CIRCULAR SUMMABILITY C OF DOUBLE
TRIGONOMETRIC SERIES()

BY
VICTOR L. SHAPIRO

1. Introduction. Let T'= ) an.ei™=+m» be a double trigonometric series
where @, are arbitrary complex numbers. Form the circular partial sums
Se(x, y) = Z Amnet (oY),
(min)I2SR

The series will be said to be circular convergent at the point (x, y) to the finite
value L(x, ), if

lim Sg(x, v) = L(x, y).

R—w

The series will be said to be circular summable (C, ), 7>0, to the finite
value L(x, y) if

0 2y F
1 or (% 9) = — | Su(x, »)(R* — u*)"'udu
R»J,
is such that limg., ¢ (x, ¥) =L(x, »). It has been shown by Hardy [4] that
for >0

R
) i) = = f Sz, )(R — w)™'du

and ¢ (x, y) are related in the following manner: ¢§(x, y) —L(x, ¥) =0(1)
if and only if @ (x, ¥) — L(x, y) =0(1). This equivalence will be used in §4.

We shall say that the double trigonometric series T is circularly sum-
mable C at the point (x, y) if there exists an 7 such that the series is circular
summable (C, ) to a finite value at that point.

The purpose of this paper is to do for double trigonometric series that
which Plessner, see Zygmund [7, pp. 256-261], has done for single series,
namely to give a necessary and sufficient condition that a given double
trigonometric series be circular summable C. This goal is achieved in Theorem
5. It will be apparent from the definitions and proofs to be given that with
appropriate modifications the results of this paper could be extended to mul-
tiple trigonometric series.
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(1) The present paper is based on Part I1I of the author’s doctoral dissertation submitted to
the Mathematics Department of the University of Chicago. The author wishes to acknowledge
his indebtedness to Professor Antoni Zygmund, under whose direction the dissertation was
written.
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2. Generalized Laplacians. The first step necessary in attaining the de-
sired aim of this paper is to give a new definition for generalized Laplacians.
(Though several definitions are extant in the literature, none are given in
the same form as here. See, for example, Nicolesco [5] and Min Te Cheng
[2].) In a manner analogous to the definition of generalized derivatives in
one dimension, Zygmund [7, p. 257], we say that f(x, ¥), defined in a neigh-
borhood of (%o, ¥¢) and integrable on the circumference of every circle con-
tained in this neighborhood with (xo, ¥0) as center, has a generalized rth
Laplacian at (xo, ¥0) equal to a; if

27

1
— f(xo 4 ¢ cos 6, yo + ¢ sin 6)do
2rJ o
ol? onlt al?r

Tt RE T T R

+ o(er)

where £>0 and the «; are constants.

We shall designate the generalized rth Laplacian of f at (xo, ¥0) by
A,f(x0, ¥0). From the definition it is clear that the existence of A,f(xo, ¥0)
implies the existence of A,f(xo, y0) for 0=s=r. Designating the ordinary
rth Laplacian of f if it exists by A"f(xo, ¥0) where Af=A(A™"Yf), A=092/0x?
+92/9y?, and A° is the identity operator, we have the following theorem.
(See [3, p. 261] where a similar theorem is proved.)

THEOREM 1. If all partial derivatives of f of order 2r exist and are continu-
ous in a neighborhood of (xo, ¥o), then the generalized rth Laplacian exists and
equals Atf(xo, ¥o).

For simplicity of notation let us assume that (xo, ¥0) is the origin. Then

using Taylor’s expansion in two variables we have for (x2+y?)'?=¢ suffi-
ciently small that

1 2x 2r .
— f(t cos 6, ¢ sin 6)d6 = f(0, 0) + > & i 4 o(t2r)
2rd o j=1 .7!

where 8= 2_}.0 Q)f+%*(0, 0)(1/27) 3 cosi~*6 sin* 6d6. Noticing that 8;=0
when j is odd, we have that the generalized rth Laplacian exists and con-
sequently that

[27r1]2

2n)!

