DIFFERENTIABLE INEQUALITIES AND THE THEORY
OF CONVEX BODIES

BY
E. R. LORCH

INTRODUCTION

The definition of convexity requires that with every pair of points in a
set I the line segment joining them be also in M. Out of this seemingly naive
concept issues a great river of mathematical wealth. First is the theory of
the triangle inequality and with it the theory of linear spaces and their ad-
joint spaces. One may here substitute for the triangle inequality the bilinear
inequality. At a more incisive level comes the theory of volumes and mixed
volumes. In this range belong the Brunn-Minkowski theorem and the Min-
kowski inequalities. Beyond this, the directions of investigation multiply
and cross-breeding with other domains takes place. Although the final results
of the theory of convexity are particularly polished and striking, the path
which to the present moment has led to them lacks transparence and direct-
ness. The fact that polyhedra play a dominant role in it illustrates this.
For purposes of analysis, a polyhedron is often a very awkward object, with
its sharp corners and over flat faces. The traditional definition of convexity
is the cause of the difficulty. Since it lacks in finesse it is clear that its conse-
quences frequently will be secured only by devious and peculiar methods.

The present paper presents a new definition of convexity. The theory
which can be developed with its help is based on the highly precise proposi-
tions concerning homeomorphisms, homogeneous differentiable functions,
and, particularly, positive definite quadratic forms. The development covers
four chapters. The first is devoted to the introduction of the definition and
the construction of the adjoint (polar, dual) surface. In the second, an analysis
is made of bilinear inequalities of the form D xfy; ¢ (x*)¢(y). It is shown
how to obtain all strict (differentiable) inequalities of this type. The methods
not merely establish existence but show how these inequalities are to be com-
puted.

The third chapter introduces a metric into certain classes of convex (or
concave) surfaces. The metric space so defined is then made complete.
Bilinear inequalities may be obtained for the elements of this space. A par-
ticular class (so-called “natural class”) of surfaces is the class of closed sur-
faces. For this class it is shown that the surface of any body convex in the
traditional sense may be approximated by surfaces convex in our sense. The
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fourth chapter gives applications to the theory of volumes and mixed vol-
umes. By virtue of the preceding approximation theorem, this material is
elaborated only for smooth surfaces. We develop here some new formulas
which seem to be fundamental to the theory. Although it is as yet impossible
to give an account of all Minkowski inequalities, it is probable that the
present undertaking is a first step in that direction. In particular, it seems
that the questions of mixed volumes are best handled with the techniques of
tensor spaces and the exterior algebra. It is planned to pursue this matter in a
future paper.

The paper calls for no specialized knowledge of any sort on the part of
the reader. Each chapter is preceded by an introductory statement relative
to its contents. Only one point of notation requires explanation. We omit
indices of summation; thus Y x;y; means 2, xy;, while D ¢:; 2z:z; and
> ¢i; x; mean ZZ,=1 ¢:;2:3; and Z}‘_l ¢ijx; respectively. We make no at-
tempt in the text to introduce remarks of historical content. The specialist
will easily discern what contributions may have been made here. For a de-
tailed statement of the development of this subject we refer to the very
excellent treatment, Konvexe Kirper, given by Bonnesen and Fenchel. At
about the time the material of the first two chapters was read to the Society,
an interesting note on this subject was published by Fenchel (On conjugate
convex functions, Canadian Journal of Mathematics vol. 1 (1949) pp. 73-77).
There are many points of similarity between the results of Fenchel and some
of those treated in these chapters. However, closer examination shows that
the spirit of the two investigations is different. For example, Fenchel does
not give constructive methods for “computing” inequalities. For Fenchel, the
notation of convex region is dominant whereas for us, it is that of homeo-
- morphism. In view of the fact that we wished to give a unified theory of con-
vexity which may be applied to the theory of mixed volumes, we have car-
ried through the development exclusively from our own point of view al-
though we indicate in the text the connection with the work of Fenchel.

I. THE NOTION OF CONVEXITY FOR DIFFERENTIABLE SURFACES

1. Differentiable surfaces. We are concerned with a certain class of sur-
faces in a real n-dimensional space. Coordinates in this space will be denoted

by %1, - - -, x, and the point (x1, - + +, x,) will frequently be referred to as a
vector, and will be denoted by x.
Consider a function ¢(x)=¢(x1, *+ - -, x,). Let ¢ be defined on a ray-

space {, that is, an open connected set such that if xE€Q, so does ¢x where ¢
is a positive scalar. We further assume that © does not contain the origin.
Typical domains @ are: (1) the entire space excepting the point x=0; (2)
the set of all points (x;, * - -, x,) for which x;,>0, =1, . - -, n. We assume
that ¢(x) is positive on @ and that it is positively homogeneous of degree 1;
that is, for >0, ¢(tx) =t (x). Finally, it will be assumed that ¢(x) possesses
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a sufficient number of derivatives to permit of the operations on it indicated
in the sequel. Our results would not be weakened essentially if we confined
ourselves to real analytic functions.

The equation ¢(x) =c, ¢>0, defines a surface &S,. The surfaces &, form a
homothetic family obtained by magnification of &; at the origin by the factor
c.

Let  be any real number except zero, 7 0. Write G(x) =r—1[¢(x)]".
Then G(x)=c’ represents the same family of surfaces. One may note in
passing that if >0, ¢’ assumes positive values; if <0, then ¢’ <0 also. For
any r, an increase in the value of ¢’ produces a magnification of the cor-
responding surface. In the future, we shall always assume that the equation
of the homothetic family of surfaces with which we are dealing is of the form

(1) G(x) = ¢

where G(x) is homogeneous of degreer 0 and cis a constant such that r¢>0.

2. The associated transformation. Each function G(x) in (1) defines a
transformation of fundamental importance to what follows. This transforma-
tion is given by the equations

(2) x¥* = Gi(xy, « -+, %), i=1,-,m,

where Gi(x1, + * +, x.) represents 90G(x)/dx;, Thus to every point x
=(x1, * * +, %,) in Q is associated another point x*=(xf, - - -, x¥) which we

shall locate in a second #-dimensional space. The totality of these points x*
will be denoted by Q*.

We now make the assumption that the degree of homogeneity, r, of G(x) is not
1: 1. Then the degree r —1 of Gi(x) is not 0 and hence one may establish
easily the fact that Q* possesses the properties of a ray-space except that it
may not be open.

3. The associated quadratic form. The fundamental transformation (2)
has a Jacobian IG;j(x)l where G;;(x) represents 8?G(x)/dx:9x;. This Jacobian
is the Hessian of G(x). We introduce now the fundamental quadratic form

(3) (r—1) ZGii(x)zs’zi

where z=(z;, - + +, 2,) is an arbitrary vector.

4. The adjoint surface. If we start with a family of surfaces G(x) =c¢, we
may construct a second family F(x*)=»5 in a manner presently to be de-
scribed. The new family is the adjoint of the old. In the terminology of the
theory of convex bodies, the second surface defines a body which is the polar
of the first. :

We assume henceforth that the quadratic form (3) is nonsingular for any x EQ.

From this follows that the Jacobian of (2) is not zero. Hence the equa-
tions (2) define a local homeomorphism between Q and Q*,
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We assume that the local homeomorphism above actually is a homeomor-
phism in the large.

Conditions on 2 and G(x) will be given presently which insure that this
last assumption is satisfied. If we invert equations (2) we obtain

(4) xi=F"(x1*,"‘,x”*), i=1’too’n.

It should be noted that the notation Fi(x*) may not as yet be taken to indi-
cate that there is a function F(x*) whose partial derivative with respect to
x:* is Fi(x*). This does happen to be the case but needs proof.

First note that dF;/dx*=0F;/dx*. For, consider the matrix ”G;j(x)” of
the quadratic form (3), and the matrix “ F,-j(x*)H obtained from (4) by setting
F;;j=0F;/dx/*. The product of these two matrices is the identity matrix. Since
“Gij(x)“ is symmetric, so is “F.~,~(x*)“.

