COMPLEX BOUNDARY VALUE PROBLEMS

BY
P. R. GARABEDIAN AND D. C. SPENCER

1. Introduction. In this paper we study the theory of functions of several
complex variables from the point of view of partial differential equations of
elliptic type. The basic objective is to obtain a generalization of the tools of
potential theory which will apply to the Cauchy-Riemann equations in
several variables. Thus we investigate further the kernel function and its
relation to the Green’s function introduced earlier [8; 9].

Our point of departure here is a discussion of boundary value problems
for harmonic differential forms in Euclidean space carried through by Hodge
[12]. We find that in terms of two new complex differential operators d and
6 one can develop a theory of boundary value problems, analogous formally
to Hodge’s work, which centers about the Cauchy-Riemann equations. We
are enabled to bring together systematically and concisely the concepts of
the Cauchy formula, the Green’s and Neumann's forms, the kernel form, and
harmonic integrals, and to build from them an elegant generalization for
several complex variables of the basic ideas of potential theory.

A number of new phenomena arise for the complex differential forms of
our theory. While we rely strongly on the theory of the Fredholm integral
equation, our boundary value problems lead to singular equations with in-
finitely many eigenfunctions. Thus to obtain a complete existence proof, we
resort to a combination of the method of integral equations and a procedure
of orthogonal projection developed around the Bergman kernel function
[10]. Indeed, it is the recent results relating the kernel function to the
Green’s function which motivate our entire presentation. Thus we obtain a
single theory which connects harmonic forms, integral equations, Cauchy’s
formula, and the kernel function in terms of suitable boundary value prob-
lems.

Many special cases and examples of our general theory prove to be of
particular interest. A few of these are given special attention in a final sec-
tion of the paper.

2. Definitions, notation, and formalism. We shall consider the 2k-dimen-
sional Euclidean space of k complex variables 3;=x;+%y; and a cell M in
that space with smooth boundary d M. We shall set y; =x;, and

i} 1<0 . 3) d 1(3 . 3)
—— =\ -t} ———=_—_+1’—)
9z 2 \ox; ay; 0z; 2 \9x; 9y;
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while dz; =dx;+1dy;, dz; =dx;—1dy;.
In the formalism of E. Cartan, one introduces the differential form

i k
dxy - - - Axoy, = (—é—) dzy - A21d3y - - - d3y

as volume element. The expression
¢p = ail...ipdz.'l L dz;,,

will be called a pure p-form, where summation over all combinations of in-
dices with 4;<4;< - - - <1, is to be understood. In particular, with

k
r = lej_tilzy

=1

we introduce the singular p-form

w,(z, t) = ,2):—2 dz;l LR dz,-pdt-i, cee dt-.'".

For pure forms ¢,, the conjugation operator * yields

2»
*pp = - a,-,...,-,,dé;,H oo d:?.i,‘dzl <o dzg,
(29)*
where 43, - - -, % is an even permutation of the indices 1, - - -, k. In particu-

lar (without summation with respect to 4 « + + 4,),
dziy » - - dzix (dzi, - - - dzi)” = 27dxy - - - dwar,
and
redy = (1),
Also,
*dZi,,, - dBgdzy - - - dae = (20)%(—2)"7dz;, - - - dzi,
In addition to the usual differential operators d and §=*d* of Hodge
[13], we define here the complex operators d and § by the formulas
k. dai,.

do,= Y Tt daidzi, - - - dai,,

mept1 0%,

- 1 L 9a;,. . .;

6¢p = —é—-*dt¢p = E (_1)m+1 _a_é___tdz'.l .« e [dzim] “ o dz‘-p’
m=1 Zim

where [dz;,] indicates that this differential is to be omitted. Note that
with { =dz; - - - dZ we obtain
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(dép = (dop = (—1)*d(¢y).

