GENERALIZED »TH PRIMITIVES

BY
R. D. JAMES(})

1. Introduction. In previous papers, [3; 4](?), a Perron second integral
(P*-integral) was defined and studied. The purpose of this paper is to define
a P?mintegral for w1 =2 and a P?"tl.integral for m =1. The definitions are
made directly and not inductively in terms of P%- or P¥*lintegrals with
r<m.

§2 includes the necessary notation and definitions, and §3 is concerned
with properties of generalized symmetric derivatives of even order. Nothing
need be assumed about generalized symmetric derivatives of odd order.

In the definition of the P2-integral, convex functions played an important
part, and for the P?m-integral, it is necessary to know something about what
may be called 2m-convex functions (see §2 for the definition). §4 contains
these results.

The P?m-integral is defined in §5. It is shown, in particular, that, under
certain conditions, an everywhere finite generalized symmetric derivative of
order 2m is necessarily P?"-integrable, and that any two P?m-integrals of the
same function differ by a polynomial of degree 2m —1 at most.

§6 contains the result that the P?m-integral includes and is more general
than the P?*m—2.integral when m > 2.

In §7, the changes needed to adapt the results for the P?™-integral to the
P2m+lintegral are briefly indicated.

If the symmetry in the definition of the generalized derivatives is dropped,
the problem is simplified. It is then easy to define a Pr-integral for n=1.
This is done in §8. It is quite possible that P -integration is equivalent to the
Denjoy process of totalization [2]. This is well known if n=1.

Both Burkill [1] and Miss Sargent [8] have studied the properties of
generalized derivatives in connection with the C,P- and V,.D-integrals, and
it is not surprising that the P»-integral is closely related to these integrals.
It is, in fact, quite easy to show that, if f(x) is C,P-integrable over a closed
interval [a, b], then it is Pr+l-integrable over (a:; c¢), where a=a,< - - -
<ar+1=> (see the definitions of §5 for the meaning of Pr+l-integrability over
(a:; ¢)). This result is in §9.

Conversely, if f(x) is Pr*+!-integrable over (a;; ¢), then it is C,P-integrable
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over any closed sub-interval of (a1, @am). The proof of this result is in §11, but
it requires some further properties of #-convex functions, which are de-
veloped in §10.

It is hoped to consider the p0531ble applications of the P?m- and P?m+1.
integrals to trigonometric series in another paper.

2. Notation and definitions. The symbol (¢, b) will denote an open
interval and [a, b] a closed interval.

Let F(x) be a function defined in [a, b]. If there are constants 8o, B2, * - -,
Bar, depending on x, but not on A, such that

2k
3% 28D

as h—0, then (B, is called the generalized symmetric derivative of order 27 of
F(x) at x =x,, and written D F(x,). It is clear that the existence of D* F(x,)
implies that of D%*F(x,), 0<k=<r—1, and that By =D%*F(x,), 0Sk=r.

If D%*F(x,) exists for 0Sk<m—1, define Osn(x0, #) =02 (F; x0, k) by

(2.1) L {F(xo + k) + F(x — h)} — = o(h?),

2m l m—1 h?k
2. Oom(x0, B) = — {F F(xo — h)§{ — D?2*F(x,),
(2.2) m) am (%0, 1) 2 {F(xo + k) + F(x0 )} kz_% 2k (%0)
and let
(2.3) A*"F(x9) = lim sup Ozm(xo, %),
)
(2.4 52mF(xo) = lim inf 02, (0, K).
-0

The function F(x) is said to satisfy conditions A, in (e, b) if it is con-
tinuous in [a, b], if, for 1Sk<m—1, each D*F(x) exists and is finite in
(a, b), and if

(2.5) lim #2m(x, k) = 0
h—0

for all x in (a, b) — E, where E is a countable set.

The function F(x) is said to satisfy conditions Bz in (a, b) if it is con-
tinuous in [a, ], if, for 1Sk<m—1, each D*F(x) exists and is finite in
(a, b), and if no D?*F(x) has an ordinary discontinuity in (a, d).

A point of (a, b) is called a regular point (Saks [S]) if there is an open
neighborhood of the point in which D”’"“’F (x) is convex and, for 1 Sk=m~—1,
each D*F(x) is continuous.

If x0, %1, - + -, X2m are distinct points, let V(F; x,) = V(F; %o, %1, * * * , X2m)
denote the 2mth divided dlfference, that is, let

2.6 V@ %) 'ZF(x»/w'(x,),
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where

2m
o(x) = [ (x — ).
r=0
The function F(x) is said to be 2m-convex in (a, b) (or in [a, b]) if V(F; %)
=0 for every set of 2m+1 distinct points xo, %1, * * * , Xem in (@, d) (or in
[a, b]). If m =1, the definition is the usual one for a convex function.
3. Preliminary lemmas.

LemMa 3.1. If F(x) satisfies conditions Asm in (a, b), there is a nondecreas-
ing sequence of closed sets Q, such that (a, b) — EClim Q., and such that, for
1=sks=m—1, each D¥*F(x) is continuous on the set Q. for every n.

Proof. Wolf [9, Lemma 4] shows that on Q, each D*F(x) is the limit of
a uniformly convergent sequence of continuous functions.

. LEmMA 3.2. If F(x) satisfies conditions A.m in (a, b), then, in any closed set
PC(a, b), there is a portion P-(a,, bo) on which, for | Sk<m—1, each D*F(x)
is continuous.

Proof. Following Wolf [9, Lemma 6], let E=e¢;+e,+ - - -and E,=¢,
+e;+ - - - +e,. The sets P,=P-(Q,+E,) are closed and P,—P by Lemma
3.1. By Baire’s theorem [5, Chap. II, §9], at least one of the sets P, is dense
in a portion of P. Thus, there is an integer 7 such that the set P,=P-(Q,+E,)
is dense in a portion of P. Since E, is a finite set, the set P-Q, is also dense in
a portion of P. Since the set P-Q, is closed, there is a portion P-(a, bo)
CP-Q,. By Lemma 3.1, each D%*F(x) is continuous on Q, and hence on
P. (ao, bo)

LEMMA 3.3. If, for 1Sk<m—1, each D*F(x) is continuous in an interval
(a, B), then F(x) has continuous derivatives F"(x), 1 <r<2m—2, and D*F(x)
=Feo(x) 1<k<m—1.

Proof. Wolf [9, Lemma 7].

LeMMA 3.4. If a subinterval (e, 8), with a <a<B<b, contains only regular
points (see §2), and if F(x) satisfies conditions Baom_s in (a, b), then D*™2F(x)
is convex and, for 1=k=<m—1, each D*F(x) is continuous in the closed sub-
interval [, B].

Proof. It follows from the definition of a regular point that, for 1<k
=m—1, each D% F(x) is continuous and that A2(D?"2F(x))=0 in (e, B).
Hence, in particular, D?"—2F(x) is convex in (e, 8). Since F(x) satisfies condi-
tions Bam—s in (e, b), D?™~2F(x) does not have an ordinary discontinuity at
either x=a or x=0, and a convex function cannot have a discontinuity of the
second kind. Hence D?"~2F(x) is continuous in the closed subinterval [a, 8].

