ON THE SYMMETRY AND BOUNDED CLOSURE OF
LOCALLY CONVEX SPACES

BY
WILLIAM F. DONOGHUE, JR. AND KENNAN T. SMITH

Preface. For some time it has been recognized that the properties of
symmetry and bounded closure are of cardinal importance in the theory of
locally convex spaces. The purpose of this paper is to discuss symmetry and
bounded closure with the aid of a new topology, and to discuss the new
topology itself. h

The introduction includes the preliminaries to the rest of the paper. The
account of the basic theory of locally convex spaces is fairly complete, but
brief. We have given proofs only when they represent some contribution.
As the references indicate, most of the theorems of the introduction can be
found in the literature.

In §1 we introduce the new topology, called the GF topology, and de-
velop the theory of the GF space. A space is a GF space if and only if it is
symmetric and boundedly closed. Study of the GF topology on duals leads
to information about interior maps and quotient spaces, information which
is not obvious from direct consideration of symmetry and bounded closure.
We conclude the section with several examples.

In view of the general results of the first section it is important to know
what spaces are GF spaces. In §2 we take up this question for direct products
and their duals, and also the questions of symmetry and bounded closure.
§3 serves the same purpose for continuous function spaces. Finally in §4 we
discuss metric and LF spaces and their duals.

The influence of the works of G. W. Mackey, J. Dieudonné, and L.
Schwartz is apparent throughout the paper, and it is to these authors that
we owe our interest in locally convex spaces. The terminology used in the
paper is almost exclusively that employed in the works of Dieudonné,
Schwartz, and Bourbaki. For the convenience of the reader we list the excep-
tions. We distinguish between weak and weak-star topologies; our total
bounded is the French precompact and corresponds to the definition given in
[14]; we owe the term relatively strong to Mackey [13]; where the French
authors use filters we make use of nets, as in Kelley [10]; and for a uniform
structure topology the natural definition of a Cauchy net leads to a concept
of completeness which is equivalent to the French term and stronger than that
given in [14]. There are no French equivalents for symmetry and bounded
closure.
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Introduction. Closely associated with any linear space E over the com-
plex numbers are the linear forms on E, the functions f(x) from E to the com-
plex numbers satisfying, for x and y in E and N a complex number, f(x+y)
=f(x)+f(y) and f(Ax) =Af(x). When addition and scalar multiplication are
defined in the obvious fashion, the class of linear forms becomes a linear
space, which we call the algebraic dual of E and denote by E. If E is a topo-
logical space as well as a linear space, those linear forms which are con-
tirtuous are of particular importance. The set of continuous linear forms is a
subspace of E, which we call the dual of E and denote by E’.

Let E be a linear space and let F be a subspace of its algebraic dual
which contains for each x50 in E an f such that f(x) 0. Then E is a sub-
space of the algebraic dual of F with the same property. To exhibit the
duality between E and F we write (f, x) rather than f(x). The polar in F of
a set A in E, written A°, is the set of all f in F such that if x is in 4, then
| (£, x)| £1. The polar in E of a set 4 in F is defined similarly. F defines on
E a natural topology called the weak topology and represented by the symbol
W(E, F). Its neighborhoods of the point 0 are the polars in E of finite sets
in F. Its neighborhoods of the point x are the sets x+ V, where V is a neigh-
borhood of 0. In the same way E defines on F a natural topology called the
weak-star topology and represented by the symbol W(F, E).

The weak topology on E is defined by neighborhoods of the origin; each
neighborhood of the origin is convex (V4+VC2V) and circled (e*VCV),
and the operations of addition and scalar multiplication are jointly continu-
ous. Any topology on E having these properties is called a locally convex
topology. A linear space with a locally convex topology is a locally convex
space.

Let E with topology T be a locally convex space. We indicate that Vis a
neighborhood of the origin in the topology T by saying that Visin T or that
Vis a T neighborhood or just that V is a neighborhood. The semi-norm asso-
ciated with the neighborhood V is the function v(x) =inf { I)\I :(1/N)x in V}.
The closure of V is the set where »(x) <1, so that » is continuous, and the
topology T can be described by specifying its semi-norms as well as by speci-
fying its neighborhoods. Every semi-norm has the properties v(x+y) <v(x)
+v(y) and v(Ax) =|\|2(x). A linear form f on E is continuous if and only if
it is bounded on a neighborhood, and hence if and only if it satisfies l (f, x)l
=v(x) for some semi-norm v. With the notion of semi-norm it is easy to
prove the following theorem.

THEOREM 1. If A is a closed convex circled subset of E and y 1s in E—A4,
then there is an f in E' such that (f, y) > 1 and | (f, x)| <1 for every x in A [7].
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Any theorem of this type which describes the separation of a point and a
convex set by a hyperplane is called a Hahn-Banach theorem. The Hahn-
Banach theorem implies, in particular, that E’ has the property previously
required of F: for each x#0 in E it contains an f such that (f, ) #0. A Hahn-
Banach theorem is also valid for E’ in the weak-star topology.

THEOREM 2. If A is a weak-star closed convex circled subset of E' and g is
in E'—A, then there is an x in E such that (g, x) >1 and | (f, x)l =1 for every
fin A [5;7].

A set 4 in E is T bounded, or simply bounded, if to each T neighborhood
V corresponds a number A such that A4 C V. A linear form on E is bounded if
it is bounded on each bounded set. The bounded sets in E are used to define
another topology on E’. It is called the ordinary topology, is labeled 77, and
its neighborhoods are the polars of the T" bounded sets. Unqualified topo-
logical terms such as bounded, closed, continuous refer either to the given
topology T of E or to the ordinary topology T’ of E’. Since W(E, E'),
W(E', E), T, and T’ are all locally convex topologies, it is proper to speak of
boundedness in any of them.

THEOREM 3. Weak bounded and T bounded are the same. If E is sequentially
complete, weak-star bounded and T’ bounded are the same [12; 13].

Every locally convex topology is a uniform structure and the usual defini-
tion of total bounded is employed.

THEOREM 4. In weak or weak-star topologies bounded and total bounded are
the same [7].

Using Theorem 4 it is easy to prove the following theorem.

THEOREM 5. If V is a neighborhood in E, then V© is weak-star compact
[1;5].

It is a consequence of the Hahn-Banach theorem that, for any set 4 in
E (E’), A®° is the smallest closed (weak-star closed) convex circled set con-
taining A [7]. It follows that the topology T, as well as all of the others
which have been mentioned, can be defined by taking as neighborhoods the
polars of certain convex circled and weak or weak-star compact sets. The
polars of all convex circled weak-star compact sets form the neighborhoods
for a locally convex topology on E which we call the relatively strong topology
and write T(E, E’). T(E, E’) is clearly stronger than T, and its precise rela-
tion to the several topologies on E is given by the fundamental Mackey-Arens
theorem [2; 12; 13].

THEOREM 6. T'(E, E’) is the strongest locally convex topology on E such that
E’ is the dual of E.
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As the known proofs of the Mackey-Arens theorem are complicated, we
offer a simple proof of our own. In view of the preceding remarks, if T'(E, E')
does yield E’ as the dual of E, it is the strongest topology doing so.

A convex circled weak-star compact subset of E’ is a convex circled weak-
star closed subset of E. Thus if C is such a set, C is the polar in E of C°, and
any linear form which is bounded on C© is a scalar multiple of an element in
C, and hence lies in E’.

