ON THE OSCILLATION OF SUMS
OF RANDOM VARIABLES(Y)

BY
M. ROSENBLATT

1. Introduction. Let X be a random variable with distribution function
F(x) and characteristic function ¢(z) = [, e¥**d F(x). The sequence of partial
sums {S,,} will be said to be generated by X if S, = Y 7, X; where Xy, - - -,
X, - - - are independent, identically distributed random variables with dis-
tribution function F(x).

Let the abbreviations i.o. and f.o. denote the phrases “infinitely often”
and “finitely often,” respectively. The sequence {S,} generated by the
random variable X is said to oscillate if .

(1.1) P{S,>0i0.} = P{S, <0io0.}= 1.

A sufficient condition for oscillation of the sequence S,, convenient for
the application of results concerning partial limit laws of normed sums of
independent and identically distributed random variables, will be obtained.
When E(| X|) < «, the problem considered will be shown to be equivalent
to a problem dealt with by K. L. Chung and W. H. J. Fuchs [1](?).

The necessary and sufficient condition for the oscillation of the sequence
{S.} generated by X will be obtained. The necessary and sufficient condi-
tion is used to obtain a class of random variables each of which generates
sums S, which satisfy

P{lim [S.| = oo}

]

P{lim inf S, = — oo}

n— oo

(1.2)

= P{lim sup S, = oo} =1
and
(1.3) lim P{S, >0} =0
simultaneously.

2. Preliminary results.
LEMMA 2.1. If lim Sups., P{S.>0} >0 (lim sup,.., P{S.<0} >0), then
P{S,>04.0.} =1 (P{S.<04.0.} =1).
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Now {S.<0 io.}=TIIp, Uz, {S.>0}. But P{Uz,.{S.>0}}
2lim sups.. P{S.>0}>0. Since U, {S.>0} is a monotone decreasing
sequence of events,

P{S, > 0io0.} = lim P{G {s,,>0}} > 0.

m—® n=m

P. Lévy has shown (see [4, p. 147]) that if 4,, A,, - - - are given constants,
P{S, > 4. io0.}
can be only either zero or one. Hence
P{S.>0io0.} = 1.

One shows that lim sup,.. P{S.<0}>0 implies P{S,<0 i.0.} =1 in like
manner.

K. L. Chung and W. H. J. Fuchs [1] have studied recurrent values of
partial sums S, generated by a random variable X. The value b is said to be
recurrent if

P{|S.—b| <eio} =1

for every €>0. They have shown that the set of recurrent values is a closed
additive group. In particular, 0 is the one and only recurrent value if and
only if X =0 with probability 1.

LeEMMA 2.2. If the partial sums S, generated by X have recurrent values and
if X #0 with positive probability, the sequence {S,.} oscillates.

Zero cannot be the only recurrent value since X 0 with positive prob-
ability. There must then be two values ¢ >0, b <0 which are recurrent values,
that is, given any €>0

P{|S,—b| <eio} =P{|S,—a|] <eio} =1
Let e<min (g, |5|). Then
P{S,>0i0.} = P{|S, —a| <eio} =1,
P{S, <0io.} = P{|S. — b| <eio.} =1

THEOREM 2.1. If E( | X l ) < o and X #0 with positive probability, the prob-
lem of oscillation and the Chung-Fuchs problem are equivalent. Under these
conditions, oscillation takes place if and only if E(X)=0.

If X0 with positive probability, Lemma 2.2 implies that the Chung-
Fuchs problem is included in the problem of oscillation. Chung and Fuchs
[1] have shown that if E(] X|) < » and E(X) =0, there are recurrent values
and hence there is oscillation. But if E(X)=m =0, the strong law of large
numbers tells us that
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S
P{lim—=m} =1

n—wo N

and hence (1.1) cannot be true. The equivalence of the two problems when
E(l X I ) < o is demonstrated.

If f(2) is a complex-valued function, let Re f(z) and Im f(2) denote the
real and imaginary parts of f(z), respectively.