Also, since Gi(x) is homogeneous of degree r—1, then F;(x*) is homo-
geneous of degree (r—1)~L. Using Euler’s theorem on homogeneous functions
it is easy to see that if we define F(x*)=r"1(r—1) > x*Fi(x*), then
IF(x*)/dx¥* = F;(x*). Thus F; in (4) represents a partial derivative.

Let us write 1/r4+1/7'=1. Then we see immediately that F(x*) is homo-
geneous of degree r’, r’#0, 1. Also, by Euler’s theorem we have Y xx*
= > Gi(x)-x:=rG(x) and also D _xx*=F(x*) x*=r'"F(x*). Hence rG(x)
=¢'F(x*). Furthermore, since (r—1)(»"—1)=1, we have (r—1)||G¢j(x)][
(' =1)|| Fis(x*)|| =]|6:||. Hence the quadratic form (3) and the quad-
ratic form (#’—1) D F;;(x*)z:2; are both positive, or both indefinite. Since
rG(x) =¢7(x) >0 and since (r—1) D Gi;(x)xx;=7r(r—1)2G(x), the above
quadratic forms can never be negative.

We have said above that the family of surfaces F(x*) =5 is adjoint to
the family G(x) =c. More precisely, we shall say that the surface r' F(x*) =1
is the adjoint of the surface rG(x)=1. It is clear that the relationship is
reciprocal.

5. The definition of convexity. We are now in a position to define con-
vexity. A principal thesis of this paper is that the classic definition of con-
vexity must be discarded in favor of another which may seem slightly more
restrictive at first but which leads to a much richer mathematical develop-
ment. In fact, we shall see essentially that our present definition involves
much of the structure which is associated with definite quadratic forms,
homogeneous differentiable functions, and homeomorphisms.

DEeFINITION 1. Let a homothetic family of surfaces be defined in some ray-
space by the equation G(x)=c. Suppose the degree r of homogeneity of G(x)
satisfies r>1. Then we shall say that the surfaces are convex throughout Q if
the quadratic form (r—1) D Gi;(x)z:2; is positive definite for every x in Q.

The geometric significance of this concept of convexity (curvature of the
surface) will be treated presently. In a similar way we define concavity.

DEFINITION 2. Let a homothetic family of surfaces be defined in some ray-
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space ) by the equation G(x)=c. Suppose the degree r of homogeneity of G(x)
satisfies r<1, r#0. Then we shall say that the surfaces are concave throughout
Q if the quadratic form (r—1) Y .G:j(x) z:z; is positive definite for every x in Q.

It is clear from §4 that a surface is convex or concave if and only if the
adjoint surface has the same property.

We shall now show how these definitions were conceived Consider the
case of convexity. Let x be a fixed point on the surface G(x) =c. Let # be an
arbitrary vector. Then we may express # as the sum of two vectors v and
w in a unique fashion, # =v+w, where v is a scalar multiple of x, v=¢x, and w
is parallel to the hyperplane Wthh is tangent to the surface at the pomt x.
Thus for w we have ) Gi(x)w;=

Next, for an arbitrary vector 2, we have

1
(5) G(x + 2) = G(x) + X Gi(%)z: + > > Gii(%)z:2; + R,

where R denotes the remainder term of the Taylor expansion. If z lies in the
tangent plane, then » Gi(x)z;=0. Let z be small. Suppose furthermore
that our surface is convex in the classic sense—for example, the surface
might be the boundary of a convex body. Then it is clear that G(x+2) =G (x).
Hence it follows that ) .Gij(x)z:z;=0 for all small z lying parallel to the
tangent hyperplane.

Now suppose that Y Gi;(x)z:z;>0 for all vectors 250 which are parallel
to the tangent hyperplane. Let % be arbitrary and write « =¢x+2z. Then

2 Gii(®) (tm: + 2) (t2; + 325) = 22 Gii(®) 2 + 26 ), Gii(%) iz,
+ 22 Gii(0)z:z5.

The first term equals t%(r — 1)G(x) and is positive unless £=0. The last term
is positive also for 2720 by the hypothesis at the beginning of this paragraph.
And D Gij(x)x:zj=(r—1) D>_Gi(x)2:=0 by the symmetry of the bilinear
form and by Euler’s theorem. Hence with our present hypothesis,
D -Gij(x)um; is a positive definite form. This discussion indicates how the
present definition of convexity was developed.

We show briefly that the above definition implies classical convexity.
Consider a convex body bounded by a differentiable surface G(x)=c. In
this case {2 consists of the entire space except x=0. If x is as before and z
lies in the hyperplane tangent at x, x4z is an arbitrary point in the tangent
hyperplane. Then

(6)

G(x + 3) — G(x) = f [dG(x + p3)/dpldp = f > Gi(x + pz)zidp.
0 0

Since the integrand is zero for p=0 and since its derivative with respect to
o, 2.Gii(x+p2)z:3;, is positive if 220, we see that G(x+2) > G(x). Hence our
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definition of convexity implies classical convexity.

The relation between the type of convexity here discussed and the
geometry of the surface ¢(x) =1 has been pointed out by F. Steinhardt and
may be set down in a few lines.

Since Gij=¢"2[(r —1)¢:p;+dp:;], we have
(r — 1) 2 Gii(®)zizi = (r — Do) [(r — D[ dsl()2:]* + &(x) 2 dii(2)z:24].

Thus “¢(x) =1 is convex in our sense” implies and is implied by “ >_¢:;(x)z:z;
is non-negative definite and [|¢,—,~(x)|[ has rank #—1.” It is well known that
the latent roots of the matrix ||¢;|| are in addition to the number zero, the
principal radii of curvature of the surface adjoint (polar) to ¢(x)=1. Thus
the convexity of ¢(x) =1 is equivalent to the positive character of the prin-
cipal radii of curvature of its adjoint surface. Now ¢(x) =1 is convex if and
only if its adjoint surface ¥ (x*)=1 is convex. Hence “¢(x) =1 is convex”
implies and is implied by “the principal radii of curvature of ¢(x) =1 are all
positive.”

6. Properties of the quadratic form. Let ¢(x) be the function introduced
earlier and consider the matrix ”q&,-;(x)”. Since D .¢ii(x)x;=0 by Euler’s
theorem, the form Y ¢:;(x)2:3; is singular. Let G(x) =7—'¢r(x). Then since

(7 Gii(x) = (r — 1)¢™%(x)pi(%)¢i(%) + ¢™1(x):i(x)

we have||Gyjl| = (r —1)¢?|| ;|| +6™|¢:i]|- For convenience we have omitted
the argument x. Now note that if #=¢x+42 is an arbitrary vector, where 2z
lies in the tangent hyperplane, then D piupjuiu;= (D du:)?=(t D pix:
+ Z¢,~z,~)2 =t2¢2. Also qu;juiuj = ZqSijz,-zj. Thus (?’— 1) ZG,-juiu,: (7’— 1)2t2¢>'
+(r—1)¢™"1 D> _¢iz:3;. Now suppose that for a fixed ¢ and with »>1, this
quadratic form is positive. Then certainly it is positive if t=0 and 2z0.
Thus D _¢:um; is positive for % in the tangent hyperplane. Now, keeping
¢ fixed, let <1. Then (r—1)2%%¢">0if ¢ 0 while (r —1) D_¢:,2:2;<0 if z 0.
Thus as r—1 varies from a positive to a negative value, the index of the
quadratic form changes from # to 1.

Suppose now that for a fixed ¢ and with <1, the form (r—1) D_Gijuu;
is positive for u 0. Then D _¢;;2:2;<0 for z #0. If we choose 7 so that r>1,
it is clear that the index of the form (r—1) D G:ju:u; becomes 1 just as in
the previous case.

