SOME PROPERTIES OF THE DOUBLE LAPLACE
TRANSFORMATION

BY
GERALDINE A. COON anp DOROTHY L. BERNSTEIN

The double Laplace integral taken over the first quadrant Q
fe“"“”F(x, y)d(x, ¥), x, v real, s, ¢ complex,
Q

has been the subject of several systematic investigations(!). It is the purpose
of this paper to develop further properties of the transformation including
conditions for transforming derivatives, integrals, and convolutions. The
fundamental assumption is bounded convergence of the integral, but several
new types of convergence, less restrictive than absolute convergence, will be
introduced for use in problems involving iteration of the transform.

1. Introduction. The Laplace transform is a nonabsolutely convergent in-
finite integral; it is therefore necessary to investigate the behavior of functions
which are summable in every finite rectangle without necessarily being sum-
mable in the infinite quadrant. In this connection classes of functions called
2., 2, T are introduced. It is also useful to introduce classes 4,, 4, A*, gen-
eralizations of functions absolutely continuous in every finite interval or
rectangle. This section contains properties of these classes which are needed
in later proofs. It is possible to begin reading with §2 where the double trans-
form is first defined and to refer to the lemmas of this section when necessary.

Let S be a measurable kernel of the interval I: 0=<x < o, that is, SCI
and the Lebesgue measure m(I —.S) =0. A function F defined in S is said to
be in class Z, if the equivalent function F, defined in I by

Fo(x) =F(x) (x€S); Fo(x)=0 (x&€I—-S5)

is Lebesgue summable in every finite interval Ix: 0<x<X. By [XF(x)dx
we mean [1,Fo(x)dx, which is equal to fs.r,F(x)dx. The function ® defined in
I by the equation ¢(x) = [;F(u)du is absolutely continuous in every Ix.

A function F(x) defined on I°: 0 <x < = is said to be of class A, whenever
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F(+0) exists and is finite and the function F; defined on I by the equations
F1(0) = F(+0), Fi(x)=F(x) for x>0 is absolutely continuous on every Iy.
A necessary and sufficient condition that F(x), defined on I° be in class 4.
is that F(+0) exist, that F'(x) exist almost everywhere on I and be in class
2., and that for all x in I°, F(x) = F(4+0)+ [§F'(u)du. The sufficiency is ob-
vious. If Fis in A4,, then F{ (x) exists almost everywhere in every Iy and(?)
Fi(x) = F1(0)+ [3F{ (u)du. If S is the set of points on I° where F'(x)=F{(x)
exists, then m(I—S) =lim, m(I,—S-I,)=lim, 0=0. Hence, FEZ, and the
necessity is proved.

When F(x) is in class 4, and s is any complex number, the following
formula for integration by parts(®) holds for X >0,

D¢

(1.1) fxe“”F’(x)dx = ¢*XF(X) — F(+0) + sf e *°F(x)dx.

In particular class 4. includes the following important types of func-
tions(%):

(1) F(x) is continuous on I°; F'(x) exists and is finite except for a de-
numerable number of points and is in class Z,,

(2) F'(x) exists for all x>0 and belongs to Z,

(3) F(x) is continuous on I° and F'(x) is sectionally continuous,

(4) F'(x) exists for all x>0 and is bounded in every I%: 0<x <X,

(5) F(x) satisfies a Lipschitz condition in every I%, that is, there exists a
constant Nx such that for all x and %’ in I%

|F(x)-F(x')| §Nx|x— « |,

(6) The four derivates D+F, D, F, D-F, D_F are bounded in every I%.
This is equivalent to (5).

The extension of class 2, to functions of two variables is immediate. A
function F(x, y) defined on a measurable kernel W of the quadrant Q:
0<x< o, 0=Zy< o is said to be of class 2 if the equivalent function F, de-
fined in Q by

Fo(x,y) =F(x,y) on W;  Fo(x,y) =0onQ—W

is Lebesgue summable in every finite rectangle Rxy: 0Sx=<X, 0sy=<Y.
By S&DF(x, y)d(x, ) we mean [ry, Fo(x, y)d(x, y) which is equal to
Jw.rgy F(x, ¥)d(x, ¥). For brevity, if F(x, y) is of class Z and is of class Z,

(®) E. J. McShane, Integration, Princeton, Princeton University Press, 1944 pp. 159, 208.

(®) Ibid., p. 209. This gives the formula for Fi.

(4) That the type of function defined in (1) is in class 4. may be found in C. Carathéodory,
Vorlesungen iiber reele Funktionen, 2d Ed. Leipzig, Teubner, 1927, p. 597. (2), (3), (4) are special
cases of (1). That the type of function defined in (5) is in class 45 follows from the proof on
page 50 of McShane, and that (6) is equivalent to (5) from McShane, page 207.
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for every y and of class 2, for every x, we say that F is of class Z. The follow-
ing lemma, which is an extension of Fubini’s theorem, says that functions of
class = can be replaced essentially by functions of class . By J we mean
the interval 0 Sy < o,

LEMMA 1. Let F be defined on W and belong to class Z. Then there exist
measurable kernels S and T of I and J respectively such that each of the following
functions is in class Z:

F(z, y) = F(z, ) on (S X T)W;
(1.2) F(x,9) =0 0n Q — (S X DW,

(1.3) O(x, y) = f:?(u, y)du,

wawww=ﬁ%mww

(z,9) (z,

Flu, v)d(u, 1) = f " Fu, 9)d(u, 1).

(0,0)

0ﬁ¢@w=f

(0,0)

Everywhere in Q

(1.6) ®(x, y) = Lz\ll(u, y)du = LVG(x, v)dv.

Proof. Since F, is summable in every finite rectangle Rxy, by Fubini’s
theorem (%) Fy is a summable function of y on Jy for all x in Sxy & Ix where
m(Ix—Sxy)=0. For a fixed X let Y assume positive integral values; if F,
is summable on J,4, it is summable on J, and, hence, Sx,,+1SSx,s. Thus
Sx=lim, Sx,, is the set of all x in Ix for which F, is summable in every J,,
that is, for which Fo&Z, and m(Ix —Sx) =0 (since Ix —Sx=1lim, (Ix—Sx,s)).

Now let X assume positive integral values. Then {S.} is an increasing
sequence of sets and S=Ilim, S,=2S, is the set of all x in I for which F,&E3,.
Since I—S=Ilim, (I,—S,), m(I—S)=0.

In a similar manner one finds a measurable kernel T of J such that
FyEZ. whenever y&T. If F is defined by (1.2), Fy and F differ only on a two-
dimensional set of measure 0 so that FEX. Whenever xE.S, F and F, differ
only on a one-dimensional set of measure 0 so that FEZ,; when x&EI—S,
F=0 and hence FEZ,. Likewise F is in class Z, for every v.

Hence, the functions 6, ¢, and ¢ can be defined in Q as in (1.3)—(1.5). It
follows from Fubini’s theorem that in every finite rectangle @ (x, y) is a sum-
mable function of y for every x and that ®(x, y) = [§0(x, v)dv. Hence, OEZ,
for every x and similarly Y &2, for every y. Thus (1.6) holds in every Rxy

(5) McShane, p. 137.
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and consequently in Q. Since ©® is an absolutely continuous func-
tion of x in every Ix, it certainly is in class 2, for every y. By a result
of Carathéodory(®) ©(x, y) is a measurable function of both variables in
every Rxy; the same is true of O(x, ¥)=/i| F(u, y)|du. Now ®(x, ¥)
= [&8| F(u, v)| d(u, v) exists and equals f¥B(x, v)dv. Therefore(?), [5®(u, y)du
exists and by Tonelli’s theorem @ (x, y) is summable in Rxy. By the compari-
son test © is summable in Rxy and thus is in class 2. The function ®(x, ),
being absolutely continuous in both variables in every Rxy, is certainly in 3.

In particular, if F(x, y) is defined in Q and belongs to =, then W=0,
S=I,T=J,and F=Fin Q.

If FEZ and F is defined as in (1.2), it follows immediately from Lemma 1
that the functions

fi(x, v; s) =f e*“F(u, y)du,
0

v
1.7 fao(x, y; 1) = f e F(x, v)dv,
0
(z,9)
flx, y;5,8) = f e F(u, v)d(u, v)
(0,0

are all in class 3. Everywhere in Q

z

(1.8) f(x, y;s,8) = f”e—‘”fl(x, v; 5)dv =f e**fo(u, y; t)du.

0 0
The following lemma gives formulas for integration by parts:

LEMMA 2. Let FEX and define fi, fa, f as in (1.7). Then everywhere in Q

x
(1.9 HX, yis+ b)) = e Xf1(X, y;5) + hf e fi(x, v; s)dx,
[}
Y
(1.10) fa(x, Vit + k) = e " fo(x, V; ) + kf e ufy(x, y; t)dy,
0
Y
f(X,Y;s+ ht) = e"‘xf e fi(X, v; s)dy
0
. (X,Y)
(1.11) +h eh==tufi(x, y; 5)d(x, y)
(0,0)

X
= e*Xf(X,V;s, t) + hf et f(x, V; s, t)dx,
0

(%) Carathéodory, p. 656.
(") McShane, pp. 126, 145.
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x
f(X,Y;s,t+ k) = e"‘*’f e **fo(x, V; H)dx
L]
(X,Y)
(1.12) + k e~ kufy(w, y; 0)d(%, y)
(0,0) . .

Y
=eMf(X,V;s, 1) + kf e f(X, y; s, t)dy,
0
f(X,Y;s+ ht+ k) =" XX, V;s, 1)

x
+ he—""f e*f(x, V;s, t)dx
0

(1.13) Y
+ ke"'xf (X, v; s, t)dy
0
(X,¥)
+ hk ehekuf(x, y; s, £)d(x, y).
(0,0)

Proof. Since fi(x, ¥; s) is an integral, it is absolutely continuous in x in
every finite interval Ix and almost everywhere 9f,/dx =e—**F(x, y). Applying
(1.1) with & instead of s, we have .

D¢

H(X, yis+ k) =f eha ¢*7F (x, y)dx

[1)
X
= e Xfi(X, y; 5) + hf e=fi(x, y; s)dx
0

which is (1.9). Multiplying both sides of (1.9) by e~*#, integrating from 0 to
Y, and replacing the repeated integral by a double integral, we obtain
from Lemma 1 ,

Y Y
f (X, y; s + h)dy = e"'xf e ¥f1(X, y; s)dy
0 0
: (X,¥)
+k eretuf (x, y; 5)d(x, v).
(0,0)

The left-hand side of this equation is just f(X, ¥; s+h, t) by (1.8); so the
first part of (1.11) follows. On substituting again from (1.8) on the right side,
the first term is just e*Xf(X, V; s, t) and the second is

x Y x
hf e"’”‘dxf e fi(x, y; s)dy = hf e f(x, Y s, t)dx,
0 0 0.

which yields the second part of (1.11). Formulas (1.10) and (1.12) are estab-



140 G. A. COON AND D. L. BERNSTEIN [January

lished in a similar fashion. To get (1.13), first use (1.12) with s+4 instead of k:
Y
X, Yis+ ht+k)=e*f(X,Y;s+ ht) + kf e Mf(X, y;s+ k, t)dy
0

and then substitute from (1.11) in the right-hand side. The final term in the
result is a repeated integral which can be replaced by a double integral since

fes.
Let F(x, y) be defined in Q% 0<x< «, 0<y< . A necessary and suffi-

cient condition that F be in class 4, for every y>0 is that for every y>0,
G(y)=F(40, ) exist, that for every ¥y>0, F, exist for almost all x&I and
F,€3, and that everywhere in Q°

(1.14) F(x, 3) = G) + [ Paluw, 5)du.
0
One extension of class 4, to two variables (an analogue of absolute con-
tinuity for finite rectangles as defined by Tonelli) is the following: F is in

class A* if Fis defined in Q°, FEA , for every y>0, FEA, for every x>0, and
F, and F, belong to 2.