It is a simple matter to deduce from the Mackey-Arens theorem the
following theorem.

THEOREM 7. Every convex circled weak-star compact subset of E’ is bounded.

The foregoing discussion reveals that any linear space E can be converted
into a locally convex space having as dual a prescribed weak-star dense sub-
space F of E. Among the topologies which serve the weakest is W(E, F)
and the strongest is T(E, F). In comparing the different topologies it is con-
venient to use the words “stronger than” to mean “at least as strong” and to
give this meaning to the symbol =.

Much of our discussion concerns the continuity of linear forms. We have
observed that for a linear form f the assertions that f is bounded on a neigh-
borhood and that f is continuous are equivalent. A third equivalent assertion
is that the null space of f is closed.

For a linear transformation from one locally convex space to another
the three assertions are not equivalent in general, but the first implies the
second, which in turn implies the third. If T is a linear transformation from
the locally convex space E into the locally convex space F, its adjoint T* is
the linear transformation from F’ into E defined by the equation (T*f, x)
=(f, Tx). T* is a linear transformation from F’ into E’ if and only if T is
continuous when E and F have the weak topologies: i.e., T is weak continu-
ous. If T is weak continuous, then T* is both continuous and weak-star
continuous.

The dual of the locally convex space E’ with topology T” is called the sec-
ond dual of E and is written E”. As a dual E" has an ordinary topology T"'.
According to the previous definition, the polar in E’’ of an arbitrary bounded
set in E’ is a neighborhood in T”. If the polar in E of an arbitrary bounded
set in E’ is a neighborhood in T, then the space E and the topology T are
called symmetric.

We have noted that E is a subspace of E’; as the topology T” is clearly
stronger than the topology W(E', E), E is a subspace of E". The identity
mapping from E as a locally convex space to E as a subspace of E” is termed
the canonical mapping. As the neighborhoods in T are the polars of certain
convex circled weak-star compact sets in E’, and as each of these is bounded,
T is weaker than T”. Clearly the two are identical if and only if E is sym-
metric. The considerations which apply to T also apply to T'(E, E’), and
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T(E, E') is weaker than T”. Thus if E is symmetric, it has the relatively
strong topology, and every bounded set in E’ is contained in a convex circled
weak-star compact set. Evidently the canonical mapping is continuous if and
only if E is symmetric.

If the canonical mapping of E into E’’ is onto, i.e., if the elements of E are
the only continuous linear forms on E’, then clearly T'=T(E’, E). When
this is the case we say that E is semi-reflexive, and it is clear that E is semi-
reflexive if and only if any bounded set in E is contained in a convex circled
weak compact set. The space E is called reflexive when E and E’ coincide
both algebraically and topologically, that is, when E is both symmetric and
semi-reflexive. If E is semi-reflexive, then E’ is symmetric, for a bounded set
in E” is also a bounded set in E, hence its polar in E’ contains a neighborhood.

A locally convex space is called a metric space if there exists a funda-
mental set of neighborhoods which is countable. The topology of such a space
is indeed a metric topology. The metric spaces are the only locally convex
spaces which have a fundamental set of neighborhoods linearly ordered under
set inclusion. A metric space is called an F space if it is complete.

The locally convex space E is said to be boundedly closed if every bounded
linear form on E is continuous. We use the term bounded closure to describe
the property of being boundedly closed, and not in the way it was used
originally by Mackey [13].

THEOREM 8. Every metric space is symmetric and boundedly closed.

The bounded closure is established in [12]. A trivial modification of the
argument establishes the symmetry. Since every LF space is also symmetric
[7], we have the following corollary.

COROLLARY. Every semi-reflextve metric or LF space is reflexive.

We have no example of a symmetric space which is not boundedly
closed. Boundedly closed spaces which are not symmetric are common, but
we have:

THEOREM 9. Every boundedly closed space is symmetric in the relatively
strong topology.

Proof. If B is bounded in E’, then C, the smallest weak-star closed convex
circled set containing B, is also bounded, and hence weak-star total bounded.
We show that C is a weak-star complete, therefore weak-star compact, and
this fact implies that BC =C° is a relatively strong neighborhood. If f, is a
Cauchy net in C, the linear form (f, x) =lim, (f., %) is bounded on bounded
sets, hence is continuous.

THEOREM 10. There is at most one symmeiric topology on E yielding a pre-
scribed dual.
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Proof. We have already observed that if E admits a symmetric topology
with dual E’, then T=T"=T(E, E').

CoROLLARY. There is at most one metric topology on E yielding a prescribed
dual.

We conclude this introduction with some representation theorems which
are responsible for our interest in direct products and continuous function
spaces.

THEOREM 11. Every locally convex space is isomorphic to a subspace of a
direct product of Banach spaces [8].

Proof. If v(x) is a semi-norm on E and H, is its null space, then E,, the
completion of E/H, with norm v, is a Banach space. The transformation
which maps x in E into the function x(v), where x(v) is the canonical image
of x in E,, is an algebraic isomorphism between E and a subspace of the direct
product of the E,. Convergence, both in the direct product and in E, is
convergence with respect to each v, so that the algebraic isomorphism is also
a topological isomorphism.

THEOREM 12. Every locally convex space is isomorphic to a subspace of a
C(S): the continuous functions on a locally compact Hausdor[f space, S, in the
compact-open topology.

Proof. Because of the previous theorem, it is enough to show this result
for a direct product of Banach spaces. By a result of Alaoglu [1] every Banach
space E, is a closed subspace of the space of continuous functions on some
compact Hausdorff space S,. Let S be the set union of the S,, and topologize S
by assigning to each point the neighborhood system which it has in the S, to
which it belongs. It follows that S is a locally compact Hausdorff space, and
that the direct product of the E, is a subspace of C(S). Convergence in C(S)
implies convergence in each C(S,), hence convergence in the product. On the
other hand, every compact set in S is contained in the union of finitely many
S,, whence convergence in the product implies convergence in C(S).

CoROLLARY. Every separable metric space is isomorphic to a subspace of
C(R), where R is the real axis in the usual topology.

Proof. We argue as before, using the theorem that a separable Banach
space is isomorphic to a subspace of C([0, 1]) [3]. The remainder of the argu-
ment is clear.

1. GF spaces. In 1949 in a paper entitled La dualité dans les espaces
Fet LF [7], Dieudonné and Schwartz introduced a new type of locally con-
vex space called the LF space. In this section we generalize the concept of LF
space. We develop a theory for the new spaces and examine the concepts of
symmetry and bounded closure. We show how the new GF spaces arise nat-
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urally in the study of locally convex spaces and, indeed, that many of the
common spaces are GF spaces.

A Dieudonné-Schwartz L F space is a locally convex space E whose topol-
ogy is defined by an ascending sequence of F spaces E,. It is supposed that
the F spaces have compatible topologies and that their set union is E. A
neighborhood of the origin in E is then any convex circled set whose inter-
section with each E, is a neighborhood of the origin in E,.

