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1. Introduction. It is known that (1) a closed (sufficiently differentiable)

surface in euclidean space E3 has a point of positive Gaussian curvature, (2)

a minimal surface in £3 has nonpositive Gaussian curvature at every

pointC), and (3) hence no closed minimal surface exists in E3.

The object of this paper is to generalize these results to higher dimensions

and noneuclidean Riemannian manifolds. The principal results appear as

Theorems 1, 2 of §3 and Theorems 3, 4 of §4.

2. Riemannian manifolds in polar coordinates. Let Rn be a Riemannian

manifold of dimension w^2 and class Cr(2). Let 0 be any point of Rn, let

(vl, ■ ■ ■ , vn) be normal coordinates with respect to a unit orthogonal frame

at 0, so that the metric tensor in the coordinate system (v) has the form

ds2 = apq{v)dvpdV^),

(1) daPS
«m(0) = Sps,        -(0) = (0),       p, q,r = 1, ■ ■ ■ , n.

dvr

Let .Po be any point of Rn which can be joined to 0 by a geodesic go on which

there is no conjugate point to 0. Then the normal coordinates of a point P

near P0 are vp = r)pr, where (r¡1, ■ ■ ■ , r¡") are the components in (v) of the

unit tangent vector at 0 to the unique geodesic g from 0 to P whose initial

direction and length r are near those of go- Let r0 be the length of go and

(Vo) = (*7o' • • • 1 tyS) the components of the unit tangent vector to go at 0.

Let 7ip = 7]p(\2, • • • , X") be a nonsingular parametrization of the unit

sphere ^y)pr}p=\ in (?7)-space, neighboring (77) = (rjo), and suppose

VpQio< " " " . XÔ) = Vo- Then we can use (r, X) as geodesic polar coordinates

[4; 6](4) "near go"; that is, over a domain Ogr O0+e,Xô — e<X"<Xo+e. Since

geodesic spheres about O are orthogonal to the geodesies issuing from 0, and

since r is length from O along these geodesies, the metric tensor in the system

(r, X) has the form
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(') (1) is essentially a classical theorem of S. Bernstein, Math. Zeit. vol. 26 (1927) pp.

151-158. (2) follows from the fact that at every point of a minimal surface the sum of the

principal normal curvatures is zero, hence their product is nonpositive.

(2) re4 is sufficient for all purposes in this paper.

(3) The summation convention of tensor analysis is used throughout.

(4) Numbers in brackets refer to the list of references at the end of the paper.
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(2) ds2 = dr2 + haß(r, \)d\"d\ß, a, ß = 2, • • ■ , ».

Using (1), we see that

dri"   dr¡q
haß(r, X) = r2apq(rr¡(X)) — —- •

oX"  d\p

Differentiating, and using (1), we find

(3)

Since

it follows that

M0,X) = (0),       — (0,X) = 0,
or

d2haß —   ôij"   dri?
--(0, X) - 2£ -L--L.

dr2 y «3X» d\f>

_ _   d-o*   dri»
Y, dr,"dr," = Y, —- d\ad\f>
, »  ax» d\f>

dshaß
(4) —- (o, x)r*r0 > o if (r) ^ (o).

dr2

Denoting (dhaß/dr)TaV^ by H(T, V), we get from (3) and (4) and the

compactness of spheres the following lemma.

Lemma 1. Let O be a point of a Riemannian manifold Rn. There exists a

neighborhood N(0) such that if ds2=dr2-\-haß(r, \)d\ad\ß is the metric in a polar

coordinate system based on 0, then H(T, T) = (ßhaß/dr)T"Tß is positive definite

inN{0)-0.

Now let Rn be a Riemannian manifold of nowhere positive sectional

curvature. There exists no pair of conjugate points in Rn. Let Po be a point

which can be joined to O by a geodesic go, and let (r, X) be a polar coordinate

system near g0 based on 0. Let Rpq„ be the Riemann tensor in this coordinate

system; then

_ 1    d2hßS       1 dhaß dhyt
Rmt =-— H-h"1*-» ß, 5 = 2, • • • , n.

