INTEGRAL REPRESENTATIONS OF POSITIVE
DEFINITE FUNCTIONS

BY
A. DEVINATZ(Y)

Introduction. During the last decade a school of Russian mathematicians
including Krein [1, 2, 3](%), Krein and Krasnoselskif [1], Livshitz [1], and
Neumark [1] have made contributions to the theory of moments and related
problems(®) by the methods of operators in Hilbert space. Before this Carle-
man [1] had used the theory of integral equations to develop the theory
and Stone [1] had connected the theory with infinite Jacobi matrices, which
method has been elaborated by various other authors.

In this paper we make systematic use of the theory of reproducing
kernels, as developed by N. Aronszajn [1, 2], to obtain integral representa-
tions for positive definite functions. A function K(x, y), defined over a
Cartesian product set E X E, was termed by E. H. Moore a positive Hermitian

matrix if for every finite set, {al, <, a,.}, of complex numbers and points
{y,  + +, ¥} CE, 2 %1 @@K(y; y;)20. This terminology has been

shortened by N. Aronszajn [2] to posstive matrix, which we shall use here.
A positive definite function shall be defined as a complex-valued function
f(x, v), with domain a set E=SXG, where S is a semi-group and G is a group,
such that K((x1, y1), (%2, ¥2)) =f(%1-%2, y1-95") is a positive matrix.

Here, we shall be concerned only with the case in which S is a semi-group
and G is a group in Euclidean space. Our main theorem (Theorem 5) contains
extensions, to higher dimensions, of results which have already been ob-
tained, in a different way, for the one-dimensional case and also contains
results which are new.

The readers of this paper are expected to have some acquaintance with
the papers of N. Aronszajn [1, 2] and with the general theory of Hilbert
space. The notations used in this paper for the general theory of Hilbert space
have been taken from the excellent book by Béla v. Sz. Nagy [1].

1. Preliminaries. If K(x, y) is a positive matrix (p.m.), defined on
EXE, then there exists a Hilbert space ¥, of functions defined on E, for which
K (x, y) acts as a reproducing kernel (r.k.) (i.e. f(y) =(f(x), K(x, y)) for every
FfET). The space ¥ will be called a reproducing kernel space (r.k.s.). ¥ is the

Presented to the Society, November 24, 1950; received by the editors December 26, 1951.

(1) Parts of this paper are taken from the author’'s Harvard dissertation. I would like to
express my appreciation to Prof. N. Aronszajn for allowing me to read his paper Theory of
reproducing kernels [2] before it was published.

(®) Numbers in brackets refer to the references at the end.

(%) For an extensive bibliography of such problems see Shohat and Tamarkin [1].
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closure of the set ¥ of functions of the form g(x) = D> 7, a;K(x, y:), where
o, 1=1, - - -, n, is a complex number. In the future F will always denote the
r.k.s. of the p.m. we are considering at that time and J' will always denote the
set as given above for that p.m. .

Aronszajn [2] has shown that if T is a bounded linear operator defined on
¥, then there exists a function M(x, ), defined over EXE, which, for every
yEE, belongs to ¥ and such that for every fE€F, Tf(y) = (f(x), M(x, y)). The
function M(x, y) is given by T*K(x, ¥). The operator T is said to correspond
to the function M(x, y) and we shall denote this by T=M(x, y).

The following facts are given by Aronszajn [2] and may be checked
without too much difficulty:

(a) T*=M*(x, y) =M(y, x).

“(b) If Th=M(x, y), To=2M,(x, y), then

ThZT.=2M(x, y) = Mi(z, v),M*(z, x)).

(c) If T==M(x, y), then the symmetry of T is equivalent to the Hermitian
symmetry of M(x, y) (i.e. M(y, x)=M(x, ¥)).

(d) If T=M(x, v), then T is positive if and only if M(x, y) is a p.m.

We find it necessary to extend the concept of correspondence between
operators and kernels to unbounded operators. Let T" denote an arbitrary
operator in ¥, Dy its domain, and M(x, y) EF for every y in E.

DEFINITION 1. T s said to correspond to the kernel M(x, y), in symbol
T~M(x,y), if for every fEDr, Tf(y) =(f(x), M(x, v)). T is said to correspond
to M(x, y) in the maximal sense, in symbol T=M (x, y), if Dr consists of all the
elements f in F such that (f(x), M(x, v)) is again an element of F, when considered
as a function of y and for every fEDr, Tf(y) = (f(x), M(x, ¥)).

Let us notice that, according to this definition, to a given kernel there
may correspond many operators. However, to any given kernel there exists
one and only one linear operator which corresponds to it in the maximal
sense. Bounded linear operators always correspond to kernels in the maximal
sense.

The question arises as to which operators correspond to kernels. To
answer this we consider an operator T; with Dy, C¥. An operator T3 is said
to be adjoint to T4, in symbol T3 ATy, if for every fEDy, and g& Dy, we
have (T1f, g) =(f, T¢)(").

THEOREM 1. Necessary and sufficient conditions that an operator T: cor-
responds to the kernel M(x, vy) are that there exists a Ta such that T1\T,, the
r.k. K(x, y) of ¥ belongs to Dy, for every vy of E, and M(x, y) =TK(x, y). If
T~M(x, y), a sufficient condition that T have an inverse is that the linear
manifold determined by the functions M(x, y) be dense in F. If T=M(x, y), the
condition is also necessary.

(*) Cf. Stone [1, p. 41].



58 A. DEVINATZ [January

Proof. That the conditions of the first statement are sufficient is quite
obvious. For Tif(y) =(Tyf(x), K(x, ¥)) =(f(x), T2K(x, ¥)) and consequently
Ti~M(x, y) =TK(x, y).

For the necessity, we suppose f&E Dz, and we have Tif(y) = (f(x), M(x, ¥))
= (Tyf(x), K(x, )). Consequently, we define a transformation T, with Dy,
equal to the class {K(x, y)}, by the condition T,K(x, ¥) = M(x, y). Since
T1/\T, the necessity is proved.

To prove the sufficiency of the second statement we suppose Tf1=Tfe.
It follows that Tfi(y) — Tf:(y) =(fi(x) —fa(x), M(x, v))=0. Since the linear
manifold determined by the class { M(x, y)} is dense in ¥ we must have
fi=fa

For the third statement, we notice that if the linear manifold determined
by the class { M(x, y)} is not dense in ¥, there exists a nonzero f& ¥ such that
(f(x), M(x, v))=0. Since T=<M(x, y), fEDr and Tf=0. This contradicts the
fact that T has an inverse.