To generalize the LF space we proceed as follows. Let E be any vector
space, and let E’ be a subspace of its algebraic dual which contains all
linear forms bounded in the topology W(E, E’). Such an E’ can be obtained
by choosing a weak-star dense subspace F of the algebraic dual and letting
E’ consist of all linear forms bounded in the topology W(E, F). If V' is a
neighborhood in the ordinary topology on E’, then the space E, of all x in E
such thatw(x) =sup {|(f, x)|: f in V} is finiteis a normed linear space with v
as norm. A set is a neighborhood of the origin in the GF topology defined by
the E, if it is convex and circled and its intersection with each E, is a norm
neighborhood in E,. The next theorem shows that with the GF topology de-
fined by the E,, E is a symmetric and boundedly closed locally convex space.

THEOREM 1. The GF topology defined by the E, is the topology T(E, E').

Proof. Let W be a neighborhood in T(E, E’). For each V, the unit sphere
in E,, being the polar of V, is bounded in E. For each V, therefore, a contrac-
tion of the unit sphere in E, is contained in W; and W is a GF neighborhood.

Let W be a GF neighborhood. Each bounded set in E is contained in the
unit sphere of some E, and therefore in a multiple of W. It follows that a
linear form which is bounded on W is bounded, which implies that W© is
weak-star complete. W is clearly weak-star bounded. From the equivalence
of weak-star bounded and weak-star total bounded we deduce that W° is
weak-star compact. In this way we see that WO° is a T(E, E’) neighborhood
and we must show that W itself is.

For any x in E we obtain from the Hahn-Banach theorem a linear form f
on E satisfying (f, x) =p(x) and l(f, y)l =<p(y) for all y in E, where p is the
semi-norm associated with . The latter inequality implies that f is bounded,
and that it in fact lies in W©. Thus if x is in WO, p(x) =(f, x) £1, so that p
is continuous T'(E, E’), and W is a T(E, E’) neighborhood.

We abstract the essential elements of the above GF topology to obtain
the general definition.

Let E be a linear space, and let E, be a family of symmetric and boundedly
closed locally convex spaces. For every v let T, be a linear transformation of
E, into E, and let the union of the sets T,(E,) span E. The GF topology on
E defined by {E,, T,} is the strongest locally convex topology on E making
the mappings T, continuous, provided such a topology exists.

THEOREM 2. If E admits any locally convex topology making the mappings
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T, continuous, then the GF topology on E defined by {Ev, T,,} exssts.

We omit the obvious proof.

Suppose that a GF topology exists on the space E, and denote it by T*.
If Wis a set in T*, the continuity of the transformation T, implies that
T;'(W) contains a neighborhood of the origin in E,. It is also clear that any
set W having this property belongs to T*. The attempt to define the GF
topology directly in terms of the neighborhoods identified above leads to a
topology on E which satisfies all of the axioms characterizing a locally convex
space except the separation axiom. Accordingly it seems preferable to define
the GF space in the manner adopted. We give an example of a system
{E, E,, T,} where the GF topology does not exist. Let E be a two-dimensional
vector space spanned by the vectors 7 and j. Let E; and E; be infinite-dimen-
sional Hilbert space. Let f be a continuous linear form on E;, and let g be a
discontinuous linear form on E;. Define Ty (x)=(f, x)i and T;(x)=(g, x)j.
If S is any sphere in E;, T;(S) contains the whole subspace spanned by the
vector j. Hence there is no separated topology making T; continuous.

A locally convex space is called a G F space if its topology is a G F topology.

THEOREM 3. Every GF space is symmetric and boundedly closed. Every
symmetric and boundedly closed space is a GF space determined by a family of
normed linear spaces.

Proof. Suppose f is a bounded linear form on E. The function (f, T, (x))
is a bounded linear form on E,, since the continuous mapping 7T, carries
bounded sets in E, into bounded sets in E. The hypothesis that E, is bound-
edly closed thus implies that (f, T,(x)) is continuous on E,. If V is the set of
all zin E for which | (f, 2)| 1, then T; (V) is the set of all x in E, for which
[(f, T,,(x))] =<1, which, as we have seen, contains a neighborhood in E,.
Hence V is a GF neighborhood and f is continuous.

The argument to show that E is symmetric is similar. Let B be a bounded
set in E’. The linear forms (f, T, (x)) for f in B form a bounded set in EJ,
which by the symmetry of E, is contained in the polar of a neighborhood U,
in E,. Since T, '(B°) contains U,, B® is a neighborhood in the GF topology
of E.

That every symmetric and boundedly closed space is a GF space de-
termined by a family of normed linear spaces follows directly from Theorem
1, and the discussion preceding it. These considerations, together with
Theorem 3, give us:

THEOREM 4. There is at most one GF topology on E yielding a prescribed
dual. In particular every GF topology is of the type described at the beginning of
this section.

The concept of a GF topology is most fruitful when applied to the dual
of a locally convex space. There are in fact two natural GF topologies on the
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dual. One is obtained by taking as E,; the normed linear space of all f in E’
such that o(f) =sup {| (f, x)| : x in V} is finite, where V is a neighborhood in
E. The other is obtained in the same way, but where V is a neighborhood in
E”. In each case it is clear that the identity transformation T, from E, to
E’ is continuous with respect to the ordinary topology of E’ so that the GF
topology exists. It follows from Theorem 1 that the latter, which is the
weaker of the two, is the topology T(E’, E’'*), E’'* being the space of bounded
linear forms on E’. If E is symmetric, the two GF topologies coincide, and
the interesting case occurs when they do coincide and coincide also with the
ordinary topology of E’. When this situation obtains, we say that E has a
GF dual. If E is not symmetric, the two GF topologies may not coincide. An
example is Banach space in its weak topology.

We obtain an interior mapping theorem for spaces with GF duals. The
first step is the following lemma, which also plays a critical role in several
later theorems. '

LEMMA. Let A and B be closed convex circled subsets of alocally convex space
E. Then (ANB)° is the weak-star closure of the convex envelope of A° and B°;
if both A and B are compact, their convex envelope is compact; if either is com-
pact, thewr sum A+ B is closed.

Proof. The first statement is proved by Dieudonné and Schwartz [7],
the second assertion is elementary, while the last is a standard theorem.

THEOREM 5. Let T be an isomorphism of E into any locally convex space F
such that T(E) is closed in F. If E has a GF dual, then the adjoint T* is a homo-
morphism of F' onto E’.

Proof. By definition a linear transformation T of E into F is a homo-
morphism of E into F if it is continuous and interior between E and T(E);
that is, continuous and such that to each neighborhood V in E corresponds
a neighborhood U in F with UNT(E)CT(V). T is an isomorphism if it is a
homomorphism and one to one. It is well known that the adjoint of a con-
tinuous linear transformation is a continuous linear transformation itself [7].
It remains to show that T* is onto and interior. That T* is onto follows from
a theorem of Dieudonné [5]. On the other hand, it is as difficult to show that
the theorem of Dieudonné is applicable as to give a direct proof. Let f be
arbitrary in E’. The equation (g, T'x) = (f, x) defines g as a linear form on T'(E).
If f is bounded on the neighborhood V in E, then g is bounded on T(V)
which is a neighborhood in T'(E), so that g is continuous on T(E). Let & be
a continuous extension of g to all of F. Then for each x in E, (T*k, x) = (g, Tx)
=(f, x), and T*h=f.