2     dr2 4 dr      dr

Hence the sectional curvature of i?„ with respect to a 2-plane determined

by a tangent vector to go at P and a unit vector (7") orthogonal to go at P is

_ 1    d2hßi 1 /dhaß      \/dhy¡      \
(5) K(T) =-ÎL 2*2-1+ _ h"4--JM   — f  .

2     dr2 4 \ dr        )\ dr        )

Then H(T, T) is positive definite at P0; for if H(To, T0) ä=0 at P0 for some
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(To)^(0), then by (3) and (4) there must be on g0 a point at which

(dH(T0, T0)/dr)=0 and H(T0, T0)>0, which by (5) contradicts the non-

positiveness of K(T). Hence we have the following lemma.

Lemma 2. Let 0 be a point of a Riemannian manifold Rn of nowhere positive

sectional curvature. If Po£i?n can be joined to 0 by a geodesic and if ds2 = dr2

+haß(r, \)d\ad\ß is the metric near P0 in a polar coordinate system based on 0,

then H(T, T) is positive definite at Po.

Little can be said about the size of N(0) in the case of variable positive

curvature. However, in case of constant positive curvature K, no geodesic of

length less than ir/K112 contains a pair of conjugate points, and also we can

choose polar coordinates so that

sin2 Ç&l*r)
haß =-=-baß(\),

K.

*-JT = ¿ïsin &*WM

where baß is positive definite. Hence we have the following lemma.

Lemma 3. Let 0 be a point of a Riemannian manifold Rn of constant positive

curvature K. If Po(E.Rn can be joined to 0 by a geodesic g0 of length less than

Tr/2(K)112 (less than or equal to tt/2(K)1'2), and if ds2 = dr2 + haß(r, X)¿X°¿X<» is

the metric near go in any polar coordinate system based on 0, then H(T, T) is

positive definite (positive semi-definite) at Po.

3. Curvature of closed hypersurfaces. Let i?„_i be a hypersurface of R„,

imbedded in Rn differentiably of class Cr+1, with local imbedding equations

xp = xp(u) in terms of coordinate systems (x) on Rn and (u) =(ul, • • • , w"-1)

on Rn-i. It is known [2] that the following relation holds between the Rie-

mann tensors on Rn-i and Rn:

_      dxp dxi dxr dx"
(6)  Ran — Rpqn—- —■ —- —- = bikbji — bubjk, i,j, h,l = 1, • • • ,n — 1,

du%  du1 duk  du1

where 5,-y is the second fundamental form of i?„_i(6). Also, £>,/ satisfies

d2xp       _„ dx" dxr        k dx"
(V) —— + K— — - r„—- = bap

du'ôu1 du1   du> du"

where (¿) is the normal to Rn-i-

Now suppose R„ is complete [3; 4], so that every pair of points A, B of

Rn can be joined by a geodesic which is a shortest curve joining A to B; the

(6) I am indebted to the referee for the suggestion that the Gauss equation (6) be used.

My original proof of the theorems to follow was longer, and used specialized coordinate systems

on 2?„_i.
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distance between A and B is defined to be the length of a shortest geodesic

joining them. Let 0 be any point of Rn, and let M be the minimum point

locus [5; 6] with respect to 0. Then PB = C,\JM, where C„ is an open w-cell

with M as its singular boundary; M is at most (n — l)-dimensional. Every

point P of C„ can be joined to 0 by a unique geodesic lying in C„, and the

length of such a geodesic measures the distance OP. The distance OP is a

function of class Cr~2 of P for Pj^O in C„.