Let

logs z = log { —log z} and log, z = log {log._: z}, n > 2.

LeMMA 2.3. The sequence {S,.} generated by X has no recurrent values if the
characteristic function ¢(2) of X s such that
1 — Re ¢(3)

(2.1 — lim inf > k>0
c—0+ zlogz-- - log.1zlogltez

for some €>0 and an integer n=1.

A necessary and sufficient condition that there be recurrent values [1]
is that

s 1
lim f ——dz = », 6> 0.
o= J 5 1 — pg(2)
But
s 1 5 1—pR
lim 4= lim pRe ¢(2) d
1= J s 1 — po(z) r—1— J 5 (1 — pRe ¢(2))* + (p Im ¢(2))*
s 1
< lim

——dz
—1— J_5 1 — pRe ¢(3)

d 1
[0
_s 1 — Re ¢(2)

But this last integral converges if (2.1) is satisfied.

LEMMA 2.4. A necessary and sufficient condition that S, oscillate 1s that

(2.2) ' ZP{S,'>O,S,’+1§O} = o
j=1

and

(2.3) 2 P{S;i<0,8541 >0} = .

i=1

The necessity is trivial since the theorem of Borel-Cantelli tells us that
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2 P{S;>0,541 S0} <

i=1

or

S P{S;£0,5:41 >0} <

=1
implies that there is no oscillation with probability 1.
Now

P{S,>0fo0.} = P{S.s0;n=1,2,---}

+ZP{Si>0vSf+n§O;"=1v21""

j=1

ZP{S.<0in=1,2-}

+ X P{S;> 0,841 50,8~ Sin SOn=1,2--- |

i=1

=P{S.S0;n=1,2---}

+EP{S:‘>O,S:'+1§0}P{S”§O;n= 1,2,-~-}

j=1

=P{S,=0;n=1,2,-- }[1 + D2 P{S;>0,8. s 0}].
=1
The divergence of Y =, P{S;>0, S;;;<0} implies that P{S.=<0;
n=1,2,--}=0.But

P{S,>0fo.} < lim P{S,. <0;n=1,2,--- }-[1+ijp{s,>0}].

m—ro =1
Hence the divergence of » ., P {S;>0, S,'+1§0} implies that
P{S.>0fo.} =0.

An analogous argument indicates that

> P{S;<0,5;1 >0} = » implies that P{S, <0f.0.} = 0.
ij=1
3. Application of the sufficient condition. One makes use of Lemma 2.1

and the study of the infinitely divisible laws as partial limit laws of normed
sums of independent random variables to characterize a class of random vari-
ables each of which generates partial sums S, that oscillate. Random variables
with no finite first moment are of interest since Chung and Fuchs have com-
pletely solved the problem for random variables having a first moment.
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THEOREM 3.1. Let the sequence S, be generated by a random variable X with
distribution function F(x). If there are monotone sequences ny—  and a;— ©
of positive integers and positive numbers respectively such that

Nk X
i lim lim — dF ——FFdF = m,
(l) ‘L‘T’ "'H'E’ ak[‘flzKeakx (x) + lzl<ear 1+ (3"/‘%)2 (x)] "

n 2
(ii) lim lim —kl:f x%dF(x) — (f xdF(x))] = g2,
€0 ko a?, | z|<eap |z|<eay

(iii))  lim (1 — F(xar) = — Q(x), x>0,
| )
lim #niF(— xax) = Q(—x), x>0,
k— o

where Q(x) 1s finite for lxl >0and Q(— x)=0Q(o)=0,

(iv) - Q(x) increases somewhere in both the ranges x>0 and x <0,

then the sequence {S.} oscillates.

W. Doeblin [2] has shown that if conditions (i), (i), (iii) are satisfied,
the normed subsequence S,,/ax has a limiting distribution function as k— o
whose characteristic function is

. a? i izx
exp {zmz — —Ez +£w<e e ¥ xz)dﬂ(x)} .

