ON DOUBLE TRIGONOMETRIC INTEGRALS

BY
LEONARD D. BERKOVITZ()

In the one-dimensional case Wolf [3] and Zygmund [5](2) have shown that
given a trigonometric integral [ 2ei**d¢(u) where ¢(u) is of bounded variation
on every finite interval and behaves with a certain regularity as | u] — 0, then
a trigonometric series ) _42_ . ane™* can be found such that on any interval
0 <e<x=2w—e the difference.

[w]

Ay(x) =fwei’“d¢(u) — Y Gmeim™

—w m=—[w]

converges uniformly (or more generally is uniformly summable (C, %)) to
zero as w— . Moreover, the coefficients a,, exhibit a regularity in their be-
havior as | m| — which is connected with that of ¢(«). This result enables
one to obtain theorems about the behavior of trigonometric integrals from
the known theorems about trigonometric series. It is also shown in [5] that
integrals of the type [X&e** d¢(u) are equiconvergent with integrals of the
form [XZe= a(u)du, where a(u) is continuous. The purpose of this paper is
to extend these results in certain cases to double trigonometric integrals,
using restricted and circular convergence. When circular convergence is used
extensions to higher dimensions are also possible.

1.1. Definitions and notations. Let ¢ be a real-valued set function defined
on the class of Borel sets B in the plane and satisfying the conditions

(a) |¢(S)| < » if Sisbounded,

1 ) o
@ (b) ¢( U Si) = 2 ¢(5)

whenever S;AS;=0 for 7#%j and UZ, S; is bounded. If ¢ is also non-negative,
then we shall call it a measure. It is well known (see [2]) that under these
assumptions the functions of set ¢*(.S), $=(S), and W(¢; S) defined by

#*(S) = sup {¢(E); EC S, E, S € B},
¢-(S) = — inf {¢(E); EC S, E, S € B},
W(s;S) = ¢+(S) + ¢=(5)

Presented to the Society, December 1, 1951; received by the editors December 10, 1951.
(*) The research for this paper was carried out while the author was a United States Atomic
Energy Commission Pre-Doctoral Fellow at the University of Chicago.
(?) Numbers in brackets refer to the list of references at the end of the paper.
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are measures and satisfy the relations

@ 6 = #+(S) — 6-(S),
(b) W(#;S) = sup {>":|¢<E.-> l}

t=1

)

where in (b) the supremum is taken over all finite disjoint sums of Borel sets
E; contained in S. The function ¢t is called the upper variation of ¢ on S,
¢~ the lower variation, and W(¢; S) the total variation of ¢ on S. If ¢ is a
complex-valued set function defined on the class B, say, ¢(S) =¢1(S) +7¢:(S)
with ¢; and ¢, real-valued, and if ¢ satisfies the conditions 1(a) and 1(b),
then ¢; and ¢, will also satisfy these conditions. Thus in view of 2(a) we can
write

3) ¢ =61 — ¢ + ildr — é2)

where @7, 1, #5, and ¢; are measures on the class of Borel sets in the plane.
Furthermore, for complex-valued functions ¢, W(¢; S) is defined as the sum
of the real and imaginary total variations. Thus W(¢; S)=W(¢:; S)+

W(¢2; S). Given any such ¢, a bounded Borel set 4, and a Borel measurable
function f(ui, u2), we are thus led to define

@ fo(ul,ua)w=fod¢T—fod¢?+ifod¢§“—iffAqub;,

provided each integral on the right exists and is finite. If any one of the
integrals on the right does not exist or is infinite, then we shall say that
Jfafdp does not exist. As is customary, we denote the integrals with re-
spect to the measure W(¢; S) by [[af|do|. Thus, W(e; 4) =/[4|ds|.

So far we have defined the integral [[4fd$ only for bounded Borel sets.
If 4 is unbounded and

lim ff | 7] do]| < =,
R—w ANCR

where Cr is a closed circle with center at origin and radius R, we say that
f is integrable over 4 and set

[Jso=tm [, 500

Whenever 4 is the entire plane E, and f is integrable over E,, we write
J[e.fdp. It may happen that, although f is not integrable on E,, the integrals
of f taken over finite rectangles Q or circles K tend to a limit as the rectangles
or circles fill up the plane. This situation will be described by saying that the
integrals over Q or K, as the case may be, converge in a certain sense to a
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limit. More precisely, if Q is a closed rectangle with center at the origin and
with sides of length 2S by 2T, we write

§ prT
[[sa6= [ [ 120
Q -8 v r
and say that the integral

(s) I} _ " s

—00

converges to a limit / in the Pringsheim sense if for arbitrary >0 there exist
positive real numbers So and T such that, whenever S>S, and T> T, the
‘inequality | [55/T7fdp—1| <e holds. We shall not make any use of Prings-
heim convergence, but shall be concerned with restricted convergence and
circular convergence. The integral (5) is said to converge restrictedly to a
limit / if for any positive real constants A and B it is true that for every
€>0 positive real numbers Sy and Ty can be found with the property that,
whenever S> Sy, T> Ty, and 4 =S/T =< B, the inequality |f§sfz'1' dd)—l] <e
holds. The integral (5) is said to converge circularly to a limit / in case
given any €>0 there is an Ro>0 such that for R> R, we have | [[c, fdp—|
<e¢, where Cg is the closed circle with center at the origin and radius R.
Implicit in the above discussion is the convention that by [*2 [*5fd¢ we mean
the Cauchy limit taken in the appropriate sense, while by [[g,fd$ we mean
the Lebesgue-Stieltjes integral of f over the plane. This notation will be more
or less adhered to throughout the paper. Clearly, if [[r,fd$ exists, so does
[*2[*2fdp and the two are equal, regardless of the sense in which the Cauchy
limit is taken. Hence in such situations a notational distinction is not really
needed, and it is to this fact that the phrase “more or less” refers.

Before proceeding to the discussion of trigonometric integrals we list
some conventions and notations which will be used throughout the paper.
Unless otherwise stated, all sets to be henceforth considered will be Borel
sets, all set functions will be complex-valued and have as their domain the
class 8B, and the term “measurable” will be taken to mean “Borel measurable.”
Lower case italic letters with no subscripts attached will generally indicate
points, while letters with subscripts will indicate coordinates. Thus, by
u= (w1, u) we mean the point » with coordinates %, and u.. The expression
2(x1%1+x215) will be denoted by 7xu and the norm of # will be denoted by
lul ; l.e. [u] = (ul442)V2. This will not cause confusion with the ordinary
use of the absolute value sign since whenever we wish to speak of the absolute
value of a coordinate we write |«,|. To indicate that we are integrating a
function f(u, v) with respect to u, say, we write [[4f(u, v)dp(u); if there is
only one variable point we write [[4f(x)d¢ or [[4fd$. In this connection we
agree that when we say that a function of set is absolutely continuous we
mean absolutely continuous with respect to Lebesgue measure. The closed
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circle with center at the origin and radius R shall be denoted by Cx. Following
Saks, we define

A© B=[(4- B)o]-

where the symbol A stands for the interior of A and 4~ is the closure of 4.
Finally, we let (u; A) stand for the translate of the set A by the vector u;
ie. (u; A)=E[u+ta, a€A].