Lemma 3.(2) Let F(x, y)EAs for every y>0, let F.EZ, and G(y) EZy.
Then F(x, y) is in class T and on defining

L) = [ Fiw, v, Wz, 5) = , 9)dv, = [ e,
M(x, v) fo F.(x, v)dv, ¥(zx, y) j; F(x, v)dv, Go(y) j; (v)dv
Mand V¥ are in 3,
(z,9) z
(1.19) %5, ) =G) + [ Fulu, 0o ) = Goo) + [ M, 5)a
©.0) 0
and ¥(+0, y) =Go(y).

(b) Let F(x, y) €Ay for every x>0, let F,€Z, and H(x) = F(x, +0)EZ..
Then F(x, y)EZ and

(1.16) F(z, 3) = H(z) + L "Fy(x, v)do.
On defining

N ) = [ Fin i, 0G5 = [ F B = [ HGI,
N and © are in 3,

(z,y) v
(1.17) O(x, 3) = Ho(=) + f Fy(u, 0)d(u, v) = Ho(z) + f N(=, v)ds,
(0,0)



1953] PROPERTIES OF THE DOUBLE LAPLACE TRANSFORMATION 141

and O(x, +0) =H,y(x).

(c) If F(x, y) belongs to A*, then G(y)EZ,, H(x)EZ., the functions
F, M, N, ©, and ¥ are in =, ¥(+0, ¥) =Go(y), O(x, +0) = Ho(x), and formulas
(1.14)-(1.17) hold.

Proof. (a) Apply Lemma 1 to F, instead of F. Then M(x, ), [iF.(4, y)du,
f(%;o";F,(u, v)d(u, v) all belong to class = and

(1.18) ﬁ::')ﬂ)F,(u, v)d(u, v) = j;zM(u, y)du = j;v[j:i(u, v)du] dv.

For all y>0, F, is defined for almost all x&I and, hence, the set T of the
lemma becomes J itself. Hence, [§F, (4, y)du= [§F.(u, y)du= F(x,y) —G(y) by
(1.14), and so FEZ. Formula (1.15) easily follows.

(c) Formula (1.14) holds and [;F.(u, y)du belongs to =. Now G(y)
= F(x, y) — [ Fz(u, y)du is the difference of two functions of class =, and so
belongs to Z,. Likewise H(x)&EX,. Then apply the first two parts of the
lemma.

Another extension of class 4, to two variables (the analogue of absolute
continuity for finite rectangles as defined by Carathéodory) is the following:
A function F(x, y) defined in Q° is of class A if F(40, y)=G(y), F(x, +0)
=H(x), F(40, +0)=c, all exist and the function Fi(x, y), defined by the
equations

Fi(x, y) = F(=, y) in Q% Fy(0, y) = G(y) for y > 0, Fi(x,0) = H(x) for x > 0,
F1(0, 0) = co,

is absolutely continuous, as defined by Carathéodory(®), in every Rxy.

From the necessary and sufficient condition given by Carathéodory it follows

that a necessary and sufficient condition that F(x, y) be in class A is that
there exist functions K(x, ), P(x), Q(y) all in 2 and a constant ¢, such that

(=,

y) z y
(1.19) F(z 3) = f K, 9)du, 1) + fo P(u)du + f 0()ds + oo

0,0)

It is no loss of generality to assume that K is defined in Q and belongs to 3.
(See Lemma 1.) The function ¢ of Lemma 1 and the functions ¢ and 6 given
by formulas (1.15) and (1.17) of Lemma 3 are in class A.

LEMMA 4. Let F(x, y)EA. Then (1.19) holds and

G(y) = va(‘v)dv + ¢ = j;vG'(v)dv + co,

H(x) = sz(u)du + ¢ = sz’(u)du + co.
0 0

(®) Carathéodory, pp. 653-654.
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Furthermore F(x, y) EA* so that all statements and formulas of Lemma 3(c)
hold. There are measurable kernels Sz of I and T of J such that F, exists on
SsXJ and F, exists on IXT; and Fpy=Fy,,=K on at least the measurable
kernel S3; X Ts.

Set F,,=K on S3sXT; and 0 elsewhere. For a fixed yETs, F,,=F,, for al-
most all x and on I'XT;

(1.20) Fya, 3) =G0 = [ K au= [ Fow, yau = [ Foolw )i
0 0 0
For a fixed xE S, Fay=F,, for almost all y and on S;XJ
Yy Yy Y
(1.21) F.(z, y) —H'(x) =f K(x, v)dv =f F o(x, v)dv=f F (%, v)dv.
0 0 0

Everywhere in Q

(z,y) z v
(1.22) F(x, y) = f ’ Foy(u, v)d(u, v) +f H'(u)du +f G'(v)dv + co,
(0,0) 0 0
(1.23) G'(y) = lim Fy(z, y) on T,
20+ : .
(1.24) H'(x) = lim F.(x, v) on Ss.
y—0+

Proof. When FEA, (1.19) holds, whence G(y) = f§Q(v)dv+c, is of class
A, so that by the one-dimensional result G’(y) exists and equals Q(y) on a
measurable kernel T of J. If L(x, y) = [ fg;g;K (u, v)d(u, v), then weshall prove
that

(1.25) L,(x, y) exists and equals f K(u, y)du
0

for all yE T and all x. To do this, one uses the corresponding result proved by
Fubini for a finite rectangle(®): in our notation that for every Rxy there
exists a measurable kernel TxyCJy such that (1.25) holds on Ix X Txy. As
in Lemma 1 we show that T,=lim,, lim, Tn, is a measurable kernel of
J. Hence, for all x and for y&T3=T1T,, F, exists and

(1.26) Fy(x, 9) = fzK(u, y)du + G'(y) onI X Ts.

By Lemma 1 the integral on the right is in T and G’(y) €Z,. Hence, F,EZ
and 2y, and F,EZ, for yETs. Also, from (1.19),

(%) This result was first published in correspondence between Fubini and Tonelli appearing
in Rend. Circ. Mat. Palermo vol. 40 (1915) pp. 297-298. It was called to the authors’ attention
by Professor Marston Morse.



1953] PROPERTIES OF THE DOUBLE LAPLACE TRANSFORMATION 143

va,,(x, v)dv =fudvfzK(u, v)du+f”G'(v)dv
0 0 0 0

(z,v)
= [ " K it 9 +66) = 0 = Fa 3) = H).

(0,0)
Hence, FEA, for every x>0. Statements about F, are established in parallel
fashion. But then FEA* so that all results of Lemma 3(c) hold.

From (1.26) for y & T3, F., exists and equals K(x, y) for x&.Sv, a measur-
able kernel of I. Likewise for x €S;, F., exists and equals K(x, y) for y&ET?,
a measurable kernel of J. Now set F,;=K on S3;X T3 and 0 elsewhere. Thus
for a fixed yE T3, E;=K = F,, for almost all x, that is, for x €S;-S¥ and thus
from (1.26) formula (1.20) holds. The second statement is proved in parallel
fashion, and the rest of the theorem follows immediately.

On applying Lemma 3(a) to F, instead of F, we easily get the following:

LEMMA 5. Let F, belong to A, for every y>0; let F,,EZ; let Gi(y)
=lim,.o+ Fai(x, ¥) =F,(+0, v) and G(y)EZ,. Then F, F,, M, V(x, )
= [VF,.(x, v)dv all belong to =; indeed, MEA, FEA,, and VEA,.

If we apply the last part of Lemma 3 to F. and F,, we obtain:

LEMMA 6. Let F, and Fy be in A*. Then F(x, y), M(x, y), N(x, v), G(y),
H(x) are all in class A; VEA,, Ulx, y) = [5F(u, y)du belongs to A., Gi(y)
=Fz(i'07 ¥), Hy(x) =Fy(x, +0), Hi(x) =F.(x, +0), Ga(y) = Fy(+0, y) are
all in 3. Formulas (1.14)—(1.24) hold.

Proof. Applying Lemma 3(c) first to F, and then to F,, we find that
F., Fy, Hy, Hy, Gy, Gy all belong to Z, that M, N, [iF.(u, v)du, [§F,(x, v)dv
belong to A, and that [iHi(w)du=limy.oy [5F.(u, y)du, [iGs(v)dv
=lim,.o+ J§F,(x, v)dv. Since for every y>0, F, exists and belongs to =,
FEA,. Similarly, FEA, Hence, FEA* and by Lemma 3(c) formulas
(1.14)—(1.17) hold. We can now apply Lemma 5 and the parallel lemma to
find that VEA, and UEA,.

Since [§F.(u, y)du is in class A, it is in class A, for every x>0. By (1.14)
G(y) being the difference of two functions of class A, is also in class A,. Con-
sidered as a function of two variables, this means that G(y) €EA. By (1.14),
F(x, y) is the sum of two functions of class A, and so is also of class A. Hence,
we can apply Lemma 4.

The following two formulas are consequences of Lemma 3(c) applied to
F. and F, and are occasionally useful.

Fux, 3) = Gi(y) + f “Faa(, y)du = Hy(x) + f "Fuy(x, )b,
(1.27) ’ ’

Fy(z, y) = Ha() + f “Fo(x, 0)do = Galy) + [ "By, y)du.
0 0
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2. Types of convergence and transformation of integrals. Let F(x, y)EX
and set

(X,Y)
(X, Vss, i) = f e (z, y)d(z, y)

0,0)
where s and ¢ are two independent complex parameters
s =0+ i\, t =71+ ip.

If limx ¥ f(X, Y;s,t) exists as X, Y— = simultaneously but independently, we
say that the double Laplace transform

2.1) fo o tF (3, 3)d(x, )

converges at (s, t) and has the value f(s, t) =limx ¥ f(X, ¥; s, £). If, in addi-
tion, there exists an M independent of X and Y such that

| f(X, Vs, )| =M for all (X, ¥) € 0,

then the integral is said to converge boundedly at (s, t).

That a convergent integral need not converge boundedly is illustrated
by the following example. The double Laplace transform of the function F
defined by

0 for 0=£2=<20=<y=<2) and (x> 2,9>2),
F(x, y) = z for (x>2,0=59=1),
l—-x for (x>2,1<9y=<2),
F(x, y) = F(y, x)

converges, but not boundedly, at the point s=0, ¢=0.

If the integral (2.1) converges uniformly in D and if there exists a constant
M, such that If(X, Vs, t)l =< M, forall (X, Y)EQ and all (s, t) ED, then the
integral is said to converge uniformly boundedly in D.

By L{F } we mean the operation of forming the integral (2.1). As
indicated above, we shall use small letters for transforms and capital letters
for object functions. The symbol D(a; b) denotes the set of points (s, £) with
. R(s) >a, R(t) >b, and DJa; b] its closure.

In the four theorems following we collect results which were proved
independently by D. L. Bernstein(!) and L. Amerio(?).

TrEoREM 2.1. If L{F} converges boundedly at (so, to), then

(@) L{F} converges boundedly for all (s, t) in D(co; To).

(b) If H and K are any numbers greater than one and if M is an upper
bound of I f(X, Vs, to)] , then
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[f(s, t)| < MHK and |f(X,Y;s,{)| < 4MHK
for all (s, t) in Dy: Is—sol < H(o—ay), lt—tol < K(1T—10).
(c) For any positive numbers 81, 03 and for any H, K greater than one, L { F }
converges uniformly boundedly in
D,: ls—so[<H(a-—ao) g 2 g0+ 01,
|t —to] < K(v — 70) T = 710+ 8.
(d) For all (s, t)ED(00; T0), f(s, t) is an analytic function.
(e) For all (s, t)ED(00; T0),

M Ef(s, 1)

dstot* = 205 0)

where L{ P} converges boundedly in D(o0; o) and
P(x, y) = (= 2)"(=2)F(x, y).
THEOREM 2.2. Let ®(x, y) be defined in Q by

(2.2) ®(x, v) = f (z’”)F(u, v)d(u, v).
¢

0,0)
If L{F} converges boundedly at (s, to), then there exists a constant My such that
| ®(x, )| < M=ty inQ

where a=max (oo, 0) 2f sp5%1No, a = ])\ol if so=1No, and b=max (7o, 0) if
toEipo, b=|po| 9f to=1po.
If ®(x, y) 1s of exponential type, that is, if there exist constants M, a, and b
such that
[ ®(x, y) | =< Meo=tby in Q,

L{F } converges boundedly in D(a; b).

