
given by the following inductive formulas,

D¢ = 0, ¢ € Co(K(M)),
Duo = L(Q)Ry(for — for — Dgdr), '

where ¢=K(a)r is the canonical representation of the ¢-cell o of Ki[t[)
(g=1). The proof of (8.7)—(8.10) is left to the reader.

THEOREM 9.2. Any two augmented ®-constructions K and L on the same
category M (F) which are ®-acyclic modulo normalization Ky and Ly, respec-
tively, are chain equivalent, modulo Ky and Ly.

The proof is immediate. In particular, since Ly could be the void normal-
ization, it follows that if the agumented ®-construction K is ®-acyclic,
modulo a normalization Ky, then K/Ky does yield the ®-acyclic homology
theory of NM(F).
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THEOREM 9.3. A ®-construction K with a normalization Ky can be augmented
to a ®-construction K gemerically acyclic modulo Ky if, and only if,

(9.1) Hi(K(F, ®), Kx(F, ®)) is operator isomorphic to H(F, ®), for all
operators a &P,

(9.2) H(K(F, ®), Kn(F, ®))=0, ¢=2, - - -

The proof is analogous to that of Theorem 6.4. The operator homo-
morphism \: Ci(K (F, ®))—H(F, ®) given by (9.1) now has kernel B;(K(F,®))
UCi(Kn(F, ®)). The only new observation needed is the proof that d3 maps
Ci(Kx(M)) into zero, which is a consequence of the fact that A maps
Ci(Kn(F, ®)) to zero and the definition of a normalization by means of
“positions” of 1’s.

The construction A° for associative systems as given in §7 admits both
the zero normalization 49 and the full normalization 4. The operator E
constructed in §7 carries A9 into A9, thus showing that A° is both freely
and generically acyclic modulo 43. Thus the homology theory of any system
MEM, may be obtained by using any one of the complexes A°(M),
AYM)/AY(M), or A°(M)/A%(M). The same remark applies to the category
M ¢ of groups, for free, generic, and pseudo-generic acyclicity.

REMARK. To follow up the remark at the end of §6 as to alternatlve
choices of the augmentation, it should be noted that the results of these two
sections on normalizations are valid for agumentation by any functor T as
described in the remark, provided that T(F, ®) is a free abelian group.

10. Constructions on the categories (; and Nl¢. We consider the follow-
ing construction K on the category ;= N(Fy) of all multiplicative systems:

1-cells: [x].

2-cells: [x, y] with d[x, y] = [y]— [xy]+ [x].

We augment this construction by setting 9} [x]=uunx, where uy: M—H(M)
is the natural map of §3. The construction K thus obtained clearly is an aug-
mented generic construction. In K we consider the normalization subcomplex
K, given by the cells [1], [1, y], and [x, 1]; K is thus the full normalization.
We shall show that K mod K; is both freely and generically acyclic.

The universal free system F; with generators g1, g2, - * *, g, * * +, has
H(Fr)=H(F:, *)_which is the free abelian group with free generators gy
=ur,(gr). We define an operator E: C,(K(F1))—Co11(K(Fr)) as follows:

‘Eg' = [g], E[1]=0, E[g]=0, g a generator,
E[xy] = E[x] + E[y] — [=, ¥], forx %1,y % 1,
E[xr y] =0,

and observe that E maps K;(F1) into K;(Fy). The relation
dEc¢ + Edc = ¢ (mod K,(Fr))
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may readily be verified for each chain ¢. In particular, if d¢=0, then c=9dEc.
This proves that K mod K; is freely acyclic. Observe further that if ¢ is
generic, then Ec also is generic, thus K mod K; also is generically acyclic.

The construction K on N is not acyclic (freely or generically) without
the normalization K;. Indeed Z=[x, 1]—[1, 1] and Z’=[1, x] —[1, 1] are
nonbounding 2-cycles. This necessitates 3-cells [x]; and [x]{ with d[x];=2,
d[x]{ =Z'. Then [1];and [1]{ are nonbounding cycles causing the introduc-
tion of 4-cells [ ],and [ ]; with zero entries and with [1]; and [1]/, respec-
tively, as boundaries. The resulting modified construction K’ is generically
and freely acyclic without any normalization. This shows that the use of
normalizations cuts down the number of types of cells necessary in the
various constructions.

The augmented construction K described above may also be applied to
any category NM(F) where F is Fg, Fga, or one of the free systems Fg with
R a generic relation. By Lemma 8.1, H(F) is then a free abelian group, and
the definition for E will still apply (writing E[g=!]=0 in the free group
cases). The relation dEc+ Edc=c remains valid for chains ¢ of dimensions
0 or 1. Thus K, regarded as a construction on N((F), and with or without the
full normalization, is generically and freely acyclic in dimensions 0 and 1.
The argument of the existence theorem will then enlarge K to a construction
freely or generically acyclic on N(F), by the adjunction of cells of dimension
at least 3. Thus K may serve as the starting point for many constructions.