Note that Q(x) is nondecreasing in the ranges x>0 and x<0. If Q(x) in-
creases somewhere in both the ranges x>0 and x <0, the limiting distribu-
tion function attributes positive probability to both positive and negative
values, that is,

. Sﬂk . Snk
hmP{-———>0}>0, lim P{— < 0p > 0.

k—o ag k— oo ar

This follows from the fact that the characteristic function

°f izx
exp {f_w(e’ -1 - —t xz)dﬂ(x)}

is the limit of a sequence each element of which is the characteristic function
of a weighted sum of properly centered independent and non-identically dis-
tributed Poisson random variables (see [4, pp. 173-180]).
But then Lemma 2.1 implies that the sequence {S,} oscillates. _
4. Application of the necessary and sufficient condition. The object of
this section is to obtain Theorems 4.2 and 4.3 which give a characterization
of a class of random variables satisfying (1.2) and (1.3) simultaneously.




170 M. ROSENBLATT [January

LEMMA 4.1. Let F(x) be a distribution function with [ le 2dF(x) < o for
some a, 0<a<1. Given V>0, let

0 if xs -7V,
F(x; Y) ={F(x) —F(-Y) if |=z|<V,
F(Y)—F(-Y) if 227,

and ¢(z; Y) be the Fourier-Stieltjes transform of F(x; V). Then Im ¢(z; V)
=o(lzl *) at 2=0 uniformly for all Y>0.

Now |Im ¢(z, V)| =[ia<r sin 2xdF(x) < [iai<r| %z |*| sin xz |'-dF(x)
= Iz] 20(1) uniformly for all ¥ >0 by the Lebesgue theorem on dominated

convergence.
Let X be a lattice random variable, i.e., there is a largest 2 >0 such that

P{X = kh} = p = 0, E=0, £1, +2,-- -,

and

2 b =1

ke=—o0

Let

-1 o
$1(z) = D0 pieiits,  ¢a(a) = 2 pieiite.
J=—00 i=1
THEOREM 4.1. Let X be a lattice random variable with E(| X| =)<« for
some o, 0<a <1, and let the partial sums generated by X have no recurrent
values. A necessary and sufficient condition that the partial sums generated by X
oscillate 1s that '

. [h(l —p) (T* sinzh Im ¢2(2)
lim 2
p—r1— 4r —xn 1 — cos zh | 1 — pop(3) |2
@1 4ok _sinsh ({¢1(0> — Re 6:1(2) } Im ¢1(2)
4rJ _epn 1 — cos zh |1 — po(a) |2
_ {#:(0) — Re ¢o(2)} Im «m(z)) dz]
|1 — po(a) |2
. I: k(1 — p) *'* sinzh Im ¢4(2)
=lim | — 2
p—1— 4n —en 1 —coszh |1 — po(z) |2
4.2) L f”" sin sk ({«m«» — Re ¢1(2)} Im ¢o(2)
4rJ _en 1 — cos zh [1— po() |2

_ {92(0) = Re gu(s)} Im 4’1(2)) dz] = .
[1— p(a) |2
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Lemma 2.4 implies that

(4.3) lim Y piP{S; > 0,511 < 0} = =,
pl— =l
(4.4) lim ) piP{S; £ 0,81 >0} =

prl= =1

is a necessary and sufficient condition for oscillation.
First consider (4.3).

© © © —k

(4.5) X p'P{S;>0,8S;1 =0} =D p' >, P{S; = kh} 3 P{X = nh}.
=1 =1 k=1 n=—00

But P{S =kh} = (h/2m) [ /,, ¢i(z)e—*rdz where ¢(3) is the characteristic

function of X. Expression (4.5) can then be rewritten as

0 -k
DI f $i@e iz 3 p,
—x/h

ij=1 k=1 27r

Nn=—o0

< hf inhe P9 p¢() i ‘Z‘ipi
A=1 2rJd e 1216 R —
= b b2

= Z e-—zlchz—_._.dz .
=1 Z_:l 2rd 1 — p¢(2) pi
—c0 h x/h e—ihz — ei(j—l)hs p¢(Z)