1.2. Formal products of trigonometric integrals. A double trigonometric
integral is an integral of the form

(©) f_+ f_:wemd«»(u).

Clearly, double trigonometric series are special cases of the integral (6).
Given two integrals

©) B = f-+°° f—+wei”"d¢(u) and G = fjw f—:we”“dnl/(u)

we look at the case in which B and G reduce to series with sufficiently well
behaved coefficients, examine the definitions of formal product (see [1], for
example), and are led to propose the following definition for the product P
of B and G. First form the point function ¢(—#; 4), and then consider the
function of setX(A4) = [[g,0(—u; A)dy(u). The product integral P is then taken
to be [T2[f2e=#dX(u). Of course, the above discussion is purely heuristic
and leaves much to be verified. This, however, is not difficult, and the next
two lemmas are devoted to this purpose.

LeMMA 1. Let ¢ and  be non-negative set functions satisfying conditions
1(a) and 1(b). Then for each fixed bounded set A, the functions ¢(u; A) and
Y(u; A) are measurable functions of u. Moreover, if ¢ or  is absolutely continu-
ous, or the set A is a Gs, then,

®) 1) os—wi i = [ [ s st

where the integrals may take on the value + «.

Except for very minor modifications the lemma and its proof are contained
in the proof of Theorem 11.1 in Chapter III of Saks [2]. We omit the proof
here.

LEMMA 2. Let ¢ and ¢ be set functions satisfying conditions 1(a) and 1(b).
Also for each fixed bounded set A let there exist a constant Ka such that
|¢(—u; A)| S K4, and suppose that [[z,|dy| < . Then the set function X(4)
given by
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9 x) = [ (=i Ay

is defined for all bounded sets A, satisfies conditions 1(a) and 1(b), and if either
¢ or  is absolutely continuous, the equation

(10) xw) = [ f s )i = [ [ w(=u; d)as

holds.

Decomposing ¢ as in (3) and then applying Lemma 1 immediately shows
that ¢(—u; A) is measurable. With this fact established, the hypotheses that
[¢>( —u; A)] <K, and ffE,!d¢[ < = say that the function X(4) is actually
defined for all bounded sets and satisfies condition 1(a). To show that X(4)
satisfies condition 1(b) let 4,=U;>,4;, where 4, is bounded and 4;A4;=0
if 2#j. Then )

ay X - [ o= Aoy =ffE2[§¢<—u;Ai>]d¢.
But

N
2 o(—u; 49

i=1

< W(¢; (—u; Ao)) < Ka.

Thus we may interchange the order of integration and summation in (11)
and get

X)) = 3 [ [ s(-widday = 3 x40
i=1 E, i=1

which is precisely 1(b). Relation (10) is proved by first breaking both ¢ and
¢ into real and imaginary parts and then decomposing each of these into
positive and negative variations. Corresponding to this there is a breakup of
the integral [[r,¢(—u; A)dy into sixteen integrals, each of which is finite
by the previous part of this lemma, and by Lemma 1 satisfies (8). Recombin-
ing these integrals then gives (10).

We now return to the integrals B and G in (7) and suppose that ¢ and ¢
satisfy the conditions of Lemma 2. The formal product of B and G is now de-
fined to be the integral

(12) P= ff [ :me‘{‘“dX(u)

where X(4) is the set function given by (9). Symbolically, P =BG. We do
not propose to develop fully the relationships between the properties of ¢, ¥,
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and X. Those relationships which will be developed in the next few lemmas are
rather special ones which are essential for the proofs of our principal theorems.

LeMMA 3. Let f(u) be a function continuous on the plane and let ¢ and ¢
be two set functions satisfying the hypotheses of Lemma 2. Then if X(A4) s de-
fined by (9), we have

w [ sz - [ ( [f _”;B)f(u+v)d¢(u)>d¢(v)

for all bounded sets B.

If in the plane we draw lines parallel to the coordinate axes at distance
1/n apart, we induce a partition II, of the set B into a finite number of sets
B®™ i=1, ..., M,. By assigning boundaries properly we can take the sets
B® to be pairwise disjoint. If we now fix # for the moment and in each set

(’" select a point (", we get a simple function Fn= D_2% f(4?)0;,, where 0, is
the characteristic function of the set B{™. The sequence of simple functions so
obtained clearly converges uniformly to f(#) on the set B. Thus

My . )
[ [ rwax = tim 3 s)x(5)

n—ow g

(14)

lim 3 f(u“"){ f R Bf"))dt//(v)}

n—0 ;=0

wore f fE {,_ofw + 0(—v; B‘"’)}Mv),

where 4 =4 —y. Recalling that # is a point of B, we see that 4 is a
point of (—v; B™), and so for fixed v,

My
as)  lim > 5@ + 0)(—v; B™) = f f T+ v)do(w).
noo g —vi B)

Since % +v is always a point of the bounded set B and since f(u) is con-
tinuous, there is a constant C such that | f(a(‘)+v)| <C for all a® 4.
Therefore, for fixed # and v the sum in (15) is majorized by

C2|¢( v; B

1=0

)| = CW(g; (—v; B)) < CKa

where K is as in Lemma 2. Hence, in view of the hypothesis that [/[g,| dy|
< o we conclude that we may interchange the process of integration and
passage to the limit in (14) and then from (15) obtain that

fj;f(u)dx(u) = fj;z(ff_”;mf(u—l- v)d¢(u))d¢(v).
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LEMMA 4. Suppose Iy = [+ 2 [t 2e=d®(u) and I,= [T 23 [T 2ei=y(u)du where
v(u) is bounded on E, and [[s,|d®| < . Then the product I,I; exists, equals
I,1, and the function X(A) in this case is absolutely continuous. Furthermore, if
v(u) s continuous, then X(A) has a continuous derivative at every point of E,.

We set I'(4) = [[4v(s)ds and observe that

r(— uA)-ff(_uA) (s)ds—ff y(—u + s)ds.

Consequently |T'(—u; A)| SC|A|, where | 4| denotes the Lebesgue meas-
ure of A and C is the bound of v. Identifying I' with¢ of Lemma 2 and &
with ¥ of Lemma 2, we get that the product of I; and I, exists and that

X(4) = fj;z(ff(_u;m'y(s)ds)dfb(u) = fj;z S(—u; A)y(u)du.

Rewriting the first integral and then applying Fubini’s theorem gives

X() = fj;z {fj:ly(—u.—k s)ds} dd(u)
=destz‘y(—u+s)dd>(u).

From (16) it is clear that X(4) is absolutely continuous and has a derivative
DX (x) almost everywhere, with

(16

an DX(x) =fj; Y(—u + x)d®(u).