The homology group Hi(M) computed using the construction K is the
group H(M) of §3. The cohomology group H' (M ; G) for any coefficient group
G is the group of all homomorphisms f: M—G. This is valid for any M EN(F).

The cohomology group H?*(M; G) for M EM; calculated using the con-
struction K is the group of all functions f: M X M—G satisfying f(x, 1) =0,
f(1, ) =0, reduced modulo functions of the form

f(x, 3) = h(y) — h(xy) + h(x),

for some & with £(1) =0. For any M &g the cohomology group H*(M; G)
calculated using a generically or freely acyclic construction on Az will be
isomorphic to a subgroup of the group H%(M; G) described above.

Now we pass to the study of the category M¢ of commutative systems. We
consider the following generic construction K:

1-cells: [x].

2-cells: [x, y] with d[x, y]=[y]— [xy]+ [x].

n-cells (n>2): [x, ¥]. with d[x, y].=[x, y]aa+(—=1)"[y, x]ams.
In the last formula [x, y], is to be interpreted as [x, y]. The proof that
39 [x, ¥]s=0 requires the use of the commutative law. For other cells the
proof that 39 =0 is purely formal. As in the earlier construction we augment
K by setting dj[x]=um(x). In the augmented construction K we consider
the full normalization K;.
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We also consider the (nongeneric) construction L obtained from K by
adjoining:

n-cells (n>3): [x], withd[x].= [x, x]aca— 1+ (= 1)) [x] s
The construction L is augmented just as K was, and L; denotes the full
normalization of L.

Let F¢ be the free commutative system with generators gy, gs, « * -,
gk, * * +, as defined in §2. We order the elements of F¢ so that 1<x for all
x7#1. It follows then from the construction of F¢ that every element x of F¢
which is not 1 or a generator can be written uniquely as a product x=yz
with y <3z, y#1, 21, If x is generic, then y and z must be generic and dis-
joint and thus y<z.

By Lemma 8.1, H(F¢)=H(F¢, *) is the free abelian group with free
generators gy =pur(gi).

Now we define the operator E:C,(L(F¢))—Coi(L(Fc)), as follows:
Ec=0, for c€L,(F.), and otherwise

E¢ = [g], El]=0o, for g a generator,
E[xy] = E[z] + E[y] — [x, 5], for x < y,
Elx, y] = {([)x, yls, for y < x,
y otherwise,
E[, y]. = {[x, y]at1, x < y,no0dd, or y < %, n even,
0, y < z, nodd, or x < y, n even,

Elx, a]n = [#]ass,

E[z]. = 0.

A direct computation shows that
dEc + Edc = C (mod Ly(F¢)),

which proves that Z mod L, is freely acyclic. We notice further that the same
operator E maps the generic subcomplex K(Fe¢, *) of the construction X into
itself and therefore proves that the construction K mod K is generically
acyclic.

These constructions yield easily a computation of the cohomology groups
H(M, G) over any coefficient group G, both in the generic and in the free
theory. We tabulate the results.

In the generic theory:

H(M, G) is the group of all homomorphisms f: M—G.

H?*(M, G) is the group of all functions f: M X M—G satisfying

flx, 1) =0, f(1,9) =0, f(x, 9 = f(y, %)

reduced modulo functions of the form
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f(x, 3) = k(y) — h(zy) + (),

where % is a function on M to G with k(1) =0.

H"(M; G) (n>2, n odd) is isomorphic with the group of all functlons
t: M—G such that ¢(1) =0 and 2¢(x) =0 for all x& M. The correspondence is
obtained by assigning, to each cocycle fEZ*(K(M), Ki(M); G), its trace
t(x) =f([, x]n).

H*(M; G) (n>2, n even) is isomorphic with the group of all functions
t: M—G/2G such that £(1) =0. The correspondence is obtained by assigning
to each cocycle fEZ*(K (M), Ki(M); G) its trace t(x) =f([», x],) mod 2G.

In the free theory the groups H(M; G) and H?*(M; G) are the same as in
the generic theory, while the groups H*(M; G) for n>2 are trivial.

11. Additivity theorems for associative and commutative systems.

TuEOREM 11.1. The generically acyclic (and the freely acyclic) homology
theory for the category M ac (or M ga) give integral homology groups which satisfy
the direct sum theorem:

(11.1) Hq(M + M) = Hq(M) + Ha(M,):
with the analogous results for cohomology groups.