Finally, T* is interior. Let V be an arbitrary neighborhood in E and
choose the neighborhood U in F so that UNT(E)CST(V). As U and T(E)
are both closed and UP is weak-star compact, it follows from the lemma
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that T(V)°C(UNT(E))° = U°+T(E)°. Recalling that T* is onto we see
that VOCT*((T'V)®). The collected inequalities and the fact that T(E)© is
the null space of T* give VOC T*(UP). If W is an arbitrary neighborhood
in F', there is a number X such that UCCAW, so that VOCAT*(W). In
other words, the image of an arbitrary neighborhood in F’ is a GF neighbor-
hood in E'.

CoOROLLARY. If E is a closed subspace of the locally convex space F, and E
has a GF dual, then E' =F'/E°.

Proof. The identity transformation from E to F satisfies the conditions
of the theorem. Since the null space of T* is T(E)® =E°, T* can be regarded
as a transformation from F’/E° to E'. It is a direct consequence of the defini-
tion of the quotient topology that T* is an isomorphism.

ReEMARK. If E is a closed subspace of the locally convex space F, if F’ is
boundedly closed, and if E’ = F’/E°, then E’ is boundedly closed.

Proof. Every bounded linear form on E’ has an obvious extension to a
bounded linear form on F’. The form on E’ is bounded on the canonical image
of the neighborhood on which the extension is bounded.

THEOREM 6. Every closed reflexive subspace of a reflexive space with a GF
dual has itself a GF dual.

Proof. Let F be the space and E the subspace. Since E is reflexive, the
neighborhoods in E’ are the polars of weak-star compact sets in E" =E.
Every reflexive space is obviously symmetric, so that, in view of Theorem 1,
it is sufficient to show that E’ is boundedly closed. Dieudonné and Schwartz
show that whenever F is reflexive and E is a closed subspace of F, E’
=F'/E° [7]. The remark above completes the proof.

THEOREM 7. If H s a closed subspace of the symmetric space E, then E/H
15 symmetric.

Proof. Let T be the canonical mapping of E on E/H. If B is a bounded
subset of (E/H)’, then T*(B) is a bounded subset of E’. When E is sym-
metric, T*(B) is bounded on a neighborhood V, and B is bounded on the
neighborhood T(V) in E/H.

If it is also true that E/H has a GF dual whenever E has a GF dual, then
the interior mapping theorem is valid for homomorphisms T as well as iso-
morphisms. We do not know if this is the case.

One might suspect that an analogous theorem holds for H: that is, if E
is symmetric, then the closed subspace H is symmetric. We have shown that
every locally convex space is a subspace of a direct product of Banach spaces,
and it is clear that a complete space is a closed subspace of the direct product.
We show later that a product of Banach spaces is always symmetric; we



1952] SYMMETRY AND CLOSURE OF LOCALLY CONVEX SPACES 331

know, however, that there exist complete nonsymmetric spaces. An example
of one will be given later.

The succeeding sections are devoted to dlscusswn of the GF topology and
the related concepts of symmetry and bounded closure in certain general
types of locally convex space: direct products and their duals, continuous
function spaces and their duals, and the duals of F and LF spaces. This sec-
tion is concluded with a few particular examples.

1. Every metric or LF space is a GF space, for such spaces are symmetric
and boundedly closed.

2. The space L¢ is a GF space and it has a GF dual. L itself is a reflexive
F space, and therefore a G F space. We show later that every reflexive F space
has a GF dual. The dual of L%, however, is especially interesting as an ex-
ample of the general theory, so we discuss it in some detail here.

Let E be the space L¥, consisting of those measurable functions on the
closed interval (0, 1) which are p-summable for all p>1. E can be regarded
as the intersection of all the spaces L? for p>1. E is topologized by taking
the L? norms as a family of semi-norms. It is easy to see that E is an F space
in this topology.

Every f in E’ is bounded on a neighborhood in E, and hence can be re-
garded as an element of the dual of some L?, which is an L% On the other
hand it is clear that every element of an L¢is in E’; and E' is the union of the
spaces L? for ¢>1. Let T, be the identity transformation from L¢ into E’.
The unit sphere in L4, being the polar of a neighborhood in E, is bounded in
E’, so that the mapping T, is continuous, and the GF topology defined by
{Ls, T,} exists. This GF topology is clearly the stronger of the two natural
GF topologies. At the same time E is metric, hence symmetric, so that the two
natural GF topologies coincide, and we can speak of the GF topology on E’.

The dual of E’ with respect to the GF topology is the space of bounded
linear forms on E’. Every GF continuous linear form is continuous on each
L4, hence is in each L?, hence belongs to E. We conclude that E’ with its
ordinary topology is boundedly closed and that E is semi-reflexive. It fol-
lows that E’ is symmetric (introduction). Thus the ordinary topology is a GF
topology whose dual is the same as that of the GF topology above. Because
of the uniqueness of the GF topologies, the two coincide.

3. Thering of entire functions isa G F space and it has a GF dual. The space
E of entire functions is again a reflexive F space, and one which profitably
can be examined directly. Its topology is defined by a family of semi-norms
Dn, Pa(x) being the upper bound over the circle of radius » of [x(z)|. The
fact that the neighborhood p.(x) =1 is compact with respect to the metric
Pn-(x) is used to show that the GF and ordinary topologies of the dual coin-
cide on bounded sets. The well known fact that a subspace in the dual of an
F space is weak-star closed if its intersection with each weak-star compact set
is weak-star closed and the reflexivity of E then imply that the GF dual of
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E’ is E itself. The remainder of the argument parallels the last part of the
argument for Le.

4. The space D’ of distributions is a GF dual. D’ is the dual of the re-
flexive LF space of all functions defined on Euclidean n-space which are
infinitely differentiable and vanish outside compact sets [15]. We rely on
our general theory, which asserts that every LF space which is reflexive has
a GF dual, rather than discuss D’ directly; but we mention the example
because of its current interest.

5. A purely algebraic situation, discussed in part by Mackey [13], is of
some interest. Let E be an arbitrary linear space. If H is a Hamel basis for
E, then E can be regarded as the space of all complex-valued functions on
H which vanish outside finite sets. Let E’ be the algebraic dual of E. It is
easy to see that E’ is the space of all complex-valued functions on H, and that
the weak-star topology on E’ is that of pointwise convergence on H. In
other words, E’ is the direct product, with H as index set, of complex planes.
In the next section we show that a bounded set in the dual of a direct product
contains only a finite number of nonzero components. Thus every ordinary
neighborhood in E’, as the polar of a bounded set in E, is a weak-star neigh-
borhood, and the ordinary and weak-star topologies on E’ coincide.

With respect to the topology T(E, E’) the mappings from the finite-
dimensional subspaces of E to E are continuous so that the GF topology
defined by the finite-dimensional subspaces, which are of course Euclidean,
exists and is stronger than T(E, E’). The GF topology must actually be the
same as T(E, E’) because its dual can be no larger than E’, which is the
algebraic dual.

2. Direct products. In this section we examine the direct product of an
arbitrary family of locally convex spaces. Let 4 be an index set, ¢ the generic
point of 4, E, a locally convex space, and E(4) the direct product of the E,.
E(A4) is composed of functions x(¢) =x, defined on 4 for which x,€E,. A
neighborhood of the origin in E(4) is determined by a finite set F of indices
and neighborhoods V; in E, for ¢ in F. It consists of all x(¢) for which ¢ in F
implies x, in V,.