Whenever v(u) is continuous, the function [[gy(—u-+x) d®(x) will be a
continuous function of x, as can readily be verified. Hence, in that case
DX (x) will exist everywhere and will be continuous since X(A4) is the indefinite
integral of a continuous function.

2. Circular convergence. In this section we study trigonometric integrals
(6) considered in the sense of circular convergence; i.e. limg., [[cgzei=*do(u).
A Riemann formula from which localization theorems follow will be de-
veloped, but even more important is the use of this formula to get equi-
convergence of double integrals with double series. The proof of the Riemann
formula is accomplished by means of formal products in a manner analogous
to that used in the study of series.

2.1. Multiplication theorems.

THEOREM 1. Let B and G be two double trigonometric integrals as in (7).
Suppose that ¢ satisfies the condition
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= 1 —> ©
[foontel=
and that

(19) f E2| ul|dp| < o, Nax) = fj;, e dy(u).

Then the formal product of B and G is defined,

40 +o0
P = f f e**dX (u)
and the difference

(20) Ag(x) = ffcxe"“dX(u) — Mx) fj;ne““d¢(u)

tends to zero as R becomes infinite, uniformly in x.

To prove the existence of the product, we first note that for any bounded
set A there exists a positive number @, depending only on 4, such that for
any u the set (—u; A) is contained in C,;,©C,, where r is positive and de-
pends on u. Therefore in view of (18),

| 6(—u; 4) | éffc o, |96 = o(t)e < Ku.

Since [/5,|d¢| < =, the conditions of Lemma 2 are satisfied and hence P is
defined.

In proving that Ag(x)—0 we first suppose that x =0. Then we may write

Ap = f . dX(u) — \0) fj; do(u) = X(Cr) — N0)¢(Cr)

= fj;z {¢p(—u; Cr) — &(Cr)}dy(u),

the last equality following from (9) and (19). From (19) it also follows that
we shall have proved the theorem for x =0 if we can show that given an €>0,

(21) | $(—u; Cr) — ¢(Cr) | < (| u| + 1),

where C is a constant independent of # and R is sufficiently large.
If |u| Z2R, we have

| 6(—u; Cr) — ¢(Cr) | < | &(—u; Cr) | + | 6(Cn) |
< W(¢; ( — u; Cr)) + W(¢; Cr)
= W(¢; Clui+r © Clui—r) + W(e¢; Cr).
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Using (18) we see that the last sum is o(l){(R+]u|)—(|u| —R)}+o(1)R
=0(R), and since |u| =2R, we see that for such %, (21) holds for R suffi-
ciently large. When R<| x| <2R, we have

| (—u; Cg) — ¢(Cr) | £ W($; Critu) © Cr) + W(s; Cr)
= o(R+|u| — R) + o(R) = o(lul).

The first equality follows from (18) and the second from the fact that
R<|u| <2R. For lélul <R, we have

| ¢(—u; Cr) — ¢(Cr) | £ W(¢; Criiu1 © Cr) +.W(¢; Cz © Crju))
=oR+|u| — R + o(R— (R—]|u|)) =o(|u]).

Again the first equality follows from (18). Finally, it is clear that by the same
methods we get the desired result if 0= |«| <1.
We now pass to the proof for general x. By Lemma 3 we may write

S s (S )
Defining

(22) o8 = [ fE e ()

we can rewrite the right-hand side of (20) as
[[ e=s.t=v carane = rwsaico)
E,

- f fE ¢ {6 (—v; Cr) — +(C)} ().

As before it is clear that to prove the theorem it suffices to show that given
an €>0 for R sufficiently large,

(23) | $o(—u; Cr) — ¢+(Cr) | = C(| u| + 1),

where C is a constant independent of #, x, and R. If we can establish that

(24) [f | dg.| = o1) as R— o,
cen©er

uniformly in x, then an analysis similar to that used to prove (21) will also
yield (23). But to validate (24) is easy, for if 4 is any finite union of disjoint
sets 4; contained in Cg41© Cg, we have

z”:|¢z(Ai)| = g fj;’ et dp(u)

i=1

S 2 W 4;) < W(; Crir © Cr),

i=1
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and this implies that (24) holds uniformly in x.
Given a trigonometric integral T = [*3[f2e**dp(u), we define formal
partial derivative operators in the obvious manner; namely

Qitk

dxioak

+o0 +c0
T= f [ @i emdst, k=012,

Another formal operation which we shall use is that of taking formal La-
placians. We define

92T 3T ~+o0 +o0 | I
V2T=————+———=—f f u |*e**de(u).
9z} 94} o Ve o)

It is not too difficult to show that whenever all integrals involved exist, these
operators applied to products behave as they should. We prove this only for
the simple cases which concern us.

LEMMA 5. If B and G are two trigonometric integrals as in (7) and

ffE | ult| )| < o, ffmem | dg | = o(R),

then the formal product P =BG exists and
dB G dB 4G
V2P = (V?B)G + 2(— —_—t — —) + BVG
axl axl 3xz ax?
where the products on the right are formal.

Since the integral is an additive operator and formal multiplication is
distributive with respect to addition, it is enough to show that

Y A -
- dx:/\ dx; ax2/)’ ’ T

ax? CEH
For the sake of definiteness we take ¢=1. Put
$i(4) = f f wde(w),  Yi(d) = f f wady(u), E=0,1,2
A A

The functions of set ¢, and Y, so defined obviously satisfy conditions 1(a)
and 1(b) and furthermore,

ffcn:@c;z | dée] = o(®), fszldm|<w.

The last two statements are proved as follows. First note that [/&,|dys|

< [[&,|u|?| d¥| < . Secondly, if 4 is the finite union of disjoint sets A;
contained in Cry1 & Cg, then '
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Sleda s [ fc oy, R D280 | = R+ 170 = o)

i=1

and so W(¢r; Crt1©Cr) =o(1). Thus each term on the right-hand side of
(25) makes sense since it is the product of integrals of the type
Sreftoei=dei(u) by [t2[toe=dy, +, k=0, 1, 2. We may write the right-
hand side of (25) as [*3[*Ze=dX,(u), where

xo(4) = G [ f {de(—u; A) + 2ura(—1; A) + wi(—u; A) } o (a)

(26) = (4)? f fE { f f( ia (01 + 2umy + ul)d¢(”)} ay(u)
-aff 2 { f f( _M<m+uo2d¢<v)} ().

On the left-hand side of (25) we have [*2[f2ei«dX’(u), where X'(4)
= (4)2[[492dX (v). Applying Lemma 3 to this integral shows that

x) = @ [ [ ( f f( _u:A)<v1+ul)2d¢(v>)d¢(u).

Comparing this with the last integral in (26), we get that X’(4) =Xx(4),
and so (25) is established.

2.2. Localization and equiconvergence theorems. Before developing the
theorems of this section we discuss several notions which are indispensable
for our purposes.

If F(s) is integrable over the plane, then it has a Fourier transform

v(u) = —fj;, F(s)e—#ouds.