For convenience, we write the composition in systems M ENM ¢ as addi-
tion, and the unit element as 0. The direct sum M+ M’, defined in the usual
fashion as the set of pairs (¥, x’) with xE M, x'E M’ and termwise addition,
has projections

(11.2) oM+ MM, oM+ M- M,
and injections
(11.3) NM M+ M, N:M > M4+ M,

defined by p(x, x') =x, p(x, x’) =x', Ax = (x, 0), N'x’= (0, x’), which yield the
direct sum diagram

(11.4) M2M+ Ms M.

If p« and p} are the homomorphisms induced by the projections (11.2) on
the homology groups, then the isomorphism (11.1) to be established is to be
given by the correspondence

(11.5) k= (oxh, peh), hE H(M + M').

The presence of both associative and commutative laws allows the con-
struction of the sum a+a’ of two homomorphisms a, o’: M—N as the
homomorphism with (a+a’)(x) =a(x)+a’(x). The direct sum diagram (11.4)
has the properties
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(11.6) M+N =I:M+M->M+ M,
(11.7) =1, N =1, o\ =0, PA=0,

where I and 0 denote the appropriate identity and zero homomorphisms;
these properties characterize the diagram (11.6) up to isomorphism.
We construct the corresponding diagram

(11.8) H (M) 2 H(M + M) Hy(M')

with the induced homomorphisms Ay, p«, and so forth, on the homology
groups; the result (11.1), under the explicit isomorphism (11.5), will follow
if we can show the analogues of (11.6) and (11.7) for this diagram. The proof
will depend on the method used in the uniqueness and normalization theo-
rems above.

By Theorem 6.2 we may choose an augmented construction K on the
category M4¢ which is generically (freely) acyclic; the homology group
H,(M) is then represented as H,(K(M)) and the map a4 induced by any «
as the map induced by K(a). In particular, an identity map I induces an
identity map Iy on the homology groups. Since, by Theorem 8.2, we may
employ the zero normalization K,, it follows that any zero homomorphism of
M, into M, induces the zero homomorphism of H,(M;) into Hy(M,). These
observations yield at once the analogue of (11.7)

(11.7) e =T, pM =1  pM=0, ph=0.
The analogue of (11.6) will also follow if we can establish a homotopy
(11.9) E:K(\p) + K(\p') ~I:K(M + M’") = K(M + M").

To this end, consider the direct sum F+4 F’ of two free associative and com-
mutative systems F and F’ with generators g;, g/, respectively, and write
No, Po, N, p¢ for the mappings involved in this direct sum diagram. This
direct sum may also be considered as a single free system with gy, g/, g2, 83, * - *
as its list of generators, hence the augmented complex K(F+F', ®) is
acyclic. If M+ M’ and M+ M{ are any two direct sums, we consider the
“special” homomorphisms 3: M+ M'—M;+ M{ induced by a pair of homo-
morphisms M—M;, M’—M{; for any such 3 we have BA\p=Np8, S\p’
=\{ p{B. As typical cells we now take the cells 7= [gi+hy, * * -, g-+he]: of
K(F+F', ®); any cell o =[x;+x{, - - -, x4/ ], of K(M+ M’) then has a
canonical representation ¢ =K (a)r, with 7 typical and « the special homo-
morphism a:F+F—-M+ M with agi=x;, ag! =x/ for ¢=1,---,r and
ag;=ah;=0, for j>r.

The homotopy E = Eum,u is now constructed by induction on dimension
so as to satisfy the additional conditions

(11.10) K(B)Eum» = Eu, 'K (B)
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for any special 3: M+ M'—M,+ M{, and
(11.11) Ep pCo(K(F + F', ®)) C Cora(K(F + F', ®)).

As in previous proofs, E is first defined for typical cells, and then “carried
around” by the canonical representation.

Before starting the induction, we observe that the group H(F+ F’) used
in augmenting K is the free abelian group with free generators ugi, pg/,
1=1,2, - - -, and that the endomorphism H(Aopo) +H(AJ po ) of H(F+F’) is
the identity. '

For a typical cell 7 of dimension 1 the chain

=1 — K(\apo)r — K(Nopo)7
has boundary
d'cy = 8"t — H(\opo)d't — H(Aepo)d'r = 0;

hence ¢, is a 1-cycle in K(F+F’, ®), and therefore is the boundary of a 2-
chain ¢; of K(F+F', ®). We set Eci=c3,, and carry this definition around. In
order to prove the essential property (11.11) for ¢=1, we must observe that
if o= [a1+by, - - -, ay+b,]: is a cell of K(F4 F/, ®), then the mapping « in
its canonical representation o = K (a)7 lies in ®. If  =®° (free acyclicity), this
is immediate. If ®=®* (generic acyclicity), then the elements a4, by, - - -,
a,, b, are indeed disjoint generic elements of F+ F’, with the generators
&, g+ - -+, and again aE®*. (These arguments appear to break down if ®
is an arbitrary admissible set.) '

The inductive construction of E is continued exactly as in the previous
cases. To obtain the analogous result for cohomology, one need change only
the notation in (11.5), (11.8), and (11.7’).