Let us write 7' F(x*) =y (x*). We have || Fi;(x*)|| -||G:i(x)|| =8:]]. Now
Fij=y=2.((r' —\)Yap;+:;) with a similar expression for G;;. Suppose that
x be so chosen that ¢(x) =1. Then Y (x*)=1. Also x¥=¢""1(x)d:(x) =¢:(x)
and x; =y;(x*). Thus we have

@) FsillliGaall = lloatill-Nlgssill + llwesll - gl = llol]-

In obtaining this expression use has been made of the fact that ”tﬁ,ﬂh” -||¢,~,~|[
=0 since D _i¥abadr; =¥: O _dxj- % =0. Furthermore D i alidid; =Vih; O i~ Xx
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=y.pd=v:ip;, Hence |V ||didsl| =|[¢:dsl| =||xix*||. The latter matrix
is easily seen to be of rank 1. The matrix ”nhi is not the reciprocal of ||¢,~,~“
but satisfies the equation

©) [psillllgaill = llosill = llwsaill-

Finally, we shall show that if the union of 2 and the origin x =0 is a convex
set, then for a convex family G(x) =¢, the local homeomorphism between
Q and Q* defined by (2) is actually one-to-one and hence is a homeomor-
phism in the large. It must be added that ©* need not be convex even
though @ is. Thus in our treatment we have a homeomorphism but the
domains may not be convex; in that of Fenchel, the domains are always
convex but in general there is no homeomorphism.

To prove our statement, assume that the equations (2) transform the
vectors x and y into the same point. Consider the expression G(@x+ (1 —6)y),
0=<6=1. The derivative of this function of 6 has equal values at § =0 and
6=1. Hence the second derivative Y G:;(@x-+(1—8)y)(xi—y:)(x;—y;) van-
ishes for a suitable §. This means that x—y=0. In this proof it has been
assumed that x4 (1 —0)y does not pass through the origin. This exceptiona
case presents no difficulties.

II. THE FUNDAMENTAL INEQUALITIES

1. Statement of problem. We shall study in what follows questions con-
cerning inequalities of the type Y x;y:i=<é(x}¥(y). Examples of such in-
equalities are furnished by the Hélder and the Cauchy-Schwarz inequalities.
The inequality between geometric and arithmetic means is also of this class,
as we shall see later, with the sign reversed. These inequalities for the case of
convex bodies where treated by Minkowski. The recent work of Fenchel
gives a solution to some of these problems for more general situations of the
type we treat. However, since Minkowski’s and Fenchel’s methods are geo-
metrical rather than analytical, it is understandable that they do not yield
methods for the actual derivation of these inequalities, for what one may
call their computation; they merely have existential force. Our methods
show that it is sufficient to invert a transformation of one #-space into
another to obtain an inequality. This means that the computation is as
difficult to carry out in explicit form as this inversion is. One should note
that, in addition, we require whatever calculations are necessary to ascertain
whether a given quadratic form is positive or not. This may be of consider-
able difficulty in some cases. Theorem 1 gives a uniqueness property for in-
equalities. Its proof is an extension of a similar one given by the author for
the Cauchy-Schwarz inequality (The Cauchy-Schwarz inequality and self-
adjoint spaces, Ann. of Math. vol. 46 (1945) pp. 468-473).

We consider the case of convexity. Let G(x) =c denote a convex family
of surfaces as defined in chapter I. We assume furthermore that the union of
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the origin and of Q is a convex point set. Suppose that r>1 and that x*
=Gi(x). Let x and y be arbitrary vectors in Q. Let ¢(x) represent a function
as yet unknown, of which nothing is assumed except that ¢(x) >0 for all x.
We specifically underline the fact that ¢(x) does not represent the function
defined in chapter 1. The fundamental problem of this chapter is to determine
all functions ¢(x) which satisfy the extremum property: For every x,

Z x¥ Yi Z ¥,
ax = .

v (9 (%)

The extremum property in (10) could equally well have been stated as an
inequality. For this reason, we shall frequently refer to (10) as an inequality.

2. Solution of problem. The above problem has a unique solution which
is given in

(10) m

THEOREM 1. Let G(x) = ¢ denote a convex family of surfaces. Let the quantities
x, ¥, x*, and ¢(x) be as defined above. Then the equation (10) has solutions and
these are given precisely by the formula

(11) o(x) = k(X xFx )Vl

where k 1s an arbitrary positive constant.

Furthermore, the inequality defined by (10) is strict; that is, for the value
of d(x) just given, and for a given x, the only solution y of (10) is y =tx where
t>0.

This implies that the ¢(x) here introduced is the same as that which
appears in chapter I. .

The proof will be based on some lemmas.

LEMMA 1. Any solution ¢(x) >0 of (10) s positively homogeneous of degree
1; that 1s, ¢(cx) =c ¢(x) for ¢>0.

Proof. Let ¢>0. Consider a fixed x. Then from (10) we see that
B (x) Dx*(cx:) Sp(cx) D_x¥x;. Hence chp(x) <¢(cx). In a similar fashion we
have that ¢(cx) 2. (cx:)*x:<¢(x) D (cx:)*(cx:), hence ¢(cx)=<c¢p(x). This
establishes the lemma.

By virtue of Lemma 1 we may restrict ourselves to such values of x for
which Zx;*x;j—-l. Then in order to establish the theorem, it will suffice to
show that for x restricted in this manner, ¢(x) is a constant. Since ¢(x) is
positive by hypothesis, this constant is positive.

LEMMA 2. Any solution ¢(x) of (10) is constant on the surface D x:*x;=1.

The proof will be established in the following way. Consider two points
on Y x*x;=1. Join these points by a curve lying on that surface and which
is arbitrary except that it must be differentiable. Let the curve be y=1y(¢)
where y(0) =x. Write ¢(y(t)) =£(f). We shall show that £(¢) is differentiable
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at t=0 and £(0) =0. Since x is arbitrary, £(t) =k.
From (10) we have £(0) in*ygéf(t) > x*x;=£(t). Now for ¢ small and
positive,

(X aye — 1EOF < (60 — KON,
Also since ¢(y) D_x:y* <¢(x) D_y:y*, we have
[£0) — €O ] = [(X2 =y — 1]E0)

The above expressions give information on the derivative of £(¢) at ¢=0. We
shall show that

lim [3° a¥y: — 1]t =0;  lim [(X xy®)t — 1]+ = 0.
=0 -0

To this end it is necessary to show that D x*y:(0)=0 and D x:5*(0) =0
where the dot indicates differentiation.

By virtue of the equation »_y*(f)y:(f) =1, these two conditions are equiva-
lent. The latter equation may be written in the form rG(y(t)) =1. If we dif-
ferentiate the latter we obtain Y G:y:=0, hence, setting =0, > x*y:(0) =0.
This shows that £(0) =0 and hence establishes the lemma.

Suppose that on in“x.:l, ¢(x) =k. Then since ¢(x) is homogeneous
of order 1, it is easy to see that for arbitrary x, ¢(x) =k( D_x*x:)Vr. For let
¢ be such that »_(cx)#*(cx:;) =1. Then ¢(x) =¢(c ! cx) =c—'¢(cx) =c~. On
the other hand, since x* =G;(x) is homogeneous of degree » —1, (cx)* =G;(cx)
=c¢1x* and hence D (cx)*(cx:) =c¢" 2_x*x;=1. This discussion proves that
any solution ¢(x) must be of the type indicated in the theorem. We now
proceed to establish the converse of this statement.

LEMMA 3. Let ¢(x) =k( 2_x*x:) with k>0. Then ¢(x) satisfies the condi-
tion (10). Furthermore the inequality defined by (10) s strict in the sense indi-
cated by the theorem.

Let x be chosen and held fixed. Consider an arbitrary y. Then y=ix+3
where z is parallel to the hyperplane tangent at x. Since x* =G;(x), we have
SxFyi=t D Gi(x)xi+ 2 Gi(x)z: =t Y_x*x;. If 10, certainly (10) is verified.
Now suppose ¢:>0. If 2=0, then we have an equality in (10). If 250 then
G(tx+32)>G(tx). For consider the function of 0, f(0) =G(tx+0z), 0<0=<1;
we here use the convexity of . Then f/(0) =0 while f"/(0) =G;;((x+02)2:2; > 0.
Therefore ¢(y) = (tx+2) >p(tx) =tp(x). In this case (10) yields an inequality.
This completes the proof of the lemma and, with it, that of the theorem.