It is not true in general that the region of bounded convergence of L{ F}
has the form D(a; b) as it does, say, when F is a constant. One can character-
ize this region either by “associated abscissae of convergence” or by consider-
ing the properties of the four-dimensional regions involved. We shall not
enter into a discussion of these concepts inasmuch as they are of no im-
mediate use to us. :

Further consequences of the hypothesis of Theorem 2.1 will be given in
the corollary of Theorem 2.9.

THEOREM 2.3. Let L{ F} converge absolutely at (so, to), that is, suppose that
fql e—%07—tov F(x, y)[d(x, y) converges to a finite value A. Then

(a) L{F} converges absolutely and uniformly boundedly in D [o0; 70].

(b) |f(X, V;s, t)| SA for all (X, Y)EQ and |f(s, £)| 4 in D [oo; 70].

(c) f(s, t) is an analytic function in D(oy; To).
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THEOREM 2.4. Let 3(x, ) be defined by

(z,9)
B(x, y) = f | F(u, v) | d(u, v).
(0,0)
If L{F} converges absolutely at (so, to), then B(x, y) <Aes=+¥v in Q where
a=max (o9, 0), b=max (7, 0).
If 3(x, y) is of exponential type: ®(x, y) < Me*=+%v in Q, then L{ F } con-
verges absolutely in D(a; b).

In particular, if F(x, ) is summable in Q, then L{ F } converges absolutely
in D[0; 0].

Let FEZ and define fi(X, y; s) as in (1.7). If limx., fi(X, ¥; s) exists for
a given s and vy, we call this the one-dimensional transform of F and denote it
by L,{F}, that is,

L{F} = ﬁwe"”F(x, y)dx

whenever this integral converges; its value is fi(y; s) =limx.. fi(X, ¥; s).
Similarly, we define

Lir) = [ e ey

whenever this integral converges; its value is fa(x; t) =limy., fo(x, Y; £).
Now if fi(y; s)EZ, and if

zin) = [ " fiy; 5)dy

converges, we call this the iterated transform L,L, { } Similarly, if fa(x; ¢)
€3, and if L,{ fz} =[5 e~**f2(x; t)dx converges, we call this the iterated trans-
form L,L.{F}. The usual way of writing these is

2.3) L.LJ{F} = f etvdy f e*F(x, y)dx,

(2.9 L.L{F f ‘”‘dxf e F(x, y)dy.

It may happen that the double transform L{ F } is equal to one or both of
these iterated transforms but in general the convergence or bounded con-
vergence of L{F} does not imply the existence of L,{ F} or L.{ F} or either
of the two iterated transforms above. For absolute convergence, on the
other hand, we have the following:

THEOREM 2.5. Let L{F} converge absolutely at (s, t). Then L,{F},
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L{F}, L{f.}, and Li{f1} converge absolutely, and
(2.5) L{F} = L,.L.{F} = L.L,{F}.

Proof. Since H(x, y)=e*>*Fy(x, y) is summable on Q, by Fubini’s
theorem for the infinite rectangle there are measurable kernels S&I and
TCJ such that the function H=H on SXT and 0 elsewhere is summable in
each variable for every value of the other and A4.(y) = [¢ H(x, y)dx is sum-
mable on J with

4= f Ax(y)dy = fo H(z, )d(x, ).

Now defining F by (1.2) we see that e~**F(x, y) =e'vH(x, y) is summable on
I for every y, which means that L,{ F} converges absolutely. Also, fi(y; s)
=¢'A,(y). But then e~*¥f1(y; s) =A:(y) is summable on J which means that
L.{fi} converges absolutely and L.{fi} =4. Since L.{fi} =L.L,{F} and
A=L{F} by the definition of H, we have the desired equality. The other
half is proved in parallel fashion.

THEOREM 2.6. Let FEZ and let
(2.6) |F(X, )| < Meox+ey forall (X, V) EW.

Then, in D(a; b), L.{F}, L,{F}, L{F} converge absolutely and (2.5) holds.
Furthermore in D(a; b)

| 1(X, Y3 9) | S Mee?, | /1(Y59)| S Moe?,
(2.7) | fo(X, V3 1) | £ MoeoX, | £2(X;50) | < Moee¥,
/X, ¥;s5,0)] < Mo

Proof. We have [e““""’F(x, y)[ < Me M=%y where hy=0—a, ky=7—0.
When #,>0, k>0, L{F } converges absolutely by comparison with
M [qem=*13d(x, y) = M /hiki. The previous theorem then yields the absolute
convergence of the single transforms and (2.5). Now for £, >0, |fi(X, ¥;s)
=|[Re=F(x, V)dx| < Me®Y [feMadx < (M/h))e?Y = MyetY. Hence, |fi(Y; s)
< M,e??. The other inequalities follow in similar fashion.

An important type of convergence which is more special than bounded
convergence but more general than absolute convergence is the following:
L{F} is said to converge s-boundedly at (s, t) if L{ F} converges boundedly,
L,{ F} converges for all y, and l X, v; s)] < Me™ in Q. Analogously, L{ F
is said to converge t-boundedly at (s, t) if L{ F} converges boundedly, L.{F
converges for all x, and |f2(X, V; t)| < Me X in Q.

THEOREM 2.7. If L{F } converges s-boundedly at (so, to), then, tn D(oo; 7o),
L{F} converges s-boundedly, L.{f,} converges absolutely, |fi(y; s)| < Memov
<Mev, and L{F} =L,L,{F}.
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Proof. By Lemma 2 with A=s5—s0 and G(X, Y)=fi(X, Y; s0),
x
(2.8) HX, y;5) = e*XG(X, y) + hf ehG(x, y)dx.
0

Since |e*+G(x, y)l = Me—(e—c0z+moy the first term on the right approaches 0
and the second term approaches an absolutely convergent integral as X—
if 0>00. Hence, L,{ F} =limx.., fi(X, y; s) exists for >0, and all y and
fi(y; s) =h[ye"=G(x, y)dx. Also, from the above, |fi(X, ¥; s)] = Mye™¥ and,
hence, [ fi(y; s)| < Mueov. For 7>, therefore, L.{fi} converges absolutely.

We know that f(X, ¥; s, £) = J[fe—*%fi(X, y; 5)dy. Substituting for f, from
equation (2.8) and using the fact that |e=**—%G(x, y)| £ Me—tc—e0a=G—r0y,
we find that f(s, t) =k foe~**~G(x, y)d(x, y) which is an absolutely convergent
integral. Thus

Sy = b [ ey [ CerGin, in = [ ety iy
0 0 0

L{fi} = LiL,{F}.

A comparison of this theorem with Theorem 2.3 and Theorem 2.5 shows
that s-bounded convergence enjoys some of the properties of absolute con-
vergence. A parallel theorem holds for ¢-bounded convergence.

It is convenient to say that L{F} converges regularly at (s, t) if L{F}
converges absolutely and IF(x, y)] < Meo=tv, If (2.6) holds, then L{F}
converges regularly (as well as s-boundedly and ¢-boundedly) in D(a; b).

The connection between the various types of convergence and functions
of exponential type is not accidental but basic. Thus we have seen that the
bounded convergence of L{ F } is essentially equivalent to the exponential
typeness of its integral ®(x, y). The following two theorems bring out the
relationship of the transform of F with the integrals ©, ¥, and ® defined in

(1.3)-(1.5).
THEOREM 2.8. Let FEZ and let
(2.9) | f(X, V5 51) | S Merx+by Sor all (X, V).

Set oo=01+a. Then L{ F } converges s-boundedly in D(o; b) and L{@} con-
verges regularly in D(c; b) where c =max (oo, 0). Also in D(c; b)

(2.10) filys s) = su(y;5),  f(s, 8) = s6(s, 0).
Stmailarly, let
(2.11) | f2(X, V5 1) | S MerX+b¥ for all (X, V).

Set To=71+b. Then L{F} converges t-boundedly in D(a; 7o) and L{¥} con-
verges regularly in D(a; d) where d =max (0, 7). Also in D(a; d)

(2'12) f2(x; ) = t‘l/2(x; b, f(S, t) = N/(S, £).
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Proof. Let G(X, Y)=fi(X, Y; s1) and h=s—s,. Then (2.8) holds and
| e*=G(x, )| £ Me=—o0=+bv_ Proceeding as in the proof of Theorem 2.7, we
find that L{F } converges s-boundedly in D(oy; b).

From (2.8) we also find that

X
10X, )| = | (X, V3 0)| < M |:e"x+ sl [ e’”dx].
0

If 65>0 or 5;=0, |O(X, V)| < Met¥+oX[1+| 51| foo] = M1eoX 4. If 6,0,
51#0, |O(X, Y| §Me“’[1+]sl|X]éMe”Y[l+|sll/a]e’x=M2e"X+"Y for any
¢ >0. Therefore, l@(X , Y)] < Me°X+7Y in D(c; b) and we can apply Theorem
2.6 to O.

From (1.9) with s=0, h=s5,

X

f(X, yis) = e XO(X, y) + 5 f 0 (x, y)dx.
0

For ¢ >¢, let o3 be such that ¢ <¢;<¢; since O is of exponential type,
| e—-sX@(X’ y) l =< MeoX+toaX+ry = Me (@) X+1y _50as X — .

Therefore, fi(y; s)=s6:(y; s). Taking the one-dimensional transform with
respect to y, we have f(s, £) =s0(s, t) for e >c¢, 7>0.

COROLLARY 1. If either |fi(X, Y; so)| < Mewo¥ or |0(X, ¥)| < Merox+ro¥
for a given (oo, To), then L{F} converges s-boundedly in D(ao; 7o), and (2.10)
holds and L{ @)} converges regularly in D(c; 7y).

If F(x)EZ,, considered as a function of two variables FEZ. Application
of Theorem 2.8 yields:

COROLLARY 2. Let H(x)EZ. and let Ho(x)=[fH(u)du. Suppose that
| [¥e—=H (x)dx| < Me*X for all X. Then L. { H} converges for ¢ >ao=01+a; for
a>c¢, L, { H 0} converges regularly and

(2.13) h(s) = sho(s).

In particular, if either | fg‘e“’"H(x)dx| =M or |H0(X)| =< MeooX, then
L,{H} converges for ¢ >0, and, for ¢>¢, L,{H,} converges regularly and
(2.13) holds.

THEOREM 2.9. Let FEZ and let
(2.14) | (X, V551, 0) | S MeoX+o¥ Jor all (X, Y).

Set 6o=01+a, To=711+b and c=max (v, 0), d =max (7o, 0). Then L{F} con-
verges boundedly in D(co; 7o), L{¥} converges s-boundedly in D(a0; d), L{0©}
converges t-boundedly in D(c; 7o), and L{fb} converges regularly in D(c; d).
The following equalities hold in D(c; d):
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Yi(y; 5) = séi(y; 9), 0s(x; t) = tda(x; 8),
(2.15) ¥(s, &) = s¢(s, 1), (s, 1) = to(s, 1),
S(s, 8) = stg(s, ) = s0(s, t) = t(s, 0).