Also, dd¢,=0383¢,=0. The importance of the operators d and § stems from
the fact that the Cauchy-Riemann equations for a function f analytic in the

k complex variables z;, - - -,  can be written §(fdz - - - dz) =0 or df =0.
Two identities will be of fundamental importance in our work. They are
1 2k 6%ai,...; = ==
_—.-—Z —2 dg;, - - - dzi, = (db + 8d),

m=1 axm
and
J“"P(z’ t) = - (gwp'}'l(tr Z))_,

where in the last relation d refers to differentiation with respect to z variables
and 6 refers to differentiation with respect to ¢ variables. For some positive
constant o; one obtains by Poisson’s equation the further identity

6s(5) = — 27iA, fM"”’(‘)* )@y, 2))-

We shall have need for the scalar product

(¢pa \l’p) = fM¢p* ¥»)~

of a pair of pure forms ¢,, ¥,. Green’s theorem yields for this the relations

(dbpy Ypi1) + 2y, Wpi1) = O (Wps1)™,
oM

2(3¢p+lr ¢1z) + (¢p+1’ Jd’p) = (*‘l’p+1)(¢p)_~
oM

Similar identities can be obtained in curved cells M by Stokes’ theorem.
Finally, one obtains by a ready calculation

[+ (9, [T = (—2)*+ ¢,

At a point of M, one can introduce tangential coordinates sy, * * -, Sa_1
and a normal coordinate #. Then ¢, can be written

bp = aiy...ifdsiy - -+ dsi, + Biy. ..o, dnds; - - - dsg,_
We define
Te, = a,-l...ipdsi, .o ds,-,.

3. Combined method of integral equations and orthogonal projection.
Suppose that
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Oryp = T[a;l....-pdz.-l - dzidZ - - - dﬁk]

is a given form on d M. We shall prove in this section that there exists in M
a unique pure form 4, such that

T(CAp) = Okyp, ‘ on dM,
0dA, = 0, in M,
Ay = 8Qp11, in M,

for some pure form Qp4;. Our method of proof is based on the classical pro-
cedure of integral equations together with an application of a method of
orthogonal projection developed recently in connection with the theory of
kernel functions [10]. The result will serve as a basis for the study of analytic
functions of several complex variables by the methods of the Fredholm inte-
gral equation, of harmonic forms, and of the general theory of partial dif-
ferential equations of elliptic type.

Let ¢, be a given pure form defined in the neighborhood of d M, and let
this form be extended into M in some manner. Then by Poisson’s equation

2-» Af (wp)™ { p’ n M,
o M¢p* @n) = 0, outside M.

Also,

—Z‘PakAf bp* (wp)™ = — 2‘Pak3¢i-f ¢p* (wp)™ — Z’Paktigf bp* (Wp)~
b% M M

= Z“Paksf bp* (Bwpr1)™ + 2‘Pak¢'i-f ¢p* (dwp_y)~.
M M

Thus from Green’s theorem

2_p°'k3(¢m 3"-’1u+1) + 2_p°'k‘i(¢m d-‘*’p—l)
= 2~p_l°'k§ Dp* (‘*’p+l)— + 2_p°'k‘i (+ ¢p) (“’p—l)_-
oM oM
— 2777%0,5(dp, wpr1) — 277 101d(Bbp, wp1)
_ { 21 in M,
~ 10,  outside M.
Now Td(fwp_1) = (—1)¥T¢dw,_1, and it may be verified that
1270 [ (+80) @)
oM

is continuous across 0 M. Thus
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T¢2-7lo4d f G+ (0p1)”
oM

must jump by T¢¢, on 0 M.
If we set

(1) Ay =278 | dpx (wpi1)™ in M,
aM
we find, by the usual argument, that 7¢A4, has on M the boundary values
- 1
Tg-Ap =P [Tz—p—ldkg'a bp* (‘*’p+l)_] + 7 T§¢p,
oM

where P|[ ] indicates that the integral inside the brackets is to be taken in the
sense of the Cauchy principal value. Clearly

SJAP = 277"10,8d8 bp* (Wpt1)™ = 27715,8A ¢+ (wps1)™ = 0,
oM ang
since Awp+1=0. Thus 4, will solve our boundary value problem provided
- 1
(2) P [TZ"" o180 | p (w,,+1)—:| + 5 T¢dp = Okip
oM

on 0 M. We seek therefore to determine ¢, as a solution of the singular integral
equation (2).