_ (2"> [277!]* 7 o O)j'z’r 2(r—k) @ sin2* 9df
= E (k) y 087" sin
=\ar) @y T o '

Arf(O, O) = 621'

r r
= kgo( k) f,;Z(f—k)ka (Ol 0) = A'f(O, O),
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which completes the proof.

3. The sufficiency condition for circular summability C. To facilitate the
writing of theorems and proofs, it will be necessary at this point to introduce
the following notation:

M= (mmn), X = (9, MX =mx+ ny, |M| = (m? + n?)l2,

&[f]=the Fourier series of f.

ArS[f] = the series obtained from &[f] by applying the Laplacian operator
formally r times.

So(t) = (1/27) [&F(t cos 0, ¢ sin 0)d6.

We can now state and prove a theorem which is tantamount to the suffi-
ciency condition for circular summability C.

THEOREM 2. If A,f(X) exists, A"S[f] is at the point X, circularly summable
(C, 2a), a>r+1/4, to the value A, f(X,).

Bochner [1] has proved this theorem for »=0. Throughout this proof we
shall, therefore, assume that r=1.
Without loss of generality, we shall assume that X, coincides with the
origin, and consequently we see that we are given
agtt gy ot + o().
[2']2 [2221]2 2]

We observe furthermore that there exists a trigonometric polynomial

Jo() = a0 + —= +

T(X)=£Ep+£&e’=y - - . L=+ guch that AT(0)=a;, ¢=0, - - -, 7. For
choose
fo+ & + 4+ & = ay,
— & — 2% — -0 — % = /2,

.....................

(=D& + (=126 + - - - + (=17 = /27,

something which clearly can be done for we have r+1 equations in 741 un-
knowns, and the determinant of the coefficients is nonvanishing.

By Theorem 1, A;T(0)=a;, 2=0,---,r. Furthermore fo(t)— To(t)
=o(t) and A'S[f—T|=A"G[f]-A'S[T]=AS[f]-S[ArT]. Also S[ArT]
converges to a, at the origin. Putting these last few facts together we see
that there is no loss in generality in assuming that apy=ay= - - - =a,=0.
We thus have reduced the theorem to the case where fo(t) =0(¢?"), and we
therefore have to prove that A*&[f] is circularly summable (C, 2a) to zero
at the origin.

Let &[f]= > Cue’™X. Then A'S[f]= > (—1)| M|*Cue¥X. Designat-
ing the circular partial sum of rank R of this latter series by Sg(X), thus

Se(X) = X, (=1)7| M|*Cye™x,

IM|SR
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we see from (1) that

(3) 0'1(32a)(X) _ lMlZéR (—l)rCMI Mlzr(l _ | A‘Rilz) “e.'MX — (_l)rR2r T;(X)
where

T2(X) = 3 Cus(| M| /R)eMx
and .

(1 — u?)%eq?r for0 =« =<1,

() = {0 foru > 1,

It is worth noticing at this point that ¢(%#) has at least two continuous

derivatives in 0Su < .
For such a kernel ¢, we have by Bochner [1, Theorem V] that

(4) THO) = R f " fo()) Hy(tR)dt
0

where H4(c) =c[yd(w)uJo(uc)du and J, is the Bessel function of order zero.
We, therefore, conclude from (3) and (4) that

Q2a) r__2rl

®) w70 = (-0R™" [ poEGR®
0
Investigating H4 we see that

/2
Hy(c) = ¢ f (cos 8)4a*1(sin 0)2r*+1Jy(c sin 6)do
0

r I’/2
> ( ;) (=0 [ (cos g4+t sin 074(c s 0)d.
0

k=0

By Watson [6, p. 373, formula 1] we have

x/2 J2e ¢
f costet2k+l g sin 6J(c sin 6)df = ——QEL) 220tk T2 + k + 1).
0 ootk

Designating the constant
(-1)k< ;) 2etrD(2a + k + 1)

by bi, we have

* . Jaarkia(6)
Hy(c) = g b _GT-:T
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and consequently from (5) that