Proof. Set G(x, y) =f(x, y; s1, t1). By (1.13) with s=s1, t=4, h=s—s,
k=t—t1,

x
f(X,Y;s,t) =X *GX, V) + hf e kYG(x, V)dx
0

Y
(2.16) + kf e X-kG(X, y)dy
0
(X,¥)
+ hk e r kG (x, y)d(x, y).
(0,0)

From (2.14), Ie—"”-""G(x, y)[ < MeMz=—*1v where hy=0 —0, ky=7—79. When
h1>0, k>0, the first three terms on the right —0 as (X, ¥)— « and the last
term converges absolutely by the comparison test. Hence, f(s, £) exists and,
indeed, from (2.16)

| f(X, V35, 1)

(2.17) x ¥
< Ml:e“"lx + | & f e—"l”dx] [e"‘l" + | k| f e—kwdy].
0 0

Whenh, >0, k>0, |f(X,V;s,t)| < M[1+|h| /m][1+]| k| /k:] = My whence the
convergence is bounded.
Since [fe=¥(x, V)dx=f(X, V; s, 0), it follows from (2.17) that

X Y
If(X, Y;s, 0)| =< Ml:e—"lx + | h [f e"'l"dx] [e’o" + I 4 [f e’Wdy:I.
0 0

Hence, If(X, Y;s, O)I < Me'? in D(0y; d). By Theorem 2.8 applied to ¥(x, ¥),

L{¥} converges s-boundedly in D(co; d). Since ®(X, ¥)=[f¥(x, V)dx, in

D(c; d) L{d)} converges regularly and Y1(y; s) =sd:1(y; s), ¥(s, t) =s¢(s, t).
Similarly, ’f{e“‘”@(X, y)dy| = |f(X, Y;o0, t)] < MeX in D(c; 79). Applica-

tion of the second part of Theorem 2.8 yields the {-bounded convergence of

L{®} in D(c; 7o) and the equalities 8:(x; t) =tbs(x; t), 6(s, £) =tp(s, £) in D(c; d).
Finally, using formula (1.13) with s=¢=0, h=s, k=¢, we find

p.¢
HX, Vss, i) = e T08(X, V) + set¥ f 5z, V)dx

0

(X,Y)

Y
+ terX f e (X, y)dy + st f et~ 11®(x, y)d(x, ).
0 (

0,0)
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Hence, f(s, t) =std(s, t) in D(c; d).
COROLLARY. If any of the following hold:
| 8(X, V)| < MeoX+¥, | f(X, V; 50, o) | < M,
[ ¥i(X, V;50) | < Mero?, | 02(X, V; to) | < MenoX,
then L{F } converges boundedly in D(ao; 7o), L{‘I’} converges s-boundedly in

D(o0; d), L{ @} converges t-boundedly in D(c; o), and L <I>} converges regularly
in D(c; d). Also, (2.15) holds in D(c; d).
In addition to the one-dimensional transforms L,{F} and L.{F}, we

shall have occasional use for “strip” transforms taken over the regions Qx:
0=x=X,0=y<x and Qr: 0=x< o0, 0=y=<Y. By definition

LX{F} = fo e F(x, y)d(x, y) = }l’im f(X,V:s,0)
X —®©

whenever this limit exists. We call the function so defined f3(X; s, t). Since
f(X, Y;s,8)=[{evfi(X, v; s)dy, we see that

1x{7) = Lif} = [ eunx, yi .

One can also regard LX{F}=L{H} where H(x, y)=F(x, y) in Qx and
H(x, y)=0in Q —Qx.

Similarly, L"{F} = fope~**"WF(x, y)d(x, y)=limx.f(X, ¥; s, 1)
=[ee*fy(x, V; t)dx=L,{f:} whenever this limit exists; we call the function
so defined fy(Y; s, 8).

THEOREM 2.10. Let FEZ.

(a) If If(X, Y; so, to)I =M, then: (1) in D(oo; 7o), LY{F} converges to
fi(Y;s,t) for all Y>0, Lx{F} converges to f3(X; s, t) for all X>0, and

f(s, ) = lim f3(X;s,8) = lim f(V;s, o).
X Yoo
(b) If | X, Y; so)[ = Me™Y, then L{F } converges s-boundedly in D(ao; 7o),
(1) holds, and also: (2) fu(Y; s, t) = [Se~t4fi(y; s)dy for o >a,.

) If ] fo(X, Y; to)| < MewX, then L{ F} converges t-boundedly in D(a; 7o),

(1) kolds, and also: (3) fs(X; s, t) = [ae—**fs(x; t)dx for T>7q.
) If | F(X, Y)[ < MewoX+7Y, then L{F} converges absolutely in D(ay; 7o)

and (1), (2), and (3) hold.
Proof. (a) By (1.12)

Y
JOX, is0,0) = MK, Viso, ) + B [ MK, 5350 1)y
0

where k=t—1ty. If ki=R(k)>0, then
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Y
| f(X, Viso )| = M(e"‘l‘” + | klf e"‘"’dy) =MQA+|k|/k) = M.
R ,
On setting h=s5—s,, we obtain from (1.11)
' b.¢
f(X,Y;s, 1) = e"Xf(X,V; 50, 1) + hf e f(x, V; so, 1)dx.
0

When £, >0 and ky=R(k) >0, the absolute value of the first term on the
right approaches 0 as X—« and the second term converges abso-
lutely. Thus fi(Y; s, ¢) =limx., f(X, Y; s, t) exists for £ >0, k1 >0. f(s, t)
=limx ). f(X, V; s, ) =limy., limx., f(X, V;s, t) =limy., fo(Y; s, 8).

(b) By Corollary 1 to Theorem 2.8, L{F } converges s-boundedly in
D(0y; 70). From the first equality in (1.11)

Y (X,Y)
(X, Y;s,8) = e"‘xf efi(X, y; so)dy + k ehemtufi(x, v; so0)d(2, ¥).
0

(0,0)

Let £, >0.

lim f(X,V:s,8) =@ e~hemtufi(x, y; s0)d(x, ¥).
Xow oy

Now the integral on the right can be iterated, and so

flTis, ) = f Ye—'v[ f "o ; so>dx] dy = f e ufily; )dy.

3. Transforms of derivatives. Theorems in the previous section give the
relation between the transforms of F and the transforms of its integrals. By
means of Lemmas 3-6 of §1 we can use these theorems to obtain the rela-
tions between the transforms of F and of its derivatives. Such relations are
established under several alternative hypotheses since it is necessary some-
times to assume the existence of transforms of derivatives and at other times
to assume conditions on the function itself. These results are useful in the solu-
tion of partial differential equations with constant coefficients, since trans-
formation of the differential equation leads to an algebraic equation in two
complex variables. Under more restrictive hypotheses, this application has
been made by several authors.

Through this section the functions ®, ©, ¥, G, Go, G, H, H,, H,, M,
N, U, V will have the same meaning they had in Lemmas 3-6 of the Intro-
duction; their transforms will be indicated by the corresponding small letters.
In addition we shall use the following:

a(s,t) = L{F.},  ~(s, ) = L{F.,}, ¢ = max (oo, 0),
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B(s, ) = L{F,}, 8(s, f) = L{F..}, d = max (7o, 0),
"7(5': t) = L{FWI}'

We begin by giving a result for the one-dimensional transform. That it
includes as special cases a number of different hypotheses employed by vari-
ous authors is seen by referring to the list of subclasses of 4. given after (1.1).

THEOREM 3.1. Let F(x) €A, and suppose that any one of the following holds:

(i) | F(x)| < Meoor,

(ii) L,{ F } converges at d =0y,

(iii) | fEe1=F'(x)dx| < MeX for all X >0, oo=01+a.

Then, for o >c, L.{ F'} converges to a(s), L{F } converges absolutely, F is of
exponential type, and

3.1) a(s) = sf(s) — F(+0), > c.

Proof. Let (iii) hold. Since F’'(x) EZ,, Corollary 2 of Theorem 2.8 can
be applied to F'(x) instead of H(x); then ©:(x)=[;F (u)du=F(x)—F(+0)
plays the role of Hy(x). For ¢ >ao, L,{ F'} converges; for 0>¢, L,{©,} con-
verges absolutely and a(s)=s8:(s). But for >0, L,{ F(+0)} = F(4+0)/s so
that when ¢ >¢, L, { F } converges absolutely and f(s) — F(40)/s =0,(s). Sub-
stituting in the formula for a(s), we get (3.1). Indeed, [F(x)[ §|F(+0)|
+|@1(x)] < Mie°= for o >c.

If (ii) holds, then l J&eso=F (x)dx] < M for all X>0, and so we have a
special case of (iii) with a=0.

If (i) holds, | [RF'(x)dx| =| F(X) — F(+0)| < M[ewX+1]<2Me-X. This is
a special case of (iii) with s,=0, a=c.

THEOREM 3.2. Let F(x, y)EA, for y>0, G(y)EZ,, F.EZ. Let any one of
the following hold:

) L{ F } converges t-boundedly at (so, to),

Gi) L{F «} converges boundedly and L.{G} converges at (so, t0),

(i) | JE&DenenvF,(x, y)d(x, y)| < MesTH7, | [leG(y)dy| < Mev,
and co=01+a, To=71+Dd.

Then L{F,} converges boundedly to a(s, t) in D(c0; 7o), Li{G} converges for
>70; L{F} and L{®} converge t-boundedly in D(c; 7o); L{M} converges
s-boundedly in D(oo; d); L{¥} and L{®} converge regularly in D(c; d);
L,{Go} converges regularly for v>d.

Formulas (2.12) and (2.15) hold and also in D(c; d)

als, t) = sf(s, 1) — g(t) = tm(s, t) = sty(s, t) — g(t),
(3.2) m(s, 1) = s¥(s, t) — g/,
m(y; s) = s(y; 9) = Go(y)-
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Proof. Assume first that (iii) holds. By Corollary 2 to Theorem 2.8,
L,_{G} converges for 7>7, and G, is of exponential type for 7>d. Hence,
L{G} converges ¢-boundedly to g(¢)/s in D(0; 7o) and L {Go} converges regu-
larly to g(t)/st in D(0; d). Apply Theorem 2.9 to F, instead of F whence
L{F,} converges boundedly in D(o0; 7o), L{ M} converges s-boundedly in
D(c0; d), L{ P} converges t-boundedly in D(c; 7o), and L{Q} converges regu-
larly in D(c; d) (where P(x, y) = [§F.(u, y)du and Q(x, y) =f((§;'£F,(u, v)d(u, v)).
By (1.14), F=P+G so that L{F} converges t-boundedly in D(c; 7o) to
f(s, ) =p(s, t)+g(t)/s; by (1.15) ¥ =Q+G, so that L {\If} converges regularly
in D(c; d) to Y(s, t) =q(s, t)+g(t)/st. Making the necessary adjustments in
formulas (2.15) and substituting, we have (2.12) and (3.2) in D(c; d). Since
L\ F % converges boundedly in D(c¢; 7o), by the Corollary to Theorem 2.9
L{®} converges t-boundedly in D(c; 7o) and L{<I>} converges regularly in
D(c; d) and formulas (2.15) hold.

Hypothesis (ii) is a special case of (iii) with a=5b=0.

We know that [Je'0'G(y)dy=lim,... [ie*vF(x, y)dy on applying
Lemma 3 to e~*¥F(x, y) which is also a function of class A,. Under hypothesis
(i) then, |/Te-G(y)dy| =lim,.op |fo(x, V; to)| Slim,.op Me®*=M and,
therefore, | (((f{,’;’e“"““'”Fz(x, y)d(x, y)[ = | JEevv[eXF(X, y)—G(y)
+sfXe—=F(x, y)dx]dy| < Me—rX+ooX 4 M+ M|s| [Fe—rstrozdx < M, for all
(X, Y) and o0>0y. Thus hypothesis (iii) holds with s;=3, §>ao, T1=70,
a=b=0.

A parallel result holds concerning L{ F,} =8(s, t). Instead of (2.12), (2.15)
and (3.2) we have in D(c; d) (2.10), (2.15) and

B(s, t) = tf(s, ) — h(s) = sn(s, t) = st8(s, t) — h(s),
3.3) n(s, t) = 0(s, t) — h(s)/s,
no(x; t) = 102(x; £) — Ho(x).
We have the following result concerning both first derivatives:

THEOREM 3.3. Let F(x, y)EA* and let any one of the following hold:
(i) L { F } converges s-boundedly and t-boundedly at (s, to),
(i1) L{F,} and L{F,,} converge boundedly at (so, to),

(X,Y)
' f e~ = (x, y)d(x, y)l S MetX+by,
(!