The solution of the integral equation depends upon a discussion of the
transposed equation [11]. The transposed, or associated, integral equation
arises when we attempt to solve in the exterior of M the boundary value
problem

ddB,y1 = 0,
T+ Bp+1 = (02]‘_,,_1)—, on 3M,
in the form
3) Bpr1 =277 0d | (% pir)(wp)™
M

Indeed, T s 8wpia=2"1(—1)P"Td * wpye and
T+277"%8 b1+ (@pr2)”
oM
is continuous across d M, while

T+ z_p_lo'k‘i ( * ¢p+l) (“’p)_
oM
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must jump by T *+¢,1 on dM. Therefore, the boundary values of T * B,y
on dM from the exterior of M are

- 1
T+«Bp = P[Tz_p_lﬂk*d (* ¢,,+1)(w,,)‘:| Y Txdpir
oM

Noting that (—2)* x¢p41=[ » ({Pps1) |§, we obtain for the determination of
¢»+1 the singular integral equation

g 1 -
P [Tz_p_ldk* (= §'¢p+1)§'(5¢°p+1)_:| + LY T[(*pps1)E]
aM

= — (= 2)*(Bs_p-1)~

The integral equations (2) and (4) to which we are thus led are each the
transpose of the other, since the kernel is in the first case

T(z)T(1)§(2)8(2) * (Dwpia(z, 1)

(4)

and in the second case
T@ T+ (2)E0) GOwpa(t, 2))™.

It follows [11] that (2) can be solved for ¢, if and only if 04y, =T({A4,) is
orthogonal to every solution ¢,1 of (4) in the homogeneous case 0551 =0,
in the sense

[ tom O = [ Cosmatian-=o,
oM oM

or

f Ap* ($p+1)” = 0.
oM

This result is a consequence of the relation

(* b p41) Orap)~
M

| —

=P [Z’HW j; . j; M{ + ()£ (@)$p+1(2) } (£(2))@B(2)$5(1) * (Nwopia(z, 1)~
1
+ 7)., {+ @1(@)8p11(2) } (5(2)~(b5(2)~

=P [ fa y {2""10';,* e {64 1)f (Bwpr1)~ + % [« rqulf} («m)-]

=0,
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where ¢,41 runs through precisely the class of solutions of the homogeneous
equation (4) and the inner bracket therefore vanishes identically.

We turn now to the study of the solutions ¢,.; of the homogeneous equa-
tion (4) in order to analyze the possible boundary forms 6y, It is im-
mediately evident that (3) is a form with boundary values T'( * B,41) =0 from
the exterior M of M. Therefore

2f~SBp+l * (SBp+l)_ = — (* Bzr>+l)(331>+l)~ =0,
M

oM

where the application of Green’s theorem in M is justified by the good be-
havior of B,y at infinity. Here the minus sign before the integral on the right
is a consequence of the relation d M = —3d M. We conclude that

8B,y =0, - in M.

Therefore the form
QP = 27r"1lgy, (*¢p+l)(“’p)_
oM

satisfies the differential equation 8§dQ,=0 in M. A second application of
Green's theorem yields '

[ a0, o)== [ 0,e@0 = = [ 0o (B =0.
M oM oM

Thus B,y1=dQ,=0in M.
Since T * Bpyy jumps by T *¢,41 on 0 M, we see that T * B,yq has from the
interior of M the boundary values

T+Bpr1 = T*dpir
Also
3B?+l = 2—1’—10-,5(? (*¢p+l)(‘-"p)_

oM

= — 2-r 15,05 (% @ps1) (wp)~

oM

2777100d | (% pper) (dwp)™
oM

(—1)22-710,d L (e )0y

by Stokes’ theorem, and since the tangential derivative

Tg‘d-w,,_l = (—l)de(pr_l)
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is of order of magnitude r—2+2, we find that
1638y = (= 07270 [ s gyen) o}
oM

is continuous across d M. Hence T¢3B,.1=0 there.
A final application of Green’s theorem gives

2(0Bp41, 0Bpi1) = (+ Bpr1)(@Bps1)™ = 0,
oM
and we conclude that
8B,y = 0, in M.

Thus T +¢,41=T + B,4, is obtained from a form B,,, in the interior of M
which satisfies there the differential equations

JB,,.H = EB‘,.H = 0.