We use consistently the following notation: E=FE(4), N is the subspace
of E consisting of functions with only a finite number of nonzero components,
and N’ is the corresponding subspace of the direct product of the spaces E{.
By the identity mapping of E, into E we mean the transformation I, which
carries x; in E, into that x in E which is x; at the index ¢ and 0 elsewhere. We
call its adjoint, which carries E’ onto E/, the projection of E’ on E/. Since
the identity is continuous, projection is both strong and weak-star continuous.
Using the identity mapping, we can regard E; as a subspace of E.

We proceed to identify the dual E’.

THEOREM 1. E’ and N’ are algebraically isomorphic.
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Proof. If f(¢) is in N’, we write (f(¢), x) = 2_(f:, x.) to obtain a one to one
linear mapping of NV’ into E’. To show that the mapping is onto, we note that
every f in E’ is bounded on a neighborhood, so that only a finite number of
its projections are different from 0, and f(¢) = I¥f belongs to N’. Clearly the
image of f(t) and f coincide on N, which is dense in E.

COROLLARY. The topology W(E, E’) is the product of the topologies
W(E., E{).

As in the case of E, we may now speak of the identity transformation of
E/ into E'. Since the image of E/ consists of linear forms which vanish on
every E, save one, it is clear that the identity mapping is continuous: a net
in E{ converging uniformly on bounded sets in E; certainly has for an
image a net converging uniformly on bounded sets in E. Hence T, the ordi-
nary topology of E’, is stronger than the product of the topologies T/. The
identity is also weak-star continuous, so that its adjoint projects E onto E..
We note that a set in E is bounded if and only if each of its projections is
bounded.

THEOREM 2. Every bounded set in E' is contained in the direct product of
finitely many E{ .

Proof. Let B be a bounded set in E’, and let p(x) =sup { [ (f, x)l :fin B} ;
by hypothesis p(x) is bounded on bounded sets in E. If the theorem is not
true, there exist sequences ¢, in 4 and x, in E,, for which p(Ix,) =n. How-
ever, such a sequence Ix, is bounded.

CoROLLARY. The topology T(E, E') s the product of the topologies T(E,, E{).

Proof. Theorem 1 implies that if each factor is provided with the relatively
strong topology, E still has the dual E'=N’, whence T(E, E') is stronger
than the product of the T(E,, E{ ). Now if Cis a convex circled weak-star com-
pact set in E’, the projection C; of C on E{ is W(E/{, E;) compact by virtue
of the weak-star continuity of projection. Moreover, C. is 0 for all but finitely
many ¢ in 4, since C is bounded and Theorem 2 applicable. It follows that C
is uniformly bounded on the product neighborhood determined by the non-
trivial C,, and the product of T(E., E/) is stronger than T(E, E’).

THEOREM 3. E is symmetric if and only if each E, is symmetric.

Proof. If each E, is symmetric, and B is bounded in E’, the projection B,
of B on E/ is bounded, since projection is continuous. B, is 0 except for a
finite number of ¢ because of Theorem 2. The direct product of (B,)° is a
neighborhood in E upon which B is uniformly bounded, i.e., E is symmetric.
If the factor E,, is not symmetric, there exists a bounded set B, in E
which is not uniformly bounded on a neighborhood in E,. The identity
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mapping of E; into E’ provides a bounded set in E’ which is bounded on no
neighborhood in E, whence E is not symmetric.

THEOREM 4. If each E, has a GF dual, then E has a GF dual.

Proof. Let W be a neighborhood in the stronger of the two natural GF
topologies. Then WNE/{ is a GF neighborhood in E{, and by hypothesis
there is a bounded set B, in E, such that WN\E! contains B°N\E!. Let B be
the direct product of the sets B,. B is bounded and B°N\E! =B°NE!CW.

Let F be any set of # points in 4, and let EF be the direct product of the
spaces E/ for ¢t in F. Let f be an arbitrary element of B°N\Ef . The projec-
tion f, of f on E{-is in BP. Set a;=sup { (fi, x): &, in B,}. Since we assume B
circled, for e>0 there exists x, in B; with (f;, x;) >a:—e¢/n. The x in E which
is x, if £ is in F and is 0 otherwise is in B so that 1= (f, x) = 2_(fs, ) = D
—e¢; it follows that Y a,=<1. Writing f= D a.(f,/a:) and noting that f./a,
is in W, we conclude that f is in W. Since every f in B° is in some B°N\E/,
we have B°C .

This implies that the ordinary topology, which is weaker than the weak
GF topology, is also stronger than the strong GF topology.

THEOREM 5. Every bounded linear form on E is continuous on N.

Proof. If this were not so, there would exist sequences ¢, in 4 and x, in
E., such that (f, Ix,) =n. The sequence Ix,, however, is bounded.

COROLLARY. E is boundedly closed if and only if every bounded linear form
on E 1s uniquely determined by its behavior on N.

Proof. The restriction of f to N is continuous there; since N is dense in E,
f has a continuous extension over E.

COROLLARY. E is boundedly closed if and only if N 1is dense in E in the weak
topology determined on E by the space of bounded linear forms.

COROLLARY. E 15 not boundedly closed if and only if there exists a nonzero
bounded linear form on E which vanishes on N.

We suppose now that the factor spaces E; are metric spaces and con-
sider the question of the bounded closure of E. Some of the results which
follow have been obtained in a less general context by Mackey [11] and
Ulam [17]; these authors, however, employ arguments essentially different
from ours.

We suppose that f is some fixed nontrivial bounded linear form on
E=E(A4), and that L is the class of subsets K of 4 such that x(!) =0 on K
implies (f, x) =0. It is convenient to present our argument in a sequence of
lemmas.

LemMA 1. If A is the union of an ascending sequence of sets A, there exists
N such that n= N implies A, is in L.
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Proof. If no 4, is in L, there exists, for every %, an x, in E which vanishes
on A, and for which (f, x,) =n. This cannot happen, however, since any such
sequence is bounded. It follows that some 4, is in L, and obviously any set
containing a set in L is also in L.

LEMMA 2. There exist neighborhoods V', in E, such that f is bounded on V,
the direct product of the V..

Proof. Write the neighborhood system in E; as V., and for each # let V,
be the direct product of the sets V. If f is unbounded on V,, there exists
x, in V, with (f, x,) =n. The sequence x, converges to 0, hence is a bounded
set, and (f, x,) =7 is impossible.

LEMMA 3. f s sequentially continuous.

Proof. We suppose that there is a sequence x, converging to 0 in E for
which | (f, #.)| >1 and deduce a contradiction. Choose the neighborhoods
V.in E,; so that I (f, x)[ =<1 for all x in V, their direct product. Let 4, be the
set of all ¢ in 4 for which m=#» implies x,()E V. A is the union of the
ascending sequence 4,, and by Lemma 1 there exists N such that Ay is in
L. Let y, be the element of E which coincides with x, on 4y and vanishes
els]ewherel; clearly (f, ¥) = (f, ). For every n = N, y, is in V, whence | (, x,.)]
= (fv yn) =1.

LEMMA 4. The family L is closed under finite or countable set intersection.

Proof. If B and D are sets in L, and x in E vanishes on BN\D, let y be that
element of E which vanishes on B and coincides with x elsewhere. Writing
x=y+x—y. we see that (f, x) =(f, )+ (f, x—) =0, since y vanishes on B
and x—v on D. It follows that L is closed under finite intersection.