0,0)

(iif)

(X.¥)
\ f e~ 1F (%, y)d(x, y)l S Met X+,
(

0,0)

and go=01+a, To=71+b.
Then in D(c;d), L{F.}, L{F,}, L:{G}, L,{ H} converge boundedly, L{F
converges s-boundedly and t-boundedly, L{M } converges s-boundedly, L{N
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converges t-boundedly,and L{®}, L{¥}, L{®}, L.{ H,}, L.{G,} converge regu-
larly. Formulas (2.10), (2.12), (2.15), (3.2), and (3.3) hold.

Proof. By Lemma 3(c), formulas (1.14) and (1.16) hold, so that

Gly) = H(x) + f Py, v)dv — f Fu(u, y)du.

When (iii) is true and (s, ¢) is a point in D(c; d), Theorem 2.9 applied to F,
and to F, gives the bounded convergence of the double transforms of the two
integrals on the right side of the above formula. Hence, on multiplying this
equation by e—2#~*¥ and integrating over the rectangle Rzy where B is a fixed
value of X >0, it follows that for all Y >0,

1 v
T—l 1— e8| ‘ f e“"G(y)dyl
s 0

B
. f e**H(x)dx + M, + M..
0

Thus

Y
f e“”G(y)dy‘ =M, forall ¥ > 0.
0

By Corollary 2 to Theorem 2.8, L,{G} converges for 7>d. For any (s, )
€D(c; d) there exist s; and ¢, with ¢ <gy<e, d <73<7 such that L { F z} con-
verges boundedly and L,{G} converges at (ss, ;). Apply part (ii) of Theorem
3.2. Similarly, L,{ H} converges (¢>c¢) whence the parallel theorem may
be applied.

Hypotheses (ii) and (i) lead to (iii) just as in the previous theorem.

For the second derivatives we give the region as D(c; d) for simplicity.
It is evident that if F,, satisfies the hypotheses on F, given in. Theorem 3.2
we have the following result from Lemma 5:

THEOREM 3.4. Let F.(x, y) EA, for y>0, F..,EZ, Gi(y) =F.(+0, y)EZ,,
G(y) EZ,. Let any one of the following hold:

(i) L{F.} converges t-boundedly and L.{G} converges at (s, to),

(i) L{F..} converges boundedly, L.{G} and L,{G\} converge at (so, to),

0,0)

(X,7)
(iii) l f e = (x, y)d(x, y)| < MetX+by,
¢
Y

Y
f e“"’G(y)dyl < MeébY,
0

f e"‘WGl(y)dy, < MebY,
0

and 0'o=0’1+a, To=1'1+b.
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Then in D(c; d), L{ F.,.} converges boundedly to (s, t), L.{G} and L.{G\}
converge, L{F.}, L{F}, L{®} converge t-boundedly, L{ V} converges s-bound-
edly, L{ M} ,L{Go}, L {‘I’}, L{d)} converge regularly. Formulas (2.12), (2.15),
(3.2) hold and in addition:

(s, 8) = to(s, 1) = sa(s, 1) — gi(t) = s*f(s, 1) — sg(t) — &:(2),
(3.4)  as(x;t) = tme(z38), vi(y:is) = smi(y;s) — val(z)dz,

v(sv l) = sm(s, t) - gl(t)/t'

A parallel theorem holds regarding L{F,,,,} =1(s, t). The formulas cor-
responding to (3.4) are

(s, §) = su(s, ) = 18(s, §) — ha(s) = £f(s, 1) — th(s) — ha(s),

(3.5) Bi(y;s) = sm(y;s), us(x; t) = tna(x; t) — szg(Z)dZ,
u(s, t) = tn(s, £) — ho(s)/s.

For the cross-partial F,, we have the following theorem when FEA,
using Lemma 4:

THEOREM 3.5. Let F(x, y) S A. Assume that any one of the following holds:

() | F(x, )| < Meoostoy,

>ii") L{ F ,,} converges t-boundedly at (so, to) and L.{H’ } converges at so or
| H(X)| < MeoX, A :

(i) L{ F,} converges s-boundedly at (so, to) and L.{G’ } converges at ty or
|G(V)| < MemY,

(iii") L{F,,,} converges boundedly at (so, to), L,{G’ } converges at to, and
L,{H'} converges at s,

(X,Y)
f e"ll-‘ﬂ—‘llley(x, y)d(x’ y)’ é Me¢x+by,
(

0,0)

(iii)

S Meo%,

x
f e H' (x)dx
0

Y
f c""”G’(y)dy' < Me?,
0

and o9=01+a, To=11+0b. )

Then in D(c; d), L{ F.,} converges boundedly to~(s, t), L{F,} and L{N}
converge t-boundedly, L{F.} and L{ M} converge s-boundedly, L{F}, L{©},
L{v}, L{®}, L,{H}, and LG} converge regularly, L,{H'} and L.{G'}
converge. Formulas (2.10), (2.12), (2.15), (3.2), (3.3) hold and

v(s, t) = sB(s, t) — tg(t) + F(+0, +0) = ta(s, t) — sh(s) + F(+0, +0)
(3.6) = stf(s, t) — sh(s) — tg(t) + F(+0, +0)
ay(y; s) = sfi(y; s) —G(y); Ba(x; f) = tfa(x; £) — H(x).
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Proof. Under hypothesis (iii) we know from Theorem 2.9 that, in D(c; d),
L{F.,} converges boundedly, L{R} converges t-boundedly, L{W} con-
verges s-boundedly, and L{z } converges regularly where, by Lemma 4,
R(x, y) = [tFo(u, y)du=Fy(x, y)—G'(y)p.p. on J, W(x, y)=f§F,(x, v)dv
= Fu(x, y)—H'(x) p.p. on I, and Z(x, y) = [0 Foy (1, v)d(w, 9) = F— G — H-co.
But L.{G’} converges for 7>7¢ and L,{ H'} converges for ¢>ao, whence
L{G'} converges t-boundedly, L{G} converges regularly, L{ H'} converges
s-boundedly, and L{H} converges regularly in D(c; d) by Theorem 3.1.
Therefore L{F,} converges t-boundedly, L{F,} converges s-boundedly, and
L{F } converges regularly. Substitution in (2.15) yields (3.6). By Lemma 4,
FEA* and the other hypotheses of Theorem 3.3 hold, and so the remaining
results follow.

Now when hypothesis (i) holds, lG(y)[ = Me™v, IH(x)[ =< Meoo=, ]col =M,
and hence | Z| £4Me=+dv, | [YG'(y)dy| S2Me?¥, | [FH'(x)dx| <2MeX. Thus
we have (iii) with s; =4 =0 and a =c¢, b =d. When (iii’) holds, (iii) is true with
a=b=0.

When hypothesis (ii’) holds, | f3 Fy(x, v)dv| < MesX+Y by Theorem 2.8.
Since F(x, Y)=H(x)+J§ Fy(x, v) dv, | F(X, Y)| S2Me’ X+ in D(c; d), which
means that we can proceed as under hypothesis (i). A similar statement is
true when (ii) holds.

Finally we have:

THEOREM 3. 6. Let F, and Fy be in class A* and let any one of the following
hold:

(i) L F,} and L{F,} converge s-boundedly and t-boundedly at (sq, o),
(i) L F,,}, L{F,,,}, L{F,,,,} converge boundedly at (s, to),

(X,7)
(1ii) e WF (%, y)d(%, v) | £ Me XY,

(0,0)

(X.Y)
f e~ F (%, y)d(x, y) | S Meo XY,
(

0,0)

(x.7)

f ey (x, y)d(x, ) | £ MetXHOY,

©.0)

and (To=0'1+a, 7'0=T1+b. )
Then in D(c; d), L{F..}, L{Fs}, L{Fy}, L{H}, L{H'}, L.{G\},

L{G'} converge boundedly, L{F,}, L{F,}, L{V} converge s-boundedly,

L{F.}, L{F,}, L{U} converge t-boundedly, L{F}, L{ M}, L{N}, L.{G},

L{H},L{®},L{¥}, L{®} converge regularly. Formulas (2.10), (2.12), (2.15),

(3.2)~(3.6) hold.

Proof. Assume (iii) holds. From Lemma 6, F is in class A and, hence,
G, and H; are in 2 and G'(y) = F,(+0, ) p.p., H'(x) = F.(x, +0) p.p. From
Theorem 3.3 applied to F, and F, separately, we find that L{F,,}, L{ F.,},
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L{Fw} converge boundedly, L{F,} and L{F,,} converge s-boundedly and
t-boundedly, L{ V} converges s-boundedly, L{ U } converges t-boundedly,
L{M} and L{N} converge regularly, and L.{G:}, L.{G'}, L,{ H.}, L.{ H'}
converge. But then hypothesis (ii) of Theorem 3.5 holds and thus from
Theorem 3.5 we obtain the regular convergenceof L{ F},L{0®}, L{¥}, L{®}
and the corresponding formulas.

If (ii) holds, (iii) is true with a=50=0.

If (i) holds, apply Theorem 3.3(i) to F, and F, to show that (iii) holds
with a=6=0 and (s1, 1) ED(c; d).

Theorems 3.3 and 3.6 are most useful in general first and second order
partial differential equations. Indeed, hypotheses there can often be com-
bined with hypotheses that F or F, and F, be in class A*.

4. Linear transformations. Let L, and L, be two rays emanating from
Py(x0, ¥0) and having the parametric representation
@.1) Li: x= x4+ aay, Ly: x = x9 4+ cas, 0% a; < )

y = yo + bo, y = yo + day,
where A=ad—bc7#0. By the sector S° between L, and L, we mean the open
set of points P such that parallels to L; and L, through P intersect both L,
and L, at finite points P;. If the coordinates of P; given by (4.1) correspond
to certain values «; of the parameters, then the coordinates of P are

(4.2) X = X + aa + cag, Yy =% + bal + daz.

Conversely any point whose coordinates are given by (4.2) for some a1 >0,
a;>0 lies in S° On solving (4.2) for a; and oz, we see that S° may also be con-
sidered as the set of all points (x, y) such that

(4.3)  [d(x — x0)) — c(y — y0)]/A > 0, [— b(x — %) + aly — y0)]/A > 0.

The closure of S° S=S°4L;+ L,, is the set of all points whose coordinates are
of the form (4.2) where 0y 20, o, 0.
Under the linear transformation

4.4) T: z=1x+ax’ + ¢y
y =y + b’ + dy
with inverse :
T & = [d(x — x0) — c(y — y0)]/A,
y = [— b(x — x0) + a(y — y0) ]/

Py—(0, 0), Li—L{: x'=01, =0 (0=e;) the positive half of the x-axis,
Ly—L{: x'=0, ¥=a2(0=a;) the positive half of the y-axis, S'—x'=aqy,
¥y’ =0ap(0 <a;) the first quadrant Q0. A parallelogram Sxy consisting of points
(4.2), where 0= =X, 0=, =Y, is transformed into a rectangle Rxy: 0 <«x’
=X,0sy'sY.
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If G(x, y) is defined on a measurable kernel W of S, the function H(x', ¥')
=G(xo+ax'+cy', yo+bx'+dy’) is defined on a measurable kernel of Q.
When HEZ, its extended function H, is summable in every Rxy; hence, if
we let Gy be the function equal to G on W and equal to 0 on S— W, it is sum-
mable in the transformed region Sxy and(1?)

(4.5) s Go(x, y)d(x: y) =|AI R Ho(', y,)d(x/’ y,)-
We define

4.6 G(x, v)d(x,y) = | A H(x', y)d(«', ¥
(4.6) fs<xy><xy> ||fo<xy><xy)

whenever the integral on the right exists. It follows from (4.5) that
JsG(x, ¥)d(x, y) exists if and only if limx, .. [5,,G(x, ¥)d(x, ) exists and is
equal to it.

THEOREM 4.1. Let a, b, ¢, d, xo and vy, be real constants with A=ad —bc=0
and let p and q be complex. Let FEZ and define

d(x — %) — c(y — yo)’ = b(x — x0) + a(y — yo)}

1
V(xvy)=lA| F{

= A
(4.7) exp (__ » {d(x — o) — oy — yo)}
A
-—q{_ b(x — xo)A-l- a(y — yo)})

in the sector S defined in (4.3). If L{F} converges boundedly for (s, t)ED,
then [se—*=vV(x, y)d(x, ) converges for all (s, t) such that (as+bt+p, cs
+dt+q)ED and
(4.8) e=—twflas+ bt + p,es +dt+ q) = f ==t (%, y)d(=, y).