3. The case of concavity. We state below the theorem which is the com-
panion of Theorem 1 for the case of concavity. Since its proof is the same as
that of Theorem 1, we do not set it down.

THEOREM 2. Let G(x) =c denote a concave family of surfaces. Let ¢(x) be a
positive function which satisfies the extremum property
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x¥y xkax;
v o(y) é(x)
Then the solutions ¢(x) of (12) are precisely given by the formula ¢(x)
=k( D_x¥*x;)Vr where k is an arbitrary positive constant.

Furthermore, the inequality defined by (12) is strict; that s, for the value of
&(x) just given, and for a given x, the only solution y of (12) is y =tx where t>0.

4. The fundamental inequalities. We now proceed to derive inequalities
in the classic form. It has been seen that we associate to any convex or con-
cave surface two ray spaces, @ and Q*. There exists between the vectors of
these spaces a one-to-one correspondence given by equation (2). Now in (10)
and (12) our point of view so far has been that x is arbitrary in @ and x*
is its correspondent. We now invert this point of view and choose x* first, thus
making x a function of x* given by (4). Thus we may write

> kg
é(%)

It is easy to see that ¥(x*) is homogeneous of degree 1 in x*. Further-
more, if ¢(x) =k( 2_x¥*x;) V" then ¢ (x*) =k~1( D_x¥*x,) V"', where 1/r+1/r" =1,
In other words ¥(x*) is constant on the surface Y x*x;=1 considered as
being in the x* space. In the case of convexity, we have from (10)

(14) 20 x¥yi < Y(a)e(y).

This inequality holds for all x* S Q* and yEQ. For a given vy, the equality is
valid along precisely one ray in Q*. This ray is defined by the equivalent equa-
tions (2) and (4).

The case of concavity is essentially the same except that the inequality
in (14) is reversed.

The function ¢(x) in (10) has the three important properties: (1) ¢(x)>0;
(2) d(tx) =t (x) for t>0; and (3) p(x+7y) Sd(x)+¢(y). Only (3) needs atten-
tion. We have from (14) for an arbitrary z*, D_z*(x:+v:) ¢ (2*) [¢(x) +o () ].
Now since for a particular z*, namely for z*= (x+)*, Dz*(xi+y:) =¢(z%)
-¢(x+7y), we obtain (3). It is clear that we have equality in (3) if and only
if x and y are related by an expression y =tx, t>0.

5. Applications. The Hoélder inequality. As has been mentioned earlier,
the ease or difficulty of making applications of this theory is that of inverting
a system of equations (2) to obtain (4) and that of determining whether a
given quadratic form (3) is positive definite. Both of these questions are
completely trivial in the basic inequalities of analysis which we treat here.

To obtain the Hélder inequality, consider the function rG(x) =]+ - - -
+x;,. Let>1, and let Q be the ray-space of all x such thatx;>0,7=1, - - -, n.
In the first place G(x) possesses all the derivatives we shall require. Next

(13)

= Y(a%).
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x¥=x;""and Gy(x) =0 if 5%, while Gi;(x) = (r—1)x} 2% The matrix ||Gy(x)||
is a diagonal matrix in which the terms in the diagonal are positive; hence the
associated quadratic form (3) is positive definite. Thus G(x) =c is a convex
surface.

Next the equations x¥=x;"" are easily solved, giving x;=x"!. Note
that Q* consists of all x* such that x*>0, i=1, - - -, n. Clearly > x¥x;
=x}"+ - - - +x% and hence (14) gives

1

(15) Sarys @ 442 G4
which is Holder’s inequality. If some x* or y; is zero or negative, the inequality
is strengthened. Note that the Cauchy-Schwarz inequality, r =2, gives rise
to the identity transformation x*=x; and the identity matrix [|Gy;(x)||
=”8.~,~”. Note also that if r <1 we obtain the inequality (15) with a reversal
of sign.

Let us now derive the inequality between arithmetic and geometric
means. Let —nG(x)=(x; + - - x,)~L. Then G(x) is differentiable and homo-

geneous of degree r = —n. Let Q consist of all x such that x;,>0,7=1, - - -, n.
We have ;= (nx;)~! (%1 - - - x,)~L. This system may be solved for x;; in
fact, (xiax®)"tl=n"1 (x* - - - x,5). It is clear that Q* consists of all x* such

that x*>0, ¢=1, - - -, n. Also Y x*x;=(x1 -+ - %,)"'=[¢(x) ] and also
Dok =[nr(ed - - - x¥) VD = [Y(x*) ]V, Thus if the quadratic form
(r—1) D Gij(x)z:z; is positive we obtain the inequality

(16) > wtyi Z alwn - By oyl

which may be written (u3+ - - - +u,)/n= (41 - - - u,)V™ where we have set
u;=x:*y; and hence #; is an arbitrary positive number.

It remains to examine the quadratic form. We write X~ 1=n(x; - - - x,).
Then 9x#*/9x;= — (xix;)"'X if 45%j and —2x7%X if 7=j. Hence (r—1)
2Gi®)zz = — (r = D) X[ X (wa)) 'z + 2ox; 2] = (n+ 1) X [( Lzi/xs)?
+ D 0(2:/%:)%] >0 for 0.

III. APPROXIMATION BY DIFFERENTIABLE SURFACES

1. Problems under discussion. Up to the present moment we have con-
sidered one surface and its homothetic images. This surface gives rise to an
adjoint surface and to two ray-spaces. In the present chapter we shall wish
to consider simultaneously two or more distinct surfaces. We introduce the
notion of distance between surfaces. In order to do this we shall have to
confine ourselves to classes of surfaces which along with their adjoints are
defined over the same pair of ray-spaces @ and Q*. Furthermore, the classes
must be closed under a suitable operation which is a type of addition and
gives rise to the addition of quadratic forms. Indeed the entire reason for
introducing this operation is that the parallel operation on quadratic forms
is so fertile. These classes of surfaces will be called natural classes. They are
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introduced in the next section.

Given a natural class of surfaces, we shall establish the following separa-
tion property: If &y and &, are such that &, separates &€, from the origin,
then for the adjoint surfaces, &;* separates &¢* from the origin. With the
help of this theorem, a useful metric may be introduced to measure the
distance between two surfaces of a natural class. This distance has the prop-
erty that its value is unchanged in passing to the adjoint. Thus it is possible
to show that converging sequences of convex or concave surfaces do define
limit surfaces. In this way the most general type of convexity or concavity
is introduced by completing classes of differentiable surfaces.

The most important natural class is that in which @ and Q¥ consist of
the entire space. This gives rie to closed convex surfaces and hence to convex
bodies. We shall show that in the process of completing this class we obtain
all bodies convex in the classical sense. This is done by proving that any
convex polyhedron may be approximated by surfaces convex in our sense.
As a consequence it follows that any property of closed differentiable surfaces
which is not disturbed by limiting processes holds also for convex bodies.

2. Natural classes of surfaces. We consider two families of surfaces given
by the equations G (x) =¢ and GV(x) =c. Suppose that both are defined
over the same ray-space Q. Suppose further that the homogeneity degree r
is the same for both functions. Consider the function AG©(x)+4uG® (x)
where N and p are positive parameters; consider also the family of surfaces
defined by setting this function equal to a constant. This operation defines
an addition of families of surfaces. Note that the sum depends on r as well
as the geometrical properties of the initial surfaces. This new family generates
a transformation (2) whose equations are x* =\G®(x) +uG®(x),i=1, - - -, n.
The quadratic form associated with the transformation is (r—1) 2 NG (x)
+uGP(x) J2:2;. Now, if the original families are both convex or both concave,
then the same is true of their sum. This arises from the important fact that
the sum of two positive definite quadratic forms enjoys the same property.