A more general related result is the following:

THEOREM 11.2. In the generically (or freely) acyclic homology theory for
Mac or MM qa the homomorphisms induced on homology groups by the sum of
two homomorphisms o, o' : M—N satisfy

(@4 o)s = ay + ay:Hy(M) — Hy(N).

This result includes the fact that 0, =0, for any zero homomorphism, and
Theorem 11.1 can be proved formally from Theorem 11.2, using the direct
sum diagrams.

Proof. We require a homotopy

D:K(a) + K(o’) ~ K(a + o/): K(M) — K(N).
We use the diagram

aXa’

b+ 22 v vS W,
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where u(x) = (x, x), (@Xa')(x, ¥) =(ax, a'y) and v(21, 22) =21+2. Then
a+ta’ =v(aXa')u,
and D may be constructed from the E of (11.9) as
D = K(»)K(a X o')EK(u).

The requisite properties follow easily.

12. The cubical construction. An explicit generically acyclic construction
Q for the category M 4c¢ will now be defined. For convenience, the composi-
tion for systems M in N, will again be written as addition. In each dimen-
sion, the construction Q(M) will have just one type of cell. In dimension 1,
the cells are the cells [x], for *€ M, and in dimension 2 the cells are all pairs
[x, ] of elements in M, with boundary

(12.1) ax, y] = [«] + [y] = [= + »].

In dimension 3, the cells are square arrays of elements of M, with boundary
formula

a[”]= — & 9] = [ s]+ 54 7 9+ 5]

(12.2) rs

+ [xrr]+ [y!s]— [x+yt’+s]-

The condition 9 =0 is readily checked, using both the associative and com-
mutative laws in M. In general, a (g+1)-cell of Q(M) will be represented by
an array of 29 elements of M at the 2¢ vertices of a ¢g-dimensional hypercube
C. The boundary consists of 3¢ cells, with suitable signs: the 2¢ cells obtained
from the 2q faces of C, together with the ¢ cells formed by adding labels on
corresponding vertices of opposite faces.

To state this formally, denote a vertex of the hypercube C by a symbol
(&1, - - -, &) in which each ¢; is 0 or 1. Then a cell ¢ of dimension ¢+1 in
Q(M) is defined to be a function ¢ with all symbols (e, - - -, €,) as argu-
ments and with values in M. The faces of C are the g-cells R;c and S;o de-
fined by

(12-3) (Rio')(ely Tty e41—--1) = (elv €,y Ov €y * eg—l);

(12.4) (S{O’)(ﬁl, ce €)= (elr SR N A ) eq—l)s

for =1, - - -, ¢, and the cells formed by adding labels (in M) are
(12.5)  (Pio)(e, - - -, €-1) = (Rio)(ex, - - -, €g-1) + (Sio)(en, - -+, €g1).

The boundary of the (¢+1)-cell ¢ is then defined to be the g-chain

q
(12.6) doc = 2 (—1)"*(Ric — Sic — Pio).
f=1
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Here (but %ot in (12.5)) the addition is that of g-chains in C,(Q(M)). This
construction Q has already been introduced, in connection with a topo-
logical problem, in [3, I]; the boundary formula used here differs from that
in [3] by the sign (—1).

The proof that ddc =0 follows formally from the rule

V;W;a = Wj_1V.‘0', 1 < j’

where the letters ¥V and W each stand for any one of the letters P, R, or S.
The proof of this rule is straightforward, and the case P;P; uses both the
associative and commutative laws in M.

The construction Q is employed with one of two appropriate normaliza-
tions. We define certain cells, called “slabs,” by specifying the positions of

zero entries, as follows. A(g+1)-cell ¢ is an i-front slab (1=1, - - -, q) if
e;=1 implies o(e, * -+, €)=0, and an ¢-back slab if ;=0 implies
o(e,  * -, €)=0. In dimension 1 the zero cell [0] is also counted as a slab.