Our conclusion is that the boundary expressions T¢A , of pure forms 4, in
M with

8dA, =0, A, =080, for some Qp41,

generate the entire class of forms 64, =T({C,) on d M such that
Co*(Bps1)~ =0
oM

for every pure B,y in M with dB,,; =0B,,1=0 there.

In order to show that even this restriction is not necessary, we proceed
to apply a method of orthogonal projection.

Let C, be any pure form in M with

(dCp, dCp) < .
We denote by a,;1 the pure form in M such that
(5) (dCp — apy1, dCp — apy) = minimum
under the restriction ddo,.1 =08c,41=0. Since
Aopyr = 8dapy) + ddapyy = 0,

the coefficients of the competing forms are harmonic functions, and the ex-
tremal form o,y exists.
We make a permissible variation

Qpi1 + 65(0,,4.2

of ay41 with singularity outside M, and we deduce that the pure form
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(6) Eppr= — Z‘P‘lak((icp — pt1, Wpt1)
satisfies in the exterior of M the relation
JEp+l = 2_"_10'1;(d-cp — Opt1y 3‘09-}.2) = 0.

The coefficients of E,;; are clearly harmonic functions there.
On the other hand, we obtain in M

5d-SEp+1 = 5AEP+I
= — 2-7715;5A f (dCp — apr1) * (wps1)™
M

= 3(JC,, — apy1) = Slicm
or, better, ‘
8d(Cp — 8E 1) = 0.
We set, therefore,
(7 A, =Cp—86E, 1

and study T¢A, on dM.

First, it is not hard to see by arguments from potential theory that
8E,.1 is continuous across dM [10]; so also is the tangential derivative
T¢dbE,.1. But outside M

JSEﬂ+1 = - SJE,,.H = 0,

and hence Td({8E,41) =0 on dM. Thus T¢A, and T¢C, differ on dM by a
closed form only.

But more can be proved. If 8,41 is any form in M such that dB,41=088p11
=0, we obtain from

Bpr1 = — 2_"_10kAf Bpi1* (Wpt1)™
M

Il

277 1g,d f Bpr1+ (dwy)™ + 2—"_2015f Bpr1* (Bwpia)™
M M

2-7"lg,d f (*Bot1)(wp)~ + 27772 Lsf Bor1# (pr2)™
oM on
the generalized Cauchy formula
Bpt1 = — 277 ‘ka (+ Bp41) Bwprr)™ — 2""2°'kf Boi1* (dwpsa)™.
oM oM

Substituting this in the variational relation (dCp—ap1, Bp+1) =0, we obtain
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- 2_p_l°'kf (JCP — api1)* (Bp+l)—*3wp+l
MY oM
- 2“""2ka (dCp — apy1)(Bps1)™* * dwppr
MY oM
= - 2“”‘10kf +(Bpe1)d | (dCp — atpyr) % (wpin)™
oM M

- z—p—za,,.f (Bp+1)_*‘if (dCp — aprr) * (wps1)~
M M

_ 1 -
f * (Bpr1) 0Ep1 + — (Bp+1) " *dEp1y = 0.
M 2

M

But since dE,1 vanishes on d M, this yields

8E 1% (Bprr)~ = 0
oM
for every Bpu1 in M with dBpy1 =06Bp41 =0.
The method of orthogonal projection therefore gives a form 4, such that
T¢A, differs from the arbitrary values T¢C, by a form T¢3E,4; which satisfies
the orthogonality relation

f 8E 1+ (Bpr1)™ = 0.
am

This condition is precisely the one which we developed with the procedure
of integral equations, and thus our previous theory shows that T¢3E,,; is a
permissable boundary form for our Dirichlet problem. A combination of the
methods leads us to conclude that it is always possible to find a solution of
the given boundary value problem. The only assumption required is that
the given boundary values T¢C, be generated by a form expressible as C,
=38R 41, so that the solution 4, has also the form 4,=8Q,..