8

Furthermore,

4.9)

f e—w—tﬂV(x’ y)d(x’ y)’ =M for alX >0, >0,
S

XY

Proof. Under the transformation T given in (4.4), S—Q,
e~V (x, y) > H(«', ¥')
= (1/| A )F(«/, ¥') exp (—sx0 — tyo — (as + bt + p)x’ — (cs + dt + g)y).

(1) E. W. Hobson, Theory of functions of a real variable, 3d Ed., Cambridge University
Press, 1927, vol. 1, p. 653.
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Whenever (as+bt-+p, cs+dt+q)ED, [oH(x', y')d(x’, ¥') exists. Hence, by
(4.6), [ee=V(x, y)d(x, y) exists and (4.8) holds.

THEOREM 4.2. Let the hypotheses of Theorem 4.1 hold and assume further that

@10) [ e (~(os+ b+ ) = s + dt+ QY)F(, Y)a(E, ¥) = 0
Q—R

where
R: x4 ax’ +¢cy 20, yo+ b2’ +dy = 0.
Define V(x, y) as in (4.7) and
W(x, y) = V(x, y) in SQ; Wz, y) =0inQ—S.

Then L{ W} converges boundedly for all (s, t) such that (as-+bt+p, cs+dt+q)
&D and

(4.11) w(s, 1) = e~*@~twf(as + bt + p, c¢s + dt + ).

Proof. Under the transformation T, S—Q and Q—R and e~*>*V(x, y)—
H(x', ') defined in the preceding proof. Hence, [, &V (x, y)d(x, y)=0
by (4.10). Therefore, for (as+bt+p, cs+dt+q) ED by (4.8)

e~so—tuwf(as + bt + p, cs + dt + q) = fe—”“”V(x, ¥)d(x, y)
s
= [ e s, )
5Q

- fo e (x, y)d(, ).

The preceding theorem gives a condition under which an expression of
the form e—*20-tvof(as+bt+p, cs+dt+q) is a transform. The following corol-
laries give important special cases of this:

CoROLLARY 1 (REAL TRANSLATION). Let L{F} converge boundedly in D
and let

(4.12) F(x,9) =0p.p.inQ — R where R: x = — %, y 2 — Yo.

Set W(x, y)=F(x—x0, y—¥0) tn SQ, W(x, y)=0 in Q—S where S: x= xo,
y2=yo. Then L{ W} converges boundedly in D and

(4.13) Cw(s, 1) = e~*mtuof(s, 1).

If %020, y0=0, condition (4.12) is vacuously true.

Proof. Apply the theofem with a=d=1, b=c=p=¢=0.
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COROLLARY 2 (SCALE CHANGE). Given a>0, d>0, define

1
(4.14) Wiw5) = — F(-;i %)

in Q. Then for all (s, t) suck that (as, dt) is in the region of bounded convergence of
L{F}, L{W} converges boundedly and

(4.15) w(s, t) = f(as, db).
COROLLARY 3 (COMPLEX TRANSLATION). If p and q are complex, and if
(4.16) W(x, y) = e P> F(x, y)

in Q, then for all (s, t) such that (s+p, t+q) is within the region of bounded
convergence of L{ F}, L{ W} converges boundedly and

(4.17) w(s, i) = fls+ 1+ 9.

CoroLLARY 4 (COMPLEX LINEAR TRANSFORMATION). Let a, b, ¢, d be
real constants with A=ad—bc#0 and p and q complex. Let S: (dx—cy) /A =0,
(—bx+ay)/A=0 and R: ax+cy=0, bx-+dy=0. Set

1 dx —cy — bx+ ay
W(x,y)=|A|F( ’ )

A A

(55 ()

W(x,y) =0 ' inQ — S,

(4.18)

and assume that
(4.19) F(x,y) =0p.p.inQ — R.

Then if L{F} converges boundedly in D, L{W} converges boundedly for all
(s, t) such that (as+bt+p, cs+di+q) ED and

(4.20) w(s, ) = flas + bt + p, cs + dt + ¢).

When a, b, ¢, d are non-negative, QCR, (4.19) is vacuously true, and
SQ=3S.
When a/A —b/A, —c/A, d/A are non-negative, SQ=Q and RCQ.

THEOREM 4.3. Let >0, d>0, p and q complex, and let L{F} converge
boundedly in D(oo; 70). On setting

@2 UG =— f ( “bx)exp(—,px—q(" _db”))dx,

L{ U} converges for all v>max [(ro—R(g))/d, (6o—R(p))/b] =71 and
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(4.22) u(t) = f(bt + p, dt + g).

Proof. Applying Corollary 4 with a=1, ¢=0, we find that A=d>0 and
(4.19) is vacuously true. The function

1 y— bx y — bx
W(x,y)=7F x, 2 )CXp —px—q( y )) inS:yzbdx =0,

W(x,9) =0 inQ—3S:0=<y < bz,

has a double transform for all (s, £) such that (s+bt+p, dt+q) ED(o0; 7o)
and w(s, t) =f(s+bt+p, dt+q). Then L{ W} converges boundedly in D(as; 72)
where 7.=[r;—R(g)]/d and or=00—R(p)—(b/d)(rs—R(q)), Ts>max [r,,
R(g) +(d/b)(0o—R(p))]. Then o, <0.

By Theorem 2.10(a), w(s, t) =limy., limx., w(X, V; s, ¢) in D(o2; 72).
For 7>,

Y ylb
W (z, y)d(z, ) = f ety f W(z, y)dx
0

0

w(X, Y;0,1) =f

S‘Roxy

whenever X > Y/b. Hence, limx.., w(X, ¥; 0, t) = [fe-t*U(y)dy and w(0, t)
= [Ye-tvU(y)dy, that is, f(bt+p, dt+q) =u(t). Now 73=7,+€ where € is
arbitrary.

COROLLARY. Under the hypotheses of the theorem on setting

1 pud —b —-b
(4.23)  Uy(y) -_-7 . (-—x)"F(x,y - x) exp(“ px — q(y y x))dx.

then L.{ Ul} converges for T >y and on setting fon=0"%f/ds",
(4.29) wi(t) = fu(bt + p, dt + ).

Proof. By Theorem 2.1(e), fu(s, £) =g(s, t) where G(x, y) =(—x)"F(x, y)
and the bounded convergence holds in D(¢o; 79). Apply the theorem to G in-
stead of F to get u;(t) =g(bt+p, dt+q).

We note that if L{ F} converges absolutely in Theorem 4.2 and its corol-
laries, L{ W} also converges absolutely.

We derive a few other transforms for later reference, assuming that L{ F}
converges boundedly in D(gy; 7). By Corollary 4 to Theorem 4.2

1’1(5, t) = f(S + 3 t)

where
Vi(z, y) = F(x, y — %) inS:0=x =y,
Vi(x, ) = 0, 0= y<uy,

and L{ Vl} converges boundedly for R(s42) > oy, R(¢) >7,. Setting
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Vi(z, y) = j; ’ Vx(u. y)du = fo mF(u, y — u)du

where m =min (x, y), it follows from Theorem 2.9 that

vz(s, t) = M
S

where L{V,} converges t-boundedly for R(s) >0, R(s+#) >0, R() >7o. By
Theorem 4.3, if we set

Vi) = [ “Flu, 5 — w)du,

then L.{ V;} converges for 7>max (o0, 70) and
L{Vs} = jt, ).
Hence, for R(s) >0, R(¢) > max (09, 7o), L{ Vs} converges t-boundedly and
S 0

v3(s, 1) = _s_

A combination of these results yields for R(s) >0, R(¢) >max (o, 7o),

w2 s o LD = S0 D

where s

(4.26) Vite 3) = = [ Fn 3~ wyan, 025y,
Vi(x, ) =0, 0= y<yuy,

and the convergence is ¢-bounded.

5. Convolutions and products of transforms. It is easy to determine the
transform of a function F(x, y) =G(x) - H(y) when the one-dimensional trans-
forms h(s) and g(t) exist for R(s) >oo, and R(f) >, respectively. If (s, ¢)
€D(0o; 70), then

x Y
L{F} = lim dxf e vH(x)G(y)dy

X, Yo

T et

exists and f(s, £) =hk(s) - g(t). The convergence is bounded since in one dimen-
sion convergence implies bounded convergence.
Consider, for example, the function
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F(x, y) = xy* (@>—-1,8>-1)

in Q. That [ye*x*dx converges absolutely to I'(a+41)/s**! for R(s) >0,
a> —11is well known. By the above L { F } converges absolutely in D(0;0) and

I'le+ NI +1)

sat1f+1

fs, 1) =

From Corollary 4 of Theorem 4.2 we have:

THEOREM 5.1. Assume that a, b, ¢, d are non-negative constants with A0
and that p and q are complex. Given F(x, y) = H(x)G(y), define W as in (4.18).
If L{H} converges for o >ay, L.{G} converges for >, then L{ W} converges
boundedly for every (s, t) such that R(as+bt+p) >0, R(cs+dt+q)>7o, and
w(s, t) =k(as+bt+p)g(cs+dt+q).

In particular, if ¢ >0, 56>0, the function

1 x b b
——H(——)G(y——x) inyz—220,
a a a a

W(xv y)= b
0 in—x>y20
a

has the transform
w(s, t) = k(as + bt)g(t)

provided that R(as+bt) >04, R(t) >70-
Similarly, for a>0, 5>0 the function

2(3)e(s-50)  mowzyzo
— H(= x— — n—zx= ,
b -\ b mpr=EY=
W(x,y)= b
0 iny>—2x20
a

has the transform .
' ' w(s, 1) = h(as + bt)g(s)

provided that R(s) >7q, R(as+bt)>ao. Application of Theorem 5.1 to the
function F(x, y) =x*yf leads to a function W whose transform is

M+ 1)-TB+ 1)
(as + bt + p)=ri(cs + dt + g)P+t

an important function because its denominator is a product of powers of

linear functions of s and ¢. »
From the above we see that the transform of a product of a function of x
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by a function of ¥ is the product of the transforms. In general, however, the
transform of a product of two functions of x and y is not the product of their
transforms. However, the latter is the transform of a “convolution function.”

The natural extension of the one-dimensional convolution is Fy * Fo=C
where

(5.1) C(x, v) = fR Fi(u, v)Fs(x — u, y — v)d(u, v)

and the following theorem concerns its transform(%).

THEOREM 5.2. If L { FI} converges boundedly and L{ Fz} converges absolutely
in D(ao; 7o) or if L { Fl} converges s-boundedly and L{ Fz} converges t-boundedly,
then L{Fy+Fy} converges boundedly in D(c; d) where c=max (do, 0), d
=max (7o, 0), and

(5.2) . L{F\+F;} = L{F\} -L{F.}.

Proof. We first establish the theorem under the hypothesis: (a) L{Fl}
and L{ Fz} converge absolutely at (s, £). Because of the absolute convergence
we can write fif; as a four-fold integral which converges absolutely.

15, 01at5, ) = [ emrtet e, P, )3, 3, %, o)
T

where T: 0=x, y, x/, ' < . Under the linear transformation x=u, y=v,

x’'=w—u, y =3—v with determinant +1 the region 7—7’ where T7: 0=w

<w,0=2<w,0=u=<w, 05v=z Hence,

’fl(s, Dfa(s, t) = f e~ 2F (u, V)Fo(w — u, 2 — v)d(u, v, w, 2)
T,

where this integral converges absolutely and so can be written as a repeated
integral in any order. Therefore,

fals, )fa(s. 8)
= fqe—sw—ta[j;m Fi(u, v)Fo(w — u, 3 — v)d(u, v)] d(w, 2) = L{C}

which establishes (5.2) under hypothesis (a).