2a) r - 2r41 J2a+k+1(tR)
6 0) =(—-1 bR f
©) or ()= (=1) 2 b Jol) = e

We shall now show that each term of the sum on the right side of (6) is o(1)
as R— . Fix 6 and let 1/R be less than 8. Then since fo(t) =0(¢?) and
Jeark1((R) =O((tR)2e+¥+1) a5 t—0 we have that

f”R fo®) J2ark+1(tR)

t2a+k R2a+k

1/R
dt = O(R) f o(t2r+1)dy
0

(M 1
= o( ) as R — .
R2r+1
Using the fact that there exists a constant K such that
|J2a+k+1(6)| = K/ct/? forczlandk=0,1,----,7
we have that
8 fo(t)]2¢+k+1(tR) dt < K f 8 O(tzr)
R f2athkR2atk = R2atktl/2 W adantt
K 1
(8) = — o(Ratb—2-1/2) = .
R2a+k+1/2 R2r+l

Using the fact that [3{r+!|fo(t)|dt<|A| where A is a constant inde-
pendent of #, we have that

® fo(t)J 2ask41(tR) dti < K f | fo(® |

{2atkR2at+k = R2atk+1/2

5 {2a +k+ll2

©) =

K oo“ 8+n+1 1
f | 7o | i
é

R2etk+1/2 s n {2atk+1/2

0 1 1
R2a+k+ll2) =0 Rzru)'

From (7), (8), and (9), we conclude that

f fo() Dottt J 2a+k+l(tR) = o(Rr+1) fork =0, -

{2atk

and, consequently, from (6) that ¢ (0) =o(1) as R— «, which gives us the
theorem.

Defining ay = o(l M I f) to mean the following: given an ¢>0 there exists
an R(e) such that if | M| >R then |au| <e| M|8, we have as an immediate
corollary from Theorem 2
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THEOREM 3. Let T be the trigonometric series T= D aue’™X where ax
=o(| M l 27), y= — 1. Apply the anti-Laplacian operator r times to T and ob-
tain the series

a2 BEEDT eiMX
2201 ke | Mlz'
where r is an integer greater than v+ 1. Designate the sum of this series by F(X).
Then a sufficient condition for T to be circularly summable (C, 2a) at the point
Xo to the value s, a>r—+1/4, is that F(X) have a generalized rth Laplacian at
that point equal to s.

4. The necessary condition for circular summability C. We shall now
state and prove a theorem which will give us a necessary condition for
summability C.

THEOREM 4. Let T= D _aue™X be a trigonometric series circularly sum-
mable (C, 2a) at the point X, to the sum s where 2a is an integer 20 and where
au=o(| M|22=%), €>0. Let r be an integer =a+1. Set

ao(x + ) ¢iMX
27[(2n1] |MZ|;:£O( b’ |M|2 .

Then the generalized rth Laplacian of F(X) exists at the point X, and is equal
to s.

F(X) =

We clearly can assume from the start that ap=0 and that X, is the origin.
Furthermore, since there exists a trigonometric polynomial 73(X) without a
constant term such that T3(0) =s, we can by Theorem 1 assume that s=0.
Also by increasing a, if necessary, we may suppose that r=a--1.

Using the equivalence mentioned in §1, we see that the following two
conditions are given to us:

(10) i) = X au(l ——IM—|) — o)  asRow,
IM|SR R
(11) (- X e eMX — F(X) uniformly in x and vy,

mise | M[¥

where a,=0 and (0) is to be interpreted as Sg(0) in case a=0. Clearly,

1 2%
—_ eit(m cos 0+ sin 0) Jp = Jo(l M| t).
2x
From this fact and (11), we conclude that
Jo(| M t)
(12) Fo() = (1) Z o Jol 2|0

|M|2r
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Setting y(#) = Jo(u)/u? for >0, we see that (12) can be written as
(13) Fo(f) = (=12 > v(| M| t)an for ¢ > 0.
M

It is necessary at this point to prove some lemmas. We shall adopt the
following conventions in so doing:

1°. ao=0.