We shall consider the circular partial Fourier integrals

Sr(x) =fj; v(u)ei= du.
R

Dr(x) = fj; e'=*dy = Dg(—x),
R

Defining

we may write

1
Sgr(x) = Tﬂfj;,F(s)DR(x — s)ds.
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Finally, we have
al+h
Iaxz R( ) = —fﬁ (S)

1
ViSe(x) = 4—1r2ffg F(s)V:Dg(x — s)ds

DR(x — s)ds.

In particular,

where in the evaluation of V2Dg(x —s) we may differentiate either with re-
spect to (x1, x2) or with respect to (s, s2).

A notion of which we shall make much use is that of a localizing function.
By a domain we shall mean an open connected set, and by a closed domain
we shall mean a domain plus its boundary. If D; is a closed bounded domain
and D is a closed bounded domain contained in DP, the interior of D, then
we may construct a function which is equal to one on D, zero outside of D;,
and has as many derivatives as we please. A construction for such a func-
tion is given in [1].

We now define an anti-Laplacian operator, which we denote by V—2, to
act on trigonometric integrals as follows. Given a trigonometric integral B
as in (7), we define

L (mt w)%(0)
vip = T D f fc | M wiaa)

fflu|>cx | w|? 7,

where (0) denotes the set consisting of the origin and

(27)

ettt — 1 — jxu . (2)*(x1%1 + xom2)*
(i u])? k=2 k!(ui + u3)

It is easy to see that subject to the restriction #>£0 the series on the right
converges uniformly for x and # each lying in bounded sets. Moreover,
L(x, u) is regular in x; and x,, and for % and x each in bounded sets, the deriva-
tives of L(x, u) with respect to x; and x; are bounded. Returning to formula
(27) we see that the function ¢(0)(x1+x2)2/2 plus the first integral on the
right represent a function Fi(x) which is of class C®. If the function ¢ satisfies
the condition W(¢; Cr+1©Cr) =0(1), the second integral in (27) converges
uniformly in x and hence represents a continuous function Fy(x). The func-
tion F(x) = Fi(x)+ Fa(x) is called the Riemann function for the integral B.

We can now deduce the Riemann formula, which contains the localization
principle for trigonometric integrals.

THEOREM 2. Let B= [, [* ei=*dp(u) where W(¢; (—u; Cij2)) =o(|u]“).

(28) L(x, u) = —

u #% 0.
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Let N(x) be a localizing function which is of class C19 and is associated with
the closed bounded domains D and D;, DCDP. Then if F(x) is the Riemann
function for B, the difference

29 A = izud, 1 F(u)\ 2D, d
(29) R(x>—ffcge 800 — 13 [ [, FeNvDate — i

tends to zero as R— o, uniformly for x in D.

Before giving the proof of the theorem we observe that the condition
W(g; (—u; Cyz)) =o(| u| 1) implies W(¢; Cr41© Cr) =o0(1). The theorem re-
mains true for this weaker condition, for as will be seen from the proof, the
fact that W(¢; Cr11©Cr) =0(1) is, except for one point, the condition which
is actually used. Modification of the proof to accommodate the case
W(¢p; Cri1©Cr) =0(1) will be indicated at the proper place.

Our proof will first be carried out under the assumption that W(¢; C,) =0.
The Riemann function is therefore given by

F(s) = f f T dsw).
= [ 'fff?i’

we may designate the integral defining F(x) as

= —fj;, e>*d®(u) = F(x).

Since the function N(x) is integrable on the plane, it has a Fourier trans-

form
v(u) = ——ff e~izu\(x)dx,

and since N is of class C419 integration by parts shows that vy(u)
=o(1/([ | +1)5)o(1/(| ugl +1)%) =o(1/| u|%). Thus the function v(x) is inte-
grable over the plane. This fact plus the fact that A(x) is continuous enable
us to apply standard inversion theorems and get that

A=) =fL’ ety (u)du.

The integral on the right is the Fourier integral of A and shall be designated
by F[\]. Also, in view of the fact that N(x) is of class C1®, we have

If we set
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9iti

dxidxl

3) 50 = 5[0,

GESGE

1,j=0, 1, 2; 247 =< 2. The integral on the right actually converges absolutely
and uniformly in x to d+\(x) /dxidx.

If we set
r) = [ [ yean

AMx) = §\] = fj;z e'4dl (u).

From the fact that y(u«) =o(| »| ) it is readily seen that [[g,| «|2|dT(x)| < .
Also, if W(¢; Cria©Cr) =0(1), it is clear that W(®; Cr.1©Cr) =0(R™?).
Hence, by Lemma 5, B=3F[\] exists and

I o a3 9
VZSB=(V23>%N+2(£—% 2.8

then we may write

) + 3(7).

3x1 éx, 6x2 6x2

By (30) each of the integrals d%/dxy, /0%, and VaF converges absolutely
and is also uniformly convergent to zero for x in D. Each of the integrals
93/9x1, 03 /9x., and I satisfies the condition that the total variation of the
function with respect to which the integral is taken is o(1) with R on Cg4,
©Cg. Hence, adopting the notation that T'g shall designate the trigonometric
integral T taken over Cg, we get from Theorem 1 that

{vep — (V2 )F\]}r >0

as R—, uniformly for x in D. But V23 =B, so another application of
Theorem 1 and the fact that A(x) =1 on D yields

(31) (V%B)R — Br—0

uniformly for x in D.
To complete the praof for the case W(¢; C;) =0 we need only show that
(V2P)r is equal to the second integral on the right in (29). If we set

(32) M) = ff &(—u; A)dT'(u) = fj; T(—u; A)d®(u),
we may write )

$ - f_+ [ :“e"wdwu) - 3%

From Theorem 1 and from the known facts about & and § we obtain that
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P converges to F(x)A(x) uniformly in x. If it can be shown that M(4) is
absolutely continuous with a continuous derivative DM(x) =u(x) which is
also integrable over the plane, then

F(x)\(x) = fﬁ;:’“p(u)du.

Since FA is integrable, this would give

1
(33) W) = f fE F()N(x)e-ivdx.

In other words u(%) would be the Fourier transform of FAand P would be the
Fourier integral of FA. Hence

(V¥P)r = 4—;;sz F(u)\ (u) V*Dr(x — w)du = ffpl )

and substituting this in (31) would yield the desired result. Thus to prove
the theorem we need only show that u(u) exists everywhere, is continuous, and
is integrable. This we do next.

