APPLICATIONS OF MARTINGALE SYSTEM THEOREMS

BY
J. L. SNELL()

1. Basic definitions. The following definitions are all relative to a triple
(2, B, Pr) in which Q is a space with points denoted by w, B is a Borel field
of subsets of @ which includes 2, and Pr is a completely additive set function
defined on sets of B such that for AEB, 0<Pr {A} <Pr {Q} =1. A random
variable is a function defined on @ having values on the real line extended by
the adjunction of — «, 4 © and which is measurable with respect to B, i.e.,
for every real number 7, the w set {x(w) ér} is an element of B. In the follow-
ing the Borel fields discussed will be assumed to be subfields of B which in-
clude the set Q. If {x, t&T} is any collection of random variables, the
Borel field generated by this collection is the smallest Borel field with re-
spect to which every member of the collection is measurable. A stochastic
process is a collection {x,, F,, tET}, where T is a subset of the extended real
line, { F;, tE T} is an increasing collection of Borel fields in the sense that for
t1<tp, F,,CF, and x, is a random variable measurable with respect to F, or
equal for almost all w to such a function. If the collection {x, tET} is re-
ferred to as a stochastic process, it will be understood that F, is the Borel
field generated by {x,, s<t, s€T}.

By means of the probability measure Pr we define a Lebesgue integral
and if a random variable x is integrable, we say that the expected value of
x exists and define the expected value, written E{x}, by E{x} = [oxdpr.
We do not require that E{x} be finite. Let x be a random variable such that
E{x} exists and F be a Borel field. Then ¢ defined by ¢ {A } = [xxdpr for AEF
is a completely additive set function defined on F which is absolutely continu-
ous with respect to probability measure, in the sense that ¢{A} =0 if
Pr {A} =0. By a generalization of the Radon-Nikodym theorem [5, p. 169]
there exists a random variable y which is measurable with respect to F,
for which E{y} exists, and such that ¢ {A} = faydpr. The random variable
vy is unique up to a set of probability measure zero. This discussion justifies
the following definition.

DEFINITION 1.1. Let x be a random variable such that E{x} exists and
let F be a Borel field. The conditional expectation of x relative to F, written
E{x||F}, is defined as any w function y which is equal for almost all w to a
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function measurable with respect to F, such that E{y} exists, and such that

fydpr =fxdpr
A A

for all AEF.

DEFINITION 1.2. A stochastic process {x;, Fy, t& T} is a martingale if
(a) E{|x]|} <= forallt &€ T
(b) E{z||F.} =

with probability one whenever s <t.
Such a stochastic process is a semimartingale if condition (a) is satisfied
and condition (b) is replaced by

(b,) E{x!“Fs} g Xg

with probability one whenever s <¢.

If in the above definitions condition (a) is weakened to require only that
E{x.} exists as a finite or infinite number, we shall refer to tnese processes as
generalized martingales and generalized semimartingales.

The development of martingales and semimartingales is contained in a
forthcoming book by J. L. Doob [3, Chapter 7]. We shall give here some of
the basic properties of these processes. The following two theorems are due
to Doob.

THEOREM 1.1. If {x., Fa, n=1} is a semimartingale such that sup, E{ | x.| }
< o, then lim, ., X, =X, exists with probability one, and E{ lxwl } <0,

THEOREM 1.2. Let z be a random variable with E{|s|} <~ and FiCF,
C - - - be an increasing sequence of Borel fields. Then E{z” F, }, F,,1=n< w,
15 @ martingale and lim,, . E{zIIFn} =E{2.'”F°° } Here F, is the smallest Borel
field such that Fo, DUF,. The random variables of this martingale are uniformly
integrable.

Note that by condition (b) of Definition 1.2, if {x., F., =1} is a martin-
gale, then E{x,} =E{x:} for all n. Hence Theorem 1.1 implies that any
martingale with non-negative random variables converges with probability
one. If {xn, F., ngl} is a semimartingale, then by condition (b’) we have
that E {x,,} is monotone nondecreasing with #, so that if the random variables
are nonpositive, Theorem 1.2 implies that the random variables converge
with probability one.

The following interpretation of the elements of a stochastic process has
been found to be useful in the study of martingales. Let {x., Fa, n=1} be
a stochastic process. Consider x; to be a gambler’s initial fortune and x, his
fortune after » —1 plays in a gambling game. Let F, represent his knowledge
of the past and present after n —1 plays. This knowledge includes the values
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of the first # random variables of the process. If {x,., F,,nz1 } is a generalized
semimartingale, the property E{x,.HHFn} =x, can be interpreted to mean
that the game is favorable to the gambler. In the case of a generalized
martingale, E{xq41||Fa} =%, can be interpreted to mean that the game is
fair. Such an interpretation has suggested a class of theorems called system
theorems. These theorems are suggested by the fact that a favorable or a
fair game should still be favorable or fair if the gambler adopts a system of
play in place of simply making every play. For example suppose that the
gambler is permitted at each stage of play either to make the nth play with
resulting gain x.41—x, or to pass up the play with resulting zero gain. A
system of play for the gambler then can be described by a sequence {u,}
of random variables such that #,(w) =1 if the gambler decides to make the
nth play and u,.(w) =0 if the gambler decides not to make this play. We im-
pose the condition {u,(w)=1} € F, corresponding to the fact that the player
must base his decision whether or not to make the nth play only on his
knowledge of the past and present. Under such a system of play his fortune
is given by { aE,.} where %, is defined by