>

el 2T —x/h 1 — ¢tz d 1 - Pd’(z)

b prh et {6,(0) — $i(s)}  pe(a)
(4.6) T o j‘_,/h 1 — g—ihe 1 — pop(2) dz

where the last interchange of summation and integration follows by applying
Lemma 4.1. Now expression (4.6) can be rewritten as

h et pd(2)
4.7 ) {100) — ¢1(2)} _I_Tp¢_(z) 2
B " $1(0) — ¢1(z)  po(2)
(4.8) + 2T .[:,/h 1 —e s 1 — pp(2) ds.

But expression (4.7) equals

— P{X <0} 3 pP{S. = 0} + 3 p; 3 p°P{S, = — jih)

n=] Jr=—1 nw=]

which is bounded by
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D P{Si=0} <

i=1
in absolute value. The assumption that the partial sums have no recurrent
values implies that Y 5, P{S;=0} <« [1]. Hence we need consider only
(4.8) which can be written as

4.9) _ _’if’”‘ ¢1(0) — ¢1(2) ds
) 2rd e 1 — i
Bt $y(0) — 1
(4.10) +— $(0) = ¢:(a) ds.
2rd o 1 — et 1 — pi(3z)

But (4.9) equals
- P{Xx <0}
so that only (4.10) need be considered. Expression (4.10) equals
k" $1(0) — ¢1(2)
— — T dz
A J o 1 - p¢(z)
hi % sinzh  ¢1(0) — ¢1(3)
drd 1 —coszh 1 — pé(z)

(4.11)

(4.12)
But (4.11) is bounded in absolute value by

14+ 2 P{S;=0} <=

j==1

so that only (4.12) need be considered. Expression (4.12) can be rewritten as

hi 7% sinzhk  ¢1(0) — ¢1(z)
- — 1-— d;
47 f_,/;. 1 — cos zh | 1 — p¢(3) |2 ( pd())dz
_ hi ™% sinzhk  ¢1(0) — ¢i(2) (1 — p)ds

_L; —xn 1 — cos zh ‘1—p¢(z)|2
hi *% singhk  ¢1(0) — ¢1(2)
- . ,
drJ _n 1 — coszh | 1 — po(2) |2 ( &(2))pdz

k(1 — p) p£*'* sinzh Im ¢,(2)

4.13 =

( ) 4x —xn 1 — coszh I 1 — po(2) |2
ph (*ib  sin sk ({¢1(0) — Re ¢1(2)} Im ¢s(3)
4rJ _on 1 — coszh |1 — po(2) |?

_ {8:(0) — Re $:(9)} Im 4:1(s) ) s
|1 = po(a) [? '
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Hence equation (4.3) is true if and ounly if the limit of (4.13) as p—1— is
infinite. One derives condition (4.1) in a completely analogous manner from
equation (4.4).

Given the distribution function F(x), consider the two auxiliary distribu-
tion functions

C i x=<0,
Fal=) = 1——————F(x) i x>0
1 — F(0+)
and
F(z) if %<0,
Fy(x) = 1F(0‘)
1 i x=o0.

Let ¢(2), ®1(2), P2(z) be the characteristic functions of F(x), Fi(x), and Fa(z2),
respectively.

LEMMA 4.2. Let F(x) be such that
1 — Fo(x) = xhs(x), Fi(x) = xPhi(x),
0<a, <1 where

hy(cx) . hi(cx)
im = lim =1
z—®o hz(x) z——o hl(x)

for every constant ¢>0. Then

1~ Re () ’ - Im $:(z) ~1- F2<i) as z—0+
I'(1 — a) cos (ra/2) sin (ra/2)T(1 — ) 2
and
1 — Re &(3) — Im &,(2) 1
I'(1 — @) cos (ra/2) " sin (ra/2)T(1 — @) NFI(— :) as 520+