In §4 we have occasion to consider the restriction of a r.k. K(x, ¥), de-
fined over a set EXE, to aset E; XE;CEXE. The restriction of K(x, y) to
E, X E,is of course a p.m. K (x, y) and the r.k.s. 7 which is associated with
K(x, y) is obtained in the following way. Let ¥, be the subspace of all fE¥
such that f(x) =0 for x € E;. If 7 is the orthogonal complement of ¥, then to
every fEY there exists an fy&Fs such that the restriction of f and f, to E;
are the same. Consequently, define 7, as the set of functions in ¥ restricted
to E; with the norm of any element fiE€%; given by the norm of that element
foin ¥y for which the restriction of f, to E; is fi. The pertinent theorem here
is as follows.

THEOREM A(%). If K 1is the reproducing kernel of the space F of functions de-
fined on the set E with norm || ||, then K restricted to the subset Ey X E,CEXE
is the reproducing kernel of the class Fr of all restrictions of functions of ¥ to the
subset Ey. For any such restriction, €%, the norm ||fi||1 is the minimum of ||f]|
for all fEF whose restriction to E, is fi.

2. Semi-bounded and real operators. In this section we wish to extend a
theorem of Aronszajn to semi-bounded operators and, for spaces which cor-
respond to real spaces(®), to unbounded operators. Following Aronszajn we
write Mi(x, y) LKM,(x, v) if Ma(x, y) — Mi(x, ) is a p.m. In the following two
theorems K(x, y) is the r.k. of the r.k.s. 7.

THEOREM 2. Let M(x, y) be a Hermitian symmetric function (i.e. M(x, v)
= M(y, x)) defined over EXE which belongs to ¥ when considered as a function
of x, for every yEE.

(@) If T=2M(x, v), then T* and T** exist and T**=T. T* is a symmetric

(%) Aronszajn [2, p. 373].
(6) These are spaces for which the r.k. is real. Cf. Aronszajn [2, p. 354].
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operator and s the closure of the restriction of T to F'; every self-adjoint operator
which corresponds to M(x, y) 1s an extension of T*. A necessary and sufficient
condition that T be self-adjoint is that the linear manifold determined by the class
{ M(x, y)+iK (%, y) } is dense in .

(b) A mnecessary and sufficient condition that there exists a self-adjoint
operator H~ M (x, y) which is bounded below (above) by the finite number ¢ s
that M(x, y)>cK(x, v) (M(x, y)<<KcK(x, v)). A necessary and sufficient condi-
tion that there exists a self-adjoint H=M (x, v) with lower bound =A\> — =
and upper bound <A <+ o« is that

AK(x, y) KM (x, y) KAK (x, y) (7).

Proof. To prove (a) we consider the operator T=M(x, y). From the fact
that M(z,y) = (K (x, 2), M(x,y)) = M(y, ) we conclude that (K(x, z), M(x, y))
is an element of ¥, when considered as a function of ¥, for every zEE, and
consequently 7' & Dy. Therefore, Dy is dense in ¥, which implies T* exists.

Since T'=2M(x, y), it follows that T is a closed linear operator and from
the fact that Dr is dense in ¥, it follows that T**=T(?). Therefore,

T*~M*(x, y)=TK(x,y)=(TK(z, y), K(z, x))=(K(3, v),
T*K(z, x))=(M(z, x), K(z, v))=M(y, x)=M(x, »).

This shows T*CT and consequently T* is a closed symmetric operator.

Let now T be the restriction of T to 7. We have, by Theorem 1, T'CT*
CT. Therefore T*CTCT’*, which implies T"** exists. Since T'CT'**, we
get, by Theorem 1, T"*~ M(x, y). It follows that T=T"*. If T" is the closure
of T’, then by general Hilbert space theory, T/=T"** This shows that
T'=T*. Further, if H is any self-adjoint operator such that H~M(x, ),
then HC T and consequently T*CH.

Consider now the Cayley transform, V, of T*. The domain of V consists
of elements of the form (T*+44I)g, where g&Dy». Since T* is the closure of
T’, the domain of V is the closure of the linear manifold determined by the
set { M(x, y)+iK(x, v)}. Consequently, T* is self-adjoint if and only if the
linear manifold determined by this set is dense in 7. Since T**=T, T* is self-
adjoint if and only if T is self-adjoint.

Let us now prove part (b) for the semi-bounded case. The bounded case
will follow by similar reasoning. Suppose then that H is self-adjoint, H
~M(x, y), and H=cI. Then, the self-adjoint operator H; =H —cI is positive.
Since H, is self-adjoint and Hy~ M (x, y) = M(x, y) —cK(x, v}, by Theorem 1,
¥ €Dy, and consequently,

() The case of the bounded operator has been given by Aronszajn [2, p. 373].
(8) This remark is due to the referee. It slightly simplifies the original proof. For the perti-
nent theorem see Nagy [1, p. 29].
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2 a@;Mi(y;, y) = 2 a@(HiK(x, y:), K(, y;))
%, je=1 1,f=1

= (le aiK(x’ yt‘)y Z aiK(xv yt)) = 0.
=1 =1
This establishes the necessity of (b).
To prove the sufficiency of (b) suppose that g&¥ is given by g(x)
=Y ", a;K(x, ). If T==M(x, y), then by hypothesis,

(T*g, g) = 2 a@;T*K(y;, y) = 2 a@;M(y; ¥)

¥, 5=1 1, j=1

2 ¢ 2 amiK(y, ) = dg)-
1,)=
By part (a) we know that for any fEDr* there exists a sequence {f,} ¥’
such that f,—f and T*f,—T*f. Therefore, for any f&ED¢, (T*f, f) Zc(f, f),
which shows that T* is bounded below by c. Since T* is closed and symmetric,
by a well known theorem of the general theory of Hilbert space, it may be
extended to a self-adjoint operator H with the same lower bound(?).

THEOREM 3. Let ¥ be a space which corresponds to a real space(®). Let
M(x, v) be a real symmetric function defined over EXE, which for every yEE
belongs to §, when considered as a function of x.

(@) The same statement.as tn Theorem 2(a) is true here.