n—1
B = 24 2w — ).
1

The gambling interpretation suggests that if {x,, F., #=1} is a semimartin-
gale (martingale), then the stochastic process {#,, F., #=1} should also be
a semimartingale (martingale). Also in the case of the semimartingale we
should expect that E{#,} <E{x,} corresponding to the intuitive idea that,
‘the game being favorable, there should be no advantage to omitting any of
the plays. In §2 of this paper we shall give a “system” theorem suggested by
the above reasoning, and show the application of such a theorem to the study
of convergence properties of semimartingales. In §3 we shall discuss a game
problem which has applications in statistical decision theory.

2. Convergence properties of generalized semimartingales. The follow-
ing system theorem is suggested by the discussion at the end of §1. A closely
related theorem has been studied by Halmos [6].

THEOREM 2.1. Let X = {x,, F., n21} be a martingale and {tny, n=1} a
sequence of random variables such that u, is measurable with respect to F.,.
Define %, by

n—1 .
&= 2 ui(2i1 — %) + %1
1
If E{Ix,.l } < o for all n, then X = {a?,,, F,, ngl} is a martingale. If X is a
semimartingale and the u,’s are non-negative, then X is a semimartingale. If in
this case the u,'s take on only the values 0 and 1, we have

(2.1) E{&|F.} < E{x.|F:}
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with probability one.
Proof. From the definition of %, we have
(2.1.1) E{ %1 — &||Fa} = E{tta(#ns — 2,)||Fa}
with probability one. Since #, is measurable with respect to F,,
(2.1.2) E{ty(%ni1 — 2n)||Fu} = tnE{ %01 — 2:]|Fn}

with probability one. Hence if X is a martingale, the right side of (2.1.2) is
equal to 0, and if X is a semimartingale and %, =0, the right side of (2.1.2)
is greater than or equal to 0. Hence, by (2.1.1), X is a martingale in the first
case and a semimartingale in the second. Finally, assume that u, takes on
only the values 0 or 1. Let VEF,. Then,

(2.1.3) f(xn — Za)dpr = nil (%jp1 — x;)dpr

=1 {uj(w)=0}

and since {uj(w) =O} € F; and X is a semimartingale, each term of the sum
on the right side of (2.1.3) is greater than or equal to 0. This completes the
proof.

Let &, bs, - - -, b, be any real numbers, and let 7, 7, be real numbers
with 7; <r;. The number of upcrossings b of the interval [ry, 72] by by, - - -, ba
is defined as the number of times the sequence by, bs, - - -, b, passes from
below 7, to above r,. More precisely, let b,, be the first b; (if any) for which
bi=r1, and in general let b,; be the first b; (if any) after b,,_, for which

b; = 7 (§ even), b; £ r1 (4 odd).

Then the number of upcrossings is b where 2b is the largest even integer j for
which b,; is defined, and b =0 if b,, is not defined.

Doob [4] has proved that if {x,,, F,, 1=n= m} is a martingale, and if
b(w) is the number of upcrossings of [r1, 72] by x1(w), - * - , *¥m(w), then

Bl +ln

E{s}

Yo — 71
We shall now prove a similar inequality for generalized semimartingales.

THEOREM 2.2. Let {x,,, F.,, léngm} be a generalized semimartingale, and
let b(w) be the number of upcrossings of [r1, r2] by the sequence x(w), - - -,
Xm(w). Then

Ef(2n — r)*||F:}

T2 — 71

(2.2) E{b||F,} =

with probability one(?).

(2) Throughout this paper we shall use the notation x* for max (x, 0) and x~ for min (x, 0).
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‘Before proving the theorem, we note that if expectations of both sides of
(2.2) are taken, we obtain

E{Gen = r)*} _ Bl zal} +1n]

re —n 2 — 71

E{b} =

Thus Doob’s result is true also for semimartingales. To prove the theorem we
assume first that the x,’s are non-negative and that r; =0. Define w functions
S, * * *, Sm as in the definition of upcrossings in terms of xi(w) =5, - - -,
Xm(w) =bm. Define s,(w) =m-+1 if not otherwise defined. Define random vari-
ables u1, - * +, #m_ by

o(w) =1 if si(w) £ 7 < sip1(w) for 7 odd
= 0 otherwise.

Then u, is measurable with respect to F, since

{to(w) = 1} = 'L{id{{&(w) < n} — {sin(w) S n}}.
If we now interpret x; as a gambler’s initial fortune and x, as his fortune
after n—1 plays of a game of chance, then we see that during the plays
which occur between s;(w) and s;41(w), for 7 odd and s;41(w) < m, the gambler’s
fortune increases by at least an amount 7,. Since the number of such intervals
is b(w), we see that if the gambler were to make only these plays, his final
fortune, call it x(w), would satisfy the following inequality:

(2.2.1) 2(w) = rod(w).