Now, for convenience, let G(x) = D™ 4F(x), g(x) =D?"2F(x), so that, by
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Lemma 3.3, G”(x) =g(x) in (e, B8) and g(x) is continuous in [a, 8]. Then
¢ -6 = [ sa, a<ysa<p
v
Since the integral tends to a limit as y—a+, so does G'(vy). Also,
6.0 6@ -6 = [cwa=[" [ s+ (x = 960,

The integral and (x—7v)G’(y) each tend to a limit as y—a-+. Hence G(v)
tends to a limit, which must be G(«), since G(x) does not have an ordinary
discontinuity at x=ca. It then follows from (3.1) that G(x)—>G(B) as x—8—.

The argument can now be repeated with G(x)=D?"8F(x), g(x)
=D?4F(x). After a finite number of similar steps, the proof is complete.

4. 2m-convex functions. Before defining the P?m-integral, it is necessary
to know under what conditions a function is 2m-convex. Sufficient conditions
are stated in Theorem 4.2 of this section. The proof is made by induction for
m =2, starting with

THEOREM 4.1, 2m —2. If F(x) satisfies conditions Aym—2 and Bam_4 in (a, b)
and if A?—2F(x) >0 in (a, b), then D*—*F(x) is convex and, for 1Sk=m—2,
each D*F(x) is continuous in (a, b).

(Note. When m =2, conditions 4, require F(x) to be smooth in (a, b) — E,
and conditions B, simply require F(x) to be continuous in [a, b]. It is well
known that under these hypotheses, A?F(x) >0 implies that F(x) is convex
in (a, b). Hence the theorem is true for m=2.)

Assume then that Theorem 4.1, 2m—2 is true. A series of lemmas will
show that Theorem 4.1, 2m is also true.

LEmMA 4.1, 2m—2. If F(x) satisfies conditions Amm—s and Bam_4 in (a, b)
and if A 2F(x)=0 in (a, b), then

(41) 02m_2(x, h);O, a<x—h<zx+hr<b

Proof. If m =2, F(x) is convex by Theorem 4.1, 2 and h%.(x, k) = F(x-+h)
+ F(x—hk) —2F(x) is non-negative.

If m>2, let G(x) = F(x)+ex??/(2m—2)!, where € is an arbitrary posi-
tive number. It follows from Theorem 4.1, 2m—2 and Lemma 3.3 that the
function

t2m—2

¢(t) = mo2m—2(c; X, t)

m—2 2k

1
-5 {6z + 1) +G=x - 0} - Z}, (2k)!

GM ()
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has continuous derivatives ¢ (), 1Sr<2m—4, for 0=t<h, a<x—h<x+h
<b. Moreover, ¢"(0)=0, 0=r=2m—35. Hence

2m—4
o(h) = m¢(2m—4)(6h)
h2m—4
= m {Ge™(x + 8h) 4+ G (x — dh) — 2G4 (x)},
m — 4)!

where 0<8<1. Since G@®9(x)=D?""4G(x) is convex, by Theorem 4.1,
2m—2, it follows that 0:,_s(G; x, #) =0 and hence that 0,,_o(F; x, h) = —e.
Since € is arbitrary, the inequality (4.1) follows.

LEMMA 4.2, 2m—2. If the function G(x) satisfies conditions Agm—o and
Bom—z in (a, b) and if D™ 2G(x) attains a maximum at a point 2o in (a, b),
then A?™G(z0) 0.

Proof. If &, is sufficiently small, then DG (x) < D?"?G(z,) for 29—k
<x=<z0+ho Let H(x) = Cox?™~2/(2m —2)!—G(x), where Co=D?""2G(2,). The
function H(x) satisfies conditions Asn-2 and Ban—4 in (@, b), and, by Lemma
4.1, 2m—2, Ozpm—s (H; 20, k) 20 for 0=k <ho. From definition (2.2) it follows
that 02,—2(G; 20, k) < Co. Also from definition (2.2),

h%,,.(G; 20, h) = ZM(ZM— 1) {02m_2(G; 20y h) bl Co } .
Hence
A™MG(z0) = lim sup 02:(G; 20, ) = 0.
10

LeEMMA 4.3, 2m—2. Let F(x) be a function satisfying conditions Asm and
Bom—21n (a, b) and such that A*»F(x) >0 in (a, b). If D*~2F(x) is upper semsi-
continuous in (a, b), it is convex in (a, b).

Proof. If D?»—2F(x) is not convex there is a subinterval [a, 8] of (a, ) in
which the function

p(x) = D*™F(z) — D*™F(a) — (x — a)/(8 — &) { D*™F(8) — D*"~*F ()}
=DF(x) — px — ¢

takes positive values. Since p(x) is upper semi-continuous in [e, 8], it attains
a maximum at an interior point. In other words, the function

Dzm—z {F( _ x2m—l _ x?fn—?
D=l om0 o = 2)1}

attains a maximum at a point 2, of (¢, ). By Lemma 4.2, 2m—2,

0.

IA

x2m—1 x2m—2
A?mF(z0) = A”{F(x) - m — 1) 1 @2m — 2)'}
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This contradicts the fact that A*»F(x) >0 in (e, b). Hence, D*2F(x) is
convex in (a, b).
It is now possible to prove

THEOREM 4.1, 2m. If F(x) satisfies conditions Asm and Bsm— in (a, b)
and if A*™F(x)>0 in (a, b), then D*2F(x) is convex and, for 1 Sk=m—1,
each D*F(x) is continuous in (a, b).

Proof. Let P denote the sets of points in (a, ) which are not regular.
This set is closed and, following Saks [5, p. 250], it will be shown that the
only nonregular points are the end points @ and b.

Suppose, on the contrary, that P contains points of (¢, b). By Lemma 3.2
there is a subinterval (ao, bo) containing points of P and such that, for 1<k
<m—1, each D*F(x) is continuous on the set H=P-(a,, bo). Then (a,, bo)
=H+ Y _G,, where the sets G, are open intervals such that D?2F(x) is
convex and each D?*F(x) is continuous in each G,, and, by Lemma 3.4, at its
end points as well.

It will be shown first that D?»—2F(x) is upper semi-continuous in (ao, do)
and hence, by Lemma 4.3, 2m — 2, convex. It is only necessary to prove that
D2m—2F(x) is upper semi-continuous at each point x, of the set H. Let
4.2) lim sup D?"—?F(x) = K.

z—»zo

Then there is a sequence {x,} such that x,—x, and such that D*"~?F(x,)—K.
If only a finite number of the x, are in »_G.,, then, since D*"—2F(x) is con-
tinuous on H,

(4.3) K = lim D?™2F(x,) = D?™?F(x,).

If an infinite number of the x, are in ZG,., two cases arise (cf. Wolf [9,
Lemma 9]).

(a) All the x, are in only a finite number of different G.. There is then a
subsequence {E,} such that all the {’g‘,} are in one G,, say (aq, Bo). The point
xo must be an end point of (a, 80), and since D?"~2F(x) is continuous at the
end points (by Lemma 3.4), it follows that

4.4 K = lim D*»2F(%,) = D™ F(x,).
(b) The x, are in an infinite number of different G,. It is then possible to

find a subsequence {n,} such that each 7, lies in a different interval (a,, )
of > Gn. Now, a,—x, B,—%,, and, since e, and 3, are in H,

4.5) lim D*»2F(a,) = lim D*™%F(B,) = D**°F (o).

Also, by Lemma 3.4, D*»—2F(x) is convex in every closed interval [, 8,1,
so that D?»2F(3,) Smax {D”""F(a,), D*—2F(B,)} and
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(4.6) K = lim D*™F(y,) < D*™F(x,).