We introduce the notion of a natural class by considering the most im-
portant case. Suppose that we are concerned only with convexity. Suppose
further that we are dealing with families whose domain of definition Q is
the entire x-space. For a given family, construct the set @*. Then since the
rays in & and Q* are related by a one-to-one continuous correspondence, and
since Q¥ is an open set, Q* must also consist of the entire space. Thus if a
given convex surface is closed, so is its adjoint surface. Now if we consider
two families of closed convex surfaces, then their sum certainly has the same
property. In other words, the class of families for which Q is the entire x-space
and Q* is the entire x*-space is closed under the operation of addition of famsi-
lies. This gives us the most important natural class. For the general situa-
tion we introduce the following

DEeFINITION 3. 4 class of famalies of surfaces is said to be a natural class



1951] DIFFERENTIABLE INEQUALITIES 255

providing that:

(a) There is a common domain 2 in which each family is defined; there is a
common domain Q* in which each adjoint family is defined.

(b) The class s closed under the operation of positive scalar multiplication
and addition; that is, if G (x)=c and GV (x)=c belong to the class, so does
AGO (x) +uGV(x) =c for A\>0, u>0.

(c) All the surfaces in the class are convex or all are concave.

Note that (b) implies that Q* is a convex set in the following sense: Given
xEQ, x0* =GO(x), xP* =G (x), then AxO*f uxW* S Q*,

3. The separation property. Consider two surfaces &, and &,;. Let
@& correspond to the equation rG®(x) =1, k=1, 2. Suppose that the functions
G*(x) are defined over a common ray-space . We shall say that &, separates
@&, from the origin providing that every segment joining the origin to a point
of & intersects &,. Thus the condition for separation of surfaces which are
both convex or both concave is that

(17) r 67 (x) — G (@))% > 0

for all x€ Q.
We shall now establish a theorem which allows us to introduce a metric
into the class of convex and concave surfaces.

THEOREM 3. Let C be a natural class of families of surfaces. Consider two
surfaces in G, S and &,, which are defined by the equations rG®(x)=1,
k=1, 2. Let the adjoint surfaces defined by the equations r' F®(x) =1 be de-
noted by ©,* and S,*. Then &, separates S, from the origin if and only if Si*
separates So* from the origin.

We note first that the quadratic form (r —1) Y [tG{‘,”(x) +@ ——t)G‘(})(x) Jziz;
is positive for any ¢, 0<t=<1. Furthermore, since the given surfaces belong
to a natural class, there is a common pair of ray-spaces @ and Q* in which
the operations to follow all take place.

Consider the surface &, defined by D_[tG®(x)+ (1 —#)G"(x)]x;=1. The
transformation associated with it is

(¢ (0)

(18) a¥ =1G; (%) + (1 — )G (%).
Solving for x;, we obtain

(19) x; = H;(t, 2¥)

where H;(0, x*) = FO(x*) and H;(1, x*) = F"(x*). Now

(20) P H( M)k =7 Y 167 (x) + (1 = 06" (%) ]%:.

To prove the theorem we proceed as follows. Let x* be arbitrary but fixed.
Then x; in (19) is a function of £. It will be shown that the derivative of (20)
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with respect to ¢ is positive for all £, 0 =<¢=<1. This will establish the fact that
r' > [Hi(1, x*) — H;(0, x*)]x#>0 and hence that &* separates S¢* from the
origin. First we have

d 1 0
— L H, M)at = 2 [6:"(%) — G ()]

(21) + T 6D + (1 — 062 (@) %
m © dx;
+ Z60@ + (1 - 06 @] — -

By Euler’s theorem and symmetry properties, the last term in (21) equals
(r—1)"1 2 [tGP (x)+ (1 —£)GL(x) Jxidx;/dt. Also, differentiating (18) we
have

©

(22) 0=6"() —G"®) + X [16(x) + (1 — 0GS;

dx,’
-
dt

i=1,---,n

)

If the equations (22) are multiplied by x; and summed with respect to 7, and
if the ensuing result is substituted in (21), the right side of (21) becomes
— (=112 [GP(x) =GO (x) ]x;. We now multiply this quantity by 7’
=r(r—1)~! and discover that it is positive by virtue of the hypothesis (17).
This concludes the proof.

4. Introduction of the metric. Consider any two surfaces &, and &; which
belong to the same natural class of families of surfaces. It may be that by
a suitable magnification with the origin as center &, may be replaced by a
surface similar to itself and such that &; separates it from the origin. In
the same way, by a suitable contraction, &, may be replaced by a surface
which separates &; from the origin. This will certainly be the case if the
points of &;, k=1, 2, are bounded away from the origin and away from in-
finity. It may also be the case in other situations. We now suppose that this
may be done for the surfaces &;.

Assume that &; does not separate &, from the origin. Let a be the
greatest lower bound of all numbers m having the property that when &, is
magnified by a factor m, then &; separates it from the origin. If &, does sep-
arate &, from the origin, set «=1. Thus in any case a=1. If &, does not
separate &, from the origin, let 8 be the least upper bound of all numbers ¢
such that if &, is contracted by the factor ¢ (note that ¢ <1), then it sepa-
rates &, from the origin. In case &, does separate &,; from the origin, set
B=1. Thus in any case, 0 <8 =1.

It is clear that a suitable function of the numbers a and § could prob-
ably serve as a distance from &, to &,. If we apply the above procedure re-
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versing the role of the &, we obtain as our two numbers 8~! and a~!. This
prompts the following definition.

DEFINITION 4. The number (0, 1) =log a/B s said to be the distance from
the surface &, to the surface &,.

It is clear that (i) 8(0, 1) =0; 8(0, 1) =0 if and only if &, is identical with
©;y; (ii) 8(0, 1)=46(1, 0); and (iii) if Sy are three surfaces, k=0, 1, 2, then
8(0, 2) =6(0, 1)+6(1, 2). To prove (iii), note that if a;; denotes the number a
corresponding to &; and ©&;, then o <o -am. SimilarlyBo:=Bo1-Bie; then
(iii) follows from properties of the logarithmic function.

Now suppose a surface & is magnified by a factor m. Then the conjugate
surface is contracted by a factor m~1. For if the equations of & and &* are
Gi(x)x;= X Fi(x*)x;*=1, then after magnification, it is clear that & has the
equation ) _G;(m~'x)m~'x;=1and from this follows that &* has the equation
> Fi(mx*)mx} =1, which proves our statement.

Consider two surfaces &, and &, along with their adjoint surfaces &S¢*
and &*. Suppose that in magnifying &, by a factor m it is transformed into
a surface which is separated from the origin by &;. Then by Theorem 3 and
by the previous discussion, S¢* is contracted by the factor m~! and is trans-
formed into a surface which separates &* from the origin. Let us now com-
pute the distance 6*(0, 1) =log a*/B* between &¢* and &;*. We see directly
that a*=p"! and B*=a"!. Hence log a*/B*=1log a/B. Thus we see that the
distance 6(0, 1) between two surfaces Sy and &, is identical with the distance
6%(0, 1) between their adjoint surfaces ©¢* and Si*.

5. Completion of the space of surfaces. We have seen above that if
C is a natural class of families of surfaces and if &, and &, are two surfaces
in this class, then there may exist a real number 6(0, 1) measuring the
distance between the surfaces. In some classes this distance exists for every
pair of surfaces. This is the case, for example, for the class of closed convex
differentiable surfaces. It is clear that if for three surfaces &, k=1, 2, 3, the
distances §(0, 1) and 8(1, 2) exist, then so does (0, 2). Thus the surfaces of a
class may be partitioned into nonoverlapping subclasses having the property
that any two surfaces &;, &; of the same subclass give rise to a distance
5(k, I) whereas two surfaces of distinct classes give rise to no such function.

In a given subclass D of (°, consider any sequence {@k} which has the
property that 8(k, 1)—0 as k—» and I—w. Such a sequence is called a
convergent sequence of surfaces. It is clear that since the surfaces in D
constitute a metric space, we may construct a new metric space D which is
the completion of D by means of convergent sequences.