(b) There exists a real self-adjoint operator H such that H~M(x, v).

Proof. The proof of part (a) is the same as in Theorem 2.

To prove (b), we notice that since ¥ corresponds to a real space, g&F
implies g&€J. Consider then T=M(x, y); T is a real operator. For sup-
pose gE& Dr; then Tg(y) = (g(x), M(x, y)) is an element of ¥ and consequently

Ty(y)ET-
Further,

Tg(y) = (g(x), M(x, 9) = (g(x), M (=, 9)) = Tg(y).

Since T is real T* is a real closed symmetric operator and consequently
may be extended to a real self-adjoint operator(1?) H, with H~M(x, y).

3. Positive matrices represented by integrals. N. Aronszajn [2, pp. 368-
371] has shown that given any p.m. K(x, ¥), for which ¥ is either a finite-
dimensional space or a separable Hilbert space, there always exists a resolu-
tion of the identity {E;\} , a set of functions {k(x, N) }, and an element

(%) Cf. Nagy [1, p. 35].
(1) Cf. Nagy [, p. 40].
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foEF such that f| k(x, N) | 2d(Exfo, fo) < ® (1) and
K(x, y) = [k(x, N)k(y, N)d (Exfo, fo) (*2).

The problem in which we are interested here is to determine the space ¥
associated with the p.m. given by the integral 4(x, y) = fa(x, N)a(y, N)dV(N),
where [ [ a(x, )\)l 2dV(\) <% and V(A) is a bounded monotone increasing
function which may be normed by the relations V(— «) =0, V(A+4+0) = V().
The function V(\) gives rise to a measure and we are considering the integral
in the Lebesgue-Radon-Stieltjes sense.

Designate by La(V) the Hilbert space which consists of equivalence
classes of complex-valued measurable functions f(A) (with respect to the
measure generated by V) such that [ | f()\)l 2dV(\) < . We shall designate
any equivalence class in L3(V) by any one of its elements. An inner product
in .L2(V) is then of course given by (f, g) =[f\)gA\)dV(N).

Let .(y be the subspace of .L2(V) which consists of those elements ¢ such
that fa(x, \)¢(N\)dV(X) =0 for every xEE. Let L be the orthogonal comple-
ment of L.

THEOREM 4. Let A(x, y) have an integral representation as above. Then,
the space ¥ associated with A (x, y) is given by all functions of the form

) = [ T NeMar e, 6 € LaV).
Further,
Il = min [ ]800 v oy,

where the minimum is taken over all ELao( V) such that f(x) = [a(x, \)pN)AV(N).

Necessary and sufficient conditions that Lo consists of the zero element only
are that there exists a resolution of the identity { E\} over ¥ and an element foE&F
such that V(\) = (Exfo, fo) and A(x, y) = fa(y, N\)dE\fo(x).

Proof. Consider the space 7 given by all functions of the form f(x)
= fa(x, \)F\)AV(N), with FQ\) ELq. If g(x) = fa(x, N)\GA)AV(N), with G(\)
€L3, define an inner product by (f, g) = f[FA\)G(A)d V(). This defines (f, g)

uniquely.

(1) Here and in what follows there will be no loss in generality if we assume that the
functions being integrated are Borel measurable and finite at every real number so that the
statements we shall make about integration with respect to a resolution of the identity have
meaning. Absence of limits of integration shall always indicate that the integral is being taken
from — © to + .

(12) This was also later established by the author [1] in his thesis, by a different method.
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By the very definition of the class Ly it is clear that a(x, N) €L for every
xEE. Therefore, A(x, y) =fa(x, A)a(y, N)dV(\) belongs to #; for all y and if
FEH, f() =Jale, YFN)AV(\) = (f(x), A(x, ¥)). Since F'TFH CF and A(x, y)
acts as a r.k. for ¥ and 71 we must have 7;=7. The first part of our theorem
is now an immediate consequence of this fact.

To prove the necessity of the second part of the theorem we suppose .o
consists only of the zero element. If g(x)=_fa(x, \)GA)AV(\), with G(\)

ELa(V), define

Eg(@) = [ a@N6.0ar ),

where

6.0 {G()\) for — o EN=1,
T for 7<ANE o,

It is easy to verify that {E,} is a resolution of the identity. Now, if Fo(\) =1,
then since V(\) is bounded, Fo(\)EL2(V). Consequently, if we set fo(x)
= Jale, N FoMAVN), then (Exfo, fo) = VN and A(x, 3) = fa(y, NdExfo(x).

To prove the sufficiency, we suppose that V(X) = (Exfo, fo). Let ¢(\) ELo
and consider the normal operator 7= [¢(\)dEr. We know that f,&€ Dy since
S ] ¢()\)[ 2d(Exfo, fo) < . Consider also the Abelian system of normal oper-
ators(®) T.=fa(x, N\)dE,. It is clear that fo&Dr, and further, by hy-
potheses, T,fo(x)=A(x, y). We have then, for every xEE, (Tfo, T.fo)
= fa(x, N)®(N)d(Exfo, fo) =0. It follows that since the linear manifold de-
termined by the set {T.f,} is dense in ¥, Tf,=0. Consequently, if A\; <)\,
((Bxy— Exp) Tfo, fo) =[19N)d(Erfo, fo) =0, where I is the half open interval
(A1, \2]. This means that ¢(\) must be zero almost everywhere (with respect to
the measure generated by V().

" 4. The main theorem. In this section we shall work with special types of
positive matrices, namely positive definite functions which we described in the
introduction. Before we state and prove our main theorem we shall say a few
words about the notations used.

We shall designate vectors in an n#-dimensional Euclidean space, E,(%),
by the lower case latin letters a, b, ¢, d and s, ¢, u, x, y and the components by
corresponding latin letters with superscripts (e.g. xn=(x®, 2 ... x®)),
The “unit” vectors u; will be those for which #{’=8;, where §; is the
Kronecker symbol. Real numbers will be designated either by the lower case
latin letters given above the superscripts (as for the components) or by lower

(1%) An Abelian system of normal operators is a set of normal operators which commute
with each other.