Hence, by (4.3), (4.4), and (4.6), D™ 2F(x) is upper semi-continuous in
(ao, bo)

Next, as in Lemma 3.4, let G(x) =D?*"'F(x), g(x) =D?"2F(x), where
g(x) is convex (and hence continuous) in (@, bo). Again, it is only necessary
to prove that G(x) is continuous at each point x of H. The arguments used
above apply equally well here except in case (b).

In case (b) there is a subinterval [, 8] of (ao, bo) containing x, in its
interior and such that g(x) is continuous in [e, 8]. If » is sufficiently large,
each interval (@,, 8,) is contained in [a, 8]. As in Lemma 3.4,

8, pt
(4'7) G(ﬂ') - G(aV) = f f g(u)dudt + (Br - av)G,(av)-

From (4.7) it follows that (8, —,)G’(a,)—0. But then, since (4.7) is valid with
B, replaced by 7,,
= lim G(y,) = lim G(e) = G(=o).

y—r y—r0

This proves that lim sup G(x) =G(x,) and a similar argument shows that
lim inf G(x) =G(xy).

The argument can now be repeated with G(x)=D?"%F(x), g(x)
= D?m—4F(x). After a finite number of similar steps, the conclusion is reached
that D?*—2F(x) is convex and each D%*F(x) is continuous in (@, bo). This
contradicts the fact that there are points of P in (a,, bo). Hence, the assump-
tion that P contains points of (a, b) is false and the proof of Theorem 4.1,
2m is complete.

By induction, Theorem 4.1, 2m and each of the Lemmas 4.1, 2m, 4.2,
2m, 4.3, 2m are valid for all m = 1. In future, the 2m will be dropped in refer-
ences to the theorem and the lemmas.

THEOREM 4.2. If F(x) satisfies conditions Asm and Bom—s tn (a, b) and
if A™F(x) =0 in (a, b), then F(x) is 2m-convex in [a, b], that is, V(F; 2,) 20
for every set of 2m—+1 distinct points in [a, b).

Proof. Since F(x) is continuous in [a, 4], it is sufficient to prove that F(x)
is 2m-convex in (a, b). Assume first that A?»F(x) >0 in. (a, b). By the La-
grange interpolation formula,

F(x) = %X(x; x)F(x;) + W(R)V(F; %, %o, * -+, X2m),
r=0

where
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(@) = II (= — =,

=0

Ax: %) = ‘*’(x)/{(x - xr)""'(xr)} = H (2 — =)/ (% — x2).

ipr

The function F(x) has, by Lemmz;l 3.3 and Theorem 4.1, continuous deriva-
tives F®(x) in (a, b) for 1 <s<2m—2 and so has the function

G(x) = F(x) — 2Em)\(x; 2)F(x,) = w(x)V(F; ).

Also, G(x) vanishes at least 2m -1 times in (a, b) and hence the continu-
ous function D?»—2G(x) vanishes at least three times. It therefore has at least
one maximum at a point 2, of (a, 5). At this maximum point, by Lemma 4.2,
A?"G(z) 0. But,

A™G(z0) = AF(z0) — DPm{ 37 N5 2)F () } omso
= AMF(z0) — (2m)\V(F; x.).
This proves the theorem when A2"F(x) >0.
If A2»F(x) 20 and F,(x)=F(x)+x?"/n(2m)!, it follows from the above

proof that F,(x) is 2m-convex for each n. Then, F(x) =lim F,(x) is also 2m-
convex.

5. Definition of the P?"-integral.

DEeFINITION 5.1. Let f(x) be a function defined in [a, 5] and let a;,
t=1, - - -, 2m, be fixed points such thata=a,<a; < - - - <asn=>. The func-
tions Q(x) and ¢(x) are called major and minor functions, respectively, of
f(x) over (a;)=(a, as, * - -, Qo) if
(5.1.1) Q(x) and ¢(x) satisfy conditions 42 and Bam_2 in (a, b):

(5.1.2) Q(as) = q(a:) = 0, i=1,-++,2m;
(5.1.3)  #m0(x)  f(x) Z A*g(a) in (a, B);
(5.1.4) 2m0(x) %= — o, A?mg(x) £ + o in (a, b).

DEeFINITION 5.2. For each major and minor function of f(x) over (a;), the

functions defined by

(5 . 2) Q*(x) = (— 1)'Q(x)' 9*(x) = (— 1)'9(90): a6 = x < @ry,
are called associated major and minor functions, respectively, of f(x) over (a;).

LEMMA 5.1. For every pair Q(x), q(x), the difference Q(x) — q(x) is 2m-convex
in [a, b].

Proof. By (5.1.3) and (5.1.4), A>»{ Q(x) — g(x) } is defined and non-negative
in (a, b). The result now follows from Theorem 4.2.
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LEMMA 5.2, For every pair of associated major and minor functions of f(x)
over (a;),

(5.3 Q*(x) — g*(») 20
for all x in [a, b].
Proof. Since, by definition, Q*(a;) =¢*(a:) =0, ¢=1, - - -, 2m, it is only

necessary to consider x#a;. By Lemma 5.1, V(Q—g¢; x, a1, - - -, @G2m) =0 and,
if @, <x <a,4, this reduces to

(5.4) {o2) — @} T /5 — 0 2 0,
or
(~0rle — 9} [T 1/(x = a) I 1/(es = 9 2 0

Since each product is positive, (5.3) follows from (5.2).
DEFINITION 5.3. Let ¢ be a point in (a1, @2s) such that c#a;, =1, - - -,
2m. If for every €>0 there is a pair, Q(x), ¢(x), such that

(5.5) [0 — 40| <,
then f(x) is said to be P2?m-integrable over (a; c).
LeEMMA 5.3. If the inequality (5.5) holds, then
(5.6) |0(2) — (@) | < K
for all x in [a,, @sm |, Where K is independent of x.

Proof. In view of (5.12), it is sufficient to consider x#a;. If ¢, <x <@,4,,
a,<c<@,41, and x<c, consider V(Q—gq; x, ¢, @, - - *, Gzm), Which is non-
negative by Lemma 5.1. Since (5.1.2) is true, then, as in the proof of Lemma
5.2,

()70 — o)} {1/ — 9} TT1/(x = a T1 1/ — =)

=2 f=r+1
+ (=100 — ¢} {1/ — )} ﬁ 1/] ¢ — ai| 2 0.

Since x <c,

Q*(%) — ¢*(»)
(5.7 = {0*0) — ¢*(9)} ﬁ(x— a;) fI (a: — ) ﬁ 1/] ¢ — a:l

=2 t=r+1 =2

= {0*) - O }K,
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where K is the constant obtained by replacing x in the first product of (5.7)
by a.n and, in the second, by a,. (The first product is empty if r=1.) The re-
quired result now follows from (5.5).

If ¢<x, the argument is similar, but uses V(Q—gq; %, ¢, @1, * * *, Gom—1).

THEOREM 5.1. If f(x) is P™integrable over (a;; c), there is a function F*(x)
which s the inf of all associated major functions of f(x) over (a;) and the sup of
all associated minor functions.

Proof. If g3 (x) is a given associated minor function, it follows from Lemma
5.2 that Q*(x) = g5 (x) for every associated major function. Let F*(x) denote
the inf of all Q*(x), so that F*(x)=gf(x). Since this inequality is valid for
every associated minor function, F*(x) is an upper bound for all ¢*(x). By
Definition 5.3 and Lemma 5.3, there is a particular pair Q(x), g(x), such that

0 < F¥(x) — ¢*(2) < Q*(2) — ¢*(2) = | Q(x) — g(x) | < €K.