Uniqueness of the solution is quite elementary. For if T¢4,=0 on d M,
then

(JAP’ JAp) = Ap* (d-Ap)— = 0,
o
so that d6Q,41=dA,=0. Hence
_ - 1 _ 1
(005+1, 00p+1) = — | (+Qp41)(0Qp+1)” = — | (+Qp1)(4,)~ =0,
2 M 2 oM

and 4,=8Q,41=0in M.
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A quite analogous treatment can be given for the related Neumann
boundary value problem

ddB,y = 0, in M,
T+ By = (O2k—p-1)" - given on oM,
By = dQ, for some Q, in M,

and existence and uniqueness of the solution B,;; can be obtained. In this
case, of course, the Dirichlet integral is

(SBpHr SBIH'l)'

4. Green’s form, Neumann’s form, and the kernel form. The existence
theorems of the previous section show that we can define a pure Green's
p-form G,(z2, t) and a pure Neumann’s p-form N,(z, t) in M as follows. In M

Go(z, 1) = 277 10;8(wpy1 + regular terms),

8dG (2, 1) = 0,
while on M
T¢Gy(z,8) = 0.
In M
Ny(z, ) = 277"103d(w,—1 + regular terms),
doN (3, 1) = 0,
and on M
T+Ny(zt) =0.

These conditions determine G, and N, uniquely.
The regular kernel form

(8) Koz 1) = JGP'-I(ZY )+ 31V1>+l(zr 7)

clearly sa_tisﬁe§ the analyticity relations dK,=8K,=0 in M, and if 8, also
satisfies df3, =08,=0, we obtain

(ﬂm K,) = (pr JGp—l) + (Bp» 3Np+l)
1
=B, + (+B8p)(Gp1) + — Bo* (Np1)~
oM » 2 Jou

from Green’s theorem and the Cauchy formula. Thus K, has the character-
istic reproducing property

ﬁp‘ = (ﬂp! KP)

and is symmetric,
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K, (z,t) = (Kp(t, )~ = Kiyesoipyinige - ip®%iy * * dz,-p.dt',-l s dt-,'p.

If 8% (s) is any complete orthogonal system for the class of pure forms £,
with

Jﬁp = sﬁp = 0: (pr 61)) < o,
in the sense

» W 0, v # u,
(ﬂp,Bp")=5m={

1, v = u,
then we obtain in the usual manner the Bergman expansion

o~ (") ”
Kuz ) = 228, (D8, (1)~
r=1
In particular, the coefficient
I.(o = 2"K12. ok, 1200k

is the well known analytic kernel function of the k2 complex variables
21 ° ',ZkiIlM[I].

It is of interest to reverse our point of view and obtain the Green’s and
Neumann's forms Gp-1, Np41 from the kernel form K,. We note that K, is
the form 8, minimizing

(BP! BP)

for fixed B, at =1, under the differential restraints d8, =88, =0. An applica-
tion of the theory of the problem of Bolza in the calculus of variations tells
us, therefore, that there is a Lagrange multiplier X and two pure Lagrange
multiplier forms A, and pp41 in M such that

(Km hp) + )‘(hp)_ + ()‘p—lr Shp) + (I-‘p+1v Jhp) =0

for every variation h, of K,. If we take k, =@, with d8,=38,=0, the repro-
ducing property of the kernel yields A = —1. Green’s theorem gives

1. - 1
(Kp — — d\po1 — 204541, hp) + f [”_ N1t (Bp)~ + (+ l~‘p+l)(hp)—:| =0,
2 am L2
and from the arbitrary nature of %, we obtain
1 . -
K,= 7 d\p1 + 20pp41, in M,

Tthp—1 = Trpp1 = 0, on dM.

Thus \p_1 =2Gp—; and pp41=(1/2)Np41, whence we have an interpretation of
the Green’s and Neumann's forms as Lagrange multipliers for the extremal
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problem of Bolza type which characterizes the kernel K,. This formal pro-
cedure serves to motivate our earlier discussion of boundary value problems
involving p-forms.

We turn next to the representation of the solution of the boundary value
problems in terms of G, and N,. We shall confine ourselves to the Dirichlet
problem as solved by the Green's form.