The slabs of Q(M) span a subcomplex Qs(M). Indeed, if ¢ is an ¢-slab, and V
is one of the operators R, S, or P, then V,o is an (z—1)-slab if j<7 and an
i-slab if >, while for an ¢-front slab, R0 = P.s and Sis is the cell with all
entries zero, and for an ¢-back slab S0 =P.s and R,o is the zero cell. Thus
the boundary of an ¢-slab consists of (1—1)-slabs and ¢-slabs. The slab sub-
complex Qs(M) contains the zero-normalization complex Qo(M). In low
dimension, the slabs are cells of one of the forms

o e 0ok [0 [ [0 ()

00J
The second normalization complex Qn(M) is to consist of all slabs and
all diagonals. The diagonals are determined by positions of zeros as follows:
a (g+1)-cell ¢ is an i¢-diagonal (1=1, .-, g—1) if e;7 €1 implies
o(e, - - -, €)=0. The simplest diagonal cell is the 3-cell

]

The diagonal cells span a subcomplex, for if ¢ is an i-diagonal, and V is one
of R, S, or P, then V,o is an (s—1)-diagonal if j<4%, and an ¢-diagonal if
j>i+1, while Vio= V0. Hence ¢ consists of (¢—1)- and i-diagonals.

The construction ) may be augmented by setting

a’ [m] =/J'M(m)’

just as in §10. Each of the two normalizations Qs, Qw is valid under this aug-
mentation, since the only 1-cell in Qg or Qw is the cell [0].

THEOREM 12.1. The homology groups of the constructions Q/Qx and Q/Qs
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each satisfy the direct sum theorem
Hy(M + M') = Hy(M) + H,(M'), g=12,.--.

Proof. Since the zero normalization is present, an argument with the direct
sum diagrams (11.4), like that leading to (11.7’), reduces the proposition to
the construction of a “splitting homotopy”

E:Q(\o) + QW) = 1:Q(M + M) - Q(M + M)

which maps the normalization complex into itself. For example, in low di-
mensions we must have

IE[x + 2'] = [2] + [«'] = [x + «'],
E[x+ o',y + y'] + Ed[x + «', y + ¥']
= [x’ y] + [x'! y,] - [x + &, y+ y,]'

where x, yEM, x', Y EM’, and x+x'=(x, ') in M+ M'.
The very nature of the construction Q provides such a homotopy at
once. In low dimensions one may set

Elx + «'] = [, 2'),
x %
Elx+ «,y+ ] = [ ,]-
Yy
In other words, Eo plasters the M and M’ contributions to ¢ on opposite
faces of a hypercube of one dimension higher. Explicitly, we define Eo for a
(g+1)-cell ¢ of Q(M+M") as A
(EO’)(él, c oty €gy O) = )\p(o’(él, Tty eq))v
(Ea)(el’ Tty €gy 1) = )"P,(a(el, R 50))-

The proof that E gives the homotopy follows formally from the readily estab-
lished rules

RiEc = ERw,  SiEsc = ESio, PiEs = EPis, i=1,-+-,4,
Ry1Eo = Q(\p)o, Se¢r1Eo = Q(N'p')e, Pip1Ee = o.
Furthermore E respects (both) normalizations, mapping Qnx(M+ M’) into

On(M+M') and Qs(M+ M') into Qs(M+ M').
The splitting homotopy may also be used to establish generic acyclity.

THEOREM 12.2. The constructions Q/Qnx and Q/Qs are generically acyclic
for the category of associative and commultative systems, and are both generically
and pseudo-generically acyclic for the category of abelian groups.

The second result shows that the pseudo-generic homology theory for
abelian groups is identical with the generic homology theory; in other words
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the generic homology groups for an abelian group could be determined by a
suitable construction in which inverses (but no repetitions) of letters are al-
lowed in the boundary formulas.

The proof will be given in the case of Q/Qs, for the category M 4¢; the other
proofs are similar. Let F= F4¢ be the free system, and 2 a generic (¢+1)-
dimensional cycle in the augmented complex Q(F, ®*) modulo Qs(F, ®*).
Let g, be the last generator of F which actually occurs in any one of the
cells of the cycle z. We show by induction on # that z is a boundary in
Q(F, ®*)/0n(F, ®*). The proof for n=0or n=1, g= —1, is trivial. If n=1
and ¢=0, z is a multiple of [g], hence is not a cycle unless it is identically
zero. If n=1 and ¢>0, each cell occurring in z has at most one nonzero
entry, and hence is necessarily a slab. If #>1, let M denote the free associa-
tive and commutative system on the generators gy, * * +, gs—1, and M’ the
free system on the remaining generators. Then F=M+4 M’ and Q(F, ®*)
CQ(M+ M'). The splitting homotopy E applied to the cycle z yields.

z = Q(\0)z + Q(Np')z — 0Ez (mod Qs(M + M’)).