Such a system of play is described by means of the «,’s and then x(w) =x;(w)
+ 207 ui(w) (i1 (@) —x;(w)). If E{|x.|} < for all #, by Theorem 2.1 we
have

(2.2.2) E{4||F\} < E{x.|F:}

with probability one. Without assuming the E{|x.| } < = the proof follows
that of Theorem 2.1 since all the relevant expectations exist in this case.
Combining (2.2.1) and (2.2.2) we have

E{ xn[F1}

72

E{b||F,} =

with probability one as was to be proved. To prove the general case in which
it is not assi'med that the x,’s are non-negative and 7, =0, we proceed as
follows. Let

i”=(xn_rl)+’ n:l’...’m.

Then it is easily seen that {af:,,, F,,1=n §m} is a generalized semimartingale
and that the number of upcrossings of [ri, 2] by x1(w), - - -, *m(w) is the
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same as the number of upcrossings of [0, r,—71] by #(w), - * + , Zm(w). Thus
by the first part of the proof we have

E{za|F1}  E{(zxm — r)¥||Fy}

ro — 1 r2 —n

E{bl|F:} =

with probability one. This completes the proof.

COROLLARY 2.2. Let {%., Fa, LSn=<m} be a stochastic process such that
the random variables x, are non-negative and such that { —x., F., 1Sn<m}
is a generalized semimartingale. Let b(w) be the number of upcrossings of [r1, r2]

by x1(w), - - -, Xm(w) where ry>71>0. Then
279 — 1
E{bF) = ——
re — 1y

with probability one.

Proof. Let b be the number of upcrossings of {—x,, 1<#n=<m} for the
interval [—r;, —71]. Then by Theorem 2.2 we have

E{(—zn + r)*|F:}

T2 — 1

Eff|F.} =

with probability one. Since x,, is non-negative we have

[£]

(2.2.3) E{}|F.} =

re — 1)
with probability one. From the definition of b
(2.2.4) b(w) < b(w) + 1.
Combining (2.2.3) and (2.2.4) we have

27‘2 —_-n

Efol|F.} =
o — 71
with probability one, as was to be proved.
Using Theorem 2.2 it is easy to prove Doob’s Theorem 1.1. We shall in-
stead prove a slight generalization of Theorem 1.1 which will apply to gen-
eralized semimartingales.

THEOREM 2.3. Let X = {x,., F,, n21 } be a generalized semimartingale.
Then lim,, .., X.(w) =%,(w) exists as a finite or negatively infinite limit for almost
all w such that infy sup, E{x}||Fi} < .

We shall prove the theorem by showing that for almost all w such that the
sequence {x,,(w)} diverges or converges to + « we have for all k, with
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probability one,
(2.3.1) sup E{5,||Fi} = .
n

Let 7, >r; be real numbers and define V., by

Vi = {lim sup %,(w) > 79 > 7; > lim inf x,.(w)}.

Let bm(w) be the number of upcrossings of [ri, r2] by xx(w), « - -, Xm(w).
For w& V,;,, bk.m(w) goes monotonically to 4 « as n approaches infinity.
Hence by Theorem 2.2 we have (2.3.1) for almost all w in V,,,. Since any
point of divergence is in some V,,,, for r; and 7, rational, we have (2.3.1) for
almost all points of divergence. Let A = {lim x,(w) =+ « }. If (2.3.1) is not
true for almost all w of A, then for some N and some ko the set
AY = {sup E{x]||Fi,} <N} is such that Pr {AA¥}>0. But

(2.3.2) f E{%o||Fy, ) dpr = f wndpr, n 2 ko
AV AV

By Fatou’s lemma the right side of (2.3.2) approaches 4 « as n approaches
. The left side on the other hand is always less than N Pr {A¥}. This is a
contradiction. Hence a set such as A¥ cannot exist. This completes the proof.

COROLLARY 2.3. Let {x,, F., n=1} be a generalized martingale such that
for some random variable z with E{|z|} <, for all n21, E{Z||F.} <x.
with probability one. Then lim, ., x,.(w) =x.,(w) exists with probability one, is
finite for almost all w of the set {inf,, X (w) < o }, and E { x,o” Fl} < x, with prob-
ability one.

Proof. Let y, =x,— E{2||F.}. Then {y,, F.,n=1} is a generalized martin-
gale with non-negative random variables. By Theorem 1.2

lim E{z||F.} = E{4||F.}

with probability one. By Theorem 2.3, lim, ., ¥ =2, exists and is finite for
almost all @ of the set {inf, y.(w) < » }. Since inf, E{z||F.} =E{2||F.} <
with probability one, we have that lim, ., x, =x, exists and is finite for almost
all w of the set {inf Xa(w) < }, as was to be proved. Since y,=0 for all n
with probability one, it follows from Fatou’s lemma that E{ yw”Fl} =
with probability one and hence also that E { xw” F1} <x, with probability one.

Let x be a random variable with E{|x|} < ® and FCF.C - - - an in-
creasing sequence of Borel fields. Then by Theorem 1.2, lim E{x”F,.}
=E{x||F.} with probability one, where F, is the smallest Borel field which
includes U, F,. We shall now give an example to show that this result need
not hold if it is assumed only that E{x} exists.