2°, SR = S‘;‘;’) = SR(O) = ZIMISRGM-

3°. S§ =[St Vdu.

4°. y® () =dby(u)/dub; v O (u) =y (u).

It is to be noticed also that
(14) i) = Bl SY/Re.
LEMMA 1. X \mze auy(| M|t) = — JRS.(dy(ut)/du)du+Sry(Rt) for t>0.

To prove the lemma define an additive function of sets x, additive (B)
on every figure in the plane in the following manner:

x(M) =amn, where M is a lattice point.

x(UxM) =Ux(M) for any finite union of lattice points.

x(E)=x(ENA), where E is any bounded Borel set and A is the set
of lattice points in the plane.

x is clearly an additive function of sets defined on the Borel sets of any
figure, and if we designate by Cr the closed circle of radius R with center
at the origin, we have that Sz = fcpdx(P).

Now letting f¢,(P) stand for the characteristic function of C, and |P|
= (p2+¢?) V2, we have that

f "s. d’;(zt) du = f i d"(“t) du f dx(P)

- f " dY(“t) du f o, (P)dx(P)
1

- f dx(P) f feu(P) ‘M“‘)

B dy(ut
= f dx(P) Uy
Cr Pl du

[v(R)) — v(| P|9))dx(P)

Cr

=— 2 anv(| M|9) + v(R)Sk,

IM|SR

which proves this lemma.
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LEMMA 2. vy®(u) =0(u~?) as u— o for k=0, 1, - - -, 2a+41.
Write
(15) (@) _ dUow)/u) b .d"fo('u)
du* du* j—o w¥tETi o dyi
where b; are constants, j=0, - - -, k. Now
diJo(u) 1

i j )
= _1 m J m—j
o = 2 0 Yt
by Watson [6, p. 18, formula 8]. Since Jam_;j(#)=0(1), we have that
diJo(u)/dui=0(1) and consequently from (15) that d*y(u)/du*=0(1/u?).

LEMMA 3. There exists a set of constants Cix, j=1, - - -, 2a+1, k=0, - - .’
2a, such that Y 22+ Cp(z+j)2*=2* for all complex numbers z.

The proof of this lemma follows readily from a consideration of Vander-
monde determinants.

LEMMA 4. Let ay=o0(| M|2*=¢), €>0. Suppose Sk is summable (C, 2a) to
zero. Then S® =o(R2+1) for k=0, 1, - - -, 2a.

Since there is nothing to prove if 2a=0, we shall assume that 2« is an
integer greater than zero.

By the equivalence between %%
and by (10), we see that

> au(R—| M|)2 = o(R2).

IM|SR

and ¢ mentioned in the introduction

Observing that the number of lattice points in the annulus determined by
the circles Cri2441 and Cr is O(R) as R— «, where Ck is a circle with center

at the origin and radius K, we also see that for j=1,2, - - -, 2a+1
> ouR—|M|+iype= 3 au(R+j—|M]|)
IM|SR IM|SR+j
(16) - X aR+j—|M|)=
R<|M|=R+j

= o(R?) — o(R?**)O(R) = o(R2=t1),
Now by (10), (14), and Lemma 3

) 1 2a+1

1
Sk o= > amR—|M|)e=— 3 au X, Ci(R—|M|+j)

IMISR k! Mise =1 .

for 2 =0, - - -, 2a.
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Therefore
1 2a+1

13 R
Sk =g7 2 O 2 ou(R— | M|+ = ok
! IM|SR
by (16), which gives us the lemma.
Returning now to the proof of the theorem, we obtain from (13) and
Lemma 1 that

an Fo(f) = (—1)r+1er hm (f S. dy(ul)

du — SR‘Y(Rt))
Integrating the integral on the right of (17) by parts 2« times, we have

R dvy(ut
f Su 74( ) g =S S (= 1) s P (R
1

k=1

« d2atl
b [
1

duylatl

(18)

By Lemma 2, y*® (Rt) =0(R~?) for fixed t and £=0, - - -, 2. By Lemma
4, S® = o(R2e+1) = o(R?) for the same k. Therefore from (17) and (18) we
conclude that

d2etl

(19) Fo(t) = (—1)12r f s& v (ut)du.