Since € is arbitrary, F*(x) is also the sup of all g*(x).
DEeFINITION 5.4. If f(x) is P?™-integrable over (a;; ¢) and if F*(x) is the
function of Theorem 5.1, define F(x) by

(—1)F(x) = F*(x) when ¢, £ x < @py1.

If a; <c<a,41, the P?m-integral of f(x) over (a; ¢) is defined to be (—1)*F(c).
Since (—1)¢F(a;) = F(a;) =0, the integral is defined to be zero if c=a;,
i=1, - - -, 2m. The notation is

(—=1DF(c) = f(x)damx.
(ai)
(The reason for using (—1)*F(c) instead of F(c) is indicated by the result of
Theorem 5.4 below.)

THEOREM 5.2. If f(x) is P*™-integrable over (a;; ¢), it is also P*™-integrable
over (a;; x) for every x in [a1, asm ). If F(x) is the function of Definition 5.4, then,
for a,=x<a,,

(5.8) (~)F@) = [ f(x)dme.
. (ag)

Proof. The fact that f(x) is P?m-integrable over (a;; x) follows at once
from Lemma 5.3 and Definition 5.3. By Definition 5.4, the right-hand side of
(5.8) is the sup of all ¢*(x) and the inf of all Q*(x). In particular, there is a
pair, g(x), Q(x), such that

*(») = ) f(2)damx £ Q*(x) < ¢*(x) + K.

(ag)
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But, by Theorem 5.1, ¢*(x) < F*(x) < Q*(x), so that

\F*(x) - f(®)dmx| < eK.

(ag)

Since ¢ is arbitrary, it follows that (5.8) is true.
THEOREM 5.3. The function F(x) of Definition 5.4 is continuous in [a;, @sm].

Proof. For every positive integer #, there is, by Lemma 5.3, a pair Q.(x),
gx(x), such that

0 < Q%) — ga(®) = | Qu(®) — gu(®) | < K/n.
Then,

| F(%) — ga(x) | = F*(2) — ga(2) < Q%(x) — gn(x) < K/n.

Hence F(x) is the limit of a uniformly convergent sequence of functions g.(x)
which are continuous in [a1, @zm].

COROLLARY. For every major and minor function, Q(x)— F(x) and F(x)
—q(x) are 2m-convex in [a1, azm].

Proof. If Q.(x) and g.(x) are the functions defined in the proof of Theo-
rem 5.3, then by Lemma 5.1, Q(x) —¢n(x) is 2m-convex for each n. Therefore,
so is Q(x) — F(x) =lim {Q(x) —ga(x)}. The proof that F(x)—g(x) is 2m-con-
vex is similar.

THEOREM 5.4. If G(x) satisfies conditions Bym in (a, b), then D*"G(x) is
Prm_integrable over (a;; x). If a,Sx<ar1, then

(=" DG(x)dsmx = w(x)V(G; %, a1, * * + , Gam)
(5.9) (a3)

=G(x) — % A=; a:)G(as),

where
o) = L= ad,  Nwia) = IL (s = a)/(os = o)

Proof. Since D?"G(x) is finite in (a, b), conditions 4, are also satisfied by
G(x). The function

(5.10) 0(x) = WDV (G; 5 a) = G(®) — 3o (z; 6G(a)

=]
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vanishes at x=a;, =1, - - -, 2m, and D*"Q(x) =D?"G(x). Therefore, Q(x)
is both a major and minor function of D**G(x) over (a;) and (5.9) follows
from (5.10).

THEOREM 5.5. If f(x) is P*-integrable over (a;; x), it is also P*™-integrable
over (bj; x), where a1 <0< « - + <byn=0Q2m. Moreover, if F(x) is the function
of Definition 5.4, and by < x <b.y1, then

5.11) =0 [ f(8)dams = F(x) — 3 a3 b)),
) =1
where

Mzi b)) = [ (2 — 82)/(b; — b2)
k]
is a polynomial of degree 2m —1 at most. In other words, any two P*™-integrals
of f(x) differ by a polynomial of degree 2m—1 at most.

Proof. If Q(x) and ¢(x) are major and minor functions, respectively, of
f(x) over (a;), then

S(x) = 0(x) — 3 M 5)0(b,)

j=1

and

2m
s(x) = q(x) — Z; Mx; b;)q(b;)
3=
are major and minor functions, respectively, of f(x) over (b,). It is clear that
|S(x)—s(x)| <eC, where C is independent of x, when IQ(x)—q(x)l <eK, so
that f(x) is P?m-integrable over (b;; x).

As in the proof of Theorem 5.3, there is a sequence ¢,(x) of minor func-
tions of f(x) over (a;) such that ¢,(x)—F(x). The corresponding minor func-
tion s.(x) therefore tends to the right-hand side of (5.11). But, by the defini-
tion of the P?m.integral over (b;; x), it also tends to the left-hand side.

6. Consistency of the definition.

THEOREM 6.1. If f(x) is P 2-integrable over (b;; c¢), where a=b,< - - -
<bsm_z=0>, then it is also P?*™-integrable over (a;; c).

(Note. The theorem may not be true for m =2 if the P2 integral is taken
as the one defined in [4], since there the inequalities (5.1.3) and (5.1.4) were
allowed to fail on a countable set. However, if the P2-integral is interpreted
as the one defined by Definitions 5.1 and 5.3 when m =2, the theorem remains
true.)

Proof. Let Q(x; 2m —2) be any P?m—2-major function of f(x) over (b;), and
let
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(6.1) R(x; 2m) = fz f tQ(u; 2m — 2)dudt,
(6.2) Q(x; 2m) = R(x; 2m) — % Nx; a,)R(a:; 2m),

=1
where A(x; a;) was defined in Theorem 5.4. Then
(6.3) O(x; 2m) = R(x; 2m) — P(x; 2m — 1),

where P(x; 2m—1) is a polynomial of degree 2m —1 at most.
It follows from (6.1), (6.2), and (6.3) that D2Q(x; 2m)=Q’'(x; 2m)
=R"(x; 2m)—P" (x; 2m—1)=Q(x; 2m—2) — P'’(x; 2m—1). Also,

DQ(x; 2m) = lim 04(Q; =z, k) = lim 0:(Q"'; «, k)
-0 n—0

= D¥Q(x; 2m — 2) — PW(x; 2m — 1).

Repeated application of a similar argument leads to D¥*Q(x; 2m)
=D2%*-2Q(x; 2m—2) — P (x; 2m—1), for 1<k<m—1, and it can be shown
in the same way that (2.5) holds for Q(x; 2m). Hence Q(x; 2m) satisfies con-
ditions A,, and Bs,_, because Q(x; 2m—2) satisfies conditions A,._, and
Bom—s. In addition, (6.2) shows that Q(a;; 2m) =0, =1, - - -, 2m.

Finally, by the argument used above, §27Q(x; 2m)=8§*""2Q(x; 2m—2)
—P@m™(x; 2m—1) =62""2Q(x; 2m —2) = f(x). Hence Q(x; 2m) is a P*-major
function of f(x) over (a;).

In the same way, if ¢(x; 2m —2) is a P?2-minor function, let

(6.4) r(x; 2m) = fzftq(u; 2m — 2)dudt
and
(6.5) q(x; 2m) = r(x; 2m) — ‘2 Nx; ai)r(ai; 2m).

=1

Then ¢(x; 2m) is a P?-minor function of f(x).