By definition of G,, there is a form

T'pt1 = 277 101wp41 + regular terms
in M such that G, =0Tp4;. I'py1 is uniquely determined by the requirement
(Tpt1, bpy1) =0
for every hpy1 such that 8k, =0. If 8d4,=0 in M, and if A,=38Q, for a
uniquely determined form Q,4; with
Qp+1) Bpr1) = 0
whenever 8k,4; =0, then we obtain

Apt (Tpr))™ — 27772 | Qpia# (dwpin)™
oM oM

= | A4p+Tp))” — f (+Qpr)OT 1)~ — 277 %% | Qpir* (dwpr)™
aM oM M

(dA 4 Tpi1) + 2(8Qp+1, 0T p41) — 2(8Qp+1, 6T p41)
— (Qp+1, BT 511) — 2777 104(Qpi1, ddepy1)

— 277" %4(dQ 11, dwopr1) + Qpia

— (Qpt1, BB[Tpys — 277 ouwp1a])

+ 2—"_201‘3(5@,&1, wpt2) + Qpi1

= 277%0:8(dQp 1, wpt2) + Qpir.

By application of the operator § to this identity, we derive the formula

) 4, = 3£MA,* Tpe1)~

for the solution of the Dirichlet problem.
The corresponding formula for the solution of the Neumann problem is

1 _
(10) Byi1=—d (+ Bp+l)(Hp)_v
2 oM

where

H, = 27?60, -+ regular terms
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is the unique form such that N,,;=dH, and such that
(Hp, hy) =0

whenever dh,=0.
The symmetry of the Green's form G,(3, ¢) is obtained in a similar way.
We have

Bpsse (O™ = [ (+Tp) @pr)”
M oM

B 2—p~26kf Tpp1# (dwpi)”™ + 2777%% | (+dwpin)(Tpn)”
am

oM
= Tpp1 — (Tpr1)™ + 277 %04(dwpi1, AT py1)
— 2777 20,(dT 41, dwpya),
so that application of the operator 8(2)(8(£))~ yields the rule
G(1))Gy(z, 1) = 8(2)(G,(t, )™
Likewise, by the analogous argument for Neumann'’s problem,

d®)~Ny(z, ) = d) (Nt %)™

The boundary value problems can be reformulated as orthogonal de-
composition theorems in the Hilbert space L? of pure forms C,=6R,;1 with

(dCp, dCp) <
and the Hilbert space A? of pure forms D, =dS,_; with
®D,, 8D,) < =,

and a Dirichlet principle can be stated. We introduce for this purpose the
subclass of L? generated by elements &, such that

T¢0, =0, on oM,
and the subclass of A? generated by elements ¥, such that v
T+, = 0, on M.
Then for each 4,E L? with §d4,=0in M, we have the orthogonality relation
(@8, d4,) = f 8,0 (@A) =

2.4

whereas for each B,EA? with d6B,=0 in M, we obtain

_ - 1 _
(¥, 8,) = — f (+%,)E5,)" =
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Thus it follows from our theory of the Dirichlet problem for 8dA4,=0 and
the Neumann problem for déB, =0 that each C,&L? has a unique orthogonal
decomposition

Cr=4,+ &,
and each D,EA? has a unique orthogonal decomposition

D,= B, + ¥,

The Dirichlet principle is an immediate consequence of these decomposi-
tions. It states that for given C,, the form A4, such that T¢A4,=T¢C, on M
and

(dA,, dA,) = minimum

satisfies the partial differential equations 8§d4,=0. Similarly, for given D,,
the form B, such that T+ B,=T * D, on dM and

(8B,, 6B,) = minimum
satisfies the system of equations d6B,=0.

We close this section with a remark concerning the generalized Cauchy
formula

By = — 2770y (*ﬁp)(s“’p)— — 27771gy Bp* (pr)',
oM oM
valid for pure forms 8, such that d8,=88,=0 in M. If one introduces the

class of pure forms U, which satisfy in M the Laplace equation AU, =0, one
obtains the identity

(BI@U +— [ Bpe (U,
aM* pJ » 2 aMp P,

- = |
= 2(651»’ 6Up) + 7 (dﬁpv dUp) + (ﬁpr AUP) =0,

for each U, when dB,=388,=0. Conversely, suppose B, is defined on M
and satisfies

_ 1 -
. -+ = | B@UH)-=0
BT+ f By U

for each U, with AU, =0 in M. If we extend B, into M as a solution of La-
place’s equation A8, =0, we obtain