1 duyletl

As is well known,
Jo(w) =1 — u2/22 4+ . -« 4 (—1)"u2"/2242 . .. 2n)2 4 - -
Define

2 (_l)r—lu2(r—1)

u
P = 1=+ +

r—1
= Z bm’"

242 20 = D] S

where b;=(—1)i/22 ... (20?2 4=1,---,r—1, and by=1. Set A(w)
= (Jo(u) —P(u))/u?. Then \(u) is a function which is regular in the plane.
Furthermore N(ut) =+ (ut) — P(ut)/(ut)?. Therefore

d2a+1,y(ut) _ d2a+l)\(ut) d2a+l(P(ul)/(ut)2r) )

(20) =
du?etl du?atl dutetl
But
2a+1 27 —1
(21) (P (ut)/ (wh)*) = 3 b/ptnyat-ra-1
dulett part
where b] are constants, =0, - - -, r—1. It is also to be noticed that by

hypothesis SZ% = (1/(20)!) > \mi<u aM(u—lMl)“:o(u“). We see, there-
fore, from (19), (20), and (21) that
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Fo(t) = (-1 f A [d2“+‘<P(ut)/(ut)2') N d’““)\(ut):l i

1 du2a+l du’“‘“
(22) =(-n™ E b f giw, pimrmamly
1=0
r r dzﬁlk(ut}
+12 (2a)
+(—1) f 502 XD

each of the integrals in the sum on the right being clearly absolutely con-
vergent.
Fo(t) is, therefore, expressible in the form of

F 2 ar_ltZ(r—l)
5 = B T
(23) o) =t op [2']2 * 2 — 1)
+ =™ S<2 ) derIN(ul) du |
' T durert

and the theorem will be proved when it is shown that the integral on the right
of (23) is o(1) as t—0. We split this integral into two parts, obtaining
1/¢ d2et I\ (ut ) « d2etI\(ut
4= f se ()du, =[5 (ut)
dy?etl v duetl
We shall show that both 4 and B are o(1).
Since A(2) is a function regular in the plane, there exists a constant K such
that |[A\@e+D(3)| <K for |2z| <1. Consequently

d2atl
I N(ut)

e = | e\ @at (y) | < Kitatt
%

for |ut| <1 and ¢>0. Therefore

1/t
[ 4 | = Kt““f o(u**)du = o(1) as 1 —0.
1
To show that B is 0(1), we observe that
d2at1 d2e+1 @21 (P(ut) [ (ut)?r)
249 d 2a+1 Mut) = dulet+l v(ut) — dute+l

and by Lemma 2 that for |ut| =1

drett tat1

K

uzr

(25)

= ftat1| 4 Cat)(y) | <

(ut) 1
YU —7

du2etl .u2rt21'

where K is a constant.
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We furthermore observe that

1 > du 1 r= /1
— o(u?®) = —f o(—) du = o(1) ast—0
t Jage ur tJ e u?

and that

0
t2<i—r>f o(ue)y2ti—r—a=1gy = o(1) fori=0,---,7r—1
1/t

as t—0 and consequently that

1
B=[ s& Nub)du = o(1)
1t d,u2a+l
by (21), (24), and (25), which fact concludes the proof of the theorem.
5. Statement of main result. From Theorems 3 and 4, we obtain the
following theorem which constitutes the desired goal of this paper.

THEOREM 5. Let T'= D ama.e’™=+2) be a double trigonometric series with
coefficients @mn=0((m2+n?%)7), y=—1. A necessary and sufficient condition
that the series should be circularly summable C at the point (xo, ¥o) to the sum s
is that there exists an integer r >~y +1 such that if

aoo(x + )% (=1)rama
27[(2n1] im0 (m?+ n?)"

then A F(xo, vo) exists and is equal to s.

F(x' y) = gi(mz-i-ny)
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