() For convenience we shall include those points which have one or more of their com-
ponents at — « or 4,
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case greek letters. The scalar or dot product of two vectors we shall designate
by x-y and shall write x<y if x® <y® for j=1, .- ., n. If ¢ is the vector
t=(W, - - -, t™), by t* we shall mean the product []%., (@)=,

If V)=V(@E®, ... ,t™) is a real-valued function with domain E,, we
shall say that V(¢) is monotone increasing if for any interval I, defined by all
t such that a <t<b, we have

LSS AL £ £ [¢3] (n)

7"(1) = E (_1) V(Grly"'scr,.) goy

1y rp=1,2

where ¢ =a®, ¢’ =p®. The interval function v(I) is an additive function

of an interval and consequently it defines a corresponding Lebesgue-Radon-
Stieltjes measure(%¥). When we write [oF(t)d V(t) we shall. mean the Lebesgue-
Radon-Stieltjes integral with respect to this measure over some measurable
set Q. When we write [2F(t)dV(f) we shall always mean that the integral is
taken over the closed interval ¢ £¢<b. We shall say that two monotone in-
creasing functions are substantially equal if they both generate the same
measure function. The spectrum of the function V(¢) is the set of points
tEE, such that v(I)0 for every open interval I containing .

In §2 we used the notation M(x, y) <<Ms(x, y). In this section we shall
have occasion to use the condition aK(x, yv)<M(x, v)<BK(x, v). Letus
agree that if @= — © or =4 «, then the respective inequalities aK(x, y)
LKM(x, y) or M(x, y)<BK(x, y) are always true regardless of the functions
K and M.

For the following considerations we find it convenient to consider a cer-
tain subspace of the (n+m)-dimensional unitary space with elements
w=(w®, . . . whtm) 9 j=1 ... n+m, a complex number. As before
the scalar or dot product of two such vectors v and w will be indicated by
v-w. We first consider the vectors x=(x®, ..., x® 0,.-.,0) and
y=(0,:--,0, yotb ... y&+tm) We shall then consider the subspace
which consists of elements of the form z=x+1y, 1=(—1)Y2 Using the
terminology of the complex number system we shall call x the real part of
2, ¥ the imaginary part of 2z, and write R(2) =x, I(2) =y, E=x—1y.

In the theorem which follows we use the following notation: a

=(a®, oo, @™, —deFD, L gem) h= (bW, ... B, gD
dmtm) c=(c, .. ¢ 0, ... 0),d=(0, -, 0, dFD, ... Jatw)
sp=(0, -« -, 0, s®D .m0 L. b)) where d@ =0 and

aD Zb@, The numbers a? may take on the value — «, 5@ and d? the value
4+ o, and — @ Z¢P <0. The numbers m and #» may take on any positive
value or 0. The vector z shall be as described above.

THEOREM 5. Let f(z) be a continuous complex-valued function defined for
R(2)>c and — o <I(2) <. Necessary and sufficient conditions that there

(1) For a discussion of such functions see J. V. Neumann [1, pp. 160-172].
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exists a bounded monotone increasing function V(t) whose spectrum is contained
in the interval a <t=<b and such that

@.1) | f(z) = f ' e 1av (i)

are:

(1) f(z1422)>>0.

(2) e vif(z1+22) KLf(21+22+us) Lebvif(z1+22), for k=1, 2, - - -, n.

(3) There exists a sequence s,—0 such that s®>0 if d® < w, s®=0 4f
d® =0, sBd® <7 (%), and, forr=1,2, - - -, and, k=n+1, - - -, n+m,

f(z1 + 22 — is,-ux) + f(z21 + 22 + s, ur) > 2 cos (s,(k)d(“)f(zl + z2).

If there exists another bounded monotone function Vi(t) whose spectrum is
contatned in the interval a <t <b and which satisfies (4.1), then Vi(t) and V(¢)
are substantially equal.

The proof of this theorem will be constructed from a number of lemmas.
In the first five of the following lemmas we shall be working in the 1-dimen-
sional case.

LEMMA 1. Let f(m) be a function defined on the positive integers and zero.
Necessary and sufficient conditions that there exists a bounded monotone increas-
ing function, V(t), whose spectrum is contained in the interval a St<b (a may
take the value (— x), b the value (+ «)) and such that

f(m) = f " pmav ()

are:

1) f(m~+n)>0.

(2) a-uyf(m+n)<Lf(m+n+1)<Kb- uyf(m+n).

If T=f(m+n+1), the transformation T* has either the deficiency index
(1, 1) or (0, 0). In case the deficiency index is (0, 0) the function V(t) is sub-
stantially unique.

Proof. The necessity of conditions (1) and (2) is quite clear.

To prove the sufficiency of these conditions we note that since f(m+n)
and f(m-+n-+1) are real, then by either Theorem 2 or Theorem 3 there exists
a self-adjoint operator H~f(m+n+1) such that a-u,J S H<b-u,I, where I
is the identity operator. Let {E,} be the canonical resolution of the identity
which corresponds to H. We may then write

b
H"‘=f tmdE,

(1) Define 0 » =0
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for any integer m.

By Theorem 1, 7' € Dg. Further, since Hf(p+q) &F for every g, it follows
that 7 ©Dgm and that H™f(p+q) =f(p+g+m). Consequently, since f(p+q)
is a r.k., we have

b
fm) = (H"f(p), /(p)) = f 1nd(E.f, ).

This completes the proof of the first part of the lemma('?).

To prove the second part of the lemma we note that the deficiency spaces
of T* are given respectively by the elements g and % of ¥ for which Tg=1g
or Th= —1h. Since T* is real, the dimensions of the deficiency spaces must
be the same. For the case where T'g =g we get g(m) =4mg(0). This shows that
the deficiency index can at most be (1,1).

Suppose now that the deficiency index of T* is (0, 0), that is, T is self-
adjoint. We wish to show that the V(¢) of the lemma is substantially unique.
Suppose then that V(¢) is such a function and f(m) has the representation

fm) = f imdv (1),

We may further suppose, without loss of generality, that V(¢) is normed by
the conditions V(¢+0)=V(¢) and V(— «)=0.

By Theorem 4 we know that L»(V) may be written as Lo(V) =L L5
and that every element g of ¥ is given by

.2) gm) = f GV (D),

where G(t)EL5. Consider the class D, of elements G(t) €L, such that
1G(t) EL3. By means of the integral in (4.2) this class D gives rise to a class
Dy C¥ which certainly contains the linear manifold 7.