Now let L{F,} converge boundedly and L{F;} converge absolutely in
D(oo; 70). If we set ®(x, y)=f {&g}Fl(u, v)d(u, v). L{ <I>} converges regularly in
D(c; d) and stp(s, t) =fi(s, t). Since F; and P satisfy hypothesis (a), on setting
H=F,*®, L{ H} converges absolutely in D(c; d) and k(s, £) =fa(s, £)$(s, t). But

(1) Formula 5.2 was established by Amerio under the first hypothesis given in the theorem
using a different proof. P. 729.
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(z,y)

. z v
H(x, y) = f du f Fau, 0)(x — 1, y — v)dv = f C(w, 2)d(w, 7)
[] 0 (0,0)
where the second equality can be shown by making suitable transformations.
Since L{ I le } converges to 4 and [<I>(x, y)| =< Mes=*v in D(c; d),

(z,v)
| H(x, y)| = M | Fo(u, v) | e =0+ d(u, 1) < MAe=try,
©.0)
Hence, by Corollary to Theorem 2.9, L{C } converges boundedly and ¢(s, ¢)
=sth(s, t) =stfa(s, 1)o(s, t) =fi(s, t)f(s, t) in D(c; d), which establishes the
theorem under this hypothesis.

Let L{F,} converge s-boundedly and L{F,} converge t-boundedly in
D(0o; 7). Then, on setting © = [5Fi(u, y)du and ¥ = [} F,(x, v)dv, by Theorem
2.8 L{©} and L{¥} converge regularly in D(c; d) and fi(s, t) =s0(s, ¢), fa(s, t)
=tJ(s, t) so that fi(s, £)f2(s, £) = st8(s, )F(s, t) = stk(s, t) where K =0 +¥ by the
first part of the theorem. If (s, t) €D(c; d), there exists (o3, 72) with ¢ <2 <o,
d <71 <T.

(z,9)

| K(x, 3)| £ MM, f eorutmavgs (a—w+r (o) d(y, v)

(0,0)

< MiMsers*+9/[(0 — a9)(r — 12)] = Mes=tv,

One shows that K(x, y)=/&8C(w, z)d(w, 2z) and, hence, L{C} converges
boundedly and c(s, t) =stk(s, t) =fi(s, t)fa(s, ).

If >0, 5>0, the function H(x, y) = [Z/*Q(u)du for x/a <y/b and H(x, y)
=[¥°Q(u)du for y/b<x/a may be conveniently written H(x, y) = [¢'Q(u)du
where m=min(x/a, y/b). Indeed the same notation can be used for a =0,
520 if we understand m=x/a when =0 and m=y/b when a=0.

CoroLLARY. Let L{ F} converge boundedly in D(o; 7o) and L.{G} converge
absolutely for T>11. Given a 20, b>0, let S be the set of points: x=(a/b)y=0
and define W(x, y) =(1/0)G(y/b) in S, W(x,y) =01in Q—S; let C=F* W. Then

(5.3) Clx, 5) = f " n f P& — an, y — bn)G()dE.

On setting
(5.4 o3 = max (oo, 0, 1/(a® + b%)1/?), 7, = max (7o, 0, 71/(a® + bH)/?),
L{ C } converges boundedly to c(s, t) =g(as+bt)f(s, t)/s in D(os; T2).

Proof. For ¢>0, 7>7, the double transform L{G} converges absolutely
to g(t)/s. Then by Corollary 4 to Theorem 4.2 the function W has the double
transform w(s, t) =g(as+bt)/s where the convergence is absolute for all (s, £)
such that ¢>0, ag+br>r; in particular, it holds in the region D(rs; 73)
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where 73=max (0, 71/(a2+52)'/2). Applying Theorem 5.2 to C= F « W, we ob-
tain the formula for c(s, ¢).

Formula (5.3) follows from the definition of the convolution.

Amerio(1?) has defined the “convolution about an axis” which we give in
our notation. The function P =G4F is defined by

m x

(5.5)  P(x, 9) =f F(x — an, y — bn)G(n)dn, m = min (—> %—),
0 . a

where a and b are non-negative constants, not both zero.

THEOREM 5.3. Let L{ F} converge boundedly in D(a; 7o) and let L,{G} con-
verge absolutely for v>7,. Then L { GLF } converges boundedly to p(s, t) in
D(as; T2) where o3 and T2 are defined in (5.4) and

(5.6) p(s, t) = glas + b)f(s, ).

Proof. Let >0, P(x, y), and m be defined as in (5.5) and m'
=min (X/a, y/b). The set R;: (0<x=<X; 0=9=m) is the same as the set
Ry: (0=9=m'; an<x=X) since a point (x, 7) satisfying each set of in-
equalities can be shown to satisfy the other. Therefore, from (5.3)

X X m
f P(x, y)dx = f dx f F(x — an, y — bn)G(n)dn
0 0 0

m’ X
=f dnf F(x — an, y — bn)G(n)dx = C(X, y).
0 an
We have p(X, Y; s, t)=[edy[edx[re=—vF(x—an, y—bn)G(n)dy. But
the set R3: (0=Sx=<X; 0<y=<Y; 0=9=<m) can also be written R;: (0=19
Em' =min (X/a, Y/b); an=<x=<X; bp<y=<Y); one proves this by showing

that a point (x, ¥, n) satisfying one set of inequalities satisfies the other set
also. Therefore,

m’’ X Y
s, V5,0 = [ an [ da [ B = oy - e a)ay.
0 n by

a

Setting x’ =x—an, y' =y —bn, we obtain

m X—an Y—bn
px, V55,0 = [ G [ a [ e swrsip (e, yyay
0 0 0

= f e~ @G f(X — an, ¥ — bns s, t)dn.
0

Let (s, t) ED(o2; 72). Since L{ F } converges boundedly and ao+br>7,

(?) Amerio, p. 725. He established Theorem 5.3 using a different proof.
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| p(X, Vs, 8)| = M f e+ G(q) | dn = M, for all (X, V).
0

By Corollary to Theorem 2.9, L{P} converges boundedly, L{C } converges
t-boundedly, and p(s, t) =sc(s, t) in D(o2; 72). By the preceding corollary
p(s, t) =glas+b1)f(s, t).

When a>0, b=0, a parallel proof establishes the result.

When G(y)=1, then g()=1/¢t for v>71=0 and (5.4) becomes: 0.
=max (0o, 0) =c¢, 72=max (79, 0) =d. Thus we have:

CoRrOLLARY. If L{F} converges boundedly in D(ay, 7o), then for a and b
non-negative and not both zero, set V(x, y)=[0F(x—an, y—bn)dn, m
=min (x/a, y/b). Then L{V'} converges boundedly for (s, t) ED(c; d) and v(s, t)
=f(s, )/ (as+be).

As an immediate consequence of Theorem 5.2 and the example considered
at the beginning of this section, we have the following theorem:

THEOREM 5.4. Let L{ F} converge boundedly at (so, to) and set c=max (o, 0),
d=max (ro, 0). Then for all (s, t) ED(c; d), L{®.3} converges boundedly and

S, )
¢aﬁ(s’ t) = sa+ltﬂ+l" a>—-1,8>—-1,
where
1
q)ﬂﬁ(xr y) = F(ut v)(x - “)"(y - 'v)"d(u, 7")

Ta+ DI@E+ 1) J g,

6. Transforms of difference quotient type. There is no function F(x, y)
such that L{F} converges boundedly at a finite point (so, o) to 1/(s—¢).
For suppose there were such a function and assume further that R(¢o) 2 R(s0)-
The point (¢o+1, fo+1) lies in the region of bounded convergence since
R(to+1) >R(to) =R(s0) and R(¢o+1) >R(ts). However, 1/(s—t) is not even
defined at this point. '

Certain functions of s and ¢, when combined properly with 1/(s—¢), do
result in transforms as we shall show. The corresponding functions of x and
y are integrals of a type important in partial differential equations.

THEOREM 6.1. Let L{F} converge boundedly at (so, to) and set o
=max (oo, T0). For (s, t) ED(c; 6) define

_ f(s’ t) _f(t’ t)
(6.1) s ) = s—1 ’

7(8: t) = fc(tv t)’ . , .8 =1,
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f(s, 1) — f(s, 5).

A : —_—) t y
(6.2) (s ) = t—s o
)\(S, 1) = fl(sa S), t=s.
Then vy(s,t)=L {I‘} and \(s, t)=L {A} converge boundedly in D(c; ¢) where
(6.3) M9 = = [Pty -9
0
(6.4) Az, y) = —sz(x — 2, ¥ + 2)dz.

Proof. Let Vy(x, v) be defined as in (4.26). Then L{ V4} converges
boundedly and its transform is glven by (4.25) in R(s) >0, R(t) >max (09, To).
By Corollary 4 to Theorem 4.2, since Vy(x, ) =0 in 0=y <x, the function
W defined by W(x, y) = Vi(x, y+x) = — J¥**F(u, y+x—u)du=T(x, y) has
the double transform vi(s—¢, £) = [f(s, t) —f(t, t)]/(s—t) =(s, t) where the
convergence is bounded for R(s—¢) >0, R(t) >max (o9, 7o), that is, for R(s)
>R(t) >max (09, To).

In an analogous fashion one shows that M(x, y) =0 for y=x=0, M(x, y)
= [¥F(x—v, v)dv for x>y=0 has the double transform m(s, t) = [f(s, s+1)
—f(s+¢, s+t)]/t in the region R(s)>max (o, 7o), R(t)>0. Therefore,
v(s, t)=—m(s, t—s) =L{I‘} for R(¢) >R(s) >max (o, To)-

Consider any (s, {) €ED(s; 6). There is a point (s1, &) such that ¢ <1 <o,
¢ <7<, and ¢;>7. By the first part of the proof L{I'} converges boundedly
at (s1, &1) and, hence, by Theorem 2.1, at (s, £). Thus L{I‘} =7 (s, t) exists
in D(¢; ¢) and by the same theorem is an analytic function there. We know
that y(s, ) =7(s, ) when R(s) #R(¢). The analyticity of ¥ insures that the
formula holds also for R(s) =R(¢), s#¢. Finally, for s=¢, ¥(¢, t) =lim,.. ¥(s, £)
=lim,..v(s, £) =£(¢, 1).

The second part can be obtained from the first by proper interchange of
variables.

COROLLARY. Let L{F } converge boundedly in D(ao; 7o). Define for m>0, p
complex, and (s, t) ED(oy, 7)
S(s,8) — f(mt + p, 1)
’ I ,
(6.5) et = s mitp
vi(s, 1) = famt + p, 1), s =mi+p,
and for (s, t) ED(a; T0) ‘

. _f(sr t)‘f(&"“"‘l’)
(6.6) M(s, 8) = ' —ms — 7 ’ t #= ms + p,

M(s, &) = fi(s, ms + p), ' I =msL ¢
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where ¢=max (vo, [ro—R(p)]/m), T=max (7o, [70—R(p)]/m). If

ylm
6.7) Ti(x, y) = ——f e F(x + 2, y — mz)dz,
0

z|/m
(6.8) Ai(x, y) = —f e F(x — mz, y + 2)dz,
0

then L{I‘l} =v(s, t) and L{Al} =N\i(s, t) where the convergence is bounded in
D(m7T+R(p); T) and D(c; ma+R(p)) respectively.

Proof. Set (s, £) =f(s, (¢t—p)/m). For R(s) >0, R(t) >mro+R(p), 7 (s, t)
=L{ F,} where Fi(x, y) =mF(x, my)e?v by Corollaries 2 and 3 to Theorem 4.2.
Setting o3 =max (d¢, m7o+R(p)) and

w(s, ) — =(t, 2)
s—t ’
c(s, ) = m(2, 1), s =1,

we find that L{C} =c(s, t) in D(02; 02) where C(x, y) = — [§Fi(x+3, y—2)dz.
By definition c(s, mt+p) is given by (6.5) and the complex linear transforma-
tion yields v(s, £) =L{I}.

To prove the second part of the corollary, use the first result to obtain the
function whose transform is (¢, s), interchanging the first and second vari-
ables in F.