Let {ax}, {8} be positive sequences such that
1 —Fg(dk)"’\le/k: F;(— bk)Nl/k

ask—o.Let V3, V;, - - - beindependent random variables with common dis-
tribution function Fy(x), while Z;, Z,, - - - , are independent random variables
with common distribution function F;(x). Let S, and T, be their correspond-
ing partial sums. Then [2, 3]

P{S, < xa.} —Ga(2), P{T, < xb.} — Hy(%)
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where G.(x), Hg(x) have the characteristic functions y.(z), 83(z) and

TQ
8s(z) = ¥5(2), va(2) = exp — {l zl (cos — — i¢in > sgn z) (1l — a)}
Then

n(1 — Re ®y(z/a,)) — 2% cos 12‘1 I — a),

T
n Im ®,(3/a,) — 22 sin > 'l — a)
as n— 0, 2> 0. But the choice of {ak} and the properties of ky(x) imply that
1
n(l — Fa(aqx)) > —
xa

asn— . This implies that

1 — Re ®,(3) ’ . Im ®,(z) ~1—F, (i)
cos (ra/2)T(1 — @) sin (ra/2)T(1 — a)

4

as z—04. The analogous result for 1—Re ®,(z), Im ®,(z) follows in like
manner.

THEOREM 4.2. Let F(x) be such that
1 — Fo(x) = x2ho(x), Fi(x) = xPh(x),
0<e, B<1, where
ho(cx) y hi(cx) _

m m
T— hg(x) z— hl(x)

for every constant ¢>0. There is no oscillation of the partial sums generated
by a random variable X with distribution function F(x) if a#B. Assume o =p.
Then a sufficient condition for the partial sums genmerated to oscillate is that
there be a positive integer n and constants ky, ks >0 such that

- kz hl( -1 / Z)

A) < < — kilogz:--lognz
(& logz---log.z ho(1/2) 108 g

as 3—0-4-. On the other hand, if there is a positive integer n and there are con-
stants €, k>0 such that

hy(—1/32) Ite
B —_— > — k1 -+ - loga_1 z log,
(B) in(/2) og z 0gn_1 2 log, 2
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or

ha(1/3) Lte
C R S klogs- - - loge 5 log,
© n(—1/2) g logrzlog. 2

as z2—0+, there is no oscillation.

Let X first be a lattice random variable. If X has a distribution function
of the form specified above, Lemmas 4.2 and 2.3 imply that there are no re-
current values. In investigating expressions (4.1) and (4.2) as p—1—, it is
clear that one need ouly consider the indicated integrations over a neighbor-
hood (—¢, €), €>0, of zero. Lemma 4.2 implies that

$2(0) — Re ¢.(2) Im ¢,(z) 1
) a2 sin (a2 (?) r = o = FO+)
and
(4.15) $1(0) — Re ¢1(2) —1Im ¢:(3) - z"hl(— _1__) I — &)F(0 —)
z

cos (ra/2) " sin (ret/2)
as z—0+. Now
< _ h(1 — p)f‘ sin 2k Im ¢,(2) .
- 4 —e 1 —coszh |1—p¢(z)|’
k ¢ sinzh Im ¢1(2)
- Z;f_e 1 —coszk 1 — Re ¢(2)

(4.16)

1A

The non-negativity of the integrand and Fatou’s lemma imply that

i [0SRk <{¢1(0> — Re ¢1(2)} Im ¢(2)
p—1— J_¢ 1 — coszh [ 1= pd(2) |2
_ {¢2(0) — Re ¢2(Z)} Im ¢1(Z)> s
|1 — po(a) [?
S f‘ sin zh <{¢»1(O) — Re ¢1(2)} Im 4(3)
~J_e 1 —coszh [1— ¢@) |2
_ {4’2(0) — Re ¢2(Z)} Im ¢1(Z)) dz
|1 - 9@ |
However

1 1
< )
|1 = pp(z) |2 = (1 — Re ¢(2))?