If gEDpy is given by (4.2), define the operator H by the relation

Hg(m) = f G () dV (1)

It is clear that HCT and that H is symmetric. Further H is closed. For
suppose there exists a sequence {g,} C Dy such that g—g&¥ and Hyg, con-
verges. We have

gi(m) = f 4G, ()dV (), G.(0) €L

(17) The proof of representation presents familiar arguments in the application of Hilbert
space theory to moment problems. Cf. Krein and Krasnoselskif [1]. We give the proof here for
completeness.
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gtm) = [ Gwav e, 60 € Cr
Therefore,
o= dlls = [ 160 - vy —0  as s a,
and

18— 8l = [ 116,0) = 16,0 [av) >0 a5 4, g .
Consequently, there exists a ®(f) €.C4 such that
f [1G,(t) — %) [}V () — 0.
It is clear that
S 1w - s lave = [ |60 - 20 Fave,

where R is the whole real axis minus the point £=0. On R consider the func-
tion Y(£) = ®(¢)/t. Let >0 and R, be the union of the intervals [—_yoo, -]
and [, «]. It follows that

# [ 160 —vo o s [ 6.0 - 20 bavo.

Consequently, [z,| G,(£) —¥(t)| 2d V(£)—0 which implies that [z,|¥(t)|2d V(¢)
< . Further, since [ R,,| G.() —G(t)| 2d V(t)—0, we must have that ¥(f) and
G(t) differ only on a set of measure (generated by V) zero on R,. Since 9
is arbitrary, this must also be true for R.

Define ¢(0) =G(0). With this definition ¥ (¢) EL5. Now, #(t) =®(¢) for
t#0. If V(04-0)—V(0—0)0, $(0)=0, ¢(0) is finite and therefore #(t)
=&(¢) for all t. Consequently, #(t) L. Therefore, gEDy and Hg,—Hg.
This proves that H is closed. Further, since ¥ CDy, we must have T*=T
C H which means T'=H.

Let g(m) be given as in (4.2). Define

Bglm) = [ rG0av 0,
where G\(f) =G(t) for — o =t <\, and G\(#) =0 for \ <t £ ». It is easily

checked that the set {By}, —®© <A<, is a monotone increasing set of
bounded self-adjoint operators such that
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B)\+0 =B)‘, lim;\=_w B)\ =0, lil‘l‘l)‘“°° B)‘ = I, and (B)f, f) = V()\).

We have (Tg, k) =/Nd(Bxg, k), and consequently we may write, sym-
bolically, T= fANdBs. Dy =Dy is the set of all gEF such that [|\|2d(Bug, g)
< . It is clear that if m is an integer, (T™g, k) = [Amd(Bg, h).

Any operator B, commutes with T. For, if g&Dr, ByTg(m)
= [tmG\(t)d V(¢). Therefore, B\T'g(m) is Byg evaluated at the point m+1. But
since T22f(p+q+1), B\gEDr and TByg=B\Tg.

Since T is self-adjoint, there exist orthogonal subspaces N, &
=1, 2, - - -, such that N reduces T and T may be considered as H{" X Ty
where T3 is a bounded self-adjoint operator on N and is the restriction of T
to NM(*8). Since By commutes with T, N, reduces By. Let B® be the restric-
tion of By to NMi. We may then write, symbolically, T7 = fAndB®.

Suppose that By is the upper and o4 the lower bound of T. Suppose further
that u>v=0;; then since B,‘,"’—Bf") is positive and commutes with T%, we
have

0= BY = B — 1) = f - NiB® <0,
J

where J is the interval (», u]. Consequently, the only possibility is that B®
—B® =0. Similarly, if » <ax, B® =0. Therefore,

Bk Bx
Ty = f N"dBy” = f NdE”

g ak
where {E®} is the resolution of the identity associated with T If we
apply the Weierstrass approximation theorem we get B® =E® k=1,2, - - .
Since B) may be considered as Hi‘ XB®, we have By =E,, where {Ex} is
the canonical resolution of the identity of 7. Consequently V(A) =(E\f, f),
which completes the proof of the lemma.

Now, let K(x, y) =f(x+y) be a positive matrix defined for 0 =x, y< «

and such that f(x) is continuous for x>0.

LeMMA 2. There exists an analytic function F(z) defined in the half-plane
R(2) >0 which coincides with f(x) for x>0 and such that F(z+ @)>>0.

Proof. Denote by S, the semi-groups {m/2"}_, and let f.(m) =f(m/2").
Since fa(m+g+1)>>0, by Lemma 1, there exists a bounded monotone in-
creasing function V,(f) so that

falm) = f(m/27) = f., “imiray ().

The function

(*) Cf. Nagy [1, pp. 48-49].
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Fuls) = f "V

clearly exists and is analytic for R(z) >0. Also, it coincides with f(x) on Sn,
for m =n and F,(z+ @)>0. Further, if p is any integer and 0 <x < p, where
x=R(z), we have

@ s [ “rava() = ) V() + ) “pav ()

< f “ava) + f “pav.() = 10) + 1(p).

This implies that the sequence {F,,(z)} is uniformly bounded in this strip.
Also, for any rational number of the form p/29, F,(p/29) converges to f(p/29).
Therefore by the Vitali theorem(*?) F,(2) converges to an analytic function
F(z) for R(2) >0. Clearly, F(z+ @)>>0, and since F(z) coincides with f(x) on
the rational points of the form p/2¢, by the continuity of f(x) we must have
F(x) =f(x) for all x>0.

LeEmMMA 3. The operators H.=f(x+y-+xo) are self-adjoint for x¢=0. If
f(x) is continuous at the origin, every operator H., has an inverse.

Proof. Let ¥ be the r.k.s. corresponding to f(x+7v) for x, ¥y =0, Fo be the
r.k.s. corresponding to f(x+y) for x, ¥>0, and ¥ the r.k.s. corresponding to
F(z+w) of the previous lemma.

Suppose xy>0 and that there exists an element g in ¥ which is in the
domain of H,, and such that H,g=1g, that is, g(x+xo) =7g(x) for x=0. Let
go(x) be the restriction of g(x) to the positive real axis, x>0. By Theorem A,
20EFo and also there exists an element g; in J; such that the restriction of
g1 to the positive part of the real axis is go.