Consider the probability space (2, B, Pr) with Q the interval [0, 1] of the
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real line, B the set of Lebesgue measurable sets, and Pr measure as Lebesgue
measure. Let F, be the field generated by the intervals [j/2%, (j+1)/2"],
j=0,1,---,2 1 Let F, be the smallest Borel field containing U,F,. De-
fine measurable functions {x,,, n= 1} such that x, is non-negative, and such
that

1 1
a Pria(w) = —fp 21— —
(a) { (w) 2”} »
and
1
(b) f Xudpr = —> j=0,1,.-.,27,
172", Gi+1)/2"] n

Let x= D _x,. Then x is finite-valued with probability one and

f xdpr = Y, X.dpr
[i/2*, (i+1)/2")

[i/2", (i+1) /2"
1
z2 —-
n N

Therefore, if VEF,, [yxdpr= =, so that E{x||F,} = « with probability
one. On the other hand E{x|| F.,} = with probability one since x is measur-
able with respect to F,. However, x is finite with probability one, so that
E{«||F.} <lim,.., E{x||F.} with probability one.

THEOREM 2.4. Let x be a random variable such that E{x}> — « and F,
CF,C - - an increasing sequence of Borel fields. Then lim E{x”F,,} =y
exists with probability one. Let F., be the smallest Borel field containing U,F,.
Then

(2.4.1) y 2 E{«F.}
with probability one. If Pr {y(w) < ™ } =1, then there is equality in (2.4.1).

By Theorem 1.1, lim E{x~||F.} =E{x7||F.} with probability one. The
process { E{x*||F.}, n=1} is a generalized martingale and by Corollary 2.3
lim E{x*||F.} =y* exists with probability one. To prove (2.4.1) it is thus
sufficient to prove

(2.4.2) ) y* 2 E{at|F.}

with probability one. Let x¥ =min (x*, N) with N a positive integer. By
Theorem 1.1

lim E{«¥||F,} = E{«"||F.}

n—w

with probability one. Hence for each V we have
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(2.4.3) y* z E{xV|F.,}
- with probability one. On the other hand,
(2.4.9 Jim E{zV||F,} = E{«|F.}

with probability one. Hence, by (2.4.3) and (2.4.4) we have (2.4.2). Assume
now that Pr {y(w)<w } =1. To prove equality in (2.4.1) we need only
prove that yt=FE {x+”Fw} with probability one. We shall do this by proving
that for any VEF,

(2.4.5) f ytdpr = f E{xH|F,}dpr.
14 14

The set function ¢ defined by ¢(V)=[yy*tdpr, VEFL, is sigma finite.
Here F., is the Borel field of sets of F,, and sets which differ from such sets by
sets of probability 0. Sigma finite means that there is a sequence {V;},
V;EF., such that @=U;V; and ¢(V;) < = for all j. That such a sequence
exists follows from the fact that Pr {y+(w) < } =1. By (2.4.2) the same is
true for the set function ¢’ defined by ¢'(V)=[yE{x*||F.}dpr, VEF..
Hence, these set functions are determined by their values for VEU,F,. It is
sufficient then to prove (2.4.5) for only these V. Let VEF,.. By Fatou’s
lemma,

fy*’dpr éfE{x*‘”F,,}dpr.
v v

But, for n>m, VEF, and F, so that

[ etelram = [ Bilnap
Therefore,
(2.4.6) fV ytdpr < j; E{zH|F.}dpr.
On the other hand, by (2.4.2),

fy*'dpr ng{fo“Fw}dpr.
v v

Hence, there must be equality in (2.4.6), as was to be proved.

3. A problem in sequential game theory. Let Z= {zn, F.,, ngl} be a
stochastic process. In this section we shall interpret z, as representing a
gambler’s loss after # plays of a gambling game, and F, as representing his
knowledge of the past and present at that time. With this interpretation,
assume that the gambler wishes to play for a while and then quit. A system
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for quitting play can be described by a random variable defined as follows:

DEFINITION 3.1. Let { F., n21} be an increasing sequence of Borel fields.
A random variable m whose values are positive integers or + « is a stopping
random variable relative to {F,, n=1} if

(a) {m(w)=j} differs by at most a set of probability 0 from a set of Fj.

(b) Pr {m(w)< © } =1.

The condition (a) corresponds to the fact that the decision to stop at
the jth play should be based only on the gambler’s information at that time.
Condition (b) gives the gambler a certain assurance of stopping some time.
If the gambler adopts a system for quitting defined by a stopping random
variable m, then he will have a final loss represented by z with

2(w) = zj(w) if m(w) =j
=0 if m(w) = .

We shall say that the pair (m, z) is a stopping pair for {z., Fa, n21}. We
shall be interested in this section in describing a “best” stapping random
variable assuming that the gambler thinks only in terms of minimizing the
expected value of his final loss.