But l 1—¢(z)| and 1— Re ¢(2) have the same behavior at zero as can be seen

0<p=s1
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by making use of (4.14) and (4.15). Hence

f‘ sinzk  {¢1(0) — Re ¢:1(2) | Im ¢2(z) — {$2(0) — Re ¢} Im ¢(3) ;
—e 1 —coszh |1 — po(2) |2 ‘

diverges as p—1— if and only if

[L 2 ha(1/2) ln(~1/2)
0

(4.17)
z g%hi(—1/2) + 2%hy(1/2)

diverges.
Let B>a. By making use of (4.14) and (4.15), we see that (4.16) is
bounded by a multiple of

f‘ Jra— hi(—1/3) dz
0 he(1/2)

which converges since

m(—1/3z)
hz(l/Z)
as z—04 for every ¥ <0. Expression (4.17) converges for the same reason.
Hence, (4.2) converges and there is no oscillation. If &> 8, a similar argument
shows that (4.1) converges.
Let o =p. Assume condition (C). Then both (4.16) and (4.17) are bounded
by a multiple of

o(z7)

f‘ dz
o zlogz---log.12logites

which converges. Expression (4.2) converges and there is no oscillation. If
condition (B) were valid, a similar argument would show that (4.1) con-
verges. :

Let a=f and assume condition (A). Expression (4.16) is bounded below
by zero and (4.17) is greater than

f‘ dz
o 2logz---log,z

which diverges. Hence (4.2) diverges. A similar argument shows that (4.1)
diverges. It then follows that the partial sums generated oscillate.

Now let X be a random variable whose distribution function satisfies the
assumptions of Theorem 4.2. Let C(x) denote the greatest integer less than
or equal to x. Consider the two auxiliary lattice random variables

X_ = hC(X/k), Xy=2X_+h
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where & is such that P{X_=h}, P{X,.=h}>0. Now
(4.18) X_=X=sX,

X_, X, X, have distribution functions with the same behavior at — « and
+ «. Therefore X_, X, X, have characteristic functions with the same be-
havior as z—0. In view of what has been proved, X_ and X generate partial
sums which either oscillate together or are both positive finitely often with
probability one or are both negative finitely often with probability one.
Hence, the theorem applies to X in view of (4.18).

THEOREM 4.3. Let F(x) be such that
1 - Fz(x) = x‘“hz(x), Fl(x) = x‘“hl(x), 0<a<l,

where

hz(cx) i hl(cx) =1

m m
7 hz(x) z— hl(x)

Sor every constant ¢>0. Assume condition (A) and

lim ha(x) -0 (lim hi(— x) =0)
z— hl(—x) ' z— % hz(x) )

Then
P{lim | Si| = oo} = P{liminfs,,= - oo}

k—x | 2]

(4.19)
= P{lim sup Si = oo} =1,
ko
(4.20) lim P{S; > 0} =0, (lim P{S, <0} = 0)
k— k—r o0

simultaneously.

If condition (A) is valid, the partial sums generated oscillate but have
no recurrent values. Whenever there is oscillation and there are no recurrent
values (4.19) is true. For then

gP{lSkI <m} <

for all m>0 [1] and hence by the theorem of Borel-Cantelli

P{Eﬂ | Sk| = oo} = 1.
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The fact that there is oscillation implies that

P{liminfSk = — oo} = P{lim sup S = oo} = 1.
k—o k-
Now assume
h
lim —-—ﬂ = 0.
z—o hl(—x)

Let {b:} be such that
Fy(—by) ~ 1/k
as B+ «. Then '
1 — Fa(bx) = o(1/k)
as k—» and
P{Si < xbi} — H,()

as n— o by [2]. But H.(x) is the distribution function of a random variable
that is nonpositive. Hence

lim P{S; > 0}

) =1

]
e

A similar argument shows that

. ‘hl(_ x)
lim —— =
z—® hg(x)

implies that
lim P{S: <0} = 0.

k—o
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