Since F(z) is analytic, from the fact that J{ is dense in ¥, and that strong
convergence in 7; implies uniform convergence in every set where F(z42) is
bounded (see N. Aronszajn [2, p. 344(5)]), () is analytic for R(z)>0.
Therefore since g1(x+x,) =1g:1(x) for x>0, we must have gi(z+xo) =121(2)
for all R(z) >0. Now, gi(2) is periodic of period 4x, and consequently may be
extended analytically to the whole plane (less «). Further, since

[ 8:1(2) | = | (ga(w), F(w + &)1 | < ||gall 1(f2R())) 72,

g1(2) is bounded in any strip 0 <x; S R(z3) Sx;< «. By Liouville’s theorem
g1(2) must be a constant, which must of course be zero. Therefore, the ele-
ment go(x) must be zero for x>0. Since g(x,) =7g(0), we must have g(0) =0.

We have consequently proved that for x>0 the deficiency index of Hj,
is (0, 0), which means H., is self-adjoint. Since H, is the identity operator,

(19) See L. Bieberbach, Lehrbuch der Funktionentheorie, vol. 1, Leipzig, 1934, p. 168.
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we have shown that every operator H., is self-adjoint.

Suppose now that f(x) is continuous at the origin. Then every element of
¥ is continuous for x=0(2%). We shall show that the linear manifold de-
termined by the functions f(x+y-+x) is dense in ¥, which by Theorem 1
will mean that H,, has an inverse.

Let 7° be the set of all elements in ¥ which are zero for x =Zx,. The linear
manifold determined by the functions {f(x+y-+x)} is dense in the orthog-
onal complement of F°. If A€, then from the facts that & is continuous at
the origin and is the restriction of an element of ¥ for x>0, we must have
h(x) =0 for x=0. Therefore, 7 consists only of the zero element.

LeEMMA 4. There exists a resolution of the identity, {E,}, defined on §, such
that(?Y)

1) = f “vd(E, ).

The function V(t) =(E.f, f) is substantially unique and is continuous at the
origin if f(x) is continuous there. The operators H.,=2f(x+y-x,) are given by

Hzo = f tzodEt.
0

Proof. Let {E,} be the canonical resolution of the identity of the self-
adjoint operator H;. Since Hj,CH,; and since both H}, and H, are self-
adjoint, it follows that Hjj, = H;. Further, since f(x+y+1/2)>0, by Theo-
rem 2, Hy2=0 and therefore

H1/2=f V2 dE,.
0
Similarly, Hpsn; = [ot™?"dE,. Therefore,
fom/2) = Hugsf, ) = [ 1 a(E g, 1.
0

For x in the open interval (0, ©), by the continuity of the function on
the left and the integral on the right, we get

f(x) = f “rd(BS, 7).

Since it is clear that f(0) = [5t°%d(E.f, f), we have the representation for all
x=0.

(29) The relevent general theorem is given in N. Aronszajn [1, p. 140].
(#) The integral representation for these types of functions was first given by S. Bernstein
[1], where they were called exponentially convex. Also cf. D. V. Widder [2] and [3, p. 273].
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The uniqueness of V(t) =(Ef, f) follows by an argument similar to the
uniqueness proof of Lemma 1. If f(x) is continuous at the origin, then
lim;—o E,=0, which implies the continuity of V{(¢) at the origin.

Consider now the operators

Tﬁo = f t=odE,.
0

The operators T» certainly coincide with H,», where m and n take on
the values 0, 1, 2, - - -. Since fy(x) =f(x+y) EDum», fyED1,, for every
x90=0. Therefore,

f&+ y+ m/2%) = (Hujrfz, fo) = f CInPAES 1.

0

If we choose a sequence of the m /2" which approach any x,>0, we get
Jat v+ w) = [ EAES 1) = Tafa ).
0

Therefore, T,f,(x)=f(x4+y-+xo), which means T, ~f(x+y+xo). Conse-
quently, T, CH,, and since both of these operators are self-adjoint we
must have T, =H.,

ReEMARK. With the help of Theorem 4 and Lemma 4, we see that for any
bounded monotone increasing function V(¢) such that [t2d V(f) < « for x=0,
the linear manifold generated by the set of functions {g.(¢)} = {¢=}, for =0
and 20, is dense in Lo(V).

LEMMA 5. Let { U, ,,} , —o <y< o, be a group of unitary operators in the
sense that U, Uy = U,y and Uy = U_,. Further suppose (U,f, g) is a continuous
function of v for every f and g in the Hilbert space. Let H,=2-Y(U,+ UJ) and d a
finite positive real number.

Necessary and sufficient conditions that there exists a resolution of the identity

{E.} such that E,=0 for t< —d, E,=1 for t=d, and such that

d
U, = f ¢tvdE,
—d

are that there exists a sequence of positive numbers y,™\ 0 such that y.d =7 and
H, =cos (y.d)I,n=1,2, - - ..

Proof(??). To prove the necessity, suppose that { U, } has a representation
as above. There exists an integer 7, such that #er>d. Choose y,=1/(n4mn,).

(#2) I am indebted to the referee for a suggestion which materially simplified the original
proof.
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For any such y, we have

d
H, = f cos (Yut)dE;.
-a

It follows immediately that H, Zcos (y.d)I, n=1,2, - .
To prove the sufficiency we first note that by a well known theorem of
M. H. Stone(®) there exists a resolution of the identity { E,} such that for

every y,
Uy = fe“”dEt.

It follows that

H, = fcos (¥8)dE,.

From the fact that H,, =cos (y.d)I it follows that {E,} has no spectrum in
the intervals where cos (y.2) <cos (y.d), in particular in d <t < (2w /y.) —d and
(—27/yn)+d<t< —d. For y,\\ 0 we get that there is no spectrum outside of
—d=st=d.

Let us now consider these problems over higher-dimensional spaces. Let x,
for x =0, and ¢, for — © =<#; < », be generic symbols for vectors in n-dimen-
sional Euclidean space and y, for — © <y< », and #,, for — o <f;< », be
generic symbols for vectors in m-dimensional Euclidean space. Further let
f(x, y) be a continuous positive definite function as defined in the introduc-
tiOI’l, i'e'v Z?J-l aia,if(xj"l"xi, yj—yf) 20.

LEMMA 6. There exists a bounded monotone increasing function, V(i t2),
whose spectrum is contained in the set 0t < o, — o <t,< 0 and such that

flx, ¥) = fE tf exp (ity- y)dV(ty, ta).

ntm

The function V(ty, tz) is substantially unique.