The construction of E shows that Ez is still a generic chain. Furthermore
Q(\p)z and Q(\'p’)z are generic cycles involving at most #—1 and 1 gen-
erators respectively, hence they are boundaries by the induction assumption.
The proof is complete.

The use of a normalization is essential to this proof (for example, in the
treatment of the case n=1 above). Indeed, the construction Q with no
normalization is not generically acyclic on the category M4c, because [g1, 0]
—1o0, 0] is a generic 2-cycle, but is not the boundary of a generic chain (be-
cause the boundary of any 3-cell ¢ in which g; is the only nonzero entry is
the zero cell). This example might suggest the use of a different “single entry”
normalization, containing all cells with at most one nonzero entry. However,
for this normalization, the cell

& o]
g 0

is a generic 3-cycle, but not a boundary.

13. Successive elimination of generators. Generic acyclicity may often be
established by successively eliminating the generators in a proposed generic
cycle. Formally, it suffices to eliminate the first generator; this process may

be described, for a free system F with generators g1, g2, - - -, in terms of the
generic endomorphism v: F—F with
(13.1) vig) =1,  »(g) = g, i> 1

THEOREM 13.1. Let K be an augmented construction on the category N (F),
I the identity map of the generic subcomplex K(F, ®*), and K(v) the map in-
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duced by (13.1). If there is a homotopy
S:K(») >~ I:K(F, ) - K(F, &%),

which carries every cell with all entries 1 into the zero chain, then K is generically
~acyclic modulo the zero normalization.

Proof. Consider the generic endomorphisms N\, u, v.: F—F with

(13.2) Mg) = 1, Agiv1) = 8i, i=12:--,
(13.3) llt(gi) = git+1 i= 11 21 ttt
(13.4) v(g) =1, i =n,  va(g) = g, t>n.

Here vo=1, v;=v, and wv,\A =v,41. We are given S with
(13.5) S+ S0 =1I— K(@);
define S;=3S and S.11=K(u")SKQA"). Then
8Sns1 + Snp10 = K(u™\") — K(u"»\")
= K(n) — K@ar1).

We set T=S,+S:+ - - - . Any cell ¢ of K(F, ®*) involves at most a finite
number of generators gi, - - -, g.. Hence K(A")o is the cell with all entries
1, SK(\")g is zero, and the formally infinite sum 7o is actually finite. Further-
more K(v,)o =0y is the cell of the same type as o, with all entries 1. There-
fore,

8To + Tdos = o — oy,
or
9T + T9 = I (mod Ko(F, ®%)).

This homotopy asserts that K(F, ®*) is acyclic modulo the zero normaliza-
tion Ko(F, ®*).

We illustrate this result by proving the generic acyclicity in dimensions
1, 2, and 3 of the construction 4 described in the introduction for the cate-
gory My or Maa. This construction is augmented by defining

9’: C(A(M))—H(M)

as 9'[x]=uu(x); by Lemma 8.1 the group H(F)=H(F, ®*) for F=Fuc
or F=Fga is just the free abelian group on the generators g! =upr(g),
1=1,2,+--.

To define S, it is convenient to denote the first generator g, by % and to
denote generic elements of F not involving % by %, y, - -+ - . Then any generic
element of F has one of the forms x or x+% (additive notation), and % ap-
pears at most once in each generic cell. For an element v =mg{ +v of H(F),
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where v does not involve the generator g{, we set Su=m[h]. Then 9'Su
=mg{ =u— K(v)u, as desired. Any generic cell of dimension 1 has one of the
forms [x] or [x+7%]; we set

Sl + k] = = [, &],
S[x] =0,

and verify (13.5). Similarly, in dimensions 2 and 3 we set

S[x’ y]=0» S[xvy'l"h]: [x’ ¥ h],
Sle+ & 3] = = [= b y] + [ 3, ] + [2] 5];
S[x, 3,21 =0, S[x, 9,2+ k] = — [, 3,3 k],
Slx, y+ b, 2] =[x, 9, b, 3] — [, 9, 2, &],
Sla+ b 3, 2] = [% b 3, 2] = [2 9, b 2] + [ 3,3 k] + [#] 3, 2],
Sla|y+ 1] = — [x] 3, 2] = [4][2],
Sle+ r|y] = =[x k5], Slz[y]=0.

The condition (13.5) is again readily verified in each case. Hence 4 is ge-
nerically acyclic, modulo the zero normalization 4,, in dimensions 0, 1, 2,
and 3. One may also show that 4,(F, ®*) is acyclic, hence that 4 is gen-
erically acyclic, without any normalization.