We shall show presently that if {©,} is a convergent sequence of surfaces
in D then there exists a surface & to which the surfaces &, converge, &;—S.
Furthermore, if ©* is the adjoint of &, then {&*} is also a convergent
sequence, since 8(7, j) =8*(4, 7). The surface to which {S#*} converges will
be denoted by &*, &*—&*. It may be seen that &* is independent of the
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particular sequence {©*}. That is, if {¥:} is a sequence equivalent to { &},
then {T#*} is equivalent to {S*}. This process thus enlarges the class of
pairs (&, &%*) consisting of a surface and its adjoint.

Let {@k} be a convergent sequence. Consider any direction £ in © and
let px denote the length of the vector from the origin to the point on &, which
lies in the direction £. It is easily seen that Ilog Pk/Pll <4d(k, I). Thus the se-
quence {log p;,} is a convergent sequence. Suppose that p;—p. We define a
surface & to consist of the totality of points p£. It may be seen that the sur-
face & is continuous. Also, if the surfaces &; are closed and bound a convex
body, then & is closed and bounds a convex body. If the surfaces &; have the
equations »_G¥(x)-x;=1, then & has the equation S(x)=1 where S(x)
=limg., 2 G®(x)-x; Thus S(x) is homogeneous of degree r. It is clear that,
in general, S(x) is not differentiable. Hence for S(x), the transformation (4)
and the quadratic form (5) are meaningless. We collect these results in a

THEOREM 4. Let (° be a natural class and let D be a subclass of © such that
the distance function for surfaces is defined for any two members of D. If &,
and &, are surfaces in D, then 6(0, 1) =6*(0, 1) where 6*(0, 1) represents the
distance between the adjoint surfaces S¢* and S¥. A given sequence of surfaces
{@k} converges if and only if the sequence of adjoints {@k*} converges. If
€;—S and SF—C&*, then the mapping S—&* is a one-to-one isomeiric map-
ping of the closure of D onto the closure of D¥, the class of surfaces adjoint to D.

It should be noted that our original metric as given in Definition 4 may be
applied to measure distances in O and is identical with the metric constructed
by considering convergent sequences in D. (D denotes the closure of D.)

6. Extension of earlier inequalities. We have seen that for an arbitrary
surface and its adjoint, we have an inequality of the type (14). Thus such
an inequality is valid for every surface in the class D described above. Now
we shall see that inequalities of this kind may be established for any surface
in O, the closure of D.

Let {S:} be a convergent sequence of surfaces in D. Let &;—&. Suppose
the equation of &; is ¢a)(x) =1 where ¢g,(x) is homogeneous of degree 1. It
may be seen from the discussion in §5 that {¢(k> (x) } isa convergent sequence,
that @u)(x)—¢(x), and that ¢(x) =1 is the equation of &. In the same way,
if S*—&* and if Y ¢y (x*) =1 is the equation of &;*, then 4y (x*) —y¢ (x*) where
Y(x*) =1 is the equation of &*.

Now if we assume for the moment that we are treating the convex case,
with either € or 2* a convex set, we have for every % and for all vectors
x* y: 2 x¥y: <Y (x*)da (). Hold x* and y fixed and consider the limit as
k— », We obtain

(23) 20 5y S W(a%)9(y).
The inequality holds for all x*EQ* and yEQ.
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The cited work of Fenchel gives the broadest conditions under which this
inequality (in an altered form) is satisfied.

7. Application to convex bodies. In this section we prove that a surface
which bounds a convex body may be approximated by differentiable surfaces
which are convex in our sense. It will be sufficient to show that any convex
polyhedron may be so approximated, for the latter lie dense in the sense of
our metric in the space of convex bodies. Specifically, we shall prove

THEOREM 5. Let B be a polyhedron with the origin as interior point and convex
in the classical sense. Then it is possible to approximate to P arbitrarily closely
in terms of the metric of Definition 4 by analytic surfaces which are convex in
our semse.

Proof. Let P be determined by s hyperplanes whose equations are given by
(24) Li+1=za;1x,+l=0, 1:=1,--.'s‘

Then the points x for which L;+1 =0 for each 7 constitute P and its interior.
Let € be a positive number less than one, 0 <e<1. Consider the algebraic
surface

(25) S =]l @Z:i+1) =

where the product index runs from =1 to ¢=s. The origin is not on this sur-
face. If ¢ represents a line segment joining the origin to an arbitrary point of
B, then ¢ intersects the surface at precisely one point. The totality of these
points constitutes a surface &,. This surface may be better described as fol-
lows: Let £ be a direction and let x=§, — o <t< «, represent the line
through the origin in the direction £ The polynomial equation S(&) =0 is of
degree s in ¢ unless £ is parallel to some hyperplane in (24), and all of its
roots are real. Thus S(§t) =e has precisely one positive root £ such that ¢
lies inside P. This root is the smallest positive root of the polynomial. The
totality of points x =#¢ constitute &.. It is clear that &, is an analytic sur-
face. It is also clear that if {e.} is a sequence for which €,—0, then {&.,}
is a convergent sequence of surfaces converging to P. It remains to show that
&, is convex.

Our first task is to obtain an expression for S(x) =e which is homogene-
ous. We write ¢x for x, obtaining S(cx) =e. Solving this for ¢ we obtain a
function homogeneous of degree —1, ¢=H(x). Thus we have

(26) S(cx) =€ or H(x) =c.
In order to deal effectively with some computational difficulties, we intro-
duce

LeMMA 4. Let H(x) be a positive-valued function which is positively homo-
geneous of degree —1. Let r>1 and let K(x)=H-"(x). Then in order that
> K.i(x)z:2; be a positive definite quadratic form it is sufficient that ) H.;(x)z:z;
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be negative definite for those vectors z which lie in the tangent hyperplane at
x: O Hi(x)z;=0.

Note that K(x) is homogeneous of degree r>1. We have Ki;
=r(r+1)H-C+2H;H;—rH-+DH,;. Thus D_K;z:2; is the sum of two terms:
the first is r(r4+1)H-¢+2( > H;z;)? which equals zero in the tangent hyper-
plane; the second is —#H-"+V > H,z:z; which is positive in the tangent hy-
perplane by hypothesis. Thus D_K;;z:2; is positive in the tangent hyperplane
if 2540. .

For an arbitrary 3, write z=¢x-+y where y lies in the tangent hyperplane.
Then EK,','Z.‘Z,'= ZK,-,-y;y,-—l—Zt ZK.’jx;yj-i-tz ZK;,-x,-x,-. Since Zngx;yj=0
and Y Kxx;=r(r—1)K(x), the lemma is proved.

To prove Theorem 35, it is sufficient to show that Y Hijziz;<0 for all 2
which satisfy D H;z; =0, 0.

We write ¢; for dc/dx; (which is the same as dH/dx;); also, S; denotes the
derivative of .S with respect to the jth argument: cx;; Thus we obtain
(2-Sixi)ci+cSi=0. If this be differentiated once more, we have

(E Skxk)c;j + (Z Skzxkx;)c;c,- + GZ Sijkc,' + SjCi + SiC,‘ + 625.';'
+ C(Z Sikxk)c,- = 0.

Now consider the expression Y c;;z:2; where z lies in the tangent hyperplane
of S(cx)=e. Then Z.-S;z.-=0 and hence Y c¢;z;=0. Thus

(27) (O Swxr) D cijzizi = — ¢ty Sijziz;.

At this point it is convenient to consider that the equation of the surface
&, is not given in the form (25) but in the equivalent form S(x)
= E lOg (Lk—l—l) —log e=0. We have ZS,‘jZ.'Zj= - Z(ak;aka;zj)(Lk—l—l)—z
= — Y L¥(3)(Li(x)+1)~2 Thus »_S;;2:z; <0 for all z. If this quantity equals
zero, then L;(z) =0 for each k. In turn, this means that z is parallel to each
hyperplane defining . Since P is a closed surface, this cannot arise. We see
therefore that —c¢2?)_S,;2:3;>0 if 250.