Proof. Consider the operators T, =2f(x1+ %2+ ux, y1—y2), k=1,2, - - -, m.
These operators are self-adjoint. For if T, is not self-adjoint there exists a
nonzero g &% such that T,,g=1g. Since g is not zero, there exists a vector ¥y,
and vectors x(x®)=(x{, - - ., xF D, x® L&D YD fixed, 0
<x® < 0, such that the restriction of g(x, y) to the set (x(x®), yo) is not
zero. We have then g(x(x®)4-u;, yo) =1g(x(x®), yo). But if we consider the
restriction of the elements of ¥ to the set (x(x®), y,), then Lemma 3 tells
us that g cannot satisfy this relation.

(%) Cf. Nagy [1, p. 69].
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Let {E®P} be the resolution of the identity associated with T.,. Since
f(er+x2+ur, y1—2)>0, the spectrum of {E®} lies in the interval [0, o ].
Consider the operators T.,, = [¢A* “*dE®. By methods similar to those used
in Lemma 4 we may prove that T,..,=2f (%14 %2+ % - 4x, y1—¥2).

Let us now prove that the operators T,; and T, commute. It is clear
that T..,; and T,.,, commute on ¥’ for every x20. We have, therefore, for
any g, k€Y',

RRERTIEN)
(Ts.0;T 20,8 h) = f N Cd(EN Taug, h)

0

z-uj [6)]

=f A d(E)‘ g, T,.ukh).
0

Consequently,
f N (B Tty ) — (B g, Tauuh)] = 0.
0
Let us write

(€) (€2}

(Bx"Tyonygy k) — (Ex g Tzogh) = VaiN) — Vi(N) + i[Va()) — V(M) 1

where, e.g.,

1 . .
Vi) = 1B (Tewg + )2 + 1B (g = Tsou)||?]

and V{(N), Va(\), and Vi (M) have similar forms. The functions V,(\) and
V! (\), r=1, 2, are bounded monotone increasing functions.
We get

f A Mav,o) = f AMavion, r=1,2
0 0

Since V,(\) and V! () are normed in the same way, by Lemma 4 they must
be equal and, consequently,

B Tang, B) = (EXg, Troush).

From this it follows that

(k) Zoug

f“z-ukd(E)ff)E” g k) = f/.t d(E:Ek)E;j) g h).

By the same reasoning as employed before we get

(B ESg, B = (BB g, b,
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Since ¥’ is dense in ¥ we have that { E®} commutes with {E®}.

Consider now the operators Uy.u, 22f (%14 %2, y1—y2+y-us), for k=1, - - -,
m, — o <y< ». These are unitary operators which for fixed & form a group.
It is clear that (U,...f, g) is a continuous function of y-u; for every f, gEY.
Consequently, there exists a resolution of the identity {F{"} such that

iy uk (k)
U,,.u,‘=fe dF .

Since the operators {T.,}%.; commute with one another and all of the
operators {U,,.u,,}’;‘_l commute with one another and with every T\,, the
operator

AN () WA 0 )
Eit, = H Eiu H F:,-u,,
k=1 k=1

is a projection and the set {Eq,s,} is a resolution of the identity. Therefore,
if we write

To=JITzuw Uy=]IlUyu and V(i ts) = (Eiuaf, f)
k=1 k=1
we have
S 3) = TUS N = [ 6 exp (it )V (i 1),
Enim
It remains to prove the uniqueness of V(t, £;). We write

J.

nt+m

exp (its- y)0adV (1, ta) = f exp (itz- y)de, f 113V (b, t).
Em 0

If Vi(4, t2) is another monotone function as described in Lemma 6, we may
assume without loss of generality that Vi(#, £;) is normed in the same manner
as V(t, t;). We have then(*)

J,

It follows quite easily (%) that for every #,,

mwmm=f

Em

exp (itz3)ds [

0

exp (itz'y)dng tfd,lVl(tl, lz).
0

m

f t:dt,V(tl, t3) =f t:dz,V1(t1, t2).
0 0

(#) The iterations which we are performing on these multiple integrals may be easily
verified, at least for the simple functions used here, by measure-theoretic methods.

(®) Cf., e.g., E. Hopf, Ergodentheorie, Ergibnisse der Mathematic und ihrer Grenzgebiete,
vol. 5, no. 5, 1937, Berlin, Springer, p. 11.
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We may now write

f (tr-ur)” dy f GV (b, ) = f (trw)” dy f trdiVa(ty, ta),
0 0 0 0

where the d, indicates we are integrating with respect to ¢, the d; indicates

we are integrating with respect to the variables &, - - -, " and x=x
— (x-u)u. By Lemma 4 we must have

f GdiV(t, b)) = f ' dVi(t, b).
0

0

Proceding in this way we get V(¢y, £;) = Vi(t, £2). This completes the proof of
the lemma.

We are now in a position to prove the sufficiency of Theorem 5. Choose
¢<c1<0 and consider the transformation z'=z—¢; for R(2) =Z¢;. Consider
then the function f.,(2’) =f(2); f.,(2{ +24)>>0 and the inequalities (2) and (3)
of Theorem 5 carry over for f.,.

By Lemma 6 we may write

fcl(Z’) = f T:;’ exp (iTz'y’)dV:l(Tl, 1'2),
E

ntm

where V[ is a bounded monotone increasing function whose spectrum lies
in theset 07, < 0, — o0 <7, < w. If we make the transformation ¢; =log 71,
ta=Ts, we get '

Ful#) = fE e 1avl(),

nt+m

where t=(h, )=, -, &, £, ..., 4" and Vi@)=V,(e", t).
Furthermore, by virtue of the method of proof of Lemma 6, conditions (2)
and (3) of Theorem 5, Lemma 5, and Theorem 2 we have

fule) = [ et avi)
Therefore, for R(2) ¢,

1@ = [ e v,
where

V() = f ey o).

Since ¢, <0, V., is a bounded monotone increasing function.
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Choose now c¢<c;<c. By the same argument as used above we get

b
1) = f e 4dV (1),

for R(2) Zc.. By Lemma 6 it follows that V, and V., are substantially equal.
Therefore, there exists a bounded monotone increasing function V(¢) such
that for R(2) >,

b
(a) = f eV (i),

This proves the sufficiency of our main theorem.