Assume next that Rn-i is closed(6). Let Po be a point of Pn_i whose

distance ro in Pn from 0 is maximum. Suppose Po lies in C„(7) ; we can use the

polar coordinates (r, X) of the previous section about the geodesic OPo in C„,

and the length r of geodesies in Cn from 0 to points P near Po measures the

distance from 0 to P. Then at Po we have dr/dui = 0, so that (7) becomes for

d2r 1   dhaß â\a 3X"
(8)-= ht,.

du'du'        2     dr    du1  du'

Now at Po, d2r/du{du> is negative semi-definite, and if H(T, T) is positive

definite at P0, then bi¡ is negative definite there. This implies that (bikbn

-bnbjk)ri{rikC'V>0 for all (r?), (f) neither of which is (0). Let T" = (dX-'/du1)^,

V = (dXa/dui)Çi. Then by (6) the relative curvature of P„_i at P0 (defined as

the difference K(r¡, Ç) — K(T, V) between corresponding sectional curva-

tures of Rn-i and Rn at P0) is positive. Hence using Lemmas 1, 2, 3 we have

the following theorem.

Theorem 1. Every point 0 of Rn has a neighborhood N(0) such that every

closed Rn-i in N(0) has a point P0 at which all relative curvatures of R„~i are

positive. If Rn is complete and has everywhere nonpositive sectional curvature,

and if a closed Pn_i in Rn has the property that there exists a point 0 of Rn such

that some point P0 of Rn-i furthest from 0 is not on the minimum point locus

with respect to 0, then at P0 all relative curvatures of P„_i are positive. If Rn is

complete and has constant positive curvature K, and if a closed R„-i has the

property that there exists a point 0 of Rn such that all points of R„-i have dis-

tance less than tt/2(K)1'2 from 0 and some point Po of P„_i furthest from 0 is

not on the minimum point locus with respect to 0, then at Po all relative curva-

tures of Rn-i are positive.

An example of a closed hypersurface P„_i in an Rn of nonpositive curva-

ture with the striking property that, no matter what point 0 of Rn is chosen,

all points of Rn-i furthest from 0 are on the minimum point locus with re-

spect to 0 is furnished by the flat 2-torus P2 naturally imbedded in the flat

(6) Closed = compact.

(7) This assumption and the assumption of completeness of Rn are not needed if Rn-i lies

in a sufficiently small neighborhood of 0.
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3-torus R3, the direct product of the flat 2-torus and the circle; here the rela-

tive curvature of P2 is zero. This example is best visualized as the square with

opposite sides identified imbedded in the cube with opposite faces identified.

An example to show the need for the assumption about "less than

ir/2(K)112" in the case of constant positive curvature is furnished by the

flat 2-torus imbedded in the 3-sphere in £4 by means of x = cos <j>, y = sin <p,

z — cos 6, w = sin d. This flat torus in E± also serves to show that Theorem 1

breaks down if P„_i is replaced by Rm with m <n — 1.

If i?„ is simply-connected and has everywhere nonpositive sectional curva-

ture, it is known [5; l] that it is homeomorphic to E„ and the minimum

point locus is absent. If Rn is simply-connected and has constant positive

curvature, it is known to be isometric to a sphere [7], and the minimum

point locus with respect to any point 0 is simply the antipodal point. Hence

we have the following theorem.

Theorem 2. Let Rn be complete and simply-connected, and have everywhere

nonpositive sectional curvature. Let 0£Pn, and let the hypersurface Pn-i be

closed. Then all relative curvatures of Rn-\ at every point Pq furthest from O are

positive. If Rn is a sphere, and if Rn-i lies in an open hemisphere of Rn, then at

every point of Rn-i furthest from the pole of the hemisphere all relative curvatures

of Rn-i are positive.

Theorems 1 and 2 can be strengthened slightly by everywhere replacing

the phrase "relative curvatures of Rn~\ are positive" by "sectional curvatures

of Rn~i are greater than or equal to the corresponding sectional curvatures of

the geodesic hypersphere about 0 through P0, which in turn exceed the cor-

responding sectional curvatures of Rn."