Since y(u) is bounded and continuous and [/&,|d®| < ©, Lemma 4 im-
mediately yields the fact that DM (x) =u(x) exists everywhere and is con-
tinuous. We now propose to show that ’

(34) w(®) = o(| z|9)

and hence isintegrable. Equation (17) tells us that u(x) = [,y (—u+x)d®(u)
where now W(®; Cr1©Cr) is 0(R™2), v(u) =o(| ul —5). We next break up this
integral as follows:

S S S
lulZ]|z]/2 |z]/2<|u|<3 z|/2 lul23|2|/2

Now
< —_ d
18 { max suraf [ ow]
§o(lx|"5)fL | da(w) | = of| 2|-9)
and

|L|§{ max y(—u+ x)} fj;zldé(u)|=o(|x|‘5).

lu|>3]z]/2

For the integral K we have
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Gs) K|z S ff | 4(= u+x)|]d<1>(u)[+ff - Kt K

"-[Izllﬂ

where by [2] we mean the integral part of @, 4,=Cn1©Cr, A= Clzs2
©Cz11—2, and the prime indicates that the annulus 4 ; is to be omitted from
the summation. Let us now evaluate a typical integral

I,,=fLP|'y(—u+x)||d<I>(u)|, p #0.

We begin by noting that while the vector # runs through the annulus 4,, the
vector —u#-+x runs through an annulus B, with center at x and radii p, p+1.
The annulus 4, can be broken up into m(p) disjoint sets 7y, 1=1, 2, - - -,
m(p), each of diameter less than one-half, where m(p) is an integer depending
on p and satisfying the inequality m(p) < pC, C a constant. Thus

m(p)
I,,é.fo.l'y(—-u—i-x)Hd@(u)!
M(p)

> max {|2(-u+ )] ff | do(w) |

i=1 4E '

IIA

§0(|p]—3)2max (w4 2]}

i=1 uEq;
[l zl+pl+1

ol|p[ 2 2mjlmax v(v);v € 4;]

i=[1z|-p]

=o(]p I_a)o("l‘—l'—l_W)

In a similar fashion we get that K,=0( |x|—3)0(1) Using this and the esti-
mate obtained for I,, we get from (35) that K = o([ xl =3). Thus u(x) —-o(] x[ —3)
and the theorem is proved when W(¢; C;) =0.

Had we been given the condition W(¢; Cr+1©Cr) =0(1), we could not
conclude that u(x) =o(| x[ —3). However, by methods similar to those used here
we could show that W(M; Cg+1© Cr) =0(R~2), and this would show that u(u)
is integrable over the plane. Although this last fact is all that is required for
the proof of the present theorem, we insisted on the estimate u(x) =o(| xl —3)
because we shall need it to prove Theorem 3 below.

Suppose now that ¢(E) =0 for any set E exterior to the unit circle. The
Riemann function corresponding to B will now be the regular function

36) ra = [ f L, 0d8te) + B 40,

lIA

where L(x, ) is defined in (28). Our task now is to prove that the difference
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+o0 o0
(B7)  Ar(x) = ff e=vdp(u) — if F(u)\(u)V2Dr(x — u)du
Cl 47|'2 —00 -—o0
tends to zero as R tends to infinity, uniformly for x in D. Recalling that A(«)
vanishes outside of D;, we see that the second integral in (37) is actually
extended only over D;. Thus, we can apply Fubini's theorem and then
integrate by parts to transform this integral into

(38) f " f +wV2{F(u))\(u)}DR(x — w)du.

The function FM being of class C1®, the Fourier integral of V2F\ will be
absolutely and uniformly and hence circularly and uniformly convergent to
V2FA. For x in D, V2FA =V?F, and so

V¥F(x) = ffc, etz dep(u), x ED.

Hence the difference in (37) tends to zero as R becomes infinite, uniformly
for x in D.

Since any set function ¢(E) is the sum of two functions, one with ¢(E) =0
for ECC; and the other satisfying ¢(E) =0 for E exterior to Ci, the theorem
is proved.

In the next theorem we shall designate by @ the fundamental square
bounded by the lines x; =0, x; =27, x,=0, x2 =2w. We shall also have occa-
sion to deal with double trigonometric series and shall use the single index
notation for them in accordance with the rules laid down in the introduction.

THEOREM 3. Let B = [17 [T 2ei=vdp(u) be a double trigonometric integral such
that W(d; (—u; Ci2)) =o(| u] =1, If D* is a closed bounded domain contained
in the interior of Q, then there is a double trigonometric series ) ame'™ with
coefficients am=o0(|m| =) such that

ff eizud¢(u) _ E amcimz
CR |m|SR .

tends to zero as R— o, uniformly for x in D*.

For integrals of the form

g = [ f e

the result is almost immediate. Let D be a bounded closed domain interior to
Q and containing D* in its interior. Let \ be a sufficiently good localizing
function associated with the domains D and D*. Since g(x) is regular, the
function k(x) which equals g(x)A(x) on € and is periodic can be expanded in
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a double Fourier series G[k] which converges uniformly to g(x) on D*.
Therefore, if we can prove the theorem for the case W(¢; Ci) =0, we are
through.

We now assume W(¢; C;) =0. Let D and D, be two closed bounded do-
mains such that D*CDPCDCDPCD,CQ. If \ is the localizing function
associated with the domains D* and D, then from Theorem 2 and its proof
we get that

(29" {ffc et idp(u) — —l—sz F(u))\(ﬁ)WDR(x - u)du} —0

as R becomes infinite, uniformly for x in D*. We also get

(33) p(u) = —f f F(x)\(x)e isvdx = —fj;z

(34) u(w) = o(| u]-%).

Let us define a function G(x) to be equal to F(x)\(x) for x in Q and to be
periodic of period 27 in each variable x; and x,. Then we may develop G(x)
in its double Fourier series

(39) @[G] = ago + Z,

eimz

am
| m 2
where the prime indicates that the term aqo is omitted. Equations (33’) and
(34) of the present theorem tell us that the coefficients a., are o(] ml -1), and
hence &[G] converges uniformly to G(x).
We now study the series

(40) 3 eim

which is obtained from (39) by formally applying the Laplacian operator
termwise. It can be written as a double trigonometric integral in the follow-
ing fashion. Denote by A the set of lattice points m = (m,, m.) in the plane,
with the point (0, 0) excluded from A. Define a set function 0 by setting 8(m)
=a,, for [m[ #0, 0(U(m)) = Za,,. for all finite collections of lattice points,
and (E) =0(EAA). Then clearly (40) can be written as the integral

(41) f_+ f_:we”"do(u)

with W(O; (—u; Cyo) =o(| ul“). Also, it is evident that the Riemann func-
tion for (41) is G(x) —ao. Hence, if A; is the localizing function associated
with the domains D and D,, Theorem 2 tells us that

(42) { f f Re““de(u) - % f [G(%) — ag0]\(%)V2Dr(x — u)du} —0
\ CR am v By
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as R— o, uniformly for x in D. Now,

1
Zr;fj; V2{aoo)\1(u)}DR(x —u)—0

as R— o, uniformly for x in D. Using this fact and the fact that G(u)
= F(u)\(u) on Q, we obtain from (42) that

(43) {ffcﬂe‘“do(u) - le—zf N [F(u)N (%) IN1(%)V2Dg(x — u)} —0

as R— o, uniformly for x in D. But AM(#) =0 outside of D and \;(#) =1 on D,
so (43) can be written as

(44) { f fc i) - 4—13 f fDF(u)x(u)wDR(x - u)} -0

as R— o, uniformly for x in D. Recalling that the first integral in (44) is
actually the series (40), we see that a comparison of (44) with (29) of the
present theorem completes the proof.