The same proof can be carried out for all dimensions of the construction
A, using the general description of this construction, as given in [3, II].
Given the cells of 4 through dimension g, this method of successive elimina-
tion can be used to find the cells to be added in dimension g+1 to the cells
already present in A9 and thus provides a refinement of the existence proof
for generically acyclic constructions.

The method of successive eliminations can also be used to prove that the
cubical constructions Q/Qx and Q/Qs are generically cyclic for the category
M uc. Furthermore, the generic acyclicity of Q/Qx and A /A4, as proved above
shows that in dimensions 1, 2, and 3, these two constructions yield the same
homology and cohomology groups for any associative and commutative sys-
tem M.

We do not have an explicit freely acyclic construction for the categories
Mac and M g4, although the existence theorem demonstrates that there must
be such constructions. However, we can prove that the homology theory ob-
tained by a freely acyclic construction is different from the generically acyclic
homology theory (and hence that the constructions Q/Qw, Q/Qs, and 4 are
not freely acyclic in N4¢). For let F= F4¢, choose any generator g of F, and
construct a bilinear function b on FXF to a suitable coefficient group G in
such fashion that b(g, g) #0. Using this bilinear function we can define a 3-
dimensional cochain f of C3(4(F), G) as
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x| 3]) = b(x, y),
=z 3 2]) =o0.

Then 3f=0, and f is a cocycle. However f([g|g])#0, hence the 3-chain
[g| 2] of A(F) is not a boundary. However d[g|g] =0. Hence [g|¢] is a non-
trivial three-dimensional cycle of the complex 4 (F), and H3(4 (F))>0. Thus
the construction 4 cannot give the freely acyclic homology groups, for which
Ha(F) = 0.

For an abelian group M, and any coefficient group G, there are fwo ge-
nerically acyclic cohomology theories, obtained by regarding M as an element
of M, or as an element of NMye. In the first case, H2(M, G) is the well known
group of central group extensions of G by M [cf. 1]. In the second case,
inspection of the construction 4 shows that H%(M, G) is the group of abelian
group extensions of G by M.

14. Classification of generic relations. We return to the concepts and
notations of §2. As in §8 we call an identity (wi, we) generic if w, and w; are
generic elements of Fy which involve the same letters g;. A relation R is called
generic if it consists of generic identities only.

I

THEOREM 14.1. Any generic relation R has the same closure as one and only
one of the relations I, A, C, or AC.

Proof. If R consists only of the trivial identities (w, w), then clearly
R=T. Let (w, w,) be a nontrivial generic identity in R. We shall say that
(w1, we) is order preserving if the generators in w; occur in the same order as
in w,. Otherwise (wy, w,) is said to be order reversing.

We first show that if R contains a nontrivial order preserving generic
identity, then 4 CR. Indeed let (wy, w,) be a nontrivial order preserving gen-
eric identity in R involving the least possible number of generators. Let
Wy =101, Wy=1ugvs. If u; and u, involve the same generators, then choosing
a:F—F so that auy=u, aus=u,, av,=1, av,=1, we arrive at (u;, us) ER, so
that u; =u,. Similarly v1=v,, and therefore (w;, w.) is trivial. Thus we may
assume that there exist three generators, say g1, g, g3, appearing in w; and in
wy in that order, which are such that g; and g; are in %, g; is in v;, while g, is
in e and g: and g are in v.. Choosing a: F— F so that g, g, gz are mapped into
themselves while all other generators are mapped into 1, we find that
awy = (gig2)gs and awe =g1(g2gs). Thus ACR.

An even easier argument shows that if R contains an order reversing
generic identity, then CCR.

Suppose now that R contains nontrivial generic identities and that they
are all order preserving. Since every order preserving generic identity is in
4, it follows from A CR that R=4.

Suppose now that R contains nontrivial generic identities, but that they
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are all order reversing. We shall show that RCC, thus proving R=C. Sup-
pose instead that RCC fails, and let (w;, w,) be a generic identity in R but
not in C, involving the least possible number of generators. Let w; =,
wy=1uswe. If #; and u, involve the same generators, then, as before, (%1, %z)
and (v, v;) are in R. Thus (u1, #s) and (23, v3) €C imply (wy, ws) EC. If u,
and v, involve the same generators, then again by suitable maps a: F—F,
we show that (u, v2) and (v, u,) are in R. Thus (u;, v2) €C and (1, u,) EC.
Consequently (u11, v2u5) €C. Since (vaus, usws) €C, it follows that (s, w,) EC.
Hence we may assume that #, involves two generators g, and g, of which g
occurs in #, while g, occurs in v,. Let gz be any generator occurring in ;.
Choose a: F—F, so that gy, g», gs are mapped into themselves while all other
generators are mapped into 1. Then aw, will be either (gigz)gs or (geg1)gs,
while aw, will be either (gig1)gz or (gi1gs)gs, or gi(gsgz) or gi(gegs) depending
upon the position of gz in w,. In either case, using the fact that CCR, we find
that the associative law is in R, contrary to the assumption that all generic
relations in R are order reversing.