If the sets D, form a descending sequence of sets in L and x in E vanishes
on ND,, let y, be that element of E which vanishes on D, and coincides
with x elsewhere. Then y, converges to x and (f, y.) =0 for all #; the sequen-
tial continuity of f implies that (f, x) =0.

LeEMMA 5. Let Q be the class of all subsets of A which intersect every set in L.
Q contains at most finitely many disjoint sets.

Proof. If B, is a sequence of disjoint sets in Q, let 44 denote the comple-
ment of their union, and let 4,=U}.,; (40\UB,). The 4, form an ascending
sequence of sets whose union is 4. By Lemma 1 there exists N such that
Ay isin L. If n> N, B, fails to intersect 4y, hence is not in Q.

LEMMA 6. If M is a set in Q which is the union of finitely many disjoint
sets M;, then at least one M; is in Q.

Proof. If not, then for every M, there is a set 4; in L such that M;N\A4;
is empty. 49=N4;is in L and MMN4, is empty, so that M is not in Q.
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LEMMA 7. Let M; be a maximal collection of disjoint sets in Q and suppose
that Ny, 1s another such collection. There exists a maximal collection M ¥ which is
a refinement of both M; and N,.

Proof. Consider the family of sets MM\ N;. It is easy to see that one and
only one of these sets is in Q. Call it M;*. Form similarly the other sets M}.
Evidently each M* is contained in the intersection of an M; and an N,
and the collection M * is a maximal collection of disjoint sets in Q.

We introduce a set of measures associated with a maximal family of dis-
joint sets in Q. If Sis a subset of 4, write m;(S) =1if M;NSisin Q, m:(S) =0
otherwise.

LeEMMA 8. Each m; is a countably additive measure on A for which every
subset of A is measurable.

Proof. It is clear that we have only to show the countable additivity.
Let S be the union of a sequence of disjoint sets S,, and let m be one of the
m;. At most one of the S, has positive measure, since m(S,) =m(S;) =1 im-
plies that M;N\S, and M;N\S; are disjoint sets in Q, contrary to the maxi-
mality of the family M. If one S,, say S, does have positive measure, clearly
m(S) =m(S,) =1. If no S, has positive measure, then there exists for each # a
set A, in L such that M;N\S,NA4,is empty. Because of Lemma 4, 4,=N4,, is
in L, and as M;N\S.MNA, is empty for all n, M;N\SMNA, is empty. Thus
M;N\S fails to intersect a set in L and cannot lie in Q so that m(S) = >_m(S,)
=0.

LEMMA 9. The measures m; depend only on the linear form f.

Proof. The set families L and Q depend only on f; we have to show that
the m; do not depend on the particular choice of the maximal family M.
Let Ni be another family of disjoint sets in Q which is also maximal, and let
M ¥ be the refinement of M; and Ny provided by Lemma 7. Now m;(S) =1 if
and only if M;N\S is in Q, which happens if and only if M*NS is in Q, i.e.,
m;(S) =1 if and only if m*(S) =1. Similarly, after the subscripts have been
suitably arranged, #x(S) =1 if and only if m*(S) =1. The measures m; and
nx then coincide, except possibly for order.

LemMMA 10. If x is in E and D 1is a subset of A outside of which x(t) =0, then
m;i(D) =0 for all 1 implies (f, x) =0.

Proof. For each 7 there exists 4, in L such that M;N\DNA4; is empty. If
A, is the intersection of the 4, then 4, is in L and M, \DNA, is empty for
all 7. Since the M, are maximal, D/N\A, cannot be in Q and there exists 4*
in L such that DNNA,NA* is empty. Ao\A* is a set in L lying in the com-
plement of D; hence x(#) =0 on a set in L, and (f, x) =0.

We sum up our results in the following theorem.
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THEOREM 6. If f is a bounded linear form on E, the direct product of metric
spaces, f is sequentially continuous;there is associated with f a finite set of atomic
measures m; on A such that m(A) =1, every subset of A is m;-measurable, m;
is countably additive, and if x(¢) in E vanishes on a set of positive m; measure for
all 1, then (f, x) =0.

It is easy to see that if the bounded linear form f is continuous, then to
each 7 there corresponds a point ¢; of 4, and this collection of points forms the
unique maximal collection of disjoint sets in Q. If, however, f is not con-
tinuous, then at least one of the associated measures vanishes on finite sets.
The problem of the existence of such a measure on an arbitrary set 4 has
been considered by Ulam [17]. Let us agree to call a measure m on 4 a U-
measure if m is countably additive, m(4) =1, m is atomic and vanishes
on finite sets, and every subset of 4 is m-measurable. It is clear that if the
set 4 admits no U-measure, then E(4) is boundedly closed. It is easy to
establish the converse. If m is a U-measure on 4, then every complex-valued
function on A4 is measurable and indeed integrable. If for every ¢ in 4 we
choose a nonzero f, in E{, and define (g, x) = [4(fs, x:) dm, it is clear that g
is a bounded discontinuous linear form on E(4). Thus we have the following:

CoROLLARY. E(A4), the direct product of metric spaces 1s boundedly closed
if and only if A admits no U-measure.

We are now in a position to drop the hypothesis that the factor spaces
E, are metric spaces and to obtain the following theorem.

THEOREM 7. E(A), the direct product of boundedly closed locally convex
spaces, is boundedly closed if and only if A admits no U-measure.

Proof. That the existence of a U-measure on 4 implies that E(4) is not
boundedly closed has been established in the proof of the corollary above,
where no use was made of the hypothesis that the spaces E; were metric.

If E(4) is not boundedly closed, by the corollary of Theorem 5 there
exists a bounded linear form f vanishing on N. Choose x in E(4) such that
(f, x)#0, and for every complex-valued function y(¢) on 4 write (g, ¥)
=(f, 2_y(t)x:) where x, is the projection of x on E,. g is a bounded discon-
tinuous linear form on the direct product of complex planes; hence by the
corollary above, there exists a U-measure on 4.

From Theorem 7 it follows that the bounded closure of E(A4) depends
only on the cardinality of the set 4, and in no way on the character of the
locally convex spaces E.. '

Suppose that N’ is the smallest cardinal number for which there exists a
set A of that cardinality which admits a U-measure. Ulam [17] has shown:
(1) N’ is a strongly inaccessible cardinal, and (2) N <N’ implies 28 <N,
whence N’ is at least as great as the cardinal Y ., C(n), where C(0)=
and C(n) =260,
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3. Continuous function spaces. In this section, we investigate the status
of bounded closure, symmetry, and GF topologies in continuous function
spaces and their duals. We use the following notation.

S is any locally compact Hausdorff space. E = C(S) is the vector space of
all complex-valued continuous functions on S. The topology on E is called
the compact-open topology, and is that obtained by taking as neighborhoods
of the origin all sets of the form: V(C, €) =all x(¢) in E which are at most ¢
in absolute value on C, where C is a compact subset of S and e is positive.
Convergence in E is uniform convergence on compact subsets of S. H(C) is
the subspace of E consisting of all functions which vanish on C; or, equiva-
lently, the null space of the semi-norm associated with the neighborhood
V(C, e).

Let V=V(C, € be a neighborhood in E and let v(x) be the associated
semi-norm. E,=E/H(C) with v(x) as norm is the usual Banach space of
continuous functions on the compact Hausdorff space C. Its dual (E,)’ is the
space (E'), appearing in the definition of the stronger of the two natural GF
topologies on E’. Each f in E’ lies in some (E'),=(E,)’ and is therefore a
measure on the set C; or, if we wish, a measure on .S which vanishes outside C.
Thus E’ can be described as the space of all Borel measures on S which
vanish outside a compact set.