The necessity of conditions (1) and (2) of Theorem 5 follow immediately
by simple calculations. The necessity of condition (3) follows from the unique-
ness of V(¢) in (4.1), Lemma 5, and Theorem 2. This concludes the proof of
the theorem.

Let us notice now that for # =0, d = », this is the well known theorem of
Bochner [1, p. 76]. For m=0, a= — «, and b=0 we have new conditions for
the S. Bernstein-Hausdorff-Widder theorem on completely monotone func-
tions. For m=0, n=1, a= — «, and b= o this is a result of S. Bernstein on
exponentially convex functions. Further, for m=1,n=1,a=—», b=, as
far as the theorem goes, it gives a corrected version of an incorrect theorem
stated by M. Livshitz [1, Theorem 3].

5. Moment problems. Let us consider the vectors r=(r®, . . . ™),
s=(s®, ..., s™) wherer® k=1, . . . n,ranges over the positive integers
and zero and s®, k=1, - - -, m, ranges over the positive and negative

integers and zero. Further, let a4, b1, and 4, with a;, b, finite and b, —a, =0, be
vectors in #-dimensional Euclidean space and as, b, f2, with as, b, finite and
0=t —aP <m, be vectors in m-dimensional Euclidean space. With these
notations we have the following theorem.

THEOREM 6. Let { u,,.} be a sequence of numbers with r and s as defined
above. Necessary and sufficient conditions that there exists a bounded monotone
increasing function V(11 b)) whose spectrum vanishes outside of the interval I
given by a;<t;<b;, j=1, 2, and such that

o = f 1] exp (itz-5)dV(ty, 1s),
I

are:
(1) l‘fl-H‘z.al—sg >> O-
(2) a: ukl‘ryl—rg 181—89 << My trotug,s1—s9 << bl N ukﬂr1+r2.q-sg

for k=1, . - - n.
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exp (—27%(as + b2))tritrausi—sprur + €XP (271(as + b2))brytraser—sa—up
3) 3> 2 cos 274(b2 — G2)tritraiei—n

for k=1, .-+, m.
The function V(4 t2) is substantially unigue.

The proof of this theorem follows the same pattern as the proof of
Theorem 5, but is much easier. For m =0 we have the Hausdorff moment
problem. For n=0, m=1, we have a result of Achieser and Krein [1, p. 130].

For m =0 and # =1, the usual solutions of the moment problems involving
infinite domains of integration have been obtained in Lemma 1. For the
higher-dimensional cases of these problems there is difficulty in obtaining the
solutions by these methods because of the difficulty in proving the permut-
ability of the unbounded operators which arise.

REFERENCES

N. Achieser and M. KREIN
1. On certain problems in the theory of moments (in Russian), Kharkoff, 1938, 254 pp.
N. ARONSZAJN
1. La théorie générale des noyaux reproduisants et ses applications, Premitre Partie, Proc.
Cambridge Philos. Soc. vol. 39 (1943) p. 133.
2. The theory of reproducing kernels, Trans. Amer. Math. Soc. vol. 68 (1950) pp. 337-404.
S. BERNSTEIN
1. Sur les fonctions absolument monotones, Acta Math. vol. 52 (1929) pp. 1-66.
S. BOCHNER
1. Fouriersche Integrale, Leipzig, 1932, 227 pp.
T. CARLEMAN
1. Sur les équations intégrales singuliéres a noyau réel et symétrique, Uppsala Universitets
Arsskrift, 1923, 228 pp.
A. DEvINATZ
1. Transformations in reproducing kernel spaces, Thesis, Harvard University, 1950.
F. HAUSDORFF
1. Summationsmethoden und Momentfolgen, Math. Zeit. vol. 9 (1921) I pp. 74-109, II pp.
280-299.
M. KREIN
1. On a remarkable class of Hermitian operators, C.R. (Doklady) Acad. Sci. URSS. N.S.
vol. 44 (1944) pp. 175-179.
2. On a generalized problem of moments, C.R. (Doklady) Acad. Sci. URSS N.S. vol. 44
(1944) pp. 219-222.
3. Infinite J-matrices and matrices of the moment problem (in Russian), Doklady Acad.
Nauk SSSR N.S. vol. 69 (1949) pp. 125-128.
M. KreIN and M. A. KRASNOSELSKIY
1. Fundamental theorems on the extension of Hermitian operators and certain of their applica-
tions to the theory of orthogonal polynomials and the problem of moments (in Russian)
Uspehi Matematicheskih Nauk N.S. vol. 2 (1947) pp. 60-106.
M. LivsHITZ
1. On an application of the theory of Hermitian operators to the generalized problem of mo-
ments, C.R. (Doklady) Acad. Sci. URSS N.S. vol. 44 (1944) pp. 3-7.



1953] POSITIVE DEFINITE FUNCTIONS 77

J. v. NEUMANN
1. Functional operators, vol. 1, Annals of Mathematics Studies, no. 21, Princeton Univer-
sity Press, 1950, 261 pp.
M. A. NEUMARK
1. On extremal speciral functions of a symmetric operator, C.R. (Doklady) Acad. Sci. URSS.
N.S. vol. 54 (1946) pp. 7-9.
J. A. SHOHAT and J. D. TAMARKIN
1. The problem of moments, Mathematical Surveys, vol. 2, New York, American Mathe-
matical Society, 1943, 144 pp.
M. H. StoNE
1. Linear transformations in Hilbert space, Amer. Math. Soc. Colloquium Publications,
vol. 15, New York, 1932, 622 pp.
B. v. Sz. NaGy
1. Spectraldarstellung linear Transformationen des Hilbertschen Raumes, Ergibnisse der
Mathematik und ihrer Grenzgebiete, no. 5, 1942, Berlin, 80 pp.
D. V. WIDDER
1. Necessary and sufficient conditions for the representation of a function as a Laplace integral,
Trans. Amer. Math. Soc. vol. 33 (1931) pp. 851-892.
2. Necessary and sufficient conditions for the representation of a function by a doubly infinite
Laplace integral, Bull. Amer. Math. Soc. vol. 40 (1934) pp. 321-326.
3. The Laplace transform, Princeton, 1941, 406 pp.

HARVARD UNIVERSITY,
CAMBRIDGE, MASs.