DEFINITION 3.2. Let Z= {z,,, F,,n= 1} be a stochastic process such that
for any stopping pair (m, z) the E{z} exists. Then for €>0, (m, 3) is an €
mintimizing stopping pair if for any other stopping pair (7, z) for Z we have

E{z} =z E{s} — e

The stopping pair (m, z) for Z is a minimizing stopping pair if for any other
stopping pair (7, 2) for Z we have

E{z} = E{s}.

It is easily seen that if (m, 2) is a minimizing pair for Z and (7, 2) any
other stopping pair for Z, then for any &

E{i|F.} 2 E{s||F]

for almost all w of the set {#(w) =k, m(w)=k}. Hence if a gambler adopts a
system of stopping determined by a minimizing pair, in terms of expecta-
. tion, it will always look as good as any other system. We shall, in this part, be
interested in describing € minimizing and minimizing pairs.

We consider first the case that Z = {zn, F,, n= 1} is a generalized semi-
martingale. The semimartingale property suggests that in this case the game
is unfavorable and hence it would seem that the best thing to do is to quit as
soon as possible, i.e., that a minimizing pair should be determined by m =1
for all w. This is not true in general. In fact Doob [3] has given examples of
martingales Z= {2, F., 21} such that the random variables are non-
negative, E{z} =1, and lim,., 2,=0 with probability one. A martingale,
we recall, is a special case of a generalized semimartingale. For such a process
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an € minimizing pair exists for any ¢>0 and is determined by # defined by:

() = j} = {2:(0) > ¢ B <J, zi(w) < ¢}

= o if undefined above.

If (m, 2) is the stopping pair determined by #, then E{Z} <e. Hence it is
obvious that in this case m =1 does not determine a minimizing pair.

DEFINITION 3.3. A generalized semimartingale {2., F., n=1} is regular
if for any stopping pair (m, z) the E{z} exists and forn =1, 2, - - -

(3.3) E(dF.) 2 5

for almost all w of the set {m(w) __>=n}.

It is easily seen that for Z = {z,,, F,,n=1 } to beregular it is sufficient that
(3.3) be true for all (m, z) with m=k, with ky a fixed integer. Hence, if
Z ={32,, F,,n21} is a generalized semimartingale such that for some % it is
true that Z, = {z,., Fo,n gk} is regular, then Z is also regular.

If Z= {z,., F., n= 1} is a regular generalized semimartingale, then it is
clear that a minimizing pair is determined by m(w) =1 for all w. Note that
for such a process a minimizing pair for Zi = { 2., F., n=k} is determined by
m defined by m(w) =k for all w. Hence, for a game in which the loss is repre-
sented by a regular generalized semimartingale, at any stage of the play
the prospects do not warrant continuing play. We shall show that minimizing
pairs for more general processes can be obtained in terms of a regular general-
ized semimartingale. We shall need first to prove some results concerning
collections of semimartingales.

DEFINITION 3.4. Let {x, t&T} be a collection of random variables. The
ess sup:crx; is any random variable x such that, for any t&€T, x,<x with
probability one, and if y is any other random variable having this property,
then y <x with probability one.

It is clear from the above definition that any two ess sups for a given
collection are equal with probability one. Also if T is denumerable, then
sup:er ¥: is an ess sup.

THEOREM 3.2. Any collection {x,, teT } of random variables has an ess sup.

To prove this theorem introduce a partial ordering into the set of all
finitely additive set functions of bounded variation defined on the basic
Borel field B by putting ¢1 <¢2 if ¢1(V) <¢(V) for all VEB. Bochner and
Phillips [2] have shown that any collection of such set functions which has
an upper bound has a least upper bound. From their proof it is seen that if
the original set functions are completely additive and absolutely continuous
with respect to Pr measure, then the least upper bound will also have these
properties. Thus if ¢ is the least upper bound of the set functions {¢, t& T}
defined by
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(V) = farc tan xdpr for V € B,
v
then ¢ is absolutely continuous and
(V) = f xdpr for V €®.
v

It is clear then that tan x is an ess sup for {x,, tET}.

THEOREM 3.3. Let { X,, s€S} be a collection of generalized semimartingales
X,= {xm, F., ngl} having common Borel fields. Let x,=ess sup,cs Xs,n
If E{x,} exists for all n, then X = {x,, F,, n=1} is a generalized semimartin-
gale. If the X, are all regular, then X will also be regular provided that for any
stopping pair (m, x) for X the E{x} exists.

Proof. Since x, =ess sup,e s xs,» we have for any s&S and any n=2

(3.3.1) E{x||Fos} = E{#.||Faci}
with probability one. By the semimartingale property of X, we have also
(332) E{xa,n”Fn—l} = Xs,n-1

with probability one. Hence for any s&.S we have
(3 . 3 .3) E{ xn”Fn—l} g Xs,n—1
with probability one. Hence by the definition of ess sup

E{%,||Faz1} = esssup %01 = %a1
H=

with probability one for =2. Thus X is a generalized semimartingale. As-
sume now that the X, are regular. Let (, x) be a stopping pair for X with
m =k with probability one. By hypothesis E{x} exists. Then m determines
a stopping pair (m, x°) for X, for each s&.S and by the regularity of X,

E{x’”Fk} = Xk

with probability one. Since x = x* with probability one for each s, we have
E{4|Fi} = 0.
Hence,
E{x”Fk} Z €SS SUp %5,k = %
N=H]

with probability one. As previously remarked this is sufficient to assure the
regularity of X.