It is easy to see that the bounded sets in E’ which are bounded on a
neighborhood consist of measures all of which vanish outside a common
compact set. For some Hausdorff spaces S there exist bounded subsets of
E’ without this property, as we shall show by an example, so there exist
spaces E=C(S) which are not symmetric. On the other hand, if S is a
countable union of compact sets, E is metric and surely symmetric. In
addition, we can state the following theorem.

THEOREM 1. If S s paracompact, E is symmetric.

Proof. By a result of Dieudonné, the paracompactness of S implies that
E is a direct product of metric spaces, hence symmetric. We prefer, however,
to give our own proof.

The paracompactness and local compactness insure the existence of a
covering (O,) of S with the properties: (a) O, is open and has compact
closure and (b) no compact set intersects more than a finite number of the O,.

Let B be a bounded subset of E’, and set p(x) =sup {|(f, x)[ : fin B}.
There is a finite set F of indices such that p(x) =0 for every x whose support
is contained in an O, with a not in F. For in the contrary case we can find
sequences a, and x,, with x, vanishing outside O,, and p(x,) =n. Because of
(b) above the sequence %, is bounded uniformly on each compact set, hence
bounded in E, and p(x,) =# is impossible. Let C be the closure of UsgrOa.

Let a.(¢) be a partition of unity for the covering O, [15]. The a.(f) have
the properties: a.(t) 20; a.(f) =0 outside O,; and for all ¢, Y a.(t) =1. Each
x in N, the space of functions vanishing outside a compact set, can be written
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as a finite sum x = Y_a.x. If x vanishes on C, each term in the sum has sup-
port contained in an O, with « not in F and p(x) £ D_p(a.x) =0. Thus p(x)
vanishes on H(C)N\N, p(x), as a sup of continuous functions, is lower semi-
continuous, and H(C)N\N is dense in H(C), so that p(x) vanishes on H(C).

Let D be the bounded set in E of functions at most 1 in absolute value.
p(x) is clearly bounded on H(C)+D, which, as we shall see, contains a
neighborhood.

Let O be an open set with compact closure containing C, and let e(¢) be
a function in E which vanishes on C, equals 1 on the complement of O, and
is between 0 and 1 elsewhere. Any x in V(O, 1) can be written as x(¢) =e($)x(¢)
+ (1 —e(?))x(t), and evidently e(¢)x(¢) is in H(C) while the other term is in
D. Thus V(0, 1) is contained in H(C)+D.

THEOREM 2. If E is symmelric, then the ordinary topology and the natural
GF topology coincide on bounded subsets of E’.

Proof. Because 7" is weaker than the GF topology, it is sufficient to show
that every bounded net f, which converges to 0 for T’ also converges to 0
for the GF topology. The f,, being bounded, lie in the polar of a neighborhood
V(C, €). The f, then vanish on H(C). Since they converge to 0 uniformly on
the set D of functions at most 1 in absolute value, they converge to 0 uni-
formly on H(C)+ D, which, as we have seen in the last theorem, contains a
neighborhood U. The f, thus converge to 0 in E}, a fortiori in the GF topology.

COROLLARY. If E is symmetric, then every bounded linear form on E' is
continuous on bounded sets. In particular, every bounded linear form is sequen-
tially continuous.

Proof. By the theorem, every bounded convergent net is GF convergent.
At the same time, every bounded linear form is GF continuous.

THEOREM 3. If S 1s a countable union of compact sets, then E is symmetric
and has a GF dual.

Proof. As we have observed, the symmetry follows from the fact that E
is metric. In view of Theorem 2 it will complete the proof to show that the
dual of a metric space does not admit a locally convex topology which is
properly stronger than the ordinary topology and which coincides with the
latter on bounded sets. A. Grothendieck has announced this result without
proof [9]. We therefore provide our own.

THEOREM 4. Let E be a metric space with a descending sequence of neighbor-
hoods V.. If W is a convex circled subset of E' such that WN\VY is a neighbor-
hood in V,° for each n, then W is a neighborhood in E'.

Proof. By hypothesis we can find for each # a bounded set 4, in E such
that ASN\VO CW. Let @, for k=n, be a number such that 4,Ca. Vi, and
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let ¢x be a number such that (¢c; Vi)® S W. Setting ax =max (@, cx, 1: n=<k),
define B=Ny_, ax Vi, B, =Ny ,a: Vi, and C,=N}Z1a. V. If k=5, then ar=aw,
and @ ViDan ViDA4,, sothat 4, B,. Therefore B CAQ, and BONVOCAQ
NVPCW. By the lemma of the first section, CO C W. Again by that lemma
BONVR =(B,NC,)°PNVLC(BS4CO)N VY, and we show that the last set
is a subset of 4W. Every element of the last set is expressible in the form
f+g=h, where f is in BY, g is in C?, and & is in VQ. Since C, contains V,,
CP is contained in V2, and f=h=gisin 2V®. Thus f is in 2(VONB)C2W,
and f+gis in 2W+ CO C4W. Since, now, BON VO C4W for every n, B°C4W,
or (4B)°CW.

We give the promised example of a continuous function space which is not
symmetric.

THEOREM S. If S is sequentially compact but not compact, then E is neither
symmetric nor boundedly closed.

Proof. Each bounded subset B of E consists of functions bounded uni-
formly on S. If this were not the case, B would fail to be bounded uniformly
on some convergent sequence of points in S, which is impossible, since B
must be bounded uniformly on each compact set. In particular, each x(¢) in
E is bounded. We conclude immediately that the set of all point functionals
(linear forms f defined by a point £, in S and the equation (f, x) =x(¢,)) is a
bounded set in E’. It is not bounded on a neighborhood, and E is not sym-
metric.

Suppose for the moment that E is the space of real rather than complex
functions. It follows from the first paragraph that every non-negative linear
form on E is bounded, and that ||x|| =sup {|x(#)|: ¢ in S} is a well defined
norm on E. A linear form which is continuous with respect to this norm is a
difference of non-negative linear forms [3] and therefore is bounded.

The subspace N of functions which vanish outside a compact set is not
norm dense in E, so there exists a nonzero norm continuous linear form f
which vanishes on N. f is bounded, but cannot be continuous since N is
dense in E.

To extend f to the space of complex functions write the complex function
2(t) as 2(¢) =x(¢) +1y(¢) where x(¢) and y(¢) are real. Then define (f, 2) =(f, x)
+i(f, ¥).

The representation theorems given in the introduction, Theorem 5, and
the results of the preceding section can be used to show that closed subspaces
do not inherit the properties of symmetry and bounded closure. A standard
example of a Hausdorff space which is sequentially compact but not com-
pact is obtained from the ordinal numbers. Let ¢ be the first uncountable
cardinal and let S be the first ordinal with cardinal number ¢ (equivalently,
the set of all ordinals with cardinal number less than ¢). The neighborhoods
of a point in .S are the intervals containing the point. Each interval 0<¢=<t¢*
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is compact and every compact set is contained in such an interval, so that
the semi-norms defined by these intervals describe the topology of C(S).
Since there are ¢ intervals, E is a subspace of a direct product of ¢ Banach
spaces, and the latter, after §2, is symmetric and boundedly closed. Thus
C(S) is neither symmetric nor boundedly closed, although it is a closed sub-
space of a space having both of those properties.