THEOREM 4. Let B=[17 [} 2ei=dd(u) be a trigonometric integral such that
¢ satisfies the condition W(p; Crt1© Cr) =0(1), and let D be a closed bounded
domain. Then there is a function a(u) which is continuous and such that

fLRe”“dcp(u) —f CRe”“a(u)du

tends to zero as R— «, uniformly for x in D.

First let us suppose that W(¢; Ci) =0. Let D, be a closed bounded domain
such that DC DY and let A(«) be a localizing function of class C!® associated
with D and D,. The proof now proceeds like the proof of Theorem 2 for the
case W(¢; C1) =0. Using the notation of that theorem we have

(31) {V*p — Blr—0

as R— w0, uniformly for x in D, where

+oo v oo too g+
B = f f e*dM(u) = f f e u(u)du

and p(x) is continuous, is given by (33), and satisfies (34). Thus (31) may be

written as
ff e"‘“(i| ul )u(u)du — ff e*dep(u) — 0
Cr cr .

as R— o, uniformly for x in D. Identifying (i[ ul Hu(u) with a(u) gives the
theorem for the case in which W(¢; C;) =0.
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If ¢(E) =0 for any E outside of (i,

f _:w f _:weizuqu(u) = f fcl e dp(u) = F(x).

Clearly, F(x) is regular. Let AM(x) be a localizing function associated with the
domains D and D;. The function F\ will then be integrable over the plane
and if X has enough derivatives the Fourier integral of F, [*2 [ 2eivuw(u)du,
where w(u) is the continuous Fourier transform of FA, will converge to FA,
uniformly for x in D. But on D, F(x)A(x) = F(x) and this proves the theorem
for functions ¢ such that ¢(E) =0 for E outside of C;. Combining the results
for the two cases treated gives Theorem 4.

2.3. Extensions to higher dimensions. If we denote the k-dimensional
sphere of radius R and center at the origin by S® and make the other obvious
notational changes, then we may state the following extension of Theorem 3.

THEOREM 5. Let B=[12 - - . [*2ei=dp(u) be a k-dimensional trigonometric
integral, where W(p; (—u; S&)) is o(| u| “*+0) and k=1. Then given any
closed domain D contained in the interior of the k-dimensional fundamental
cube Q, there is a trigonometric series ) _ame'™ such that a,=o(|m|=*+1) and

f. . f e do(u) — E aneime
lu|SR |m|SR

tends to zero as R— o, uniformly for x in D.

The proof of this theorem, except for the necessary modifications of the
order conditions, is the same as that of Theorem 3. It is clear that we can
also state k-dimensional theorems corresponding to Theorems 1, 2, and 4.
This we leave to the reader.

2.4. The conjugate integral. By the integral conjugate to a trigonometric
integral B we shall mean the integral

z-f + [ :we<ul>e<uz>emd¢<u>

where e(u;) =1 if #;>0, e(u;) = —1 if #;<0, and €(0) =0, =1, 2. In the one-
dimensional case results parallel to those obtained for a trigonometric integral
are obtained for its conjugate. (See [5].) That it is not possible to deduce such
results by our methods in the case of double integrals follows from known
results on double trigonometric series. For the pertinent counterexample the
reader is referred to [1].

3. Restricted convergence. We shall now study trigonometric integrals
in the sense of restricted convergence and shall establish the analogues of
Theorems 1-4 in this situation. In principle the proofs are similar to those
employed in the circular case. Therefore, full details will be given only at
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points of difference and omissions will be made where the similarity with the
circular case is strong.

The following special notations will be used frequently in this part of the
paper. By [by, b;] or [6] we shall mean the closed rectangle with center at the
origin and bounded by the lines x, = % by, 2= *+bs; by, by, >0. If 4, and A4,
are two fixed positive real numbers, then A4(b) =A4 (b1, bs) shall be used to
denote the set [b;41, bo+1]© [by, b2], where b; and b, are subject to the re-
striction that 4; <b;/b, < A4,. Given a point = (u1, us), by |4 we shall mean
the maximum of | #,| and | u2| . A function f(u1, us) is said to converge rapidly
to a limit  as |#,| and |u,| become infinite if given any €>0 a positive real
number R can be found with the property that ] flu)—1 | <efor all u exterior
to [R, R].

3.1. Multiplication theorems. A set function ¢ will be said to satisfy con-
dition W, in case

Wo: W(; (u; [1/2, 1/2])) = o((| ma| + 1)72(| we| + 1)72) rapidly.

It will be said to satisfy condition W¢ in case for any preassigned positive
numbers 4, and 4.

Wo W(e; A(by, bs)) = o(1) rapidly

as (b1, by)— . That is, given any €>0 we can find a positive number R such
that W(¢p; A (b1, bs)) <€ whenever b; or b, is greater than R, yet subject to
the restriction A;<b;/by<A,. One can readily verify that the condition W,
implies W¢.

THEOREM 6. Let B and G be two trigonometric integrals as in (7). Suppose
that ¢ satisfies condition Wy and that

[ dwml+ ntlml+ 0] #@] < «;
(45) o
Mzx) = j; et=vdo(u).

Then P, the formal product of B and G, is well defined and the difference

S2 Sy S 8
46 daa) - [ S 1) Cemaxt —x) [ ) ei=do(u)

1
is restrictedly convergent to zero as S1, Sa— o, uniformly in x.

The proof that the product is defined is similar to that for the circular
case, except that now the set (—u; A) is contained in a set [r+a, r+a]
©[r, 7], and condition W¢ is used instead of (18). Proceeding as in Theorem 1,
we suppose that x =0 and write (46) as
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+oo Too
As = f_ f {o(—u; [S]) — o([S])} d(w).

Again, in view of the hypothesis on ¢ it is clear that the theorem will be
proved if we can demonstrate the validity of the following statement. Given
any pair of fixed positive real numbers 4; and 4,, then for any ¢>0

(47) | (—u; [SD) — o([SD) ] = (| wa] + (| 2| + 1)

provided that 4,<5,/S; <4, and $:>S,, S2> T, T, and S, being fixed but
dependent on e.

First let us suppose that % does not lie in the interior of [2S;, 2S;]. Thus
|4:] 228: or |us| 228z To simplify our notation we assume that —u is in
the first quadrant. Then the set (—«; [S]), which is the rectangle with center
at —u and sides of length 25, and 2.;, is contained in the square [|| —xz+5,
|| —«+S||]. Hence

| 6(—u; [S]) — o([SD | = | ¢(—u; [SD] + | o([SD]
< Wig; (—u; [S]) + W(s; [S])

and W(¢; (—u; [S])) =0( —u+S“). For the sake of definiteness let us as-
sume now that ||—u+S||=(wu|+S). If |w|=2S, then (|u|+S) is
clearly majorized by 2(|u1| +1). On the other hand, if |u1| <2S;, we must
have |u,| =2S:. But since 4;<51/S:< 4, we see that there exists a con-
stant K such that S; £ KS;and S; < K.S;. Therefore, (I u1| +5)= (| u1| +KS,)
§(|u1! +1)+K(|u2[ +1) =O((|u1| +1)(]u2| +1)). In summary, we have
shown that

(49) W(; (—u; [S]) = o((| wr| + (| ue| + 1)).