- = 1 _
2(685, 06U ,) + 3 (d@Bp, dU,) = 0.
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For U,=8,, this yields dB8,=288,=0. Thus a necessary and sufficient condi-
tion that a pure form 8, defined on 8./ represent the boundary values of a
form in M satisfying 68, =dB,=0 is that

- 1 -
(*ﬂp)(aUp)_ + — Br* (dUp)_ =0
oM 2 Jom

for each solution U, of Laplace’s equation in M. If the equations dB, =083,
=0 are viewed as a generalization of the Cauchy-Riemann equations, this
result can be interpreted as a generalized Cauchy theorem.

A similar reasoning shows that if AU, =0in M and T¢6U,=T +dU,=0
on dM, then dU,=86U,=0 in M.

5. Special cases and examples. It is evident that the Dirichlet problem
for forms A, with 8d4,=0 is equivalent to the Neumann problem for forms
Bi_, with déB;_,=0. We indicate here the significance of these problems
for some special values of p and k.

For p =0, the Dirichlet problem is that for the classical Laplace equation
in 2k real variables, and our work adds nothing to the known theory. But for
p=Fk—1, we obtain the most important case of our theory and develop
through integral equations the recently discovered formalism of boundary
value problems for the Cauchy-Riemann equations in k2 complex variables
[8]. Indeed, here with forms B =f,1 the equation dB,=0 is vacuous, while
the relation 68; =0 represents precisely the Cauchy-Riemann equations for
the single coefficient b;, . . .;, of

Br = bi!...,-,,dzil e dzi,‘,

which must therefore be analytic in the k& complex variables 2, - - -, 2. The
Neumann's form N4, is absent, and the Green’s form G, =G;_; can be taken
as the natural generalization of the Green’s function in one variable, by virtue
of the kernel identity

K = dG_1.

An even more direct generalization appears in terms of the form I'; with
oI'. =Gi_1, and the kernel identity can also be written

K = doTy, = AT,

For further discussion the reader is referred to previous papers [9]. However,
the formulation of the theory given here has special interest because it intro-
duces the method of the Fredholm integral equation, thus completing the
application of the apparatus of elliptic partial differential equations to the
study of functions of several complex variables.

Since we are using the notation of the exterior differential calculus of E.
Cartan, it is worthwhile to compare at this point the complex operators d, &
and Hodge's operators d, 8. The distinct advantage of our operators is that
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they yield not only Laplace’s equation when p =0, but also the Cauchy-
Riemann equations for k complex variables when p=£k. Note, however,
that Hodge’s harmonic forms have applications in magnetostatics for three
dimensions, etc. It is, of course, true that all our results have a direct analogue
for Hodge's forms in k-dimensional space. In particular, the kernel form can
be introduced in that theory and the method of kernel orthogonal projection
goes through, but it seems unnecessary to mention details here, since the case
of the complex operators d, & serves to present the leading ideas.

It is of particular interest to write down the fundamental integral equa-
tion (2) when p =0, k=1, the classical case. The boundary d M is a curve in
the complex z-plane with unit tangent 2’(s), and we obtain

1 2)dz 1
(11) — #() t + 7¢(t) = 6(t)

2rit o 2 —

for the interior Dirichlet problem. Such singular integral equations of Hilbert
type have been amply treated in the literature [14]. The homogeneous
transposed equation is

&'(s))~ ‘lj(t)ds_’_ %\lx(z) -0

27 am L — 2
which has eigenfunctions of the form ¥(z) =(g(2)2'(s))~, with g(2) analytic in
M. Thus one obtains from a discussion of this integral equation the orthogonal
decomposition

(12) 0(z) = f(z) + (g(2)2'(s))~

of any square integrable function 6(2), defined on the curve d M, in terms of
functions f(2) and g(2) analytic in M. This decomposition is basic in a dis-
cussion of the Szegé kernel function and was treated originally by an alterna-
tive method of conformal mapping [10; 16].