Since f(x) is P?—%-integrable, there exists a particular pair Q(x; 2m—2),
q(x; 2m—2), such that lQ(x; 2m—2) —q(x; 2m—2)| <€eKom—a. Then from
(6.1) and (6.4), IR(x; 2m) —r(x; 2m)| < (1/2)e(@m — a1)2K2m—2. The definitions
(6.2) and (6.5) now show that |Q(x; 2m)—g(x; 2m)| <eK,m and therefore
f(x) is P?m-integrable over (a;; ¢).

LeEMMA 6.1. If a function g(x) has a finite derivative g’(x) in (a, b) such
that V(g’; 2) =0 for every set 2o, 21, * + * , 2n_1 Of n distinct points, then V(g; x;)
=0 for every set xq, x1, - - - , Xn of n+1 distinct points in (a, b).

Proof. Write
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V(g %) = 3 Mx)g(x),

=0
where

Ma) = I 1/(x: — =),

and let
&(8) = 2 Nx:)g(2n + (#: — xa)t).

1=0

Then ¢(1) = V(g; %), $(0) =0, and

') = ’i (#: — 2)NMx)g (%0 + (25 — %)),

=0
By the mean value theorem,

n—1

(6.6) V(g:x:) = ¢(1) — ¢(0) = ¢'(8) = E (s — 2a)M(2:)g (#n + (2 — %a)0),
where 0<d6<1. Let zr=%x,+(xr—x,)0 for =0, - - - , n—1. Then
(2 — za)N(wx) = [] 1/ (2 — 5) = [18/(z — 29),

where each product is taken over 0<j=n—1, j¥k, and (6.6) becomes V(g; x;)
= V(g’; )61 This proves the lemma.

THEOREM 6.2. If f(x) is P*™—2-integrable over (b;; x), let

z

g(x) = (—1)° f(%)dam—2%, b = x < buyyy
)

(b;

G(x) = f 1: f b: g(u)dudt.

Then, if bh=a1< -+ + <Gam=bom—2, @, =x<aps,

6.7)