Let X = {x,, Fa,n=1} and ¥ = {y,, F., n=1} be two stochastic processes
having the same Borel fields. We shall say that ¥ <X with probability one
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if ¥, <x, with probability one for all . We shall say that ¥ =X with prob-
ability one if y,=x, with probability one for all .

DEFINITION 3.4. Let Z= {z,,, Fo,nz= 1} be a stochastic process. Then X
= {%., Fa, n=1} is a maximal generalized semimartingale (maximal generalized
regular semimartingale) relative to Z if X is a generalized semimartingale
(generalized regular semimartingale) with X <Z with probability one and
for any other such generalized semimartingale (generalized regular semi-
martingale) with ¥ <Z with probability one, we have also ¥<X with prob-
ability one.

It is clear from the above definition that any two maximal generalized
semimartingales (maximal generalized regular semimartingales) relative to
the same stochastic process are equal with probability one. Hence when we
refer to “the” maximal regular generalized semimartingale we shall under-
stand any particular representation.

In the following yve shall refer to:

HyrorHesis A. The stochastic process Z = {z,, F., n21} satisfies hy-
pothesis A if there exists a random variable » almost everywhere nonpositive
with E{u} > — « and such that z, =% with probability one for n=1.

THEOREM 3.4. Let Z= {z,., F,, ngl} be a stochastic process satisfying
hypothesis A. There exists a maximal generalized semimartingale (maximal
regular generalized semimartingale) relative to Z.

We shall prove only the regular part of the theorem, the proof of the
other half is similar. Let # be the random variable of hypothesis A. By
Theorem 1.2, U: {E{u||F.}, F., n=1} is a martingale whose random vari-
ables are uniformly integrable. This process is then a regular generalized semi-
martingale (see Appendix Corollary A.1). It is clear that U <Z with prob-
ability one. Let {X,, s€S} be the class of all regular generalized semi-
martingales X, = {x,,,., F,,n= 1} such that X, <Z with probability one. We
have just seen that this class is not empty. Let x, =ess sup; ¥»,,. By Theorem
3.3, X ='{x,,, F,,n=1 } is a regular generalized semimartingale. It is clearly
a maximal such process.

THEOREM 3.5. Let Z = {3,, F,, nz=1 } be a stochastic process satisfying hy-
pothesis A and let X = {x,, F., n=1} be the maximal regular generalized semi-
martingale (maximal generalized semimartingale) relative to Z. Then

(a) %, = min (2, E{ x,,+,||F,,})
with probability one for all n, and

(b) lim inf %, = lim inf 3,
n n

with probability one.
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We prove only the regular part of the theorem, the proof of the other
half being similar. If (a) is not true, then for some r we have «x,
<min (z,, E{x,+1|[F,}) with positive probability. Define X' = {x,',, F,,n= 1}
by

’

Xn = Xn, n>r,
= min (z,, E{..|F.}), n=r,
= E{u||F.}, n<r.

Here u is the random variable from hypothesis A. Then X’ is clearly a gen-
eralized semimartingale with X’ <Z with probability one. Also it is regular
since it has the same random variables as X for n>r and X is regular. How-
ever, it is not true that X’ < X with probability one, which is a contradiction.
Hence X must have property (a). We next prove (b). By hypothesis A,
E{inf;z. 2;} ZE{u} > — » for all n. Since inf,z. 2; is monotone nondecreas-
ing, it is easily verified that the process {E{inf,-g,. zj“F,,}, F,, ngl} is a
regular generalized semimartingale less than Z with probability one. By the
maximality of X we have E{infjz, z,~“ F,.} =<x, with probability one for each
n. By the monotonicity of the inf;z, 2; we have

%, = E{inf zj||F.}, m = n,
jzm

with probability one. Therefore, for each m,

lim inf %, = lim inf E{inf z,{|F.}
n n =zm

with probability one. By Theorem 2.4

lim inf E{inf z;||F.} Z inf 5;
n jzm zm

with probability one. Hence,

lim inf x, = lim inf 2,
n n

with probability one. However, since x, <z, with probability one, the last
inequality must be an equality, as was to be proved.

THEOREM 3.6. Let Z = {z,,, F,,n= 1} be a stochastic process such that hy-
pothesis A is satisfied. Let X = {x,,, F,,nz1 } be the maximal regular generalized
semimartingale relative to Z. Then m defined by

m(w) = 1 if 2(w) = @
7 if xe(w) < zp(w) — € for B <j and zi(w) = zj(w) — €
o if undefined by above

determines an € minimizing pair (m, z) for Z. For every n
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(3.6) E{x.} = inf E{z}
(,3)
where (M, 2) 1s any stopping patr with m=n with probability one.
Proof. We shall first prove that m is a stopping random variable relative

to {F., n=1}. We need only prove that Pr {m(w)<®}=1. Define X’
={x;, Fa,n=1} by

I

xn(w) = xa(w), n < m(w),

T (@) (@), n > mw).