We now examine the quantity »_Six;= 2 L;(Li+1)~! which appears in
(27). First, Ly(x)+1>0 inside P. Also, if the point x is close to the hyper-
plane L;j(x)4+1=0, then L;(L;+1)"!is negative and large in absolute value.
Thus if x is sufficiently close to —in other words, if € is sufficiently small—
then Y Six; <0. Now the locus Y _Six; =0 is a closed set. Thus it is easy to
see that there is a number ¢, such that if € <e,, then > Six: <0 for all x on
@&.. Hence Y c;j2i2;<0 for all z in the tangent hyperplane and the theorem
follows from Lemma 4.

IV. THE THEORY OF VOLUMES AND MIXED VOLUMES

1. Scope of chapter. In this chapter we consider the natural class of closed
convex differentiable surfaces. Such a surface & encloses a volume V.
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Formulae are developed for the volume of V (or rather of V*, since that is
more convenient) making use of the fundamental transformation (2). The
volume is then expressed by means of a surface integral over the unit sphere.
This leads to a third expression for the volume (see equation (33)) which
is fundamental to the theory. A certain positive definite quadratic form
leads to the introduction of the notion of partial volume.

The theory of mixed volumes due to Minkowski may then be developed.
The addition of convex bodies is significant precisely because it has as its
algebraic counterpart the addition of positive definite quadratic forms. The
elementary properties of mixed volumes are easily derived from earlier
formulae. It is shown how each such mixed volume may be represented as
the trace of a matrix. Finally certain fundamental formulae and functions
are introduced and studied.

2. A formula for volume. Consider the convex surface rG(x) =1, r>1.
Here the domain of definition € is the entire x-space. Its adjoint surface is
r'F(x*)=1 and Q* is the entire x*-space. Let the volume enclosed by the
latter be denoted by V*. Then V*=[dV* where the integral sign denotes
an n-fold integration in x*-space over V*. Now consider the transformation
x¥=G;(x) given in (2) and its inverse x;= F;(x*). This is a one-to-one trans-
formation of @ onto Q* which has a positive Jacobian. If we transform
JdV* in accordance with this transformation we obtain

(28) V* = fy av* = j; | Gii(%) | dV.

This is the first formula for V.

3. A second formula. We show how V* may be expressed as an integral
over the unit sphere. Let Q represent the unit sphere in # dimensions and
let dw represent an infinitesimal element of surface of Q. The present use
of the symbol “Q” and the use of chapters I, II do not conflict. For an
arbitrary vector x= (%1, - - -, x,) let |x| represent (D x})!2

Suppose now that x is a vector on the surface which bounds V. Then cx,
0=c=1, represents a segment from the origin to x. Consider the conical
volume bounded by V and by the rays from the origin through the boundary
of dw. We shall compute the integral (28) over this volume. Since Gi;(x) is
homogeneous of degree r—2, the determinant ]G;,-(x)l is homogeneous of
degree n(r —2). Thus for the given integral we have

1
dwf | Gii(cx) | ev| & |mde = [n(r — 1)]71| Gij(2) | + | #|"dw
0
since dl cx| "= |x| mpcn—1dc. Thus

1
(29) v* = W—_'I)‘L|Gu(x)| | %frdw
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where the variable x is to be evaluated on the surface »G(x) =1 which bounds
V and not on 2.

The expression (29) is valid for all values of »>1 which define the homo-
geneity degree of the function G(x). We recall that the surface bounding V
is given by an equation of the form ¢(x) =1 and then rG(x)=¢"(x), r>1.
Thus in (29) we obtain a valid expression for V* if we take the limit of the
integral as r—1. The integrand ]G.-,-(x)l ]xl" is homogeneous of degree
nr—n. Thus if 7 is close to 1, this degree is close to 0, and the variable x
may be evaluated without great error over the sphere rather than on the
surface ¢(x) =1. This leads then to the formula

(30) V* = lim ——— f | Gii(x) | do.
1 n(r — 1) Jg

4. An important matrix. Consider the matrix ||¢:;(x)||. We have seen be-
fore that it is singular. Let &,;(x) represent the cofactor in this matrix of
the element ¢;;(x). Thus &;;(x) is a certain signed determinant with n—1
rows. Consider the matrix ||®,;(x)||. We see that the latter is symmetric and
that || ®;] -||#s|| equals the zero matrix. We shall see in a moment that ||®.|
is not identically zero, that is, that ||¢s| is of rank n—1.

Consider the function

1
(31) W(r) = — fnqu(x) | do.

It is clear that W(1)=0. Furthermore, formula (30) states that V*
=dW/dr|,.,1. We proceed to compute this derivative. Since Gij
=(r—1)¢"*pp;+¢""'¢ij, then dGij/dr =¢™?pp;+ (r—1)¢"’bp; log ¢
+¢¢;i; log ¢. Hence

d
—Gijlm1 = 7' + ij log ¢.
dr

By the rule for differentiating determinants we see that

1 d
(32) V* = —f —
nJdg dr

This expresses V* as the integral of a quadratic form. Since V*30, the
matrix ||®,;]| is not zero. '

We see that in the hyperplane tangent to @ at the point x, |l¢.-,-]| is non-
singular—note that the matrix is reduced by this hyperplane. It follows that
||®:]| is also reduced by this hyperplane and in it is the zero matrix. Thus
the characteristic roots of{l;b,-j” are all zero except one. This one root ob-
viously has the value a= ) _®;;, the trace of ”<I>;,~||.

The components ¢; of the vector (¢1, « - -, ¢») may be resolved as fol-

1
|Gij| do = — f ¢ By ido.
r=1 nJa
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lows: ¢;=Ax;+y; where > x;;=0 and where \ is some constant. Thus
> b= Z@;j()\x,'+y,-)=a)\x.-. Also ¢= Zx.¢.~=)\lxl'~’. Thus )\=¢|xl-2.
Hence we have D ®;¢0,= Ea)\x,fﬁ.-=¢2|xl—2zfl>kk. Since lxl =1 on Q,
we drop the term le =2 henceforth. This gives the final and most sophisti-
cated expression for V*:

1
(33) V* = —f o[Pu+ - - + Bpndeo.
nJag

It may be said in passing that several alternative derivations of (33) are
possible.
5. A second matrix. Consider the matrix

1
—f ¢ P;idw H
nJag

whose element in the place (7, j) is the indicated integral. It is clear that the
trace of this matrix is precisely V*. Since ||®;] is a non-negative matrix, its
integral is likewise non-negative. We shall prove that the matrix (34) is in
fact positive definite. Let 2 be an arbitrary vector on the unit sphere. Then
for an arbitrary x, D ¢®,;(x)z:2;=0. For x=3, this quantity is actually
positive. Hence the matrix (34) is positive definite.

6. Partial volumes. We introduce the notion of partial volumes: V* (3, j),
i, j=1,+ -, n. Let x be a fixed point on , let z be an arbitrary vector,
and write z=ux+y where Zx;yi=0. Then we have

2 ®izizi = (20 Bw)ut = (2, ®a) (D #:z)%

(34)

Thus
(35) ®;i = (D Dur)xix;.

Now n1[o > ¢®; 0w =n""fad (2 Pre) (L x3x3)dw =n"[a (D Prx)dew = V*.
Let

1
(36) V*(, j) = —f¢<l>.~,~x.-x,~dw.
nJa

Then clearly, D V*(ij) = V*. This justifies the term “partial volume.” The
properties of these partial volumes are as yet unknown.

7. The addition of convex bodies. Up to the present point we have not
encountered the concept of the addition of convex bodies. In this section we
propose to show how this notion can be handled by the present theory. Let
foand &, be two convex bodies. Then if xy and x; are arbitrary vectors ter-
minating in 8o and &, consider the vector x =x,+x;. The totality of vectors x
constitutes a new convex body & for which we write & = 8+ 8. This is the
classic definition of addition.
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Now let &y and &, be closed differentiable surfaces defined by ¢ (x) =1
and ¢ (x) =1; or alternatively by rG®(x) =¢{,(x) =1. Let &* be the conju-
gate surfaces. Consider now the surface © = &(r) defined by ¢ (x) 4@, (x) =1
or alternatively by (G (x)4+G®(x)) =1. Clearly, it is convex. The adjoint
surface ©* =&*(r) is then said to be formed from the surfaces S; and Sf by
addition of order r.