There remains the case when R contains nontrivial identities of both the
order preserving and the order reversing type. Then ACR and CCR, so
that ACCR. However AC contains all generic identities. Therefore

R=4C.

15. Systems without a unit. The previous considerations assumed that
all systems M ENM(F) had a unit element. It is possible to build a similar
theory without this assumption. We shall give here a brief outline of the
modifications which have to be made and of the peculiarities which arise.

Let Fr be the universal free system (with unit) generated by g1, go, * - *,
gk, + - - and denote by Gr the system Fr with the unit element removed. For
any relation R we obtain by factorization of Gr, as in the proof of Theorem
2.1, a free system Gg and a corresponding category Ng consisting of all
systems satisfying the identities of R. Note that Nz contains Mg as a sub-
category, but that Gg need not be a subsystem of Fg. Since every element of
Gr is an actual product of generators, we may consider the subsystem G%
generated by g1, *+ * +, gn.

In place of the admissible class ® of endomorphisms ¢: Fr— Fr, we shall
consider here a class ¥ of homomorphisms a:G3—G5 for any n, m. We shall
limit ourselves to two such classes ¥, namely the class ¥?° of all such homo-
morphisms and the class ¥* of generic homomorphisms. Thus in effect we
limit ourselves to the theories of free and generic acyclicity only and to the
categories Nz defined by sets of relations.

The definition of a construction and of an augmented construction on Ng
remains unchanged. The typical cell 7= [g;, - - -, g-]: of type ¢ will be defined
as a cell of K(G%, ¥), and in the canonical representation ¢ =K (a)7 of a cell
dEK(N) of type t we shall have a:Gz—N.



1951} HOMOLOGY THEORIES FOR MULTIPLICATIVE SYSTEMS 329

The first significant difference occurs in the definition of ¥-acyclicity in
§6. Instead of considering the complex K(Fg) we consider the sequence of
complexes K(Gg) (n=1, 2, - - - ) and formulate the analogues of (6.1) for
each complex of this sequence. The proof of the analogues of the results of
§6 carry over with minor changes only.

The considerations concerning normalizations (§§8-9) do not apply since
units are not universally present. The classification theorem of §14 is false;
the set R consisting of the identity gi(g.gs) = (g221)gs does not have the same
closure as any of the sets I, 4, C, or AC (in the case with units this set R
has the same closure as 4 C).

We shall now discuss the question of ¥-acyclic constructions on the cate-
gories Ng, where R is one of I, 4, C, or AC. In these cases it is easy to see
that Gg is obtained from Fg by removing the unit element.

An augmented ®-construction K on the category Mg (R=1, 4, C, or AC)
will be called regular, if:

(15.1) The full normalization K; or K is a normalization (that is, K;(M)
is a subcomplex of K(M)).

(15.2) K is ®-acyclic mod K.

(15.3) The complex K(Fg, ®) is the disjoint union of its subcomplex
K\(Fg, ®) =K(FrR)NK(Fg, ®) and a complex K'(Fg, ®).

This last property means that the boundary of any ®-cell which has no
entries 1 is a chain involving only such cells. Thus the boundary of a typical
cell yields a boundary formula which can be used to extend the construction
to the category Nz. It can be proved that the resulting construction is ¥-
acyclic.

In the case R=1 the construction K of §10 is regular and thus yields a
generically and freely acyclic construction on Nr. A system M with a unit
may be regarded either as an element of N7 or of ;. In the first case the
groups of M are those of the complex K(M) while in the second they are
those of the complex K(M)/K;(M).

The same applies to the case R=C if we use the constructions K and L
as described in §10.

In the case R=4, the construction A° of §7 is regular and therefore yields
a generically and freely acyclic construction for Na. If MEN,, then the
groups of M are the same whether M is regarded as an element of N4 or of
Nu. This is due to the fact that the groups of 4°(M) and A°(M)/AY(M) are
naturally isomorphic.

The cubical construction Q on N ,¢ as described in §12 is not regular since
it does not admit the full normalization. The construction 4, however, the
beginning of which appears in the introduction and in §13, is regular and
thus yields an example of a generically acyclic construction on the category
Nuec. A full exposition of the construction 4 for commutative and associative
systems will appear elsewhere.
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