For at Po the sectional curvatures of the geodesic hypersphere in ques-

tion are

(9) KQ(T, V) = K(T, V) + [H(T, T)H(V, V) - H2(T, V)]/4

so that by (6) and (8) we have, denoting p(r¡, f) = (dh/du'du')^',

K(v, r) = Ka(T, V) + p(v, ,)p(f, J-) - p2(v, f)

- y [p(v, V)H(V, V) + p(f, t)H(T, T) - 2p(v, Ï)H(T, V)]

(10)
= Ko(T, V) + P(v, ,)P(f, f) - p2(v, f)

- —- [H(A, A) + (p(v, ,)p(f, f) - p2(v, t;))H(T, T)]
2p(v, V)

where ^4a=p(r7, rj)Va— p(rj, Ç)T". The required results follow from Lemmas

1, 2, 3, and equations (10) and (9).

This implies, for example, that a closed Pn_x in hyperbolic «-space Hn has
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a point where all sectional curvatures are positive.

4. Minimal varieties. An wi-dimensional minimal variety in a Riemannian

manifold Rn is by definition an extremal w-manifold in the calculus of varia-

tions problem associated with the multiple integral for w-dimensional area

in Rn. Let Rm be such a minimal variety in Rn imbedded differentiably of

class Cr+1. Let xp = xp(u1, • • • , um), p—i, •••,«, be the equations of this

imbedding in terms of a local coordinate system (x) in Rn and a local co-

ordinate system (m) in Rm.

Now since Rm is a sub-manifold of Rn, we have at every point P of Rm [2 ]

_       dx"  dx"  dxr  dxs »
(11) Run = Rpqrs—- —; —- —T+ 2-1  biktbju — buJ>jk„

du1  du1 duh du1      <r=m+i

i, j, k,l = 1, • • • , m; p, q, r, s = 1, • • • , n,

where 6,-y, is the crth "second fundamental form" of Rm. If (r¡), (f) are two unit

orthogonal vectors tangent to Rm at P, we have

n

K(v, f) = K(T, V) +  2Z  (bik.bih - buJ{k,hYMl.

Keeping (rj) fixed, we allow (f) to range over an (m— l)-dimensional unit

orthogonal frame tangent to Rm and orthogonal to (tj), and sum. We obtain

k(rj) = k{T) + gll2^, (bikobju - buabjkoWvk
a

where k(rj) is the Ricci curvature of Rm in the direction (r¡) and k(T) is the

Ricci curvature in the same direction of the geodesic w-manifold tangent to

Rm at P. But since Rm is a minimal variety, we know [2]

gilbju = 0, er = m + 1, • • • , »,

so that

k{rj) = k(T) -eiZAiAu.
a

For each <r, g^A^Au^Q, by the positive definiteness of gij. Hence we have

the following theorem.

Theorem 3. At each point P, the Ricci curvature of a minimal variety Rm

(for arbitrary 2^m<n) imbedded in a Riemannian manifold Rn does not exceed

the corresponding Ricci curvature of the geodesic m-manifold tangent to Rm at P.

This combines with Theorems 1 and 2 to produce the following theorem.

Theorem 4. If there exists a closed minimal hypersurface Rn-i in a com-

plete Riemannian manifold Rn of nonpositive curvature, then all points of P„_i

furthest from any fixed point 0 of Rn are on the minimum point locus with re-
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sped to 0; hence there exists no closed minimal hy persurf ace in a complete

simply-connected Riemannian manifold of nonpositive curvature, in particular

in En or Hn. If there exists a closed minimal hypersurface P„_i in a complete

Riemannian manifold Rn of constant curvature K>0, then every point of Rn-i

furthest from any fixed point O of Rn is either at least ir/2(K)112 distant from O or

is on the minimum point locus with respect to 0; hence there exists no closed

minimal hypersurface in an open hemisphere.

The flat 2-torus P2 is a closed minimal hypersurface in the flat 3-torus T3\

the equatorial 2-sphere S2 in the 3-sphere 53 is a closed minimal hypersurface.

Both these examples illustrate the theorem.
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