We shall prove that X’ is a generalized martingale. Let VE&F,. Since x,(w)
=41 (w) if m(w) <n, we have

3.6.1) f x,"dpr = f x,'..,.ldpr.

Vimw)=n} Vimw)=n}

By Theorem 3.5(a), ¥, =min (z,, Ef{ x,.+1”F,.}) with probability one. Hence
for almost all w of the set {m(w)>n} we have x,(w)<z.(w) and x,.(w)
=E{%u1|| Fa}. Thus,

f 2. dpr = f E{ x,.+1[|F,.}dpr

Vim)>n} Vi{mw)>n}

and since V{m(w)>n} is in F., we have

(3.6.2) f Xdpr = f Zni18pr.

Vim(w)>n} Vimw)>n}

Since x,(w) =x;(w) and x,41(w) =x;,,(w) for w in the set {m(w) >n}, we can
combine (3.6.1) and (3.6.2) to obtain

f x,'.dpr = f x;+1dpr.
v v

Thus we have proved that X’ is a generalized martingale. We shall now
prove that X’ satisfies the hypothesis of Corollary 2.3. Let % be the random
variable of hypothesis A and define #’ by
W(w) = E{u||Fi} if m(w) =k
= u(w) if m(w) = oo.
Then «’ <0 with probability one and E{#'} =E{u}> — . We shall prove

that x, = E{«/||F,} with probability one for all n. It is sufficient to prove
that for VEF,
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(3.6.3) f wdpr < f xndpr.
14 14

Let k be an integer less than or equal to #. By the maximality of X, E{ u” Fk}
<ux:. with probability one. If m(w)=~k, then #'(w) =E{u||F;,} and xx(w)
=x,(w). Hence for almost all w of the set {m(w) =k} we have #'(w) <x,(w).
Therefore,

(3.6.4) f w'dpr < f xndpr.
Vimw)=k} Vim@w)=k}

Since (3.6.4) is true for any k<#, we have

(3.6.5) f wdpr < f xndpr.

V{mw)=n} Vimw)=n}

Assume now that k>#%. Then #'(w) =E {u”Fk} on the set {m(w)=*k} and
V{m(w) =k} € F;, so that

(3.6.6) f wdpr = fE{u“Fk}: f udpr.

Vimw)=k} Vimw)=k} Vimw)=k}

If m(w) = , then #'(w) =u#(w), and hence

(3.6.7) f wdpr = f udpr.

Vimw)=w} Vimw)=w}

From (3.6.6) and (3.6.7) we have

f wdpr = f udpr.

Vimw)>n} Vimw)>n}

Since V{m(w)>n} is in F,, the last equality gives

(3.6.8) f wdpr = f E{u||F.}dpr.

Vim(w)>n} Vimw)>n}

For almost all ® of the set {m(w)>n} we have x(w) =xn(w)§E{u||Fn}.
Hence (3.6.8) gives

(3.6.9) f Wdpr < f xndpr.

Vim(w)>n} Vim(w)>n}

From (3.6.9) and (3.6.5) we have (3.6.3) as was to be proved. Hence we can
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apply Corollary 2.3 to the X’ process and we have by this corollary that
lim x, =x, exists with probability one, x,(w) < « for almost all w such that
%1(w) < 0, and finally that

(3.6.10) E{x |Fi} < 21 = 2,

with probability one. Since x1(w) <  for all w of the set {m(w)= }, we
have, for almost all such w, lim x,(w) < © and 2,(w) > x,(w) +¢€ for all #n. These
two facts imply that for almost all w of the set {m(w)= = }

lim inf x,(w) < lim inf z,(w).

By Theorem 3.5 (b), Pr {m(w) = } =0. Thus m defines a stopping random
variable. Let (m, 2) and (m, x) be the stopping pairs determined by m for Z
and X respectively. From the definition of X’ we see that x, =x with prob-
ability one. By the regularity of X we have

(3.6.11) E{af|F\} = =

with probability one. From (3.6.10) and (3.6.11) we have E{x|| Fi} =, with
probability one. From the definition of m,

E{s||F.} < E{4||F.} +e= 2+ e
with probability one. Hence,
(3.6.12) E{s} < E{xj + e

Let 7 be any other stopping random variable relative to { F,, =1} and let
(7, z) and (74, %) be the stopping pairs determined by 7 for Z and X respec-
tively. Then since X <Z and X is regular, we have

(3.6.13) E{z} =z E{z} 2 E{x}.
Thus by (3.6.12) and (3.6.13) we have
E{z} = E{z} — ¢

and (m, 2) is an e minimizing pair for Z. The statement (3.6) follows from the
first part of the theorem if we note that the maximal generalized regular
semimartingale relative to Z,, = {z,., F,, ngm} is Xp= {x,., F,, ngm}.