I
~~~

[
[=N
-

-

8

=
&
*Qu
»
3
£ o3

F(x)
(6.8) .
w(D)V(G; %, a;) = G(x) — 2 N(%; a:)G(as).

t=1

Proof. Let Q(x; 2m—2), q(x; 2m—2), Q(x; 2m), and g(x; 2m) be the func-
tions defined in the proof of Theorem 6.1. By the corollary to Theorem 5.3,
Q(x; 2m—2) —g(x) and g(x) —g(x; 2m—2) are (2m—2)-convex functions. By
Lemma 6.1, applied twice, R(x; 2m) —G(x) and G(x) —r(x; 2m) are 2m-convex
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functions. Since Q(x; 2m) and ¢(x; 2m) differ from R(x; 2m) and r(x; 2m) by a
polynomial of degree 2m—1 at most, it follows that Q(x; 2m) —G(x) and
G(x) —q(x; 2m) are also 2m-convex functions. Hence

(6.9) V(g: %, ;) = V(G; %, a;) = V(Q; x, as).
But, by the same reasoning that led to (5.4),
q(z; 2m) = w(2)V(g; x, as), O(x; 2m) = w(x)V(Q: %, a;).

When @, <x <@,41, (—1)"w(x) =20 and (6.9) becomes ¢*(x; 2m) = (—1)7q(x; 2m)
S(—=D)w@) V(G; x, a:) = (—1)"Q(x; 2m) =Q*(x; 2m).
By the method of proof used in Theorem 5.2, it then follows that

(= D)0(2)V(G; %, @) = f(x)damz.

This proves the first part of (6.8), and the second is simply the expanded
form of w(x) V(G; x, a;).

COROLLARY 1. If f(x) is P2™2-integrable over (b;; x), then F'(x) and F'"'(x)
exist for all x in [by, bam—z]. If g(x) and G(x) are the functions defined in Theorem
6.2, then

F'(3) = g(a) — 3 N'(x; a)G(a) = g(x) — p(2),

=1
where p(x) is a polynomial of degree 2m —3 at most.
Proof. The corollary is an obvious consequence of (6.7) and (6.8).

COROLLARY 2. There exisis a function which is P?*m-integrable, but not
P—2.integrable.

Proof. Let
G(x) = x cos (1/%), x#0, G()=0:
g2(x) = G®™(x), x# 0, g(0) = 0.

It is clear that D?"G(x) =g(x) for all values of x, including x=0, and that all
the conditions of Theorem 5.4 are satisfied. Hence g(x) is P?™-integrable over
(as; x) for every x, including x=0.

On the other hand, if g(x) were P?»—2-integrable over (b;; 0), it would fol-
low from Corollary 1 that G’(0) and G’’(0) exist. But not even G’(0) exists,
so that g(x) is not P?"—2-integrable over (b;; 0).

7. The P?m+integral. The methods of the preceding sections apply
equally well to odd-numbered generalized symmetric derivatives.

If there are constants 8;, 8, - - -, G241, depending on x, but not on £,
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such that
1 r h2k+l
7.1 — 1F(x h) — F(xo — h){ — ————— = o(h%¥Y),
(7.1) 2 {F(x0 + &) (%0 )4 ;EB%H(Zk-l-l)! o( )
as h—0, then B.41 is called the generalized symmetric derivative of order
2r+1 of F(x) at x =x,, and written D2+1F(x,).
If D*+1F(xy) exists for 02k =m—1, define 03,11(x0, %) =02m1(F; %0, k) by

p2mt
m O2my1(%0, k)
(7.2) . mei gk
= —{F B — F(xo — h)§ — ——— D%+l
; {F(x0 + ) — F(xo — h)} E) (2k+1)!D F(%0),

and A?+1F(x,), §2"+1F(xy) by equations similar to (2.3) and (2.4), respec-
tively. All the other definitions of §2 apply with 2m replaced by 2m 1.

In §3,Lemma 3.1, with 2m replaced by 2m +1,is not proved by Wolf[9], but
his method is applicable and the lemma remains true. The other lemmas of §3
are valid with minor modifications when 2m is replaced by 2m-+1.

In §4, when 2m is replaced by 2m -1, the steps of the induction are valid,
but it is not well known that Theorem 4.1, 2m—1, is true for m=2. It is
therefore necessary to prove

TuHEOREM 4.1, 3. If F(x) satisfies conditions Az and B, in (a, b) and if
A3F(x) >0 in (a, b), then D F(x) is convex (and hence continuous) in (a, b).

Proof. This result is almost identical with Theorem 4 of Saks [5], and the
proof is similar. Saks assumes the existence of the ordinary derivative F’(x),
but only to ensure that F/(x) has no ordinary discontinuities in (a, b). This
is also true for D1F(x) because F(x) satisfies conditions B;. He also requires
the fact that every closed subset P of (e, b) contains a portion on which F/(x)
is upper semi-continuous. But D'F(x) has this property by Lemma 3.2 (with
2m replaced by 2m+1 and m=1). With these modifications, the proof given
by Saks is applicable (cf. Theorem 4.1, 2m).

Once Theorem 4.1, 2m —1 is established for m =2, the induction is com-
pleted as before and both Theorem 4.1 and 4.2 are true when 2m is replaced
by 2m--1.

In §§5 and 6, it is only necessary to replace 2m by 2m+1 throughout, but
it should be remarked that the note following Theorem 6.1 does not apply
in this case.

It will now be shown that the two scales of integration fit together.

THEOREM 7.1. If n=2 and f(x) is Pr-integrable over (b;; x), then it is also
Prtlgntegrable over (a;; x), where by=a:< + + + <@py1="Dn.

Proof. Whether # is even or odd, the proof follows almost exactly that of
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Theorem 6.1. The only difference is that if Q(x; #) is a P*-major function,
then R(x; n+1) is defined by

R(x;n+ 1) = sz(t; n)dt

instead of by (6.1). A similar change is made for r(x; n+41).
THEOREM 7.2. If n=2 and f(x) is P*-integrable over (bj; x), let

6@ = (=1 [ f@dus, b S % < bussy
(7.3)

G(x) = szg(t)dt.

1

If bhi=a1< + + + <@n41=bn, 6, Sx<ary1, then

(= 1) (f)f(x)d..ﬂx

F(x)

(7.4)

w(2)V(G; x, a;) = G(x) — ,il Mz a:)G(as).

=1

Il

Proof. The proof is almost identical with that of Theorem 6.2. Since G(x)
is now defined by (7.3) instead of by (6.7), only a single application of Lemma
6.1 is needed. With this change, the method of proof of Theorem 6.1 applies
in this case.

COROLLARY 1. If n2=2 and f(x) is Pr-integrable over (bj; x), then F'(x)
exists for all x in [by, b, ). If g(x) and G(x) are the functions defined in Theorem

7.2, then
n+1

F'(z) = g(x) — 2 N(; 6)G(a:) = g(x) — (%),

t=1
where p(x) is a polynomial of degree n—1 at most.

COROLLARY 2. If n=2, there is a function which is P*+'-integrable, but not
Pr-integrable.
Proof. If » is odd let
G(x) = x cos (1/x), x7# 0, G(0) = 0.
If n is even let
G(x) = xsin (1/x), x#0, G0O)=0.
Let g(x) =G"tD(x), x50, g(0) =0. Then, in either case, D*+'G(x) =g(x) for

all values of x, including x=0, and the argument of Corollary 2 to Theorem
6.2 applies.
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8. The P -integral. Let F(x) be a function which is continuous in [a, 8].
If there are constants oy, @, * - -, o, depending on x, but not on £, such that

r k
(8.1) F(xo + k) — F(xo) — 2 = o(h"),
k=1 .
as h—0, then a, is called the generalized derivative of order 7 of F(x) at x=x,
and written Fy(xo). It is clear that the existence of F)(x,) implies that of
DrF(x,) and that DrF(xo) = Fy(x0).
If Fay(xo) exists for 1=k =<n—1, define vy.(xo, ) =7v(F; x0, k) by

n n—1 k

h
(8.2) ;;%(xo, h) = F(xo+ h) — F(x)) — 2 _k—'F(k)(xO)’

k=1

and AF ) (x0), 6F s (xo) by equations similar to (2.3) and (2.4), respectively.
It follows from (8.2) that

n n—1

o Yn(%, B) = m {¥a1(x, B) — Fa_1)()}
so that
8.3) lim Aya(z, k) = O.
. h—0

Then, from (2.2) or (7.2),
1
en(x’ h) = _2' {7n(xr h) + (—1)”‘)',.(55, _h)}:

and, by (8.3),
(8.4) lim %0,(x, k) = O.
h—0

This means that conditions 4, (whether n=2m or n=2m-1) are auto-
matically satisfied.

It can also be shown that conditions B,_; (whether n=2m or n=2m-1)
must hold.

LemMMA 8.1. If F(x) is continuous in [a, b], if, for 1<Ek<r, each Fu(x)
exists and is finite in (a, b), and if, for 1 Sk<r—1, no Fy,(x) has an ordinary