The adjoint of &*, namely &, may be defined by the equation £(x, r)
= [¢7y(x) +¢7(x) ]¥"=1. Thus &(x, r) is homogeneous of degree 1. Clearly,
lim,.; &(x, r) =@ (%) + @@ (x). Thus the support function of &*(r) has as its
limit as r—1, the sum of the support functions of &f and &}. This means
in turn that lim,,; &*(r) is the sum in the classic sense of &; and &F. It
may be seen that the above arguments may be extended to cover the addi-
tion of any finite number of surfaces.

8. Mixed volumes. We restrict ourselves to the case of two bodies
&y and &;. For the sake of avoiding a cumbersome notation, we assume that
&y is defined by rG(x) =1 and &, by rH(x)=1. Let X\ and u be arbitrary but
fixed non-negative numbers. Then A&, and u&, have an obvious meaning.
The sum &(r) of NS, and u@, is defined by r(AG(x) +uH(x)) =1. The adjoint
&*(r) has a volume V*(r) for which the formulas (28) and (29) apply directly
but not (30), (32), or (33). For lim,,; V*(r), write V*. Then from (29)

V* = lim —— f | NGii(%) + uHii(x)| - | % | dw.
rol ﬂ(f - 1)

The presumption is that x in the integral should be evaluated on the surface

of lim,.; &(r). However, as r—1, the integrand becomes homogeneous of de-

gree zero, hence we may evaluate x over the surface of the unit sphere. This

means that equations (30), (32), and (33) may be applied to the present

problem and yield not V*(r) but simply V*. In particular (30) becomes

7 V* = li ! [ Hi(x) | dw
(37) = lim mfﬂ (%) + uHii(x) | do.

The expression (37) may also be expressed as the derivative with respect to »
at r =1 of the given integral. It is clear that the integrand is a polynomial in
the parameters A and u, homogeneous of degree n. Hence the expression for
V* is also such a polynomial. For each x the coefficient of A’u" in the poly-
nomial I)\G.-,-+nH ;,-I is a positive quantity. This follows from the elementary
theory of positive definite symmetric matrices. Thus the integral of the
coefficient is likewise positive. Finally the derivative with respect to r at
r=1 yields a coefficient which is not negative. As is usual, we write

(38) CV* = 2 Can VI

The numbers V; are called the mixed volumes of the given sum. Thus for
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each », V0.

A fundamental problem for mixed volumes may be described as follows.
By what we have stated above, the polynomial l)\G,-j(x) +uH ,-,~(x)| has # real
roots which are negative. Thus its derivative at r =1 has # real roots which
are nonpositive. It is surmised that the integral of the latter polynomial
over (2 has the same properties. Thus a property which is easily established
in the small is surmised in the large. If this surmise is correct, a host of in-
equalities involving mixed volumes follows of which the Brunn-Minkowski
theorem is but a special example.

9. The representation of mixed volumes as traces. We shall show that the
mixed volume V} may be expressed in terms of the integral of the trace of
a certain matrix. Since the integral of a trace equals the trace of the integral
we have the result that V} may be expressed in terms of the trace of a matrix.
The matrix for V} has C,, rows and columns. In order to obtain this repre-
sentation we consider first the concept of compound matrices.

Let ||a;| be a nonsingular matrix; in the present context, we are inter-
ested in the symmetric case. For a given integer v, 1 v <#, we construct a
matrix ||a;]|® whose elements are the »-rowed minors of ||a;|. Thus [|a:||®
has C., rowsand columns. Itis called the vth compound matrix of ||as]|. The
rows may be arranged in some order, say the lexicographic order. This de-
termines the order for the columns. Since ”dij” is symmetric, so are its com-
pound matrices. It may also be seen that the mapping ||a;; —>||a.,-”(") is a
representation. That is, if for three matrices we have ||a.j-|[54]| =||ci|,
then we also have ||as]|®]|64]|® =||ci;||®. The proof of this rests on the
following fact: If xV, - - - | x® are vectors which are simultaneously trans-
formed by ||a,-,~” into the vectors y®, - - -, y®  then the vector whose com-
ponents are the y-rowed determinants of the matrix [|x||, i=1, - - -, »;
j=1, . -+, n, are transformed into a similar vector formed from the matrix
ly®|| by the matrix ||a:{| . Use is made here of an extension of the theorem
on the multiplication of determinants.

It may be seen that the vth compound matrix of the identity matrix is
itself the identity matrix—in a space of another dimension. Thus, if we have
lais]| -||6sill =1, then ||as{|®-||bs]|®>=1I. That is, the vth compound of the
inverse equals the inverse of the vth compound.

Now let A® represent a matrix whose elements are the cofactors formed
from {|a;;|| of the elements in ”aﬁH("). Then by the Laplace development, we
have [|ay||®-A® = |a;;] - I, where |ay;| represents the determinant of ||a.j].
Thus |a.-j —14® is the inverse of | a;jl ® and hence it is the »th compound
matrix of the inverse of ||a]|.

Now let us return to mixed volumes. Consider the situation described in
§8 leading to equations (37) and (38). Let us examine % Vi¥, the coefficient of
A1y, The coefficient of A»~1u in the integrand (37) is a sum of #» determinants
containing each one column of | H;;| and #—1 columns of |Gy;|. In other
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words, this coefficient equals Y H;G:; where G, is the cofactor of G;; in
|Gs;|. Now ||G;,~|| NGl =|Gq;| -||6:]|. Hence the coefficient of A\*1x under
the integral equals the trace of the matrix product ||H.~,~"-”Gsuf“°l multi-
plied by [G45| . If we indicate the trace of a matrix 4 by T(4) we may write

1
39) AV =lim——r f |Ges®) | T(|Hii() || - IG:i( ) [|-H) deo.
-1 n(r — 1) Jg

In a similar way, we obtain an expression for C,,V). The coefficient of
A*—u’ in the integrand (37) is a sum of determinants containing each »
columns of |H,-j| and #—» columns of lG.-,'I . It may be seen from the dis-
cussion which has preceded that this coefficient equals the trace of the matrix
(1 |Gl =5 @ multiplied by | Gij| . Thus we have

1
(40) G,V = lim _"—f | Gis(2) | T(||Hii() || - [|Gii() || =1 ) do.
r—l n(r bl 1) Q

The formula is valid for all », 1 Sy <n—1. By a suitable definition of a com-
pound matrix, we may consider (40) to apply also to the cases » =0, n given
in equation (30).

Consider the matrix |Gy;(x)| (|Hii(x)| - ||Gis(®)]| ). If we integrate its
elements over the unit sphere, we obtain a matrix (G, H, », r). Thus we
have

(41) Cn, V¥ = lim _t T[IM@G, H, », 7)].
-1 n(r — 1)

10. On the function W{(r). The function W(r) was defined in equation
(31). Since this function is the basis of the entire theory of volumes it is of
importance to examine it a little more closely. We set down some equivalent
expressions for it. First, since G(x) =r"1¢7(x), Gij=(r—1)¢""%p:d;+¢"'ps;.
Hence | Gyj| = (r—1)¢"—0-1 3 ®, ;. Thus

-1
(r )f¢,.(,-—1)—lz ®; i dw.
9

n

(42) W(r) =
Let |G.G.-a <. G;nl represent the determinant whose sth row contains
the elements Gi, Gig, * * * , Gin. Then (r—1)|GiGiz - + - Gin| =|Gas+ - - -
+Gia%aGia * + - Gin| =21| Gi;| . Hence
r—1
43) W(r) = —n—f {xllGaGsz v G|+ oo+ xnIGel <o G.'n—lG.'I }dw.
h
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