THEOREM 3.7. Let Z={3,, F., n=1} be a stochastic process satisfying
hypothesis A. Let X = {x,, F,, n=1} be the maximal regular generalized semi-
martingale relative to Z. Define m by

mw) =1 if 21(w) =
=4 if xx(w) < 21(w) for k < j and x2{(w) = 2{(w)
o if undefined by above.
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If Pr {m(w) < o } =1, then a minimizing pair for Z exists. Such a pair can be
determined by m. In particular this will be true if im z,= « with probability
one. Conversely, if a minimizing pair (i, z) for Z exists, then Pr {m(w) < }

=1 and m determines a minimizing pair for Z such that m <m with probability
one.

Assume first that Pr {m(w) < « } =1. Let (m, z) be the stopping pair de-
termined by m. Following the proof of the first part of Theorem 3.6 we can
obtain that E{z} =E{x;} and hence by (3.6) that (m, z) is a minimizing
pair. Assume now that lim, ., 2,= « with probability one. Again following
the proof of Theorem 3.6 we can prove that lim x,(w) =x,(w) exists as a finite
limit for almost all w of the set {m(w)=w }. Thus by Theorem 3.5 (b),
Pr {m(w) == } =0. To prove the converse it is sufficient to prove that if a
minimizing pair (7, Z) exists, then m < with probability one. If this is not
true, then for some j we have V= {#i(w) =7, m(w)>j} with Pr { V}>0. We
shall show that this leads to a contradiction. Since by the definition of m
we have x;(w) <2;(w) for wE V, it follows that

3.7.1) ijdpr <fz,d[7r.
14 \4

Let (7, Z) be the stopping pair for X determined by #. Then since X <Z
and (3.7.1) is true, we have

(3.7.2) E{z} > E{x} = E{ai}.

The last inequality follows from the regularity of X. However, since (7%, 2)
is a minimizing pair for Z, E{z} =E{x;} by Theorem 3.5. This contradicts
(3.7.2).

Appendix. In a paper by Wald and Wolfowitz [7] it was shown that the
problem of the existence of a Bayes solution in sequential decision theory
could be considered, in our language, to be the problem of the existence of a
minimizing pair for a suitably chosen stochastic process. These authors then
proved the existence of such a stopping pair under certain hypotheses which
were natural from the statistical viewpoint. Arrow, Blackwell, and Girshick
[1] obtained these results for a somewhat more general case and the methods
of this paper were suggested in a large part by their work. In [1] the existence
of a minimizing pair is proved for a stochastic process Z = {z,., F,, n;l}
such that z,=r,4¢, where 7, and ¢, are non-negative, measurable with re-
spect to F,, 7, = K a fixed constant for all , and ¢, is monotone nondecreasing
in # with lim, ., ¢, = . As we shall see below under these hypotheses, any
generalized semimartingale less than Z with probability one is automatically
regular. Hence by Theorem 3.6 a minimizing pair exists and is determined by
the maximal generalized semimartingale relative to Z. Note that by Theorem
3.6 all that is needed for the existence of a minimizing pair in the case that
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the 2,’s are non-negative is that lim,., 2,= © with probability one. It is of
some interest to know when the minimizing pair can be characterized by the
maximal generalized semimartingale rather than the maximal regular gen-
eralized semimartingale. The following theorem is useful in this connection.
The theorem is essentially the same as a theorem of Doob [3, Chapter 7].
However, we shall give the proof since the language is different and minor
changes are necessary.

THEOREM A.1. Let {x,, F., n21} be a generalized semimartingale and
(m, x) be a stopping pair. Then if both

(a) E{x} > — o,
(b) lim inf f wndpr = 0,
{m(w)>n}

it follows that for n=1, E {x” F,.} =%, for almost all w such that m(w) = n.

Proof. It is sufficient to prove that if V=V,{m(w) 2n} where V,.EF,,
then

(4.1.1) fxdpr = f x.dpr.
14 14
If fyxdpr =+ o, there is nothing to prove. Assume that [yxdpr < . Then

f o dpr = f andpr + f xndpr

14 Vim(w)=n} Vim(w)>n}
= f x.dpr + f Zor1dpr.
Vimw)=n} Vim(w)>n}

The last inequality follows from the semimartingale property of the x,’s.
Continuing in this manner we obtain, for k>n,

k
(4.1.2) f Xndpr = Z f xdpr + f xrdpr.
i=n

14 Vimw)=4} Vimw)>k}

As k— o the first term on the right side of (4.1.2) approaches [yxdpr. By
condition (b) the inequality holds in the limit.

COROLLARY A.1. If X ={x,, F., n=1} is a generalized semimartingale,
then X 1s regular if either of the following conditions is satisfied:
(@) The random variables {x}, n= 1} are uniformly integrable.

(b) Hypothesis A is satisfied and there exists a random variable z=0 with
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E { z} < «, and a sequence of integers j1 <js, < - - + suchthat x, Zx;,—z for k = j;,
121, for almost all w.

Either condition (a) or (b) implies that for any stopping pair (, z) condi-
tions (a) and (b) of Theorem A.l are satisfied. See [3, Chapter 7, p. 22]
for a proof of this fact. Hence X is regular.

Under the hypothesis imposed in (1) discussed in the first part of this
appendix we see that hypothesis (b) of Corollary A.1 is satisfied for any gen-
eralized semimartingales less than the given process so that any such gen-
eralized semimartingale is regular.
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