THEOREM 6.2. Let L { F } converge boundedly in D(oo; 7o) and define a func-
tion v, for m>0, p complex, n a positive integer, and (s, t)ED(do; T) by the
Sformulas

c(s, 1) =

n—1 1 .
fis, ) — 22 < Jemt + 2, (s — mt — p)*
=0 .
(6.9) (s 8) = (s — mt — p)» o sEmt
1
7»(31 t) = ;fl"(mt + 1’» ‘)r s=mi + P:

where 7=max (ro, [0o—R(p)]/m).
Then in D(oo; T)

Yn(s, £) — Yn1(mt + 2 ?)
s—mt— p ’

s & mt+ p,

Yals, 1) =

(6.10)

d
Yals, t) = Yot ’ s=mt+ p,

68 s=mt+p

on setting vo(s, t) =f(s, t). Furthermore, in D(m7+R(p); 7) L{T.} converges
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boundedly to va(s, t) where

—1)" ylm
(6.11) Tu(x, y) = —(——Lf e ?F(x + 2, y — mz)z" " dz.
(n — 11Jy

Proof. Since D(vo; 7) SD(00; 7o), f(s, t) is analytic and so has partial
derivatives of all orders in D(go; 7). Hence, the functions defined by (6.9) all
exist. For n=1, (6.10) follows from the definitions of v, and v,.

If we substitute the Taylor’s expansion of f(s, £) about s=mt+p in the
numerator of (6.9), we see that for s=mt-+p

© 1

(6.112)  va(s, t) = X — Jalmt + p, (s —mt — )" (n=1,2,3,---).

We note that this formula also holds for s =mt+p, from the second part of

(6.9). Furthermore, since the limit of the right-hand side, as s—mt 4 p, exists

and equals fa(mt+p, t)/n!, lim,.merp Ya(s, £) exists and equals v.(mt+p, t).
Suppose n =2 and s#mt+p. Then from (6.11a)

'Yn—l(sy t) - 7n—l(mt + b, t)

s—mt— p
® 1 . 1
20— falmt + p, )(s — mt — p)= — ———— fua(mt + p, 1)
_ g=n—l ! (n - 1)!
- s—mt— p
© 1 ]
= E 'Efa‘(mt + 2 t)(S — mt — P),_" = 'Yn(sr t)

which is the first part of (6.10). On taking the limit as s—mt+p, it follows
that 9Y,-1/05| smme+p exists and equals ya(mt+p, £) which is the second part
of (6.10).

By the previous corollary, for n=1, L{I‘,.} converges boundedly to
Ya(s, £) in D(m7+R(p); 7). Assume that this statement holds for n=%k.
Using vx(s, £) as f(s, £) of the previous corollary, we find that vs41(s, ) =L { V}
in D(m7+R(p); i) where

ylm
Viz,y) = — f Py (x + &, y — mé)dE.
0
Substitution for I'; yields

ylm : (—1)F p r—mbim F 14, g
= — —P — P2z — —_ —
V(x, y) fo € [(k—l)!j; e (x+&+3, y—mE—mz)z z] £

(=1
T (k—1)!

f e PO (x+E+3, y—mE—mz)z*1d(§, 2)
Sll
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where S,: 0<(<y/m, 0=5z=(y—mf)/m. On making the transformation
t=n—w, z=w, we see that V(x, y) =Tin(x, y), the last equality resulting
from performing the integration with respect to w. Hence, L{T',} converges
boundedly to v, for z=k-+1 and by induction for all n.

We now apply the last two theorems to F(x, y) = H(x).

THEOREM 6.3. Let L,{ H } converge for R(s) >0 and define in D(0,; a1)

h(s) — k(1)
(6.12) ol t) = st s=h
w(s, t) = K1), s=1
Then w(s, t) =L{Q} where
(6.13) Az, y) = — H(x + )

and the convergence is bounded in D(G; ¢) where ¢ =max (o1, 0).

Proof. Let F(x, y) = H(x); then L{F} converges to k(s)/¢t in D(ay; 0). If
¢=max (o}, 0), define in D(s; 5)

PN UL Y S OE0Y s
s— (s — 1)
(s, ) = fc(tv ) = h,(t)/t7 s=1

By Theorem 6.1, (s, t) is the double transform of

I'(x, y) = — foyF(x+ 2,y — 3)dz = — j:)yH(x + 2)dsz

in D(é; &) and by definition of w, v (s, £) =w(s, £) /t.

Let G(x, y) = —H(x+y) and I'(x, ) = f§G(x, 2)dz. Since L,{H} converges
for ¢>01, | [EH(u)du| < Me*= for 0> 5. Therefore, |T'(x, y)| =| [zt"H (u)du|
< M[er=+v +¢72] <2 Me“=+¥ for ¢ > ¢. Hence, by Corollary 1 to Theorem 2.8,
L{G} converges t-boundedly and g(s, £) =t ¥(s, t) =w(s, t) in D(s; 7).

THEOREM 6.4. Let L, { HY} converge to h(s) for R(s) > a1, and define a function
wn for m>0, p complex, n a positive integer and (s, t) ED(oy; 7) by the formulas

n—1 1
Ms) — X = hOGmt + p)(s — mt — p)’
=0 .
(6.14) w,(s, 1) = P — , s #= mt+ p,
1
wa(s, ) = — k™ (mi + 28 s =mt + p,
n!

where T=max (0, [s,—R(p)]/m), 6 =max (0, a1).
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Then in D(0o1; 7)
w,._l(s, l) b w,._l(mt + P, t)
b

wa(s, 1) = s #= mi + p,
’ s—mt— p
(6.15) »
Own_1
wa(s, 1) = R s =mt+ p,
as s=mit+p
where wo(s, t) =h(s) and n=1, 2, 3, - - - . Furthermore, in

: D(7; max (0, [¢ — R(p)]/m))
L{ 9,.} converges boundedly to w.(s, t), where

_1 nayn—1
(6.16) u(, 3) = ;i—@)_y—l),ﬂ(

If w, 1s defined as in (6.14)

2 4 2)emin

m

" o
(n - 1)' a1t gnmt+,)‘

Proof. Let F(x, y)=H(x). Then L{F} converges to f(s, {)=h(s)/t in
D(a,1; 0). Defining v.(s, £) as in (6.9), we see that

(6.17) ‘ Ya(s, ©) = wa(s, )/t

for R(s) >a1, R(t)>7,and =0, 1, 2, - - - . By Theorem 6.2 formulas (6.10)
hold in D(oy; 7); substituting from (6.17) one obtains (6.15). Furthermore,
o
Tu(x, y) = —f e H(x + 2)z" ldz
(n - 1)! 0
and L{T,} converges boundedly to w.(s, £)/t in D(mr+R(p); 7).

But T.(x, ¥) = [4Q.(x, 2)dz where Q, is defined as in (6.16). By Theorem
6.3, w(s, t) =L{Q} in D(¢; ¢) where Q(x, y) = —H(x+y). By Corollary 4 to
Theorem 4.2, wi(s, ) =w(s, mt+p)=L{%} in D(; [¢—R(p)]/m) where
U(x, y) = —(1/m)H(x+y/m)e /™ in Q.

By Theorem 2.1(e), 9™ lw(s, ¢)/0t~'=L{P} where P(x, %)
={(=1)*/m)H(x~+y/m)y e ?vm4m"1(n—1)!Q,(x,y).Sinced" 'w, (s,t) /ot"1
=m*lwm(s, mt+p), it follows that L{Q.} converges boundedly to
(1/(n=D)Nwma(s, mt+p)=Fk(s, t) in D(&; [6—R(p)]/m). Hence, L{T.}
converges s-boundedly in D(¢; max (0, [¢—R(p)]/m)) and

k(s, 1) = tya(s, ) = wa(s, t).

7. Partial fractions expansions. Partial fractions plaiy an important role
in the solution by transforms of ordinary differential equations, but they do
not enjoy a parallel significance in partial differential equations where the

wa(s, 8) =
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prescribed values are arbitrary functions. We present two theorems indicat-
ing the type of result obtainable.

THEOREM 7.1. Let f(s, t) =p(s, t)/q(s, t) where p(s, t) and q(s, t) are poly-
nomsials in s and t and q(s, t) has the form

(7.1) g(s, ) = (s + ait)(s + aat) - - - (s + aal),

the a.’s being positive and distinct. Hence, f is defined everywhere except along
the sets s+ait=0. Assume further that p(s, t) does not have any (s+ait) as a
factor and that the degree of p(s, t) in s and t is at least two less than that of q(s, t).
Set

n—2

Pty = X aysi,
i, jm=0,i+jSn—2

(7.2) "
(k) = Z op,m—p(—aK)? O=m=n-—2),
p=0

and
gs) = q(s, 1) = (s+a)(s + az) - - - (s + an).
Then f(s, t) =L{F} in D(0; 0) where
n 1 n—2 —_— r
(1.3) F(z, y) = Z[ Y Tacreal) {-2———}—]

k=1 LG (— ax) rmo r!

and {y—aix} has the interpretation {y—aix} =0 when y<aix and {y—aux}
=y—aix when y>a:x.

Proof. Holding ¢ fixed and expanding f by partial fractions, we can write
for s+a;t#=0

& GO
fls, ) = ,§, ST ol

where Ci(t) =p(—axt, t)/q.(—ait, t). From (7.1) we see that

g(—at, 1) = JI (ai = a)imt = g'(—an)rm?

tm=],ip Kk

and from (7.2) that

n—2 n—2
p—at, ) = 2 a(—e)t = X a(—an)itt
6, j=0,i4+7Sn—2 §,j=0,44 S n—2
n—2

= > T.(ktm
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Thus
n—2
. 2 Tn(h)tm
(7.4) f(s,8) =3 0 for s % — al

w1 G (—an)t (s + ant)
and in particular this holds for all (s, ) in D(0; 0). If u is a positive integer,
1/t#(s+axt) is the transform of {y—awx}#-1/(u—1)! for (s, £)ED(0; 0). Thus
we find that f(s, {) =L{F } in D(0; 0) where F is defined by (7.3). This func-
tion takes a step at each of the »n rays y=axx.
We proceed to show the effect of a repeated linear factor.

THEOREM 7.2. Let f(s, t) =p(s, t)/q(s, t) where p(s, t) and q(s, t) are poly-
nomsials in s and t and (s, t) has the form

q(s,8) = (s + at)(s + aut)(s + aat) - - - (s + ant) (r>1n22)
all the a's being positive and distinct. Assume further that p(s, t) does not have
s+ait or s+at as a factor and that the degree of p(s, t) is at most n—2. Set

n—2

PO = 2 aisti

,j=0,i+jSn—2
and define §(s) and T',(k) as in (7.2). Then
fGs, 1) = L{F}
in D(0; 0) where
n n—2 I‘n—m—2(h) [ {y —_— ahx}m+r
F(zx, y) =
(= 9) E 2:‘0 g (—a) L(m+r)l(a— an)’
n y — ax m+er—k
g b g
=1 (m+ RB)(r — k)!(a — az)*?
Proof. Let ¢(s, £) =(s+at)7f(s, t)=p(s, t)/(s+axt) - - - (s+aat). Since ¢
is just the f of Theorem 7.1, formula (7.4) holds with ¢ instead of f. From this

one obtains, on differentiating 2 times with respect to s (0=k=r—1) and
then substituting s= —at,

(7.5)

1 n n—2 T.(k jm—n—k
Ak(t) E_k"'d’a"(—at» t) = - Z Z - ( )

he1 mm0 G (—an)(a — a))®

As in the previous theorem

n—2

> Tum(b)tm

(d —_— a;,)'q"(—ah)t"""‘l

Ch(t) = P(—aht’ t)/qc(_ahtr t) =
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Expansion in partial fractions holding ¢ fixed yields

z G = 40

fop =320 5 40

=1 S+ ant k=0 (s + at)™

Substituting from the above and using the fact that for a positive integer
u, 1/t*(s+at)h is the transform of x*-1{y —ax }+-1/(h—1)|(u—1)!in D(0;0), we
obtain (7.5).

TAYLOR INSTRUMENT COMPANIES,
ROCHESTER, N. Y.

UNIVERSITY OF ROCHESTER,
ROCHESTER, N. Y.