Even the relatively strong topology on E=C(S) is not symmetric. We
have shown that the bounded sets in E are the norm bounded sets, which
means that E’ and E’” are both normed linear spaces. The relatively strong
topology on E, however, is not metric, since E is not boundedly closed.

Another example, especially interesting because it is semi-reflexive, of a
space which is not symmetric in its relatively strong topology is the space
E=F' with the topology T(F’, F), where F is a nonreflexive Banach space.
E’ is F in its norm topology and E’’ is F’ in its norm topology. As F is not
reflexive, the norm topology on F’ is properly stronger than T'(F’, F).

4, Metric and LF spaces. We have observed that every metric space is
symmetric, so that there is only one natural GF topology on its dual. We
show now that a metric space has a GF dual whenever it has a symmetric
dual. In particular every reflexive metric space has a GF dual. We show also
that every reflexive LF space has a GF dual.

Throughout this section, except in the last theorem, E denotes a locally
~ convex metric space. E’'* denotes the space of bounded linear forms on E'.
The sets B® for B a bounded set in E’ form a neighborhood system in E’*,
as wellasin E”’, and topological termsrefer to this topology unless some other
is specifically mentioned.

Theorems 1 and 3 are generalizations of theorems announced without
proof by A. Grothendieck [9].

THEOREM 1. Each bounded subset B of E'* is contained in the weak-star
closure (in E'*) of a bounded subset C of E".

Proof. Let V, be the descending sequence of neighborhoods in E, and set
@, =sup { I (2, f)l :fin VP, zin B } The convex envelope W of the sets 1/a, V2
is a GF neighborhood, so the set W© is bounded in E'*, and C=W°NE" is
bounded in E”.

First we show that each z in B is in the weak-star closure of Ni_,a: V3. If
this is not true, there is an f in E’ such that (z, f) > 1 while ] f | <1on N} ax V.
As a,V; is closed and 1/a,V§ is weak-star compact, the set (Nj.,a:V)© is
the convex envelope of the sets 1/a;V{ (k=1, - - -, n), which is contained
in W. Thus f is in W and, since Izl <1on W, (3 f) >1 is not possible.

Now, given f in E’, we can find x, in N}_,a:V; so that I(f, %) — (2, f)l
<1/n. The sequence x, is evidently bounded in E, and has a weak-star
cluster point ¥ in E”. If m is any fixed integer and n=m, |x.| <1 on the
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convex envelope of 1/a;V (k=1, - - -, m). Therefore yl =1 on the con-
vex envelope of the same set. Because m is arbitrary, | y| =1 on W; that is,
y is in C. At the same time, (y, f) =(2, f). In other words z and C cannot be
separated by a hyperplane, and z must lie in the weak-star closure of C.

CorOLLARY. The GF topology has a fundamental system of T’ closed
neighborhoods.

Proof. If B is a weak-star compact set in E'* and C is a bounded set in
E" whose weak-star closure contains B, then the polar of B contains the
polar of the weak-star closure of C, which is the same as the polar of C. The
polar of C is closed. In this way an arbitrary GF neighborhood contains a
closed one.

It is interesting to notice in this connection that the ordinary topology on
the dual of any locally convex space is the strongest having a fundamental
system of weak-star closed neighborhoods. For a weak-star closed convex and
circled set always has the form B°. If B° is to be a neighborhood, B must
be bounded, and B is then an ordinary neighborhood.

As an immediate consequence of Theorem 1 we have:

THEOREM 2. If the dual of E is symmetric, then it is a GF dual.

We note, at this point, that A. Grothendieck has discovered an example
of an F space with a nonsymmetric dual [8]; hence the dual of a metric
space need not be symmetric; nevertheless we do have:

THEOREM 3. If a bounded subset B of E' is the union of a sequence of sets
B, each of which is bounded on a neighborhood in E’, then B is bounded on a
neighborhood in E'.

Proof. Let ¢, =sup {[ (2, f)] :fin V9, zin B } By hypothesis there is a
bounded set C, in E such that B,CCO°CE"”. There are numbers @, such
that C,Cau Vi for k=n. Let by =max (ck, @u: n=<k). Now, if n Sk, @ Z b,
which implies that a.ViCbhiVi, so that Ni,i18.ViCNimpi1b Vi, and
(N 10 V)P C (Mg 118 V)OS CP. Hence B, =<1 on (Nin,.18:V)©. Also
B.=<1 on 1/b:V2, and therefore on the convex envelope for k=1, - - -, .
Since b Vi is closed and 1/6,V is compact, the convex envelope
of 1/b, V9 (k=1, - -, n) is (Ni;5:Vi)°. Finally B,<2 on (N5 Vi)°
+ (N5 n415: Vi) ©, which contains (N£36, Vi)©. The last set is a neighborhood
on which all B, are bounded.

We conclude the discussion of metric spaces with an extension of the
interior mapping theorem of §1. A weak-star continuous transformation
from F’ to E' is one which is continuous when both F’ and E’ have the weak-
star topologies.

THEOREM 4. If E and F are F spaces and E has a GF dual, then every
weak-star continuous linear transformation T of F' onto E’ is a homomorphism.
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Proof. Since the duals of E’ and F’ are, respectively, E and F when E’
and F’ have the weak-star topologies, the adjoint of T is a continuous linear
transformation S from E to F. Furthermore, S* =T. We apply the following
result of Dieudonné and Schwartz [7].

Let E and F be F spaces and let » be a continuous linear transformation
from E into F. In order that # be an isomorphism of E into F it is necessary
and sufficient that u*(F)=E'.

Clearly S(E) is closed in F, for E is complete and S is an isomorphism.
The hypotheses of the interior mapping theorem of the first section are
satisfied and that theorem asserts that 7"'=S* is a homomorphism.

It is a consequence of Theorem 2 that every reflexive F space has a GF
dual. We establish the same conclusion for reflexive LF spaces.

THEOREM 5. Every reflexive LF space E has a GF dual.

Proof. Let E, be the defining sequence of F spaces and let 2 be a bounded
linear form on E’. We parallel an argument of Dieudonné and Schwartz [7]
to show that z vanishes on some EQ. If it does not, there exists f, in ES with
(3, f») =n. But each x in E is in all but a finite number of E, so that (fa, %)
=0 for all but a finite number of #, and the sequence f, is weak-star bounded,
hence bounded in E’. Thus (z, f.) =# is impossible.

If 2z vanishes on ES, then z can be regarded as a linear form on E’/EQ
=E, . Since E, is symmetric, the bounded sets in E, are the polars of
neighborhoods, that is, sets of the type (VNE,)° = VO+E?, where V is a
neighborhood in E. As 2 is bounded on E’, it is bounded on each of these sets
and is a bounded linear form on E, . E/, being the dual of a reflexive F
space, is boundedly closed, so that zlies in E, and hence in E. E’ is boundedly
closed.

We have observed that the dual of any semi-reflexive space is symmetric.
It follows that the ordinary topology of E’ is a GF topology. The symmetry
of E insures that the two natural GF topologies of E’ coincide and have the
dual E’*=E. Application of the uniqueness theorem completes the proof.
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