It is quite apparent that with appropriate modifications of sign the reasoning
above is valid for any ». We next show that

(50) W(g; [S]) = o((| w| 4+ (] w| + 1)).

Clearly, [S]ICI||S], | S]] and so W(#; [S]) =0(||S]|). We have already seen
that o(]|S]|) =0(S1) =0(Sz), and since either |u;| >2S; or |us| >25,, the rela-
tion (50) holds. Combining (48), (49), and (50) shows that the right-hand
side of (48) is o((| u1| +1)(| ue] +1)).

Suppose now that # lies in the interior of [2S]©[S/2]. Then

(51) | 6(—u; [S]) — o([S]) | = W(s; [3S]) + W(¢; [S].

An analysis similar to that used to establish (50) will show that each term
on the right is o((|u1l +1)(|u2| +1)).

Lastly we consider the case in which « lies in [S/2]. In order to avoid
complicating our notations and descriptions any more than is necessary, we
shall suppose that S;=||S|| and that —u lies in the first quadrant. From the

(48)
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proof for this special situation it will be clear that the result we obtain is valid
in general. We write

| o(—u; [S]) — o([S]) | < W(e; [| wa] + Su, | 2] + S2] © [S1, S2))
+ W(s; [S1, S2] © [S1 = | m], Se — | ws] ]

=C+ D.
Now:

D = W(¢; [Sl—]u1]+lu2|,52]e [Sl—|u1|,52—|u2| ])
+ W(g; [S1, S1]© [Si— | wa| + | ws], St — || + | w2] ])
= D, + D,.

Note that whenever |ua| 2 |m|, [S1, Si]©[Si—|w| +|us|, Si—|m| +|ue| ]
is the null set. Thus since ¢ satisfies Wp,

Dy = o| u]) = o((] x| + D(| ] + 1),
Dy = o(| ur| — | w2]) < o((| wr| + V(| 2| + 1)).
Assuming that || 2| us|, we have

C = W(¢; [|ull+51, 'u1|+52]e [51’52])
o(|ur|) = o((| x| + 1)(| wa| + 1)).

Similarly if |us| >|u|, we get that C=o((|w| +1)(| 2| +1)). This com-
pletes the proof of the theorem under the assumption that x=0. For the
case of general x we proceed as we did in the circular case, making necessary
changes to fit the case at hand. With the details for x =0 given above, the
reader should have no trouble filling in the proof.

Lemma 6, which follows, gives Leibniz’s rule for differentiating the prod-
ucts of integrals which obey certain conditions. Its proof is patterned along
that of Lemma 5 and is omitted.

LEMMA 6. Let B and G be two trigonometric integrals as in (7). Further, let
JSaw| wi| K| us| £| dp(w)| =0(1) rapidly as by, bo—eo restrictedly, and let
JSe(|wa| + (| us| +1)E| d(w)| < 0. Then the formal product P =BG exists,
and

K+L KZL K\/ L JK—k+L—1 g+l
o BN O (e
dxfoxt @ ri=o \ 1] \oxf*axf~" dxrdx!

where all differentiations and products are formal.

3.2. Localization and equiconvergence. As in the circular case, basic facts
about Fourier integrals and the notions of localizing function and Riemann
function are indispensable. We list briefly some of the modifications of these
ideas which are made in the restricted case.
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Instead of considering the circular partial Fourier integral we now con-
sider the ordinary rectangular partial integral. That is, if F(¢) is integrable
and y(u) is its Fourier transform, we consider

S2 S1 1 +o0 +o0 _
f f y(u)eirrduy = — f F(t)Ds(x — t)dt,
-8 VY -8, w? —0 —w

— — - — sin S;%; .
Ds(x) = Dsl(xl)Dsz(xz); Ds.-(x,') = -—T—) 1= 1, 2.

where

In the consideration of localizing functions we specialize our domains to
be rectangles and assume that the localizing functions we use are the products
of the one-dimensional localizing functions associated with the projections
of the rectangles onto the coordinate axes. Explicit constructions of one-di-
mensional localizing functions are given in [4].

Let B be a trigonometric integral as in (7), where ¢ satisfies condition
Wo. The Riemann function F(x) associated with B is defined by formal in-
tegration as follows:

o= [ [ e et
U L e
(L IO A e

e”“d«b(u)
f f ( = Fy(x) + Fa(x) + Fs(x) + Fu(x),

i11)2(i12)?

where I' denotes integration over that region not covered by the first three
integrals. Clearly, the integrals all converge uniformly in x.

THEOREM 7. Let B=[17 [ 2eiwudp(u) where ¢ satisfies the condition W.
Suppose further that R and R are two closed bounded rectangles, R CRL, and that
N(x) 25 a localizing function of class CA9 associated with R and Ry. Then if F(x)
s the Riemann function associated with B, the difference

S2 81
Ag,3, = f f e“’“d¢(u)

oo 321_)51(361 — 1) 3255,(0«‘2 — 1)
- — F(t)N(t dtdt
f f M) =3z o8 o

(83)

1s restrictedly convergent to zero as Sy, Se— », uniformly for x in R.



1952] ON DOUBLE TRIGONOMETRIC INTEGRALS 369

Step one in the proof is to write ¢ as the sum of four set functions
b1, ¢z, ¢3, ¢4, defined as follows: ¢:i(E) =¢([1, 1]AE); ¢:(E) =¢(XAE),
where ¥={(x1, x2); |0:] >1, | 22| £1}; ds(E) =¢DAE), where 9= { (a1, x2);
|x2] >1, lel =<1 } ; and @4(E) =¢(3/N\E), where B is the complement of
[1, 1]+%+9. Clearly it suffices to prove the theorem for each of the func-
tions ¢; to ¢, separately.

The case of ¢; corresponds to the case ¢(E) =0 for E exterior to C; in the
discussion of circular convergence. The Riemann function is Fi(x), which is
regular in x; and x,. Since there is no essential difference in the proofs be-
tween the restricted case and the corresponding circular case, we omit the
proof. Also, the case of ¢, corresponds to the assumption that W(¢; C;) =0
in the circular situation. Again, the proof of the present theorem for ¢, does
not differ much from the proof in the circular case when we assume W(¢; C;)
=0. Our Riemann function now is given by Fy4(x), the function ® used in the
proof will now be defined as ®(E) = [ [zdp () /(1u1)2(tu2)? and u(x) will satisfy
the order condition o((| x| +1)=52(| 5| +1)-%/2).