discontinuity in (a, b), then F)(x) does not have an ordinary discontinuity in
(a, ).

Proof. This result is well known for r=1. Let x, be a point in (a, b) and
suppose that :

lim F(,)(x) =\

z—z+
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For every €>0 there exists a § >0 such that
)\—e<F(,)(x)<)\+e, xo < x < %+ 0.

Let G(x) = (\+e€)xr/r!— F(x). Since, for 1 <k=<r—1, G (x) does not have an
ordinary discontinuity in (a, d) and since D'G(x) =G (x) >0 in (x9, xo+96),
all the conditions of Theorem 4.2 are satisfied. Hence G(x) is r-convex for
x9<x <x0+6. Since G(x) is continuous at x =x,, it is also r-convex for x;=x
<x9+96. This means that V(G; xx) =20 for every set of r+1 distinct points
such that xe<x1 < + - » <x,<x0+0. Let xx=x0+k%, 0=Zk=<r, where rh<3.
Then

1 r
V(G; %) = —— 2 (—1)*,CiG(x0 + kh) = 0.

r!h" o

It follows that Gy (x0) =0 and this means that F)(x0) SA+e. Similarly,
it can be shown that A—e= F(,(x,), and, since € is arbitrary, Fu)(xo) =\.

Thus F)(x) cannot have an ordinary discontinuity on the right, and the
same method shows that it cannot have one on the left.

Because of (8.4) and Lemma 8.1, P»-major and -minor functions are only
required to satisfy

(8.5.1) Q(x) and ¢(x) are continuous in [a, 4], and, for 1<k=<n—1, each
Qw (%), g (x) exists and is finite in (a, b);

(8.5.2) Q(a;)=q(a;)=0,7i=1,---,n, wherea=a1< - - - <@,=Db;

(8.5.3) 0Qwm(x)2f(x) 2Agwm(x) in (a, b);

(8.5.4) 8Qwm(x)# — @, Agm)(x)# + » in (a, b).

If n=1, these are the condition for major and minor functions for the
Perron integral, except that (8.5.3) and (8.5.4) are usually required to hold
only on (a, b) — E, where E is countable.

DerFINITION 8.1. Let ¢ be a point of (@i, @,) such that c#a;, 2=1, - - -, n.
If, for every €>0, there is a pair Q(x), g(x) satisfying the conditions (8.5.1)~
(8.5.4) and such that |Q(c)—q(c)l <e, then f(x) is said to be Pr-integrable
over (a;; ¢).

The other definitions and results of §§5, 6, and 7 apply with appropriate
changes to the Pr-integral. It is clear that any Pr-integrable function is also
Pr.integrable. In particular, the analogue of Theorem 5.4 shows that if
Fy(x) exists and is finite in (a, b), then it is Pr-integrable.

9. The Prtl-integral includes the C,P-integral. For convenience, the
definitions of C,-continuity, C,-derivatives, and the C,P-integral (Burkill
[1]) are given here. The CyP-integral is the ordinary Perron integral (see, for
example, Saks [6, Chap. VI]). Assuming that, for =1, the C,_P-integral
has been defined, the following definitions lead to the C,P-integral.

DEFINITION 9.1. A function M(x) defined in an interval [a, b] is said to
be C,-continuous in [a, b] if it is C,—iP-integrable over [a, 5], and if
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z+h
7/ h*(Co_sP) f (x4 b — =M ()t — M(x),

as k—0, for every x in [a, b].

DEFINITION 9.2. If M(x) is C,1P-integrable over [a, b], the upper and
lower C,-derivates of M(x) are the lim sup and the lim inf, respectively, as
h—0, of

(r+1)/h {f/h’(C _1P)f - (x4 h—)M@)dt — M(x)} ,

and denoted by C,AM(x) and C,6 M (x), respectively.

DEFINITION 9.3. Let f(x) be a function defined in an interval [a, 5]. The
functions M(x) and m(x) are called C,P-major and C.P-minor functions,
respectively, of f(x) over [a, b] if

M(x) and m(x) are C,-continuous in [a, b];
M(a) = m(a) = 0;
ChAM(x) = f(x) = CiAm(x) in [, b];
CoM(x) # — o, ChAm(x) = + in [a, b].
DEFINITION 9.4. If, for every €>0, there is a pair M(x), m(x) satisfying

the conditions of Definition 9.3 and such that IM (b)—m(b)l <e¢, then f(x)
is said to be C,P-integrable over [a, b].

THEOREM 9.1. If f(x) is C,P-integrable over [a, b), it is also Pr+1-integrable
over (as; ¢), where a=a, < + - - <@p1=b. Moreover, if

P = GP) [ “joa,

9.2) Fi(x) = (C;,P)szH,(t)dt, 0O=k=r-1
F(a) = Fo(%), ’

then, if a, =% <Gy,

©.1 0 [ s = F@) = 27z 208,

where

Nz a) = I (2 — )/ (ai — a))

i
is a polynomial of degree r at most.

Proof. Let M(x) be any C,P-major function of f(x) and let
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Groa(2) = (CrrP) f M),

(9.3) Gi(x) = (CkP)szk.'.l(t)dt, 0sk=r-—2,

G(x) = Go(%).
Then, by r—2 integrations by parts (cf. Sargent [8]),

z+h
1/(r — 1)I(Co_sP) f (x + h — )= M()dt
(9.4) ?

r—~1 hl-
=G(x+ k) —G(x) — 2 FGk(x).
k=1 .

But, since M(x) is C,-continuous,
z+h
7/ B(CosP) f (x4 b — D= M©Od = M(%) + o(1).

It follows that

13

r—1 hr
(9.9) Gz + k) —G(x) — 2. ;;Gk(x) = -r—,M(x) + o(h"),

k=1

and, by definition (8.1), G (x) = M(x), Guay(x) =Gi(x), 0=k=<r—1. More-
over,

3G osy(#) = lim inf (r + 1)}/A" {G<x S %’:Gw)(x)}
h—0 .

k=m0
= lil:l_inf r+ 1)/k {1’/h"j~j+)h (x4 k — ) M(t)dt — M(x)}

= CoM(x) Z f(x),

where the integral is a C,_P-integral.

If
V ~+1
(9.6) Q(%) = G(%) — }:1 N=; 6:)G(as),
then
9.7 8Qr41)(%) = Gy (%) Z f(2),

and Q(x) satisfies all the requirements for a Pr+-major function.
A corresponding result holds for any C,P-minor function, and it is clear
that C,-P-integrability implies Pr+!-integrability.
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Since f(x) is C.P-integrable, there is a sequence M(x; n) of C,P-major
functions such that

(9.8) 0 < M(x;n) — (C.P) f “Hdt < 1/,

Formulas (9.3) may be written in the form

z u t—1
G(x)=f f f M(t,)dbdt,—y - - - diy,

where the inner integral is a C,_;P-integral, the next a C,_sP-integral, - - -,
and the outer one CoP- or Perron integral. Similarly, (9.1) may be written

Flx) = f fatl- . a‘rf(t)dtdt,---dtl,

where this time the inner integral is a C,P-integral. From (9.8) it follows
that there is a sequence G(x; #) such that 0= G(x; n) — F(x) <(b—a)"/(r'n).
Hence G(x; n)—F(x).

Then, by (9.6), the corresponding P +!-major function Q(x; n) tends to
the right-hand side of (9.2). By the definition of the Pr+l-integral, it also
tends to the left-hand side.

Since Miss Sargent [7; 8] has proved that the C,D- and V,D-integrals
are equivalent to the C,P-integral, the P+l-integral also includes these inte-

grals.

COROLLARY. The function F(x) defined in Theorem 9.1 has generalized
derivatives Fuy(x) which are Ci-continuous in [a, b] for 1 Sk =<r. In particular,

9.9) me=@mf%wa

Proof. Since F,(x) is a C,P-integral, it is C,-continuous. By the proof of
Theorem 9.1, with M (x) replaced by F,(x) and Gi(x) by Fi(x), it follows that

r—1

h* hr
F(z + k) — F(x) — 2. —~Fi(x) = —Fi(2) + o(h).
=1 k! r!
Hence F,(x) = F,(x) and consequently Fg)(x) = Fi(x) for 1=k =r. Formula
(9.9) now follows from (9.1).
10. Properties of n-convex functions. It is assumed in this section that
n=2 and that, if #=2, an (n—1)-convex function is a monotone increasing
function.

LEMMA 10.1. If the function ¢(x) is n-convex in [a, b] and 3 is any point of
[a, b], then the function
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(10.1) p(x) = p(x; 2) = {¢(2) — ¢(2)}/(x — 2)

is (n—1)-convex in each of the half-open intervals [a, 2), (z, b]. Moreover, if
¢(x) has generalized derivatives ¢puy(x), 1<k=<n—1, in (a, b), so does p(x) in
(a, 2) and (2, b), and, for x*~z,

(10.2) ¢ (%) = kpa—1)(%) + (2 — 2)py(%).
Proof. It follows by elementary algebra that, if x;, %3, - + -, x, are dis-