An intermediate case of the generalized Cauchy-Riemann equations
dBp41="0B,41=0 which has special importance occurs when p =0, k=2, Here
we have

B = aydzy + 2dzs
and the equations dB; =8B; =0 can be written

da, da, day da,

= —_— — —_— —

0z 1 622 622 0z 1

These will be recognized as the equations of Fueter [6; 7] for quaternion func-

tions. Thus we obtain as a particular case his theory, which was the first to

center about a Cauchy formula of the type given in the present work.
Returning to the original boundary value problem



240 P. R. GARABEDIAN AND D. C. SPENCER [September

T¢Ap = Oiip, given on oM,
8dA, = 0, in M,
AP = 3QZJ+19 in M,

we note that it is precisely the last, less usual, condition which makes the
solution unique, with coefficients which are analytic as functions of real
variables. Thus we might say that this condition gives a strongly elliptic
system of partial differential equations, whereas without this condition the
problem is only weakly elliptic. One has, in fact,

AA, = 8dA, + d66Q,4, = 0,

so that the coefficients of 4, are harmonic functions, and our boundary value
problem can be formulated as a question of the determination of a system of
harmonic functions satisfying certain differential relations and correspond-
ingly fewer boundary conditions than usual.

We shall discuss here briefly the weakly elliptic system

6dAd, =0

for the case p=1, k=2 in a product region M, and we shall prove that a
solution can be found for prescribed 4, on d M, and not just for prescribed
T¢A,. The solution is not, however, unique or regular, since any form 4,
=dQ,; satisfies the equation. Our result is not restricted, of course, to k=2,
but holds in general for p=k—1, as can be shown by a somewhat more in-
volved reasoning.

To solve 8dA;=0 for k=2, we recall that the method of orthogonal
projection yields for given pure C; in the product region M a form

E2 = - 2_20'2(11-(:1 - Qy, w2)’
with dE,=0 outside M, and with 8d6E,=8dC; in M. Since k=2, the rela-
tion dE,=0 outside M is trivial, and also d6E,=0 is immediate. If we can

construct outside M a form F, such that dF,=6E,, then we can find the
desired form A4;. For we can extend F, smoothly into M, and we can set

4 = C1 — 8E; + dF..
Then
8dA, = 8dCy — 8dOE; + 5ddFe = 0
_i_n M, _and A,=C; on dM by the continuity of 6E, and dF, across M, since
0E;=dF, outside M.

We turn, then, to the construction of Fy, a question related to the prob-
lem of Cousin for analytic functions of two complex variables. We note that

3E2 = 2—20'2(d-C1 — ay, le),
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where
_ —2 —2
dwl = - dtldtzdzl + dtldt2d22.
6t2 atl
But
or2- or2 d 2 — t-l Z9 — t-z
=——= —&r + (A= Dr2 ,
612 622 621 29 — lo 21 — h
dr? r2 ] Z— 1 Zs — 1
- = — {)«-2‘ e 2}
atl 6z1 622 Z2 — tz , 21 — tl
for any A, and hence
- - zZ1— L Zp — Iy
wmua=—u@r§ﬂ + (= 1)r? }mm.
22 — Lo Z2y — t

Thus,

21— ¢ 2y — I
S I 0 W D ;} dt,dtg).
2 1

Z; —

SEZ = — J2—20'2 (JCI — gy, {Xf_2
Z9 — t

The coefficient of A depends only on the scalar product

- dtidts
dCl - Qy, )7
(21 — t1)(32 — £2)

which can be shown to vanish by a variational argument when 2 is not in
the projection M;of M on the z-plane and 2, is not in the projection M, of M
on the z-plane, by virtue of the extremal property of a,. Therefore, we can
take

- z — 1 2y — 1
Fo = — 2%, (dCl — a, {)«-2 LI O W D P 2} dtldt2>,

29 — 2 21 —

with A =1 when 2 is in M; and A =0 when 2; is in M, and with arbitrary \ in
all other cases. This gives, indeed, a uniquely defined function F, outside M,
since F, is independent of A when 2 is outside M; and 2, is outside M,.
Thus our discussion of the boundary value problem is completed.

An analogous argument could be given when M is no longer a product
region if it were true that d¢,=0 implies ¢, =dy, 1 in the large. However,
the example ¢, =dw; shows that this is not the case.
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