The analysis which deals with the functions ¢, and ¢; does present some
novel features. We shall consider ¢, and henceforth drop the subscript. To
make matters definite we take the rectangle § to be the cartesian product of
the intervals @, <x;<b; and a; <x;<b,;, and take RN, to be the product of
asx1=5d; and ¢ Zx:Zds; a1<a1<b1<dy, c2<as<b,<ds,. If we denote the
localizing function associated with the projections on the x;-axis and the
x.-axis by u(x1) and »(x;) respectively, we have A(x1, x2) =u(x1)v(xs).

First observe that Fy(x) = F(x) = F(x1, x2) is continuous in both variables
and is regular in x,. Let us next define a function on the Borel sets of the x;-

axis as follows:
sid) = [ [ cimmtptu
X4

where I X4 is the cartesian product of the interval —1=<x,=<1 and the one-
dimensional Borel set 4. One sees immediately that ¢, depends on x; and for
fixed x, satisfies the conditions 1(a) and 1(b) applied to one-dimensional Borel
sets. Furthermore,

v+1
(54) f | dopa(w1) | = o(| v|~112), uniformly in x,
and

1 b 13 ,
(85) f f eizvdep(u) = f em1de o (u;).
-1 a a

Relation (54) follows from the fact that ¢ is in Wg. Equation (55) can be
established by writing the right-hand side as an iterated limit and noting that
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the iterated limit is equal to a double limit which can be used to define the
left-hand member. Our purpose in introducing (55) is to enable us to consider
S 2ei=dp(u) as the one-dimensional integral [ 3 e*=1"dp,(u,) and to apply
the one-dimensional theory developed in [4] to the latter integral. From the
results in [4], from (55), and the definition of F, one readily sees that for
a:<x,<b, the one-dimensional Riemann function associated with
SE2ei=dgl(u) is
2

d
(56) — {F(x1, 2)p(x2)} = G(1, x2).
dx

2

Again applying known results in one dimension [5], we see that
1 1 aq
(57) f f eiwdp(u) — — G(Sl, %o)p(s1) — Dsy(#1 — s1)dsy
1J_g TJ_» as?

tends to zero as SI—>oo, uniformly for x in . Since »(x,) has six continuous
derivatives, it is clear from (56) that G(s;, x») has four continuous derivatives
with respect to x, which are bounded for all values of (s, x2) and that G(si, x2)
is integrable over (— =, 4+ =) as a function of x,. Thus we have

S2 ~8S2 +o0
68 G m = [ emanat ([ [ 7)emot, a
—8, —o0 S2
where
1 +o
(59) 0(s1, t) = 2— G(s1, x2)e 22 dxy = O(I tl"‘) as l tl — ©,
TV

the small “o” holding uniformly in s;. Furthermore, since A(x1, x2) =pu(x1)v(x2)
we have 92F(x;, x2)\ (%1, %2) /%3 =G (x1, x2)u(x1) and can now rewrite the right-
hand side of (53) as

7 124
Agy.8, = Agy.s, T+ Asy.s,

_ { f— 1 f * o ()
3D (%, — s1)

+00 “+o0
- — f ( G(s1, 52)Ds,(22 — Sz)dSz) u(s1) T dsy
—00 —o0 1

+o0 —Sz +o0 625 o
— - f ( f €i72920(s,, sa)ds2> u(sy) M ds!}
—o0 —00 s2 651
+o0 —S2 4o 625 .
+ { f (f + 3512820(51y s?)d&g) ”'(sl) —Sl(%___ﬁ dsl} .
™ —o0 —o0 Se as! |

From (58) we see that A,

Lo 1S merely the difference (57), and so
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lim  Ag,s, = lim Af,s, = 0.
81,89 8
Using the estimate in (59), the bound 82Dg,(x;—s1)/ds} =0(] S1|3), the fact
that the ratio S;/S; is bounded, and the fact that u(s;) =0 outside of a finite
interval, we immediately see that A;/, —0 restrictedly and thereby complete
the proof.
Corresponding to Theorem 3 we now have the following situation.

THEOREM 8. Let B= [12 [*2ei=ud¢(u) be a double trigonometric integral such
that ¢ satisfies the condition Wg. If R* is a closed bounded rectangle contained
in the interior of Q, then there is a double trigonometric series _ame™ whose
coefficients satisfy the condition @, =o(([ m1| +1)-V 2(I mgl +1)-Y2) rapidly and

such that
S2 S1 [81], [S2]
f f eizud¢ (u) — Z ameimz
—8 vV =8, |my],|mg]=0

converges restrictedly to zero as Si, Se— x, uniformly in x.

As in the proof of the preceding theorem, we write ¢ =¢;+¢do+ds+d..
For functions ¢; and ¢4 the proof of Theorem 8 is, except for minor modifica-
tions, the same as that of Theorem 3. To treat ¢, we first transform the
integral [1; [*Zei=*dp.(u) into an integral [ Jei=#1dg}(u,) with Riemann func-
tion G(x1, x2) as was done in the preceding theorem. Using one-dimensional
results of Zygmund [5] we show that our integral is equiconvergent with a

series
+oe

(60) 2 am(m)em™H; ap (%) = o((| mi| 4+ 1)V,
mi=—c0
This series is obtained by expanding the function I'(x;, x2), which is of
period 27 and equals G(x1, x2)u(x1) on @, in a Fourier series in x; and then
formally differentiating the series twice with respect to x;. The coefficients
@m,(x2) will be periodic functions of x, and can be taken to have as many
derivatives as we please. Thus the functions a.,(x;) can be expanded in Fourier
series with coefficients a,,.,,,.2=o(| "‘lzl —3), uniformly in m,. Hence

My M1,M32 My 1
Y an(aeimn = 3 appimntmn 3 oS5 e
—M, —My,—M, —M, 2
From this it follows that, since M,/ M, is bounded,
1 M Myi,M2
{f f ei=dgs(u) — Z amlmzez(m1u+mnz)} —0
-1 v M, My, —M,

restrictedly, as M;, My;— o, uniformly for x in R*.
Finally, we observe that the analogue of Theorem 4 and the remarks con-
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cerning the conjugate integral are also true in the restricted case. We leave
their explicit formulation and proof to the reader.

REFERENCES

1. L. D. Berkovitz, Circular summation and localization of double trigonmometric series,
Trans. Amer. Math. Soc. vol. 70 (1951) pp. 323-344.

2. S. Saks, Theory of the integral, Warsaw, 1937.

3. Frantisek Wolf, Contributions to a theory of summability of trigonometric integrals, Univer-
sity of California Publications in Mathematics, New Series, vol. 1, pp. 159-228.

4. A. Zygmund, Sur la théorie riemannienne des séries trigonometriques, Math. Zeit. vol. 24
(1926) pp. 47-104.

5 , On trigonometric integrals, Ann. of Math. vol. 48 (1947) pp. 393-440.

UNIVERSITY OF CHICAGO,
CHicAGo, ILL.