tinct points in either [a, 2) or (z, b], then V(¢; 2z, xi, - -+, %)

=V(p; %1, - - +, %¥s). The proof of (10.2) is also elementary.

LeEMMA 10.2. If the function ¢(x) is n-convex in [a, b] and has finite gen-
eralized derivatives ¢uy(x), 1<k=<n—2, in (a, b), then, for each x, in (a, b),

Ya1(%o, &) = Yn_1(p; %o, k)

10.3 — 1! b
(10.3) = (n—hﬂ_l—){d’(xo B = ¢m) — X E'ﬁm(xo)}

is monotone decreasing as h—0-+ and monotone increasing as h—0—.

Proof. If a<xo<x;< + - - <xp1<x0+h1<x0-}+hs, it follows by elemen-
tary algebra that if

V(¢; X0y X1y ° ¢ * y Xn—1y X0 + hly Xo + h?) g 0’

then the determinant

d(xo+ k) (w0 + ha)*' -+ (x0+ ho)? &0+ b2 1
d(xo+ k) (w04 A)" e (wo+ k)2 @+ b 1
&(%xn_1) x::: <. x:—l Xn—1 1
(10.4) .
&(x2) . cee %s 1
é(x1) no e om mo 1
&(0) % e m xo 1

is non-negative.

By subtracting the last row from the second-last row, dividing by x; —x,,
which is positive, and letting x;—x0-+, it follows that the determinant (10.4),
with the second-last row replaced by

(10.5) dw(x) (m— Dxg o~ --- 2z 1 0,

is also non-negative.
Similarly, by subtracting the last row plus x;—x, times the new second-
last row from the third-last row, dividing by (x.—x,)2/2, and letting x;—x,+,
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the determinant (10.4), with the second-last row replaced by (10.5) and the
third-last row by

¢(2)(xo) (n —_ 1)(n — Z)x:_a .o 2 0 0,

is also non-negative.
If the process is repeated a sufficient number of times, then the de-

terminant

@(x0 + h2) (%0 + ho)™? ceo (%ot ho)? xo+ by 1
é(x0 + hy) (o + h)™t oo (Ro+h)? o+ b 1
& (n—2)(%0) (n — 1)!1xo < 0 0 0
(10.6) K . -
pa(m) (n—Dn—2m - 2 o 0
&) (%0) (n—Day - 2w 1 0
&(x0) x:_l ce xz %o 1

is non-negative.

Finally, by subtracting appropriate combinations of rows 3, 4, - - -, n+41
from the first row and from the second, it follows that the determinant (10.6)
with the first and second rows replaced by

Yn-1(%o, B2) (w—1)! 0 --- 0 0 O,
and
Yn-1(®o, Br) (n—1)! 0 --- 0 O O,
respectively, is non-negative. It is then clear that
Yn-1(%0, Bs) (m — 1)!
Yn—1(%o, B1) (m — 1)!

and this shows that v,_i(xe, £) is monotone decreasing as A—0-.
The proof that 4,_1(xo, %) is monotone increasing as h—0— is similar.

= y

LeMMA 10.3. If the function ¢(x) is n-convex in (a, b) and has finite gen-
eralized derivatives ¢puy(x), 1Sk=n—1, in (e, b), then ¢w-1)(x) is monotone
increasing in (a, b).

Proof. This result is well known(3) in the case »=2. Assume, then, that
n=3 and that the lemma is true for (#—1)-convex functions. If x; and x.
are in (@, b) and x; <x,, let z be any number such that x; <x,<z. It follows
from (8.2), (10.1), and (10.2) that

() G. H. Hardy, J. E. Littlewood, and G. Pé6lya, Inequalities, Cambridge, 1934, Theorem
111,
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% Yn-1(%2, 2 — %3)
n—2 — X k
= (z — x9)p(x2) — kZ (z—k;ﬁ' {kp-1y(22) — (3 — x2)paay(2) |
n—3 — xg)kH1 n—2 — )k
= (3 — x9)p(x2) — kE Szkx—') pay(x) + 2 z_};)—_ Py (%2)
(2 — xg)™ 1
= W P(n—2)(%2),
or
(10.7) Ya-1(%2, 2 — %2) = (1 — D)p(a—2)(%2).
Similarly,
(10.8) Y-1(#1, 2 — 21) = (1 — Dpa_2)(21).

Since p(x) is (n—1)-convex in (a, 2), by Lemma 10.1, p(»—s(x) is monotone
increasing in (@, z) by the hypothesis of the induction. Hence, by Lemma
10.2, (10.7), and (10.8), ¢ (n—1)(%1) = ¥n-1(*1, 3—%1) S¥n_1(%2, 2—2). Since this
is true for any z>x,,

Sn-1)(%1) = lim ya1(%2, 2 — %2) = Pda—1)(22).

27

LEMMA 10.4. Let ¢(x) be a function which is n-convex in (a, b) and has finite
generalized derivatives ¢ay(x), 1=k=n—1, in (a, b). Let a, B, and a; Bs,
1=1, - - -, n—1, be fixed numbers such that

0< a1 <2< <ap<a<B<<f< - <B1<b
Then, for all x in [a, B],
(10.9) (n — DW(; @, ) = ¢pu-1y(#) = (n — DIV (e; B, By)-
Proof. If n=2, (10.9) becomes
{6() — ¢(a}/(a — @) = ax(x) = {#(8) — ¢(8)}/(8: — B,

and this is a well known result for ordinary convex functions.

Assume that #=3 and that (10.9) holds for every (n—1)-convex func-
tion with finite generalized derivatives. If p(x) is the function defined in
Lemma 10.1, then, by Lemmas 10.2 and 10.3 and (10.8),

d—1)(®) = ¢n-1y(B8)
< Ya1(8, Bac1 — B) = (1 — 1)pa-2)(B; Ba)-

But p(x; Ba-1) is (r—1)-convex in (a, B.-1) and hence in (cu—1, Bn-1). Then,

(10.10)
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by the hypothesis of the induction,
(10.11) p(B; Ba-1) = (n — 2)W(p; B, Br, - -+, Bu—2).
Since (as in the proof of Lemma 10.1)
V(i B, Br, + * = 5 Bn—2) = V($; B, B1, * * -, Bu-1)s

it follows from (10.10) and (10.11) that the right-hand inequality of (10.9)
is valid. The proof of the validity of the left-hand inequality is similar and
completes the induction.

11. The C,P- and the Pr+-integrals.

LemMA 11.1. If ¢(x) is continuous and has finite generalized derivatives
S (x), LSE=r, in [a, B), then each ¢u)(x) is Ci-continuous in [a, B].

Proof. Since ¢ (x) =¢’(x) is finite in [e, 8], it is Perron or C,P-integrable
over [a, 8] and
z+h
fola+ 1) = o@}/h= (/W [ #OB— 9.

This shows that ¢a)(x) is Ci-continuous. Also,

z+h
CDbar() = lim (2/1) {(1/h> f e ¢(1>(x)}
= }.u_g @/ {s(x+ h) — ¢(x) — hdwy(®)} = b (%)

Since ¢ (x) is an exact CiD-derivative, it is C,P-integrable (Burkill [2]).
It then follows as above that it is C;-continuous.
After a finite number of similar steps, the lemma is proved.

THEOREM 11.1. If f(x) is Prtl-integrable over (as; x) and [a, 8] is any
closed sub-interval of (a1, ary1), then f(x) is C.P-integrable over [a, 8]. Moreover,

if
F(x) = (—1)’f(z)f(x)d,+1x, a4 = x < Ggyy,
then F(x) has generalized derivatives Fay(x), 1Sk=<r, in [a, 8] and
(11.1) Fo® — Fu@ = CP) [ :f(x)dx.
Proof. If Q(x) is any Pr+l-major function of f(x) over (a;), it follows from

Lemma 11.1 that Q¢ (x) is C,-continuous. Also, by the proof of Theorem 9.1,
with M(x) replaced by Q) (x) and Guy(x) by Quy(x) for 0<k=<r—2,

CrdQ (%) = 8Qe4n(x) Z f(2).
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Hence, if M(x)=Qu(*) —Q(a), then M(x) is a C,P-major function of f(x)
over [a, B8]. Similarly, if g(x) is a Pr+!-minor function, then m(x) =g (%)
—gqw(a) is a C,P-minor function.

Since Q(x) —g(x) is (r+1)-convex, by Lemma 5.1, it follows from Lemma
10.4, with ¢(x) =Q(x) —g(x), that

rWVQ — g, an -, a) Q%) — gin(x)
= ”V(Q - ¢ 67 Blr ct /31')‘

(11.2)

Also, by Lemma 10.3,
(11.3)  M(x) — m(x) = {0 (%) = ¢n(®)} — {Om(@) — g (@)}
is monotone increasing. Thus, by (11.2) and (11.3),
0= M(a) — m(e) = M(B) — m(B)
= {VQ - a8 By B)—VQ—gia e, )l
Since f(x) is Pr*l-integrable, there is a pair Q(x), ¢(x), sucﬁ that
|0(x) —g(x)| <eK,

where K is independent of x. From (11.4) it then follows that M(8) —m(B)
=r! {I V(Q—gq; B, B;)] +| V(Q—gq; o, a;)l } <eC, where C is a constant,
Hence f(x) is C,P-integrable over [e, 8].

Now let

(11.4)

M@=@Hf%MA

HA@==«&P%[ Hen()dt, 0<k<r—1,

H(x) = Hy(x).

It follows from Theorem 9.1 and its corollary that
B
(11.5) Ho®) - Ho@ = CP) [ 0.

But, by the analogue of Theorem 5.5 for the P +!-integral, with b, replaced
by a and b4, by 8,

r+1

(11.6) H(%) = Fiy(%) — 20 N (x; b,)F (b))

j=1

Since each A(x; b;) is a polynomial of degree » at most, each A (x; ;) is a
constant. Formula (11.1) then follows from (11.5) and (11.6).
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